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Abstract

In this article, we develop Markov random field models for multivariate lattice data. Specific

attention is given to building models that incorporate general forms of the spatial correlations and

cross-correlations between variables at different sites. The methodology is applied to a problem in

environmental equity. Using a Bayesian hierarchical model that is multivariate in form, we examine

the racial distribution of residents of southern Louisiana in relation to the location of sites listed with

the U.S. Environmental Protection Agency’s Toxic Release Inventory.
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1. Introduction

Many spatial problems, particularly those concerning environmental investigations, are
inherently multivariate, in that more than one variable is typically measured at each spatial
location. Multivariate spatial databases are becoming much more prevalent with the
advent of geographic information systems (GIS) that allow users to display many different
spatial data layers.
see front matter r 2007 Elsevier B.V. All rights reserved.
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Formally, consider a spatial location s and a p-dimensional random variable YðsÞ

associated with each location. Letting s vary over an index set D � Rd generates a
multivariate random field fYðsÞ : s 2 Dg. For geostatistical data, D is a given subset of Rd

and s is assumed to vary continuously throughout D. For lattice data, D is assumed to be a
given finite or countable collection of points. Lattices may be either regular, as on a grid,
or irregular, such as zip codes, census divisions (counties, tracts, block groups, or blocks),
police precincts, game-management units, etc.

Models for multivariate geostatistical data (i.e., data with continuous spatial index) have
been extensively explored (e.g., Wackernagel, 1998; Royle and Berliner, 1999; Ver Hoef
and Cressie, 1993; Ver Hoef et al., 2004; Gelfand et al., 2004), while models for
multivariate lattice data (i.e., data with a countable index set) have received relatively less
attention. Mardia (1988) introduced a multivariate Markov random field (MRF) model
for image processing, and more recently Billheimer et al. (1997), Kim et al. (2001), Pettitt et
al. (2002), Carlin and Banerjee (2003), Gelfand and Vounatsou (2003), and Jin et al.
(2005), have explored these multivariate MRF models and their role in Bayesian
hierarchical modeling.

An integral feature of MRF models involves the specification of neighborhoods. For
each site or lattice point si, a neighborhood is a collection of sites that are spatially close.
Neighboring sites can be defined, for example, as two sites separated by a fixed distance or
as two sites that share a common boundary. Formally, define fNig as the collection of
neighborhoods, where each Ni is a set of indices representing the neighbors of si. Through
this specification of neighborhoods, a MRF model of the spatial-dependence structure in
lattice data can be constructed.

We consider a class of hierarchical models for lattices, either regular or irregular, with n

locations and (potentially) p41 measurements at each location. Letting
YðsiÞ ¼ ðY 1ðsiÞ; . . . ;Y pðsiÞÞ

0
� ðY i1; . . . ;Y ipÞ

0, where Y ik denotes the kth observation made
at the ith lattice point, the data model is generally written as

Y ikjyik�f ðyjyikÞ; i ¼ 1; . . . ; n; k ¼ 1; . . . ; p.

Let h denote the n� p matrix of the process parameters and hv
� vecðh0Þ, which is a np� 1

vector obtained by stacking the columns of h0. Then, the process model for h (or perhaps
some suitable transformation of h) follows a multivariate normal distribution given by

hv
�Nnpðl

v;RÞ,

where lv � vecðl0Þ and l is the n� p matrix whose ði; kÞth element is mik ¼ E½yik�. The
large-scale dependence in h is captured in the mean l, while the small-scale, spatial
dependence is captured in the covariance matrix R.

The covariance matrix R is determined by the neighborhood structure of the process on
the lattice. Previous efforts at defining the nature of this covariance matrix have used
simplified forms that, while computationally efficient, can unduly constrain the
covariances; see references at the end of Section 3.2.1. These models, in general, restrict
the degree of spatial dependence for different variables as well as force the dependence
between different variables at different locations to be symmetric. Royle and Berliner
(1999) and Ver Hoef et al. (2004) suggest flexible multivariate models for geostatistical data
that include asymmetric spatial dependencies. Jin et al. (2005) propose a conditional model
for multivariate lattice data but do not explicitly model the cross-dependencies. In this
article, we propose a more general and flexible model for multivariate lattice data that does
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allow for varying degrees of spatial dependence for different variables as well as
asymmetric covariances between different variables at different locations.
Asymmetric spatial dependencies can occur in a variety of natural processes. For

example, in agricultural regions, metallic pollutants are washed off the land and
accumulate in sediments in rivers. In New Zealand, hotspots of the metals zinc and
copper have been detected in sediments of urban rivers and estuaries, where they are
harmful to aquatic life (Webster et al., 2000). The deposition of heavier metals will tend to
occur further upstream, leading to a spatial-dependence structure where zinc upstream will
depend on copper downstream differently (asymmetrically) from how copper upstream
will depend on zinc downstream. Other situations where such asymmetries can occur
include spatial analysis of climate and climate change, ozone and its precursors, disease
and epidemic interactions, etc.
Even if there is no advanced reason to suspect asymmetric spatial dependencies between

variables, their presence should be explored. Ver Hoef and Cressie (1993) and Wackernagel
(1998) note that ignoring such structure can lead to missing important characteristics of
the underlying process that appear in the data and that can improve modeling, prediction,
etc. This is especially true when inferences involving different variables are desired or in
defining spatial regions associated with some joint event (such as in the example above,
regions with both elevated zinc and elevated copper). In such situations it is important to
have the ability to quantify the nature of the relationships between variables not only
within a spatial location but also across spatial locations and, in effect, quantifying the
entire covariance structure.
In the next section, an overview of univariate MRF models is presented, followed by a

description of a multivariate model that we call the CAMCAR model. Section 3 presents
more details on the parameterization of R, including an interpretation of the spatial
parameters. In Section 4, a hierarchical model that incorporates the CAMCAR model is
developed, and an analysis using Bayesian inference and Markov chain Monte Carlo
(MCMC) is demonstrated on the problem of assessing environmental equity. Section 5
presents an extended CAMCAR model, while Section 6 contains discussion and
conclusions.

2. Multivariate MRF models

In the Introduction, we discussed two types of spatial models, geostatistical and MRF.
The analysis of geostatistical data focuses on building covariance functions between
variables at different spatial locations as a function of their displacement. These covariance
functions are then used with kriging or cokriging for prediction at spatial locations where
measurements are not made. Some analysts apply these methods to lattice data by simply
assigning the lattice measurement to some representative point, often the centroid of each
lattice site. While there are situations where this approach would be acceptable, for
example with certain regular lattices, there are a number of criticisms of using geostatistical
methods with lattice data.
The assignment of a representative point as well as the resulting computation of

distances is somewhat arbitrary, particularly for irregular lattices. Measurements are often
aggregate values over each lattice site, leading to a number of issues, not the least of which
is the lack of a continuous field underlying such measurements and the heteroscedasticity
commonly encountered. Further, the scale of inference is often on the lattice itself and
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there is no need to construct predictions at locations other than those on the lattice. Such
locations may not even be well defined, for example, when considering lattices comprised
of connected regions like counties or zip codes.

Note that the discussion above is not a criticism of geostatistical models per se. Rather,
it concerns the application of geostatistical methods in a situation for which they were not
intended. These considerations beg for more formal approaches that are specifically
designed for lattice data. MRF models fill this need and are based on a type of Markov
property in space where, for i ¼ 1; . . . ; n, the conditional distribution of YðsiÞ, given all the
other values of fYðsjÞ : jaig, depends only on the observations in the neighborhood Ni of
si. In all that is to follow, we assume that the lattice is finite with locations fsi: i ¼ 1; . . . ; ng.

2.1. Univariate lattice models

Assume for the moment that Y ðsÞ is univariate. Besag (1974) shows that, under various
consistency conditions, the conditional distributions

PrðY ðsiÞjfY ðsjÞ : j 2 NigÞ; i ¼ 1; . . . ; n, (1)

can be used to determine the joint distribution

PrðY ðs1Þ; . . . ;Y ðsnÞÞ,

which is called a MRF. MRFs that are Gaussian define a class of models that are
commonly referred to as conditional autoregressive (CAR) models.

Assuming the conditional distributions in (1) are Gaussian, the ith distribution ði ¼
1; . . . ; nÞ is specified through

E½Y ðsiÞjfY ðsjÞ : j 2 Nig� ¼ mi þ
X
j2Ni

gijðY ðsjÞ � mjÞ,

var½Y ðsiÞjfY ðsjÞ : j 2 Nig� ¼ t2i .

Putting these conditional distributions together yields a joint normal distribution

Y�Nnðl; ðI�GÞ�1TÞ, (2)

where Y � ðY ðs1Þ; . . . ;Y ðsnÞÞ
0, l � ðm1; . . . ;mnÞ, T � diagðt21; . . . ; t

2
nÞ, and G � ðgijÞ. Of

course, for the joint distribution in (2) to be well defined, the elements of G must be chosen
so that ðI�GÞ�1T is a symmetric, positive-definite matrix.

When covariates are present, it is natural to parameterize l by l ¼ Xb, where X is an n� q

matrix of known covariates and b is a q� 1 vector of regression parameters. The small-scale
spatial variation contained in G could be written as G ¼ fC, where C is a known matrix that
depends on the neighborhood structure. Then f controls the strength of the spatial
dependence. The spatial parameter f2 can sometimes be interpreted as the square of a partial
or conditional correlation between neighboring Y ðsiÞ and Y ðsjÞ, depending on the choices of C
and T (Cressie, 1993, p. 557). Further, it is sometimes appropriate to assume conditional
homoscedasticity, where the diagonal matrix T has constant elements t240.

An alternative to the CAR model (2) is the simultaneously specified autoregressive
model (SAR); Haining (1990) and Cressie (1993) give comparisons of the two models. The
SAR model is defined via

ðI� FÞðY� lÞ ¼ e,
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where F controls the nature of the spatial dependence, l is a function of exogenous
variables, and Y represents endogenous variables. Assuming the error e is Gaussian with a
diagonal covariance matrix S, this model yields a different parameterization of the
covariance than that given in (2), namely varðYÞ ¼ ðI� FÞ�1SðI� F0Þ�1. While, the SAR
model can be written as a type of spatial autoregression analogous to time-series
autoregression, the errors turn out to be correlated with the autoregressive variables
(Cressie, 1993, p. 406). This is in direct contrast to time-series autoregressive models and
can lead to difficulties in parameter estimation, especially with least squares.
On the other hand, the CAR formulation leads to a form of spatial autoregression in

which the (pseudo) errors are correlated but are independent of the autoregressive
variables (Cressie, 1993, p. 408). In addition, assuming Gaussian distributions with the
same means, the SAR and CAR models are equivalent only if the covariance matrices
match, that is, if

ðI�GÞ�1T ¼ ðI� FÞ�1SðI� F0Þ�1.

To simplify the discussion, assume that the diagonal matrices T and S are both
proportional to the identity matrix, I. Then it is clear that any SAR model can be written
as a CAR model, but the converse is not true. Hence, the CAR model is more general (see
also Cressie, 1993, p. 409). Finally, the CAR model has computational advantages that are
exploited directly in the Bayesian computations in Section 4.

2.2. Multivariate lattice models

It is certainly possible that either the SAR or the CAR model can be extended to the
multivariate setting. For example, Kelejian and Prucha (2004) introduce a very general
class of multivariate SAR models that allows for spatial lags in both the endogenous and
exogenous variables as well as the errors. The authors also propose two- and three-stage
least-squares estimators of the model parameters and discuss the properties of these
estimators. In what is to follow, we base our multivariate models on conditional
distributions, which leads to a multivariate CAR model.
Following Mardia (1988), let Y � ðYðs1Þ

0; . . . ;YðsnÞ
0
Þ
0 and suppose that the fYðsiÞg are p-

dimensional random vectors whose conditional distribution is p-variate Gaussian with

EðYðsiÞjRiÞ ¼ li þ
X
j2Ni

KijðYðsjÞ � ljÞ; i ¼ 1; . . . ; n, (3)

and

varðYðsiÞjRiÞ ¼ Ci; i ¼ 1; . . . ; n,

where Ri � fYðsjÞ : j 2 Nig denotes the ‘‘rest’’ of Y at all locations j in the neighborhood
Ni. To ensure the existence of a joint distribution, we make two assumptions. The first
assumption guarantees symmetry of varðYÞ:

KijCj ¼ CiK
0
ji; i; j ¼ 1; . . . ; n,

where Kii ¼ �I, i ¼ 1; . . . ; n, and Kij � 0 for jeNi [ fig.
The second assumption guarantees positive definiteness of varðYÞ:

Blockð�C�1i KijÞ or Blockð�KijÞ is positive definite,
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where BlockðAijÞ denotes a block matrix with the ði; jÞth block given by Aij . Then from
Mardia (1988), Y is Nnpðl;RÞ, where

l � ðl01; . . . ;l
0
nÞ
0 and R � fBlockð�C�1i KijÞg

�1. (4)

Motivated by our modeling of rates in Section 4, we choose the following
parameterization:

Kij ¼ m
�1=2
i Km

1=2
j ; ioj; j 2 Ni,

and

Ci ¼ m
�1=2
i Cm�1=2i ; i ¼ 1; . . . ; n, (5)

where K is a p� p, possibly asymmetric matrix, mi is a p� p diagonal matrix of precision
measures (see Section 3.3), and C is a covariance matrix (i.e., a symmetric positive-definite
matrix). The symmetry assumption implies that

Kji ¼ CjK
0
ijC
�1
i ; ioj; j 2 Ni,

because site i is a neighbor of site j if and only if site j is a neighbor of site i. Hence,

Kji ¼ m
�1=2
j CK0C�1m1=2

i ; ioj; j 2 Ni.

Define

B � C�1=2KC1=2. (6)

Then, for ioj and j 2 Ni,

Kij ¼ m
�1=2
i C1=2BC�1=2m1=2

j ,

Kji ¼ m
�1=2
j C1=2B0C�1=2m1=2

i . ð7Þ

The ith diagonal block of R�1 can be written as m
1=2
i C�1m1=2

i . For ioj and j 2 Ni, the

blocks in the upper-triangular part of R�1 can be written as �m
1=2
i C�1=2BC�1=2m1=2

j , and

the blocks in the lower-triangular part of R�1 can be written as �m
1=2
j C�1=2B0C�1=2m1=2

i .

Simplifying yields

R ¼ C�H�1C�0, (8)

where

H �

I �BIð2 2 N1Þ 	 	 	 �BIðn 2 N1Þ

�B0Ið1 2 N2Þ I 	 	 	 �BIðn 2 N2Þ

..

. . .
. ..

.

�B0Ið1 2 NnÞ �B
0Ið2 2 NnÞ 	 	 	 I

2
666664

3
777775, (9)

IðAÞ ¼ 1 if A is true and IðAÞ ¼ 0 otherwise, and

C� �

m
�1=2
1 C1=2 0

. .
.

0 m
�1=2
n C1=2

2
6664

3
7775.
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Since C� is block diagonal and all of the diagonal blocks are positive definite (C is a
covariance matrix), C� is positive definite. So, to guarantee that R is positive definite, it is
enough to specify the parameter space for H to be the set of all matrices given by (9) that
are positive definite. We call the model defined by (8) and (9) a (simple) canonical
multivariate conditional autoregressive (CAMCAR) model and derive its properties in the
next section.

3. Properties of the CAMCAR model

Recall from (8) that the spatial variability in the CAMCAR model can be expressed in
terms of H and C�, which in turn can be expressed in terms of B and fmig, respectively. In
this section, the behavior of the matrix H is discussed, particularly conditions on the
spatial-correlation parameters B that give positive definiteH. An interpretation of B is also
presented as well as a comparison of various parameterizations of B. Finally, the role of
the fmig is discussed.

3.1. The matrix H

From (9), H is symmetric and typically sparse (i.e., many zero elements). Furthermore, it
is the particular choice of B that makesH positive definite. For example, if B is constrained
to be a symmetric matrix ðB0 ¼ BÞ, then H can be written as H ¼ I� C
 B,
where 
 denotes the Kronecker product of two matrices and C is a known n� n

incidence matrix whose ði; jÞth element equals one if sites i and j are neighbors
and zero otherwise. (Hence, the diagonal elements of C are all zero.) Then, the
eigenvalues of H can be written as f1� bicjg, where bi; i ¼ 1; . . . ; p, are the eigenvalues
of B and cj ; j ¼ 1; . . . ; n, are the eigenvalues of C. In general, constraining B appropriately
ensures that all of the eigenvalues of H are positive (i.e., H is positive definite).
In the example above, if each bi; i ¼ 1; . . . ; p, is chosen such that 1=c1obio1=cn,
where c1o0 is the smallest eigenvalue of C and cn40 is the largest, then H is positive
definite.
When B has a more general and possibly asymmetric specification, H is not so

straightforward to simplify. However, by restricting H to be strictly diagonally dominant,
conditions on the range of the elements of B can be found that will ensure H is positive
definite.
For a n� n matrix A ¼ ðaijÞ, strict diagonal dominance implies that A has the property

that

jaiij4
X
jai

jaijj; i ¼ 1; . . . ; n.

In other words, the sum of the absolute value of the off-diagonal elements in each row
must be less than the absolute value of its respective diagonal element. If we assume that as
well as being diagonally dominant, A has positive diagonal elements and is symmetric, then
it is straightforward to show that it is also positive definite through the use of Gershgorin’s
disc theorem (Horn and Johnson, 1990). Gershgorin’s disc theorem states that, for a
square complex matrix, every eigenvalue of the matrix lies in a disc in the complex plane
centered at one of the diagonal elements aii and with radius

P
jaijaijj. Since A is symmetric,

all eigenvalues of A are real. Hence, the discs suggested by Gershgorin’s theorem reduce to
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intervals on the real line of the form

aii �
X
jai

jaijj; aii þ
X
jai

jaijj

 !
; i ¼ 1; . . . ; n.

Further, since the diagonal elements of A are positive and from the definition of diagonal
dominance, these intervals contain no negative elements. Hence, all eigenvalues of A are
positive and A is positive definite.

For the symmetric matrix H, diagonal dominance yields a sequence of conditions on the
elements of B of the form

jNijjbkkj þ niL

Xp

‘ak

jb‘kj þ niU

Xp

‘ak

jbk‘jo1; i ¼ 1; . . . ; n; k ¼ 1; . . . ; p,

where jNij is the number of elements in Ni, niL is the number of elements j in Ni such that
joi, and niU is the number of elements j in Ni such that j4i.

For regular lattices, these conditions are the same for all values of i except
near the boundaries. For an irregular lattice, the conditions can be different
for each i, since the number of neighbors might differ. In either event, for each k,
the most restrictive of the sequence of conditions is used to ensure that the matrix is
diagonally dominant for all i. For example, when p ¼ 2, the elements of B are constrained
such that

max
i
fjNijjb11j þ jb21jniL þ jb12jniUgo1

and

max
i
fjNijjb22j þ jb12jniL þ jb21jniUgo1. (10)

3.2. The role of B

Reparameterizing the model and effectively replacing the parameter K with B in (6) has
the effect of dramatically simplifying the form of R in (8). However, interpreting the spatial
parameters contained in B requires some care. Examining the conditional covariance and
correlation of YðsiÞ and YðsjÞ, given fYðskÞ : kai; jg, as well as the unconditional
covariance and correlation structure, can yield insight into the impact of the choice of B
on the spatial structure in the model.

3.2.1. Conditional correlations

Assuming the covariance matrix R ¼ C�H�1C�0, given by (8), the results from Appendix
A show that the conditional covariance of YðsiÞ given fYðsjÞ : jaig is

Rij�i ¼ m
�1=2
i Cm�1=2i ,

which is consistent with the results of Section 2.2 and with Mardia (1988). The conditional
correlation matrix is then given by

Rij�i ¼ D�1=2CD�1=2 � R, (11)



ARTICLE IN PRESS
S.R. Sain, N. Cressie / Journal of Econometrics 140 (2007) 226–259234
independent of i, where D � diagðg11; . . . ; gppÞ and gii is the ith diagonal element of C.
Notice that the precision measures fmig do not appear in the conditional correlation
matrix, which is an attractive property of the CAMCAR model.
For two sites ioj that are neighbors, their conditional covariance given fYðskÞ : kai; jg

is

Rijj�ij ¼ C�ij
I �B

�B0 I

" #�1
C�0ij

¼ C�ij
ðI� BB0Þ�1 ðI� BB0Þ�1B

ðI� B0BÞ�1B0 ðI� B0BÞ�1

" #
C�0ij ,

where

C�ij ¼
m
�1=2
i C1=2 0

0 m
�1=2
j C1=2

2
4

3
5.

To establish the conditional correlation matrix, note that Rijj�ij can be written as

Rijj�ij ¼
m
�1=2
i 0

0 m
�1=2
j

2
4

3
5 W11 W12

W21 W22

" #
m
�1=2
i 0

0 m
�1=2
j

2
4

3
5,

where

W ¼
W11 W12

W21 W22

" #
¼

C1=2ðI� BB0Þ�1C1=2 C1=2ðI� BB0Þ�1BC1=2

C1=2ðI� B0BÞ�1B0C1=2 C1=2ðI� B0BÞ�1C1=2

" #
.

Observe that the first p diagonal elements of Rijj�ij are given by w11;kk=mi;kk,
where w11;kk is the kth diagonal element of W11 and mi;kk is the kth diagonal element of
mi. Similarly, the last p diagonal elements are given by w22;kk=mj;kk. Let Dij denote the
diagonal matrix with these 2p diagonal elements. Then the conditional correlation matrix
is given by

Rijj�ij ¼ D
�1=2
ij Rijj�ijD

�1=2
ij ð12Þ

�
R11 R12

R21 R22

" #
ð13Þ

independent of ij, where the elements of Rab ða; b ¼ 1; 2Þ are given by

Rab;kl ¼
wij;klffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wii;kkwjj;ll
p ; k; l ¼ 1; . . . ; p.

Notice that this conditional correlation matrix does not depend on the precision
measures fmig, and the elements Rab;kl are strictly functions of W and hence of C
and B.
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In the univariate case (p ¼ 1), B ¼ f, C ¼ t2, and the conditional covariance matrix
simplifies to

Rijj�ij ¼

m
�1=2
i t 0

0 m
�1=2
j t

2
4

3
5 ð1� f2

Þ
�1

ð1� f2
Þ
�1f

ð1� f2
Þ
�1f ð1� f2

Þ
�1

" #
tm
�1=2
i 0

0 tm
�1=2
j

2
4

3
5

¼

t2=mi

1� f2

t2f=ðmimjÞ
1=2

1� f2

t2f=ðmimjÞ
1=2

1� f2

t2=mj

1� f2

2
666664

3
777775.

From this expression, the conditional correlation between measurements at sites i and j is
easily seen to be f, which is consistent with Cressie and Chan (1989) and Stern and Cressie
(1999).

A simplification can be achieved by restricting the form of B. Setting B ¼ fI yields a
conditional covariance Rijj�ij of the form

Rijj�ij ¼

1

1� f2
m
�1=2
i Cm�1=2i

f

1� f2
m
�1=2
i Cm�1=2j

f

1� f2
m
�1=2
j Cm�1=2i

1

1� f2
m
�1=2
j Cm�1=2j

2
6664

3
7775.

The conditional correlation matrix is then given by

Rijj�ij ¼
R fR

fR R

" #
¼

1 f

f 1

" #

 R, (14)

where R is defined in (11). For a fixed site located at si, we see that the relationship
between neighboring sites can be characterized as simply a multiple of the conditional
correlation matrix (11) for the ith site. Furthermore, since R is symmetric, the
conditional cross-correlations between different variables at neighboring sites are
equal. As noted earlier, the conditional correlations are not functions of the
precision measures fmig, although to preserve positive definiteness, the range of
possible correlations (in particular, f) is determined by the neighborhood structure
(e.g., see (10)).

Using a parameterization B ¼ diagðf1; . . . ;fpÞ, yields a slightly more general specifica-
tion. However, the conditional cross-correlation between variable k at site i and variable ‘
at site j is equal to that between variable ‘ at site i and variable k at site j, a consequence
that is true for any symmetric choice for B. This restrictive spatial cross-dependence is
present in the models of Billheimer et al. (1997), Kim et al. (2001), Pettitt et al. (2002),
Carlin and Banerjee (2003) and Gelfand and Vounatsou (2003). Only an asymmetric
specification of B yields conditional cross-correlations between variables at neighboring
sites that can be different.

To make the statements of the previous paragraph more concrete, consider the
following example where an arbitrary lattice is assumed (regular or irregular),
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p ¼ 2, mi ¼ I for all i, and C ¼ I. Also consider two choices of B, symmetric ðB1Þ and
asymmetric ðB2Þ:

B1 ¼ 0:4
1:0 0:15

0:15 1:0

� �
; B2 ¼ 0:4

1:0 0:4

�0:1 1:0

� �
.

Note that, with this specification, (7) implies that Kij ¼ B and Kji ¼ B0. In other words, B
contains exactly the spatial autoregressive parameters. Hence, in the conditional mean (3),
for the symmetric case ðB1Þ, the manner in which variable 2 at site j impacts variable 1 at
site i is the same as the manner in which variable 1 at site j impacts variable 2 at site i.
Clearly, for the asymmetric case ðB2Þ, the impact of each variable on the other is more
general.
This distinction can be further seen by constructing the conditional correlation matrices

in (13). For B1, Rijj�ij is given by

Rijj�ij ¼

1:0 0:057 0:40 0:083

1:0 0:083 0:40

1:0 0:057

1:0

2
6664

3
7775

while, for B2, we obtain

Rijj�ij ¼

1:0 0:058 0:40 0:18

1:0 �0:016 0:40

1:0 0:058

1:0

2
6664

3
7775.

We see that the asymmetric specification can yield negative conditional correlations and
generally a far richer class of models for multivariate spatial dependence.
3.2.2. Unconditional correlations

By examining the unconditional correlations, another view of how the choice of B

affects the spatial structure can be obtained. We consider a very simple spatial problem on
a one-dimensional transect where fsig is a collection of regular, univariate spatial locations
a; . . . ;�1; 0; 1; 2; . . . ; b, for some integer constants a and b.
Further, assume the same values of mi, C, and B in the previous section with a ¼ �25

and b ¼ 25 (i.e., n ¼ 51). From this specification, the covariance matrix (8) can be
constructed and the unconditional correlations can be computed.
Fig. 1 shows the cross-correlations between the two variables as a function of

the lag distance between pairs of locations on the transect. As noted earlier,
if B is symmetric, the conditional cross-correlations between two neighboring
sites are equal. The same type of behavior is observed here for the unconditional cross-
correlation. However, if B is asymmetric, then asymmetric unconditional cross-
correlations as a function of lag are possible, the result being again a richer class of
models. It should be noted that the magnitude and decay of the correlations as a function
of the distance between sites are related to the nature of the elements in B, but the
covariances also involve the variances in C.
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Fig. 1. Unconditional spatial cross-correlations as a function of lag for the bivariate, one-dimensional spatial

example discussed in Section 3.2.2. The two cross-correlation functions for the symmetric B ¼ B1 are equal; that

function is indicated by the squares. The two cross-correlation functions for the asymmetric B ¼ B2 are different;

they are indicated by the circles and triangles.

S.R. Sain, N. Cressie / Journal of Econometrics 140 (2007) 226–259 237
3.3. The precision measures fmig

The role of the precision measures captured by the p� p diagonal matrices fmig, is to
allow for differing degrees of variability in the data. This is especially true when the
observations at each lattice point represent rates computed over regions such as counties,
zip codes, census divisions, etc., where the variation in the rates from location to location is
determined by the relevant-population number in each region. This suggests, for example,
that the diagonal matrix mi could be taken to have diagonal elements equal to the relevant-
population number for each rate observed at location si.

The impact of how the precision of the measurements enters the model becomes clear
when comparing CAMCAR with other formulations of the multivariate CAR suggested
by Billheimer et al. (1997), Carlin and Banerjee (2003), and Gelfand and Vounatsou (2003),
which link the precision of the data at location si to the number of neighbors at si (denoted
by jNij). Typically, these formulations set

Ci ¼
1

jNij
C,

Kii ¼ �I, and

Kij ¼ Ki ¼
a
jNij

I,

if j is a neighbor of i and Kij ¼ 0 otherwise. From (4), this yields a covariance matrix of the
form

R ¼ ðdiagðjN1j; . . . ; jNnjÞ � aCÞ�1 
 C,
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where C is a n� n adjacency matrix with diagonal entries equal to zero and ði; jÞth entry
equal to one if i and j are neighbors and zero otherwise.
Under this formulation, the conditional covariance for two neighboring sites i and j is

given by

Rijj�ij ¼

jNij �a

�a jNjj

" #�1

 C

¼ C�ij

I �
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I

�
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I I

2
6664

3
7775
�1

C�ij

¼ C�ij

1

1� a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I
a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p
1� a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I

a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p
1� a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I
1

1� a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p I

2
6666664

3
7777775
C�ij ,

where

C�ij ¼
C1=2=

ffiffiffiffiffiffiffiffi
jNij
p

0

0 C1=2=
ffiffiffiffiffiffiffiffiffi
jNjj

p
" #

.

The conditional correlation matrix is then

Rijj�ij ¼
1 a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p
a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNij jNjj

p
1

" #

 R, (15)

where recall that R is given by (11). We compare this specification of the MRF with that of
the CAMCAR model in (14), where an analogous condition concerning the spatial-
correlation parameters ðB ¼ fIÞ was used. The only difference is the direct use of the
precision matrices fmig for the CAMCAR model. Unlike for the correlations in (14), the
correlations in (15) are functions of the number of neighbors and can vary with each pair
of neighbors for an irregular lattice, making interpretation of the spatial-dependence
parameter a difficult. Hence, incorporating the precision matrices fmig not only into the
fCig, but also into the fKijg (Section 2.2), yields spatial correlations that are not directly
functions of the number of neighbors. (But recall that conditions like (10) imply that the
range of the correlations may still be dependent on the number of neighbors.)

4. Assessments of environmental equity in Louisiana

In 1996, the Shintech Corporation, a Houston-based division of the Japanese
conglomerate Shin-Etsu, announced plans to build one of the world’s largest polyvinyl
chloride plants in the small town of Convent, located in St. James Parish, Louisiana.
St. James Parish is located in the heart of Louisiana’s Industrial Corridor, the area of the
state surrounding the Mississippi River between Baton Rouge and New Orleans. This area
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has a heavy concentration of manufacturing and other industrial facilities, including more
than half of the facilities in the state listed with the U.S. Environmental Protection
Agency’s Toxic Release Inventory (TRI).

The proposed plant-siting prompted lawyers with the Environmental Law Clinic at
Tulane University to file complaints citing Title VI of the Civil Rights Act and the
February 11, 1994 Executive Order 12898, Federal Actions to Address Environmental
Justice in Minority Populations and Low-Income Populations. While Shintech
ultimately decided not to put the facility in Convent, many agencies and groups,
including the U.S. Environmental Protection Agency (EPA), analyzed data from
Convent, St. James Parish, and Louisiana as a whole. Many of these studies focused on
the socio-demographics and the distribution and type of toxic facility, including those
listed with the TRI, to determine whether the proposed siting of the Shintech plant would
significantly increase the hazards already affecting the population of Convent and St.
James Parish.

The notion of environmental equity is based in the idea that no subpopulation,
including minority and/or low-income groups, should bear a disproportionate
burden from environmental hazards. A wide spectrum of approaches have been
used to assess environmental equity. Early work, including the often-cited reports
from the General Accounting Office (GAO, 1983) and the United Church of
Christ (UCC, 1987), focused on using simple descriptive statistics comparing the
racial distribution between areas deemed to be affected by toxic facilities and
areas deemed to be unaffected. Recent methodological research in environmental
equity has used far more sophisticated techniques that even attempt to link distance
from toxic sites to disease occurrence (e.g., Waller et al., 1999; Carlin and Xia, 1999). For
an overview of statistical issues related to environmental equity, see also Waller and
Conlon (2000).

In the analysis that follows, we use the CAMCAR model as a component of a
hierarchical statistical model that relates population demographics with the location of
certain toxic facilities. Specifically, we examine the relationship between the populations of
whites and minorities and the impact of the locations of TRI facilities in a section of
Louisiana surrounding St. James Parish. In this case, environmental equity would be
manifest by any relationship being the same for whites and minorities.

4.1. Specifying the hierarchical statistical model

Let YðsiÞ ¼ ðY 1ðsiÞ;Y 2ðsiÞÞ
0
� ðY i1;Y i2Þ

0 denote the observed counts of white and
minority populations, respectively, for locations i ¼ 1; . . . ; n. These locations can be, for
example, zip codes or census divisions such as tracts or block groups. In what follows, we
build the hierarchical statistical model for the general case of p variables, although in our
application p ¼ 2.

The first level of this model, namely the data model, is based on a standard approach
from epidemiology that seeks to compare observed counts to some reference or standard
population. From an epidemiological perspective, the risk (i.e., probability) of some
disease or condition will often vary across each spatial location, although the differences
may be due to differences in the underlying at-risk population. This can be accounted for
using a standard population to calculate the expected number of people having the
condition. Hence departures of the observed counts from the expected counts should be
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due to some other source, such as exposure to toxic facilities and/or spatial variation.
Waller and Gotway (2004) discuss the use of standardized populations in epidemiology, in
particular with spatial models. Also, Stern and Cressie (2000) present a discussion of the
use and computation of expected counts in the univariate setting.
Formally, the data model is then

Y ikjyik�PoissonðEike
yik Þ; i ¼ 1; . . . ; n; k ¼ 1; . . . ; p,

where Eik are known expected counts (based on the standard population) for the ith
location and the kth variable; see Section 4.2. The parameters yik represent departures of
the observed counts from the expected counts.
Recall that hv

� vecðh0Þ, where the vec operator stacks the columns of a matrix. Also, let
X denote a n� q matrix of covariates and b a q� p matrix of regression coefficients.
Then the second level of the hierarchical statistical model, namely the process model,
includes regression effects and stochastic spatial-dependence effects expressed through the
CAMCAR model

hv
jb;V;B�Nnpðl

v;RÞ,

where lv ¼ vecðl0Þ, l ¼ Xb, V ¼ C�1, mi � diagðEi1; . . . ;EipÞ, i ¼ 1; . . . ; n, and R is defined
as in (8).
To complete the specification, the third level, namely the prior model for b, V, and B is

specified. For the regression parameters, assume that each column of b, denoted by bk,
k ¼ 1; . . . ; p, has the prior distribution

bk�Npð0;s2IÞ.

The prior on the inverse covariance matrix V is given by the Wishart distribution (Mardia
et al., 1979),

V�Wishartðr; ðrAÞ�1Þ,

where r4p and A is a pre-specified symmetric positive-definite matrix (e.g., A ¼ I).
Finally, the prior on B is taken to be proportional to

expf�ðBvÞ
0Bv=x2g,

where Bv ¼ vecðB0Þ. Of course, the prior is truncated for values of B outside the limits
constrained by the diagonal dominance of the matrix H (Section 3.1). The prior parameter
x is specified by us. (If a hyper-prior were assigned to it, the computations would become
extremely heavy.) We favor smaller values of x, since then the prior for B is quite peaked at
zero. Hence, posterior distributions with mean away from zero would indicate strong
evidence of significant (non-zero) values in the data. Larger choices of x are possible in
cases where very little a priori knowledge is available, in particular prior knowledge about
how much of the variability in the data will be captured by the covariates and how much
will be due to the spatial structure. Also, note that the prior for B does not favor symmetric
or asymmetric B.
Bayes’ theorem yields the posterior distribution, which here is

Pðh;b;V;BjYÞ / PðYjhÞPðhjb;V;BÞPðbÞPðVÞPðBÞ.
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Substituting in the model specifications at the three levels yields

Pðh;b;C;BjYÞ /
Yn

i¼1

Yp

k¼1

expð�Eike
yik ÞðEike

yik Þ
Y ik

�jVjn=2jHj1=2 exp �
1

2
ðhv
� lvÞ

0R�1ðhv
� lvÞ

� �

� exp �
1

2s2
b01b1

� �
� 	 	 	 � exp �

1

2s2
b0pbp

� �

�jVjðr�p�1Þ=2 exp �
r
2
trðA�1VÞ

n o
� expf�ðBvÞ

0Bv=x2g. ð16Þ

Sampling from the posterior requires the use of MCMC such as the Gibbs sampler
(Geman and Geman, 1984; Gelfand and Smith, 1990; Gelfand et al., 1990, see also Gilks
et al., 1996). One iteration of the algorithm requires sampling from
1.
 Pðbkjb�k;V;B; hÞ, k ¼ 1; . . . ; p,

2.
 PðVjb;B; hÞ,

3.
 PðBk‘jb;V; hÞ, k; ‘ ¼ 1; . . . ; p,

4.
 Pðhijh�i;b;V;C;YÞ, i ¼ 1; . . . ; n,
where b�k denotes the all columns of b except for the kth, and similarly for h�i. Also, Bk‘

indicates the ðk; ‘Þth element of B. Construction of the conditional distribution for each
component of this iteration is outlined in Appendix B.

4.2. Results

To illustrate statistical inference for environmental equity, based on the hierarchical
statistical model presented in Section 4.1, we examined all of the census block groups
within a 50-mile radius of St. James Parish, Louisiana (see Fig. 2). Several block groups
were removed, namely those that were entirely covered by water, had no population, or
were indicated to be populated entirely by persons on one or more civilian or military
ships. After this screening, counts of whites and minorities for n ¼ 1982 block groups were
analyzed. Neighbors were defined as any two block groups that shared a boundary. All
counts and block-group information were taken from the 1990 decennial census, in
particular the 1990 Census Summary Tape File 3 (STF 3).

The expected counts fEikg were computed using internal standardization (Mantel and
Stark, 1968; Waller and Gotway, 2004), as we now describe. A number of factors, such as
age, gender, socio-economics, etc., are known to be associated with race and
environmental equity. To account for such factors, the observed counts of whites and
minorities were broken out by age and poverty status, in effect, forming a multi-
dimensional contingency table. Poverty, as defined in the census, is based on a comparison
of income to a series of thresholds based on family size and number of children in the
family. For more details, see the documentation on the STF 3 (U.S. Census Bureau, 1992).
The expected counts for each block group were computed by summing (across age and
poverty categories) the expected counts in each cell of the multidimensional contingency
table corresponding to each block group.
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Fig. 2. Top frame shows the state of Louisiana with highlighting of the block groups included in the example.

Bottom frame shows detail of the highlighted block groups, including locations of the TRI facilities (solid dots)

and water bodies (shaded).
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As discussed earlier, we seek to examine the impact of toxic facilities by modeling the
departure of the observed counts from the expected counts (after accounting for the
variation attributable to age and poverty) in terms of exposure to toxic facilities and
spatial variation. To measure exposure, data on the locations of facilities listed in the TRI
were examined, and a covariate was constructed by placing a four-mile buffer around each
TRI site and counting the number of facilities whose buffers intersect the block group.
That is, let

X i ¼
X

t

IðBðTRIt; 4Þ \ BGia;Þ; i ¼ 1; . . . ; 1982,

where Ið	Þ is the indicator function, TRIt denotes the location of the tth TRI site, BGi

denotes the spatial region corresponding to the ith block group, and Bðx; rÞ denotes a disk
centered at x with a radius of r miles. A plot of the locations of the TRI sites is given in
Fig. 2, while the (non-spatial and spatial) distribution of fX ig is displayed in Figs. 3 and 4.

The parameters for the priors on b, V, and B are set as follows. For the regression
parameters b, s2 ¼ 10. For V, A ¼ I and r ¼ 1:0� 106. Finally, the prior parameter x for
B is set as x ¼ 2:0� 10�4.

Starting values for the Gibbs sampler were obtained by setting yik ¼ logððY ik þ 1Þ=EikÞ,
for i ¼ 1; . . . ; n and k ¼ 1; . . . ; p, where Y ik and Eik are the observed and expected counts.
Using these simple estimates for h, standard least squares was used to obtain a starting
value for the regression coefficients b, and then a starting value for V ¼ C�1 was computed
from the residuals. A starting value for B was computed from a coarse grid search to
Fig. 3. Histogram of the covariate fX ig.
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Fig. 4. Top frame shows the block-group regions shaded by the covariate fX ig, as defined in the text, with the TRI

site locations superimposed. Bottom frame shows St. James Parish and an area near Baton Rouge. The shading

represents a grey scale from light to dark for X i ¼ 0, 1, 2–3, 4–6, and 7 or greater.
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maximize (B.5), conditional on the other values. The MCMC was run for 10,000 iterations
with visual cues suggesting convergence after about 5,000 iterations. Subsequently, four
additional chains were run with starting values randomly chosen to be overdispersed
relative to the posteriors estimated from the last 5,000 iterations of the initial run.
Convergence of the parameters of the model was monitored visually through trace plots

as well as through numerical summaries, such as the
ffiffiffiffi
R
p

-statistic of Gelman (1996).
Examples of these plots are shown in Figs. 5 and 6. After about 5,000 iterations, the values
of the

ffiffiffiffi
R
p

-statistic tend to one and are below the value of 1.2 suggested by Gelman (1996).
The convergence of V is demonstrated in Fig. 7, where ellipses are shown representing the
values of V for each run at various iterations. Again, convergence is clear after about 5,000
iterations.
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Fig. 5. Convergence diagnostics for the regression parameters b; the five different chains represent different

starting values.
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Nearly all of the 3192 ð¼ 1982� 2Þ fyikg also showed signs of convergence in trace plots
and with

ffiffiffiffi
R
p

-statistics near one after about 5,000 iterations. A small fraction of the fyikg

had higher values of
ffiffiffiffi
R
p

, although these values were associated with block groups having
very small values of expected and observed counts. While the expected counts have a
median of 432 and are as large as 4,000, there are a few block groups with expected counts
representing just a few individuals ðo10Þ. However, these few block groups do not appear
to affect the overall statistical analysis.

One manner of addressing questions of environmental equity is to examine the resulting
regression lines, linking the impact of the toxic facilities (variable fX ig) and the
demographic profile summarized by h. Fig. 8 shows estimated regression lines computed
from 100 samples randomly selected from the 25,000 MCMC iterations (the last 5,000
iterations of each of the five chains). The clear difference between whites and minorities is
striking. In the special case where X i ¼ 0, so that none of the four-mile buffers
surrounding the TRI facilities intersect the ith block group, whites have greater than
expected population counts while minorities have less than expected. Importantly, the
regression coefficient for fX ig (number of TRI facilities within 4mile of a given block
group) is positive for minorities, indicating that there are increasingly more than expected
minorities as X i increases. The opposite is true for whites, where the regression coefficient
for fX ig is negative.

Examining the impact of the spatial-dependence parameter B, the conditional
correlations from Section 3.2 are shown in Fig. 9. The top frame shows a kernel estimate
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Fig. 6. Convergence diagnostics for the elements of the spatial-dependence parameter B; the five different chains

represent different starting values.
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of the posterior distribution of the within-location correlation between the ys for whites
and minorities computed from 5,000 random draws from the set of 25,000 realizations
made up of the last 5,000 iterations of the five chains.
The middle frame shows kernel estimates of the posterior distribution of the between-

location correlation between the ys for whites (dashed lines) and between the ys for
minorities (dotted lines) for two neighboring block groups. The spatial dependence
appears to be stronger for the minorities than for the whites.
The bottom frame of Fig. 9 shows the cross-correlations between the ys for whites and

the ys for minorities at two neighboring block groups. The model allows for asymmetric
cross-correlations, and notice that the posterior distributions of the two cross-correlations
are similar in shape, although there is some evidence that the conditional cross-correlation
between minority yi2 and white yj1 at a neighboring site is slightly stronger (more negative)
than the conditional cross-correlation between yi1 and yj2. However, there is still a lot of
overlap between the two distributions.
Maps of fyi1g for whites and fyi2g for minorities are shown in Figs. 10 and 11,

respectively. As expected from an examination of the regression lines, ys for whites are
lower than expected near areas with increased numbers of TRI facilities, and vice versa for
minorities. One feature of Fig. 11 that seems to dominate is the preponderance of block
groups near the Mississippi river (the so-called Industrial Corridor) with large ys for
minorities, suggesting greater than expected numbers of minorities near this sensitive area
known for its large number of toxic facilities.
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Fig. 7. Ellipses representing V ¼ C�1 for the five runs as iteration number is successively increased: 100, 1000,

2000, 3000, 4000, 5000.
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5. An extended CAMCAR model

The covariance structure presented above allows for the possibility of asymmetric spatial
cross-correlations, an important step beyond what has been previously considered. In this
section, a more general structure for the covariance matrix is outlined that is based on
rethinking the nature of the relationship between the data and the lattice. The typical
approach to multivariate spatial modeling considers a two-dimensional spatial lattice with
multiple measurements at each lattice point. However, a higher-dimensional lattice can be
considered with only a single measurement at each lattice point, which allows us to develop
a more flexible class of models for H and, subsequently, R.

For example, the joint covariance matrix from (8) can be written as

R ¼MPH�1PM, (17)

where

M ¼

m
�1=2
1 0

. .
.

0 m
�1=2
n

2
6664

3
7775,

and
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Fig. 8. One hundred estimated regression lines of fyi2g on fX ig (fyi1g on fX ig) obtained from the posterior

distribution of b. The darker (lighter) lines with positive (negative) slope refer to the minority (white) population.
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P ¼

p1=2 0

. .
.

0 p1=2

2
664

3
775,

with p ¼ diagðp21; . . . ;p
2
pÞ. The variances fp2i g are analogous to the diagonal elements of C

in (5). Now the matrix H contains all the correlation information, including the within-
location structure, which we write as

H ¼ I�
XX

kol

rk‘Gk‘ �
Xp

k¼1

Xp

‘¼1

fk‘Hk‘.

The matrices fGk‘g control the relationships within a spatial location, while the matrices
fHk‘g control the relationships across spatial locations. This form of the covariance
structure could also be considered a multivariate generalization of the two-fold CAR
model of Kim et al. (2001), although with asymmetric spatial cross-correlations.
Consider the simple lattice shown on the left frame of Fig. 12. There are nine spatial

locations and two measurements at each spatial location, ðY i1;Y i2Þ, i ¼ 1; . . . ; 9. This
structure could equivalently be represented by the expanded three-dimensional lattice
shown on the right frame of Fig. 12, where each horizontal layer in the expanded lattice
represents a separate measurement. The bottom layer represents the first measurement,
Y1 ¼ ðY 11;Y 21; . . . ;Y 91Þ

0, while the top layer represents the second measurement,
Y2 ¼ ðY 21;Y 22; . . . ;Y 92Þ

0.
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Fig. 9. Posterior distributions of conditional correlations defined in Section 3.2. Top frame shows the within-

location conditional correlation between the ys for whites and minorities. Middle frame shows the between-

location conditional correlations for whites (dashed lines) and minorities (dotted lines). Bottom frame shows the

between-location conditional cross-correlations.
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In this example, the matrix H becomes

H ¼ I� r12G12 �
X2
k¼1

X2
‘¼1

fk‘Hk‘.
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Fig. 10. Maps of fyi1g for whites. Detailed maps include St. James Parish and an area near Baton Rouge. Grey-

scale shading is from light to dark based on five equal percentile breaks over all fyijg. Darker (lighter) colors

indicate greater (less) than expected population counts.
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Fig. 11. Maps of fyi2g for minorities. Detailed maps include St. James Parish and an area near Baton Rouge.

Grey-scale shading is from light to dark based on five equal percentile breaks over all fyijg. Darker (lighter) colors

indicate greater (less) than expected population counts.
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Fig. 12. Example of a simple two-dimensional lattice with a bivariate measurement ðY i1;Y i2Þ at each lattice point (left) and an expanded three-dimensional lattice

with each layer of the lattice representing a different measurement (right). The bottom layer represents the first variable Y1 ¼ ðY 11;Y 21; . . . ;Y 91Þ
0 and the top layer

represents the second variable Y2 ¼ ðY 12;Y 22; . . . ;Y 92Þ
0.

S
.R

.
S

a
in

,
N

.
C

ressie
/

J
o

u
rn

a
l

o
f

E
co

n
o

m
etrics

1
4

0
(

2
0

0
7

)
2

2
6

–
2

5
9

2
5
2



ARTICLE IN PRESS
S.R. Sain, N. Cressie / Journal of Econometrics 140 (2007) 226–259 253
To account for the within-location relationship, indicated by the vertical dashed lines
connecting the lattice layers in the right frame of Fig. 12, G12 might be modeled by

G12 ¼
0 1

1 0

� �

 In.

The spatial correlations are modeled through the matrices fHijg. To account for the
within-variable relationships, indicated by the solid lines on each layer of the right frame of
Fig. 12, the matrices H11 and H22 might be modeled by

H11 ¼
1 0

0 0

� �

 C,

H22 ¼
0 0

0 1

� �

 C,

where C is the incidence matrix derived from the neighborhood structure. To account
for the conditional cross-correlations, indicated by the diagonal dashed lines connecting
the lattice layers in the right frame of Fig. 12, the matrices H12 and H21 might be
modeled by

H12 ¼
0 1

0 0

� �

 CU þ

0 0

1 0

� �

 C0U,

H21 ¼
0 0

1 0

� �

 CU þ

0 1

0 0

� �

 C0U,

where CU is the matrix containing the upper-triangular elements of C with the lower-
triangular elements all set to zero.

As established previously, restrictions on H to yield a positive-definite covariance matrix
can be determined through a diagonal-dominance argument. Replacing (8) with (17) in the
hierarchical model from the previous section could be accomplished straightforwardly,
with slight modifications to the priors. For example, the priors on the diagonal elements of
p could easily be taken as gamma densities. A prior on the correlation parameters, frk‘g

and ffk‘g, could be specified in a fashion similar to prior specification of B in the previous
section, namely independent and proportional to expð�r2k‘=x

2
Þ and expð�f2

k‘=x
2
Þ,

respectively, for some small value of x.

6. Concluding remarks

We have introduced a flexible spatial model for multivariate lattice data
that can incorporate covariates as well as a very general form of spatial
dependence between the variables measured at different spatial locations. This model,
which we call the CAMCAR model, incorporates the precision of the data, especially for
rates, in such a way as to allow for ease of interpretation of the spatial-dependence
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parameters. Based on the framework of a MRF for multivariate processes and
incorporated within hierarchical statistical models, this work opens the door for the
statistical analysis of complex spatial problems, including those often seen in the
environmental arena.
In particular, a hierarchical model incorporating the CAMCAR model allows us to use

Bayesian inference based on MCMC to assess environmental equity in a region of southern
Louisiana. In studying the relationship between white and minority populations and the
location of TRI facilities, the analysis suggests some disparity between whites and
minorities; but we wish to emphasize that our analysis cannot ascertain causation, only
association. Further, the maps in Figs. 10 and 11 represent an important tool for use in
siting-decisions for future facilities. However, the study presented here is solely used to
demonstrate the methodology and is certainly limited in scope. A more in-depth analysis
using additional covariates, including socio-economic variables, measures of accessibility
to transportation (the Mississippi River, highways, etc.), among others, would certainly be
of interest and would likely improve the knowledge gained from such an analysis.
The CAMCAR model presented in Sections 2.2 and 3 is general in the specification of

covariance parameters and the types of spatial dependence that are possible to model with
it. Bayesian model-selection criteria, such as those presented in Spiegelhalter et al. (2002),
may prove useful for assessing the fit of the model. Diagonal dominance is a sufficient
condition to ensure that the covariance matrix in (8) is positive definite; as suggested by a
referee, it would be useful to weaken this condition. Further research is being undertaken
on more efficient computation in the MCMC (especially for larger data sets) and the effects
of estimation of auxiliary quantities such as the expected counts in Section 4. The extended
CAMCAR model presented in Section 5 represents a class of models that appears general
enough to allow inference based on different layers of data measured on different types of
lattices (e.g., zip codes and census tracts).

Acknowledgment

The research of the first author was supported in part by the Geophysical
Statistics Project at the National Center for Atmospheric Research in Boulder,
CO, the National Science Foundation under Grants DMS-9815344 and DMS-0355474,
and a Faculty Grant Award from the University of Colorado at Denver. The
research of the second author was supported by the U.S. Environmental Protection
Agency under Assistance Agreement R827257-01-0 and by the Office of Naval
Research under Grants N00014-02-1-0052 and N00014-05-1-0133. The authors
would like to thank the referees, whose constructive comments led to improvements in
the revision.

Appendix A

Recall two important results from multivariate statistics (see, e.g., Mardia et al., 1979).
First, partition a random vector X as

X ¼
X1

X2

" #
,
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and let X be distributed as the multivariate normal Nðg;XÞ with

g ¼
g1

g2

" #
and X ¼

X11 X12

X21 X22

" #
.

Then, the conditional distribution of X1 given X2 is multivariate normal with

g1j2 ¼ g1 þX12X
�1
22 ðX2 � g2Þ and X1j2 ¼ X11 �X12X

�1
22 X21. (A.1)

The second result concerns the inverse of partitioned matrices. Let X be given by

X ¼
X11 X12

X21 X22

" #
¼

X11 X12

X21 X22

" #�1
.

Then,

X11 ¼ ðX
11
�X12

ðX22
Þ
�1X21

Þ
�1; X22 ¼ ðX

22
�X21

ðX11
Þ
�1X12

Þ
�1,

and

X12 ¼ � ðX
11
Þ
�1X12X22 ¼ �X11X

12
ðX22
Þ
�1,

X21 ¼ � ðX
22
Þ
�1X21X11 ¼ �X22X

21
ðX11
Þ
�1.

Combining these results yields

X1j2 ¼ X11 � ðX
11
Þ
�1X12X22X

�1
22 ðX

22
Þ
�1X21X11

¼ ðX11
Þ
�1
ðX11
�X12

ðX22
Þ
�1X21

ÞX11

¼ ðX11
Þ
�1.

Appendix B

Deriving the conditional distributions for each parameter block from the Gibbs
sampler involves examining the terms in the posterior in (16) that contain the parameter of
interest.
B.1. Conditional distribution of bk

For bk, the conditional distribution is proportional to

exp �
1

2
ðhv
� lvÞ

0R�1ðhv
� lvÞ

� �
exp �

1

2s2
b0kbk

� �
: ðB:1Þ
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To simplify (B.1), consider re-ordering the elements of the quadratic form. Note that hv

can be written as

hv
¼

y11

y12

..

.

y1p

..

.

ynp

2
66666666666664

3
77777777777775
.

However, consider writing it as

h� ¼

y11

y21

..

.

yn1

..

.

ynp

2
66666666666664

3
77777777777775
.

This re-ordering results in h� having a covariance matrix that is a np� np block matrix of
the form BlockðSk‘Þ, where Sk‘ is a n� n matrix derived below.
Then, the conditional distribution in (B.1) is proportional to

exp �
1

2
ðh�k � l�kÞ

0Skkðh
�
k � l�kÞ þ 2ðh�k � l�kÞ

0
X
‘ak

Sk‘ðh
�
‘ � l�‘ Þ

" #( )
exp �

1

2s2
b0kbk

� �
,

(B.2)

where h� is written as ððh�1Þ
0; . . . ; ðh�pÞ

0
Þ
0. Noting that l�k ¼ Xbk, (B.2) simplifies to

exp �
1

2
b0k X0SkkXþ

1

s2
I

� �
bk � 2b0k X0Skkh

�
k þ X0

X
‘ak

Sk‘ðh
�
‘ � Xb‘Þ

 !" #( )
: ðB:3Þ

But, (B.3) is proportional to a multivariate normal distribution with covariance matrix
given by

Rbk
� X0SkkXþ

1

s2
I

� ��1
,

and mean given by

lbk
� Rbk

X0Skkh
�
k þ X0

X
‘ak

Sk‘ðh
�
‘ � Xb‘Þ

" #
.

Hence, sampling from this conditional distribution can be done directly.
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It remains to derive the matrices Skl , k; l ¼ 1; . . . ; p. If k ¼ l, then for i ¼ 1; . . . ; n, the ith
diagonal element of Skk is given by

m
1=2
ik V kkm

1=2
ik ,

where mik denotes the kth diagonal element of mi and Vkl denotes the ðk; lÞth element of V.
For the off-diagonal elements, let U � ðUk‘Þ ¼ V1=2BV1=2. Then the off-diagonal elements
are given by

m
1=2
ik Ukkm

1=2
jk ,

if j 2 Ni, and zero otherwise. The diagonal elements of Skl , where kal, are given by

m
1=2
ik V klm

1=2
il .

The off-diagonal elements of Skl , for ioj, are given by

m
1=2
ik Uklm

1=2
jl ,

and, for i4j, are given by

m
1=2
ik Ulkm

1=2
jl .

B.2. Conditional distribution of V

The conditional distribution of V � C�1 is proportional to

jVjn=2 exp �
1

2
ðhv
� lvÞ

0R�1ðhv
� lvÞ

� �
jVjðr�p�1Þ=2 exp �

r
2
trðA�1VÞ

n o
. (B.4)

In the case of spatial independence (B ¼ 0), (B.4) would simplify to another Wishart
distribution. However, such is not the case here and the Metropolis–Hastings (M–H)
algorithm with a Wishart proposal is used to generate realizations from (B.4); for details of
the M–H algorithm, see Metropolis et al. (1953), Hastings (1970), and the overview in
Gilks et al. (1996). The precision parameter for the Wishart proposal density is chosen to
ensure a sufficiently high acceptance rate and reasonable mixing for V.

B.3. Conditional distribution of B

The conditional distribution of B is proportional to

jHj1=2 expf�1
2
ðhv
� lvÞ

0R�1ðhv
� lvÞg exp �ðBvÞ

0Bv=x2
	 


. (B.5)

In the Gibbs step for B, the M–H algorithm with a uniform proposal is used to generate
realizations from (B.5) for each component of Bk‘, conditional on the values of the other
components. The order of components generated during this step is randomly selected.
The upper and lower bounds of the uniform proposal density are again chosen to ensure a
sufficiently high acceptance rate and reasonable mixing for the elements of B.



ARTICLE IN PRESS
S.R. Sain, N. Cressie / Journal of Econometrics 140 (2007) 226–259258
B.4. Conditional distribution of hi

The final conditional distribution involves the process parameters h. This distribution is
proportional to

Yn

i¼1

Yp

k¼1

expð�Eike
yik ÞðEike

yik Þ
Y ik exp �

1

2
ðhv
� lvÞ

0R�1ðhv
� lvÞ

� �
.

However, it is more beneficial to consider the conditional distributions of each hi, the
collection of process parameters associated with each spatial location. From the definitions
given in Section 2.2, these distributions are proportional to

Yp

k¼1

expð�eyikEikÞðe
yikEikÞ

Y ik exp �
1

2
ðhi � l�i Þ

0m
1=2
i Vm

1=2
i ðhi � l�i Þ

� �
,

where

l�i � li þ
X
ioj

m
�1=2
i V�1=2BV1=2m

1=2
j ðhj � ljÞIðj 2 NiÞ

þ
X
i4j

m
�1=2
i V�1=2B0V1=2m

1=2
j ðhj � ljÞIðj 2 NiÞ.

Sampling from these distributions is accomplished via the M–H algorithm with a
multivariate normal proposal. The covariance matrix on the proposal distribution is set to
�2Ip, with �2 chosen to ensure a sufficiently high acceptance rate and reasonable mixing.
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