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Learning of continuous hierarchies is an important

problem in machine learning

Representation of WordNet noun hierarchy in 2D Poincaré
disk. There are 82k nodes and 700k edges.

Nickel and Kiela, ICML 2018; Sala et al., ICML 2018. Figure from Maximilian Nickel’s
webpage.



Hyperbolic space represents trees and complex networks
effectively.

Hyperbolic embeddings computations are an important task in
many applications.



Goals

Learn structured dimensionality reduction in hyperbolic space.

Equivalent to learning structured low-rank factorization in
hyperbolic space.



Outline

• Hyperbolic manifold

• Proposed structured low-rank factorization model



Hyperbolic manifold



Two popular hyperbolic models exist: Poincaré

disk and hyperboloid

Red represents the Poincaré disk in 2D. Blue represents
hyperboloid in 3D. Both have dimensionality 3.



Poincaré disk is geometry of inner sphere with

bounday stretched to infinity

Poincaré ball is n-dimensional hyperbolic space defined as

Bn = {u ∈ Rn : ‖u‖ < 1}.

Distance between two points u, v ∈ Bn:

dB(u, v) = arccosh

(
1 + 2

‖u− v‖2

(1− ‖u‖2)(1− ‖v‖2)

)

Poincaré norm is given by

‖u‖B := dB(0,u) = 2 arctanh(‖u‖).



Distance between Tiger and Lion is more than Tiger and
Feline.

Parent nodes are closer to center of the disk.

Leaf nodes are closer to boundary.



Hyperboloid or Lorentz model

Let ū, v̄ ∈ Rn+1 such that ū =

[
u0

u

]
and v̄ =

[
v0

v

]
and

u, v ∈ Rn.

The Lorentz scalar product 〈·, ·〉L is

〈ū, v̄〉L = −u0v0 + u>v,

The hyperboloid model

Hn = {ū ∈ Rn+1| 〈ū, ū〉L = −1, u0 > 0}.

Distance between two points:

dH(ū, v̄) = arccosh(−〈ū, v̄〉L).



Both Poincaré ball Bn and hyperboloid Hn have rich
Riemannian geometry.

There exists transformations between the two models.



Proposed structured low-rank factorization model



We work with hyperboloid model.

Unlike Euclidean case, incorporating a low-rank structure in
hyperbolic space is non-trivial because of the hyperboloid
constraints.



Low-rank parameterization in hperbolic space

involves finding appropriate projection matrix

Given X̄ =

[
x0

X

]
of size (n + 1)×m.

Each column x̄i =

[
x0i

xi

]
is a point in Hn.

We seek to learn z̄ in Hr and projection matrix U of size n× r
such that [

x0i

xi

]
=⇒︸︷︷︸

rank-r approximation

[
z0i

Uzi

]



Low-rank factors lie on product of Stiefel and

smaller hyperbolic space

[
x0i

xi

]
=⇒︸︷︷︸

rank-r approximation

[
z0i

Uzi

]

Making sure that the right hand side is in Hn, implies that
U>U = I.

Our low-rank factorizatoin model is

X̄︸︷︷︸
n hyperbolic

=

 1 0>
r

0n U︸︷︷︸
Stiefel

 Z̄︸︷︷︸
r hyperbolic



We propose three different modelings for learning the low-rank
factors using manifold optimization.



Results

Our initial results on standard WordNet datasets validate the
good performance of low-rank optimization.

Table: Mean average precision (MAP) score obtained by the
proposed approaches on the noun dataset.

Rank Method-1 Method-2 Method-3

5 0.5343 0.5422 0.5343
10 0.6742 0.6796 0.6742
20 0.7425 0.7449 0.7425
50 0.7887 0.7891 0.7887

100 0.8070 0.8070 0.8070



Summary and future work

• Learning of hyperbolic embeddings in increasingly an
important task in machine learning especially in NLP.

• We look at how to do low-rank decomposition in the
hyperbolic space.

• We decompose a high dimensional hyperbolic embedding
(x̄) into a product of low-dimensional subspace (U) and a
smaller dimensional hyperbolic embedding (z̄).



Future work

• We would like to explore how low-rank hyperbolic
embeddings are useful in downstream applications.

• Another research direction could be on developing
methods to compute a “good” rank of hyperbolic
embeddings.



For questions please write to Pratik.Jawanpuria@microsoft.com
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