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Detlefsen’s thesis

The central claim
HP is not destroyed by G1, since although the ideal theory T can
never be conservative over its real part S , this is not what Hilbert
demanded of it.

How come?
Hilbert only demanded of T to be real-sound w.r.t. S , but this
alone does not entail conservativity. There would have to be an
additional assumption of finitary decidability of real propositions.



Zach’s comment on conservativity

[4], p. 430

It bears pointing out that Hilbert never clearly articulated
conservativity of the ideal over the real for finitary general
statements as an aim of his foundational project.

and later on p. 431:
Kreisel was most influential in promoting the interpretation
of the aim HP as an attempt to establish conservativity of
the ideal theory for finitary general propositions all along.



Raatikainen’s on conservativity

Hilbert did require of T to be conservative over S ;
e.g. in [2], p. 184:

Just as operations with the infinitely small were replaced by
operations with the finite which yielded exactly the same
results and led to exactly the same elegant formal relation-
ships, so in general must deductive methods based on the
infinite be replaced by finite procedures which yield exactly
the same results; i.e., which make possible the same chains
of proofs and the same methods of getting formulas and
theorems. [. . . ] The goal of my theory is to establish once
and for all the certitude of mathematical methods.

Also Raatikainen ([3], p. 163) claims that Hilbert thought that
consistency establishes conservativity. (The passage is not so clear,
for a more relevant reason for this claim see below.)



And, moreover, . . .

according to Raatikainen (p. 163) conservativity was for Hilbert
central e.g. for the reason that it entails consistency of T .
Hence, (p. 164)

in summary, Hilbert thought both that a consistency proof
guarantees the conservativity of the ideal theory, and that
the consistency is to be proved via conservativity, that is,
the consistency proof allows one to eliminate ideal ele-
ments from a proof of a real sentence, and the consis-
tency should be proved by showing that an ideal proof
of inconsistency in particular could always be turned to a
finitistic proof of inconsistency. Hence, consistency and
conservativity were, for Hilbert, just two sides of the same
coin. And in as much as this requirement of conservativity
is essential to Hilbert’s program, the program is refuted
already by Gödel’s first incompleteness theorem. Avoid-
ing this conclusion requires at least some modifications in
Hilbert’s original formulations.



An interpretation that contradicts Detlefsen

Why was Hilbert convinced that consistency implies
real-conservativity? Raatikainen (p. 168) claims that the most
natural explanation is that Hilbert did expect the finitary
mathematics S to be real-complete. Then if T proved a
real-sentence not provable in S , it would be inconsistent.
Some of the evidence is this:

▶ Hilbert’s claims such as “in mathematics there is no
ignorabimus. On the contrary, we can always answer
meaningful questions”, or “in my proof theory only the real
propositions are directly capable of verification”

▶ also the belief that first-order logic is decidable entails the
belief that finitary mathematics is real-complete

So if this interpretation is correct, Detlefsen’s argument fails, since
conservation and consistency are equivalent for Hilbert.



Detlefsen’s Conclusions - [1], p. 365–370

Conditions on T required by G2 differ from those required by G1

▶ conditions of G1 only say what T should prove, i.e. that “it
contains enough recursive number theory to weakly represent
the set of (Gödel numbers of) its theorems” - in a sense G1
identifies T with the set of its theorems

▶ conditions of G2 not only say what T should prove, but also
demand that the provability predicate is defined in a certain
way, namely to satisfy Löb’s derivability conditions



Detlefsen’s Conclusions

▶ for example a Rosserian variant TR of T would first fix an
enumeration of sequences of formulas and then define
provability as follows: a sequence of formulas Di is a proof
of φ if [standard conditions] and no Dj is a proof of ¬φ for
any j < i

▶ so, since TR is coextensive with T , it satisfies G1 if, and only
if T does - but this does not hold about G2

▶ Detlefsen’s point is thus something like: a genuine provability
predicate does not necessarily satisfy Löb’s derivability
conditions. There may be provability predicates that do not
satisfy Löb’s conditions and yet prove ’what we would want
for them to prove’.



The idea/proposal ([1], p. 368)

What this means is that G2 applies not to sets of theorems
(or even sets of proofs!) but rather to sets of theorems-
as-admitted-by-a-particular-type-of-procedure. This raises
the possibility - of crucial importance to the present discus-
sion - that there might be nonstandard ways of generating
sets of theorems and proofs that are not covered by the
proof of G2, but which nonetheless constitute perfectly
sensible conceptions of theory for the Hilbertian instru-
mentalist. Were this to be so, the Hilbertian would be
free to construct ideal theories not ruled out by G2, and
having the same content as those that are. At any rate,
this would seem to be a possibility worth looking into.



A textual kind of critical reaction to Detlefsen’s proposal

Richard Zach in [4] (p. 434) comments on Detlefsen’s idea that
such ’consistency minded’ theories might, w.r.t. HP, constitute an
interesting alternative of the standard theories: “these [theories],
however, depend on nonstandard conceptions of provability which
would not likely have been accepted by Hilbert.”

Similarly, Raatikainen in [3] (p. 165) suggests that inventing
nonstandard notions of provability only to avoid the impact of G2
is not something Hilbert would have found relevant: ”Hilbert’s
purpose was to justify just the ordinary laws of logic when applied
to the infinite, not to devise some ad hoc logic (notion of
provability) allowing an apparent consistency proof for the axioms
of, say, analysis.”



A general argument against HP (based on G1)

Raatikainen (p. 165–166) also quotes Hilbert on the idea that he
aimed to finitarily prove the consistency of not just one particular
mathematical theory, but in principle any relevant theory. But this
fails due to a purely mathematical reason:

▶ assume that a finitary theory S is recursively axiomatizable

▶ consistency is generally a Π1-complete property

▶ hence if S were to prove the consistency of any mathematical
theory (under a suitable coding), it would be complete w.r.t.
all Π1-sentences, which contradicts G1

This reading of Hilbert is also supported by his expectation of the
existence of a decision method for first-order logic.
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