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ABSTRACT 

Chemical analyses of ice cores, drilled deep into an ice sheet, provide a historical record of 
the earth's atmosphere that dates back as far a3 400,000-500,000 years. Although the atmosphere 
mixes quite well, it is recognized that spatial variability associated with icecore locations should 
be allowed for. In this article, spatial statistical methodology is applied to the design question of 
finding the best spacing of ice-core locations on a partial transect of Antarctica. 

RESUME 

L'analyse chimique de trongons de glace, extraits des profondeurs d'une couche de glace, 
fournissent un tkmoignage de I'atmosphkre de la terre datant d'il y a jusqu'l 400,000-500,000 
ans. Bien que I'atmosphtre se dilue assez bien, i l  est reconnu qu'une variabilitt spatiale associte l 
I'emplacement des trongons de glace doit itre prise en compte. Dans cet article. une methodologie 
spatiale statistique est appliquke l la question de trouver le meilleur espacement de trongons de 
glaces sur une section de I'Antarctique. 

1. INTRODUCTION 

The statistics research presented in this article originated with a question posed several 
years ago by Paul Mayewski, University of New Hampshire, who, at the time, was 
investigating with others the history of Greenland's atmosphere by drilling deep into its 
ice sheet and analyzing the chemical content of the ice. Mayewski was already looking 
south to Antarctica, where the potential for drilling deeper and hence for going further 
back in time was greater, and there was the opportunity to study near-coastal sites that 
are thought more sensitive to the effects of global warming. 

Like tree rings, successively deeper layers of ice could be thought of as a natural 
monitoring device, in this case providing a historical record of the composition of the 
atmosphere. Fresh snow becomes firn (compacted granular snow), which in turn becomes 
ice, and in the process gases, dust, and aerosols are trapped. The spatial and temporal 
variability of the composition of the ice is of considerable interest. Each small core of ice 
provides a snapshot of atmospheric conditions in the region; in Antarctica, it is thought 
that one can go back as far as 500,000 years before present (ybp). A period of SO0,OOO 
years represents possibly five to six complete cycles of global glaciation. 

*The writing of this ilrticlc wits suppirtcd by thc U.S. Envin)nmcnlill Pnicc~ion Agency (EPA) undcr 
Co-opcralivc Agrccmcnt CRX22919-01-0. 
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To sample ice, tubular drills lubricated with diesel oil are used that cut cylindrical ice 
cores. A typical ice core sample is about 30 ft in length, and considerable precautions 
are taken to handle, transport and store them in sterile conditions. The cores are stored 
in such places as the University of New Hampshire at Durham and the National Ice Core 
Laboratory in Denver, and chemical analyses are typically done in laboratories around 
the world, far removed from the harsh conditions under which the cores were extracted. 

The chemical makeup of the ice cores as a function of ybp constitutes a time series 
for each drilling location, and the rises and falls have various explanations (Mayewski 
et al. 1988, 1993). The ionic balance equation for the primary ionic species in polar ice 
samples can be written as 

(H+) + (Na’) + (Ca”) + (Mg++) = (SO,-) + (NO,) + (Cl-), 

with concentrations expressed as microequivalents per liter (WeqL); see Legrand and 
Mayewski (1997, p. 229). Studies of various time series of these anions and cations 
provide insight into nitrogen cycling (nitrate and ammonia time series), volcanic-source 
influences (non-sea-salt sulfate and excess-chloride time series), terrestrial-source influ- 
ences (calcium and ammonium time series), and so forth. Furthermore, high levels of 
volcanic ash reveal timings of ancient volcanic eruptions, such as that of Vesuvius that 
destroyed Pompeii in 79 A.D., and that of the island of Santorini (believed by some to 
have inspired Plato’s account of the destruction of Atlantis) in 1600 B.C. Also, the ambient 
temperature can be ascertained from the relative abundance of oxygen- 16 to oxygen- 18 
in molecules of frozen water because the two isotopes are precipitated at slightly different 
rates that are dependent on the ambient temperature. 

The International Trans-Antarctic Scientific Expedition (ITASE) is a consortium of sci- 
entists from countries including Australia, China, France, Germany, Italy, Japan, Russia, 
Sweden, United Kingdom, and the USA, one of whose objectives is to develop a high- 
resolution basis for assessing recent (c200 years) change and monitoring future change 
over the Antarctic continent in terms of climate, atmospheric chemistry, and the role of 
anthropogenic activity. The idea was to criss-cross Antarctica with transects of shallow 
and occasionally deep drilling sites, undertaken by various countries in ITASE; however, 
the required funding from partner countries has often been less than expected and slow in 
coming. As a consequence, the ice-coring activity in Antarctica has involved just a few 
cores at selected sites (e.g., Vostok and Taylor Dome). During the 1995-1996 Southern 
Hemisphere summer, scientists from Russia, France, and the USA recovered ice core 
from the site at Vostok dating back 400,000 years, which corresponds to an ice core 
nearly two miles in length. The goal for 1997 is to drill further, to a depth representing 
500,000 ybp, and this would produce the oldest ice that scientists have ever been able to 
analyze. While Vostok is a high-altitude inland site, Taylor Dome is a site on the East 
Antarctic Ice Sheet not far from the Ross Sea. Mayewski and co-researchers have con- 
centrated their analysis efforts here because the edges of the ice sheet are quite sensitive 
to short-term changes in global climate; see Mayewski er al. (1996). 

However, from only one or two drilling sites, there is no chance to study regional 
or continental-scale variations in isotopes, chemical impurities, stratospheric inputs, and 
so forth. Conclusions about interactive effects of global glaciation and global warming 
from “greenhouse” gases can only be tentative until the evidence is consislent across a 
number of drilling sites. In other words, although the funding for ITASE is yet to be 
obtained, the idea of a continental-scale drilling program made up of mostly shallower 
sites and a small number of deep sites is still an important goal. ‘This article describes 
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how a statistically optimal sampling design for a basic transect of (shallower) sites can 
be obtained. 

Section 2 reviews spatial statistical and design issues, and develops the spatial sampling 
problem for a transect. The proposed spatial statistical approach gives the optimal spacing 
of ice cores by minimizing mean squared prediction error. Data used to help in obtaining 
the optimal design are described briefly. Section 3 gives the technical details needed to 
obtain the optimal design. Discussion of the results is given in Section 4. 

2. REVIEW OF GEOSTATISTICAL THEORY AND SPATIAL SAMPLING DESIGN 

Suppose some phenomenon of interest is indexed by spatial location in a domain 
D c R2. We wish to choose a sample size n and sample locations {sl ,..., s,,} C D 
so that “good” inferences may be made about the phenomenon from the sample data. 
Such spatially labeled data often exhibit dependence, in the sense that observations 
closer together tend to be more similar than observations farther apart, which should 
be exploited in the search for an optimal (or good) network of sites. A brief synopsis 
of the geostatistical theory characterizing this spatial dependence follows [see Cressie 
(1993, Part I) for more details]. 

2.7. Geostatistical Theory. 

A powerful way to analyze spatial data is to assume that they are observations from a 
realization of a random process whose index ranges over a given spatial domain (Yaglom 
1957, Matheron 1963, Gandin 1963). A spatial planar process is a red-valued (or vector- 
valued) stochastic process {Z(s) : s E D}, where D C W2. In what is to follow, the case 
of real-valued Z(.) will be considered and it will be assumed that It’arZ(s) < 00 for all 
s E D; inference is desired on unobserved parts of the process at multiple locations. 

In studies where spatially labeled data exhibit spatial dependence, the following model 
is useful: 

(1) 

where p(.) is the large-scale, deterministic, mean structure of the process (i.e., trend) and 
6( .) is the small-scale stochastic structure that models the spatial dependence among the 
data. That is, 

Z ( S )  = p(s) + 6(s), 

!€ 6(s) = 0, s E D,  (2) 

and 
Cov [6(u), 6(v)] = C(u, v), u, v E D. (3) 

Hence E Z(s) = p(s), s E D, and COV [Z(u), Z(v)] = C(u, v), u, v E D. 
If 

EZ(s) = p, s E D, (4) 

( 5 )  

then Z(.) is said to be intrinsically stationary. Matheron (1963) called the function 
2y(.) the vuriogram.’ [The quantity y(.) is referred to as the semivariogram.] Intrinsically 
stationary processes are more general than second-order stationary processes for which 
( 5 )  is replaced by 

cou [Z(u), Z(v)] = C(u - v). (6) 

and 
V U ~  {Z(U) - Z(V)} = ~ Y ( U  - v), U , V  E D ,  
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Assume that Z ( . )  is intrinsically stationary [i.e., assume (4) and ( 5 ) ] .  Suppose that the 
data consist of observations Z ( s l ) ,  . . . , Z(s,)  of the process at locations {SI, . . . , s,} C D. 
Let so E D be some unsampled location, and suppose that we wish to predict Z ( q ) .  Or, 
more generally, suppose we wish to predict 

where IBI f sB du, the area of B. Note that B may or may not contain sample locations. 
Assuming intrinsic stationarity, the best linear unbiased predictor, also known as the 
ordinan' (block) kriging predictor (Matheron 1963). of Z ( B )  is 

n 

i= I 

where A],. . . , A, are chosen as those values of 11,. . . , In  such that 

and 

n 

; = I  

n I 2  Z ( B )  - c l ;Z(s;)  
i= 1 

(9) 

is minimized with respect to 11,  . . . , 1,. 

Z(s , ) )  , it is a standard result in geostatistics (e.g., Cressie 1993, pp. 122, 155) that 
By expressing 2 ( B )  as Ak(B)TZ, where = (A1 ,..., An) and Z = (Z(s1) ,..., 

T 

where 1 is an n x 1 vector of n ones, r is an n x n matrix whose (i, j)th element 
is Y(S; - Sj)t y ( B )  E (y(B,si),.  . . , y ( B , s n ) )  , and y(B,s;) E SBy<u - s;) du/lBI, i = 
1,. .. ,n .  The subscript k on Xk(B) emphasizes that we are considering the ordinary 
kriging coefficients. 

T 

More generally, assuming (2), (3), and (4), it can be shown that 

1 - lTX-Ic (B)  2 ( B )  E hk(B)TZ = 
1TX - 1  1 

where E ?/ar Z, an n x n matrix whose (i,j)th element is C(s;,sj);  c (B)  = 
( C ( B , s l )  ,..., C(B,s , ) )  , and C(B,s ; )  = SBC(u,s;) du/lBI, i = 1 ,..., n. For the 
case of second-order stationarity [i.e., assuming (4) and (6)] ,  C ( u , v )  in (12) is replaced 
everywhere by C ( u  - v). 

The ordinary (point) kriging predictor of Z(%))  is 2(sO) = XI,(S~))~Z, where su E D 
is typically some unsampled location, and has the same form as (Il) ,  but with y(B) 
replaced by y(%)  E (y(q) - sI), . . . , y(s0 - s n ) )  . More generally, it has the same form 
as (12), but with c (B)  replaced by c(%) = (C(%,sl), . . . , C(s0, s,))~. 

T 

T 
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Define the ordinarv (block) kriging variance, 

n 

i= I 

which is the minimized mean squared prediction error. Assuming that Z ( - )  is intrinsically 
stationary, this can be expressed more explicitly as 

where y(B, B )  = JB JB y(u - v) du dv/(BI2 and the other terms are as defined in ( 1  1). 
The ordinary (poinr) kriging variance is defined as 

and if Z ( . )  is intrinsically stationary, this can be expressed as 

T Note that a:@) [or o:(so)] does not depend on the data Z = (Z( s l ) ,  . . . , Z(s,)) , but 
only on the sample locations { s , .  . . . , sn} ,  the prediction region B (or prediction location 
so), the number n of locations sampled, and the semivariogram y(.). This property makes 
kriging very useful for designing spatial sampling plans (Cressie et ul. 1990). 

2.2. Spatial Sampling Design. 

There are two distinct approaches to spatial sampling theory, each assuming a different 
source of randomness upon which inference is based. The model-based approach assumes 
that the data come from a single realization of some spatial process indexed by the set 
of all potential data locations, and its source of randomness is the probability space 
of the spatial process (1) itself. Thus, inference is based on the randomness inherent 
in Z ( . )  and not, for example, on randomness in the data locations. The design-bused 
approach imposes randomness on the sampling procedure by means of a probability 
sample (p-sample) of the data. So inference is typically based on the randomness in the 
data locations and not on Z ( . ) ,  which is thought of as being deterministic. This means 
that design-based inferences may be made from a p-sample regardless of whether Z ( . )  is 
thought of as random or not, but when the sampling design is fixed, only model-based 
inference is valid. 

Design-based inferences are generally simpler from a statistical point of view and are 
arguably more robust than model-based inferences. The main issue with model-based 
inference is that if the model is not well fitted, model-based sampling design may yield 
substantially biased estimates of population parameters and very misleading estimates of 
the sampling precision (McArthur 1987). De Gruijter and ter Braak (1990) argue that, 
although the design-based efficiency may be less than the optimal model-based efficiency, 
such a loss may be a worthwhile premium to pay for robustness against model errors and 
for achieving p-unbiasedness (i.e., unbiasedness with respect to the sampling process). 
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However, Cressie and Aldworth (1996) demonstrate that a careful model-based analysis 
will perform substantially better than a design-based analysis in the presence of spatial 
correlation and no worse should that correlation be zero. 

This article will concentrate exclusively on model-based design criteria. So, given 
a model for the spatial process and the spatial analyses discussed in Section 2.1, 
various model-based design criteria can be formulated to assess the performance of 
different sampling designs. Consider predictors {2(u) : u E D}, which are a function of 
{ (SI, Z(sl)), . . . , (s, ,  Z ( s , ) ) } ;  then three possible sampling design criteria are: 

Minimize with respect to sampling 
locations { sI , . . . , s,}  
(1) Integrated mean squared error (IMSE). 

IMSE(sl,. . . , s,) = E {2(u) - Z(u)}* du. (17) 

( 2 )  Maximum MSE (MMSE). Minimize with respect to {SI , . . . , s,}  

( 3 )  Entropy. Maximize with respect to {SI, . . . , s,}  

where f denotes the probability density function of ( Z ( S I ) ,  . . . , Z ( s , ) ) .  

Note that, for ordinary kriging, the first two criteria simplify to JD ui(u)du and 
S U P U ~ D  c$(u), respectively (e.g., Cressie 1993, Section 5.6.1). The last criterion was 
suggested by Caselton and Zidek (1984). 

2.3. Spacing of Ice Cores on a Transect. 

In the ITASE Planning Document (ITASE 1992). it was proposed to criss-cross the 
Antarctic continent with transects, along which ice cores would be drilled at regular 
intervals. Notice that the regular spacing of sampling locations is preferred when there 
is spatial correlation present (e.g., Quenouille 1949, Matern 1960). The optimal spacing 
of ice cores on a transect is relatively straightforward. The problem is one-dimensional, 
and because the ice-core locations are regularly spaced, there is just one parameter to 
optimize: On a transect of length T, the optimal grid spacing A* is required. 

Let 
{ a s )  : s E [O, TI} (20) 

denote the transect of interest. For example, Z(s )  denotes the concentration (in ppb) 
of calcium at (actual or potential) ice-core location s. Notice that the time dimension 
(actually depth) has been suppressed from the notation; in doing so, we make the 
assumption that either the spatial variability is homogeneous across time or Z(s) represents 
an average value at s, averaged over a given time period. Sampling locations are at 
{sI,. . . ,s,}, n 2 2, where si+l - si = A, i = 1.2,. . . , n  - 1. Thus, T = (n  - 1)A and the 
best spacing A = A' or, equivalently, the best sample size n = n* is sought. 

One wishes to predict 
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with 
2([0, TI) = Ak([O, T H T z ,  

where 
T z = (Z(Sl), . . . ,Z ( s , ) )  . 

The mean squared prediction error, or kriging variance, is 

where I have chosen to emphasize its dependence on the design constant A. It is shown 
in Section 3 (see Figure 3) that q ( A )  is an increasing function of A, and hence, choosing 
the criterion (17), the best spacing A* can be found as the largest A* such that 

where m2 is a prespecified mean squared prediction error that expresses the desired pre- 
cision of spatial prediction. We note in passing that, should the equal-spacing assumption 
be dropped, a: becomes a function of n and {SI , . . . , s,} and so continues to be suitable 
for use in optimal design. 

Now &A) can be further simplified. From results in, for example, Cressie (1993, 
p. 124), one can obtain 

Clearly, no real progress can be made until something can be said about the behaviour 
of the variogram 2y(.) in (26). Notice the circularity one often encounters in design 
problems: one needs data to estimate the variogram, but design is often attempted before 
data are collected. In practice, the circle is broken by referring to similar previous studies 
or by canying out a pilot study on the region of interest. In this case, there are no spatially 
extensive locations of ice cores in the Antarctic; however, a closely related data set is 
available. 

The 1990 International Trans-Antarctic Expedition completed the crossing of the 
Antarctic continent along the longest route, starting from Seal Nunataks (65'05' S, 
59035' W) on 27 July 1989, and arriving at Mirnyy Station (66'33' S, 95'39' E) on 
3 March 1990. The total distance of 5736 km was completed within 220 days. Samples 
of 25-cm depth of surface snow were collected in polyethylene bottles along the majority 
of this route, at approximately equidistant points, by Qin Dahe (Dahe et al. 1992). They 
were subsequently analyzed, and Ca+, one of the ions measured (in parts per billion 
by molecular weight), will form the basis for estimation of the variogram in (26). The 
units of Wq/L referred to in Section 1 are used to compare atoms with atoms; they are 
obtained by dividing concentrations in parts per billion (ppb) by the ionic charge; for 
example, for Ca++, 1 peq/L = 1 ppb x (20.0)-'. See Legrand and Mayewski (1997, 
Table 1) for a full list of ionic charges. A map of the data locations is given in Figure 
1, and the calcium (Ca") values are given in Table 1. 
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FIGURE I : Polar stereographic projection of Antarctic continent. Dots show data-collection locutions; 
data were collected over a period of approximately 200 days, in sequence from left to 
right. 

3. SPACING OF ICE CORES 

By solving Equation (25), where the left-hand side is calculated using ( 2 6 )  and the 
right-hand side is prespecified, one can obtain the best spacing A*. Rather than performing 
the double summations and integrals in ( 2 6 ) ,  an approximation is available. Saunders et 
al. (1989) obtain the following approximation: 

A 
($(A) $1 wA(h)y(h)  dh,  

where 
2(h + A ) / A 2 ,  
2(h - A ) / A 2 ,  

0 5 h < A / 2 ,  
A / 2  5 h c A, 

wA(h)  = { 
and, under the assumption of constant mean, 

2y(u - v )  = 2: {Z(u)  - Z(V)}*.  
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TABLE I : Data collcctcd by Qin Dahc during his traverse of he Antarctic conti- 
ncni (Dahc ef d., 1992). Units of Ca+', SOT-, and NO; are parts per billion. 

No. Lalitudc Longitude Elev. (m) Caw SOT- NO; 

I 
2 
3 
4 
5 
6 
7 

Y 
10 
I 1  
12 
13 
14 
15 
16 
17 
18 
I Y  
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 

x 

86"12'S 
86"34'S 
86"54'S 
X7"36' s 
87"57'S 
XX"38'S 
XY00()'S 
XY"22' s 
90"W s 
RY"53'S 
RY"32'S 
89°11's 
XX"26'S 
XX"03' s 
X7"42' S 
87'20's 
86"36'S 
85"33'S 
X5" 13' s 
R4"2X'S 
X4O07' s 
X 3 O 4 4 '  s 
83"Oo'S 
82"40'S 
R I O S d S  
RI"05'S 
XOo42'S 
80" 17' s 
79'42's 
7Y"OX'S 
7X046' s 
7X007'S 
77"43'S 
77"W s 
76'36's 
75O54'S 
75"33'S 
74O44' s 
74"21'S 
73O41'S 
73" 18' s 
72"s I '  S 
72'28's 

88O25' w 
XX"57' w 
YO0 19' w 
Yl"06'W 
91"55'W 
Y2"26' w 
92"58'W 
YI"39'W 

I 14"22' E 
1 0 8 O  18' E 
105'35' E 
I W"27' E 
IW"35'E 
104"39'E 
104'25' E 
IW"57' E 
105'4O'E 
105'49' E 
106" Id E 
106" l7'E 
106O24' E 
106"I 2' E 
106'19'E 
I06O28' E 
I06"26' E 
106" 12' E 
106°04' E 
I 06°04' E 
106"08' E 
106"41' E 
IOS047' E 
I04"47' E 
I02"55' E 
1M"W' E 
100"31'E 
100013'E 
9X041'E 
98"OO' E 
97"26' E 
97O09' E 
96'59' E 
96'45' E 

2000 
2050 
2200 
2380 
2550 
2650 
2750 
2850 
2880 
2880 
2900 
2950 
3050 
3070 
3130 
3150 
3150 
3160 
3180 
3210 
3230 
3230 
3260 
3280 
3310 
3410 
3400 
3420 
3430 
3430 
3480 
3500 
3510 
3550 
3550 
3560 
3550 
3550 
3500 
34w 
3430 
3380 
3320 

I .x0 
3.70 
1.60 
I .40 
2.70 
2.90 
2.50 
I .30 
1.40 
2.10 
2.00 
I S O  
I .90 
1.90 
1.40 
2.40 
2.20 
2.20 
I .50 
3.10 
3.20 
1 .90 
2.00 
3.20 
2.60 

3.50 
4.00 
4.60 
1.70 
2.60 
2.50 
2.00 
3.90 
3.10 
3.20 
2.50 
I .40 
3.90 
3.80 
0.80 
3.20 
3.30 

24.00 
29.00 
72.00 
39.00 
39.00 
43.00 
47.00 
31.00 
39.00 
42.00 
45.00 
48.00 
54.00 
55.00 
61.00 
56.00 
53.00 
83.00 
85.00 
68.00 
79.00 

108.00 
93.00 
77.00 
85.00 
71.00 
87.00 
83.00 

137.00 
126.00 
1 10.00 
76.00 

109.00 
93.00 
72.00 
75.00 
49.00 
60.00 
53.00 
58.00 
43.00 
25.00 
23.00 

92.40 
79.60 

128.00 
97.70 

240.00 
156.00 
145.00 
157.00 
94.30 

149.00 
209.00 
182.00 
239.00 
177.00 
226.00 
225.00 
248.00 
167.00 
87.80 

154.00 
145.00 
185.00 
138.00 
103.00 
146.00 
235.00 
156.00 
113.00 
80.00 
93.10 

123.00 
151.00 
200.00 
213.00 
124.00 
99.80 

149.00 
107.00 
148.00 
72.90 

109.00 
180.00 
52.20 

Notice that Equation (27) only requires knowledge of the semivariogram up to distance 
A. Near the origin, the semivariogram is often approximately linear; that is, 

y ( h )  = a + bh, h 2 0, (29) 

where both a and b must be nonnegative (e.g., Cressie 1993, p. 61). Then (27) becomes 
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After some preliminary spatial data analysis [such as suggested by Cressie ( 1993, 
Section 2.2)] of the Ca++ data listed in Table 1, it was concluded that values numbered 
29 and 41 were spatial outliers, and these were discarded for the purpose of computing 
estimated semivariograms. [However, for the purpose of kriging they should not be 
discarded; see Hawkins and Cressie (1984) for a robust kriging proposal that Winsorizes 
unusually large or small values.] The variogram was estimated using the method-of- 
moments estimator (Matheron 1963) 

T(h) is a “tolerance” region (explained below), and IN(h)l is the number of pairs in N ( h )  
whose entries are distinct. 

Some explanation for the range of h and the choice of T(h) is now given. The maximum 
great-arc distance between the 1 st sample and the 43rd (the last) sample is M = 147 1.46 
miles. This distance was then split into 20 tolerance regions T(hl), 1 = 1,. . . ,20, where 
h, = (21 - 1)M/40 and T(hl) = [ ( I  - 1)M/20, fM/20), 1 = 1,. . . ,20. In general, for 
K tolerance regions, we split the interval ( O , M ]  into K such regions; the lth region is 
centered on (21 - 1)M/2K with a tolerance of fM/2K.  In (32). si and sj are each pairs 
of (latitude, longitude) values for the data given in Table 1. All differences Isi - sjl used 
were great-arc distances (in miles) as described by Cressie (1993, p. 265). 

A plot of these estimated values for hl, 1 = 1,. . . ,20, is given in Figure 2(b). Figure 
2(a) shows a fit of the linear semivariogram [given by (29)], fitted to the first 10 estimated 
variogram values (i.e., up to half the maximum distance M). The values of a and b were 
chosen to minimize the weighted-least-squares criterion, 

which was proposed by Cressie (1985). This yielded fitted values 

6 = 0.4436037 ppb*, 6 = 0.0003506014 ppb*/mi; (33) 

the resulting straight-line semivariogram is plotted in both Figure 2(a) and Figure 2(b). 
The fit at hl, . . . , hlo is excellent; and recall that the departure of the fitted semivariogram 
from the method-of-moments-estimated values at hl I , .  . . , h20 is not important for the 
calculation of q ( A )  given by (27) or (30). 

Then, upon substituting ir and 6 into (30), we obtain 

which is plotted in Figure 3 for a transect of length T = 400 miles and A = T / ( n  - I), 
n 2 2. From this plot, the consequences, for the root-mean-square prediction error, of 
various choices of n and hence of A are immediately apparent. For example, a choice of 
n = 9 ice cores implies A = SO miles and, from (34), ak(50) = 0.23625 ppb. This is to 
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FIGURE 2: Estimated semivariogram and fitted (linear) semivariogram. Units on the horizontal 
axes are miles, and on the vertical axes are ppb2. (a) Linear semivariogram fitted 
to method-of-moments semivariogram estimates only up to 700 mi. (b) Same fitted 
semivariogram as in (a) superimposed on method-of-moments semivariogram estimates 
up to 1400 mi. 

be compared with iif = 0.66604 ppb, a measure of the measurement error. Conversely, 
by setting an upper limit rn on the root-mean-square prediction error, the largest A* 
[equivalently, the smallest n* = ( T / A * )  + 11 can be found that satisfies (25). 

4. DISCUSSION 

One could convert the design equation for q versus A into q versus cost offransecf. 
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F l G U R E 3 :  Plot of q(A) (RMSPE) versus A for A = T / ( n  - I ) ;  T = 400 mi, n 2 2. Units on the 
horizontal axis are miles, and on the vertical axis are ppb. 

Since A = T/ (n  - l) ,  assuming that each ice core costs $w, we see that the total cost of 
the transect is $x = ${(Tw/A) + w } .  Thus, as a function of x. (34) becomes 

6Tw2 
x - w 6 ( ~  - w)* (35) 

This equation quantifies one's intuition that the more money x is spent, the smaller the 
root-mean-square prediction error and, hence, the more accurate the inferences that are 
possible. 

The transect is imbedded in a spatial domain. A criterion based on the mean squared 
prediction error of a block B surrounding the transect could equally well be used, 
although formulas like (34) and (35) would not be so simple. Also, these calculations 
could be repeated for other ionic species such as SOT- and NO; (see Table 1). From 
similar plots of Q(A) versus A, one could see immediately the effect of the choice of 
a particular spacing A on the spatial prediction of several ionic species. Conversely, the 
three univariate analyses would each yield optimal spacings A*, so that the minimum 
of these three spacings would satisfy (25) for each of the ions. Ideally, a multivariable- 
spatial-prediction approach that allows for the cross-dependences between the ions would 
be used. One could look for an optimum spacing A* for which a criterion such as the 
trace (or the determinant or the maximum eigenvalue) of the mean-squared-prediction- 
error matrix (Ver Hoef and Cressie 1993) is no larger than some prespecified value m. as 
in (25) .  This would involve fitting not only three variograms but also six cross-variograms, 
and is not attempted here. 

A referee has pointed out that, in practice, the model-based approach to optimal spatial 
sampling design requires estimation of the model's parameters (e.g., variogram). Further, 
choice of optimal spacing is conditional on those parameters being assumed to be the 
true parameters. One should ask then about the stability of the optimality criterion to 
misspecified parameters. Cressie and Zimmerman (1992) have addressed the stability of 
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the geostatistical method and concluded that, while the kriging predictors are relatively 
insensitive to variogram misspecification, the mean squared prediction errors can be 
sensitive. In the case of the ice cores, (27) shows that estimation of the variogram near 
the origin is crucially important. Fortunately, that is where there are the most pairs IN(h)l 
in the weighted-least-squares fitting criterion [given just above (33)]. Finally, optimal 
interpolation is much less sensitive than optimal extrapolation, and, fortunately again, it 
is interpolation on and around the transect that is of primary interest. 
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