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Chapter I-14 — Cumulative Prospect Theory 

Men are always averse to enterprises in which they foresee 
difficulties. — Niccolo Machiavelli 

The concept of loss aversion is certainly the most significant con-
tribution of psychology to behavioral economics.  
 — Daniel Kahneman 

 
After Epstein-Zin Preferences, Cumulative Prospect Theory is probably 

the most commonly used alternative to Expected Utility Theory.  CPT differs 
from EUT in a number of important ways. In place of probabilities, it uses 
probability weights of the type described in the previous chapter. It evaluates not 
the level of consumption or wealth, but deviations in it from some reference level. 
Finally, the utility or value function is not concave, but S-shaped.  It is convex 
below the reference level and concave above it. Choices are evaluated as 

 [ ( )] ( , ) ( )s sv x v x   π x    (1) 

where v is the utility function and s are the probability weights. The latter 
depend on all of the outcomes and the entire probability distribution just as in 
RDU. 

By convention in CPT, outcomes are first classified as gains and losses 
relative to the reference level. If consumption is the relevant object, and the 
reference level is c, then every outcome below c is termed a loss and repre-
sented as a negative number cs  c  xs < 0. Similarly outcomes above c are 
termed gains and represented as a positive number cs  c  xs > 0. The n losses 
and m gains are ordered so that1  

 1 1 0 10 .n n mx x x x x x             (2) 

Again by convention the utility of the reference level is 0, v(x0)  v(0) = 0. 
 
Probability Weighing in Cumulative Prospect Theory 

The probability weighting used in CPT has one important difference from 
that used in RDU. In CPT, the weights are determined separately for gains above 

                                                 
1 If two outcomes have the same value they can be merged into a single value, but this is not 
necessary. It is more convenient to keep them separate if the indices denote states, which could 
well have the same consumption. The total probability weight assigned to the states with the same 
value of x is invariant to grouping. If xi = xi+1, then 1 1 1( ) ( ) ( ) ( )i i i i i iP P P P       

1 1( ) ( )i iP P    which is exactly the same probability weight that would be assigned to the 
merged i and i + 1 states.   
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the reference level and losses below it. Then the cumulative probabilities for the 
ranked losses and the complementary cumulative probabilities for the ranked 
gains are determined  

 .c
i n i i i mP p p P p p          (3) 

Two weighting functions, , are applied separately to the cumulative and com-
plementary cumulative probabilities, and the decision weights are determined by 
differencing 

 1 1( ) ( ) ( ) ( ) for 0 .c c
i i i i i iP P P P i   

              (4) 

For a continuous distribution with an objective differentiable cumulative 
distribution P(s), the decision-weight density functions are  

 
( ) 1 ( )

( ) ( ) ( ) ( )
( ) ( )d s d d P s d

s p s s s
ds dP ds dP

P   
     

         (5) 

where ( )p s is the objective probability density function over the states. As under 
RDU, the weighting functions must be strictly increasing, and impossible and 
certain events must be mapped in an obvious fashion, (0) = 0 and (1) = 1. 
Tversky and Kahneman proposed the weighting function defined in the previous 
chapter,  

 1/
( ) 0 1.

[ (1 ) ]

P
P

P P



      
 

  (6) 

estimating the parameters  = 0.69 and + = 0.61. 
In a given application, there may or may not be an actual outcome at the 

reference level x0 = 0. This is irrelevant for determining “expected” utility be-
cause v(0) = 0. However, in many contexts such as equilibrium models, it is the 
expectation of and covariance with marginal utility that is important so the numer-
ical value of the associated probability weight, 0, is required. Either  and + 
could be extended to include the zero outcome; however, the two extension do not 
in general give the same value. Another obvious choice is to set 0 11 ( )P

  
1( ).cP  This makes the sum of all the probability weights equal to one. Unfor-

tunately, this choice is not always practical. First there may be no outcome x0 to 
assign this weight. Second, this assignment can be negative. 

Even when this residual assignment for 0 is positive, it may differ 
markedly from the probability weights for similar outcomes. For example, for any 
risky gamble whose zero-gain threshold is in the range 40% to 60%, TK’s 
estimated decision weight functions with  = 0.69 and + = 0.61 assigns total 
probability weights of less than 89%. This leaves at least an 11% assignment to x0 
regardless of how many outcomes there are. For a continuous distribution this 
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would be an atom of at least 11%. In many models with numerous outcomes, this 
would be unreasonably large. For example, suppose there is a 44% chance of a 
loss and a 45% chance of a gain with a 1% of an outcome right at the reference 
level. The TK weighing functions would give weights of 41.7% for all the losses, 
39.5% for all the gains, and an 18.8% chance for the outcome at the reference 
level.  

The problems of a negative or unreasonably large probability weight for 
the reference level can be avoided and a unique and reasonable probability weight 
for the reference outcome is assured for all gambles if the weighting functions 
satisfy (P) + +(1P) = 1 P. In fact, this is both necessary and sufficient. 

Theorem 14.1: Unique Zero-Gain Decision Weight Assignment. The 
probability weighting functions, , both assign the same weight to the zero-
change outcome for all gambles if and only if they satisfy (P) + +(1 P) = 1 
P. This restriction is equivalent to using the single weighting function (P)  
(P) on the entire cumulative distribution.  

Proof: Denote by P1, 1 ,cP and p0, the cumulative probability of the 
smallest loss, the complementary cumulative probability of the smallest gain, and 
the probability of a gain of zero. The weights that would be applied to the zero 
gain from extending the loss and gain weighting functions are 0 1 0( )P p 

   
1( )P
 and 0 1 0 1( ) ( ).c cP p P        If they are equal, then  

 1 1 1 1(1 ) ( ) (1 ) ( ) .c cP P P P   
           (7) 

The left-hand side depends only on 1
cP while the right-hand side depends only on 

P1. Because (7) must apply to all risky prospects, 1
cP and P1 are arbitrary; there-

fore, both sides of the equation must be constant. This verifies that (P) + 
+(1P) is constant for all P. Furthermore, as (0) = 0 and (1) = 1, this 
constant must be one. The converse is also obviously true.  

Now identify (P)  (P) as the single weighting function to be applied 
to the entire cumulative probability distribution.  obviously assigns the same 
probability weights as  to all losses. For gains, it assigns s = (Ps)  (Ps1) 
= 1  +(1Ps) 1+ +(1Ps1) which is the same weight that + assigns using 
the complementary cumulative probabilities. ■ 

As shown there are a number of advantages of assuming a single 
weighting function. Doing so assigns a weight to the reference outcome allowing 
for the computation of expected marginal utility. The assigned weight is unique. It 
is not an atom when the underling state space is continuous with no atoms in the 
natural distribution, and for discrete distributions, the weight is reasonable. From 
the figure in the previous chapter, it is clear that the weighting function is 
basically, though certainly not exactly, symmetric so there is little loss in fit in 



I-14: Cumulative Prospect Theory  14-4 version: January 22, 2022 

using a single weighting function. 
 

CPT and S-Shaped Utility 

The second main feature of CPT is the S-shaped value or utility function.  
It is based on gains and losses as described earlier.  The function is strictly in-
creasing and centered around the reference level which is set at zero with v(0) = 0. 
Recall that this is just a permissible affine transformation. It is concave for gains 
and convex for losses. The reference level is discussed in more detail later. If v is 
differentiable except possibly at zero, then2 

 

a) ( ) 0 more is preferred to less
b) ( ) 0, 0 risk aversion over gains
c) ( ) 0, 0 risk preference over losses.
d) ( ) ( ), 0 loss aversion

v x x
v x x
v x x

v x v x x

   
    
    

     

    (8) 

Positive marginal utility, (a), is standard for differentiable utility functions. 
It means, for example, that first-degree stochastic dominance is still applicable. It 
is the last three properties, that distinguish a CPT utility function from the more 
usual utility function. Properties (b) and (c) together are referred to as an S-
shape.3 Condition (d) is Tversky and Kahneman (1992, henceforth TK) implicit 
definition of loss aversion, but it is now commonly defined differently as 
discussed below.  

Even when utility is otherwise differentiable, it is often only continuous 
and explicitly not differentiable at 0, possessing only left and right derivative 
there with the latter smaller. That is, the utility function is often assumed to have 
something like local first-order risk aversion even though it is not risk averse at all 
for negative outcomes.  

Tversky and Kahneman (1992) proposed and estimated a specific S-
shaped utility function of the form 

 
0

( ) with 0 , 1and 1.
| | 0

x x
v x

x x





        
 (9) 

Their estimated parameters are  =  = 0.88 and  = 2.25. Abdellaoui (2000) 
obtained the similar estimates  = 0.89 and  = 0.92. These values of  would 
seem to indicate only very mild aversion to risk because the relative risk aversion 
for gains for this function is 1, and of course there is risk preference for losses. 

                                                 
2 These properties are explicit or implicit in Kahneman and Tversky (1979). They are stated 
explicitly in Bowman, Minehart, and Rabin (1999). 
3 S-shaped utility is also referred to as the reflection principle in some of the early literature on 
Prospect Theory. 
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However, the parameter  also strongly affects the aversion to risk. For example, 
using TK’s parameter values, a fifty-fifty gamble winning $1 or $2 has a certainty 
equivalent of $1.49 — one cent below the expected value, but an even chance at 
winning or losing a dollar has a certainty equivalent of 23¢. So while risk 
premiums over gambles with only gains are small, they are much larger when 
both gains and losses are involved. 

An often used special case of TK utility is  =  = 1. This is simply 
piecewise linear utility with a kink at x = 0. Although this piecewise linear 
function is technically S-shaped, it is also weakly concave and strictly so over any 
interval containing zero so most standard concave results apply. 4 

Köbberling and Wakker (2003) proposed the S-shaped utility function  

 
(1 ) 0

( ) with , 0 and 1.
( 1) 0

x

x

e x
v x

e x





           
 (10) 

Essentially the same function was introduced by Schmidt and Zank (2002) 
without the normalizing  and  in the denominators. The functions are cardinally 
the same for SZ KW KW KW./       

One advantage of this utility function is that marginal utility remains 
bounded while marginal TK utility becomes unbounded as x approaches 0 either 
from above or below. 

While CPT does not assume risk aversion, it does assume that choices 
display loss aversion. Unlike risk aversion, there is no firm agreement on the 
precise meaning of loss aversion. At least four concepts have appeared in the 
literature. 

As given in (8), TK defined loss aversion as ( ) ( ), 0.v x v x x    
However, this property is true for all concave utility functions after the permitted 
affine transformation ( ) (0).u x u  Because of the differing definitions for loss 
aversion, KT loss aversion is also called symmetric-bet aversion for obvious 
reasons. In subsequent work Kahneman and Tversky used the condition

( ) ( ) ( ) ( ),v x v x v y v y     0 ,y x   or the equivalent definition for differen-
tiable utility ( ) ( ), 0.v x v x x     This is a stronger condition as setting y = 0 
ensures (d) in (8). This latter condition is also called increasing symmetric-bet 
aversion. That is, large symmetric bets are disliked more than smaller symmetric 
bets.5 

                                                 
4 The piecewise linear utility is used, for example, by Benartzi and Thaler (1995) and Barberis, 
Haung, and Santos (2001). 
5 It should be noted, that the TK utility function in (9) does not satisfy the loss averse condition (d) 
in (8) unless  = . The ratio, ( ) ( ) ,v x v x x    less than one for large x if  <  and greater 
than one for small x if  > . The Köbberling and Wakker utility function in (10) is KT loss averse 
if   . 
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Theorem 14.2: Kahneman-Tversky Loss Aversion and Symmetric 
Fair Gambles. All symmetric fair gambles are rejected in favor of the status quo 
by an S-shaped utility function with v(0) = 0 if and only if  the utility function 
displays Kahneman-Tversky Loss aversion, 

 ( ) ( ) 0, .v x v x x        (11) 

If the inequality in (11) is strict, then the status quo is strictly preferred.  

Proof: A symmetric fair bet is defined as one in which for every outcome 
x, there is a corresponding outcome, x, with the same probability. The expected 
utility of a symmetric fair bet is therefore 

 
0

( ) [ ( ) ( )] 0 .
i

i i i i i
x

v x v x v x


         (12) 

If there is an outcome of 0, it contributes v(0) = 0 to expected utility and can be 
ignored. The inequality holds because each term in the sum is nonpositive. If (11) 
holds strictly, then (12) also holds strictly provided x͂ has some risk so there is at 
least one pair of nonzero outcomes. 

To prove the necessity of (11), note that a 50-50 bet receiving x is a 
symmetric fair bet so 1

2 [ ( ) ( )] 0v x v x   if this bet is to be rejected. As this must 
be true for all x, (11) follows immediately. If the bet is strictly rejected, then (11) 
holds strictly. ■ 

Kahneman (2003, p 1457) wrote, “The core idea of prospect theory [is] 
that the value function is kinked at the reference point and loss averse.” Conse-
quently, Köbberling and Wakker (2005) define (0 ) (0 )/v v    as a measure of 
loss aversion. This, of course, is only a local property.  = 1 if v is differentiable 
at 0; otherwise it is the ratio of the left to right derivative. For their utility func-
tion, ,   the parameter in (10). If the left and right derivatives are both 
unbounded as they are for TK utility, then this measure is not defined. The some-
what more general definition, 0

ˆ lim ( ) ( ) ,x v x v x     may be valid. For TK 
utility, ( ) ( )/x x    is , /, or 0 for  > ,  = ,  < , respectively. In 
the latter case, the “kink” is in the wrong direction. When there is a kink in the 
utility function it might be more aptly be related to first-order risk aversion.  

While KT loss aversion is sufficient to reject all fair symmetric gambles, it 
is insufficient to reject all fair gambles. This is also true of the stronger derivative 
condition. A lottery whose payoffs are {25, 1, 9} with probabilities of {.25, 
.05, .70} is fair with an expected payoff of 0. The TK utility with  =  = 0.5 and 
 = 1.25 satisfies both KT loss aversion definitions. However, it assigns it a utility 
0.475 to the gamble, which is above the reference level of zero.  

Subsequent work has developed stronger definitions of loss aversion. In 
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particular, Neilson (2002) proposed6  

 Weak Loss Aversion: ( ) ( ) 0v z z v y y z y      (13) 

 Strong Loss Aversion : ( ) ( ) 0 .v z v y z y       (14) 

KT loss aversion only compares the utilities of gains and losses of the same size. 
Both of Neilson’s definitions compare the utilities of gains and losses of different 
sizes. Weak loss aversion requires that the average utility per unit gain must be 
less that the average disutility per unit loss for a loss of the same size. The 
stronger definition requires the same of marginal utility. 

Strong loss aversion implies weak loss aversion in general. However, for 
S-shaped utility they are equivalent definitions (obviously provided that utility is 
differentiable). Both conditions are stronger than KT loss aversion 

Theorem 14.3: Loss Aversion Relations. Strong loss aversion implies weak 
loss aversion for differentiable utility functions. They are equivalent for differentiable 
S-shaped utility functions. Either type implies KT loss aversion but not vice versa.  

Proof: Strong  Weak: Because v(0) = 0, and v is differentiable   

 

max max0 0

0 0

min min

max min
00

( ) (0) ( ) ( ) ( )

(0) ( ) ( ) ( ) ( )

where ( ) max ( ) and ( ) min ( ) .

y y

x x

z xx y

v y v v z dz v y dz v y y

v v x v z dz v z dz v z z

v y v x v z v x
  

     

      

    

 
    (15) 

From (14), min max( ) ( ), 0 ,v z v y z y     so 

 min max

( ) ( )
( ) ( )

v z v y
v z v y

z y
      (16) 

verifying (13). 
Weak  Strong for S-shaped v: Suppose (13) holds but (14) does not. 

Then there must be a pair of values, z0 < 0 < y0 with v(y0) > v(z0). For S-shaped 
utility, v is concave for positive arguments, and v(0) = 0; therefore,

0 0 0( ) ( ).y v y v y   For negative arguments using L’Hospital’s rule  

 0

( ) ( )
lim lim ( ) .

1z z

v z v z
v z

z 


    (17) 

The inequality follows from the convexity of v for negative arguments assuring 
that v is non-decreasing. Therefore, there must be some z1 < z0 such that

                                                 
6 Bowman, Minehart, and Rabin (1999) actually assumed a stronger version with  

( ) 2 ( ) 0 .v z v y z y      
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1 1 0( ) ( ) .v z z v z  Combining, we have 

 01
0 0

1 0

( )( )
( ) ( ) .

v yv z
v z v y

yz
      (18) 

This contradicts the assumed Neilson loss aversion. 
Weak  KT: If (13) holds, then for x > 0, ( ) ( ) ( )v x x v x x   so

( ) ( )v x v x   which is (11). Obviously strong loss aversion which implies weak 
loss aversion also implies TK loss aversion.  

KT  Weak: For TK utility with  = , (11) is satisfied, and
1( ) .v y y y  This expression is unbounded for small y unless  = 1, so it 

clearly exceeds ( )v z z for some negative z values. So Neilson loss aversion does 
not hold. And if weak loss aversion does not hold strong  loss aversion cannot 
either ■ 

As just shown, the TK utility function does not display weak loss aversion 
except when  =  = 1. The Köbberling and Wakker utility in (10) is weakly loss 
averse if  ≥  (and  ≥ 1). If v is not S-shaped, then it can satisfy weak loss 
aversion (13) without satisfying strong loss aversion (14). A simple example is 

 

2 0
0 1

( )
3 2 1 2

2 2 .

x x
x x

v x
x x
x x


      

 

  (19) 

This function is piecewise linear and continuous but not S-shaped.  For positive x, 
it is first convex then concave. It displays weak but not strong loss aversion 
because marginal utility is 2 for negative outcomes but is 3 at positive outcomes 
between 1 and 2. 

Theorem 14.4: Weak Aversion and Fair Gambles. In the absence of proba-
bility weighting, weak loss aversion is both necessary and sufficient for the rejection 
of all fair gambles in favor of the status quo.   

Proof:  Sufficiency. From (13) there exists a positive number c such that for all 
z < 0 < y  

 
0 ( ) 0( ) ( )

( ) 0 0 .

v y cy yv y v z
c

v z cz zy z

   
       

  (20) 

Therefore, for any gamble [ ( )] [ ],v x cx   and so any gamble with an expected 
payoff of 0 has non-positive expected utility. If the loss aversion is strict, then the 
expected utility must be negative if x͂ has any variation. 

Necessity. Assume (13) is not necessary. That is assume that the status quo is 
preferred for all fair gambles, but there are two values, z0 < 0 < y0 with  
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 0 0

0 0

( ) ( )
.

v z v y
z y

   (21) 

Consider the gamble that pays z0 with probability 0 0 0( )y y z   and y0 with 
probability 1  . It is a fair gamble, but its expected utility is  

 0 0 0 0
0 0

0 0 0 0

( ) ( )
[ ( )] ( ) (1 ) ( ) .

y z v z v y
v x v z v y

y z z y

 
         

    (22) 

The term in brackets and z0 are negative by assumption while the other factors are 
positive so the expected utility is positive. This contradicts the assumption that the 
status quo was preferred.  ■ 

The verbal descriptions of loss aversion are given in terms of expressed 
preferences — the rejection of gambles. However, the inequality property in (11), 
(13), and (14) depend only on the utility function ignoring probability weighting. 
So the verbal descriptions of loss aversion must be interpreted as applying when 
probability weighting is not used or when “fairness” is defined in terms of the 
probability weights rather than the actual probabilities.  

When probability weighting is employed, the results above do not neces-
sarily hold. Under probability weighting, a fair binomial x bet is accepted if 
(0.5)v(x) + [1  (0.5)]v(x) > 0. So KT loss aversion does not guarantee the 
rejection of all 50-50 fair bets. KT loss aversion together with (0.5)  0.5 are 
sufficient conditions for the rejection of all fair x gambles. . When (0.5) < 0.5, 
additional assumptions are needed. For example, consider any utility function 
with v(x) = v(x), x > 0. Such utilities are KT loss averse, but they reject fair 
50-50 gambles only if (0.5)  1/(1+). 

Similarly, weak loss aversion is not sufficient by itself for rejection of all 
fair bets under probability weighting. Consider a gamble that pays a > 0 with 
probability k/(1+k) and ka with probability 1/(1+k). This gamble is fair, but it is 
rejected only if  

 

1 1

1

(1 ) ( ) 1 (1 ) ( ) 0

( )
(1 ) .

( ) ( )

( ) [ ( )]

( )

k v ka k v a

v a
k

v a v ka

 



       

   
 

  (23) 

The restriction in (13) can be restated as v(ka)  kv(a) for a, k > 0. When this 
restriction is just binding, v(ka) = kv(a), rejection requires that 

 1 1(1 ) (1 ) .( )k k       (24) 

As k is an arbitrary positive number, (24) can only be satisfied if (P)  P, P; 
that is, when the probability weighting function is pessimistic. 
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The Complete Market CPT Portfolio Problem 

The portfolio problem for CPT is quite similar to that for RDU. Portfolio 
returns are provisionally ordered as in (2) so the probability weights can be 
determined. The reference point, denoted as ˆ ,w separates the concave and convex 
portions of the utility function and marks its kink, if any. When the portfolio has a 
value of ŵ in state s, then xs = 0.In most portfolio models, the reference point is 
current wealth, current wealth increased at the risk-free rate, or some function of 
future wealth like its expectation.  

The Lagrangian for this problem is  

 
1

0 1
1 1 1

ˆ( ) ( ) ( ) .
S S S

s s s s s s s
s s s

v x w q w x x x



  

          
     (25) 

To simplify the notation, define 0 0ˆ ˆ /(1 ),s fB w w q w w r      then the budget 
constraint can be expressed as .s sq x B    
 The first-order conditions are as given in the previous chapter with one 
modification. If the utility function does have a kink at x = 0, then in addition we 
require that for any state in which xs = 0,  

 
0 00 0

( ) lim ( ) ( ) lim ( ) .
s s

s
s sx xx x

s

q
v x v x v x v x 

  

      


 (26) 

That is, there is not a unique value of the -SDF for which the optimal portfolio 
outcome is xs = 0. Rather there is a range of -SDF values for which the optimal 
portfolio has neither a gain nor loss.  

Before solving the portfolio optimization problem, we must deal with one 
other feature of S-shaped utility; the objective function is not concave. This does not 
mean the problem does not have a solution; however, when the optimal portfolio seeks 
unbounded positions, there is no equilibrium, and the standard pricing relations will 
not hold. Although loss aversion assures that all fair bets are rejected, it is 
insufficient to guarantee bounded optimal portfolios when some opportunities 
have positive excess expected rates of return. 

As an example, consider an investor with the loss-averse S-shaped utility 
function 

  
0

( ) 3 2 0
2 2 2

x x
v x x x

x x

   
   

  (27) 

with a reference point at current wealth. The economy has two states with equal 
probability weights and state prices of qa = ¼, qb = ¾. The investor purchases ns 
Arrow Debreu securities for state s giving xs = ns  w0. The two portfolio demands are 
related by the budget constraint, 4 1

03 4( ).b an w n   For any portfolio with 6ax  , the 
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outcome in state b is on the shallower portion of the utility for losses; xb < 2. The 
expected utility of all such portfolios is 

 0 0 0 0
1 1 1 1 4 1
2 2 2 4 3 6(2 2) ( ) ( ) 2 ( ) 2 .a b a a ax x n w w n w n w              (28) 

This is strictly increasing in na so the optimal portfolio is unbounded. 
There are a number of ways to eliminate this problem. Long before CPT was 

developed, Friedman and Savage proposed that utility functions had a convex portion, 
but it was in the midrange of outcomes and surrounded by two concave portions.  For 
a utility function like that, unbounded gambles will not be optimal. If a strictly con-
cave portion is added to the lowest part of the CPT utility function, the optimal 
portfolio will not be unbounded. 

Another fix is to assume that actions are constrained. For example, long and 
short position limits obviously prevent a portfolio from having unbounded holdings. 
Similarly, a constraint on a maximum allowable loss, such as not allowing portfolios 
that can result in negative wealth, would bound portfolio positions. A maximum 
allowable loss can be considered a special case of Friedman Savage utility where 
v(w) =  for w < w0.  

A third alternative is to restrict the utility function. A sufficient condition to 
ensure a bounded maximum for a portfolio is Extreme-Risk Avoidance. 

Definition: Extreme-Risk Avoidance (XRA). An increasing utility function 
with v(0) = 0 displays extreme-risk avoidance if 7  

 
( )

lim sup 0 0, .
( )x

v x
k

v kx
   

 
  (29) 

Note that XRA is the avoidance of extreme risks rather than the avoidance of all 
risks in the extreme. 

As v(x) is strictly increasing, v(x) must be positive as x  . So a utility 
function can display XRA only if v(x)   as x  . The Köbberling and 
Wakker utility function in (10) does not display XRA for any parameters because 
lim ( ) / .x v x    The TK utility function displays XRA if and only if  <  
because ( )/ ( ) ~ / .v x v kx k x       

Because portfolios have linear tradeoffs among their outcomes across 
states, extreme portfolios can have very large gains in some states only if they 
have proportionally large losses in other states. As shown in the next theorem, 
XRA ensures that the disutility of the large losses more than offsets the utility of 
the gains in any extreme portfolio. 

Theorem 14.5: Bounded Optimal Portfolios with Extreme Risk 

                                                 
7 Because v is an increasing function, lim ( )x v x and lim ( )x v x both exist in the extended reals, 
[∞, ∞]. However, the limit of the ratio need not exist. The supremum limit always exists.   
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Avoidance. If an investor has extreme risk avoidance, then the optimal portfolio 
has bounded positions in every asset.  

Proof: The budget constraint puts an upper bound on the worst return in 
terms of the best return. Order the returns with 1 2 .Sx x x   Then from the 
budget constraint 1

S
s s sB q x   1

1 1
S
s s S Sx q q x
  so 1x  ( )S SB q x   where

1 1
1 .S

s sq 
    Because utility is increasing, and the portfolio outcomes are weakly 

ordered, the decision-weighted utility of this portfolio is   

 

 

1 1
1 2

1
2

[ ( )] ( ) ( ) ( )

( ) ( ) .

S S

s s S s
s s

S

S S S s
s

v x v x v x v x
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When the highest outcome, xS, is increased, the second term increases and 
the first term becomes more negative. , B, and the weights, s, are fixed, so if 
the utility function has XRA, ( ) ( ),S S Sv B q x v x   and the right-hand side of 
(30) will be unboundedly negative, and the portfolio cannot be optimal.   

  Theorem 14.5 shows that XRA limits optimal portfolios to hold only bounded 
positions.  This means that aggregated optimal positions will also be bounded so that 
an equilibrium is possible. The properties of the equilibrium and whether or not a 
representative investor exists still need to be determined. As always the latter would 
indicate that the market portfolio is an efficient allocation and can therefore be used as 
the basis of a SDF. The next two theorems address this issue. 

Theorem 14.6: Portfolio Ordering. For any two states that are equally 
probable, the optimal portfolio of an investor with increasing utility who uses 
decision weights has at least as high a return in the state with the smaller state 
price.  

Proof: Consider two states, a and b, with equal probabilities a = b. With 
no loss of generality take qa > qb. Now assume that the proposition is false and

.a bx h x    The otherwise identical portfolio with ax   and bx h is afford-
able because qa > qb. Swapping these two returns changes the order of the 
outcomes across states; however, as the two states have the same probabilities and 
the weighting function depends only on the cumulative probabilities, only the 
decision weights for those two states will be affected and they will simply be 
swapped. Therefore, the decision-weighted expected utility for the altered port-
folio will be equal to that for the originally assumed optimal portfolio. The cost of 
the altered portfolio is ( )( )a bq q h   less than the cost of the original portfolio. 
This extra can be invested in the risk-free asset increasing the return realized in 
every state.  
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Since this will not alter the ordering of the outcomes, the decision weights 
remain the same and this final portfolio will have a higher decision-weighted 
expected utility than the originally assumed optimal portfolio. Therefore, the 
original portfolio cannot have been optimal, and we must have .a bx x     

This theorem requires only that utility be increasing and not necessarily 
concave; therefore, it applies both to RDU with concave utility and CPT with S-
shaped utility. This theorem reduces the work needed to determine an optimal 
portfolio because some orderings need not be considered. But more importantly, it 
is the basis for a much more useful theorem. 

Theorem 14.7: Weak Monotonicity of Optimal Decision-Weighted 
Portfolios. Assume a complete market with equally likely states. The returns on 
the optimal portfolio of any investor with increasing utility is decreasing in the 
objective-probability SDF or price-probability ratio, ms = qs/s. The returns are 
strictly decreasing over ranges where qs/s is strictly decreasing and constant over 
ranges where qs/s is increasing or constant.  

Proof: Weak monotonicity of the returns in q/ follows directly from 
Theorem 14.6 because all states are equally probable. We need only ascertain 
when the ordering is strict.  

Consider a range where qs/s is increasing or constant and, contrary to the 
proposition, that 1.s sx x    From the first order conditions in (26), the multiplier 
s must be zero when the portfolio returns differ so  

 
   

   

1 1
1

1 1
1 1 1 1
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x v q v q

x v q u q

 


 
   





        

        
 (31) 

The inequalities follow because the two multipliers, s1 and s+1, are nonnegative 
and v′1 is a decreasing function. But the monotonicity of v′1 also implies that  

    1 1
1 1s s s s s sx v q v q x 
 
          (32) 

which is a contradiction so 1s sx x   when qs/s ≤ qs+1/s+1. 
Now consider a range where qs/s is strictly decreasing and, contrary to 

the proposition, that 1 .s sx x x    Suppose the portfolio is altered to receive  
less in state s and qs/qs+1 more in state s + 1. This altered portfolio has the same 
cost as the original so it is affordable. The change in utility is  

 
1 1

1 1

[ ( )] [ ( ) ( )] [ ( ) ( )]

( ) / 0

/

/
s s s s

s s s s s

v x v x v x v x q q v x

v x q q q

  

 

          

       


 (33) 

which is positive. The ratio s/qs is the reciprocal of qs/s so it is strictly 
increasing. Again this is a contradiction so we must have 1s sx x    when q/ is 
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decreasing.   

The monotonicity of RDU and CPT portfolios in the objective SDF need 
not obtain when states have different probabilities. However, this result can be 
extended to such markets provided investors can create financial contracts that are 
fair-value sub-state bets. When such financial contracts can be created, any state 
with probability, , and state price, q, can be partitioned into two or more sub-
states with proportional probabilities and sub-state prices; i.e., q′/′ = q/ for all 
sub-states of the original state. The theorem can be applied to these equally prob-
able sub-states and then extended back to the original states by aggregation.8  

Another case of no little interest is a state space with a continuous 
probability distribution containing no atoms. For such a distribution, the state 
index is somewhat arbitrary and can always be rescaled so that the density 
function is constant.9 Therefore, for complete market models with a continuous 
state space, the optimal portfolio for any risk-averse RDU investor must have 
returns that are weakly decreasing in the objective price-probability ratio q/ with 
constant or strictly decreasing returns depending on whether q/ is decreasing or 
weakly increasing.  

Figure 14.1 illustrates the three ratios for a Tversky-Kahneman weighting 
function. The objective-probability SDF, q/, is falling (by construction). The 
ratio of the probability weight to the natural probability, /, is U-shaped because 
the decision weights are larger than the actual probabilities for the outcomes in 
both tails. The decision-weight SDF, q/, is the quotient of the two and has an 
inverted U shape. It must be decreasing in the range where / is rising, but is 
increasing when / is sufficiently steeply declining. The typical case is illus-
trated with q/ increasing for the smallest values of the market’s return. In such 
an economy the optimal portfolio of a risk-averse RDU maximizer has the same 
return in all of the poorest outcome states. In the better states, returns are 
increasing with the state just as for an EUT maximizer.  

  
                                                 
8 In some cases, no exact equally-probable subdivision of states is possible with a finite number of 
sub-states, for example, when any state has an irrational probability. Let  denote that state’s 
irrational probability. The equally-probable state partitioning must divide that state into some 
integer number m of sub-states each with probability /m and at the same time create in total N 
sub-states each with probability 1/N. But /m cannot be equal to 1/N if  is irrational. Of course, it 
will always be possible to construct states that are equally likely to any desired accuracy. Provided 
utility is twice continuously differentiable, the results of Theorem 14.7 with then be true for some 
sufficiently fine division of the states.  
9 Let  be any index of the state space, e.g., the return on the market, and let P() be its cumulative 
probability distribution. Then define the new state index s  P(). This index runs from 0 to 1 and 
its density is clearly constant (s) = 1. The index itself is irrelevant as the portfolio properties only 
depend on / and q/, which are invariant to the choice of the index.  
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requirement for there to be a representative investor who holds the market 
portfolio is that all states are equally likely. The other assumptions in the theorem, 
like homogeneous beliefs and the absence of market frictions, are standard. This 
is significant because it assures the existence of a risk-averse representative agent 
who uses the objective probabilities. This means that price data alone cannot 
logically reject a risk-averse objective-probability, i.e. classical, equilibrium in 
favor of a CPT or RDU equilibrium arising from S-utility and/or probability-
weighting. However, this statement has several caveats. First, the proposition does 
not prove that there is a unique representative agent so there may also exist one 
(or more) S-utility representative agents who do use probability weighting, and 
this latter representation might be viewed as statistically more likely. Second, 
other information such as asset holdings, trades, volume, etc. might be 
inconsistent with a classical equilibrium. Third, this is a single-period result so 
there might be evidence in price dynamics that are inconsistent with a classical 
equilibrium. Finally, all of the analysis assumes homogeneous objective beliefs.  

Theorem 14.8 remains valid even in an incomplete market provided inves-
tors are able to create financial contracts. The same reasoning used in Chapter 5 
can be used to show all that is required is effectively complete markets — one in 
which all investor have the same shadow state prices for all states. Investors have 
incentives to introduce financial contracts until this is achieved. If market 
completion with financial assets is not allowed, then the inverse ordering between 
optimal portfolios and the ratio, q/, need not hold. Of course, that property need 
not hold amongst EUT investors using the true probabilities either.  

One important property of a complete market under EUT does not carry 
over for CPT investors. Namely, a complete market equilibrium does not 
necessarily result in a Pareto-optimal risk sharing. This is true even if investors 
have identical beliefs and utility functions. For example, consider the following 
two-state economy. The state prices and probabilities are q = (0.8, 0.2) and  = 
(0.75, 0.25). Consider investors with TK-utility parameters  = 0.4,  =0.6,  = 
2, and a reference level equal to their initial wealth of 1 who do not use 
probability weighting. Optimal time-1 consumption is (65/64, 

15/16) with 
gains/losses relative to the reference level of (1/64, 1/16). This satisfies the first 
order conditions 

 
0.4 1 0.6 1

1 1 2 2

1 2

1 1
64 160.75 0.25 2( ) ( )

4.547 .
0.8 0.2

( ) ( )v x v x
q q

       
      (34) 

It also satisfies the second order condition, which is important to check, with a 
non-convex problem like this. This choice achieves a utility of  

 0.4 0.6
1 1 2 2

1 1
64 16( ) ( ) 0.75 0.25 2 0.047 .( ) ( )v x v x          (35) 
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Two identical investors can increase their utility by making a side bet flipping a 
fair coin when the second state occurs. This can increase utility because 
consumption is a loss relative to the reference level and in the risk seeking portion 
of their utility. If they bet b on the outcome, their consumption in state 2 is 15/16  
b with a gain and loss of 1/16  b. A bet of 0.1127 yields consumption of either 
1.0501 or 0.8248. The gain and loss are 0.0502 and 0.1752. The probability of 
either of these outcomes is 0.125, half the probability of state 2. The sub-state 
prices are 0.1, half the state price of state 2. With the bet, their expected utility is  

 
1 1 2 2 2 2

0.4 0.4 0.41
64

( ) ( ) ( )

0.75 0.125 (0.050) 0.125 0.920 .( )
a a b bv x v x v x    

         
  (36) 

There is an interior optimum to this problem because the utility function used has 
extreme risk avoidance as defined earlier, 0.21

2( ) ( ) 0v x v x x     as x  .10  
This process of introducing side bets when utility has convex regions 

serves to convexify the utility function. This is also illustrated in the figure. The 
utility function is shown in black. With no bet, consumption in both states 2a and 
2b is 15/16 with a “loss” of 1/16 relative to the reference point of 1. This gives a 
contribution to utility of 0.38. The blue line illustrates a bet of 0.07 resulting in 
consumption of 13.25 or 0.0075. These are the x coordinates at the ends of the 
line. The average utility contribution is 0.23, the y coordinate at the midpoint of 
the line. The optimal bet of 0.1127 is illustrated by the red line. The two utility 
realizations are 0.703 and 0.302 with an average of 0.201. Increasing the bet 

                                                 
10 The added gamble of the coin flip is completely independent of the economy and should not 
change prices if the two CPT investors are small relative to the market. So the two sub-state prices 
must sum to 0.2, and by symmetry they should be equal. 

Figure 14.2 Utility 
Improvement by Convexifying 

This figure shows that a com-
plete market need not create a 
Pareto optimal allocation for 
CPT investors. Their utility can 
be improved by introducing 
financial assets that allow them 
to make side bets in states 
where two or more of them 
have losses. 
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further to 0.225 decreases the average contribution to utility as shown by the 
green line. 

But the derivative asset creation doesn't need to end there. The substate 
with the loss of 0.703 can also be divided.  A bet of 0.268 gives a gain and loss 
of 0.024 and 0.077 for an average contribution of utility of 0.053 in place of the 
already improved 0.201.  This process could, of course, continue.  
 
CPT and the CAPM 

As explored in Chapter 6, mean-variance analysis and the CAPM are valid 
when utility is quadratic or when asset returns are drawn from the class of 
elliptical distributions, including the normal. A quadratic function is possible in 
RDU, but obviously cannot have the desired S-shape for CPT. However, most of 
the mean-variance results of elliptical distributions, including the CAPM, 
continue to be valid with probability weighting with or without S-shaped utility. 
This can be summarized as follows. 

Theorem 14.9: Objective CAPM under RDU (including CPT). Assume 
(i) the returns on all assets are elliptically distributed, (ii) there are no transactions 
costs or differential taxes, (iii) borrowing and lending (or if there is no risk-free 
asset, shorts sales) are unrestricted, and shares are infinitely divisible, (iv) all 
investors have strictly increasing utility, homogeneous objective beliefs, and a 
common single-period horizon, and (v) they evaluate outcomes using a strictly 
increasing and once differentiable probability-weighting function. Then, provided 
an equilibrium exists, two-fund separation obtains with the CAPM relation 
between the objective means and covariances.  

Proof: As shown in Chapter 6, elliptical variables are completely 
characterized by their objective mean and variance.  The return on any portfolio 
can be expressed as a translated and scaled variable r    w w w  where is a 
standardized elliptical variable with zero mean and unit variance.  

Define the derived mean-variance evaluation function for a particular 
weighting function, , as  

 ( , ) ( , ) ( ) ( )[ ( )] ( ) ( )V r R d Fu u


  
        w   (37) 

where ( ) ,R      and F is the cumulative distribution for .11  R() is strictly 
increasing in , u is strictly increasing, and d(F()) is nonnegative; therefore, 
V must be strictly increasing in . Therefore, regardless of individual weighting 
functions, all portfolios are characterized by their objective means and variances, 
and each investor’s optimal portfolio is on the objective mean-variance efficient 

                                                 
11 The utility function used here defined on rates of return is 0 ˆ( ) (1 )( ),u r v w r w  w w where v is 
the CPT utility function defined on payoffs with a reference level of ŵ for the zero-utility level.   
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frontier. As individual demands all lie on the mean-variance efficient frontier, the 
aggregate demand must as well so in equilibrium the market portfolio is mean-
variance efficient based on its objective (i.e., unweighted) distribution.  The 
CAPM follows immediately.   

The only differences between this theorem and the standard case are 
probability weighting as given in assumption (v) and the possible absence of risk 
aversion. Probability weighting does not affect the result at all. Mean-variance 
analysis and the CAPM remain correct for any valid weighting function.  We do 
need to assume that demands are finite so that an equilibrium exists, but this will 
be true under extreme-risk aversion as shown previously.12  

Of course, the CAPM of this theorem need not be the same as the one that 
would prevail if all investors used objective probabilities and were risk averse. In 
particular, typical probability weighting functions increase the market price of 
risk as they emphasize the extreme outcomes making investors more reluctant to 
take on the risk of the market if they are risk averse or Neilson loss averse. 
Furthermore, the makeup of the market portfolio itself will typically change as a 
different market price of risk will alter the point of tangency of the borrowing-
lending line.  

Barberis and Huang (2008) proved a similar theorem for the special case 
with a multivariate normal distribution and investors with identical TK utility 
(with  = ), identical TK weighting functions, and a zero-utility reference return 
equal to the risk-free rate. On the other hand, De Giorgi, Hens, and Levy (2004) 
show that an equilibrium does not exist if investors have heterogeneous TK utility 
functions each with k = k.

13 There is no equilibrium precisely because such 
investors lack extreme-risk avoidance and desire unbounded positions in the 
tangency portfolio. An equilibrium does exist with no probability weighting and 
the S-shaped piecewise exponential utility function given in (10). Together, these 
assumptions are operationally equivalent to extreme-risk avoidance and ensure 
that high leverage is not desirable.  

                                                 
12 In fact, this is also true in the standard CAPM.  The assumption of risk aversion there merely 
proves that investors prefer to hold the minimum-variance portfolio among all portfolios with the 
same expected payoff. This does not guarantee that their optimal portfolio has a finite mean and 
variance. If an investor’s mean-standard-deviation indifference curves asymptote to a line with a 
slope less than the Sharpe ratio, they will have infinite demand even in the standard CAPM.  
13 Some heterogeneity is typically required for the absence of any equilibrium. If all investors are 
identical, then there usually is a trivial equilibrium where each investor holds exactly the market 
portfolio because that is the only symmetric feasible strategy. This is the fundamental distinction 
between the Barberis and Huang (2008) and the De Giorgi, Hens, and Levy (2004) models. This 
symmetry is also the basis for all representative agent models. 
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Loss Aversion and the Endowment Effect 

Four definitions of loss aversion that have appeared in the literature were 
discussed earlier. KT loss aversion and weak and strong Neilson loss aversion all 
concern the rejection of fair gambles so they are related to standard risk aversion. 
Köbberling and Wakker’s measure of risk aversion depends only on the kink in 
utility at the reference level and is similar to first-order risk aversion. But loss 
aversion goes beyond these ideas. 

Loss aversion or a very similar effect is even evident in risk-free contexts. 
Thaler (1980) termed the effect in the absence of risk the endowment effect. It is 
also known as divestiture aversion. It has been tested by many researchers. The 
basic test involves giving half the subjects some small gift and determining the 
price they at which they are willing to sell it back, the acceptance price, or in 
finance terms, the asking price. The other half receives no gift, and the price at 
which they are willing to purchase it is determined. This is the willingness to pay 
or the bid price. The first group’s average asking price is always larger than the 
second group’s average bid price.  

The classic experiment is due to Kahneman and Knetsch (1990). One 
group was given coffee mugs that sold for $6 in the Cornell bookstore. For this 
group, the median asking price demanded was $5.25 in each of four trials.14  A 
similar group who were not given mugs had a median bid price of $2.25 (3 times) 
or 2.75 (once). The two groups then switched roles with $3.98 pen sets. The 
median bid and ask prices were $0.75 and 1.75-2.50. The ratio of median ask to 
median bid was greater than 2 in all eight trials. In other experiments cited in their 
paper, the ratio of ask means to bid means varied from 1.4 to 16.5. 

The lowest asking price for the mugs was $2.25. The highest bid price was 
$4.75. The supply and demand curves were upward and downward sloping, 
respectively, in each trial. The market clearing price ranged from $4.25 to $4.75 
in the four trials. In the latter case only one mug was traded; in one case with the 
lower market price, four mugs traded. In the pen experiment, the market clearing 
price was $1.25 in each trial and either four or five pens traded.      

The Coase theorem says that, ignoring wealth effects,15 initial property 
rights are irrelevant to the final equilibrium allocation. Assuming the reservation 

                                                 
14 The bid and ask prices were determined by assessing the willingness to purchase or sell in 25¢ 
increments.  
15 Wealth effects should be negligible in these experiments. However, Hanemann (1991) has 
shown theoretically that, even without loss aversion or the endowment effect, the ask to bid ratio 
can exceed one by any amount if there is no close substitute for the good in question. As the goods 
in this experiment were readily available at the bookstore, this explanation would apply only if the 
participants were not considering outside alternatives but were narrow framing their experience 
within the experiment. 
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values have similar distributions among those who had and didn’t have the prizes, 
the Coase theorem predicts that half the objects should be traded. In the two 
experiments, only 20% of the mugs and 41% of the pens actually traded. So the 
endowment effect seems to prevent what is generally considered the Pareto 
benefits of trade under standard conditions. 

In a related experiment by Knetsch (1989), three groups were a) offered 
either a coffee mug or a chocolate bar, b) given a mug and later offered the 
opportunity to trade it for a chocolate bar, and c) given a chocolate bar and later 
offered the opportunity to trade it for a mug.  In group a, 56% preferred the mug; 
in group b, 89% preferred the mug; and in group c, only 10% preferred the mug. 
This experiment indicates that the endowment effect is present even in the 
absence of money. Whether the endowment effect is the same as loss aversion or 
something different is a matter of debate.  

In one experiment, Gächter, Johnson and Herrmann (2010) determined 
individual ask-bid ratios in trials like that just described. For 5% of the individuals 
the ratio was less than 1; it was equal to 1 for 7%. So 12% of the participants 
showed no or a negative endowment effect.  The ratio was greater than 1 for 88%. 
It exceeded 1.2 for 81% of the sample and exceeded 1.5 for 67%. The median 
value was 2. This test provides individual estimates of  completely devoid of risk 
and therefore of risk aversion provided utility is not too far from risk-neutral.16 

The same participants’ loss aversion was also tested on risky propositions. 
Each was offered six 50-50 lotteries. In each lottery, €6 was won for heads. The 

                                                 
16 If KT utility is assumed with their suggested values of  =  = 0.88, then the mean and median 
estimates of  are somewhat lower, but the endowment effect is clearly still present. 

Table 14.1 Upper Bound Estimates for Loss Aversion Parameter  

Parameters 
+(½)/

(½) =  1 1 0.86 0.86 
 = 1 0.95 1 0.95 
 = 1 0.92 1 0.92 

largest loss 
accepted 

% of 
participants 

maximum possible implied  

none   1.84% ∞ ∞ ∞ ∞ 
€2   9.51% 3.000 2.899 2.580 2.493 
€3 15.95% 2.000 1.997 1.720 1.717 
€4 25.77% 1.500 1.532 1.290 1.318 
€5 17.79% 1.200 1.248 1.032 1.073 
€6 12.58% 1.000 1.055 0.860 0.907 
€7 16.56% 0.857 0.916 0.737 0.788 
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losses for tails ranged from €2 to €7 in steps of €1. A participant with probability 
weighting and KT utility would accept the gamble with a loss of L if  

 ( ) ( ) 6 0 or ( )6 ( ) .L L               ½ ½ ½ ½   (38) 

The choices of each participant were recorded and their loss aversion parameter 
was estimated (38) based on the largest loss they would accept.17 Two utility 
functions with  =  = 1 or  = 0.95,  = 0.92 were used. Two probability 
weighting structures with ( ) ( ) 1 or 0.86/    ½ ½ were also used. The table 
below shows the estimated upper bound on the loss aversion parameter for the 
four cases.18   

The median value for  is shown in the €4 row. This is less than the 
median value of 2 in the risk-free test. This result has been found in other 
experiments as well; the endowment effect appears to be stronger for things than 
for money.  Nevertheless, risk-free and risky loss aversions are definitely related.  
The correlation across individuals of the two  measures was 0.635. 

There are also other aspects of loss aversion that cannot be assessed by 
examining simple trade-offs. Loss aversion is particularly problematic in 
situations where multiple choices and timing are important. Tversky and 
Kahneman (1981) presented the two choices  

25% chance for $1000
i) Choose between :$240 or :

75% chance for $0

25% chance for $0
ii) Choose between : $750 or :

75% chance for $1000

A B

C D





  

 

to 150 students at Stanford University and the University of British Columbia. 
The safe choice A was selected over the risky choice B with the higher expected 
value by 126 students (84%). When only losses were possible, the risky choice D 
was selected over C by 130 students (87%) even though both had the same 
expected loss. The modal choice, A & D, was made by 110 students (73%). Only 
4 (3%) chose B & C.  

When 86 students were offered the single choice between 

25% chance for   $240 25% chance for   $250
: or :

75% chance for $760 75% chance for $750
A B     

 

                                                 
17 A small fraction of the participants rejected some lottery and accepted a lottery with a larger 
loss. These participants’ choices were not used.  
18 This table is basically a reproduction of Table 1 in Gächter, Johnson and Herrmann (2010). Four 
decimal places are shown so all the changes can be seen. In the original table, the results in the last 
two columns were accidentally swapped. They determine +(½) and (½) separately; however, a 
ratio of 0.86 is consistent with a single weighting function satisfying (½) = 0.5376. 
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all chose the first-order stochastically dominating B. Nevertheless, a quick 
examination will show that B is just B and C together while A is a combination 
of A and D, which were preferred individually to B and C, respectively.  

Though Kahneman and Tversky performed no test to determine why these 
incompatible choices were made, the simple structure shows it cannot be proba-
bility weighting. In each of the four risky gambles there was a 75% chance for a 
loss and a 25% chance for a gain.19 Nor is there any need for the loss-aversion 
kink in utility. The TK utility function with their suggested utility parameters  = 
 = 0.88 makes the indicated choices even with  = 1. It seems clear that when 
presented the first choices, the students were evaluating the choice between A and 
B and between C and D separately. When the gambles were merged into A and 
B, evaluations had to be done jointly. There is a distinction between evaluating 
separate risks and joined risks.  

These choices are problematic because they indicate that a small fee 
would be paid to be able to trade B for A and another small feel would be paid to 
trade C for D, but then a fee wold be again paid for trading the joint A & D for B 
leaving the decision maker back at the start except for the fees paid. This se-
quence of trades that leaves the participant strictly worse off is called a Dutch 
book, and should not be possible in a rational market. This is the reason loss 
aversion is often called myopic loss aversion. It is applied trade by trade without 
consideration of future trades.20 

 
Loss Aversion and the Reference Level 

The basic intuition behind loss aversion is that people have a stronger 
preference for avoiding losses than they do for realizing gains. Of course, the very 
notion of losses and gains requires that there is a reference level from which to 
measure. The mental process by which agents set the reference level is called 
framing.  It can depend on how the problem is stated or framed. For example, 
people seem to assess the two statements: “This costs $50, but you can have a 
discount of $5 if you pay cash.” and “This costs $45, but there is a $5 surcharge 
for paying with a credit card.” differently. 21  

                                                 
19 This is true when a single weighting function is used. It is essentially true if separate weighting 
functions are applied to gains and losses. If the 0 outcomes in B and D are changed to 1¢ and 
+1¢, to make them a loss and gain, respectively, it is exactly true. A small change like that should 
not alter the choices. 
20 On Wall Street, the phrase myopic risk aversion is usually applied to investors who check their 
performance too often. Although the overall trend in the stock and other markets is for prices to 
rise, they do fluctuate and if many small price changes are observed, the losses hurt more than the 
offsetting gains. This causes the myopically loss averse to hold a smaller position in risky assets. 
21 There is evidence that at least some animals, in particular capuchin monkeys, also display loss 
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To make this explicit in a Finance context, let X denote the final outcome 
in consumption or wealth, R denotes the reference level with x a profit or loss 
relative to the reference level. That is, X = R + x. The value function is v(x, R). 
Conventionally, the value function is normalized so that v(0, R) = 0.22 This value 
function is increasing in x and decreasing in the reference level R. Though v is not 
concave in x, the function V(c, R)  v(c  R, R) generally should be concave so 
there will be an interior optimum. 

How is a reference level set? For a simple bet like those here, the status 
quo seems the obvious reference level. Other researchers have suggested that the 
expected outcome might serve as the reference level. In investment decisions, the 
reference level might be determined by the performance alternative assets. For 
example, when investing W in a portfolio, the reference level might be W(1 + rf), 
the risk-free alternative. The reference level could also be the return that would 
have been earned on an alternative investment, W(1 + r)̃, so the reference level is 
not only endogenous but random as well. This might be used to evaluate a mutual 
fund’s performance relative to a stock market index.  

What really differentiates loss aversion from risk aversion is that the same 
ending point is evaluated differently when the reference level changes. If the only 
evaluation is from the value function, then the same consumption is evaluated 
differently depending on the reference level. The lower the reference level, the 
higher the evaluation. If the reference level is fixed exogenously, as has been true 
this far in our development, this is not an issue. Utility may not be concave, but it 
is certainly increasing. However, in many models the reference level is endogen-
ous. That can lead to strange predictions because the level of consumption doesn’t 
matter, only its change with respect to the reference level. If the reference level 
rises with consumption, the value function could assign lower values even when 
consumption improved over all. 

For example, in a two-period model the reference level for the second 
period might be first-period consumption. Then the investor would be choosing 
time-0 consumption and the optimal portfolio return r ̃to maximize something like

0 1 0( ) ( )u c v c c  where 1 0 0( )(1 ).c W c r      One complication with that utility 
function is that time-1 consumption contributes to utility only to the extent that it 
exceeds time-0 consumption. Some models amend utility to also include a direct 
contribution of time-1 consumption.  For example, Barberis, Huang, and Santos 
(2001) posit utility of the form 0 1 1 0( ) ( ) ( ).u c u c v c c     The u function is 

                                                                                                                                     
aversion as reported by Dubner and Levitt in the Freakonomics column, “Monkey Business” New 
York Times June 5, 2005. 
22 This simply sets the origin and is permissible for any cardinal utility function.  The scaling is 
still arbitrary.  
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increasing and concave; the v function is increasing and S-shaped.23 In this case 
the consumption at time 0 reduces the contribution of time-1 utility by decreasing 
the amount available to invest as well as increasing the reference point. 
  

                                                 
23 Kőszegi and Rabin (2006) use a utility function of the form ( ) ( ) ( )( )u R v u C u R  for a 
reference level of R. Here the argument of the CPT value function is the “profit” or “loss” in 
utility. Ingersoll and Jin (2013) conjecture a utility function with the multiplicative ( ) ( ).u R v C R   



I-14: Cumulative Prospect Theory  14-26 version: January 22, 2022 

References 

Abdellaoui, Mohammed. 2000. “Parameter-Free Elicitation of Utility and 
Probability Weighting Functions.” Management Science 46: 1497–1512. 

Barberis, Nicholas C. 2013. “Thirty Years of Prospect Theory in 
Economics: A Review and Assessment.” The Journal of Economic Perspectives, 
27: 173–195. 

Barberis, Nicholas, and Ming Huang. 2008. “Stocks as Lotteries: The 
implications of probability weighting for security prices.” American Economic 
Review 98: 2066– 2100.  

Barberis, Nicholas C.; Ming Huang, Tano Santos. 2001. “Prospect Theory 
and Asset Prices.” The Quarterly Journal of Economics 116: 1–53. 

Benartzi, Shlomo, and Rihcard H. Thaler. 1995. “Myopic Loss Aversion 
and the Equity Premium Puzzle.”	The Quarterly Journal of Economics 110: 73–
92. 

Bowman, Minehart, and Rabin. 1999. “Loss Aversion in a Consumption–
Savings Model.” Journal of Economic Behavior & Organization 38: 155–178. 

De Giorgi, Erico; Thorsten Hens; and Haim Levy. 2004. “Prospect Theory 
and the CAPM: A Contradiction or Coexistence?” unpublished working paper.  

Gächter, S.; E. Johnson and A. Herrmann. 2010. “ Individual-Level Loss 
Aversion in Riskless and Risky Choices. Available at: 
http://ideas.repec.org/p/iza/izapds/dp2961.html>. 

Hanemann, W. Michael. 1991. “Willingness to Pay and Willingness to 
Accept: How Much Can They Differ?” The American Economic Review 81: 635–
647. 

Ingersoll, Jonathan E. 2013. “Cumulative Prospect Theory, Aggregation, 
and Pricing.” Critical Finance Review 4: 1–55. 

Ingersoll, Jonathan E. and Lawrence J. Jin. 2012. “Realization Utility with 
Reference-Dependent Preferences.” Review of Financial Studies 26: 723–767. 

Kahneman, Daniel, and Amos Tversky. 1979. “Prospect Theory: An 
Analysis of Decision Under Risk.” Econometrica 47: 263–291. 

Kahneman, Daniel, and Jack L. Knetsch, and Richard Thaler. 1990. 
“Experimental Tests of the Endowment Effect and the Coase Theorem.” Journal 
of Political Economy 98: 1325–1348. 

Knetsch, Jack L. 1989. “The Endowment Effect and Evidence of 
Nonreversible Indifference Curves.” American Economic Review 79: 1277–1284. 



I-14: Cumulative Prospect Theory  14-27 version: January 22, 2022 

Köbberling, Veronika, and Peter P. Wakker. 2003. “Preference 
Foundations for Nonexpected Utility: A Generalized and Simplified Technique.” 
Mathematics of Operations Research 28: 395–423. 

Kőszegi, Botond, and Matthew Rabin. 2006. “A Model of Reference-
Dependent Preferences.” Quarterly Journal of Economics 121: 1133–1165. 

Neilson, William, 2002. “Comparative Risk Sensitivity with Reference-
Dependent 
Preferences.” Journal of Risk and Uncertainty 24, 131–142. 

Schmidt, Ulrich, and Horst Zank. 2002. “A Simple Model of Cumulative 
Prospect Theory.” unpublished working paper The University of Manchester.  

Thaler, Richard. 1980. “Toward a Positive Theory of Consumer Choice.” 
Journal of Economic Behavior and Organization 1: 39–60.  

Tversky, Amos, and Daniel Kahneman. 1992. “Advances in Prospect 
Theory: Cumulative Representation of Uncertainty.” Journal of Risk and 
Uncertainty 5: 297–323. 

Tversky, Amos, and Peter P. Wakker. 1995. “Risk Attitudes and Decision 
Weights.” Econometrica 63: 1255–280. 

Wakker, Peter P. 2010. Prospect Theory: For Risk and Ambiguity. 
Cambridge University Press. Cambridge UK. 

Wakker, Peter P. and Amos Tversky. 1993. “An Axiomatization of 
Cumulative Prospect Theory” Journal of Risk and Uncertainty 7: 147–175. 

Wu, George, and Richard Gonzalez. 1996. “Curvature of the Probability 
Weighting Function.” Management Science 42: 1676–1690. 

 


