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Key Points 37 

 38 

1. The effect of gravity was incorporated in an image-based drainage algorithm 39 

 40 

2. Comparison to micromodel experiments from literature showed excellent agreement in 41 

pseudo-capillary pressure curves, quantitatively predicting the slope while qualitatively 42 

matching the residual saturation. 43 

 44 

3. Expected error for neglecting gravity was compiled into a contour plot to estimate which 45 

images and fluid pairs should consider gravity, with errors as high as 50% in some cases. 46 

 47 

Abstract 48 

 49 

Simulating drainage in volumetric images of porous materials is a key technique for studying 50 

multiphase flow and transport. Image-based techniques based on sphere insertion are popular due 51 

to their computational efficiency and reasonable predictions, though they lack physical rigor. 52 

Since most tomograms are small, the impact of gravity on the fluid distributions has not been 53 

previously considered. With the advent of stochastically generated images of arbitrary size, and 54 

ever larger field-of-view images, the validity of neglecting gravity is becoming questionable. In 55 

this work, an image-based technique that includes the effect of gravity during gravity stabilized 56 

displacements was developed and validated. Results compared favorably with analytical 57 

solutions of capillary rise in tubes, and to micromodel experiments in terms of the pseudo-58 

capillary pressure curves. The compactness of the invasion front was also shown to vary linearly 59 

with the inverse Bond number. Finally, a contour map of expected error as a function of image 60 

size and Bond number was generated to help identify when gravitational effects cannot be 61 

ignored. The presented algorithm utilizes only basic image processing tools and offers the same 62 

computational advantage as other image-based sphere insertion methods. 63 

 64 
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1 Introduction 78 

Simulations of two-phase flow in porous media inform a wide range of applications in fields as 79 

diverse as groundwater remediation, geologic storage of carbon dioxide, enhanced oil recovery, 80 

and electrochemistry (Hilpert & Miller, 2001; Volker Paul Schulz et al., 2007; Shikhov & Arns, 81 

2015; Weishaupt et al., 2019). Continuum models are widely used for studying two-phase flow 82 

(Amirebrahimi & Herrmann, 1993; Celia et al., 2015; Celia et al., 1995; Chaouche et al., 1994) 83 

and are especially useful when macroscopic behavior is of interest such as for flow in 84 

deformable porous media (Khoei et al., 2015) or electrochemical processes (Zenyuk et al., 2015). 85 

However, continuum models offer limited insight into underlying physical phenomena occurring 86 

on the pore scale. When pore-scale information about two-phase flow is of interest, there are 87 

several options including the Lattice-Boltzmann, volume-of-fluid, and level-set methods, but 88 

these require a high amount of memory and computation times (Jettestuen et al., 2013; Volker P. 89 

Schulz et al., 2015). A more computationally feasible, though less rigorous alternative is to 90 

approximate the fluid distributions at the pore-scale using image-analysis techniques. 91 

Morphological image opening (MIO) and other image-based sphere insertion (IBSI) methods are 92 

well-established means of approximating fluid distributions during quasistatic drainage in 93 

volumetric images of porous media (i.e., obtained from tomography or serial-sectioning). Several 94 

review and research articles have demonstrated the reasonable effectiveness of this approach by 95 

comparison to rigorous Lattice Boltzmann models (Pot et al., 2015; Vogel et al., 2005). The 96 

method has also been shown to compare well with experimental data in terms of observed 97 

capillary pressure curves (Sweijen et al., 2017; Thakur et al., 2019). So, although approximate, 98 

the method is quite useful and worthy of extending to more diverse applications. IBSI 99 

(sometimes known as the full morphology method or FMM) was first introduced by (Hazlett, 100 
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1995) and further developed to operate using morphological image operations by (Hilpert & 101 

Miller, 2001). It has since been improved and benchmarked against other methods for simulating 102 

flows in porous media (Volker P. Schulz et al., 2015; Vogel et al., 2005). In all IBSI 103 

implementations so far, the effects of gravity have been neglected. This omission is normally 104 

valid for many applications which are on small enough length scales that the impact of gravity on 105 

fluid distribution is negligible. This is usually true on the scale of most X-ray tomography 106 

images for instance. However, in applications with larger length scales, such as sand column 107 

experiments, vertical micromodels, and large-scale electrochemical devices, gravity may play a 108 

notable role (Ayaz et al., 2020; Kuang et al., 2011; Luo et al., 2020). Moreover, there are now 109 

published datasets consisting of stacks of many tomograms taken at different elevations of the 110 

sample (Jackson, 2019) resulting in very tall images.  Neglecting the effects of gravity in 111 

simulations of these applications can result in misleading or even incorrect results.  112 

In this study we present an IBSI algorithm that allows for the inclusion of gravitational forces 113 

during drainage simulations, under gravity stabilized conditions (denser fluid on the bottom). 114 

Generated images of capillary tubes were used to validate the results against theoretical 115 

calculations of capillary rise, and a resolution study was conducted to show the relationship 116 

between image resolution and error between simulated results and theory. The proposed 117 

algorithm was then demonstrated on 2D and 3D images of stochastically generated porous media 118 

for the case with gravity effects and the case without gravity effects. It was then validated by 119 

comparing to experimental data from the literature obtained on pseudo-2D micromodels formed 120 

by glass beads held between plates.  A detailed study of the compactness of the two-phase zone 121 

as a function of inverse Bond number was undertaken and confirmed a linear relationship over a 122 

wide range of Bond numbers. Lastly, the error associated with neglecting gravity in drainage 123 
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simulations was presented by mapping the amount of expected error against the Bond number 124 

and domain height. The method is described in detail herein, and the code is included as part of 125 

the open-source Python package PoreSpy (J. Gostick et al., 2019). 126 

 127 

2 Background 128 

2.1 Gravity effects in porous media 129 

Gravity forces are comparable in magnitude to capillary forces on length scales 𝑙~ ∆𝜌𝑔 𝑃𝑐
𝑜⁄ , 130 

where Δ𝜌 is the difference in densities between the two fluids, 𝑔 is the acceleration due to 131 

gravity and 𝑃𝑐
𝑜 is a characteristic capillary pressure, the magnitude of which is related to a pore 132 

or particle size R as 𝑃𝑐
𝑜~ 𝜎 𝑅⁄ , where 𝜎 is the surface tension.  At the pore scale, the ratio 133 

between gravity and capillary forces is measured by a dimensionless Bond number given by 134 

equation (1) (El-Amin et al., 2015; Frette et al., 1992): 135 

 𝐵𝑜 =
Δ𝜌𝑔𝑅2

𝜎
 

(1) 

The condition Bo << 1 signifies dominance of the capillary forces over gravitational forces, and 136 

this is generally true at the pore scale for typical values of the parameters (i.e., 𝑙 ≫ 𝑅).  The 137 

implication is that the shape of fluid-fluid interfaces within pores is spherical.  As long as the 138 

vertical extent H of the domain of immiscible displacement satisfies 𝐻 ≪ 𝑙, fluid invasion 139 

patterns are not affected by gravitational forces, with the result that capillary pressure and 140 

saturation distribution are spatially uniform.  In practice this condition is often not met, such that 141 

fluid saturation is not uniform but varies with vertical position in a way determined by the 142 

equilibrium between capillary and gravity forces  (Ayaz et al., 2020; Clement et al., 1987; 143 
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Ioannidis et al., 1996; Shahidzadeh-Bonn et al., 2004; Zhao et al., 2013). Until now there did not 144 

exist a means of including gravity effects in porous media drainage simulations via an image-145 

based modelling technique. The present work addresses this gap by developing an image-based 146 

sphere insertion algorithm that can achieve the same results as accepted methods, such as MIO 147 

and FMM, while incorporating the effects of gravity in gravity stabilized displacements. This 148 

new algorithm can be applied to taller images, thereby demonstrating the effect that neglecting 149 

gravity can have on the accuracy of predicted fluid configurations.   150 

2.2 Standard Image-Based Sphere Insertion Methods 151 

In the past, IBSI methods have been implemented in a few different ways, each with different 152 

computational requirements. These are briefly outlined in this section since the proposed 153 

algorithm combines aspects from several of them. The original proposal by (Hazlett, 1995) 154 

involved the direct search for locations where spheres of a certain size could fit.  The problem 155 

with that approach is that some incorrect invasion occurred when spheres touched each other 156 

through throats that otherwise had not been penetrated by invading fluid.  The approach was 157 

formalized by Hilpert and Miller by using morphological image opening (Hilpert and Miller 158 

2001), which is a two-step process consisting of erosion of the foreground (pore space) followed 159 

by dilation of the surviving pixels (herein called seed pixels (or voxels) since they act as the seed 160 

points for subsequent sphere insertion). Erosion was performed using a spherical structuring 161 

element with a diameter corresponding to the applied capillary pressure (herein referred to as the 162 

inlet pressure). This erosion step leaves an image such as the one displayed in Figure 1c with 163 

seed voxels indicating places where the capillary pressure is less than or equal to the inlet 164 

pressure. Crucially, disconnected seed voxels can be trimmed after the erosion (Figure 1d), but 165 

prior to the dilation, to prevent premature invasion (Mohammadmoradi & Kantzas, 2016). An 166 
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alternative approach is to use a distance transform (J. T. Gostick, 2013) which can also be 167 

parallelized (Silversmith, 2021).  In this approach, the initial erosion step is accomplished by 168 

obtaining a distance transform (Figure 1b) of the pore space (foreground), then identifying all 169 

voxels within 𝑅 of the solid (background) resulting in a set of seed voxels similar to Figure 1c.  170 

Disconnected seed voxels can be trimmed at this point as in Figure 1d. The dilation step can be 171 

achieved by performing a second distance transform relative to the surviving seed voxels and 172 

repeating the threshold or by performing a morphological dilation. The first distance transform 173 

can be reused for all sizes, so fluid invasions at increasingly smaller radii (higher pressures) only 174 

requires computing one distance transform or one dilation per step.   175 

 176 

Figure 1. A schematic describing the traditional full morphology method simulating drainage in 177 

porous media originating from the bottom of the image. The inlet is denoted by the red line in c)-178 
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e). a) The starting image filled with the wetting phase. b) The distance transform of a) showing 179 

the minimum distance from each pixel of wetting phase to the nearest solid phase. c) Seed points 180 

(dark grey) defined by thresholding the distance transform in b). d) Disconnected seed points 181 

removed. e) Disks added to seed points (light grey). 182 

 183 

3 Methodology 184 

3.1 Image-Based Sphere Insertion with Gravity 185 

To include the effect of gravity in the IBSI approach, we utilized the distance transform approach 186 

described above with two modifications. First, the distance values were adjusted prior to 187 

thresholding.  To incorporate the effect of gravity, the values of the distance transform (𝑟) are 188 

adjusted according to their vertical distance from the inlet.  This requires first converting the 189 

distance values to a capillary pressure using the Young-Laplace equation, assuming perfect 190 

wetting and spherical interface shape, as shown in equation (2):  191 

 𝑃𝑐
𝑜 =

2𝜎

𝑟
 (2) 

then adjusting the pressure values in each voxel based on their respective heights from the inlet 192 

according to equation (3): 193 

 𝑃𝑐
′ = 𝑃𝑐

𝑜 + Δ𝜌𝑔ℎ (3) 

where 𝜎 is the surface tension between the two fluids (
N

m2), 𝑟 is the maximum radii of disk or 194 

sphere that can fit at each pixel location (m),  Δ𝜌 is the difference in density between the 195 

defending and invading fluids (
kg

m3), 𝑔 is the acceleration due to gravity (
m

s2), and ℎ is the 196 

elevation (m) of each pixel. It should also be noted that the factor of 2 in the numerator of 197 

Equation (2) is replaced by unity in 2D since only one radii of curvature is relevant. The fact that 198 
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voxels farther from the inlet are harder to invade is expressed in equation (3) since not only must 199 

the required capillary pressure be reached to invade a given pore, but the hydrostatic pressure of 200 

the fluid at that location must also be overcome.  The proposed algorithm is illustrated in Figure 201 

2 and demonstrated for the case with and without gravity. The capillary pressure, 𝑃𝑐 calculated at 202 

each non-solid pixel is shown in Figure 2a. The corrected pressure for gravity, 𝑃𝑐
′ is shown in 203 

Figure 2b. Notably, the colors fade from lower to higher values in different patterns. In the 204 

subsequent figures, all voxels which can be invaded by the fluid at a given pressure are found by 205 

a threshold, 𝑃𝑐 < 𝑃𝑖𝑛 for the case without gravity and 𝑃𝑐
′ < 𝑃𝑖𝑛 for the case with gravity, yield a 206 

set of seed voxels (shown in Figure 2c and Figure 2d). Seed voxels that are not connected to the 207 

inlet reservoir are trimmed to avoid invalid invasions as shown in Figure 2e and Figure 2f. 208 

Incidentally, for this particular domain, no seed voxels needed to be trimmed from the case with 209 

gravity, which is indicative of the compact invasion front that is characteristic of gravity 210 

stabilized displacements. 211 

The second modification was required when dilating the surviving seed voxels to obtain the final 212 

fluid configuration. In the standard IBSI methods, the seed voxels are dilated by a single size 213 

corresponding to the global capillary pressure, but this is not correct in the presence of gravity 214 

effect.  The size of the inserted spheres must be corrected to account for the local hydrostatic 215 

pressure (i.e. the radius of dilation would be 𝑟 = 𝜎/(𝑃𝑐
′ − Δ𝜌𝑔ℎ)). This can be accomplished by 216 

inserting spheres based on the radius of the true distance transform at each location, as illustrated 217 

in Figure 2f. In other words, the hydrostatic pressure gradient alters which voxels are invadable 218 

and identified as seed voxels, but the sphere insertion uses the original value of the distance 219 

transform at each location to ensure that the invading fluid completely fills space.  220 

 221 
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 222 

Figure 2. Schematic of seeding process and subsequent placing of disks using the proposed 223 

algorithm without gravity (a, c, e) and with gravity (b, d, f) for a fully non-wetting phase 224 

invading a fully wetting phase. a) Regions are coloured based on the corresponding capillary 225 

pressure at each pixel which is proportional to the distance transform. b) Regions are coloured 226 

based on the corresponding combined capillary and hydrostatic pressures at each pixel which is 227 

proportional to the distance transform and the height of each pixel. c) Surviving pixels of the 228 

invading phase (dark grey) are placed inside at voxels where 𝑷𝒊𝒏 ≥ 𝑷𝒄. d) Surviving pixels of 229 

the invading phase (dark grey) are placed inside at voxels where where 𝑷𝒊𝒏 ≥ 𝑷𝒄
′ . A close-up is 230 

shown to highlight the metrics, r(x,y) obtained from the distance transform, and h(x,y), the 231 
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height of the pixel along the y-axis. e-f) Insertion of disks at the surviving pixels using the 232 

distance transform.  233 

 234 

3.2 Image generation 235 

The Python package, PoreSpy (J. Gostick et al., 2019) was used to generate 2D and 3D porous 236 

material images with specified properties by stochastically generating overlapping disks (2D) or 237 

spheres (3D), as well as non-overlapping spheres to compare to the micromodel experiments of 238 

(Ayaz et al., 2020). For 2D, a 3 cm wide by 8 cm tall (1500 px by 4000 px) domain was 239 

generated with disks of diameter 1 mm to create a porous medium with a target porosity of 65% 240 

and a resolution of 𝐿𝑣𝑥 = 0.02 
𝑚𝑚

𝑝𝑥
 (i.e., 1 pixel = 0.02 mm). For 3D, a 3 cm wide by 3 cm deep 241 

by 8 cm tall domain (150 px by 150 px by 400 px) was generated with solid spheres of diameter 242 

1 mm to create a porous media with a target porosity of 65% and a resolution of 𝐿𝑣𝑥 = 0.2 
𝑚𝑚

𝑝𝑥
. 243 

The generated images for the 2D and 3D example are shown in Figure 3a and Figure 3b, 244 

respectively. For comparison to (Ayaz et al., 2020), a 3D image of 2900 by 2000 by 20 voxels 245 

was generated and filled with non-overlapping spheres of 20 voxel diameter (equivalent to the 246 

domain thickness) to the maximum solid volume fraction using the random sequential algorithm 247 

described by (Torquato, 1991).  Note their images of invading phase configurations, and the 248 

results to be shown below, are 2D projections of this thin 3D domain. The number of spheres 249 

added was estimated by ensuring that the capillary pressure curve at 𝐵𝑜 = 0 matched their 250 

reported data. With a voxel resolution of 𝐿𝑣𝑥 = 0.05
𝑚𝑚

𝑝𝑥
, this matched their physical dimensions 251 

of 14.5 cm by 10 cm by 1 mm.  The result is shown in Figure 3c. In addition to the spheres, the 252 

domain also included a solid boundary around the spheres to mimic the glass plate between 253 
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which the spheres were held. The top and bottom edges remained open so that the fluid could 254 

enter and exit.  255 

 256 

 257 

Figure 3. Stochastically generated porous media images of a) overlapping disks (2D) b) 258 

overlapping spheres (3D), and c) the non-overlapping spheres (3D) of (Ayaz et al., 2020). Solid 259 

pixels are shown in black in a) and grey in b) and c) for increased visibility. 260 

 261 

4 Results 262 

The proposed IBSI algorithm was validated by simulating capillary rise in cylindrical tubes of 263 

varying widths and comparing the results with theoretical values (section 4.1). After validation, 264 

2D and 3D examples of porous media were generated and subjected to the IBSI algorithm for 265 

drainage with and without gravity effects included to demonstrate the impact of considering 266 

gravity in the IBSI method. A detailed investigation of the height of the two-phase zone was 267 

conducted and found to agree with theory (section 4.2). A comparison to suitable experimental 268 
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data as also conducted and found in favorable agreement (section 4.3). Finally, the error due to 269 

neglecting gravity in drainage simulations was estimated based on the domain height and Bond 270 

number (section 4.5). 271 

4.1 Validation via capillary tube modelling 272 

To test the accuracy of the proposed method, an image of variously sized capillary tubes was 273 

generated, and the results were compared against theoretical meniscus heights calculated via the 274 

Young-Laplace equation:  275 

 ℎ =
1

𝜌𝑔
(𝑃𝑜 +

2𝜎𝑐𝑜𝑠𝜃

𝑟𝑡𝑢𝑏𝑒
) (4) 

 276 

Figure 4 shows the results of this validation using capillary tubes from 1 mm to 10 mm in 277 

diameter with heights all equal to 55 mm at an image resolution of 𝐿𝑣𝑥 = 0.1 
𝑚𝑚

𝑝𝑥
. The inlet 278 

pressure was incrementally increased from 50 to 500 Pa and the simulated height was recorded. 279 

The theoretical height of the meniscus was calculated via equation (4). A comparison of the 280 

simulated height of the meniscus against the theoretical height of the meniscus is shown in 281 

Figure 4. The simulated results demonstrate close agreement with the theoretical values. It was 282 

found that the mean relative error between the simulated and theoretical heights was 1.83 ± 5.45 283 

% and the mean absolute error was 0.039 ± 0.035 mm. A similar test was performed with 3D 284 

capillary tubes achieving a mean relative error of 2.46 ± 6.71 % and a mean absolute error of 285 

0.045 ± 0.092 mm. 286 
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 287 

Figure 4. a) Results of the IBSI with due regard to gravity in 10 capillary tubes from sizes 1-10 288 

mm with a pixel resolution of 𝑳𝒗𝒙 = 𝟎. 𝟏
𝐦𝐦

𝐩𝐱
. b) Meniscus height as a function of inlet pressure 289 

for IBSI simulations with gravity (solid markers) and theoretical calculations using Young-290 

Laplace equation (solid lines). 291 

 292 

The errors observed in the capillary rise simulations were likely due to the limited image 293 

resolution, which limits the accuracy of the sphere diameter that can be dawn. To confirm this, a 294 

resolution dependence analysis was performed to determine the effect of image resolution on the 295 

absolute error between theoretical and simulated meniscus height (Figure 5). Capillary tube 296 

domains ranging in diameter from 1-1000 mm were generated and drainage was simulated with 297 

inlet pressures ranging from 50 to 500 Pa. Image resolutions ranged from 𝐿𝑣𝑥 = 0.01 − 1 
𝑚𝑚

𝑝𝑥
. 298 

The absolute error between the theoretical and simulated meniscus heights as well as the image 299 

resolution was normalized to the tube diameter to provide a dimensionless resolution and 300 

absolute error. The resolution (in units of px−1) converged to an absolute error of less than 301 

𝐿𝑣𝑥 = 0.1 
𝑚𝑚

𝑝𝑥
 below resolutions of 0.1 px−1 and was found to closely follow the logarithmic 302 

trend shown in Figure 5 with an R
2
 value of 0.88. The resolution shown corresponds to the 303 
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inverse of the tube diameter in pixels. Based on this analysis, it can be concluded that the 304 

proposed algorithm accurately predicts the impact of gravity on the height of capillary rise, with 305 

only the image resolution limiting the accuracy. 306 

 307 

Figure 5. Resolution study using capillary tubes of varying widths (1 – 1000 mm) and image 308 

resolutions (𝑳𝒗𝒙 = 𝟎. 𝟎𝟏 –  𝟏 
𝒎𝒎

𝒑𝒙
). Mean absolute error of the meniscus height divided by 309 

capillary tube diameter in each tube is presented using a log scale to demonstrate the quickly 310 

decreasing error as the image resolution is increased.  311 

 312 

4.2 Demonstration on 2D and 3D images 313 

Using a stochastically generated image of porous media, the proposed algorithm was applied and 314 

compared to the case without gravity. Inlet pressures were incrementally increased from 1 to 315 

1242 Pa in increments of 1 Pa. The maximum pressure was determined based on the pressure 316 

required to reach ~100% saturation of the non-wetting phase for both cases. For comparison, 317 

results were examined for both cases at the breakthrough pressure for the case with and without 318 

gravity. The pressure required for breakthrough with gravity was around 3.34 times what was 319 
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required for breakthrough in the model without gravity (295 Pa vs 985 Pa, respectively). This 320 

was consistently noted for multiple realizations of the same geometry generated using identical 321 

parameters (the average breakthrough pressure in the case with gravity was 3.22 ± 0.42 times 322 

greater than the breakthrough pressure without gravity). 323 

 324 

Figure 6. 2D example of invasion of fully non-wetting water (coloured) into air (white) with 325 

gravity neglected (a-b) and with due regard to the effects of gravity (c-d) using the proposed 326 
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method. Breakthrough pressures were 𝟐𝟗𝟓 𝐏𝐚 and 𝟗𝟖𝟓 𝐏𝐚 for simulations with and without 327 

gravity. Images are 𝟏𝟓𝟎𝟎 × 𝟒𝟎𝟎𝟎 pixels with a resolution of 𝑳𝒗𝒙 = 𝟎. 𝟎𝟐
𝐦𝐦

𝐩𝐱
. The porous media 328 

consisted of randomly generated overlapping disks (black) with a particle diameter of 𝟏 𝐦𝐦 and 329 

porosity of 64.9%.  330 

 331 

The same image generation parameters (x-y image size, porosity, particle diameter) used to 332 

generate the 2D porous media example were extended in the z-direction to generate a 3D 333 

example to demonstrate that similar trends were observed for 2D and 3D domains. Inlet 334 

pressures were incrementally increased from 1 to 1441 Pa in increments of 1 Pa. The result with 335 

gravity had a breakthrough pressure that was 3.91 times the breakthrough pressure required for 336 

the model without gravity. As with the 2D example, this difference in breakthrough pressure was 337 

noted in images generated using the same parameters as those shown in Figure 7 (particle 338 

diameter of 1 mm and target porosity of 65%) with an average breakthrough pressure in the case 339 

with gravity 3.84 ± 0.05 times greater than the breakthrough pressure without gravity. These 340 

results show a satisfactory correspondence between the 2D and 3D examples.  Recall that the 341 

factor of 2 was removed from equation (2) for the 2D case since only one radii of curvature is 342 

present. Despite this correction the breakthrough pressure in 2D was somewhat lower than in 3D. 343 

However, when the same resolution was used in 2D, the average breakthrough pressure was 3.88 344 

± 0.78 times greater than the breakthrough pressure without gravity, which is quite close to the 345 

difference in the 3D images. 346 
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 347 

Figure 7. 3D example of invasion of fully non-wetting water (coloured) into air (white) with 348 

gravity neglected (a-b) and with due regard to the effects of gravity (c-d) using the proposed 349 

image-based sphere insertion method. Invasion steps without gravity are shown at a) 𝟐𝟓𝟓 𝐏𝐚 and 350 

b) 𝟗𝟗𝟖 𝐏𝐚. Invasion steps with gravity are shown at c) 𝟐𝟓𝟓 𝐏𝐚 and d) 𝟗𝟗𝟖 𝐏𝐚. Images are 351 

𝟏𝟓𝟎 × 𝟒𝟎𝟎 × 𝟏𝟓𝟎 pixels with a resolution of 𝑳𝒗𝒙 = 𝟎. 𝟐
𝐦𝐦

𝐩𝐱
. The porous media consisted of 352 

randomly generated overlapping spheres (gray) with a particle diameter of 𝟏 𝐦𝐦 and porosity of 353 

63.8%. 354 

 355 
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The saturation as a function of applied invading phase pressure for the cases with and without 356 

gravity is shown in Figure 8a. When plotting such data in the presence of gravity it is necessary 357 

to use the term pseudo-capillary pressure since a single capillary pressure does not actually exist 358 

in the domain (Lake, 1986; Yortsos, 1995). Because of the non-negligible contribution of static 359 

pressure, it is necessary to choose datum points to measure the phase pressures. In Figure 8 the 360 

pressure is defined as the pressure difference between the invading and defending phase, 361 

measured at the bottom and top of the column respectively. If the defending phase is air, then its 362 

static pressure can be neglected and the pressure throughout the air-filled void space is equal to 363 

zero gauge pressure; the pressure in the denser invading phase on the other hand is highest at the 364 

bottom of the domain and decreases at higher elevations. The resulting pseudo-capillary pressure 365 

curves behave as expected, with the 3D case showing a smoother line due to the larger number of 366 

voxels in the image. 367 

 368 

Figure 8. Capillary pressure curves (red) and corresponding pseudo-capillary pressure curves 369 

(blue) for the a) 2D porous media in Figure 6 and b) 3D media in Figure 7. 370 

 371 
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4.3 Comparison to Micromodel Experiments 372 

To further validate the algorithm, experimental data for displacements in pseudo-2D 373 

micromodels were taken from (Ayaz et al., 2020). In their experiments, air (non-wetting phase) 374 

was injected into the top of the micromodel and liquid (water plus glycol) was collected from the 375 

bottom.  They applied a constant rate injection but used a sufficiently slow rate that quasistatic 376 

displacement could be safely assumed, thus the results were comparable with the image-based 377 

algorithm presented here. The effect of gravity was varied by tilting the model at increasing 378 

angles relative to the horizontal plane (i.e., 0, 15, 30, 45 & 60 degrees). Their micromodel 379 

consisted of ~1 mm glass beads between glass plates. An image for this configuration was 380 

approximated by randomly placing spheres as described in Section 3.2. The agreement between 381 

the generated image and their model can be confirmed by looking at the 𝐵𝑜 = 0 curves in Figure 382 

9e, which show similar capillary pressure at breakthrough and overall shapes in close agreement. 383 

Invasion was simulated as described in the previous sections, but since air was the invading 384 

phase the density difference was set to −1260
kg

m3, with the negative sign required since the 385 

defending fluid was heavier (i.e. 𝛥𝜌 = 𝜌𝑛𝑤𝑝 − 𝜌𝑤𝑝) and the voxels at the top of the image were 386 

easier to invade not harder. Injecting the lighter fluid from the top is consistent with the gravity 387 

stabilized limitation of the present algorithm. The resulting fluid configurations are shown in 388 

Figure 9(a-d) for an angle of 45° corresponding to 𝐵𝑜 = 0.120. The colormap in Figure 9a 389 

indicates the applied pressure at which each voxel was invaded, with red highlighting the trapped 390 

defending phase. Figure 9(b-d) show the fluid configuration at saturations of 0.032 and 0.144, 391 

and at breakthrough, respectively. The qualitative correspondence with the images of (Ayaz et 392 

al., 2020) is evident, specifically the compactness of the invasion front which will be discussed 393 

in more detail below. Figure 9(e) shows the pseudo-capillary pressure curves with 𝐵𝑜 as a 394 
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parameter, with the data of (Ayaz et al., 2020) overlaid. Some comments about the scaling of the 395 

y-axis are warranted.  (Ayaz et al., 2020) report the pressure difference between the invading 396 

phase (which is constant and equal to the atmospheric pressure, or 𝑃𝐺 = 0 𝑃𝑎 gauge pressure) 397 

and the liquid phase pressure measured at the bottom of their setup, so 𝑃𝐶
′ = 𝑃𝐺 − 𝑃𝐿,𝑜𝑢𝑡𝑙𝑒𝑡 .  At 398 

the start of the experiment, 𝑃𝐿,𝑜𝑢𝑡𝑙𝑒𝑡 is high due to the large effect of Δ𝜌𝑔ℎ acting on the water 399 

column, resulting in a highly negative 𝑃𝐶
′ .  As air invaded into the domain from the top (actually, 400 

water was withdrawn from the bottom to the same effect), the liquid front receded toward the 401 

outlet resulting in a lower value of Δ𝜌𝑔ℎ. Simultaneously, the curvature of the air-water interface 402 

changes to accommodate the capillary equilibrium in the invaded pores.  These two effects 403 

combine to control the measured 𝑃𝐿,𝑜𝑢𝑡𝑙𝑒𝑡 and hence the observed 𝑃𝐶
′ .  Eventually, the liquid 404 

water pressure must become negative to apply sufficient suction to the water to remove it from 405 

small pores, resulting in a positive value of 𝑃𝐶
′ . These results can be compared directly to the 406 

present simulations since a negative value of  Δ𝜌 was used.  The voxel values in the starting 407 

image contain the capillary entry pressure plus the local Δ𝜌𝑔ℎ as described by equation (3), so 408 

the values near the top of the image contain the negative values. The invasion of air proceeds by 409 

entering the most easily invadable regions first, corresponding to the most negative voxels.   410 

The impact of increasing 𝐵𝑜 on the pseudo-capillary curves follows the trends observed by 411 

(Ayaz et al., 2020), with both the slope and the amount of residual defending phase increasing. 412 

The absolute amount of trapped defending phase predicted by the present algorithm is less than 413 

the experiment, probably due to the fact that in reality water continuity is lost by evaporation of 414 

water from films. Evaporation is not included in the present algorithm, so continuity is only lost 415 

due to topological mechanisms. Overall, the agreement is satisfactory and illustrates that the 416 

proposed algorithm can indeed be used to predict pseudo capillary pressure curves. 417 
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 418 

Figure 9. Results of present algorithm on a pseudo-2D micromodel of spheres between 2 plates.  419 

(a) shows the full history of invasion for 𝜶 = 𝟒𝟓 with the invasion pressure indicated by the 420 

color bar and red indicating trapped wetting phase. b), c) & d) show snap shots of the invasion 421 

pattern obtained by thresholding (a). (e) shows the pseudo-capillary pressure curves obtained by 422 

the present algorithms (indicated by circles) overlaid with the reported data of (Ayaz et al., 2020) 423 

for the same Bond numbers. (f) shows the same data with the saturation normalized by the final 424 

value. 425 

 426 

4.4 Height of the two-phase zone with varying Bond number 427 

The invasion patterns shown in Figure 9 for 𝐵𝑜 = 0.120  display a compact front as expected for 428 

gravity stabilized invasion and in qualitative agreement with the data of (Ayaz et al., 2020). 429 

However, to evaluate this behavior more quantitatively, the height of the two-phase zone was 430 

measured for simulations similar to those shown in Figure 6 and Figure 7. Taller images were 431 

used to provide sufficient space for two-phase zones to become established. The saturation 432 

profiles are shown in Figure 10 for the 2D case at 4 different Bond numbers from negligible to 433 
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dominant. Two times the median of the distance transform of each image was used as the 434 

characteristic length, R in the Bond number calculation. Trapping was not applied so any 435 

defending phase left behind the front was eventually invaded. The findings presented below were 436 

qualitatively similar when trapping was allowed. When the Bo number is low the two-phase zone 437 

spans the entire domain. At higher Bo numbers the front becomes very compact and nearly 438 

vertical.   439 
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 440 

Figure 10. Evolution of saturation profiles at increasing total saturation for 4 different Bond 441 

numbers. These profiles were obtained on a 2D image with the same parameters as Figure 3 but a 442 

height of 5000 pixels to allow for development of two-phase fronts and 1000 pixels wide. 443 

 444 

The findings in Figure 10 can be conveniently summarized by plotting the height of the two-445 

phase zone vs 𝐵𝑜, where the height was defined as 𝑙′ = 𝑙/𝐿𝑣𝑥 with 𝑙 being the distance of the 446 
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region over which 0.01 < 𝑠𝑛𝑤𝑝 < 0.99, and 𝐿𝑣𝑥 was the height of the image, both in voxels. 447 

Figure 11 shows the results for both 2D and 3D images.  Several interesting features appear. At 448 

low 𝐵𝑜 (high inverse 𝐵𝑜) the height of the two-phase zone is very large and in some cases spans 449 

the entire length of the image, which is indicated on each plot by the upper dashed line. The 450 

height of the two-phase zone varies widely at low 𝐵𝑜 so the points display a wide spread. At 451 

intermediate values of 𝐵𝑜 there is a linear relationship between the height of the two-phase zone 452 

and the inverse of 𝐵𝑜, as reported by (Ioannidis et al., 1996). The solid line is described by a 453 

powerlaw of the form 𝑙′ = 𝐴𝐵𝑜−𝑏 with 𝐴 = 18, 𝑏 = −1.0 for the 3D case and 𝐴 = 25, 𝑏 =454 

−0.8 for the 2D case.  Having similar prefactor values is expected owing to the similar structure 455 

of both images.  The exponent of −1 for the 3D case is expected from percolation theory as 456 

discussed by (Prat & Bouleux, 1999).  They also derived an exponent of −0.57 for the 2D case, 457 

which is lower than that found here.  Differences are unsurprising given that their value was 458 

derived for a 2D lattice with uniform bond/ size distribution without spatial correlation. 459 

Differences may also arise from the limited resolution or size (in terms of number of pores) of 460 

the images used here.  In any event, the present simulations display a reduced value of the 461 

exponent so follow the correct trend.  More detailed studies of this scaling with large images and 462 

more 𝐵𝑜 values may provide useful insights and are recommended for future work. It can also be 463 

observed in Figure 11 that the points at each 𝐵𝑜 are nearly coincident indicating that the height 464 

of the two-phase zone is saturation independent, and that the front simply advances up the 465 

domain with increasing applied pressure. At very high 𝐵𝑜 the front becomes extremely flat, as 466 

visible in Figure 10.  The height of the two-phase zone should approach 0, however, in Figure 11 467 

it can be seen to approach a plateau value of around 10 pixels. This is an artifact of the image-468 

based technique which inserts spheres into the image, regardless of the 𝐵𝑜 number, creating a 469 
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fringe of arcs at the fluid-fluid interface.  The dotted line represents the characteristic length used 470 

in the computation of 𝐵𝑜 (twice the median of the distance transform), and it corresponds closely 471 

with the plateau value, which stands to reason since the spheres defining the phase interface will 472 

be the same size as the pore space. The results in Figure 11 are a useful diagnostic tool for 473 

checking whether a particular image is tall enough to fully accommodate the two-phase zone, or 474 

whether the 𝐵𝑜 number is large enough that the fringe artifacts at the fluid-fluid interface may 475 

become noticeable. In the high 𝐵𝑜 regime the plateau artifact is actually quite small being only 476 

5-10 voxels, so even these configurations may be a good approximation depending on the 477 

application.  Further work might focus on how to flatten the interfaces at high 𝐵𝑜, but this is 478 

outside the scope of the present work.   479 

 480 

Figure 11: Height of the two-phase zone as a function of inverse Bond number. Left is for a 2D 481 

image and right is for a 3D image. The images were generated using the same parameters as in 482 

Figure 3 but heights of 5000 and 1000 pixels respectively to provide additional space to establish 483 

two-phase zones. The dashed lines represent the domain height while the dotted line indicates the 484 

characteristic length computed for each image. A solid line is plotted to highlight the linear 485 

portion of the curve which is described by the indicated power law equation. 486 
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4.5 Impact of neglecting Bond number 487 

It is evident that for certain tomographic images, the error when neglecting the effects of gravity 488 

in drainage simulations could be significant. To determine how significant this error can be in 489 

any given image, we conducted an analysis of the relationship between the error associated with 490 

neglecting gravity in drainage simulations, the non-dimensional Bond number, and the height of 491 

the domain in question. A 3D image of porous media was generated with image dimensions of 492 

1 cm wide by 10 cm tall by 1 cm deep at a resolution of 𝐿𝑣𝑥 = 0.05 
𝑚𝑚

𝑝𝑥
, 1 mm particle 493 

diameter, and a target porosity of 65%. Drainage was simulated until 50 ±3 % saturation of the 494 

non-wetting phase was reached. Simulations were performed at 11 different Bond numbers 495 

ranging from 0.0001 to 10 (logarithmically spaced). As above twice the median of the distance 496 

transform was used as the characteristic length, R in the Bond number calculation. Different 497 

Bond numbers were achieved by adjusting the density term, Δ𝜌. 498 

After reaching 50±3% saturation, the image was sliced vertically at 78 logarithmically spaced 499 

heights and the local saturation below each of these heights was calculated for the case with 500 

gravity and the case without gravity. The difference between the local saturation for both cases at 501 

each height and Bond number was classified as the absolute saturation error. This process was 502 

repeated for 10 stochastically generated 3D images of porous media with identical images sizes 503 

and input parameters. The differences in saturation in all 10 images were averaged to produce 504 

Figure 12.  505 

The plot shows that as Bond number increases, meaning that gravity has a greater effect on the 506 

drainage process, larger differences in local saturations at lower heights are observed. Note that 507 

Bond numbers above 10 were not considered since these are subject to fringe artifacts due to the 508 
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insertion of spheres when flatter interfaces would be more appropriate as discussed in the 509 

previous section. Using this plot, the error associated with neglecting gravity in drainage 510 

scenarios can be estimated for any porous media and pair of fluids. Therefore, when performing 511 

image-based drainage on a volumetric image, it is important to determine if the image height and 512 

Bond number are within the ranges where the impact of gravity will play a significant role.  513 

 514 

Figure 12. Contour plot of absolute saturation error between drainage simulations with and 515 

without gravity effects with respect to domain height and Bond number. Contour lines are shown 516 

from 0% to 50% absolute saturation error. The secondary x-axis shows the pore size in 517 

millimeters that corresponds to the Bond number on the primary x-axis when the two fluids in 518 

the simulation are air and water at standard pressure and temperature (1 atm, 25°𝐂). 519 

 520 
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5 Conclusion 521 

An enhanced image-based sphere insertion method was presented that accounted for the effects 522 

of gravity during drainage. The algorithm was validated using a simple capillary tube example 523 

and demonstrated an average absolute error of 0.039 ± 0.035 mm and relative error of 1.83 ± 524 

5.45 %, confirming the accuracy of the proposed algorithm. Additionally, a resolution 525 

dependence analysis was conducted which showed that relative error and resolution were 526 

approximately related by a logarithmic function indicating that a significant reduction in relative 527 

error could be obtained by increasing the image resolution even slightly. The resolution analysis 528 

was also normalized so that error could be predicted based on pore size in pixels rather than 529 

image resolution. The algorithm was then shown to effectively reproduce pseudo-capillary 530 

pressure curve behavior compared to experimental results in the literature when performed on a 531 

similar porous domain. The algorithm was then used to study the height of the two-phase zone as 532 

function of Bond number and found to vary with 𝐵𝑜−1 Click or tap here to enter text.in the range 533 

of intermediate 𝐵𝑜 numbers for 3D, with 𝐵𝑜−0.8 for 2D, in good agreement with theoretical 534 

values.  At very large 𝐵𝑜 the height of the two-phase zone plateaued at a lower limite due to 535 

artifacts caused by the insertion of spheres under conditions when interfaces are no longer 536 

expected to be spherical.  At lower 𝐵𝑜 the two-phase zone extended beyond the length of the 537 

image so the trend was also interrupted. Finally, using multiple 3D stochastically generated 538 

images of porous media, the impact of domain height and 𝐵𝑜 on expected error when neglecting 539 

gravity in drainage simulations was demonstrated. A contour plot was constructed to represent 540 

this relationship, which can be used to obtain an estimate of the expected error when neglecting 541 

gravity for any pair of invading and defending fluids with a known Bond number and domain 542 

height. Ultimately, the proposed algorithm can be used to simulate drainage more faithfully in 543 
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tall domains such as stochastically generated images of fuel cell electrodes  (Hinebaugh et al., 544 

2017), and stitched tomograms of tall columns (Jackson, 2019). It is also envisioned that pseudo-545 

capillary pressure curves suitable for field-scale modeling (e.g., Celia et al., 2015) could be 546 

generated from smaller tomograms by artificially increasing the Bo number, but this remains to 547 

be explored in future work. Other future applications of the present work also focus on 548 

application to well-defined micromodels, so the exact pore structure and fluid configuration can 549 

be compared (Zhao et al., 2014), and (Khorshidian et al., 2018). Lastly, the recently published 550 

work of (J. T. Gostick et al., 2022) can potentially be adapted to use Eq.(3) rather than distances, 551 

thus allowing the inclusion of gravity in invasion percolation (Wilkinson, 1984) or volume-552 

controlled simulations. 553 

 554 
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8 Appendix 688 

The following code snippets provide recipes for regenerating the images used in this work.   689 

8.1 Generating Overlapping Disks and Spheres 690 

The following was used to generate the overlapping disks and spheres shown in Figure 3(a) and 691 

(b).  Each realization will be different depending on the state of the random number generator, 692 

which can be set to a specific initial state to produce consistent results if desired.  693 

import porespy as ps 694 

import numpy as np 695 

np.random.seed(0) 696 

im2D = ps.generators.overlapping_spheres(shape=[4000, 1500],  697 

                                         r=25, 698 

                                         porosity=0.65) 699 

im3D = ps.generators.overlapping_spheres(shape=[150, 150, 400],  700 

                                         r=3, 701 

                                         porosity=0.65) 702 

 703 

8.2 Generate Glass Bead Micromodel by Random Sequential Addition  704 

The following was used to generate the micromodel packing of (Ayaz et al., 2020). Each 705 

realization will be different depending on the state of the random number generator, which can 706 

be set to a specific initial state to produce consistent results if desired. 707 

import porespy as ps 708 

import numpy as np 709 

im = ~ps.generators.RSA([20, 2000, 2900], r=10, volume_fraction=0.65) 710 

# Pad X and Y faces with solid to represent glass plates and edge 711 

seals 712 

im = np.pad(array=im,  713 

            pad_width=[[1, 1], [1, 1], [0, 0]],  714 

            mode='constant',  715 

            constant_values=False) 716 

 717 


