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What is graphene? 
 Graphene – simplest definition: 
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Very important: 
We have two sublattices! 𝑎 



Graphene impurities 
 If we place the atoms on graphene lattice, then we 

have . 

 Example of positions of the impurities: 
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On top of 𝐶 atom 
(object of our interest) 

In the middle of 
𝐶 − 𝐶 bond 

In the middle of 
the cell 

Two sublattices! 



Main objective emerges! 
 

 Almost impossible to calculate how the impurities 
behave analytically. 

 So:
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Ising model 
 We have spins – discrete variables that can have two possible 

values: ↑ “up”, ↓ “down”. 

 Those spins are distributed on lattice or graph. 

 Each spin interacts with at least its nearest neighbours. 

 

 

 

 

 

 Why do we need it? Square-lattice Ising model is 
the simplest model to show phase transition! 

 It will be useful in simulating graphene impurities!  
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Hamiltonian (energy) is: 

𝐻 = − 𝐽𝑖𝑗𝑠𝑖𝑠𝑗
𝑖≠𝑗

 

𝐽𝑖𝑗 − interaction constant 
𝑠𝑖 , 𝑠𝑗 = ±1 − spins 

Spins 
on sites 

Bonds 



Monte Carlo methods 
 Simple definition: 

Computational algorithms that rely mainly on 
repeated random updates of the system. 

 “Markov chain” Monte Carlo: 

 

 

 

 

 The “randomness” of the updates is given by a “heart” 
of all MC methods – ! 
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State 
𝜈 

Suggest 
update 
𝜈 → 𝜈′ 

Accept or 
reject 

randomly 

𝜈𝑛𝑒𝑤 = 𝜈
′ 

if accepted 

𝜈𝑛𝑒𝑤 = 𝜈 
if rejected 

New 
state 
𝜈𝑛𝑒𝑤 

⋯ 



The balance equation 

𝑊𝜈 𝑝𝑢𝑃𝑢
𝑎𝑐𝑐 𝜈 → 𝜈′

𝜈′,𝑢

= 𝑊𝜈′𝑝𝑢𝑃𝑢
𝑎𝑐𝑐 𝜈′ → 𝜈

𝜈′,𝑢

 

𝑊𝜈 − “weight” of configuration 𝜈 

𝑝𝑢 − probability of choosing update 𝑢 

𝑃𝑢
𝑎𝑐𝑐 𝜈 → 𝜈′ − prb of accepting update 𝑢 that changes 𝜈 → 𝜈′ 

 What does it really mean? 
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State 
𝜈 

State 
𝜈 

= 

Detailed balance 
= balance updates 

in pairs 



Worm Algorithm 
 MC method that is using “bonds” representation: 
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Sites Bonds 

Closed path Open path 

Example 
(Square-lattice 
Ising model): 

On every site we have spins. 



WA on Ising model 
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𝜒𝑀𝑇𝐿
2𝛽
𝜈 −2 

𝑇/𝐽 

Very good results: 

𝜒𝑀 − magnetic 
      susceptibility 
𝑇 − temperature 
𝐿 − system size 
 
 
Using: 
𝛽 = 1/8 
𝜈 = 1 

Using critical exponents, we postulate that: 

𝜒𝑀𝑇𝐿
2𝛽
𝜈
−2 = 𝑓 𝑇𝐶 − 𝑇

𝜈𝐿 = constant for 𝑇 = 𝑇𝐶 

𝐿 = 10  
𝐿 = 50  
𝐿 = 100  
𝑇𝐶  

Result: 
𝑇𝐶 = 2.2694 ± 0.0008  𝐽 



Graphene impurities 
Some assumptions: 

1. Impurities atoms (two sublattices). 

2.   can be ↑ or ↓, just like in the Ising model. 

3. We have very big lattice. The lattice constant is much 
smaller than the distance between impurities. 
→ Neglect the lattice structure, so we have now 

. 

4. Impurities are mediated by the 
conduction electrons. 

Those interaction are predicted to change like ∼
1

𝑟3
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WA and graphene impurities 
1. Spread some number of impurities 𝑁𝑎𝑡 on the unit area. 
2. Each site has spin 𝑠𝑘 and “colour” 𝑐𝑘 (indicating the sublattice). 
3. Most important in WA – bonds! 
4. Hamiltonian: 
 
 

𝑠𝑖, 𝑠𝑗 − Ising spins, 𝑐𝑖, 𝑐𝑗 − colours of the impurities, 𝐽1, 𝐽2 − interaction 
constants. 
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On every site we have 
quantized spin: 
up or down 

Two sublattices 
of impurities! 

𝐻 = 
𝐽1 − 𝐽2𝑐𝑖𝑐𝑗

𝑟𝑖𝑗
3

𝑖,𝑗

𝑠𝑖𝑠𝑗 

Closed path 

Open path 



WA and graphene impurities 
 Sign problem in WA – if we don’t have minus sign 

(ferromagnetic ordering) in 𝐻, then we can’t use WA! 
 Sign problem disappears here in this region: 

 
 
 
 
 

 

1.  𝐽1 = 0 ← our job! 
2.  𝐽1 = 𝐽2 ← already done 
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𝐽1
𝐽2

 0 1 



Our results! 
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𝑚2 = 𝑀2 𝑁𝑎𝑡  

𝑇/𝐽2 

Phase transition! 



Results! 
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𝑚
2
𝑁
𝑎
𝑡𝛽
/𝜈

 
We postulate that in the critical region: 

𝑚2 𝑁𝑎𝑡
𝛽 𝜈 
= 𝑓 𝑇 − 𝑇𝐶 𝑁𝑎𝑡

1 2𝜈 𝐽2  × 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠 

𝑇 − 𝑇𝐶 𝑁𝑎𝑡
1 2𝜈 𝐽2  

𝛽 ≈ 0.51, 𝜈 ≈ 1.1 



Conclusions 
 We have proved that the phase transition of our model of 

graphene impurities is possible! 

 The critical temperature is 𝑇𝐶 𝐽2 = 15.37 ± 0.41. 

 We can sketch the possible dependence:  𝑇𝐶 𝐽2 = 𝑓 𝐽1 𝐽2  
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𝑇𝐶/𝐽2 

𝐽1/𝐽2 0 1 

15 
𝐽1/𝐽2 𝑇𝐶/𝐽2 

0 15.37
± 0.41 

1 13.26
± 0. 28 

10 

5 



Future improvements & outlook 
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Introduce 
the lattice 
structure 

 Honeycomb lattice! 

Critical 
exponents 

Further 
investigation  

of these exponents 
is needed. 

(Corrections!) 

Spins as 
vectors 

Dependence 
between 𝑇𝐶 
and 𝐽1, 𝐽2 

We have to put more 
points on the plot 
𝑇𝐶 𝐽2 = 𝑓 𝐽1 𝐽2 . 

Value of 
𝐽2 itself 

Spins are no longer 
just “up” and “down”. 

Values of 𝑇𝐶 and 𝐽1 
are in units of 𝐽2. 
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listening!  
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