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Unit-IV 
Introduction 
• We know that the axis of a beam deflects from its initial position under action of applied 
forces. 
• In this chapter we will learn how to determine the elastic deflections of a beam. 
Selection of co-ordinate axes 
We will not introduce any other co-ordinate system. We use general co-ordinate axis as shown 
in the figure. This system will be followed in deflection of beam and in shear force and bending 
moment diagram. Here downward direction will be negative i.e. negative Y-axis. Therefore 
downward deflection of the beam will be treated as negative. 
To determine the value of deflection of beam subjected to a given loading where we will use 
the formula =EI d y M x. 
We use above Co-ordinate system Some books fix a co-ordinate axis as shown in the following 
figure. Here downward direction will be positive i.e. positive Y-axis. Therefore downward 
deflection of the beam will be treated as positive. As 
beam is generally deflected in downward directions and this co-ordinate system treats 
downward deflection is positive deflection. 
 
Why to calculate the deflections? 
• To prevent cracking of attached brittle materials 
• To make sure the structure not deflect severely and to “appear” safe for its occupants 
• To help analyzing statically indeterminate structures 
• Information on deformation characteristics of members is essential in the study of vibrations 
of 
Machines 

Several methods to compute deflections in beam 
• Double integration method (without the use of singularity functions) 
• Macaulay’s Method (with the use of singularity functions) 
• Moment area method 
• Method of superposition 
• Conjugate beam method 
• Castigliano’s theorem 
• Work/Energy methods 

Each of these methods has particular advantages or disadvantages. 

Assumptions in Simple Bending Theory 
• Beams are initially straight 
• The material is homogenous and isotropic i.e. it has a uniform composition and its mechanical 
properties are the same in all directions 
• The stress-strain relationship is linear and elastic 
• Young’s Modulus is the same in tension as in compression 
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• Sections are symmetrical about the plane of bending 
• Sections which are plane before bending remain plane after bending 

Non-Uniform Bending 
• In the case of non-uniform bending of a beam, where bending moment varies from section to 
section, 
there will be shear force at each cross section which will induce shearing stresses 
• Also these shearing stresses cause warping (or out-of plane distortion) of the cross section so 
that 
plane cross sections do not remain plane even after bending 

step procedure to solve deflection of beam problems by double integration method 
Step 1: Write down boundary conditions (Slope boundary conditions and displacement 
boundary 
conditions), analyze the problem to be solved 
Step 2: Write governing equations  
Step 3: Solve governing equations by integration, results in expression with unknown 
integration constants 
Step 4: Apply boundary conditions (determine integration constants) 
Following table gives boundary conditions for different types of support. 
Using double integration method we will find the 
deflection and slope of the following loaded beams one by one. 
(i) A Cantilever beam with point load at the free end. 
(ii) A Cantilever beam with UDL (uniformly distributed load) 
(iii) A Cantilever beam with an applied moment at free end. 
(iv) A simply supported beam with a point load at its midpoint. 
(v) A simply supported beam with a point load NOT at its midpoint. 
(vi) A simply supported beam with UDL (Uniformly distributed load) 
(vii) A simply supported beam with triangular distributed load (GVL) gradually varied load. 
(viii) A simply supported beam with a moment at mid span. 
(ix) A simply supported beam with a continuously distributed load the intensity of which at any 
point ‘x’ along the beam 
 
A Cantilever beam with point load at the free end. 
We will solve this problem by double integration method. For that at first we have to calculate 
(Mx). 
Consider any section XX at a distance ‘x’ from free end which is left end as shown in figure. 
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A Cantilever beam with UDL (uniformly distributed load) 
We will now solve this problem by double integration method, for that at first we have to 
calculate (Mx). 
Consider any section XX at a distance ‘x’ from free end which is left end as shown in figure. 

 

 
 
 
 
 
A Cantilever beam of length ‘L’ with an applied moment ‘M’ at free end. 

 
 
A simply supported beam with a point load P at its midpoint. 
A simply supported beam AB carries a concentrated load P at its midpoint as shown in the 
figure. 
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A simply supported beam with a point load ‘P’ NOT at its midpoint. 
A simply supported beam AB carries a concentrated load P as shown in the figure. 

 
 
A simply supported beam with UDL (Uniformly distributed load) 
A simply supported beam AB carries a uniformly distributed load (UDL) of intensity w/unit 
length over its 
whole span L as shown in figure. We want to develop the equation of the elastic curve and find 
the maximum deflection δ at the middle of the span. 
 

 
 
A simply supported beam with triangular distributed load (GVL) gradually 
varied load. 
A simply supported beam carries a triangular distributed load (GVL) as shown in figure below. 
We have to 
find equation of elastic curve and find maximum deflection (δ ). 
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A simply supported beam with a moment at mid-span 
A simply supported beam AB is acted upon by a couple M applied at an intermediate point 
distance ‘a’ from 
the equation of elastic curve and deflection at point where the moment acted. 
 

 
 
A simply supported beam with a continuously distributed load the intensity 
of which at any point ‘x’ along the beam is 

 
 
Macaulay's Method (Use of singularity function) 
• When the beam is subjected to point loads (but several loads) this is very convenient method 
for 
determining the deflection of the beam. 
• In this method we will write single moment equation in such a way that it becomes 
continuous for 
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entire length of the beam in spite of the discontinuity of loading. 
• After integrating this equation we will find the integration constants which are valid for entire 
length of the beam. This method is known as method of singularity constant. 
 
Procedure to solve the problem by Macaulay’s method 
Step – I: Calculate all reactions and moments 
Step – II: Write down the moment equation which is valid for all values of x. This must contain 
brackets. 
Step – III: Integrate the moment equation by a typical manner. Integration of (x-a) 
Step – IV: After first integration write the first integration constant (A) after first terms and 
after second 
time integration write the second integration constant (B) after A.x . Constant A and B are valid 
for all 
values of x. 
Step – V: Using Boundary condition find A and B at a point x = p if any term in Macaulay’s 
method, (x-a) is 
negative (-ive) the term will be neglected. 
Method of superposition 
Assumptions: 
• Structure should be linear 
• Slope of elastic line should be very small. 
• The deflection of the beam should be small such that the effect due to the shaft or rotation of 
the 
line of action of the load is neglected. 
Principle of Superposition: 
• Deformations of beams subjected to combinations of loadings may be obtained as the linear 
combination of the deformations from the individual loadings 
• Procedure is facilitated by tables of solutions for common types of loadings and supports. 
 

 
 
 
Conjugate beam method 
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In the conjugate beam method, the length of the conjugate beam is the same as the length of 
the actual 
beam, the loading diagram (showing the loads acting) on the conjugate beam is simply the 
bendingmoment 
diagram of the actual beam divided by the flexural rigidity EI of the actual beam, and the 
corresponding support condition for the conjugate beam is given by the rules as shown below. 
Corresponding support condition for the conjugate beam 
 
Conjugates of Common Types of Real Beams 

 
By the conjugate beam method, the slope and deflection of the actual beam can be found by 
using 
the following two rules: 
• The slope of the actual beam at any cross section is equal to the shearing force at the 
corresponding cross section of the conjugate beam. 
• The deflection of the actual beam at any point is equal to the bending moment of the 
conjugate 
beam at the corresponding point. 
 
Procedure for Analysis 
• Construct the M / EI diagram for the given (real) beam subjected to the specified (real) 
loading. If a 
combination of loading exists, you may use M-diagram by parts 
• Determine the conjugate beam corresponding to the given real beam 
Apply the M / EI diagram as the load on the conjugate beam as per sign convention 
• Calculate the reactions at the supports of the conjugate beam by applying equations of 
equilibrium and conditions 
• Determine the shears in the conjugate beam at locations where slopes is desired in the real 
beam, Vconj = θreal 
• Determine the bending moments in the conjugate beam at locations where deflections is 
desired in the real beam, Mconj = yreal 
The method of double integration, method of superposition, moment-area theorems, and 
Castigliano’s theorem are all well established methods for finding deflections of beams, but 
they require that the 
boundary conditions of the beams be known or specified. If not, all of them become helpless. 
However,the conjugate beam method is able to proceed and yield a solution for the possible 
deflections of the beam based on the support conditions, rather than the boundary conditions, 
of the beams. 
(i) A Cantilever beam with a point load ‘P’ at its free end. 
For Real Beam: At a section a distance ‘x’ from free end consider the forces to the left. Taking 
moments about the 
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section gives (obviously to the left of the section) Mx = -P.x  
(negative sign means that the moment on the left hand side of the portion is in the 
anticlockwise direction and is therefore taken as negative according to the sign convention) 
so that the maximum bending moment occurs at the fixed end i.e. Mmax = - PL ( at x = L) 
 
Assumptions in Simple Bending Theory 
All of the foregoing theory has been developed for the case of pure bending i.e. constant B.M 
along the 
length of the beam. In such case 
• The shear force at each c/s is zero. 
• Normal stress due to bending is only produced. 
• Beams are initially straight 
• The material is homogenous and isotropic i.e. it has a uniform composition and its mechanical 
properties are the same in all directions 
• The stress-strain relationship is linear and elastic 
• Young’s Modulus is the same in tension as in compression 
• Sections are symmetrical about the plane of bending 
• Sections which are plane before bending remain plane 
 

 
 
 
Flexural Rigidity (EI) 
Reflects both 
• Stiffness of the material (measured by E) 
• Proportions of the c/s area (measured by I ) 
 Axial Rigidity = EA 
 
Beam of uniform strength 
It is one is which the maximum bending stress is same in every section along the longitudinal 
axis. 
To make Beam of uniform strength the section of the beam may be varied by 
• Keeping the width constant throughout the length and varying the depth, (Most widely used) 
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• Keeping the depth constant throughout the length and varying the width 
• By varying both width and depth suitably. 
Bending stress due to additional Axial thrust (P). 
A shaft may be subjected to a combined bending and axial thrust. This type of situation arises in 
various 
machine elements. 
If P = Axial thrust 

 
Then direct stress ( d σ ) = P / A (stress due to axial thrust) 
This direct stress ( d σ ) may be tensile or compressive depending upon the load P is tensile or 
compressive. 
And the bending stress ( b σ ) = MyI 
is varying linearly from zero at centre and extremum (minimum or maximum) at top and 
bottom fibres. 
 
Statically determinate and indeterminate structures 
Beams for which reaction forces and internal forces can be found out from static equilibrium 
equations 
alone are called statically determinate beam. 
 
ΣXi = ΣYi = Σ = to calculate R & RB 
Beams for which reaction forces and internal forces cannot be found out from static 
equilibrium 
equations alone are called statically indeterminate beam. This type of beam requires 
deformation 
equation in addition to static equilibrium equations to solve for unknown forces. 
 
In machinery, the general term “shaft” refers to a member, usually of circular crosssection, 
which supports gears, sprockets, wheels, rotors, etc., and which is subjected to 
torsion and to transverse or axial loads acting singly or in combination. 
• An “axle” is a rotating/non-rotating member that supports wheels, pulleys,… and 
carries no torque. 
• A “spindle” is a short shaft. Terms such as line shaft, head shaft, stub shaft, 
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transmission shaft, countershaft, and flexible shaft are names associated with special 
usage. 
Torsion of circular shafts 
Where J = Polar moment of inertia 
τ = Shear stress induced due to torsion T. 
G = Modulus of rigidity 
θ = Angular deflection of shaft 
R, L = Shaft radius & length respectively 
 
Assumptions 
• The bar is acted upon by a pure torque. 
• The section under consideration is remote from the point of application of the load and from 
a change in diameter. 
• Adjacent cross sections originally plane and parallel remain plane and parallel after 
twisting, and any radial line remains straight. 
The material obeys Hooke’s law 
• Cross-sections rotate as if rigid, i.e. every diameter rotates through the same angle 
 

 
 
The polar section modulus 
Zp= J / c, where c = r = D/2 
• For a solid circular cross-section, Zp = π D3 / 16 
• For a hollow circular cross-section, Zp = π (Do4 - Di4 ) / (16Do) 
• Then, max τ = T / Zp 
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• If design shears stress, d τ is known, required polar section modulus can be calculated from: 
Zp = T / d τ 
Torsional Stiffness 
The tensional stiffness k is defined as the torque per radius twist 
 
Comparison of solid and hollow shaft 
• A Hollow shaft will transmit a greater torque than a solid shaft of the same weight & same 
material because the average shear stress in the hollow shaft is smaller than the average 
shear stress in the solid shaft 
 
Shaft in series 
1 2 θ =θ +θ 
Torque (T) is same in all section 
Electrical analogy gives torque(T) = Current (I) 
Shaft in parallel 
1 2 θ =θ and 1 2 T = T +T 
Electrical analogy gives torque(T) = Current (I) 
 
Combined Bending and Torsion 
• In most practical transmission situations shafts which carry torque are also subjected to 
bending, if only by virtue of the self-weight of the gears they carry. Many other practical 
applications occur where bending and torsion arise simultaneously so that this type of 
loading represents one of the major sources of complex stress situations. 
• In the case of shafts, bending gives rise to tensile stress on one surface and compressive 
stress on the opposite surface while torsion gives rise to pure shear throughout the shaft. 
• For shafts subjected to the simultaneous application of a bending moment M and torque T 
the principal stresses set up in the shaft can be shown to be equal to those produced by an 
equivalent bending moment, of a certain value Me acting alone. 
 
Shaft subjected to twisting moment 
 

 
Principal stresses at a point on the surface of the shaft = +τ, -τ, 0 
i.e  σ = ± τ sin2θ 
Volumetric strain, 
 ∈ =∈ + ∈ + ∈v 
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• No change in volume for a shaft subjected to pure torque. 
Torsional Stresses in Non-Circular Cross-section Members 
• There are some applications in machinery for non-circular cross-section members and shafts 
where a regular polygonal cross-section is useful in transmitting torque to a gear or pulley 
that can have an axial change in position. Because no key or keyway is needed, the 
possibility of a lost key is avoided. 
• Saint Venant (1855) showed that max τ in a rectangular b×c section bar occurs in the middle 
of the longest side b and is of magnitude formula. 
 
     ------x------- 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 
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