
Cressie, N. A. C. and Keightley, D. D. (1981). 

Analysing data from hormone-receptor assays.  

Biometrics, 37, 235-249. 

 



Key words: Breast cancer; Double reciprocal plot; Hormone receptors; Michaelis-Menten equa- 
tion; Robust regression; Scatchard plot; Woolf plot. 

235 

BIOMETRICS 37, 235-249 
JUNE, 198 1 

Analysing Data from Hormone-Receptor Assays 

N. A. C. Cressie 
School of Mathematical Sciences, The Flinders University of South Australia, 

Bedford Park, South Australia 5042 

and 

D. D. Keighjdey 
Department of Surgery, Flinders Medical Centre, Bedford Park, South Australia 5042 

S UMMARY 

Assay results for hormone receptors in human breast cancer are generally plotted in the form of a 
Scatchard plot Usually a line is fitted to the data points by least squares regression and thence the 
concentration of binding sites present in the cancer is calculated. The subsequent treatment of the 
patient with hormones depends on this value, so a good estimate of it is necessary In this study 
three methods of representing the data, namely the Scatchard plot, the reciprocal plot and the 
Woolf plot, were investigated, and three ways of fitting lines to the data points of each graph, 
namely least squares regression, an unweighted robust procedure and a weighted robust procedure 
were examined. When the data were well-behaved all plots gave similar answers for the 
concentration of binding sites, irrespective of the regression technique used. However, when there 
were up to three outlying points, the Scatchard plot, particularly with least squares regression 
analysis, performed poorly. The robust regression analyses yielded more consistent results on all 
plots; in particular the hitherto mistrusted reciprocal scale seemed to perform well under robust 
regression, but other evidence indicated instability in the plot. It is concluded that the most reliable 
way of representing binding data in these experiments is by a Woolf plot, and that the subsequent 
line fitting is made resistant by an unweighted robust regression analysis. 

1. Introduction 

Breast cancer is one of the most common cancers of women in western countries; 
approximately one in fifteen women will contract the disease, and of these around 20% 
will die of it within 5 years of its diagnosis. It has been suggested that hormones may be 
responsible for maintenance of some of these tumours (DeSombre, Greene and Jensen, 
1978). The main hormones implicated by this are the estrogens (the female sex hor- 
mones), of which estradiol-17g3 is the most potent in women. That is, the presence of 
estradiol stimulates growth of some mammary tumours. 

For estradiol to have an effect on a tissue, it must bind with high affinity to a specific 
receptor protein in the cells of that tissue. The hypothesis is that if estrogen receptors are 
found in a mammary tumour, the tumour is estrogen-responsive and may be treated 
successfully by endocrine therapy. This may involve either removal of endogenous sources 
of estrogen (e.g. by removal of ovaries and adrenal glands), or reducing the effectiveness 
of endogenous estrogen (by administration of anti-estrogens). Thus, endocrine therapy 

This content downloaded from 130.130.37.84 on Sun, 21 Dec 2014 21:08:27 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


236 Biometrics, June 1981 

would not be appropriate for those women whose tumours contained no estrogen 
receptor. 

Estrogen receptors have been found in approximately 70°/0 of mammary carcinomas, 
and of these around 60% respond to endocrine therapy. Of the tumours without estrogen 
receptor, the response rate is less than 1()% (McGuire, 1975). Therefore, knowledge of 
the estrogen-receptor content of a tumour is useful for prediction of the response of the 
tumour to endocrine therapy. 

In measuring estrogen receptors, problems arise not only in determining how many 
receptors are present, but also in deciding whether or not there is a significant number of 
receptors present in the tumour. The statistician has an important role to play in analysing 
and presenting results from the assays. 

The nature of the estrogen-receptor assay is outlined in the rlext section. The 
Michaelis-Menten equation is re-expressed in three different ways in §3, in order that a 
linear analysis can be used to estimate the parameters of the equation. Least squares and 
two robust procedures yield estimates whose standard errors and bias are given at the end 
of the section. In §4 two data sets are treated, one where all points are well-behaved and 
one which has been simulated from known parameter values. The 'well-behaved' points 
are then artifically moved to create outliers, and the results presented in §5. In §6, the 
different methods of analysis are compared for sets of real data. A robust regression on 
the Woolf scale is recommended in the concluding section. 

2. Estrogen-Receptor Assay 

2.1 The Assay 

At assay, a cytosol fraction is prepared from the tumour tissue as outlined by Keightley, 
Tilley and Cant (1978). Irl principle the assay involves incubation of the soluble compo- 
nents from the tumour homogenate (cytosol fraction) with five concentrations of 
radiolabelled estradiol-17,X3 (in duplicate). A parallel series of incubations contains these 
concentrations of labelled estradiol-17g3, but in addition a 100-fold excess of unlabelled 
estrogen. The incubation is carried out overnight at 4°C, and then charcoal is added to 
each mixture. This removes any free hormone from solution. The supernatant from this 
charcoal incubation is measured for radioactivity. The difference in the radioactive 
content of the supernatant, between the tube containing the excess of unlabelled hormone 
and its partner without the excess, is a measure of B, the amount of estrogen bound to 
receptor, and therefore of the receptor itself. Since the total labelled hormone which is 
added is known, the amount, F, of hormone not bound to receptor can be calculated. 

Knowledge of the values of B and F for each incubating concentration of labelled 
estrogen then permits the calculation of the total receptor concentration in the tumour 
homogenate. 

2.2 Calculation of Results 

These calculations are carried out for the five incubating concentrations of 3H-estradiol- 
1713, each in duplicate, giving ten values for B and F from each assay. The values are 
expressed as fmoles of estradiol/mg cytosol protein. The relationship between B and F is 
modelled according to the Michaelis-Menten relation (Woosley and Muldoon, 1977): 

KD + F ' (2.1) 
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the equation of a hyperbola. The two parameters KD and BmaX are calculated for each 
assay. For specific receptor binding, KD, the dissociation constant for the receptor- 
estradiol interaction, is in the range of 10-9 to 10-1l moles/litre. For nonspecific binding 
of estradiol, the value for KD generally is greater than 10-8 moles/litre. Consequently the 
value for KD may be used to ensure that receptor binding and not nonspecific binding of 
estrogen is being measured. 

The quantity BmaX is the concentration of binding sites and can vary in mammary 
tumours from 0 to 1500 fmoles/mg cytosol protein. A value of 0 classifies the tumour as 
estrogen receptor-negative, and suggests that there is little chance of response to hormone 
therapy. Any level of estrogen receptors above 0 is indicative of hormone responsiveness, 
although if a cut-off level of around 10 to 20 fmoles/mg protein is chosen, the definition of 
hormone responsiveness is improved. Therefore, accurate measurement of binding-site 
concentrations becomes important. 

3. Straight-Line Fiffing 

. . . 3.1 Llnearlzlng 

Since the Michaelis-Menten equation (2.1) is a hyperbola, a nonlinear approach may be 
needed to estimate KD and BmaX, as well as their bias and standard errors (Bliss and 
James, 1966). However, equation (2.1) can be linearized in a number of ways. Firstly there 
is the Scatchard equation (Scatchard, 1949): 

F ( KD ) ( KD) (3.1) 

The double reciprocal equation (Lineweaver and Burke, 1934) is a second possibility: 

B (BmaX) (BmaX)(F); (3.2) 
while the Woolf equation (Haldane, 1957) is a third: 

F/B = (KDlBmax) + (llBmax)Fs (3 3) 
Algebraically, the Michaelis-Menten equation has been re-expressed in a number of 

ways. But each (Fi, Bi) obtained from an assay is subject to measurement error, variation in 
experimental material, recording error etc., which are modelled as random fluctuations. 
Current practice for estrogen-receptor assays [see, e.g., McGuire (1978)] is to make a 
Scatchard plot of the points (xi, Yi)= (Bi, BJFi), and to fit a straight line to the points by 
least squares. Then BmaX is easily read off as the intercept of the line with the abscissa. It is 
clear why the Michaelis-Menten equation has been 'linearized'; fitting straight lines, even 
by eye, can be done quite readily, and has been used to great advantage by Tukey (1977) 
in developing exploratory data analysis. The Scatchard scale is popular since the all- 
important parameter BmaX can be read immediately from the straight-line fit. tIowever, it 
has been well-known that the reciprocal and Woolf plots are available, and Wilkinson 
(1961), in the context of relating velocity of reaction, B, of an enzyme with a substrate 
and the substrate concentration F, concludes that the Woolf plot is the best of these three. 
But unlike us, he is able to assume that the velocity determinations are reasorlably 
homogeneous in variance, leading to a weighted least squares analysis Our situation is 
different, although we are encouraged by the apparent stability of the Woolf scale. 

If one is to do simple linear regression, and use statistical theory to obtain estimates of 
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slope and intercept, as well as of bias and standard error, then one is faced with a number 
of requirements: 

(i) The independent variable should have little or no error. (3.4) 
(ii) There should be homoscedastic errors in the dependent variable as well as zero 

correlation between errors. (3.5) 
(iii) The values of the independent variable in the design space should be chosen so that 

parameters can be estimated with maximum precision; half the points at one 
extreme and half at the other is an optimal design, although use of equally-spaced 
points) while suboptimal, provides a more robust design (Herzberg and Andrews, 
1976). (3.6) 

In §4) the three plots are compared according to these requirements, although (iii) is not 
as important as (i) and (ii). But the first problem is to fit a straight line to a number of 
(x, y) data points. 

3.2 Simple Linear Regression 

Assuming without loss of generality that x1sx2s sxn, let 

Yi =a+g3xi+ei, i= 1, . . ., n, (3.7) 
where 4ei} are independent and identically distributed with density g, mean 0 and variance 
cr2. Under a normal assumption on g, the maximum likelihood procedure is least squares. 
However, it has been known for some time (Huber, 1972) that least squares performs very 
poorly in the presence of outlying points (i.e., when g is heavy-tailed). A more robust 
procedure, vvhich at the same time does not rely on normality to obtain standard errors of 
the KD and BmaX estimates, seems desirable. One or two outlying points out of ten occur 
in hormone-receptor assays with sufficient regularity that an automatic robust procedure is 
necessary to reduce their influence. Among the many choices available for rendering 
robust the least squares method, two look particularly attractive in the light of previous 
work; see Woosley and Muldoon (1977). These authors proposed a median analogue, but 
did not realize that in so doing they were actually using both the Scatchard and the Woolf 
plots. Although they found encouraging estimates from simulated data, their calculations 
of standard errors (and the consequent hypothesis tests) were erroneous. Cressie and 
Keightley (1979) set out the statistical assumptions necessary for a valid median analysis; 
this is the 'unweighted robust' procedure, presented below. In order to take advantage of 
knowledge of the error structure, a 'weighted robust' modification is included. 

For the moment we concentrate on estimating the slope {3. Now, for i + j and 
Xl < X2 < < Xnx 

Yi Yj j + £i-£j (3.8) 
Xi - Xj Xi - X 

It is worthwhile to consider estimating {3 as a location parameter from (albeit dependent) 
data (Yi - yj )/(xi - xj ), for all possible pairs i + j, with heteroscedastic error structure: 
var{(Ei-Ej )/(Xi-Xj)} = 2C2/(xi-Xi)2- 

The assumptions for linear regression given by (3.7) are worth more scrutiny; the data 
values (Fi, Bi) are being heavily transformed and so we may, for example, not have 
homoscedastic error. We will check the assumptions in the equivalent location formula- 
tion (3.8). A set of data which has no outliers is purposely chosen, and various diagnostic 
plots are studied. Table 1 contains the data; see §4 for a fuller analysis of these assay 
values. 
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Figure 1. Diagnostic plot of slopes (Yi-Yi)/(-x,) versus 1-xjl, i$j, and weighted residuals 
{(Yi-Y; )/(-x, )-(-0.004)} |&-x, | versus | - x, |. Data as in Table 1. 

Figure 1 presents two plots. The first, taken from the Scatchard scale, shows the various 
pairwise slopes (yi-yj)l(xi-xi) plotted against |xi-xj|. There is an obvious asymptoting 
towards the ordinate value of -0.004, and a fan-shaped scatter of points about it, as 
would be predicted from (3.8). We looked at the residual, (Yi - Y>)/(xi - xj) - (-0.004), and 
weighted it by |xi-xj|. Linear regressiorl assumptions predict a homogeneous scatter of 
points, and this is exactly what we see on the second plot of Fig. 1. Similar plots give 
similar conclusions on the reciprocal scale and the Woolf scale, and this fact implies a 
general comment about the quality of our data. Since (3.5) is satisfied within the range of 
(F, B) values which concern us, 'well-behaved' assays could adequately be analysed by 
linear regression on any scale. The question of which scale is 'best' is taken up in §4, §5 
and §6. 

For line-fitting, (3.8) suggests a number of slope estimates: 

(i) Weighted mean: use (yi-yj)l(xi-x>) as data points, and weights which are in- 
versely proportional to the heteroscedastic variances. Then, 

* _ Ei f j {(Yi-Yi)/(Xi-Xj)}(Xi-Xj)2 
L Ei$j (Xi-xj) 

= { (Yi -Y)(Xi-x)}/{ (Xi -X)2}, (3.9) 

which is just the least squares estimate! 
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(ii) Unweighted robust (median) estimate: 

X * = med {(Yi - yj )/(xi - xs )}, (3.10) t$3 

which is known as 'Thiel's estimate' (Sen, 1968). 
(iii) Weighted robust (median) estimate: use weights which are inversely proportional 

to the heteroscedastic standard deviations (Cressie, 1980). Then, 

a * = wtd med {(Yi-y; )/(xi-Xj )}, (3.11) ^$1 

where weights wij are proportional to |xi-xjl, as has recently been suggested by 
Sievers (1978), and Scholz (1978). 

To estimate the intercept parameter oe in (3.7), one simply looks for location estimators 
from 'data', {Yi-,(3*xi}. Therefore, corresponding to the three estimators of slope, (3.9), 
(3.10) and (3.11), we have: 

(i) Unweighted mean: 

ae L-n E (Yi-Lxi) = Y-Lx, (3.12) 
which is the least squares estimate. 

(ii) Median of pairwise averages (Hodges and Lehmann, 1963): 

oe* = miced{f(Yi + Yj) -2-{3*(xi + Xj)} (3.13) 

(iii) Median of pairwise averages: 

oe * = med {2( Yi + Y;)-2i* (Xi + Xj)} * (3.14) 
1<] 

When the model becomes Yij=oe+xi+£ij (j=l,...,ni; i=l,...,k), the slope 
estimate ,(3* in (3.10) needs modification; this can easily be achieved by use of a technique 
due to Sen (1971). In order to avoid the possibility of dividing by xi-x; when xi = x;, one 
defines Wij rS =(Yis-Y;r)/(xi-x;) for l S r S ni, l S s S nj and l S i < j S k. Then {3* is just 
the median of the N values of W, where N = ninj, 1< i < js k. Further details can be 
found in Cressie and Keightley (1979). 

In assessing which estimation procedure to use, we are faced with a 3 x 3 decision table, 
with the choice between Scatchard, reciprocal and Woolf along one marginal, and the 
choice between least squares (LS), unweighted robust (UR) and vAreighted robllst (WR) 
along the other. Discussion of which we prefer will be left to the concluding section. 

3.3 Bias and Standard Errors 

First let us concentrate o-n the estimates of a and oe, since from them estimates of BmaX 
and KD are obtained. Define Y(a) = E (ai - a)2 to be the sum of squared deviations about 
the mean, of the sequence a= (a1, . . ., an). Then the correlation between the sequence x 
(recall that x1< * * * sxn) and (1, 2, . . ., n), is just 

(Xi - x){i - 2n(n + 1)}. (3.15) Pn {Y(X)Y(l, . . ., n)}2 
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The three cases yield: 

(i) var(a*)=(r2(g)/Y(x), var(oe*)=(r (g)x'/nY(x); (3.16) 
(ii) var(E*) {l2p2nY2(x)I(g)2}-l var(oe*) var(g*)4n pnY(x)+x }; (3.17) 

(iii) var(n* ) 412Y2(x)I(g)2}-1 var(oee ) var(8* )4 n-1Y(x) + x2}; (3.18) 
where in the LS case (3.16), (r2(g) = J[y -{J zg(z) dz}]2g(y) dy, while in the robust cases (3.17) and (3.18), variance relations are asymptotic, and I(g) =l g2(y) dy. To calculate estimates of these variances, we have estimated (r2(g) by the residual mean square, (Yi-oe*-*xi)2/(n-2), the usual estimate in the so-called least squares ap- proach. In order to assess the whole approach, we consider not only the estimate but also the estimated variance of the estimate. Thus the robust approach uses a nonparametric estimate of I(g) given by Sen (1968). The computational details are given by Cressie and Keightley [1979, §2(c)]. In the same section one also finds the various assumptions needed to ensure that the estimates are asymptotically normal with correct mean (i.e. zero bias), and variances given by (3.16), (3.17) and (3.18), supplemented by Theorem 5 of Sievers (1978). 

Now it is only left to form the estimates of BmaX and KD, in fmoles/mg protein, from those of oe and {3, and to calculate their biases and standard errors. (i) Scatchard: from (3.1) we obtain 

BmaX =-6tel13* KD =-1/,B ; (3.19) 
bias(Bmax) var(/3*)(-oe/-x)//32, (3.20) 

var(Bmax) Ij13 2 var(oe *) + ot 2 var(/3*) + 2xoe var(g *)}/g4; 
bias(KD) - var(/3*)//33, var(KD) var(/3*)//34. (3.21) 

(ii) Reciprocal: from (3.2) we obtain 

B max= l/6t*, K* = {3*/0g*; (3.22) 
bias(B*max) var(oe *)/oe 3, var(Bmax) var(oe *)/oe 4; (3.23) 

bias(KD) 4xoe var(/3*) + /3 var(oe*)}/oe3, (3.24) 
var(KD) {,B2 var(oe*) + oe2 var(g*) + 2xoe var(,(3*)}/oe4. 

(iii) Woolf: from (3.3) we obtain 

B*aX = 1/X*, KD = °e l ; (3.25) 
bias(B*ax) var(X*)/X3, var(B*aX) var(/3*)//4; (3.26) 

bias(K* ) var(/3 * )(oe/ g + x )I 2, (3 . 27) 
var(K*) 442 var(oe*) + oe2 var(oe*) + 2xoe var(/3*)}//34. 

In the above formulae the relations are derived via the b-method, and hence are asymptotically correct, but in finite samples they are only approximate. The approxima- tion worsens as the coefficients of variation of A and B in var(A/B) grow; see Frishman (1975). For the data sets we consider, these coefficients range between 3°/O and 8%, with 5% fairly typical, so we expect little trouble. The bias is defined by: bias(0*)=E(0*)-0; it is typically between 3% and 5°/O in our problem, and so is probably not worth correcting for. 
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4. Data Analysis 

The data set out in Table 1 show the ten assay results obtained using the assay technique 
described in §2. These particular points, when plotted, show no outliers in any of the 

Scatchard, reciprocal or Woolf scales (Fig. 2a, b and c). The p-urpose here is to illustrate 
that the three different fitting methods give virtually identical results when there are no 

aberrant points. Suppose, for example, that the Scatchard scale given by (3.1) is chosen; 
Fig. 2a shows a plot of the points. Then the three methods of fitting give: 

least squares: B/F - ().1924- ().0044B, 
unweighted robust: B/F = 0.1921-0.0044B, 
weighted robust: B/F = 0.1926 - 0.0044B. 

These expressions lead to almost the same estimates of KD and BmaX (see Table 4 for 

values of BmaX)- 
The plots on Fig. 2a, b and c are worth a closer look. In terms of the requirements 

(3.4), (3.5) and (3.6), the Woolf plot looks good. There is virtually no error in the 
explanatory variable (unlike the Scatchard plot), the residual structure has been checked 

for pattern, and no obvious heteroscedasticity is present; see §3.2. Finally, the Woolf plot 
has a more even spread of idesign' points than the reciprocal plot, although the reciprocal 
plot is still a strong contender. 

lt is illustrative to conclude this section with two examples which have already been 

studied in the literature, and to compare results. The data of Colquhoun (1971, p. 26()) 

have been chosen because the correct answer is known, the data having been simulated 
from the Michaelis-Menten equation (2.1) with BmaX=3000 KD-0.15 and additive 
error. Estimates of BmaX and KD, together with their estimated biases and standard errors, 

are presented in Table 2 as a 3 x 3 table. Compared with the true values of BmaX= 3().()() 
and KD=0.150, the Woolf estimates of (3.25) are excellent. The Scatchard estimates of 

(3.19) are reasonable; estimates of BmaX are good, although those of KD are consistently 
too low. Finally, the reciprocal estimates of (3.22) are extremely erratic, but the unweigh- 
ted robust method looks good. Not too much importance should be attached to the bias 

and standard error results, since n = 5 is not a large sample. 

Table 1 
Hormone-receptor 
assay results from a 
human mammary 
tumour at the Flinders 
Medical Centre 1979 

, 

F B 

84.6 12.1 
83.9 12.5 

148.2 17.2 
147.8 16.7 
463.9 28.3 
463.8 26.9 
964.1 37.6 
967.6 35.8 

1925.0 38.5 
1900.0 39.9 
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Figure 2. Scatchard, double-reciprocal and Woolf plots of the data from Table 1. B is the amount 

of hormone specifically bound to receptor protein, and F the amount of hormone which is either 

unbound or bound to nonreceptor proteins. Units for B and F are fmoles hormone bound/mg 

cytosol protein. 

The data of Atkinson have been analysed by Wilkinson (1961) and by Bliss and James 

(1966); by diflerent methods, both estimated (to two decimal places) BmaX-().69, and 

KD = 0.60. Table 3 presents a 3 x 3 table of our estimates of BmaX and KD. Clearly, there 

is an identical endorsement as above for the more stable Woolf scale. 

These conclusions are not unrepresentative of those which could be drawn from data 

sets that are part of the routine hormone-receptor assays in our laboratory in the 

This content downloaded from 130.130.37.84 on Sun, 21 Dec 2014 21:08:27 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


Table 2 
Estimates of BmaX and KD, with bias i standard error in parentheses; Colquhoun data. True values 

are Bmax= 30 00 KD = 0.15 
.. . . .. . . 

SCatChard ReCiPrOCal WOO1f 

g*ax K* B*ax K* B*ax KD 

LeaSt 28.29 0.121 22.58 0.082 30.64 0.145 
SqUareS (1.01:t4.25) (0.008:t0.031) (1.10:E4.99) (0.006:EO.O27) (0.31:E3.07) (0.003tO O33) 

UnWeighted 27.99 0.120 32.62 0.162 30.87 0.147 
rObUSt (2.19 ZE 6.22) (0.017 + 0.046) (11.84 ZE 19.65) (0.072 + 0.121) (2.10 ZE 8.05) (0.021 ZE 0.086) 

Weighted 29.59 0.136 22.97 0.083 30.87 0.147 
rObUSt (3 02 ZE 7 59) (0 025 ZE 0 058) (2.65 ZE 7.80) (0.014 ZE 0.042) (1.56 ZE 6.93) (0.015 t 0.074) 

Department of Surgery; see §6 for a more detailed discussion. Traditionally, the Scatchard 
plot has been used to estimate the parameter BmaX, as it is easily read as the intercept of 
the fitted line with the B-axis. However, these graphical techniques do not furnish the vital 
estimates of standard error, nor do they allow a proper statistical comparison with other 
possibilities. It is apparent from these data that the Woolf scale may provide more reliable 
estimates of BmaX, although the reciprocal plot combined with an unweighted robust 
regression also looks good. The almost universally used Scatchard plot comes a poor third. 

This section has dealt only with 'well-behaved' data. The performance of the 3x3 
possible estimation methods for BmaX and KD, in the presence of outlying points, will be 
treated in the next section. 

Table 3 
Estimates of BmaX and KD; Atkinson data. Other studies show that 'true' 

values are BmaX= 0.69, KD = 0.60 

Scatchard Reciproca]. Woolf 

B *max K*D B *max K* B * ax K*D 

Least squares 0.66 0.55 0.59 0.44 0.68 0.58 
Unweighted robust 0.67 0.55 0.71 0.63 0.70 0.62 
Weighted robust 0.67 0.56 0.58 0.42 0.68 0.57 
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In order to assess which fitting technique is preferable when outIying points occur, we 
took a number of well-behaved data sets and artificially moved points around. This was 
done by either increasing or decreasing the number of counts (cpm) bound at a particular 
incubating concentration, by 50°/0 from the value originally observed. In this way, one, 
two or three outliers were produced at either 'end' of the set of points. The altered data 
set was then subjected to the 3x3 calculations, resulting in nine different estimates of 
BmaX and KD. This artificial system of creating outliers gives aberrant points closely 
resembling those that are found in actual data. 

Because the estimate of BmaX is paramount in determining whether a given patient is 
estrogen-receptor positive or negative, we decided to use the movement of BmaX to see 
which estimation procedure was preferable. The well-behaved data of Table 1 were 
chosen to illustrate these ideas, since estimates of BmaX and KD were virtually identical, 
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Figure 3. Scatchard plot of original points from Table 1, together with outliers. The numbers 1, 2 
and 3 denote the sequence in which the points were removed. 

regardless of plot and fitting techniques (see §4). Figure 3 shows (on the Scatchard scale) 
the original plot of points, together with the points which were moved artifically to create 
orle, two or three outliers. The values of BmaX obtained when top-right, top-left, bottom- 
right and bottom-left points are moved, are presented in Table 4. The degree of 
robustness of the 3 x 3 fitting procedures was measured by comparing the original values 
of BmaX (call them BmaX o) with the values when i = 1, 2 or 3 outliers have been generated 
(call them BmaX i). Then define an ad hoc measure of robustness by R = 
Ei=1 IBmax.(,-Bmaxil. The smaller the value of R, the more robust the procedure. 

6. Analyses of Assay Data 

As a final comparison of the reliability of the Scatchard, reciprocal and Woolf plots in 
estimating BmaX, several data sets from estrogen-receptor assays of human mammary 
tumours were analysed in six diferent ways. Each set of assays was represented as a 
Scatchard, reciprocal or Woolf plot, and lines were fitted to the data sets either by least 
squares or unweighted robust regression analysis. The data sets were divided into two 
categories. Those which gave a high correlation coefficient (\r > 0.9) when represented on a 
Scatchard scale were considered to be 'well-behaved' data. When the same method of 
analysis gave a low correlation coefficient (0.2<r<0.7), the data was considered to be 
'scattered'. For each data set, and each method of analysis, the estimated value of BmaX 
and its estimated standard error (SE) were obtained. The coefficient of variation (CV) of 
the measurement was calculated from the equation 

CV SE of Bmax estimate x 100 
BmaX estimate 1 

The mean and standard deviation of the CVs over the diverse data sets were then 
used to assess the reliability of BmaX estimation. The results are presented in Table 5. 

They indicate that the Scatchard plot gives less reliable estimates of BmaX than does the 
Woolf plot, irrespective of the line-fitting technique, and irrespective of how 'well- 
behaved' the data points are. The performance of the reciprocal plot generally was 
intermediate between that of the Woolf and Scatchard plots. However, the reciprocal plot 
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Table 4 
Values of BmaX (fmoles/mg cytosol protein) for artificially generated outliers. Comparison with values of 
BmaX from original data shows degree of robustness, R, of the various fitting procedures. R is the mean 

of the four values of R for that column 

Outliers Scatchard Reciprocal Woolf 

LS UR WR LS UR WR LS UR WR 

None 43.S 43.9 43.9 42.2 43.3 42.2 44.3 43.5 44.4 
Top-right 

1 44.5 44.6 44.2 35.5 43.1 40.9 43.3 42.8 43.5 
2 47.7 44.8 44.8 37.2 43.2 35.7 42.4 42.4 42.6 
3 47.1 45.7 45.7 39.3 39.5 37.7 41.5 41.1 41.2 
R 7.9 3.4 3.0 14.6 4.1 12.3 5.7 4.2 5.9 

Top-left 
1 63.2 45.4 45.5 -67.9 44.6 43.3 70.2 45.0 44.9 
2 98.9 50.2 739.0 -194.4 45.4 44.3 100.4 46.7 45.9 
3 301.0 -222.7 -200.5 176.5 87.9 -45.6 205.1 97.7 59.0 
R 331.7 274.4 941.1 481.0 48.0 91.0 242.8 58.9 16.6 

Bottom-right 
1 69.0 44.7 46.6 46.2 43.9 42.9 45.3 43.5 44.4 
2 85.5 50.5 88.0 51.8 50.8 44.7 61.9 45.1 47.2 
3 96.3 82.2 97.0 58.5 61.8 60.6 96.4 85.7 97.0 
R 119.4 45.7 99.9 29.9 26.6 21.6 70.7 43.8 55.4 

Bottom-left 
1 48.4 44.0 43.8 27.2 41.0 40.1 37.2 42.8 43.5 
2 72.5 46.9 44.6 16.2 37.0 36.7 10.8 37.5 37.9 
3 -358.5 -20.2 -40.3 12.3 11.3 12.1 7.1 9.8 7.6 
R 435.6 67.2 85.0 70.9 40.6 37.7 77.8 40.4 44.2 

R 223.7 97.7 282.3 149.1 29.8 40.7 99.3 36.8 30.5 

Table 5 
Mean of n coefficients of sariation of estimates of BmaX for human mammary tumours. 
Standard deviations are in parentheses. Line-8itting on Scatchard, reciprocal and Woolf 
scales, is by least squares or the unweighted robust technique. The data sets were divided 
into two groups: those which were 'well-behared' (r>O.9, Scatchard scale) and those 

which showed considerable 'scatter' (0.2 < r < ().7) 

Scatchard Reciprocal Woolf n 

Least squares regression analysis 
Well-behaved data 21.2 (6.8) 10.9 (8.7) 3.7 (2.1) 40 
Scattered data 115.1 (63.2) 80.1(72.9) 25.4 (29.6) 15 

Unweighted robust regression analysis 
Well-behaved data 37.1 (18.8) 20.5 (18.2) 8.3 (8.0) 4() 
Scattered data 199.1 (135.1) 32.7 (21.1) 43.7 (27.9) 15 
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did perform well when data were scattered, and line-fitting was by the unweighted robust 
technique. It seems clear now where the respective strengths of the Woolf plot and the 
reciprocal plot lie. For least squares analysis on any data, and (unweighted) robust 
regression analysis on 'well-behaved' data, the Woolf plot wins. Only in the case of 
'scattered' assay values does a robust reciprocal technique perform well, and here the 
robust Woolf is a close second. Table 4 says essentially the same thing. 
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7. Conclusions 
In most assays for estrogen receptors in human breast cancers, the results are expressed in 
the form of a Scatchard plot, whose characteristics have been described above. But this 
plot, while popular, may not be the most satisfactory way to represent the data, 
particularly when least squares regression analysis is used to fit a line to the data points. 
lmplicit in a linear regression analysis are the assumptions of no error in the dependent 
variables, and (of importance in design) a good spread of data points to give an accurate 
estimate of slope. These conditions are not always satisfied by the Scatchard plot. Hence, 
in this study, we have also investigated two other transformations of the Michaelis- 
Menten equation, namely the double-reciprocal (or Lineweaver-Burk) plot and the Woolf 
plot. In addition to least squares, regression lines were fitted to the data points of each 
plot by two robust techniques. One involved a median analogue without weighting, while 
the other took advantage of our knowing the error structure, to weight pairs of points 
directly proportional to their distance apart. That is, the estimate of the number of 
binding sites obtained from a single set of data was calculated in nine different ways: each 
of three plots had three different types of lirlear regression analysis applied to them. The 
data sets examined included both 'well-behaved' data, and those which contained outliers. 

When a single set of well-behaved data (Fig. 1) was considered, all plots returned 
virtually identical values for binding-site concentrations (BmaX), irrespective of the techni- 
que used to fit a line to the points. 

However, when many 'well-behaved' data sets from mammary tumour assays were 
examined (Table 5), the Woolf plot clearly returned more reliable answers for binding-site 
concentrations than did the Scatchard plot. This was seen in the noticeably lower mean 
coefficients of variation for the BmaX estimates. The results for the reciprocal plot generally 
were intermediate between those of the Scatchard and Woolf plots. 

With the Colquhoun and the Atkinson data, where the BmaX values were known, the 
Woolf plot once again performed very well. However, the answers obtained by either the 
Scatchard or reciprocal plots were erratic. 

For well-behaved data then, the Woolf plot clearly is superior to the Scatchard plot, 
both in terms of returning known BmaX values, and precision. The reciprocal plot, while 
better than the Scatchard plot, was not as good as the Woolf plot for all of the 
well-behaved data sets examined. 

In the case of scattered data, the Woolf plot once again consistently was reliable as a 
plotting technique. 

When real assay data sets containing scatter were examined (Table 5), the Woolf plot 
was superior to the Scatchard plot, although the reciprocal plot also returned very good 
estimates of BmaX when robust regression analysis was used. That is, the mean coefficient 
of variation of the BmaX estimates was lower for either the Woolf or.reciprocal plots than 
for the Scatchard plot. 

When one, two and three points from a set of well-behaved data were moved, and the 
three different methods of regression analysis performed on each of the three plots, 
considerable variation was seen in the calculated values for binding-site concentrations. 
The points were moved either at the 'top' of the Scatchard plot (i.e. at low values of B) or 
at the 'bottom' of the plot (i.e. at high values of B). Of the three plots, the Scatchard plot 
generally fared worst under conditions where aberrant points were present, irrespective of 
the nature of the regression analysis used. Only when the cpm values for B were increased 
at the lower end of their range did this plot still yield reasonably reliable results. 

The double-reciprocal and Woolf plots generally gave more consistent results in the 
face of aberrant data points. Overall there was little diflerence between the two, as is 
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illustrated in Table 4 by R, the average of the values of R. For unweighted robust 
regression, both plots handled two outliers with only minor changes in the estimated 
binding-site number, and it was only in the presence of a third outlier that the value of 

Bma, was changed by more than 20%. Least squares performed badly for all plots. For the 

Scatchard plot and double-reciprocal plot, the unweighted robust regression analysis 
yielded the most reliable results, while for the Woolf plot the weighted robust technique 
was marginally better than the simpler unweighted robust technique. However, the 

increase in complexity caused by inclusion of the weights is not justified by the small 

improvement in R; see Table 4. 
The first conclusion to be drawn from this study is that the Scatchard plot, combined 

with least squares regression analysis, is not the most suitable way to analyse hormone- 
receptor data. Given that least squares is to be used, the Woolf plot is far more suitable in 

that it yields considerably more reliable results. 
The second conclusion is that the Woolf plot with unweighted robust regression analysis 

is ideally suited for analysis of these data. It performs well on both well-behaved data and 
scattered data. The hitherto mistrusted reciprocal plot, with robust regression analysis, 
handles scattered or outlying data marginally better. But overall, it was not as reliable as 
the Woolf plot. 

The use of a Woolf plot in the routine analysis of hormone-binding data, and the 

application of an unweighted robust regression analysis to the data points, overcomes the 

arbitrary and often subjective omission of points which is used in many laboratories. 
Where routine analyses of binding data are computerized, the robust techniques described 
above have the special advantage that untrustworthy points are automatically given little 
weight. 
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RESUME 

Les resultats d'un dosage de recepteurs hormonaux effectues lors d'un cancer du sein chez l'homme, 
sont generalement representes sous la forme d'une courbe de Scatchard. Habituellement une courbe 
est adjustee aux donnees a l'aide de la methode des moindres carres, on en deduit la concentration 
de sites lies presents dans le cancer. Le traitement hormonal du patient dependant de cette valeur, 
une bonne estimation est necessaire. Dans cet article, on etudie trois methodes de representation 
des donnees: la courbe de Scatchard, la courbe reciproque et la courbe de Woolf; pour chacune, on 
estime les lignes de trois facons: la regression des moindres carres, une procedure d'estimation 
robuste sans ponderation et une procedure robuste ponderee. Quand les donnees se comportent bien 
tous les graphes donnent la meme estimation de la concentration de sites lies quelle que soit 
la technique de regression utilisee. Cependant, quand il y a jusqu'a trois donnees suspectes, la courbe 
de Scatchard, particulierement quand l'analyse est faite par les moindres carres, n'est pas perfor- 
mante. Les analyses par regresson robuste conduisent a des resultats plus performants pour tous les 
graphes; en particulier la methode reciproque consideree jusqu'ici avec mefiance semble perfor- 
mante si l'estimation est faite a l'aide d'une regression robuste, mais d'autres signes font apparaitre 
une instabilite du graphe. En conclusion, la meilleure representation des donnees dans ces 
experiences est la courbe de Woolf, l'estimation de cette ligne est faite 'resistante' par une 
regression robuste sans ponderation. 
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