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Classes of Nonseparable, Spatio-Temporal
Stationary Covariance Functions

Noel CRESSIE and Hsin-Cheng HUANG

Suppose that a random process Z(s; t), indexed in space and time, has spatio-temporal stationary covariance C(h; u), where
hE ]Rd (d 2': 1) is a spatial lag and u E ]R is a temporal lag. Separable spatio-temporal covariances have the property that they can
be written as a product of a purely spatial covariance and a purely temporal covariance. Their ease of definition is counterbalanced
by the rather limited class of random processes to which they correspond. In this article we derive a new approach that allows one to
obtain many classes of nonseparable, spatio-temporal stationary covariance functions and fit several such classes to spatio-temporal
data on wind speed over a region in the tropical western Pacific ocean.
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and the covariance function as

Furthermore, the optimal [i.e., minimum mean squared pre
diction error (MSPE)] linear predictor (see e.g., Toutenburg
1982, p. 14) of Z(so; to) is

1. INTRODUCTION

Let {Z(s; t): sED C IRd
; t E [a,oo)} denote a spatio

temporal random process observed at N space-time coor
dinates (s- ; t1),"" (SN; tN)' Optimal prediction (in space
and time) of the unobserved parts of the process, based on
the observations

K(s, r; t, q) == cov(Z(s; t), Z(r; q));
s,r E D, t> 0, q > a.

(1)
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LLaiajC(ri-rj;qi-qj)~a. (3)
i=l j=l

cov(Z(s; t), Z(s + h; t + u)) = CO(h; uIO), (4)

where CO satisfies (3) for all 0 E 8 C IRP •

where E == cov(Z), c(so; to)' == cov(Z(so; to), Z), and 1.£ ==
E(Z); the MSPE is c(so; to)'E-1c(so; to). Eq. (1) is also
known as simple kriging.

In the rest of this article, we assume that the covariance
function is in fact stationary in space and time, namely

(2)K(s, r; t, q) = C(s - r; t - q),

for certain functions C. This assumption is often made so
that the covariance function can be estimated from data.

Now the function C must satisfy a positive-definiteness
condition to be a valid covariance function. That is, for any
(rl; qd, ... , (rm ; qm), any real al,···, am, and any positive
integer m, C must satisfy

Then and only then is (1) a valid, statistically optimal spatio
temporal predictor of Z(so; to) with nonnegative MSPE. We
further assume that C is continuous, although we relax this
assumption in Section 5. For continuous functions, positive
definiteness is equivalent to the process having a spectral
distribution function (see, e.g., Matern 1960, p. 12).

To ensure positive definiteness, one often specifies the co
variance function C to belong to a parametric family whose
members are known to be positive definite. That is, one as
sumes that

J-L(s;t) == E(Z(s;t))
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is often the ultimate goal, but to achieve this goal, a model
is needed for how various parts of the process co-vary in
space and time.

For example, Z might be the wind speed measured ev
ery 6 hours at n monitoring sites distributed throughout
a region of interest (see Sec. 4). Thus, between Novem
ber 1992 and February 1993 there are on the order of
N = 48an observations for the spatio-temporal process rep
resenting wind speed. Although wind speed is potentially
observable at any space-time coordinate (so; to), where
So may not be a monitoring site and to may be a time
in the middle of a 6-hour period, the uncertainty associ
ated with the unobserved parts of the process can be ex
pressed probabilistically by modeling the wind speed to be
a random process in space and time. Further, one might
assume certain functional forms for the first and second
moments (mean, variance, and covariance) of the random
process.

In what follows, we assume that the spatio-temporal pro
cess Z(· ; .) satisfies the regularity condition, var(Z(s; t)) <
00, for all sED, t ~ a. Then we can define the mean
function as
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Cressie and Huang: Classes of Nonseparable, Spatio-temporal Stationary Covariance Functions 1331

Our goal in this article is to introduce new paramet
ric families CO defined in (4) that will substantially in
crease the choices a modeler has for valid (i.e., positive
definite) spatio-temporal stationary covariances. One com
monly used class (see, e.g., Rodriguez-Iturbe and Mejia
1974) consists of separable covariances,

where C 1 is a positive-definite function in ]Rd, C2 is a
positive-definite function in ]R1, and 0' = (O~, O~). Valid
spatial covariance models and valid temporal covariance
models are readily available (e.g., Matern 1960; Cressie
1993, sec. 2.3 and 2.5) and hence they can be combined in
product form via (5) to give valid spatio-temporal covari
ance models. A simple example of a separable model (5) is
C 1 (h) = exp( -Ihl[h[[); (h > 0 and C2(u) = exp( -02[U[);
O2 > 0, and hence

The contour plot of the spatio-temporal covariance function
for 01 = O2 = 1 is given in Figure 1. Separable models are
often chosen for convenience rather than for their ability to
fit the data well; at least they are guaranteed to satisfy (3)
and hence are valid.

However, the class (5) is severely limited, because it does
not model space-time interaction. Notice that for any two
fixed spatial lags h, and h2 ,

u E lR..

Thus, for two spatial locations, the cross-covariance func
tion between the time series at each location always has the
same shape, regardless of the relative displacement of the
locations. An analogous result holds for any pair of time
points and the cross-covariance function of the two spatial
processes.

o
N

Another type of separability involves adding spatial and
temporal covariances; that is, CO(h;ulO) = C1(h10d +
C2(uI02)' For this model, covariance matrices of cer
tain configurations of spatio-temporal data are singular
(Myers and Journel 1990; Rouhani and Myers 1990),
which is unsatisfactory when using (1) for optimal
prediction.

Nonseparable stationary covariance functions that model
space-time interactions are in great demand. Using sim
ple stochastic partial differential equations over space and
time, Jones and Zhang (1997) have developed a four
parameter family of spectral densities that implicitly yield
such stationary covariance functions, although not in closed
form.

In this article we give a new and simple methodology for
developing whole classes of nonseparable spatio-temporal
stationary covariance functions in closed form. In Section
2 we derive a theoretical result that shows how positive
definiteness in ]Rd+1 can be obtained from positive definite
ness in ]Rd. We use this result in Section 3 to define various
classes of valid spatio-temporal stationary covariance mod
els, including the separable models as a special case. In Sec
tion 4 we fit several models to spatio-temporal data on wind
speed over a region in the tropical western Pacific ocean.
Finally, we provide a short discussion of our approach in
Section 5.

2. THEORETICAL RESULTS ON
POSITIVE-DEFINITENESS

Consider the stationary spatio-temporal covariance func
tion C given by (2). Assume that C is continuous and that
its spectral distribution function possesses a spectral den
sity g(w; T) ~ O. That is, by Bochner's theorem (Bochner
1955),

It)

o

o
o .1

0.0 0.5 1.0 1.5 2.0 2.5

Figure 1. Contour Plot of C(h; u) == exp{ -lIhll - lui} Versus Ilhll and lui. The horizontal axis represents the modulus of the spatial lag; the
vertical axis, the temporal lag.
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If in addition C(·;·) is integrable, then

g(w;r) = (2n)-d-l JJe-ih'w-iUTC(h;u)dhdu

(2n)-1 Je-iUTh(w; u) du, (6)

where

h(w; u) == (2n)-d Je-ih'WC(h; u) dh

= Je»:g(w; r) dr.

The construction of C, or equivalently of g, in this article
proceeds by specifying appropriate models for h(w; u). We
assume that

3. CLASSES OF CONTINUOUS SPATIO-TEMPORAL
STATIONARY COVARIANCE MODELS

In this section we give some parametric families of
continuous spatio-temporal covariance functions C(h; u).
Based on the results in Section 2, we have only to look
for functions p(w; u)k(w) that satisfy the two conditions
(C1) and (C2) and for which the integral in (8) can be eval
uated. Then C(h; u) defined by (8) is a continuous spatio
temporal covariance function with corresponding spectral
density, g(w; r) = (2n)-lk(w) Je-iUTp(w; u) duo

To construct the families of nonseparable spatio-temporal
stationary covariances that follow, we used covariance func
tions and spectral density functions given by Matern (1960,
chap. 2). These examples illustrate generally how other
closed-form Fourier transform pairs could be used to do
the same.

and

k(w) == Jg(w;r)dr

in (7).
Also notice that the covariance functions defined by (8)

are generally not separable. However, the separable covari
ances arise as a special case: If the autocorrelation function
p in (7) is purely a function of u, then (8) can be written in
separable form. To sum up, our goal in this article is to find
functions h(w; u) given by (7) that satisfy (Cl) and (C2)
and for which the integral in (8) can be evaluated. There
are many new classes that can be defined in this manner, as
the next section illustrates.

where the following two conditions are satisfied:

(Cl) For each wE ]Rd, p(w;·) is a continuous autocorrela
tion function, Jp(w; u) du < 00, and k(w) > O.

(C2) Jk(w) dw < 00.

Then (6) becomes

g(w; r) == (2n)-lk(w) Je-iUTp(w; u) du > a

by (Cl ). Furthermore,

JJg(w;r)drdw = Jk(w)dw < 00

by (C2). Therefore, assuming that h(w; u) is given by (7)
such that conditions (Cl) and (C2) are satisfied, we see that

C(hi U ) == Jeih'Wp(w;u)k(w)dw (8)

is a valid (i.e., positive-definite) continuous spatio-temporal
stationary covariance function on JRd x R

It is not hard to see that any continuous, integrable spatio
temporal stationary covariance function can be written as
in (7) with conditions (Cl) and (C2) satisfied. Simply define

h(w;u)
p(w; u) == J ( )d '9 w;r r

8> 0,

Co> o.

co> o.

{
Ilh112}

exp -lui + Co exp{ -8u
2

} ;

8> 0,

k(w) = exp{ -collwl12 /4};

k(w) = exp{ -collwl12/4};

Example 2. Let

p(w; u) = exp{-llwI1 2Iul/4} exp{ -8u2
} ;

and

(J'2 {b211h112 }
CO(h;ujO) = ( 2 2 )d/2 exp - 2 2 'au+l au+l

1 {"
h I

2
} 2C(h; u) ex (2 )d/2 exp - 2 exp{ -8u };

u+Co u+cQ
8> 0,

Example 1. Let

p(w; u) = exp] -llwl1 2u2/4} exp{ -8u2
} ; 8> 0,

and

is a continuous spatio-temporal covariance function in ]Rd x
R Since the limit of a sequence of spatio-temporal station
ary covariance functions is still valid if that limit exists
(Matern 1960, p. 17), as 8 --+ 0, a three-parameter nonsep
arable spatio-temporal stationary covariance family is

1
C(h; u) ex (lui + CO)d/2

where 0 = (a, b, (J'2)', a ~ a is the scaling parameter
of time, b ~ a is the scaling parameter of space, and
(J'2 = CO(O; 010) > O. Notice that because of redundancy
in the parameters a, b, and co, without loss of generality we
have put CO = 1. The contour plot of the spatio-temporal
covariance function for a = b = (J'2 = 1 and d = 2 is shown
in Figure 2.

It is clear that both conditions (C1) and (C2) are satisfied.
Therefore, from (8) and Matern (1960 p. 17),

It is clear that both conditions (Cl) and (C2) are satisfied.
Therefore, from (8) and Matern (1960, p. 17),

(7)h(w; u) = p(w; u)k(w),
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o
e-j

It)
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0L....,r-- --.- --,- .-- -..... -r--

0.0 0.5 1.0 1.5 2.0 2.5

Figure 2. Contour Plot of C(h; u) == [1/(u"+ 1)] exp {-IIf12II/(u"+ 1)} Versus Ilhll and lui, Where h = (n, h2 ) . The horizontal axis represents
the modulus of the spatial lag; the vertical axis, the temporal lag.

eo> O.

and

8> 0,

Example 4. Let

p(w; u) = exp{ -llwlllul} exp{ -8u2
} ;

k(w) = exp {_IIW
I12}

;
4co

Because for each w E ]Rd, p(w; u) is decreasing and con
vex for u E (0, (0), it follows that condition (Cl) is

and

where 9 = (a, b,(72)', a 2: 0 is the scaling parameter of
time, b 2: 0 is the scaling parameter of space, and (72 =

CO(O; 0[9) > O. Again, without loss of generality we have
put Co = 1.

Example 5. Let

k(w) = exp{ -eollwll}; eo> O.

It is clear that both conditions (Cl) and (C2) are satisfied.
Therefore, from (8) and Matern (1960, p. 18),

. 1 { IIhl12 r: 2 .
C(h, u) ex: (lui + co)d 1 + (lui + eo)2 exp{ -8u },

8> 0,

is a continuous spatio-temporal covariance function in ]Rd x
R Since the limit of a sequence of spatio-temporal station
ary covariance functions is still valid if that limit exists
(Matern 1960, p. 17), as 8 -+ 0, a three-parameter nonsep
arable spatio-temporal stationary covariance family is

8> 0,

and

is a continuous spatio-temporal covariance function in ]Rd x
R Since the limit of a sequence of spatio-temporal station
ary covariance functions is still valid if that limit exists
(Matern 1960, p. 17), as 8 -+ 0, a three-parameter nonsep
arable spatio-temporal stationary covariance family is

(J2 { b211h112}
C

O(h;uI9)
= (alul + l)d/2 exp - alul + 1 '

where 9 = (a, b,(J2)', a 2: 0 is the scaling parameter of
time, b 2: 0 is the scaling parameter of space, and (J2 =
CO(O; 019) > O. Again, without loss of generality we have
put Co = 1.

Example 3. Let

k(w) = exp{ -eollwll}; Co > O.

It is clear that both conditions (Cl ) and (C2) are satisfied.
Therefore, from (8) and Matern (1960, p. 18),

1 { l[hl[2 }-(d+l)/2
C(h; u) ex: (2 )d 1 + (2 )2u+eo u+Co

x exp{ -8u2
} ; 8> 0,

is a continuous spatio-temporal covariance function in ]Rd x
R Since the limit of a sequence of spatio-temporal station
ary covariance functions is still valid if that limit exists
(Matern 1960, p. 17), as 8 -+ 0, a three-parameter nonsep
arable spatio-temporal stationary covariance family is

o. _ (J2(a2u2 + 1)
C (h, u19) - {(a2u2 + 1)2 + b21IhI1 2}(d+l)/2'

where 9 = (a, b, (J2)', a 2: 0 is the scaling parameter of
time, b 2: 0 is the scaling parameter of space, and (J2 =

CO(O; 019) > O. Again, without loss of generality we have
put Co = 1.
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1334

satisfied. Also, condition (C2) is clearly satisfied. There
fore, from (8) and Matern (1960, p. 17), the function,
exp{ _(u 2 + c~ IlhI12}, is a valid spatio-temporal covariance
function in R x R Because the product of two valid co
variance functions is a valid covariance function, we obtain

So a four-parameter nonseparable spatio-temporal station
ary covariance family is

where 8 = (a, b,c, 0-
2

) ' , a ~ 0 is the scaling parameter
of time, b ~ 0 is the scaling parameter of space, c ~ 0,
and 0-

2 = 0°(0; 018) > O. The contour plots of the spatio
temporal covariance function for a = b = 0-

2 = 1, d = 2,
and c = 0,1,5,10 are shown in Figure 3. Notice that in

l/)

ci

o
ci
'-----,-------,------..,-----------,----'

Journal of the American Statistical Association, December 1999

Figure 3(a) a separable covariance function is obtained since
c= O.

Example 6. Let

c~/2 exp {_ IIwl12 + Ilw112}
p(w; u) = (lui + eo)d/2 4(lul + co) 4co

8> 0,

and

k(w) = exp { _11:~2} ; eo > O.

Because for each w E ]Rd, p(w; u) is decreasing and con
vex for u E (0,00), it follows that condition (Cl ) is
satisfied. Also, condition (C2) is clearly satisfied. There
fore, from (8) and Matern (1960, p.17), the function

l/)

ci

o
ci
'-----,---------,-------~---------r--'

0.0 0.5

(a)

1.0 1.5 0.0 0.5

(b)

1.0 1.5

l/)

ci

o
ciL...,.- ~-----~----____.--1

l/)

ci

o
ciL...,- -.- .,..-- ____.--'

0.0 0.5

(c)

1.0 1.5 0.0 0.5

(d)

1.0 1.5

Figure 3. Contour Plot of C(h; u) == exp {-if -llhllz- cifllhl[2} Versus Ilhlt and lui. Where h = (n, hz). (a) c = 0; (b) c = 1; (c) c = 5; (d) c
= 10. The horizontal axis represents the modulus of the spatial lag; the vertical axis, the temporal lag.
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It)

o

o
0L-,- ,----- ,----- ,-----_---'

0.0 0.5 1.0 1.5

Figure 4. Contour Plot of C(h; u) == {4/[(if + 1)1;2(if + 4)J} exp {- [(if + 1)1(if + 4 )rI2 1Ihll} Versus Ilhll and lui, Where h = (h«, h2 ) . The
horizontal axis represents the modulus of the spatial lag; the vertical axis, the temporal lag.

exp] -(Inl + co) Ilh112} is a valid spatio-temporal covariance
function in ]Rd x R Again, because the product of two
valid covariance functions is a valid covariance function, we
obtain

1

(712 + 1)//(71.2 + c)d/2

C(h; v) ex exp{-(Inl + co)llhl1 2 - aolv.l} exp{-<5v2
} ;

C(h; n) ex

Since the limit of a sequence of spatio-temporal station
ary covariance function is still valid if that limit exists
(Matern 1960, p. 17), as <5 --+ 0, a four-parameter nonsepa
rable spatio-temporal stationary covariance family is

where 0 = (a, b,c,0'2)', a ~ °is the scaling parameter of
time, b ~ °is the scaling parameter of space, c ~ 0, and
0'2 = CO(O; 010) > 0. Notice that a separable covariance
function is obtained when c = 0.

if Ilhll = °1
(712 + 1)v(712 + c)d/2

is a continuous spatio-temporal covariance function in ]Rd x
]R, where K; is the modified Bessel function of the second
kind of order v (see, e.g., Abramowitz and Stegun 1972,
p. 374). So a five-parameter nonseparable spatio-temporal
covariance family can be given as

<5 > 0.co> 0,ao > 0,

Example 7. Let

c> 0, v> 0,

and if Ilhll > 0,

k(w) = {I + cllwl12}-v-d/2; c> 0, u > 0. if Ilhll = 0,

Because for each wE ]Rd, p(w; v) is decreasing and convex
for tz E (0, 00), it follows that condition (C1) is satisfied.
Also, condition (C2) is clearly satisfied. Therefore, from (8)
and Matern (I 960, p. 18) or, more explicitly, from Handcock
and Wallis (I994, p. 370),

where 0 = (a, b, c, V, 0'2)', a ~ °is the scaling parameter
of time, b ~ °is the scaling parameter of space, c > 0,
v > 0, and 0'2 = CO(O,OIO) > 0. Notice that a separable
covariance function is obtained when c = 1.
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In particular, for v = 1/2, we obtain a four-parameter
spatio-temporal covariance family given as

a 2cd / 2

CO(h; ulO) = (a2u2 + 1)l/2(a2u2 + c)d/2

{ (

2 2 + 1) 1/2 }Xexp -b :2~2 + c Ilhll,

where 0 = (a, b,c, a2
) ' . The contour plot of the spatio

temporal covariance function for v = 1/2, a = b = a2 = 1,
c = 4, and d = 2 is shown in Figure 4.

4. APPLICATION TO WIND-SPEED DATA

In this section we apply the new classes of spatio
temporal stationary covariance functions to the problem of
mapping the east-west (EW) component of the wind speed
over a region in the tropical western Pacific Ocean. The data
used in this article are given on a regular spatia-temporal
grid of 17 x 17 sites with grid spacing of about 210 km,
and every 6 hours from November 1992 through Febru
ary 1993. So there are 289 spatial locations and 480 time
points.

We first do some exploratory data analysis. Figure 5
shows the EW wind-speed fields (in m/s) at each of the

first 15 time points, as well as the EW wind-speed field
averaged over the 480 time points, where a positive value
represents an east wind and a negative value represents a
west wind. We can see strong spatio-temporal dependence
from the first 15 EW wind-speed fields. We can also see
that the average EW wind-speed field is relatively flat. Fig
ure 6 shows the time series plots of EW wind speed (in
m/s) for sites at locations (5,5), (5,13), (13,5), and (13, 13),
where we have used Cartesian coordinates based on the grid
{I, ... , 17} x {I, ... , 17}. Figure 7 gives a plot of the sample
standard deviation versus the sample mean of wind speed
(over time) obtained from each of the 289 sites. No specific
pattern (e.g., increasing pattern) is seen in this figure, indi
cating homoskedasticity. Therefore, from Figures 5, 6, and
7, it seems reasonable to assume spatia-temporal stationar
ity of the EW wind-speed field in the domain of interest.

Let Z(Si; t) be the observed EW wind speed (in rn/s) for
time t at site i; t = 1, ... ,480, i = 1, ... ,289. The empirical
spatio-temporal variogram estimator is given by

2~(h(l); u) == IN(h~); u)[

x L (Z(Si; t) - Z(Sj; t,))2 ,
(i,j,t,t') E N (h(l);u)

1=1 1= 5 1= 9 1=13

1= 15

Mean

145 150 155 160 165 170 175

145 150 155 160 165 170 175

III":x·o x .

'\' '\' '\'

~ ~ ~

145 150 '55 '60 165 170 175 145 160 155 160 165 170 175 '45 '50 155 160 165 '70 175 145 ISO '55 160 '65 170 175

t = 2 1= 6 1=10 1= 14

~ ~ ~

~ ~ e

'\' '\' '\' '\'

~ ~ ~

145 150 '55 160 '65 170 175 '45 160 '55 '60 '65 170 '75 '45 160 155 160 165 170 17S

t = 3 1= 7 1= 11

~ ~ ~ ~

~ ~ ~ ~

'\' '\' '\' '\'

~ ~ ~ ~

'45 '50 '55 '50 165 170 175 145 150 155 160 165 170 176 '45 150 155 160 ,65 170 '75

1= 4 1= 8 1= 12

:".
If) 1'.0.. ..~

145 150 155 160 165 170 175 145 150 155 160 165 170 175 145 150 155 160 165 170 175 145 150 155 160 165 170 175

Figure 5. EW Wind-Speed Fields (in mls) for the First 15 Time Points and the Mean EW Wind-Speed Field (Over Time) on 17 x 17 = 289
Wind-Speed Sites. Note that a positive value represents an east wind, and a negative value represents a west wind.
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~Lr---,.------r---.------,----'
100 200 300 400 100 200 300 400

(a) (b)

100 200 300 400 100 200 300 400

(c) (d)

Figure 6. Time Series Plots of EW Wind Speed (in m/s) for Sites (5, 5), (5, 13), (13, 5), and (13, 13) Located on the Grid {1, ... ,17} x
{1, ... , 17}.

We use the weighted-least-squares (WLS) method (see, e.g.,
Cressie 1993, p. 96) to estimate 9 by minimizing

where

N(h(l);n) == {(i,j, t,t') : s, - Sj E Tol(h(l));

it-t'l=n, i,j=1, ... ,2S9}.
L U { i(h(l); n) }2

W(9) == LL IN(h(l);u)1 ,(h(l);nIO)-l
1=1 u=O

(9)

Here Tol(h(l)) is some specified "tolerance" region
around h(l), and IN(h(l); n)1 is the number of dis-
tinct elements in N(h(l); u); 1 1, ... , L, u.

0,1, ... , U. The parameter 9 in a parametric spatio
temporal covariance function CO(h; n19) can then be es
timated by fitting {2i(h(l); un to the spatio-temporal
variogram,

2,(h; n19) == var(Z(s + h; t + u) - Z(s; t)))

= 2{CO(O;OI9) - CO(h;uI9n;

uER

over all possible 9, Zimmerman and Zimmerman (1991)
performed simulation experiments to compare (9) with
likelihood-based methods and found that WLS is sometimes
the best fitting procedure and never does poorly.

Figure 8 presents the estimated variogram based on 27
spatial lags, up to half the maximum possible distance, and
51 time lags. The figure shows a clear nonseparable feature
for the spatio-temporal covariance, because the covariance
(or variogram) for a larger spatial lag is almost constant,
whereas the covariance for a smaller spatial lag is not.
RecalI that for a separable spatio-temporal stationary co
variance function, we have CO(h 1 ; 11,) ex: CO(h2 ; 11,); 11, E R
Therefore, it does not appear to be appropriate to fit a sepa-
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Mean

Figure 7. Sample Standard Deviation Versus Sample Mean of EW Wind Speed (in m/s). Means and standard deviations are calculated over
time at each observation location.

rable spatio-temporal covariance function to the wind-speed
data.

To select an appropriate spatio-temporal covariance func
tion among the seven classes of models, we first look at
the empirical spatial variogram for each time lag. We can
see that the empirical spatial variogram for smaller time
lags is clearly concave in Ilhll, which is satisfied only by
the spatio-temporal variograms of Examples 2, 4, and 6.
Therefore, we consider three spatio-temporal variogram
models based on these three examples, with the function
7 2 I (h = 0, u = 0) added to each variogram to account
for the nugget effect (see Sec. 5). We also consider the ad
dition of a purely spatial variogram 2a111h11Q2, which is
needed to account for the empirical spatial variogram hav
ing almost the same shape for any larger time lag. Then the
three spatio-temporal semivariogram models are given as
follows.

Model I. Based on Example 2, define the semivari
ogram model

Using the WLS criterion (9) for estimating 0 == (a, b,
2 2)' btai baI, a2, a ,7 , we 0 tam a = .399, = .00235, a1 =

1.16 x 10-6 , a2 = 1.999, a 2 = 5.895, and 7 2 = .164. The
WLS value is W(O) = 2.01172 X 106 .

Model II. Based on Example 4, define the semivari
ogram model

Table 1. Comparable Parameter Estimates for Models I, II, and 11/

Using the WLS criterion (9) for estimating 0 == (a, b,
2 2)' btaiaI, a2, a ,7 , we 0 tam a = .1381, b = .00249, a1 =

1.77 x 10-6 , a2 = 1.999, a 2 = 5.861, and 7 2 = O. The WLS
value is W(O) = 1.94985 X 106 .

Model III

1.82 X 10-6

1.999
5.313

.275
1.88228 x 106

otherwise.

Model II

1.77 X 10-6

1.999
5.861
o

1.94985 x 106

Modell

1.16 X 10-6

1.999
5.895

.164
2.01172 x 106

o if u = [h] = 0

I'II(h;uIO) == a
2 {1- ((alul + ~j~I++b~llhI12)3!2 }

Figure 8. Empirical Spatio-Temporal Variogram Evaluated at Spatio
Temporal Lags {h(1), ... , h(27)} x {a, 1, ... , 50}.
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Model III. Based on Example 6, define the semivari
ogram model

Figure 9. Contour Plot of the Weighted Least Squares Fitted Spatio
Temporal Variogram Versus Ilhll and lui, where h = (n, h2) . (a) Model
I; (b) model II; (c) model III.

5. DISCUSSION

o

Using the WLS criterion (9) for estimating () == (a, b,c,
0'1, 0:2, (J2, 7

2)' , we obtain a = .186, b = .00238, c = 0,
0:1 = 1.82 X 10-6 , 0:2 = 1.999, (J2 = 5.313, and 7 2 = .275.
The WLS value is W(B) = 1.88228 x 106 .

Table 1 displays comparable parameter estimates for the
three models. The contour plots of the fitted spatio-temporal
variogram functions for Models I, II, and III, with respect
to the spatial lag Ilhll and the temporal lag u, are shown in
Figure 9(a), (b), and (c). Based on the smallest WLS value
of W(B), Model III provides the closest fit. We conclude
that for the wind-speed data, the nonseparable empirical
variogram is better fit by a purely spatial variogram plus a
spatio-temporal variogram with spatio-temporal interaction
parameter c = O. The three-dimensional plot of the fitted
spatio-temporal variogram function based on Model III is
displayed in Figure 10.

All spatio-temporal stationary covariances constructed
according to the approach given in Section2 are continu
ous. A discontinuity at the origin (h = 0, u = 0) is allowed
by adding the function 7 2f(h = 0, u = 0), to CO(h; ulB)
in (4), which is sometimes called a nugget effect in the
geostatistics literature (see, e.g. Cressie 1993, p. 59). In
terms of the original process, this discontinuous compo
nent corresponds to an additive white noise process. Fur
ther, notice that all of the examples in Section 3 give sta
tionary covariance functions that depend on spatial lag h
through its modulus Ilhll. This (spatial) isotropy can be re
laxed by replacing Ilhll with IIAhl1 for any nonsingular ma
trix A, in which case the model is sometimes referred to as
(spatial) geometrically anisotropic (see, e.g., Cressie 1993,
p.64).

It is obvious from Section 2 that at any fixed temporal
lag u, it is not enough to fit a positive-definite function of
h and hope that the resulting fit, C 1(hIB(u)), is positive
definite in both hand u. Despite the attractiveness of such

Figure 10. Three-Dimensional Plot of the Weighted Least Squares
Fitted Spatio- Temporal Variogram of Mode"" Versus II h II and Iul, Where
h = (h" h2 ) .

2000

2000

2000

iil

Sf

I
>lw

"5
c.
~ f;l

~
>-

~

~
500 1000 1500

Spatial lag (Kilometers)

(a)

s

\
Sf

W
:l'
~ ~

5
"-

\
~ f;l

~
~ .:..

500 1000 ,500

Spaliallag(Kilometers)

(b)

iil

Sf

W
:l'
':: >l

5
"-
~ f;l

.~
>-

~

~ i4

500 1000 '500

SpatialLag(KilometQrs)

(C)

{

a if u = Ilhll = a

l'III(h; ulB) == (J2{1 - exp(-a\ul - b211h l12 - clulllhl12)}

+ 7
2 + 0'111hllD2 otherwise.
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a fitting procedure, it does not generally lead to a valid
spatio-temporal covariance function. However, in one cir
cumstance it does so. Suppose that we can write the spectral
density gl(wI8(u)) of CI(hI8(u)) as

where KwU is a valid positive covariance function in
JRI for each w E jRd. Now, if we can write Kw(u) =
p(w; v)k(w), where p(w;·) is a positive correlation func
tion and Jp(w; u) du < 00 for each w E jRd, then we see
that (10) is a special case of (7), where (Cl) is satisfied.
Hence if the integrability condition (C2) is also satisfied,
then the integral on the right side of (8) is CI(hI8(u)),

which, from Section 2, is a valid spatio-temporal covariance
function.

Finally, although our results have been presented in a
spatio-temporal context, they also allow construction of
valid covariance models in jRd+1 based on spatial covari
ance models in jRd and JRI. For example, putting d = 2 and
u = h3 in (8) yields a valid stationary covariance model,
C(h l , h2 , h3 ) , in jR3.
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CORRECTIONS

Cressie, Noel, and Huang, Hsin-Cheng, “Classes of Nonseparable,
Spatio-Temporal Stationary Covariance Functions,” 94, no. 448 (December
1999), 1330–1340.

In Examples 5 and 6 in Section 3, it is incorrectly stated that �4—3u5 is
decreasing and convex for u 2 401 ˆ5. Consequently, the spatio-temporal co-
variance functions given in these two examples are not valid and, hence, they
should be removed. Also, in lines 6–7 of Example 7, “�4—3u5 is decreasing
and convex for u 2 401 ˆ5” should be replaced with “�4—3u5 is an autocorre-
lation function in u (Matern, 1960, p. 17).” All theoretical results (Section 2)
are correct, and the � tted models given in Section 4 are valid spatio-temporal
models. Finally, we wish to thank an anonymous source for pointing out the
need for this correction.

Fangyu Gao, Grace Wahba, Ronald Klein and Barbara Klein,
“Smoothing Spline ANOVA for Multivariate Bernoulli Observations, With
Application to Ophthalmology Data,” 96, no. 453 (March 2001), 158–160.

The following � gure was omitted from the rejoinder:

Figure 1. Histogram of 100 Estimated Rhos.
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