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1 Introduction

Microfinance institutions (MFIs) provide micro-level credits to the poor. Borrowers hold
small and heterogeneous business projects that need capital to run. Given the heterogene-
ity, some MFIs design loan contracts in the form of group lending with joint-liability.1

Theoretical literature shows that borrowers group with peers of their own type. In prin-
ciple, joint liability (JL henceforth) contracts can mitigate the information asymmetry by
screening groups of like-minded—homogeneous—borrowers.

A number of puzzling empirical facts contradict the existing literature. First, some
institutions do not use the JL clause. For example, some MFIs, including but not limited
to Grameen Bank and BancoSol of Bolivia, aremoving away from explicit JL although they
choose to retain regular group meetings. In other words, the program is being converted
to group lending without joint liability.2 Second, groups of heterogeneous borrowers arise
contrary to the theoretical literature: Carpenter and Sadoulet (2000) provides evidence on
risk heterogeneity in groups by using data from a survey in Guatemalan credit groups.
Moreover, risk-sharing among the borrowers of microcredit groups is prevalent: Ambrus,
Mobius, and Szeidl (2014) show that consumption comoves stronger as social ties become
tighter—a prediction consistent with the empirical findings in Angelucci, De Giorgi, and
Rasul (2018).3 The existing literature omits the effect of such behavior on group lending
programs.

In this paper, we analyze the optimal microfinance loan contracts (LCs henceforth)
when a population of risk-averse borrowers optimally match into pairs, select an available
contract, and share the remaining output—after paying their loans back. This paper is the
first study of the microfinance market with risk-sharing and endogenous sorting.

The model is as follows. There are finitely many risk-averse borrowers. Each borrower
is endowedwith a business project that requires one unit of capital to be run. The outcome
of a borrower’s project is stochastic: positive with some probability and zero otherwise.

1The standard feature of such contracts is that every single groupmember is liable for the group’s loan—
that is, if some members in the group go bankrupt, each solvent member is to some degree responsible for
the non-solvent ones’ debt.

2See de Quidt, Fetzer, and Ghatak (2016) for more detail.
3Townsend (1994), Carpenter and Sadoulet (2000), and Giné, Jakiela, Karlan, and Morduch (2010) also

provide evidence of informal insurance in micro-credit groups.
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Half of the borrowers hold more productive projects than the other half do. One lender
provides capital to the borrowers in groups of two. The lender behaves as if she is a benev-
olent planner who aims to maximize the welfare of the poor by breaking even per group.4

No complementarity exists between the borrowers’ projects: Each borrower individually
runs his own project, and the outcome is independently drawn.5 The problem has two
stages:

1. Optimal Loan Contract Stage: The lender designs a menu of group lending con-
tracts to maximize borrowers’ welfare, taking into account its effect on group forma-
tion and risk-sharing.

2. Group Formation Stage: Given the menu of LCs available, borrowers form groups
and determine the optimal risk-sharing within each group.

In the standard model based on the work of Ghatak (2000), borrowers are risk-neutral and
do not share the output. Although side payments are allowed to bribe others to match,
risk-neutrality shuts down the risk-sharing channel. As a result, JL is the only way to gen-
erate payoff externalities across groupmembers. It induces borrowers to groupwith peers
of their own type, which is known as positive assortativematching (PAM). The benefit of a
safe partner is felt more intensely by safer borrowers who fail less often. Thus, JL contracts
are optimal as they sort the population and allow the lender to screen different types of
groups. AlthoughGhatak (2000) extends his analysis to risk-averse borrowers, he does not
allow borrowers to share the net output and, thus, his homogeneous sorting result carries
over.

This paper not only allows for ex-ante risk-sharing contracts (RSCs henceforth) be-
tween borrowers, but also characterizes the optimal menu of LCs offered by the lender.
More specifically, we allow borrowers to share the net output at all contingencies. As
such, risk-sharing pushes the equilibrium matching in the opposite direction: Gain from
the trade is bigger when borrowers group heterogeneously.6 Intuitively, due to concavity,
the benefit of a safer partner is felt more intensely by the riskier borrowers who fail more

4This assumption is motivated by the institutional set-up where many MFIs are nonprofit organizations.
Moreover, the zero-profit condition per group is typical in the literature, which is driven by the competition
argument. See Assefa, Hermes, and Meesters (2013), McIntosh and Wydick (2005), and Tuckman (1998).

5It is not a natural matching environment as there are no complementarities; however, we provide “sharp
predictions” in the context of risk-aversion.

6It naturally corresponds to negative assortative matching (NAM) in our environment. We also show
that results carry over with a continuum of types.
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often. Therefore, there is no role for the JL payments, and screening is no longer necessary
as the lender faces a unique type of pair composed of a safer and riskier borrower. This
paper justifies the optimal LC with no JL and shows that Ghatak (2000) is not robust to a
very natural modification of the standard environment with transferable utility.

In principle, the elements of the contract can affect the optimal sorting and vice versa.
As a benchmark, we study the setting under complete information. However, results carry
over to the case of information asymmetry where the lender does not observe borrowers’
characteristics.

First, we show that the optimal menu of LCs under complete information has zero JL
payment for each group. The desire to smooth consumption drives this result: A positive
amount of JL payment amplifies the gap between the group outcome in the good state—no
borrower fails—and the bad state—one borrower fails. The bigger the gap is, the worse
off the borrowers are. As the lender’s interest is aligned with the borrowers’, the opti-
mal JL payment becomes zero. Note that the argument follows irrespective of the group
composition. The literature on group-lending contracts assumes risk-neutral borrowers;
hence, JL payments do not lead to inefficiency.7 So the existing literature builds on the
JL contracts in the context of information asymmetry without an efficiency concern. This
result sheds light on the aforementioned evidence, where some institutions have started
to abandon JL while keeping the group lending programs.

Turning now to the group formation stage, the possibility of risk-sharing among risk-
averse borrowers makes the determination of sorting patterns more complicated, as in the
standard matching model with nonlinear utility. More precisely, the model entails what
is known as the non-transferable utility (NTU); that is, borrowers cannot transfer utility
among each other at a constant rate. However, this complication also delivers a richer set
of potential sorting patterns in themodel. Riskier and safer borrowers sort themselves into
heterogeneous groups, also known as negative assortativematching (NAM), under certain
conditions.8 As there is no JL payment in the optimal menu of LCs, risk-sharing is the only
source to generate payoff externalities, which leads borrowers to group heterogeneously
due to concavity.

7The amount of JL payment does not affect borrowers’ well-being so long as the expected payment is the
same.

8NAM requires high enough success probabilities and the outcome level, and also that the borrowers
should not be highly risk-averse. If any of these conditions fail, the equilibrium sorting exhibits PAM.
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To understand the idea behind the various equilibrium sorting patterns, consider a
simple scenario where safer borrowers are successful with a probability of three-quarters,
whereas the riskier ones have a success probability of a half. If the outcome is high enough,
a riskier borrower can promise a larger transfer to a safer borrower than another safer
one can do and, hence, the equilibrium sorting exhibits NAM. Now, consider the extreme
case where the riskier borrower is successful with a very tiny probability (say 0.001). In
this case, a riskier borrower would be useless for a safer one, and the equilibrium sorting
exhibits PAM. The possibility of groups of heterogeneous risk in equilibrium sheds light
on the empirical evidence in Carpenter and Sadoulet (2000):

“· · · even when allowing for matching frictions, a strong, systematic relation-
ship exists between risk and the risk heterogeneity. Safe borrowers tend to
choose partners substantially riskier than themselves, rather than borrowers
of risk similar to their own.”9

Finally, we analyze the equilibriummenu of LCs and the sorting under information asym-
metry. The lender does not observe borrowers’ types, while the borrowers know each
other. This extension is motivated by the lender’s lack of local information in small vil-
lages. We show that the NAM result carries over and that the lender can achieve the first-
best outcome through a single LC with zero JL payment. The reason is as follows: When
the equilibrium sorting is NAM, the borrowers’ types within a group do not matter for the
lender, as he only faces one type of group. Group lending allows the lender to bypass the
information asymmetry. However, the lender cannot achieve the first-best outcome when
the equilibrium sorting under incomplete information is PAM. In that case, the optimal
menu contains a contract for a group of high-type borrowers, which has non-zero JL pay-
ment, and one for a group of low-type borrowers, which has zero JL.10 The rich set of the
equilibrium menu of LCs sheds light on the variations between the JL policies of MFIs
across developing countries.
Related Literature
The theoretical literature shows that the equilibrium sorting exhibits PAM (Stiglitz (1990),

9They also find evidence of intra-group insurance, which they suggest as a possible explanation of risk
heterogeneity in groups. We formally illustrate intra-group insurance (RSCs) into group lending programs
and provide a rationale for their suggestion.

10Ghatak (2000) presents the same, but neglects whether PAM is indeed the equilibrium sorting. This
paper points to the cases where NAM is welfare improving and the joint-liability is, hence, distortionary.
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Armendariz de Aghion and Morduch (2005), Ghatak (2000)).11 The majority of the litera-
ture assumes risk-neutral borrowers, and this assumption oversimplifies the sorting stage
as it shuts down the risk-sharing channel. Yet, there are mixed empirical results on sort-
ing patterns in group lending programs. Ahlin (2020) tests for homogeneous matching
by project riskiness and finds evidence of homogeneous groups in Thailand. Carpenter
and Sadoulet (2000), on the other hand, finds evidence of risk heterogeneity in groups
by using data from a survey in Guatemala. We show that heterogeneous groups arise in
equilibrium so long as the risk-aversion is not severe and the projects are not very risky.

Many studies focus on the success of group lending with joint liability in repayment
rates and borrower welfare as opposed to individual lending (Stiglitz (1990), Besley and
Coate (1995), Armendáriz de Aghion (1999), de Aghion andGollier (2000), Armendariz de
Aghion and Morduch (2005), Ghatak (2000), Attanasio, Augsburg, Haas, Fitzsimons, and
Harmgart (2015)). Their analysis heavily relies on the restriction of homogeneous groups.
Some study the properties of optimal LC by supposing that homogeneous groups form.
(Laffont and N’Guessan (2000), Laffont (2003)). Ahlin (2020) emphasizes the importance
of the details of the LCs unless PAM is on the table. In this branch of the literature, the au-
thors have seldom, if ever, considered that the sorting decisions are endogenous. We char-
acterize the optimal LCs by allowing risk-averse borrowers to endogenously form groups
and share risk and show that non-zero JL is optimal for certain situations.

This paper also contributes to the informal insurance literature. Townsend (1994) finds
that household consumption is highly correlated with the village-average consumption.
Similarly, Giné, Jakiela, Karlan, andMorduch (2010) point out that borrowers benefit from
group lending contracts as they implicitly encourage them to ensure each other against
rainy days. The evidence suggests that the borrowers help each other by sharing the risk
they face. We formally introduce such risk-sharing behavior into the microfinance market
and show that it can lead to a richer set of equilibrium sorting patterns.
Organization of the Paper
The model is introduced in section 2. Section 3 analyzes the equilibrium under complete
information while Section 4 does the same for incomplete information. We discuss some

11Guttman (2008) and Sadoulet (2000) are exceptions; they show that matching becomes non-monotone
when the dynamic incentives are incorporated. We show that risk heterogeneity can arise in equilibrium
despite the static setting.
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extensions and carry out robustness analyses in Section 5. Section 6 concludes the paper.
All the proofs are in the Appendix.

2 The Model

There is a lender L as well as N safe entrepreneurs andN risky entrepreneurs: E1, . . . , E2N

where N is even. Any two entrepreneurs of the same attribute are identical to each other.
Each En can invest in a project whose output takes on one of two values: X > 0 or 0.
The probability that the project is successful depends on the entrepreneur’s attributes. In
particular, the probability that any high-type entrepreneur generates outcomeX is ph, and
the probability that any low-type entrepreneur generates outcomeX is pl where ph > pl >

0. These probabilities (and, thus, the attributes) are common knowledge.12

For En to invest in the project, he must borrow a unit of capital from the lender. How-
ever, L does not lend to individuals. Instead, L lends to groups of entrepreneurs of size
2. Hence, the lender designs a menu of contracts for groups of size 2. In particular, faced
with a group of {Ei, Ej}, where i, j ∈ {H,L}, L offers contracts of the form Cij ≡ (rij, lij),
which has two components. First, rij specifies a repayment rate for each entrepreneur in
the group, provided En is solvent. (There is no repayment for En if she is not solvent.)
Second, lij specifies a repayment rate for each En in the group, provided En is solvent, but
his partner is not solvent. So, if both partners in the {Ei, Ej} group are solvent, the lender
receives 2rij . If Ei is solvent but Ej is not, the lender receives rij + lij .13

The groups are self-formed—that is, neither a third party nor lender can explicitly force
the entrepreneurs to form a particular group. Hence, a group forms if there is mutual
agreement on being partners. We seek a stable group formation (matching) where no En
has incentives to block the sorting. Entrepreneurs within a group sign another contract to
share the risk, given themenu of LCs. In particular, it specifies how to share the net output
between them after the lender collects the payments.

The timing is as follows:
12Section 4 relaxes this assumption and allows for information frictions. More specifically, we analyze the

equilibria when the lender does not observe the entrepreneurs’ types while they know each other’s.
13In principle, L can design an LC where each item is contingent on individual characteristics. However,

theMFIs treat individuals equallywithin groups; hence, we take this formof LCs as an exogenous restriction.
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1. The lender offers a menu of LCs such that there is a contract for each possible group
configuration.

2. Entrepreneurs who wish to accept any of these contracts select partners.
3. Given the group and the contract chosen by the group, entrepreneurs sign RSCs to

share the remaining output.

- Formally, an RSC {cij, ci, cj} specifies how to split the net output at each con-
tingency where cij is Ei’s share of net output 2(X − rij) when both partners of
group {Ei, Ej} are solvent, and Ej receives the rest. Analogously, ci (cj) is Ei’s
share of net output X − rij − lij when only Ei (Ej) is solvent.14

4. If a group gets the LC, they invest and outputs are drawn and observed by all parties.
5. If a group does not get the LC, then they receive their outside option.

Each entrepreneur values money. We use u(x) for their utility of $x; the function is
strictly increasing and strictly concave. The outside option is normalized to $x = 0, and
u(0) = 0.

The lender offers a contract subject to a zero-profit condition per group. The opportu-
nity cost of lending one unit of capital is ρ, where ρ ≥ 1. Thus, the zero-profit condition
from lending two units of capital for the group {Ei, Ej} is the following:

(pi + pj)r
ij + (pi(1− pj) + pj(1− pi))lij = 2ρ for all i, j ∈ {H,L}15 (1)

Some Definitions
A loan contract Cij is feasible if it satisfies the ZPC (1). We say that a feasible loan con-
tract Cij is optimal if there is no other feasible contract Ĉij under which both Ei and Ej are
strictly better off for some risk-sharing rule. As we assume that the lender acts as a benev-
olent planner, she seeks to maximize social welfare by picking optimal loan contracts.16

14Note that the subscripts indicate the contingency, and each ck is Ei’s share under that contingency. Be-
cause we suppose entrepreneurs share the net output efficiently,Ej ’s share is simply the rest of it. Therefore,
we do not use another notation for Ej ’s share to avoid confusion.

15This assumption is motivated by the common practice of MFIs, where individuals within a group are
treated equally. We also assume that the pool of entrepreneurs is relatively smaller than the credit market,
which implies that the supply of loans is perfectly elastic at rate ρ. The results are robust to the case where
the lender breaks even at the firm level. See Appendix D.2 for a further discussion.

16The results are robust to the case where the lender is a profit-maximizing monopolist. See Section 5.2.
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Having defined the groups, formally amatching µ in this environment is the partition
of 2N individuals into groups of two. Given a menu of LCs, we say that the pair Ei-Ej
blocks the matching µ if entrepreneursEi-Ej find a risk-sharing agreement such that they
are both better off.17 Therefore, a matching µ is stable if there is no pair of entrepreneurs
who would like to block it.

Either homogeneous or heterogeneous groups arise in equilibrium as there are only
two types of entrepreneurs. Homogeneous groups refer to the ones that consist of en-
trepreneurs of the same type. Heterogeneous groups are defined in an analogously way.

Definition 2.1. An equilibrium consists of a menu of LCs offered by MFI, a matching of en-
trepreneurs, µ, and a set of RSCs, one per type of match such that:

i. The LCs are optimal (i.e., undominated) and feasible (i.e., satisfy the MFI’s ZPC),

ii. The matching µ is stable (i.e., there are no blocking pairs), and

iii. The RSCs are the result of Nash bargaining between the involved entrepreneurs.

As a benchmark, we provide the equilibrium for the case of fully transferable utilities—
namely, risk-neutral entrepreneurs, which Ghatak (2000) studies under the incomplete
information.

2.1 Risk-Neutral Entrepreneurs - Ghatak (2000)

Let the entrepreneurs be risk-neutral—that is, u(·) is linear. Therefore, the utility is fully
transferable. Specifically, one unit of transfer from one agent to the other changes their
utility at the same level. Thus, what matters under risk neutrality is the expected total
output. Fix a loan contract (rij, lij) for a pair {Ei, Ej}. The net output to share after the
lender collects the payments isX−rij− lij with probability pi(1−pj)+pj(1−pi), 2X−2rij

with probability pipj , and 0 otherwise. Hence, the expected output to share is (pi+pj)(X−

rij) − (pi + pj − 2pipj)l
ij . Plugging rij = 2ρ

pi+pj
−
(
1 − 2pipj

pi+pj

)
lij due to the ZPC, it is easy

to verify that the expected net output is (pi + pj)X − 2ρ, which is both super- and sub-
modular. Thus any sorting, and any menu on ZPCs, is an equilibrium with transferable

17Formally, Ei-Ej signs an RSC under the loan contract Cij , which they both strictly prefer to µ.
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utilities under complete information. It is intuitive as there is no payoff externalities as the
expected payment for any group configuration is fixed at 2ρ.

Ghatak (2000), among others, studies the case where the lender does not observe the
entrepreneurs’ types. There, a loan contract cannot be type contingent and, thus, the net
output to share is (pi + pj)(X − r) − (pi + pj − 2pipj)l for an arbitrary contract (r, l). It is
super-modular in types unless l is zero; therefore, the equilibrium sorting exhibits PAM
for any loan contract with nonzero JL payment. The joint liability is the only source to
generate a payoff externality, and an entrepreneur pays it if the partner is non-solvent. As
they fail less often, the benefit of a safer entrepreneur is felt more intensely by the safer
ones and, thus, the equilibrium exhibits PAM. Therefore, explicit joint liability is used as
a screening device to separate different types of groups based on Ghatak (2000).

Next, we present the benchmark casewhere the lender does observes the entrepreneurs’
attributes, and they are risk-averse.

3 Equilibrium Analysis: Complete Information

The equilibrium analysis consists of two stages. In the first stage, the lender designs a
menu of LCs for each possible group configuration. As the lender observes the types of
each entrepreneur, she can induce any group configuration she desires by putting trivial
contract(s) in the menu. Given the menu, there is a second stage where entrepreneurs
choose partners. In this stage, each group combines all the remaining output and, ex-ante,
decides how to share it.18 We start by solving backward.

3.1 Risk-Sharing Contracts

Given Cij , let xij ≡ 2(X−rij)denote the net output to sharewhen both partners are solvent,
and analogously define xi = xj ≡ X − rij − lij . Then an equilibrium RSC, c = {cij, ci, cj},
is determined by the Nash bargaining, which solves the following:

18Ghatak (2000) does not allow for such risk-sharing; thus, his sorting results carry over to the environment
with risk-averse entrepreneurs.
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max
{ck∈[0,xk]}k=ij,i,j

(
EUi[c]− Ui

)(
EUj[c]− Uj

)
subject to EUi ≥ Ui and EUj ≥ Uj (2)

where
EUi[c] = pipju(cij) + pi(1− pj)u(ci) + (1− pi)pju(cj)

EUj[c] = pipju(xij − cij) + pi(1− pj)u(xi − ci) + (1− pi)pju(xj − cj),

and Ui, Uj are outside options for entrepreneurs Ei and Ej , respectively.19 Any arbitrary
group {Ei, Ej} is either homogeneous (i.e., i = j) or heterogeneous (i.e., i 6= j).

3.1.1 Homogeneous Groups

In equilibrium, the entrepreneurs in any homogeneous group split the output equally at
all contingencies. Entrepreneurs with the same attributes receive the same equilibrium
payoff due to the equal treatment property. It is also the result of NB that satisfies the
symmetry property.

Lemma 3.1. The equilibrium RSC is such that cij = X − rij , and ci = cj = X−rij−lij
2

for any
i = j ∈ {H,L} and any loan contract Cij .

3.1.2 Heterogeneous Groups

When the group consists of non-alike partners, the equilibrium RSC depends on various
factors, such as the curvature of the utility function and outside options. The equilibrium
share of each entrepreneur is the same if one partner fails, regardless of who fails—that
is, ci = cj . The following lemma summarizes the outcome of Nash bargaining:

Lemma 3.2. If i 6= j, then the equilibrium RSC {cij, ci, cj} is such that ci = cj and solves the
following

u′(cij)

u′(xij − cij)
=

EUi[c]− Ui
EUj[c]− Uj

=
u′(ci)

u′(xi − ci)
(3)

Lemma 3.1 and Lemma 3.2 follow from the first-order conditions as well as the symmetry
property of Nash bargaining.

19Outside options Ui, Uj are contingent upon the menu of LCs, but note that once a group is formed, the
outside options are taken as given when signing the RSC.
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3.2 Optimal Loan Contract Stage

The lender aims to design an optimal contract for each group configuration she faces,
which is a group of high-type entrepreneurs, a group of low-type entrepreneurs, or a
mixed group. Hence, a menu of LCs is {CH , CL, CHL}.

First, we define the utility possibility frontier for a pair of entrepreneurs with a contin-
uous bounded function φ : Ei×Ej ×R+×Cij → R+. In particular, φ(pi, pj, v, Cij) specifies
the maximum utility Ei can get by forming a group with Ej and leaving her a utility level
of v, given Cij .20 Formally,

φ(pi, pj, v, Cij) = max
{cij ,ci,cj}

EUi[c] subject to EUj[c] = v (4)

where EUi[c],EUi[c], and c = {cij, ci, cj} are defined as in (2).21

Lemma 3.3. The pareto frontier φ(pi, pj, v, Cij) where Cij = (rij, lij) decreases (shifts inward) in
the joint-liability payment lij for any feasible lij and any i, j ∈ {H,L}.

A positive amount of JL amplifies the gap between good and bad states of the world, lead-
ing to a utility distortion for risk-averse entrepreneurs. As the incentives for entrepreneurs
and the lender are aligned, the optimal menu of LCs immediately follows from Lemma
3.3:

Proposition 3.1. The optimal contract of any group configuration yields zero joint liability pay-
ment for any strictly concave utility function22, that is:

{CH , CL, CHL} ≡

{( ρ

pH
, 0
)
,
( ρ
pL
, 0
)
,
( 2ρ

pH + pL
, 0
)}

(5)

The optimal menu is consistent with the recent shift of someMFIs away from the use of JL
20The first component of φ(pi, pj , v, Cij) represents the entrepreneur’s own type while the second repre-

sents the type of the partner. The third component represents the utility left to the partner.
21Note that cij , ci, and cj here are not necessarily the equilibria. The equilibrium share of the remaining

output is determined by RSCs and, hence, is the result of the Nash bargaining.
22In equilibrium, either PAM or NAM realizes. So long as the the equilibrium sorting remains the same,

there are other equilibria where non-used LCs involve positive JL payment. This does not change the equi-
librium sorting, but may change the outside option and thus the outcome of NB. We focus on a particular
equilibrium where lender offers the optimal LCs even if some of them are not used.
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contracts. These institutions include but are not limited to Grameen Bank of Bangladesh
and BancoSol of Bolivia (see de Quidt, Fetzer, and Ghatak (2016)).

Recall that RSCs are determined by the Nash bargaining. Given the optimal menu, the
following presents the equilibrium RSCs for the utility function that exhibits hyperbolic
absolute risk aversion (HARA).23

Corollary 3.1. Suppose u(x) = 1−α
α

[
βx
1−α

]α
where β > 0 and α ∈ (0, 1). Then the equilibrium

RSCs are such that cij = 2ci and ci solves the following:( ci
xi − ci

)α−1
=

A · cαi − Ui
A · (xi − ci)α − Uj

(6)

where A = pi + pj − (2− 2α)pipj .

We next present the equilibrium matching.

3.3 Group Formation Stage

We are interested in the equilibrium sorting given the optimal menu of LCs. If a group is
homogeneous (i.e., i = j), then Ei’ equilibrium payoff is the following:

EUpam
i = φ(pi, pi, v

pam
i ) = pi

(
piu
(
X − ρ

pi

)
+ 2(1− pi)u

(X − ρ
pi

2

))
≡ vpami , ∀i ∈ {H,L}.

(7)
Therefore, Ej needs to leave at least vpami toEi to convince him to groupwith. Ej is willing
to do so if and only if it is profitable for him so that he also receives a higher payoff by
doing so. Therefore, the equilibrium sorting exhibits NAM if and only if

φ(pL, pH , v
pam
H ) ≥ vpamL .

As in the standardmatchingmodel with non-transferable utilities, the equilibrium sorting
is ambiguous, and we certainly cannot easily compute it without a specific utility repre-
sentation. We focus on the HARA family and show that the equilibrium exhibits NAM

23HARA family is represented by a utility function u(x) = 1−α
α

[
βx
1−α +η

]α
, with restrictions on parameter

values. As we normalize u(0) = 0, we restrict attention to the case where η = 0.
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for some primitive values, unlike the existing theoretical literature suggests.

Proposition 3.2. Suppose u(x) = 1−α
α

[
βx
1−α

]α
. The equilibrium sorting exhibits NAM if (i) en-

trepreneurs are not very risk averse (i.e., α is high enough), (ii) the projects are not very risky (i.e.,
pH and pL are high enough), and (iii) the outcome in case of success (i.e., X) is high enough.

Proposition 3.2 provides sufficient conditions under which the entrepreneurs, despite the
static setting, sort themselves into heterogeneous groups, given the optimal menu of LCs.
This result rationalizes the empirical evidence on heterogeneous groups in Guatemalan
credit groups provided by Carpenter and Sadoulet (2000).

The possibility of risk-sharing among risk-averse entrepreneurs makes the determina-
tion of sorting patternsmore complicated, but also delivers a richer set of potential sorting
patterns, unlike in Ghatak (2000). Such a complication does not arise in the existing liter-
ature, as the risk-sharing channel is shut down for environments with fully transferable
utilities. The majority of the existing literature, including Ghatak (2000), studies the equi-
librium sorting given an LC that has non-zero JL payment. Indeed, JL induces PAMwhen
entrepreneurs are risk-neutral. Because JL payments only affect borrowers when they do
not fail, the benefit of a high-type entrepreneur is felt more intensely by high-type ones
who fail less often, as in Ghatak (2000).

Once pairs are allowed to share the net output, risk-sharing is another source of pay-
off externality and induces, under certain conditions, a unique type of pair composed of
a high and a low type entrepreneur, or NAM. Insurance motives come into the picture
when utilities are not fully transferable. The more likely an entrepreneur’s project fails,
the higher amount he is willing to pay to ensure the failure case. Hence, an L-entrepreneur
would like to promise a higher transfer to an H-entrepreneur in case of a success than an-
other H-entrepreneur could do due to the curvature of their utility functions. As a result,
risk-sharing modifies payoffs in all states and pushes the forces to heterogenous group
configuration in the absence of joint liability payments.24

24We thank an anonymous referee for an excellent description ofwhy joint liability and risk-sharing induce
different sorting patterns. One could infer that this result carries over to the case where the lender does not
observe entrepreneurs’ types. Once they sort themselves into mixed groups, the lender faces only one type
of group, mitigating the information asymmetry. Section 4 presents this case. Moreover, the NAM result
extends to the case of a small amount of joint liability payment as equilibrium utilities (for any group) are
continuous in lij .
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3.3.1 Outside Options

To determine the equilibrium RSCs due to NB, we need to identify the outside options,
especially for heterogeneous groups. They are endogenous in this environment as in Ta-
lamas (2020), who studies coalition formation in stationary markets.25 In our model, the
types of entrepreneurs define the characteristics of a coalition (matching). Therefore, the
relevant outside option of an entrepreneur in the coalition of type-X becomes a coalition
of type-Y where X 6= Y .

Given a menu of LCs, each entrepreneur can be in one of the two types of group con-
figurations: homogeneous or heterogeneous. An entrepreneur Ei can either group with
another Ei, obtain Ci, and sign RSC or group with an Ej , obtain Cij , and sign RSC with
him. As entrepreneurs Ei and Ei′ for i = i′ ∈ {H,L} are identical, they receive the same
utility in equilibrium. To see this, note that the equilibrium exhibits either PAM or NAM,
and suppose for contradiction that EUi > EUi′ for some i, i′ where i = i′ ∈ {H,L}. This
cannot be equilibrium as Ei′ and E ′is partner block such a matching.

If the equilibrium exhibits homogeneous groups (PAM), the relevant outside option is
to form a heterogenous group (NAM) because Nash bargaining picks an efficient alloca-
tion and forming another homogeneous group is identical to the initial one, which is not
a profitable deviation. Thus, the outside option for Ei when equilibrium exhibits PAM is

Upam
i = φ(pi, pj, v

pam
j ; Cij),

where i 6= j and vpamj is defined as in (7). Analogously, the outside option for Ei when
equilibrium exhibits NAM is simply to form a homogeneous group and split everything
equally, that is

Unam
i = EUpam

i = p2iu
(
X − ρ

pi

)
+ 2pi(1− pi)u

(X − ρ
pi

2

)
.

The following example illustrates an environment where equilibrium sorting is NAM.

Example 3.1. Suppose there are two types of entrepreneurs: pH = 0.8 and pL = 0.5. The output
25One can view the framework here as an instance of Talamas (2020), where agents form coalitions (of two)

by considering all possible other coalitions they can be in, which uniquely determines the relevant outside
option.
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level is X = 7, and the opportunity cost of a unit of capital is ρ = 1. Also for simplicity, let
u(c) = cα

α
where α = 0.5. Given the optimal menu of LCs by (5), the payoff of the high and low

types of entrepreneurs under PAM contracts are vpamH = 4.15450 and vpamL = 2.69917.
Suppose now that an H-entrepreneur approaches an L-entrepreneur and proposes a deal to

him under which he receives vpamL = 2.69917. The H-entrepreneur receives φH(pH , pL, vpamL ) =

4.18629 by doing so. This implies that the equilibrium sorting cannot be PAM as there exists
an efficient risk-sharing rule ĉ between entrepreneurs {EH , EL} such that EUH [ĉ] > vpamH and
EUL[ĉ] = vpamL .

In fact, the solution to NB within a mixed group {c∗ij, c∗i } is such that c∗ij = 2c∗i and c∗i solves
equation (6). Then solving for equilibrium risk sharing due to Nash bargaining yields that H-
entrepreneur’s share from the net output in bad states is c∗i ≈3.82075 and L-entrepreneur’s share
is xi− c∗i = 71/13−3.82075 ≈ 1.64079. Thus, their equilibrium payoffs in a heterogeneous group
are EUH [c∗] = 4.16615 > vpamH and EUL[c∗] = 2.73015 > vpamL .26

4 Equilibrium Analysis: Incomplete Information

In this section, we extend the analysis for the case where the lender does not observe
entrepreneurs’ types, while they know each other. To extend the equilibrium notion, we
first define incentive compatibility. We say the menu of LCs is incentive compatible if no
group has incentives to misreport its group configuration. Formally,

φ
(
pi, pj,EUj[c]; Cij

)
≤ φ

(
pi, pj, v; C

)
⇔ EUj[c] ≥ v ∀i, j ∈ {H,L}, and ∀C 6= Cij. (8)

where EUj[c] is defined as in (2) and c is the outcome of the Nash bargaining.27 Statement
(8) guarantees the following: If some risk-sharing rule under contract C makes Ei better
off, then it makes Ej worse off compared to their payoff under contract Cij . Therefore,
Ei-Ej does not have incentives to misreport their group type to receive any other contract
in the menu.

Having defined the incentive compatibility, an equilibrium of the incomplete infor-
mation is identical to Definition (2.1) with a further restriction that the menu of LCs is

26We discuss the example further in the Appendix. See Figure 1 for an illustration.
27Note that φ

(
pi, pj ,EUj [c]; Cij

)
= EUi[c]where EUi[c] is defined as in (2).
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incentive compatible.

Remark 4.1. A blocking coalition {Ei, Ej} can only receive loan contract Cij under complete in-
formation. Such a coalition can receive any contract in the menu when the lender does not observe
their characteristics. As a result, there is potentially larger set of blocking coalitions to be considered.

As entrepreneurs observe each other’s characteristics, the equilibrium risk-sharing is iden-
tical to Section 3.1, except the equilibrium outside options for heterogeneous groups. In
what follows, we continue with the optimal loan contract and sorting stages.

4.1 Optimal Loan Contract Stage

The optimalmenuunder complete information (5) is not incentive-compatible because any
group—whatever the compositionmay be—mimics the group of high-type entrepreneurs.

In principle, the lender offers a contract for any group she may face. The equilibrium
exhibits either homogeneous (PAM) or heterogeneous (NAM) groups unless both are pay-
off equivalent. Hence, the lender faces either an artificial type space of {(HH), (LL)} or a
unique type of group of entrepreneurs {(HL)}. Therefore, the optimal menu should have
either two contracts—one for HH and another for LL (i.e., {CH , CL}),—or a unique con-
tract for the mixed groups (i.e., {CHL}). An immediate observation follows:

Proposition 4.1. The optimal incentive compatible menu of LCs is

i. a singleton {( 2ρ
pH+pL

, 0)} if the equilibrium sorting is NAM, and

ii. a pair {ĈH , ĈL}where ĈL =
(
ρ
pL
, 0
)
and ĈH = (rH , lH) such that (i) pHrH+pH(1−pH)lH = ρ,

and (ii) φ(pL, pL, vpamL ; ĈL) = φ(pL, pL, v
pam
L ; ĈH) if the equilibrium sorting is PAM.28

Whenever the equilibrium exhibits NAM, the lender uses a unique loan contract called
pooling. As the lender faces groups of a unique type, there is no need for screening; hence,
the first part of Proposition 4.1 follows. When the equilibrium exhibits PAM, on the other
hand, the first-best LCs used by homogeneous groups—{CH , CL} ≡

{
( ρ
pH
, 0), ( ρ

pL
, 0)
}
—are

not incentive-compatible because groups of L-entrepreneurs mimic the high-type ones.

28Recall that φ(pL, pL, vpamL ; Ĉi) = p2Lu
(
X − ri

)
+ 2pL(1 − pL)u

(
X−ri−li

2

)
for any i = H,L. That is,

given a loan contract (ri, li), entrepreneurs of the same type split everything evenly at each contingency, in
equilibrium.
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Thus, the lender needs to make the contract for the high group unattractive so that the
group of L-entrepreneurs’ incentives to misreport disappear. The optimal separating con-
tracts defined in the second part of Proposition 4.1 follows.

Ghatak (2000) also emphasizes the optimal separating menu of loan contracts for risk-
averse entrepreneurs but does not investigate whether the separating or pooling contract
is the equilibrium. This paper provides conditions under which the equilibrium sorting
exhibits NAM and, thus, an optimal menu indeed is a pooling contract with no joint lia-
bility payment.

4.2 Group Formation Stage

We previously characterized the optimal menu under information asymmetry: either a
singleton or a pair of contracts. Before checking whether those menus implement the
desired sorting, we introduce a tool to compute stability.

4.2.1 Tool to Compute Stability

First, we try to understandwhether a contract induces PAMorNAM (i.e., what the equilib-
rium sorting is if there were a unique contract in the menu). To identify the equilibrium
sorting under a given contract, we use the generalized increasing differences (GID) con-
dition provided by Legros and Newman (2007). Recall that the Pareto frontier given an
arbitrary LC C = (r, l) is

φ(pi, pj, v; C) = max
{cij ,ci,cj}

pipju(cij) + pi(1− pj)u(ci) + (1− pi)pju(cj)

subject to (9)

pipju(2X − 2r − cij) + pi(1− pj)u(X − r − l − ci) + (1− pi)pju(X − r − l − cj) = v

Although the outside option for each entrepreneur is endogenous, GID is still a suffi-
cient condition for PAM in this setting for two reasons: (i) the utility possibility frontier is
non-decreasing in types, which guarantees that high types are more desirable, and (ii) it
guarantees that a higher type entrepreneur outbids a lower type one for all relevant util-
ity levels v. The latter states that, when competing for EH , an H-entrepreneur outbids an
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L-entrepreneur, for any utility level the L-entrepreneur can leave for EH . Analogously,
generalized decreasing differences" (GDD) refer to a sufficient condition for equilibrium
to exhibit NAM, given loan contract C. We employ a differential version of their condition
provided by Chade, Eeckhout, and Smith (2017), which is more tractable. In particular,
the loan contract C induces PAM if

φpi,pj(pi, pj, v; C) ≥
φpj(pi, pj, v; C)
φv(pi, pj, v; C)

φpi,v(pi, pj, v; C). (10)

and it exhibits NAM if the inequality is reversed.29 Both sortings may arise in equilibrium
if (10) holds by equality.

4.2.2 Equilibrium Sorting under a First-Best Contract

We start with heterogeneous groups—that is, whether {( 2ρ
pH+pL

, 0)} induces NAM.
As in the complete information case, condition (10) remains ambigious without any

further utility specification.30 Thus, we continue with the utility representation of HARA
preferences—that is, u(x) = 1−α

α

[
βx
1−α

]α
. The inequality in (10) under an arbitrary LC (r, 0)

becomes
1

α

(
(2α − 2) +

1− α
pi + pj − pipj(2− 2α)

)
≥ 0. (11)

Proposition 4.2. Fix a loan contract (r, l) where l = 0, and let u(x) = 1−α
α

[
βx
1−α

]α
.

i. If pi + pj <
1

log(4)
, then equilibrium sorting exhibits PAM.

ii. If pi + pj >
1

log(4)
, then there exists α∗ ∈ (0, 1) such that equilibrium sorting exhibits PAM

if α ≤ α∗ and NAM if α ∈ (α∗, 1).

Proposition 4.2 is in line with the intuition behind the result under complete information:
As entrepreneurs become increasingly risk-averse, their instinct to form a homogeneous
group increases. For any loan contractwith no joint liability, the equilibrium exhibitsNAM

29φpi,pj (·) denotes the cross partials of φ(·) with respect to types, and other partials follow analogously.
Note that, in the special case of transferable utilities, φpi,v(·) = 0; thus, GID (GDD) is equivalent to super
(sub)-modularity.

30A sufficient condition for equilibrium to exhibit PAM (NAM) is both φpi,pj and φpi,u to be non-negative
(non-positive). We show that φpi,u is non-negative, whereas φpi,u is negative. See Appendix.
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provided that entrepreneurs are not highly risk-averse and the likelihood of success is suf-
ficiently high. Thus, Proposition 4.2 characterizes not only the equilibrium sorting un-
der incomplete information, but also conditions under which the lender achieves the first
best.31

Corollary 4.1. The equilibrium menu of loan contracts is a singleton (i.e., the pooling contract),
and the equilibrium sorting exhibits NAM for sufficiently less risk-averse (α is not too low) and
less risky (pH + pL is high enough) entrepreneurs.

Remark 4.2. When the lender offers a unique contract for group EH-EL, the outside option of
entrepreneur Ei is equal to what he can get with another Ei through Nash bargaining under the
very same loan contract. That is, if the loan contract is C = (r, l), then

Ûnam
i = p2iu

(
X − r

)
+ 2pi(1− pi)u

(X − r − l
2

)
≡ v̂pami (C).

We now check whether the equilibrium sorting is PAM under the optimal incentive-
compatible menu {ĈH , ĈL} defined in Proposition 4.1. It will induce PAM if there is no
contract in the menu under which entrepreneursEH andEL are strictly better off for some
risk sharing rule. Formally, it induces PAM if and only if

φ
(
pi, pi, v̂

pam
i ; Ĉi

)
≥ max

{
φ
(
pi, pj, v̂

pam
j ; Ĉi

)
, φ
(
pi, pj, v̂

pam
j ; Ĉj

)}
, ∀i, j ∈ {H,L} (12)

Surprisingly, we show that the sorting constraints (12) are satisfied for parameter values
specified in Proposition 4.2. The following summarizes the equilibrium of the environ-
ment with information asymmetry.

Proposition 4.3. Suppose u(x) = 1−α
α

[
βx
1−α

]α
and pi ≥ pj .

i. If pi + pj >
1

log(4)
, then there exists α∗ ∈ (0, 1) such that the optimal menu of contract is a

singleton; ĈHL ≡ { 2ρ
pi+pj

, 0}, and the equilibrium exhibits NAM for any α ∈ [α∗, 1].

ii. Otherwise, the optimal menu of contract is {ĈH , ĈL} and the equilibrium exhibits PAM.
31 Achieving the first best means that the lender uses the same loan contract, and the equilibrium sorting

is the same as in the complete information case. Ultimate surplus share is different, as one would expect.
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Proposition 4.3 is consistent with empirical evidence on the group lending policies of
MFIs. Both risk homogeneity and heterogeneity can arise in equilibrium. Moreover, JL
may or may not be part of an equilibrium that justifies the variation between the use of JL
payments by different institutions.

To prove Proposition 4.3, we initially show that the incentives to form homogeneous
groups (PAM) in equilibrium increases when we replace a contract with another one that
has a higher joint-liability payment. Entrepreneurs pay the joint liability in case the part-
ner fails. As they pay more often when partnered with a low-type entrepreneur, it gives
fewer incentives for a high-type entrepreneur to group with a low one. Thus, given the
second-best menu of LCs {Ĉi}i=H,L, the sorting constraints reduce further to

φ
(
pL, pL, v̂

pam
L ; ĈL

)
≥ φ

(
pL, pH , v̂

pam
H ; ĈL

)
.

If there is a deviation by a pair of EH and EL to ĈH , then there is also deviation by the
same pair to ĈL = { ρ

pL
, 0}. However, a deviation by EH and EL where they get ĈL implies

that the equilibrium sorting under a contract with no JLwas NAM in the first place, which
contradicts Proposition 4.2.

Remark 4.3. Provided high enough output and low enough risk aversion, a sufficient condition
for equilibrium to exhibit NAM is pL

pH(pL+pH)
< log(4) under complete information whereas it is

1
(pL+pH)

< log(4) under incomplete information (see Appendix). As pL
pH(pL+pH)

< 1
(pL+pH)

, the first
best may exhibit NAMwhile the second best exhibits PAM, implying inefficiency due to information
frictions. It is worth mentioning that, as one might think, the lender can achieve the first best so long
as it induces NAM. However, it is not always true because the outside option of an L-entrepreneur
under the first best menu of LCs is lower than the one under the optimal LC for heterogeneous
groups of incomplete information. It discourages H-entrepreneurs from grouping with low types
because they need to leave a higher surplus than the one under complete information.

The following is an extension of Example 3.1 where the lender achieves the first best
even though she does not observe the entrepreneurs’ types.

Example 4.1. Consider Example 3.1 and suppose that the lender does not observe the borrowers’
characteristics.

A part of the first bestmenu of LCs {(ri, li) = ( 1
pi
, 0)}i=H,L is not incentive compatible as {L,L}

groups would like to pretend as if they are {H,H} groups. Thus, the optimal, incentive-compatible
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menu of LCs if the sorting were PAM is (rL, lL) = ( 1
pL
, 0) = (2, 0) for the {L,L} groups and

(rH , lH) ≈ (0.88, 1.84). The payoff of EL under this menu is his first best payoff, vpamL = 2.69917,
and that of EH is≈ 4.10202, if the sorting is PAM. This menu is incentive compatible and satisfies
the sorting constraints.

However, the LC CHL = (rHL, lHL) ≡
(

2
pH+pL

, 0
)
= (20

13
, 0) induces NAM, and there exists a

risk-sharing rule under which both EH and EL are strictly better off (see Example 3.1). Therefore,
the optimal menu that induces PAM is dominated by the optimal menu that induces NAM, which
implies that the equilibrium menu of LC is a singleton CHL and the equilibrium sorting exhibits
NAM.

The equilibrium outside option for each type of entrepreneur is what they would receive within
a PAM group under CHL—that is, vpamH (CHL) ≈ 4.04895 and vpamL (CHL) ≈ 2.8210. Then solving
for equilibrium risk sharing c∗ with respect to NB yields that H-entrepreneur’s share from the net
output is≈3.65936 in bad states, and twice that much in the good state. L-entrepreneur’s share on
the other hand is 71/13− 3.659365, which is ≈ 1.80217 in bad states, and twice that much in the
good state.

The equilibrium payoff of entrepreneurs from the mixed group is then EUH [c∗] = 4.07721 and
EUL[c∗] = 2.86128. L-entrepreneurs receive a higher share from the surplus; hence, the inequality
across types in terms of payoffs decreases compared to the complete information. Figure 1 in the
Appendix illustrates the equilibrium for both complete and incomplete information set-up.

5 Discussions and Extensions

In what follows, we discuss the relevance of our findings regarding pieces of empirical
evidence, and then carry out some robustness analyses.

5.1 The Empirical Relevance

With a model of group lending that allows for endogenous sorting, risk-sharing, and the
design of the optimal menu of the loan contracts, this paper can rationalize the empirical
evidence on themicrofinancemarket, some ofwhich the existing literature cannot explain.

First, the paper shows that heterogeneous groups can form at the optimum for some
primitives, which rationalizes the empirical finding: Carpenter and Sadoulet (2000) pro-
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vides evidence on risk heterogeneity in groups by using data from a survey inGuatemalan
credit groups.

Second, the paper also shows that a positive amount of joint liability is not part of an
optimal contract under complete information. However, one might suggest that the role
of such a contract is to screen various types of entrepreneurs by altering the amount of
joint liability, thereby being relevant for environments with information friction. This is
true if homogeneous groups form in the equilibrium. However, that is not always the
case. Therefore, whenever equilibrium sorting exhibits heterogeneous groups—groups
of non-alike entrepreneurs—joint liability is not necessary. Thus, the optimal contract in-
volves no joint liability. This finding sheds light on variations across joint liability use in
MFSs: Although some institutions continue to hold JL payments in their contracts, there
is a decreasing trend in the use of JL (see de Quidt, Fetzer, and Ghatak (2016)). Moreover,
some lenders switch to individual lending (see deQuidt, Fetzer, andGhatak (2018)). These
transformations can be explained by the equilibrium JL payment being zero for some en-
vironments.

5.2 For Profit Micro-Finance Institutions

Although the argument of perfect competition drives the zero-profit condition, the nature
of the optimal menu of LCs remains unchanged with a for-profit lender. Under the com-
plete information, a profit-maximizing lender can induce either PAM with loan contracts
{(rH , lH), (rL, lL)} or NAM with {(rHL, lHL)}. Yet regardless of the sorting, the profit-
maximizing contract has zero joint liability payment, as before because the Pareto fron-
tier (and thus the surplus) of any group configuration is largest when the joint liability is
zero. The difference now is as follows: The for-profit lender collects the entire surplus by
setting the individual payments equal to the outcome of the projects, which leaves zero
outcomes (and zero utility) to anymember of any group configuration. Therefore, there is
a unique optimal loan contract in themenu: (r, l) = (X, 0). Equilibrium sorting in this case
and whether the lender observes entrepreneurs’ types become irrelevant as each member
within each group receives the outside option, which we normalize to zero.
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5.3 Unbalanced Population of Types

We assume a perfect symmetry of types in the population. The optimal menu of LCs un-
der complete information does not rely on this symmetry. Even with the shares of high
and low type entrepreneurs being unequal, the optimal menu and the equilibrium sort-
ing remain unchanged under complete information. The difference arises when sharing
the surplus within heterogeneous groups. The equilibrium surplus of the abundant type
of entrepreneurs becomes equal to their PAM payoffs, whereas the scarce types of en-
trepreneurs receive a higher share.

When it comes to the incomplete information, our results carry over whenever the
equilibrium sorting is PAM as the lender faces two types of groups: groups ofH-type en-
trepreneurs and groups of L-type entrepreneurs.32 If the equilibrium sorting is NAM, the
lender still faces two types of groups: heterogeneous groups (groups ofH-L entrepreneurs)
and homogeneous groups (groups of either H-H or L-L entrepreneurs). In short, the
lender faces groups with different characteristics regardless of the equilibrium sorting,
and she can use JL payments as a screening device. As the entrepreneurs are risk-averse,
optimality requires the least possible amount of JL payments in each case. Which groups
bear positive JL payments depends on the nature of inequality in the population. But
roughly, the groups with the higher characteristics bear positive JL payments whereas the
others do not.33

5.4 Continuum of Types

A very natural extension to our model is the number of types. Suppose that there is a
continuum type space and unit measure of entrepreneurs whose types are drawn from a
strictly increasing and continuously differentiable cdf G ∼ P ⊆ [0, 1] with positive den-
sity g. Because the nature of the optimal menu does not depend the size of type space,
the optimal JLpayment is zero for any group configuration. Formally, this is written as
{(rij, lij)}pi,pj∈P , where rij = 2ρ

pi+pj
and lij = 0 for any pi, pj ∈ P .

Note that sorting does not have to be monotonic (i.e., it may exhibit neither PAM nor
32It is true when there is an even number, but not necessarily equal, of each type of entrepreneur.
33That is,H-H groups always bear positive JL, L-L groups never do, andH-L groups bear JL if and only

if L types are abundant, regardless of the equilibrium sorting. See Appendix D.1 for a further discussion.
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NAM). However, the equilibrium matching does not exhibit PAM for a similar range of
parameter values. In other words, the equilibrium under complete information exhibits
diversification as long as conditions of Proposition 3.2 are satisfied.34

We have an analogous conclusion about equilibrium sorting when it comes to the case
of information asymmetry. First, define the type distribution G as symmetric around x if
g(x−y) = g(x+y) for any feasible y > 0. Let P = [p, p]where 0 ≤ p < p ≤ 1 and themean
type is p̃ = p+p

2
.

Proposition 5.1. Suppose that G is symmetric around p̃. If p > log−1(8), then the optimal menu
of LCs is a singleton

{(
ρ
p̃
, 0
)}

, and the equilibrium exhibits NAM, for sufficiently less risk-averse
entrepreneurs.35

For the equilibrium sorting to exhibit NAM, it is sufficient that the lowest type not be
close to zero (i.e., p is high enough). The symmetry of the distribution guarantees that the
average type of each group is equal to the mean type in equilibrium. This implies that the
cumulative type (pi+ pj) of each group that forms in equilibrium is identical (i.e., 2p̃), even
though groups are not. Therefore, the lender offers a unique LC as in the benchmark case.

5.5 Heterogeneous Return

Returns and the risk are uncorrelated in the benchmark model: Both safer and riskier
projects yield the same output level X . With the same output level for both types of en-
trepreneurs, we stack the deck against equilibriawith heterogeneous groups and still show
they may emerge. Alternatively, we could assume that the riskier projects yield a higher
return (i.e., XL > XH for pL < pH). As one would expect, increasing the output for those
who are riskier increases the forces for NAM in equilibrium, making our sorting result
stronger. The rough intuition is that high types are more desirable even with XL > XH ,
and a higher outcome of riskier entrepreneurs wouldmake it easier for them to outbid the
safer ones when competing for a safer entrepreneur.36

34We say that the equilibrium exhibits diversification if it does not exhibit PAM. Note that NAM is a
special version of diversification.

35NAM in this setting is as follows: The entrepreneurs of the highest type match with those of the lowest,
the next highest matches with the next lowest, and so on. See Appendix D.3 for the formal treatment and
further discussion of this section.

36We thank an anonymous referee for remarking such a point.
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6 Conclusion

This paper challenges the general assumption of homogeneous group formation in credit
markets. We provide a general set-up in which the risk heterogeneity arises in groups as a
response to entrepreneurs’ risk-sharing behavior, although the environment is static. The
insurance agreements depend on the optimal menu of loan contracts. It turns out that
the equilibrium sorting becomes heterogeneous for some primitive values. Moreover, the
optimal loan contract specifies zero joint-liability payment for any group configuration for
any risk-averse entrepreneurs. Although it seems like no joint-liability in equilibrium is
driven from the complete information assumption, the result still holds for a set of primi-
tives even if the lender does not have local information. These results shed light on some
of the empirical evidence.

From an empirical point of view, the existing analysis heavily relies on homogeneous
group assumptions. We provide conditions under which the equilibrium exhibits diver-
sification within groups. Empirical studies should consider the possibility that hetero-
geneous groups can arise in equilibrium. In turn, various sorting patterns can lead to
different joint-liability policies, which is one of the testable implications of this paper.
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A Appendix: Complete Information

Proof of Lemma 3.3. Let µ be the Lagrangemultiplier of the optimization problem (4). Then
in equilibrium,

µ =
u′(cij)

u′(xij − cij)
=

u′(ci)

u′(xi − ci)
=

u′(cj)

u′(xj − cj)
. (13)

The optimizing ci = cj because xi = xj . Let c∗ denote the equilibrium cij and c∗ denote the
equilibrium ci. It is easy to verify that c∗ > c∗, and it implies 2(X−rij)−c∗ > X−rij−lij−c∗.

Recall from the ZPC that rij = 2ρ
pi+pj

−
(
1− 2pipj

pi+pj

)
lij . Plugging this into φ() and follow-

ing the envelope theorem with equality constraint, the partial derivative of the frontier
determines the effect of joint-liability:

∂

∂lij
φ(pi, pj, v, Cij) = µ2pipj

(
1− 2pipj

pi + pj

)(
u′
(
2(X − rij)− c∗

)
− u′

(
X − rij − lij − c∗

))︸ ︷︷ ︸
<0 since u′′<0

.

This implies ∂
∂lij

φ(pi, pj, v, Cij) < 0 as µ > 0. Note the lemma follows regardless of whether
i = j, or not.

Proof of Proposition 3.1. It directly follows from Lemma 3.3.

Proof of Proposition 3.2. To begin with, notice the first order condition of the problem
4 implies that c = 2c in equilibrium, for a given HARA utility representation u(x) =
1−α
α

[
βx
1−α

]α
. Thus the equilibrium payoff ofEi after efficient risk-sharing in a homogeneous

group becomes

φ(pi, pi, v
pam
i ) = vpami = u

(
X − ρ

pi

)(
p2i + 21−αpi(1− pi)

)
for each i = H,L. (14)

Now investigate the conditions under which an EL can outbid and EH when competing
for another H−Entrepreneur. For that, EL needs to leave as much as vpamH to EH in a het-
erogeneous group, and gets better off. We know efficient risk sharing requires ci = cj ,
and under the optimal menu and the family of HARA preferences cij = 2ci. To ease no-
tation, let c and c denote the share of net output that EH is given in two success (good)
and only one success (bad) states of the world, respectively. Then solving for c to leave
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H−Entrepreneur as much as vpamH yields:

u(c) =
vpamH

pH + pL − 2pHpL(1− 2α−1)
=

p2H + 21−αpH(1− pH)
pH + pL − 2pHpL(1− 2α−1)

u
(
X − ρ

pH

)

⇔ 1− α
α

[ βc

1− α

]α
=

1− α
α

[β(X − ρ
pH

)
1− α

]α p2H + 21−αpH(1− pH)
pH + pL − 2pHpL(1− 2α−1)

⇔ c =

(
p2H + 21−αpH(1− pH)

pH + pL − 2pHpL(1− 2α−1)

) 1
α(
X − ρ

pH

)
Therefore, the equilibrium sorting isNAM if and only if vpamL ≤ φ(pL, pH , v

pam
H ) = (pH+pL−

2pHpL(1− 2α−1))u
(
X − 2ρ

pH+pL
− c
)
. Plugging vpamL as well as HARA utility representation

yields that the equilibrium sorting is NAM if and only if(
X − ρ

pL

)α(
p2L + 21−αpL(1− pL)

)
≤ pH + pL − 2pHpL(1− 2α−1)

(
X − 2ρ

pH + pL
− c
)α

(15)

Now supposing that X > ρ
pL

as well as α < 1 and α 6= 0, inequality 15 becomes

∑
i=H,L

(
p2i+21−αpi(1−pi)

) 1
α

(
X− ρ

pi

)
−
(
pH+pL−2pHpL(1−2α−1)

) 1
α

(
X− 2ρ

pH + pL

)
≤ 0 (16)

when c is plugged. Note that for α = 1, sorting condition 16 holds with equality. This
implies both PAM andNAM are outcome equivalent, which confirms the benchmark case
of risk-neutral entrepreneurs as in section 2.1.

To understand how the sorting condition behaves for α values near 1, the value of the
derivative of sorting condition 16 at α = 1 is helpful. Taking the derivative of the expres-
sion 16 with respect to α and evaluating it at α = 1 yields

−
∑
i=H,L

(
piX − ρ

)(
(1− pi) log(2) + log(pi)

)
(17)

−
((
pH + pL

)
X − 2ρ

)( 2pHpL
pH + pL

log(2)− log(pH + pL)

)
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If 17 is strictly positive then there exists α < 1 such that the equilibrium sorting is NAM
for any α ∈ [α, 1]. Therefore, with some further algebra expression 17 is non-negative if
and only if

pLX−ρ
pHX−ρ

([
1 + pL(pH−pL)

pH+pL

]
log(2)− log

(
1 + pH

pL

))
+([

1 + pH(pL−pH)
pH+pL

]
log(2)− log

(
1 + pL

pH

))
≤ 0 (18)

First notice that pLX−ρ
pHX−ρ

increases in X > ρ
pL
. Moreover

∂

∂pH

([
1 +

pL(pH − pL)
pH + pL

]
log(2)− log

(
1 +

pH
pL

))

= − 1

(pH + pL)2
(pH + pL − p2L log(4)) ≤ 0

for any pH ≥ pL. Thus the first term in 18 is negative for all pH > pL. For the similar
reasoning, the second term in 18 is positive for all pH > pL. Thus, the sign of the expression
18 is ambiguous. However, it decreases in X > ρ

pL
. Notice that lim

X→ ρ
pL

pLX−ρ
pHX−ρ

→ 0 implying

that 18 is positive for each pH > pL, when X → ρ
pL
. Which implies that the equilibrium

sorting is PAM for α values close to 1. Since the expression in 18 decreases in X , it is
useful to consider the limit value; that is, as X approaches to infinity. First, note that
lim
X→∞

pLX−1
pHX−1

→ pL
pH

. Plugging this and further algebra yields that inequality 18 at the limit
value of X becomes

(
pH + pL − (pH − pL)2

)
log(2)− pH log

(
1 +

pL
pH

)
− pL log

(
1 +

pH
pL

)
︸ ︷︷ ︸

LHS

≤ 0 (19)

Note the inequality in 19 holds with equality for pH = pL. To understand how expression
in 19 behaves as pH moves, taking derivative with respect to pH yields

∂LHS

∂pH
=
(
1− 2(pH − pL)

)
log(2)− log

(pH + pL
pH

)
(20)
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which is zero at pH = pL. To further see how expression in 20 behaves as pH moves, taking
derivative with respect to pH yields

∂2LHS

∂p2H
=

pL
pH(pH + pL)

− log(4) (21)

For values of pH ≥ pL > 0.5, expression (21) is negative, implying that (20) decreases in
pH . But expression (20) is zero for pH = pL, thus it is negative for any pH > pL. This further
implies that the LHS in expression (19) is negative for all pH ≥ pL > 0.5. Hence, there
exists some X < ∞ such that the inequality (18) holds strictly for all X ≥ X . Therefore,
for any pH ≥ pL > 0.5, there exists X < ∞ such that, for each X ≥ X , there exists α < 1

such that, the equilibrium sorting is NAM for any α ∈ [α, 1]. Notice that pH ≥ pL > 0.5 is
not tight, but just a sufficient condition for NAM.

Hence more generally, suppose pH > pL ≥ p > 0. Then, there exists X < ∞ such
that, for each X ≥ X , there exists α < 1 where the equilibrium sorting is NAM for any
α ∈ [α, 1].

B Appendix: Incomplete Information

Proof of Proposition 4.1. QED.

Derivation of the Sorting Condition in (10)
Let p ≡ (pi, pj). Suppose c(p, v) ≡ (c(p, v), c(p, v)) solves the problem (9). Then the La-
grangian L(c(p, v), µ(p, v); p, v)would be

pipj

(
u(c) + µu(2X − 2r − c)

)
+ (pi + pj − 2pipj)

(
u(c) + µu(X − r − c)

)
− µv

Let x denote X − r and x = 2x. By envelope theorem, I get the first derivatives:

φpi(pi, pj, v) ≡
d

dpi
φ(c(p, v), p, v) =

∂

∂pi
L(c(p, v), µ(p, v); p, v)
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Taking the partial derivative at the optimum gives:

φpi = pj

((
u(c)− u(c)

)
+ µ
(
u(x− c)− u(x− c)

))
+ (1− pj)

(
u(c) + µu(x− c)

)
φpj = pi

((
u(c)− u(c)

)
+ µ
(
u(x− c)− u(x− c)

))
+ (1− pi)

(
u(c) + µu(x− c)

)
φv = −µ

φpi,pj = u(c)− 2u(c) + µ
(
u(x− c)− 2u(x− c)

)︸ ︷︷ ︸
A(x,c)

+ dµ
dpj

[
pju(x− c) + (1− 2pj)u(x− c)

]

Note that φp > 0 for p = pi, pj and φv < 0. Therefore, a sufficient condition for equilibrium
to exhibit PAM (NAM) is both φpi,pj and φpi,v to be non-negative (non-positive). Since
φpi,v() = −

∂µ
∂pi

, the following lemma implies that φpi,v is non-negative.

Lemma B.1. Suppose u is strictly concave. Then, ∂µ
∂p
< 0 for any p ∈ {pi, pj}.

Proof of Lemma B.1. Note from the first order condition of risk-sharing stage, the following
holds

µ =
u′(c)

u′(x− c)
=

u′(c)

u′(x− c)
.

Taking derivative of µwith respect to p yields

dµ

dp
=

(
u′′(c)u′(x− c) + u′(c)u′′(x− c)

)
(u′(x− c))2

(dc
dp

)
∀(x, c) = {(x, c), (x, c)} (22)

Given u′ > 0 and u′′ < 0, the following holds:

dµ

dp
< 0 if and only if dc

dp
> 0.

But, dc
dp
> 0. To see this, notice in equilibrium pipju(x− c) + (pi + pj − 2pipj)u(x− c) = v.

Taking derivative of both sides with respect to pi yields the following:

pju(x− c) + (1− 2pj)u(x− c)︸ ︷︷ ︸
>0

−
(
pipju

′(x− c) dc
dpi

+ (pi + pj − 2pipj)u
′(x− c) dc

dpi

)
= 0

It is easy to show that the first term is positive. This the term in the second parenthesis
is also positive. Also knowing that dc

dpi
≥ 0 if and only if dc

dpi
≥ 0 and u′ > 0 implies that
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dc
dpi

> 0, and thus dµ
dpi

< 0.

The second term in φpi,pj is negative by Lemma B.1, while the first term; A(x, c), cannot
be signed without knowing the equilibrium relation between c and c, which complicates
the determination of equilibrium sorting pattern. Yet, strict concavity implies that it is
negative for any c ≤ 2c. I show that φpi,pj < 0 for a large class of risk-averse preferences
(e.g. HARA with u(0) = 0).

Lemma B.2. Suppose u(·) represents Hyperbolic Absolute Risk Averse (HARA) preferences with
u(0) = 0. Then φpi,pj < 0.

Proof of Lemma B.2. Hyperbolic absolute risk averse (HARA) utility representation is given
by

u(x) =
1− α
α

[ βx

1− α
+ η
]α

with parameter restrictions α 6= 1, β > 0 and βx
1−α + η > 0. In our setting, η = 0 as u(0) is

normalized to zero.
Recall from the risk sharing stage, in equilibrium;

u′(c)

u′(x− c)
=

u′(c)

u′(x− c)
,

where x = 2x. It is easy to verify that c = 2c. Knowing that u(2x) < 2u(x) for any strictly
concave u(·), and that µ > 0 implies A(x, c) < 0.

To recap, notice φpi,v > 0 while φpi,pj < 0 for the HARA family. Thus, the equilibrium
sorting is ambiguous, as in the case of complete information.

Now, plugging associated differentials into 10 gives that PAM is equilibrium sorting if
and only if the following inequality holds:

u(c)− 2u(c)+µ
(
u(x− c)− 2u(x− c)

)
+
dµ

dpj

[
pju(x− c)+ (1− 2pj)u(x− c)

]
≥
φpj
µ

∂µ

∂pi
(23)

Sorting Condition for HARA

First, note u(x) = 1−α
α

[
βx
1−α

]α
implies:
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• u(2x) = 2αu(x),
• u′(x) = β

[
βx
1−α

]α−1
= α

x
u(x) and u′(2x) = 2αu′(x),

• u′′(x) = −1−α
x
u′(x) and u′′(2x) = 2αu′′(x).

Thus the sorting condition 23 becomes

(2α − 2)
(
u(c) + µu(x− c)

)
+

dµ

dpj
(1− pj(2− 2α))u(x− c)

≥
(1− pi(2− 2α))

(
u(c) + µu(x− c)

)
µ

∂µ

∂pi

Notice that µ = u′(c)
u′(x−c) = u(c)

u(x−c)
x−c
c
, thus µu(x − c) = u(c)x−c

c
. The sorting condition then

simplifies to

u(c)
x

c

[
(2α − 2)− (1− pi(2− 2α))

µ

∂µ

∂pi

]
+
dµ

dpj
(1− pj(2− 2α))u(x− c) ≥ 0 (24)

Note from equality in (22) that

u′′(c)u′(x− c) + u′(c)u′′(x− c)
(u′(x− c))2

(dc
dp

)
= −(1− α)x

c(x− c)
u′(c)

u′(x− c)
= −(1− α)x

c(x− c)
µ

and thus;
dµ

dp
= −dc

dp

((1− α)x
c(x− c)

)
µ for each p ∈ {pi, pj}.

Also recall that in equilibrium pipju(2(x− c)+ (pi+ pj − 2pipj)u(x− c) = v, which implies
for HARA utility representation that

(
pi+pj−pipj(2−2α)

)
u(x− c) = v. Taking derivative

with respect to pi implies that

(1− pj(2− 2α))u(x− c) =
(
pi + pj − pipj(2− 2α)

)
u′(x− c) dc

dpi

But knowing that u′(x− c) = α
x−cu(x− c) implies that

dc

dpi
=

1− pj(2− 2α)

pi + pj − pipj(2− 2α)

(x− c
α

)
(25)
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Therefore, we have the followings:

dµ

dpi
= −

( 1− pj(2− 2α)

pi + pj − pipj(2− 2α)

)(x− c
α

)((1− α)x
c(x− c)

)
µ

dµ

dpj
= −

( 1− pi(2− 2α)

pi + pj − pipj(2− 2α)

)(x− c
α

)((1− α)x
c(x− c)

)
µ

Thus, plugging all these into (24) yields that the sorting is PAM if and only if

�
��u(c)

�
�
�x

c

[
(2α − 2) +

(1− pi(2− 2α))(1− pj(2− 2α))

pi + pj − pipj(2− 2α)

(
����(x− c)
α

)((1− α)x
����(x− c)c

)]

−
((1− pi(2− 2α))(1− pj(2− 2α))

pi + pj − pipj(2− 2α)

)(x− c
α

)((1− α)
����(x− c) �

�
�x

c

)
����(x− c)

c ���u(c) ≥ 0 (26)

Knowing that u(c) > 0, x > 0 and c > 0, the sorting condition (26) simplifies further.
Hence the equilibrium sorting is PAM if and only if

(2α − 2) ≥ (1− pi(2− 2α))(1− pj(2− 2α))

pi + pj − pipj(2− 2α)

(1− α
αc

)(
x− c− x

)

⇔ (2α − 2) ≥ −(1− pi(2− 2α))(1− pj(2− 2α))

pi + pj − pipj(2− 2α)

(1− α
α

)
⇔ 1

α

(
(2α − 2) +

1− α
pi + pj − pipj(2− 2α)

)
≥ 0 (27)

But notice that HARA utility representation puts the following parameter restrictions:

β > 0 and βx

1− α
> 0.

Since I restrict attention to non-negative consumption level; that is, x > 0, I have thatα < 1.
Therefore, the equilibrium sorting is PAM if and only if

(2α − 2) +
1− α

pi + pj − pipj(2− 2α)
≥ 0 ∀α ∈ (0, 1)

(2α − 2) +
1− α

pi + pj − pipj(2− 2α)
≤ 0 ∀α < 0
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Define the sorting condition as a function of risk aversion parameter α

f(α) ≡ (2α − 2) +
1− α

pi + pj − pipj(2− 2α)

The limit of f(α) as α approaches to 0 is indeterminate; that is, lim
α→0+

1
α
f(α) = −1 +

1
pi+pj−pipj > 0, while lim

α→0−

1
α
f(α) = +1 − 1

pi+pj−pipj < 0. Note that it is positive as α ap-
proaches to 0 from the right, and that f(1) = 0 which is the case of the linear utility. This
means, both PAM and NAM arises when entrepreneurs are risk-neutral.

Lemma B.3. For each pi, pj ∈ (0, 1], there exists α ∈ (0, 1] such that the equilibrium sorting is
PAM for any α ∈ (0, α].

To understand the equilibrium sorting further as α moves, it is useful to consider the
derivative of f(α):

df(α)

dα
= − 1

(pi + pj − (2− 2α)pipj))
+ 2α log(2)− (2αpipj(1− α) log(2))

(pi + pj − (2− 2α)pipj)2
(28)

Note that df(α)
dα
≥ 0 if and only if

+2α log(2)(pi + pj − (2− 2α)pipj)−

(
1 +

(2αpipj(1− α) log(2))
pi + pj − (2− 2α)pipj

)
≥ 0

Knowing that both PAM and NAM arises when entrepreneurs are risk-neutral, the sign of
f ′(1) helps to analyze the equilibrium sorting further, as in the case of complete informa-
tion:

f ′(1) = log(4)− 1

pi + pj

If f ′(1) > 0, then f(α) < 0 for α close enough to 1. Therefore, we have the following:

Lemma B.4. For any pi, pj where pi + pj >
1

log(4)
, there exists α < 1 such that the equilibrium

sorting exhibits NAM for any α ∈ (α, 1).

I will also show that if f(·) is increasing at α = 1, then it is u-shaped in α ∈ (0, 1).
Following lemma proves this:
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Lemma B.5. if f ′(α1) = 0 = f ′(α2) for some α1, α2 ∈ (0, 1), then α1 = α2. Moreover, f attains
the local minimum at α1.

Proof of Lemma B.5. Suppose for a contradiction that f ′(α1) = 0 = f ′(α2) and α1 6= α2. The
equality below simply follows:

(
2α1 − 2α2

)(pi + pj
pipj

− 2 +
(
2α1 + 2α2

))
=

(1− α1)2
α1

pi + pj − pipj(2− 2α1)
− (1− α2)2

α2

pi + pj − pipj(2− 2α2)

without loss of generality, suppose α1 > α2. Thus 2α1 − 2α2 > 0, and hence the LHS of the
equality is positive. However, the RHS is negative. To see this, note the followings:

• pi + pj − pipj(2− 2α1) > pi + pj − pipj(2− 2α2) > 0 since α1 > α2, and

• 2x(1− x) decreases in x ∈ (0, 1), thus α1 > α2 implies that (1− α1)2
α1 < (1− α2)2

α2

It simply follows from these two that the RHS is positive, which is a contradiction to the
equality above.

One can easily check that the second derivative of f at α1 is positive; that is, f ′′(α1) >

0.

Proof of Proposition 4.2. Simply follows from Lemmas B.3, B.4, and B.5.

Lemma B.6. Fix some (rj, lj) on the zero profit line 1; that is, pjrj + pj(1 − pj)l
j = ρ. Then

φ(pi, pi, u; (r
j, lj)) decreases in lj if pj ≥ pi, and ambiguous otherwise.

Proof of Lemma B.6. Note that Lemma 3.1 imply the following:

φ(pi, pi, u; (r
j, lj)) = pipiu

(
X − ρ

pj
+ (1− pj)lj

)
+ 2pi(1− pi)u

(X − ρ
pj
− pjlj

2

)
.

Now, taking derivative of φ()with respect to lj yields

∂φ(·)
∂lj

= pi

[
pi(1− pj)u′

(
X − ρ

pj
+ (1− pj)lj

)
− pj(1− pi)u′

(X − ρ
pj
− pjlj

2

)]
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Note that strict concavity together with pj ≥ pi imply that the term in parenthesis is neg-
ative, hence proving the lemma.

Lemma B.6 is useful: replacing a loan contract for the high groupwith another one that
has lower joint-liability term increases the payoff of both high and low type entrepreneurs.

Following lemma is helpful to characterize the incentive compatible loan contracts for
homogeneous groups of entrepreneurs (PAM).

Lemma B.7. At least one of the IC constraints is slack for any incentive compatible menu of loan
contracts.

Proof of Lemma B.7. Fix {(rj, lj)}j=H,L that satisfies the IC constraints. Then we have the
following inequalities:

pH

[
u
(
X − rH

)
− u
(
X − rL

)]
≥ 2(1− pH)

[
u

(
X−rL−lL

2

)
− u
(
X−rH−lH

2

)]
(29)

pL

[
− u
(
X − rH

)
+ u
(
X − rL

)]
≥ 2(1− pL)

[
− u
(
X−rL−lL

2

)
+ u

(
X−rH−lH

2

)]
(30)

First, I will show that

u
(
X − rH

)
− u
(
X − rL

)︸ ︷︷ ︸
a

> 0 and u

(
X − rL − lL

2

)
− u
(
X − rH − lH

2

)
︸ ︷︷ ︸

b

> 0.

To see that, suppose for contradiction that a ≤ 0. Then (29) implies that b ≤ 0. Therefore,
2(1 − pL)(−b) ≥ 2(1 − pH)(−b) ≥ pH(−a) ≥ pL(−a) which contradicts with (30), unless
a = 0 = b.37 Therefore a > 0. But then (30) also implies b > 0.

Now, I show that both constraints cannot hold with equality. To see that, suppose (29)
holds with equality. Then pHa = 2(1 − pH)b, which implies pLa = 2 pL

pH
(1 − pH)b . But

(30) implies that pLa ≤ 2(1 − pL)b. Plugging pLa into (30) yields that (30) holds strictly
whenever pH > pL.

37But a = 0 = b contradicts with the zero profit conditions. Therefore, both ZPC and IC constraints imply
that a > 0 and b > 0.
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Following lemma shows that it is possible to decrease the liability payments jointly
without violating incentive compatibility.

Lemma B.8. For any incentive compatible {(rj, lj)}j=H,L ∈ R++ that satisfies ZPC, there exists
an incentive compatible {(r̂j, l̂j)}j=H,L ∈ R++ satisfying ZPC, such that l̂j < lj for j = H,L.

Proof of Lemma B.8. Fix an incentive compatible {(rj, lj)}j=H,L on the ZPC line such that
lj > 0 for j = H,L. By Lemma B.7, either IC for High group (29) or IC for Low group (30)
holds with strict inequality.

Without loss of generality, suppose the former; (29), holds with strict inequality. Then,
φ(pH , pH , u; (r

H , lH)) > φ(pH , pH , u; (r
L, lL)). Then, continuity of φ implies that there exists

(r̂L, l̂L) such that l̂L < lL and
i. it satisfies zero profit condition 1,

ii. and φ(pH , pH , u; (rH , lH)) ≥ φ(pH , pH , u; (r̂
L, l̂L)).

Hence, without violating the IC constraint for the High group, lender can decrease the
joint liability term of the low group. But, Lemma B.8 implies that decreasing the lia-
bility payment for the low group increases their payoff; that is, φ(pL, pL, u; (r̂L, l̂L)) >

φ(pL, pL, u; (r
L, lL)). Hence φ(pL, pL, u; (r̂L, l̂L)) > φ(pL, pL, u; (r

H , lH)), proving that the in-
centive compatibility for Low group is not violated either. In fact, it becomes slack under
{(rH , lH), (r̂L, l̂L)}. By continuity of φ, there exists (r̂H , l̂H) such that, l̂H < lH and

i. it satisfies zero profit condition 1,

ii. and φ(pL, pL, u; (r̂L, l̂L)) ≥ φ(pL, pL, u; (r̂
H , l̂H)).

Hence, without violating the IC constraint for the Lowgroup, lender can decrease the joint
liability termof the high group. ByLemmaB.8, φ(pH , pH , u; (r̂H , l̂H)) > φ(pH , pH , u; (r

H , lH)),
proving that the incentive compatibility for high group is not violated either.

Therefore {(r̂j, l̂j)}j=H,L satisfies zero profit conditions, incentive compatibility and
l̂j < lj for j = H,L.

Proof of Proposition ??. Recall that, for anymenuof loan contract {(rj, lj)}j=H,L that satisfies
zero profit conditions and the incentive compatibility constraints, X − rH > X − rL, and
X − rH − lH < X − rL − lH . Hence, rL > rH and lH > lL.

By Lemma B.8, there exists {(r̂i, l̂i)}i=H,L such that l̂L = 0, and it still satisfies the con-
straints. Lemma B.6 implies entrepreneurs payoffs are higher given {(r̂i, l̂i)}i=H,L than
those given {(ri, li)}i=H,L.
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Proof of Proposition 4.3. Part (i) simply follows from Proposition 4.2. To prove part (ii),
we first show a couple of auxiliary lemmas.

Lemma B.9.

φ
(
pi, pi, v

pam
i ; (ri, li)

)
≥ max

{
φ
(
pi, pj, v

pam
j ; (ri, li)

)
, φ
(
pi, pj, v

pam
j ; (rj, lj)

)}
if and only if

φ
(
pj, pj, v

pam
j ; (rj, lj)

)
≥ max

{
φ
(
pj, pi, v

pam
i ; (rj, lj)

)
, φ
(
pj, pi, v

pam
i ; (ri, li)

)}
.

Proof of Lemma B.9. The equal treatment property implies that

φ
(
pi, pi, v

pam
i ; (ri, li)

)
= vpami for i = H,L.

Suppose that

φ
(
pi, pi, v

pam
i ; (ri, li)

)
≥ max

{
φ
(
pi, pj, u

pam
j ; (ri, li)

)
, φ
(
pi, pj, u

pam
j ; (rj, lj)

)}
but also for contradiction

φ
(
pj, pj, u

pam
j ; (rj, lj)

)
< max

{
φ
(
pj, pi, v

pam
i ; (rj, lj)

)
, φ
(
pj, pi, v

pam
i ; (ri, li)

)}
.

Then upamj = φ
(
pj, pj, u

pam
j ; (rj, lj)

)
< φ

(
pj, pi, v

pam
i ; (r, l)

)
for some (r, l) ∈ {(ri, li), (rj, lj)}.

Define φ
(
pj, pi, v

pam
i ; (r, l)

)
≡ φj . Notice φ

(
pi, pj, φj; (r, l)

)
= vpami . But φj > upamj implies

that φ
(
pi, pj, u

pam
j ; (r, l)

)
> φ

(
pi, pj, φj; (r, l)

)
= vpami = φ

(
pi, pi, v

pam
i ; (ri, li)

)
. Therefore, we

have the following inequality which results in a contradiction:

φ
(
pi, pi, v

pam
i ; (ri, li)

)
< max

{
φ
(
pi, pj, u

pam
j ; (ri, li)

)
, φ
(
pi, pj, u

pam
j ; (rj, lj)

)}
.

Lemma B.9 implies that the sorting constraints can be reduced to the following:

φ
(
pL, pL, u

pam
L ; (rL, lL)

)
≥ max

{
φ
(
pL, pH , u

pam
H ; (rL, lL)

)
, φ
(
pL, pH , u

pam
H ; (rH , lH)

)}
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Lemma B.10. Suppose u(x) = 1−α
α

[
βx
1−α

]α
, and fix a loan contract (r, l) where l ∈ R+. Then the

equilibrium sorting is PAM if and only if

1

α

(
(2δ)α − 2 +

1− α
pi + pj − pipj(2− (2δ)α)

)
≥ 0 (31)

where δ = 1 + l
X−r−l .

Proof of Lemma B.10. Let x denote X − r − l, then x ≡ 2(X − r) = 2(x + l). Also let c
denote Ei’ share of x, and analogously c denote his share of x. It follows from the FOCs
of the Pareto frontier (13) for u ∈ HARA that c = 2c(1 + lx−1) = 2δc. This also implies that
x − c = 2δ(x − c). Following the identical steps as in Sorting Condition for HARA on page
35 yields the sorting condition for a general JL contract (r, l).

Lemma B.11. Suppose α ∈ (0, 1]. The expression in (31) is increasing in δ; that is

∂

∂δ

(
(2δ)α − 2 +

1− α
pi + pj − pipj(2− (2δ)α)

)
> 0.

Proof of Lemma B.11. Simply taking the derivative in lemma, we have

2ααδα−1

(
1− pipj(1− α)(

pi + pj − pipj(2− (2δ)α)
)2
)

which is non-negative if and only if the term in the parenthesis is non-negative. But notice
the term in the parenthesis is increasing in δ, hence it attains its minimum at δ = 1; which
is the case when l = 0. Thus,

1− pipj(1− α)(
pi + pj − pipj(2− (2δ)α)

)2 ≥ 1− pipj(1− α)(
pi + pj − pipj(2− 2α)

)2 .
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It can be verified that 1− pipj(1−α)(
pi+pj−pipj(2−2α)

)2 is increasing in α, hence

1− pipj(1− α)(
pi + pj − pipj(2− 2α)

)2 ≥ 1− pipj(
pi + pj − pipj

)2 .
But, it is not hard to show that 1 − pipj(

pi+pj−pipj
)2 ≥ 0 for any pi, pj ∈ (0, 1], which finishes

the proof.

Given the second-best menu {ĈH , ĈL} in Proposition 4.1, Lemma B.11 implies that if
ĈH induces NAM, then ĈL also induces NAM. It is simply because lL = 0 which makes
δL = 1 while δH > 1 as lH > 0. It is useful as it reduces the sorting constraint further to
the following:

φ
(
pL, pL, v

pam
L ; (rL, lL)

)
≥ φ

(
pL, pH , v

pam
H ; (rL, lL)

)
where vpamH = φ

(
pH , pH , v

pam
H ; (rH , lH)

)
. Define the equilibrium payoff of EH under the

loan contract CL = ( ρ
pL
, 0)when he is partnered with another EH :

ṽpamH = φ
(
pH , pH , ṽ

pam
H ; (rL, lL)

)
.

Incentive compatibility of the menu {ĈH , ĈL} implies that vpamH > ṽpamH .
Now, suppose for a contradiction that themenu {ĈH , ĈL}does not induce PAM. Then, it

has to be the case that φ
(
pL, pL, v

pam
L ; (rL, lL)

)
< φ

(
pL, pH , v

pam
H ; (rL, lL)

)
. Since vpamH > ṽpamH ,

φ
(
pL, pH , v

pam
H ; (rL, lL)

)
< φ

(
pL, pH , ṽ

pam
H ; (rL, lL)

)
, which implies

φ
(
pL, pL, v

pam
L ; (rL, lL)

)
< φ

(
pL, pH , ṽ

pam
H ; (rL, lL)

)
.

But then CL = ( ρ
pL
, 0) induces NAM, and Proposition 4.2 implies that pi + pj >

1
log(4)

and
α > α∗. This is a contradiction, which finishes the proof

Lemma B.12. If φ
(
pi, pi, v

pam
i ; ĈL

)
< φ

(
pi, pj, u

pam
j ; ĈL

)
then the optimal menu would be single-

ton where NAM is induced.

Proof of Lemma B.12. Suppose thatφ
(
pi, pi, v

pam
i ; ĈL

)
< φ

(
pi, pj, u

pam
j ; ĈL

)
where ĈL ≡ ( ρ

pL
, 0).

Recall the first best loan contract for a heterogeneous group CHL ≡
(

2ρ
pH+pL

, 0
)
. It is easy
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to see that φ
(
pi, pj, u

pam
j ; ĈL

)
< φ

(
pi, pj, u

pam
j ; CHL

)
as rHL < rL. Therefore we have the

following:

φ
(
pi, pj, u

pam
j ; CHL

)
+ upamj > φ

(
pi, pi, u

pam
i ; Ĉi

)︸ ︷︷ ︸
=upami

+φ
(
pj, pj, u

pam
j ; Ĉj

)︸ ︷︷ ︸
=upamj

.

The summation on the right hand side is the PAMpayoff given the optimal incentive com-
patible menu of loan contracts {Ĉi}i=H,L. It is less than the payoff that entrepreneurs could
get given the first best loan contract for a heterogeneous group CHL ≡

(
2ρ

pH+pL
, 0
)
. There-

fore, thre exists a risk sharing rule under CHL such that both entrepreneurs are strictly
better off as compared to their payoff under {Ĉi}i=H,L that satisfies incentive compatibil-
ity, zero profit condition and the sorting constraint. Thus the menu {CHL} dominates the
menu {Ĉi}i=H,L, which finishes the proof.

C Appendix: Examples

Example 3.1
The left panel in Figure 1 (a) illustrates the equilibrium sorting on the contract space. Fix
i ∈ {H,L}. Then ZPCi is the line that illustrates the feasible loan contract for a homoge-
neous {i, i} group, and IDi represents the indifference curve for an i-entrepreneur within
a {i, i} group given the optimal loan contract (ri, li) ≡ ( 1

pi
, 0). Note that the indifference

curves are decreasing as they move away from the origin.
IDHN shows the contracts (r̂H , l̂H) for {H,H} groups that represents the following util-

ity: the one that an H-entrepreneur receives by forming a group with an L-entrepreneur,
obtain the contract (rHL, lHL) ≡ ( 2ρ

pH+pL
, 0), and leave her as much utility as she gets with

another L-entrepreneur under the loan contract (rL, lL) ≡ ( ρ
pL
, 0). IDHN lies strictly inside

the ZPCH . Thus, there is no feasible contract for {H,H} groups that yields the same util-
ity. Therefore, the equilibrium sorting for this environment is NAM.

Example 4.1
The optimal menu of loan contracts for the PAM groups, that is incentive compatible,
would be (rL, lL) = ( ρ

pL
, 0) for the {L,L} groups, and IC(rH , lH) shown in the right panel
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in figure 1 (b).
The {L,L} groupwould like to pretend as if they are {H,H} group and receive (rHFB, lHFB) =

( ρ
pH
, 0) under the first best menu of loan contracts. Thus, the lender designs a contract

(rH , lH) which makes the {L,L} group indifferent —described by IC(rH , lH) in the right
panel in figure 1. An H-entrepreneur in an {H,H} group receives a utility represented by
the indifference curve IDHP in figure 1 given the incentive compatible contract IC(rH , lH).

We already know from the complete information that (rHL, lHL) ≡ ( 2
pH+pL

, 0) makes
both type of entrepreneurs better off, simply because IDHP is above IDHN which is de-
fined above.

Figure 1: Equilibrium Sorting exhibits NAM

D Appendix: Extensions

D.1 Unbalanced Population of Types

Notice outcome of the Nash bargaining, under the complete information, does not yield
stable matching. To see this, suppose that the share of the high types is greater than that
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of the low types, and also that the equilibrium sorting is NAM. Nash bargaining yields a
utility level for each type in mixed groups that are strictly greater than their utility from
homogeneous groups. Since there are residualH-type entrepreneurswho receive the PAM
payoff as they can only match to each other, they can outbid H-entrepreneurs in mixed
groups, for an L-Entrepreneur.

Suppose there is an information asymmetry, and the equilibrium sorting isNAM. Then
the lender still faces two types of groups: heterogeneous groups (a group of H-L en-
trepreneurs), and homogeneous groups (a group of either H-H or L-L entrepreneurs).

• Suppose thatH-type entrepreneurs are relatively more than L-types. Then the opti-
mal menu of LCs contains two contracts: a contract for H-L groups which has zero
JL-payment and a contract forH-H groups which has positive JL payment, such that
the group H-L is indifferent between these two contracts. It turns out that this very
same menu keeps inducing NAM, thus any other deviations (potentially different
group configurations) are also eliminated.

• Suppose now that L-type entrepreneurs are relatively more thanH-types. Then the
optimal menu of LCs contains two contracts as before: a contract for L-L groups
which has zero JL-payment and a contract for H-L groups which has positive JL
payment, such that the group H-L is indifferent between these two contracts. The
issue now is that contract for H-L groups may not induce NAM, in which case we
go back to the optimal menu for PAM groups under incomplete information and
unequal size of types do not have any bite.

D.2 Breaking Even at the Level of Firm

The maintained assumption in the paper is that the lender breaks even per group. In
this regard, the ZPC per group when the group is heterogenous indeed is the ZPC at the
level of the entire firm, since the firm faces a unique type of group in equilibrium and the
contract is the pooling one (rHL, lHL).38

When moving to the breaking even condition for homogeneous groups, the lender
could collect 4ρ in expectation from one H-H and one L-L group. Supposing the en-

38This is the case when the size of types are balanced and that the lender treats agents within a group
equally, which we take as an exogenous restriction motivated by the institutional set-up.
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trepreneurs of the same type will be treated equally (following the symmetry argument),
this is equivalent to collecting 2ρ from an H and L Entrepreneur in expectation. This 2ρ
is equally divided between the H and L entrepreneurs in the benchmark case. The lender
could choose to divide it unequally, call them ρH and ρL such that ρH + ρL = 2ρ. The op-
timal loan contracts still yield zero JL-payment for each group due to concavity, and the
equilibrium sorting remains the same for a similar range of parameters.

When it comes to the optimality of those contracts, each choice of ρH and ρL would
still be efficient. Because it only reallocates the utilities across various types. As long as JL
payment is zero, those contracts cannot be improved upon in the Pareto sense.

The analysis for the incomplete information also remains unchanged, that is, the equi-
librium sorting is NAM for the same set of parameters. And whenever it is PAM, one
group (depending on ρH and ρL ) mimics the other group, for which JL payment for the
non-mimicking group is chosen optimally, just as in the current version.

D.3 Continuum of Types

Let the entire set-up except the population be the same. Suppose that there is a unit mass
continuum of entrepreneurs. Each entrepreneur has a type p ∈ P ≡ [p, p] ⊆ [0, 1] drawn
from a strictly increasing and continuously differentiable cdf G with positive density g.
Define two identical a halfmass continuum of entrepreneurs whose types p ∈ P are drawn
from a strictly increasing and continuously differentiable cdfG1 andG2 such thatG1(p) =

G2(p) and 2G(p) = G1(p) +G2(p) for any p.39

As inChade, Eeckhout, and Smith (2017), we define amatching as a functionµ : P → P

that is measure preserving. In this artificial market, PAM requires that G1(p) = G2(µ(p))

and NAM requires that G1(p) = 1 − G2(µ(p)) for all p. We also say that the equilibrium
exhibits diversification if it does not exhibit PAM. Notice NAM is a special case of diver-
sification.

First note that the nature of the optimal menu of LCs under complete information car-
ries over i.e. it is

{
( 2ρ
pi+pj

, 0)
}
{pi,pj∈P}

. When it comes to the equilibrium sorting under
complete information, an immediate corollary to to Proposition 3.2 follows:

39That is, we divide the population into two equally distributed populations so that we constructed an
artificial two-sided matching market.
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Corollary D.1. Given the optimal menu of LCs
{
( 2ρ
pi+pj

, 0)
}
{pi,pj∈P}

, the equilibrium sorting ex-
hibits diversification if (i) entrepreneurs are not very risk averse; that is, α is high enough, (ii) the
projects are not very risky; that is, p ≥ 1

4 log(2)
, and (iii) the outcome in case of success –X– is high

enough.

Proof. It simply follows from the expression (21). That is, a matching µwhere µ(p) = p for
some p ∈ {pi, pj} where pj < pi is not stable because the pair {Ei, Ej} blocks it as long as
X and α are high enough. This proves that the equilibrium does not exhibit PAM.

Whether the equilibrium sorting exhibitsNAM is beyond our point becausewe already
show that PAM is not necessarily the equilibrium sorting contrary to the existing literature.
One can construct conditions underwhich the equilibriumexhibitNAMwith a continuum
of types.

Since a contract is a function of types under complete information, usingGID inChade,
Eeckhout, and Smith (2017) involves extensive work that we do not follow as it is beyond
the point we try to make. However, our proof carries over for the case of information
asymmetry for a particular type of distribution.

Proof of Proposition 5.1. It follows from the proof of Proposition 4.2 since it does not rely
on that there are only two types of entrepreneurs.
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