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Discussion Section 2 - Solutions

QUESTION 1 (Real present value)

Consider Robert’s optimization problem, he lives 2 periods where he receives (y1, y2),

respectively in period 1 and 2. He has access to credit markets (which offer a constant

interest rate R for savings or loans), and his parents endowed him with a bond b0 that

pays b0(1 + R) in time 1, and he can decide to leave a bequest to his loved ones after he

dies, b2.

(a) Write down the real present value of lifetime income (y1, y2), the endowment b0, the

bequest b2, and consumption streams (c1, c2).

(1) (y1, y2) : y1 + y2
1+R

(2) b0 : b0(1+R)
P

(3) b2 : b2
P (1+R)

(4) (c1, c2) : c1 + c2
1+R

(b) Write the intertemporal budget constraint. What is its interpretation?

c1 +
c2

1 + R
+

b2
P (1 + R)

= y1 +
y2

1 + R
+

b0(1 + R)

P

This equation gives the maximal real consumption and bequest that Robert can

choose, in his whole life, given his lifetime income and endowment.

QUESTION 2 (Intertemporal budget constraint)

Suppose there are two people living for two periods, O (for ‘Old person’) and S (for

student). Assume O and S have identical utility functions, R = 10%, and there is no

endowment or bequest. Lifetime income for O is (y1, y2) = (100, 0), and lifetime income

for S is (0, 110).

Whose consumption in the first period is larger?

Note that the lifetime income for the student is equal to that of the old person:

ys1 +
ys2

1 + R
= 0 +

110

1.10
= 100 +

0

1.10
= yo1 +

yo2
1 + R

SInce there is no endowment or bequest, they can choose the same real consumption in

their lifetime, also, since they have the same preferences, they want to consume the same.

Therefore, in particula, the consumption in the first period is equal for both.

QUESTION 3 (Substitution and Wealth Effect - problem 3.7 in the book)

What is the effect over current consumption and work of the following? Distinguish

between wealth effect and substitution effect.
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(a) A permanent parallel upward shift of the production function in both periods.

Since it is an upward parallel shift of the production function, there is only positive

wealth effect (WE), then current consumption must increase, c1 ↗, and current

labor must decrease, l1 ↘, in fact, given that the sift is permanent, we have the

same effect for consumption and work effort tomorrow: c2 ↗, l2 ↘.

(b) An increase in the interest rate.

This is a, somehow, tricky question, if we let x ≡ y1 + y2
1+R

+ b0(1+R)
P

− b2
P (1+R)

,

then the intertemporal budget constraint is c1 + c2
1+R

= x. With the increase in R,

there are two effect, x changes(may increase or decrease), which leads to a WE, and

the slope of the budget constriant, 1R, also changes (remember the graph in class),

which leads to a substitution effect (SE).

We will assume, that there is only SE (also called inter-temporal-substitution

effect in this case) to answer the question. The the present value of consumption

tomorrow, c2
1+R

, decreases, so it is cheaper to consume tomorrow, then c1 ↘, c2 ↗
(you can also see this in the graph between c1 and c2, since it becomes steeper, and

touches the same point.

Similarly, the present value of work effort tomorrow, f(l2)
1+R

decreases, so it is not as

valuable to work tomorrow, then: l1 ↗, l2 ↘.

(c) A temporary increase in the marginal product of labor today (MPL tomorrow goes

back to its “original” values).

In equilibrium, we have MPL1(l1) = MPL2(l2). With the temporary increase

in MPL, MPL1 ↘ but MPL2 does not change. Then in order to go back to

equilibrium, l1 ↗, l2 ↘. You can also understand why this is the case by noting

that with the increase of MPL1, labor today is more valuable than labor tomorrow.

Now, we will also have SE and WE in the first period, due to the change in MPL1

(remember what we saw in Ch2) which will lead to c1 ↗, l1 ↗ as long as SE¿WE,

which is the assumption we always make.

QUESTION 4 (Intertemporal optimization)

Suppose that Emma lives for 2 periods, has utility function: u(c1, c2) = log(c1)+ 1
3
log(c2),

and income streams of (50, 60). Assume P = 1, b0 = b2 = 0: Assume R = 20%, what’s

the optimal (c1, c2), and the optimal saving (b1 − b0)?

The present value of life time wealth is x=50+60/1.2=100, so the interpemporal budget

constraint is

c1 +
c2
1.2

= 100

, by plugging this, i.e. c1 = 100− c2/1.2, into the utility function,

u(·) = log(100− c2/1.2) + 1/3log(c2)
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, so we can take the first order condition (FOC), i.e. derivate with respect to c2 and

equate it to zero. to get

− 1/1.2

100− c2/1.2
+

1/3

c2
= 0

⇒ 1

120− c2
=

1

3c2
⇒ 120− c2 = 3c2

⇒ c∗2 = 30, c∗1 = 100− 30/1.2 = 75.

To get the optimal saving we need to look at the budget constraint in period 1 and note

that b0 = 0, P = 1, then c1 + b1 = y1, this is b∗1 = 50 − 75 = −25. Thus, the optimal

saving is b∗1 − b0 = −25. So she borrows $25.

QUESTION 5 (Wealth effects for infinite horizon - problem 3.10 in the

book)

Consider the budget constraint of the Smith’s dinasty in real terms over an infinite horizon,

b0(1 + R)

P
+ y1 +

y2
1 + R

+ · · · = c1 +
c2

1 + R
+ . . . .

Under this condition, evaluate the wealth effect of the following:

(a) An increase in the price level, P , for a household that has a positive value of b0.

If you have b0 > 0 and there is an increase in P , the real value of your bonds will

decrease. Hence you suffer a negative wealth effect.

(b) An increase in the interest rate, R, for a household that has b0 = 0, and ct = yt
in each period. There is no WE. Notice that you can re-write the lifetime budget

constraint as
b0(1 + R)

P
+ y1 − c1 +

y2 − c2
1 + R

+ · · · = 0.

Since b0 = 0, and ct = yt, ∀t, all the above terms are zero. Therefore, a change

in R, does not have any effect in consumption. The interpretation is that given

that ct = yt, ∀t, the Smith’s dinasty is always consuming what is produced, thus

is not using the credits market, regardless of anything, then, a change in R will be

irrelevant for them.

(c) An increase in the interest rate, R, for a household that has b0 = 0, ct > yt for t > T ,

and ct < yt for t ≥ T , where T is some date in the future.

b0 = 0, consider

y1 − c1 +
y2 − c2
1 + R

+ · · · = 0, (1)

and divide the equation into two parts: t < T and t ≥ T :

y1 − c1 +
y2 − c2
1 + R

+ · · ·+ yT − cT
(1 + R)T−1︸ ︷︷ ︸

(a)

+
yT+1 − cT+1

(1 + R)T
+ . . .︸ ︷︷ ︸

(b)

= 0 (2)
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Note that (a) > 0, (b) < 0, and (a) + (b) = 0 before the increase in R. The increase

in R makes both (a) and (b) smaller in absolute value. Since the terms in (b) have

higher exponents in the denominator, we should expect that the increase in R shrinks

(a) more. Then, out of equilibrium, after the increase in R, we have (a) + (b) > 0,

since equation (2) was the Real present value of income (RPV (y)) minus the real

present value of expenditures (RPV (c)), we have (RPV (y))−(RPV (c)) > 0. Hence,

there is a positive wealth effect, and the household will raise consumption until

equation (1) is satisfied again. The intuition here is that the Smith’s dinasty, was

consuming less than what they produce in the first periods, so they are acumulating

savings, i.e. they are lenders. When the interest rate goes up, their savings will

receive a higher rate of return, thus creating a positive WE.

QUESTION 6 (Permanent Income - midterm 2003)

Susan lives for three years. She can save or borrow to smooth consumptions (we will

assume that her goal in life is to smooth his consumption over time). Her income is

$20,000 in the first year, $40,000 in the second year and $10,000 in the third year. The

interest rate between the first and the second year is 10% while between the second and

the third is 15%. Assume that she has no endowment nor bequest. What is her permanent

income? What is her annual consumption? What is the amount that she saves (if any)

in the first year?

Let y be the permanent income, then it satisfies the folowing equation:

20, 000 +
40, 000

1.10
+

10, 000

(1.10)(1.15)
= y +

y

1.10
+

y

(1.10)(1.15)

With the help of a calculator, we find that y = 23, 806.73. Then, the annual consumption

is ct = y = 23, 806.73 ∀t. Finally, to find the amount saved in the first year, b1 − b0 = b1
since b0 = 0, we need to look at the budget contraint in time 1:

c1 +
b1
P

= y1 ⇒ b1 = P (20, 000− 23, 806.73) = −3, 806.73P

For simplicity, we may assume that P = 1, so that she borrows $3, 806.73 in the first year.
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