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CHAPTER 6 

Spatial Chemostatistics 

Noel Cressie 

ABSTRACT 

Chemostatistics is concerned with stat1st1cs for measured chemical 
data. Sometimes knowledge of where such data come from can be very 
useful in predicting values of a process at locations where no data were 
taken. Examples include resource evaluation, atmospheric-deposition 
monitoring, and hazardous waste site characterizations. Results from 
chemical assays give a highly multivariate picture of the underlying pro
cess. However, the picture is incomplete because of sparseness of the 
samples in space, censoring due to limits of detection, measurement 
error, and so forth. This chapter will discuss these issues. 

INTRODUCTION 

Chemostatistics is concerned with statistics for measured chemical 
data. It embraces every stage of a statistical analysis, namely, design, 
data collection, efficient data storage and retrieval, exploratory data 
analysis, statistical model building, statistical inference, diagnostic 
checking, and finally reporting of substantive conclusions. Ideally, in the 
light of the conclusions, the sequence of stages can start again in order to 
answer a new scientific question. 

Some chemists may feel that their subject is an exact science with little 
need for statistics, a subject for which the very nature is the study of 
uncertainty. Statistics attempts to model order in "disorder," such as 
quantification of equation error or measurement error. Even when the 
disorder is discovered to have a perfectly rational explanation at one 
scale, there is often a smaller (or larger) scale where the data do not fit 
the theory exactly; and the need arises to investigate the new uncertainty. 

0-87371-936-0/94/$0.00 + $.50 
1£) 1994 by Lewis Publishers 131 
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There are at least two areas of chemistry research where (access to) 
good statistical training will be essential in the future. First, chemists are 
more than ever using instruments such as chromatographs, spectrome
ters, etc. that give rise to enormous amounts of data, usually multivari
ate. Second, the interface of chemistry with medical research, biological 
research, etc. has led to the study of complicated systems; experiments 
need to be well planned and good predictive models may be stochastic.43 

This chapter is about statistics -in particular, spatial statistics - for 
environmental problems. For example, consider the collection and analy
sis of wet deposition data (i.e., deposition of anions and cations: H +, 

NH4, Na, Ca, S04 , N03 , Cl, etc. which have been dissolved in precipita
tion) in North America. Daily data collection over a number of years at, 
say, 100 locations yields a massive data set. However, most of it is tempo
ral so that spatially the data are still rather sparse. Nevertheless, spatial 
prediction is just as important as temporal prediction, since people living 
in those cities and rural districts without monitoring stations have an 
equal right to know how little or how much their water or their air is 
polluted. The studies done on this large scale are usually observational, 
although occasionally one has the opportunity to "design" an experi
ment. Vong et al.41 describe the changes in rainwater pH and sulfate 
associated with the closure of a copper smelter. 

Chemostatistics has already generated statistical applications that en
compass experimental design and optimization, calibration, multivariate 
data analysis and pattern recognition, sampling strategies, and signal 
processing. In this chapter, I shall emphasize the spatial, multivariate, 
and truncation aspects of environmental data. 

The next section presents the geostatistical approach with particular 
attention given to univariate spatial prediction (kriging). The multivari
ate aspects are brought out in the section entitled "Multivariate Geo
statistics." Finally, in the last section, problems associated with limits of 
detection are discussed. 

GEOSTATISTICS 

Environmental data are often spatial over regions where the spatial 
index is continuous. Not surprisingly, then, geostatistics is having an 
increasingly important role to play in environmental modeling efforts. 
For a statistician interested in spatial statistics, this leads to a whole new 
set of exciting problems. As a consequence, standard geostatistics for 
mining applications has to be augmented with new methods. For 
example, JourneF2•24 has written informative expositions of the use of 
geostatistics in environmental problems. Istok and Cooper20 demon
strated how to predict groundwater contaminant concentrations using 
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geostatistics and Myers32 implemented it to assess the movement of a 
multipollutant plume. Geostatistical studies of acid deposition have been 
carried out by various authors. z,J,9,i 2,28 

The ensuing presentation of geostatistics follows a statistical modeling 
approach; more can be found in Part I of the book by Cressie. 8 There is 
another approach, relying on probabilities obtained from the sampling 
scheme, that Journel23 and Isaaks and Srivastava19 sometimes prefer. 
However, its limitations are sorely felt when one wishes to go beyond 
marginal- and bivariate-distribution (or moment) estimation, to kriging. 
Provided good diagnostics are used to verify the goodness of fit of a 
spatial statistical model, the modeling approach advocated in this chap
ter is extremely powerful. 

First, a measure of the (second-order) spatial dependence exhibited by 
the spatial data is needed. A model-based parameter (which is a function) 
known as the variogram is defined here; its estimate provides such a 
measure. Statisticians are used to dealing with the autocovariance func
tion. However, the class of processes with a variogram contains the class 
of processes with an autocovariance function, and thus kriging can be 
carried out on a wider class of processes than the one traditionally used 
in statistics. 

Let {Z(s): s E D c JR\d} be a real-valued stochastic process defined on 
a domain D of the d-dimensional space JR(d (d = 1, 2, 3, ... ), and suppose 
that differences of variables lagged h-apart vary in a way that depends 
only on h. Specifically, suppose: 

var(Z(s + h) - Z(s)) = 2-y(h) 

for all s, s + h E D; (1) 

typically the spatial index sis two- or three-..dimensional (i.e., d = 2 or 3). 
The quantity 2-y(·), which is a function only of the difference between the 
spatial locations s and s + h, has been called the variogram by 
Matheron.29 

When 2-y(h) can be written as 2-y0(J Jhl J), for h E ff\\d, the variogram is 
said to be isotropic; otherwise it is said to be anisotropic, in which case 
the process Z(·) is also referred to as anisotropic. Anisotropies are caused 
by the underlying physical process evolving differentially in space. Some
times the anisotropy can be corrected by an invertible linear transforma
tion of the lag vector h. That is, geometric anisotropy is described by: 

h E JR(d 
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where A is an invertible d x d matrix and 21'0 is a function of only one 
variable. 

Replacing Equation 1 with the stronger assumption: 

cov(Z(s + h), Z(s)) = C(h) 

for all s, s + h E D (2) 

and specifying the mean function to be constant; that is: 

E(Z(s)) = µ, 

for alls E D (3) 

defines the class of second-order (or wide-sense) stationary processes in 
D, with (auto) covariance function C(·). Time series analysts often as
sume Equation 2 and work with the quantity p(·) = C(·)/C(O). Conditions 
in Equations 1 and 2 define the class of intrinsically stationary processes. 
Assuming only Equation 2 

/'(h) = C(O) - C(h); (4) 

that is, the semivariogram can be related very simply to the covariance 
function. 

For the purposes of this section, assume that the variogram is known; 
in practice, variogram parameters are estimated from the spatial data. 
Suppose it is desired to predict Z(s0) at some unsampled spatial location 
So using a linear function of the data Z = (Z(s1), ••• , Z(sn))': 

Z(so) 
n 

E >-.;Z(s;) 
i=I 

(5) 

It is sensible to look for coefficients { >-.;: i = 1, . . . , n} for which 
Equation 5 is uniformly unbiased and which minimize the mean-squared 
prediction error, E(Z(s0) - Z(s0))2• 

The uniform unbiasedness condition imposed on Equation 5 is E(Z(s0)) 

µ, = E(Z(s0)), for all µ, E R, which is equivalent to: 

n 

EA;= 
i= I 

(6) 
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If the process is second-order stationary and Equation 6 is assumed: 

n n 

E(Z(s0) - E A.;Z(s1))2 = C(O) - 2 E A.;C(s; - s0) + 
i=l i=l 

n n 

E E .>--;>,p(s; - sj) 
i= I j= I 

(7) 

If the process is intrinsically stationary (a weaker assumption) and Equa
tion 6 is assumed: 

n n 

E(Z(s0) - E A,Z(s;))2 = 2 E A;')'(S; - s0) -

i=l i=l 

n n 

E E A.;A.1'Y(s; - si) 
i= U= I 

(8) 

Using differential calculus and the method of Lagrange multipliers, opti
mal coefficients A= (A.1, ••• , An)' can be found that minimize Equation 8 
subject to Equation 6; they are: 

_ _1 [ (l - lT-1-y)lJ 
x - r 'Y + l'r-11 

and the minimized value of Equation 8 (kriging variance) is: 

(l - lT-1-y)2 
1'r-11 

-·--

(9) 

(10) 

In Equations 9 and 10, 'Y = ('Y(s1 - s0), ••• , 'Y (sn - So))', 1 = (1, ... , l)', 
and r is the n x n symmetric matrix with (i, J)1h element 'Y(s; - s1), which 
is assumed to be invertible. 

The kriging predictor given by Equations 5 and 9 is appropriate if the 
process Z(-) contains no measurement error. If measurement error is 
present, then a "noiseless version" of Z(·) should be predicted. 7 

Thus far, kriging has been derived under the assumption of a constant 
mean. More realistically, assume: 

Z(s) = Jt(S) + o(s) 

s ED (11) 

where E(Z(s)) = Jt(S), for s E D, and <'>(-) is a zero mean, intrinsically 
stationary stochastic process with var (o(s + h) - o(s)) = var (Z(s + h) -
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Z(s)) = 2'Y(h), h E JFl.d. In Equation 11, the large-scale variation µ,(·) and 
the small-scale variation o(-) are modeled as deterministic and stochastic 
processes, respectively, but with no unique way of identifying either of 
them individually. Universal kriging predictors can be derived for the 
case µ,(s) = x(s)'(J, a linear combination of variables that could include 
trend surface terms or other explanatory variables thought to influence 
the behavior of the large-scale variation (e.g., Section 3 .4 of the book by 
Cressie8). 

MULTIVARIATE GEOSTATISTICS 

Hazardous waste site characterization and remediation problems are 
typically multivariate and spatial in nature. However, databases are typi
cally aspatial and statistical methods are often both aspatial and univari
ate. Multivariate exploratory _seatial data analyses6•17 are an important 
(and time-consuming) part of building the statistical models subse
quently used in characterization/remediation. This section assumes that 
a valid multivariate spatial statistical model has already been established. 

Consider a vector-valued spatial process: 

{Z(s): s E D} 

where Z(s) E JR~k and D c JFl.d; usually d = 1, 2, or 3. Write Z(s) = (Z1(s), 
... , Zis))'. Assume 

Z(s) = µ,(s) + o(s) (12) 

whereµ,(') is a k x I mean vector composed of fixed effects, and o(·) is a 
k x 1 random vector with zero mean. 

Let the data consist of { Z(s 1), ••• , Z(sn)} at spatial locations { s1, ••• , 

sn} in D. Define Zj = (Z/s1), ••• , Z1(sn))' and oj = (ois1), ••• , o/sn))'. 
Also, let /tj(s) = x/s)'fJj 

where {J1 = p1 x 1 vector of parameters 
x1(s) = pj x 1 vector of "explanatory" variables for Z;(s) 

Finally, let J0 be the (n xp) matrix whose fth row is x1(s1)'; j = I, ... , k. 
Then Z = (Z;, ... , z;)' satisfies: 

Z = X(3 + o (13) 

where X= diag(X1, ••• , Xk), fJ = (fJ;, ... , fJD', and o = (o;, ... , ok}'. 
Also: 
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Z(s) = X(s)fJ + b(s) (14) 

where X(s) = diag(x1(s)', ... , xis)'). Then E(o) = 0, E(o(s)) = 0 and 
write Eje = cov(oj,o1), cis) = cov(opbr(s)), c/s) = cov(o,bi(s)), E(s) = 
var(o(s)), and Cis,u) = cov(b/s),br(u)). Thus, E = var(o) has (j,£)1h block 
equal to Ej1, c(s) = cov(o,o(s)) has (j,£)1h block equal to cji(s) (or has fth 

column equal to c1(s)), and E(s) has (j,£)1h element equal to Cje(s,s). 
Suppose that each component process of Z(·) possesses a variogram: 

2'Yih) = var(Zj(s + h) - Zj(s)) 

h E JR<.d, j = 1, . . . , k 

There are two ways to generalize this notion to account for cross depen
dence between Z/") and Zi(-). The most natural one for multivariate 
spatial prediction (cokriging) is seen below to be: 

h E JR<.d (15) 

which, apart from a mean correction, is the quantity proposed by Clark 
et al. 5 

The other generalization: 

2vih) = cov(Z/s + h) - Z/s), Zi(s + h) - Z1(s)) 

h E JR<.d (16) 

can only be used for cokriging under the special condition that the matrix 
covariance function (Equation 18) belQ\V is symmetric.25 •30 However, it 
has been the generalization traditionally recommended. 30

•
31

•
33

•
42 Relation

ships between the { /'jk)} , {vi·)} , and cross-covariances Cjk, ·) are given 
by Myers33 and Ver Hoef and Cressie.40 

Let 

E(Z(s)) = µ 

s ED (17) 

cov(Z(s),Z(u)) = C(s,u) 

s, u ED (18) 

where µ = (µ1,. . . ,µk)' 
and C(s,u) = kx k matrix (not necessarily symmetric) 
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The cokriging predictor of Z1(s0) is a linear combination of all the avail
able data values of all the k variables: 

Z1(so) 
n k 

I; I; Aj;Z/s;) 
i= I j= I 

(19) 

Notice that Equation 19 assumes that all components of Z(s;) are avail
able for each i. Should this not be the case, a straightforward modifica
tion of Equation 19 through Equation 23 is possible.25 ,31 

Asking for a predictor that is uniformly unbiased; that is, E(Z1(s0)) = 
µ,1, for allµ, yields the necessary and sufficient condition: 

n n 

E Ali = 1, E Aji = 0 (20) 
i= I i= 1 

} = 2, ... 'k 

Therefore, the best linear unbiased predictor (i.e., the cokriging predic
tor) is obtained by minimizing: 

n k 
E(Z1(s0) - I; I; Aj;Zis;))2 

i= I j= I 

(21) 

subject to the constraints (Equation 20). In terms of covariances and 
cross-covariances, 30 the cokriging equations are easily seen to be: 

n k 

I; I; Aj;Cjr(S;,s;.) - mt = C!f(s0,sr) 
i=I j=I 

i' = 1, ... , n, £ = 1, ... , k 

(22) 

combined with the linear equations in Equation 20. These linear equa
tions result in Lagrange multipliers m1, ... , mk. The minimum mean
squared prediction error, or (co)kriging variance, is: 

n k 

ar(so) = Cll(So,So) - E E Aj;Clj(So,s;) + ml (23) 
i=I j=I 

The covariance-matrix function C(s,u) usually has to be estimated 
from the data. The assumption C(s,u) = C*(s - u) allows estimation of 
C*(-) from Z(s1), ••• , Z(sn). It is also possible to formulate cokriging in 
terms of variograms and cross-variograms. Substituting {- 'Yjr(·)} for 
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{ Cj;(-)} in Equations 22 and 23 yields the appropriate cokriging equa
tions. 

In contrast, substitution of { - vi')} for { Cj~( ')} in Equations 22 and 
23 is recommended in much of the geostatistical literature; however, it is 
only appropriate should Cfi(') be a symmetric matrix. To provide models 
for { vje(-)}, but to have a restrictive condition on { Cj~(·)} that usually 
cannot be checked, is self-defeating. After all, the rationale behind work
ing with cross-variograms is to finesse the need for cross-covariances. 
Further, if the condition can be checked and does not hold, the cokriging 
equations in terms of { vjk)} are wrong; an example is given by Ver Hoef 
and Cressie. 40 

On substituting -yje(s,u) = (1/z)var(Z/s) - Ze(u)) for Cje(s,u) in the nota
tion defined in the introduction of this chapter and consequently replac
ing E with r, Eje with rje• cje(s) with yis), c/s) with y/s), c(s) with -y(s), 
and E(s) with r(s), the cokriging predictor of Z(s0) is given by Ver Hoef 
and Cressie40 in its most general form as: 

Z(s0) = -y(So)'r-1 Z + {X(s0) - -y(s0)'r-1 X} (XT-1 X)-1 X'r-1z (24) 

provided that the condition in Equation 20 and (k - 1) analogous condi
tions on the other sets of coefficients pertaining to Z2(s0), ••• , tk(s0) 
hold. They also show that the mean-squared-prediction-error matrix of 
Equation 24 is: 

M = E(Z(s0) - Z(s0))(Z(s0) - Z(s0))' 

= -r(s0) + -y(s0)'r-1 -y(s0) 

- {XT-1 -y(s0) - X(s0)'}' (X'r-1 X)-1 {X'r-1 -y(s0) - X(s0)'} (25) 

and has the property that E(Z(s0) - B'Z)(Z(s0) - B'Z)' - Mis nonnegative 
definite for any nkx k matrix B. In that "Sense, the cokriging predictor 
(Equation 24) is optimal. 

Cressie and Helterbrand10 develop a spatial prir.cipal components 
analysis that allows multivariate data reduction. Special cases result in 
Switzer and Green's37 maximal autocorrelation functions (MAFs), which 
are based on { 2vi')}. However, in its full generality, knowledge of cross
variograms {2'Yje(·)} are needed. Spatial principal components can also 
be applied to multivariate cross-validation, allowing one to diagnose lack 
of model fit and detect spatial outliers in a multivariate setting. 

LIMITS OF DETECTION 

Chemical analyses transform canisters of contaminated soil and vials 
of polluted water into data on a log sheet or a magnetic disk. The data 
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recorded are pollutant concentrations, although at times no concentra
tion is reported, the datum being declared a "nondetect" (ND). In the 
analysis by the chemist, stringent quality-control protocols have to be 
met before a measurement is released. These protocols derive from a 
desire not to declare the presence of a pollutant (and an associated mea
surement) when in fact none is present. 

As a consequence, a "limit of detection" (LOD) is often given, below 
which any measurement obtained is declared ND. For example, the 1988 
Love Canal study4 defined the LOD as the concentration C0 for which 
the power of an a = 0.05 test of H0 : true concentration in the field 
sample is zero, vs H 1: true concentration in the field sample is greater 
than zero, is 7r = 0.95. 

In the discussion that follows, I shall briefly critique this measurement 
strategy and then go on to investigate how spatial modeling might pro
ceed with such censored data. There seems to be considerable disarray 
within the chemistry profession regarding terms (and their meanings) 
associated with detection (see, for example, p. 326 of the volume edited 
by Currie11 and the article by Lambert et al.27). At first, it seems straight
forward: The American Chemical Society Committee on Environmental 
Improvement (ACSCEI) in 1980 defined the LOD as "the lowest concen
tration level that can be determined to be statistically different from a 
blank."1 While the general idea behind this statement is laudable, its 
implementation requires some statistical imagination. Witness the Love 
Canal criterion stated above: there is a cutoff value M 0 above which 
would occur only a = 5% of measurements on blank samples. However, 
for samples from a pollutant with true concentration C0 , 7r = 95% of the 
measurements would be above M 0 • Notice the arbitrariness of the choice 
of a and 7r; and for the purposes of implementation of this criterion, 
notice the necessity of a probability distribution for measurement given 
true concentration. 

It is apparent to every modern-day statistician that this artificial cen
soring of data that fall below an LOD determined by Neyman-Pearson 
hypothesis testing34 destroys information and must be reexamined. In a 
desire to release only the highest quality data (if not released, an ND is 
entered), the chemist has emphasized a measurement-by-measurement 
perspective and lost sight of the larger goals of the study. Exploratory 
data analysis39 followed by methods such as logistic regression27 and 
kriging with different scales of variation8 attempt to filter out the mea
surement error and make inference on true concentrations. However, the 
task is made much more difficult if measurements below the LOD are 
replaced by NDs. 

Even the practice of declaring as an ND any measurement below the 
LOD confuses two quantities, the measurement random variable Mand 
the true concentration C. For the Love Canal study, it is guaranteed that: 
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Pr(M ;:::: M0 IC = 0) = 0.05 (26) 

Pr(M;:::: M 0\C = C0) = 0.95 (27) 

where M 0 is determined from Equation 26, and the LOD C0 is determined 
from Equation 27. However, what is not controlled is: 

Pr(M ;:::: C0 IC = 0) (28) 

Would it be acceptable that 15% of blank samples register as detects 
above the LOD C0? There are many other methods that have been used 
to determine the LOD. Although the ACSCEI recommended in 1980 that 
it be calculated as 3 times the standard deviation of blank samples, that 
multiplicative factor has in different studies ranged between 2 and 10 
(and beyond) (seep. 16 of the overview chapter written by Currie11). In 
the worst case, the method of determination of the LOD is not stated at 
all. On occasions, the LOD may change in the course of the study, as new 
laboratories or instruments are used. 

Further, because the measurement process of gas chromatography I 
mass spectroscopy has an extra "identification" stage that is meant to 
confirm the presence of the target compound (in the absence of confir
mation, an ND is declared), it is possible that a measurement is bigger 
than the LOD but an ND is still entered.27 In any environmental study, 
the statistician must know how the LODs are defined and why the ND 
entries have been declared so. 

Finally, to complete the tragedy of errors, the data analyst-whose 
task it is to make sense out of the data-often substitutes for NDs the 
value zero, LOD, one half LOD, or a prediction of some sort in order to 
apply continuous distribution theory. (Nonparametric methods based on 
ranks could be used, but are invalid if measurements associated with 
NDs could be greater than the LOD.) Thus, what the measurement pro
cess takes away, the statistical analysis process tries to re-create. 

The current practice of artificially censoring pollutant concentration 
measurements has resulted from an overzealous use of classical mathe
matical statistics. Imagine a situation where all measurements are re
ported. The environmental process can now be modeled at both high and 
low concentrations, although it is recognized to be convolved with mea
surement error (noise). First, by "borrowing strength" from all parts of 
the process observed (be they high or low concentrations), the noise can 
be filtered out, even in those parts of low concentration. For example, if 
the data are regional, they often exhibit spatial continuity and the geo
statistical methods (such as kriging) of the "Geostatistics" and "Multiva
riate Geostatistics" sections can be used. Hence, it may be possible to 
determine whether a regional concentration is below an action level even 
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though that level is within measurement error of zero. (It is virtually 
impossible to do this from NDs if the LOD is above the action level.) 
Second, it is clear that resources should be put into determining Pr(M ::5 

mlC = c); c ~ 0 (from, e.g., blank and spiked samples). Third, one no 
longer has to worry about the global implications of a measurement-by
measurement misclassification of NDs. 

The practice of artificially censoring concentration measurements 
should stop. The general consensus of authors writing on this topic is 
that the original measurements are better than the censored 
data. 14- 16•1s.27.3s,3s Old habits are hard to lose; data sets of censored mea
surements will be around for a while. How can an environmental process 
with spatial continuity be modeled from detects and NDs? 

Assume that an ND is recorded if and only if the measurement 
M<LOD. To make this discussion simple, assume that the underlying 
process of measured concentrations is a stationary lognormal random 
field (e.g., see Section 3.2.2 oft~e book by Cressie8). Then the observed 
process is a truncated field, where each potential datum is obtained by 
truncating the lognormal process at LOD. Thus, the observed process is 
Y(s) = exp(Z(s)), where s is a spatial location in a domain D: 

[ 

W(s), if W(s) ~ £ = log(LOD) 
Z(s) = 

f ,. otherwise 
(29) 

and { W(s): s E D} is a stationary Gaussian (or normal) process. That is, 
the process W(·) satisfies Equations 2 and 3, and all joint finite
dimensional distributions are normal. 

Because { Y(s): s ED} and {Z(s): s ED} are in a one-to-one relation, 
I can equivalently consider inference on W(s0) (the Gaussian scale) at a 
known spatial location s0 , based on data Z(s;) = log Y(s;); i = 1, ... , m, 
and Z(Sm+ 1) = ... = Z(sn) = £.Write 

U = (W(s1), ••• , W(sm))' = (Z(s1), ••• , Z(sm))' 

V = (W(sm+i), ... ,W(sn))' 
(30) 

although it is only known that V < fl. Stein36 shows how to calculate: 

F(w; u,f) = Pr(W(s0) ::5 wlU = u, V < fl) 

1 (-oo,f]n-m .P((w - a(u) - b'v)/r))p(vlu)dv 

I (-oo,w-mp(viu)dv 
(31) 

where conditional on U = u and V = v, W(s0) is normally distributed 
with mean a(u) + b'v and variance r; <I>(-) is the cumulative distribution 
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function of a standard normal random variable; and, for suitable param
eters c, B, and T: 

p(vju) = (21f')-<n-mJ12I Tl 112 exp{- (1/z)(v - c - Bu)'T-1 (v - c - Bu) (32) 

is the conditional (normal) density of V given U = u. 
With knowledge of the conditional distribution (Equation 31), the 

optimal predictor (i.e., the predictor that minimizes mean-squared pre
diction error) of exp(W(s0)) is: 

00 

E(exp(W(s0))IU = u, V < £1) = J exp(- w)F(dw; u, £) (33) 
-00 

Should a different criterion of optimality be chosen, a different optimal 
predictor of exp(W(s0)) would result, but it will always depend on F(w; 
u,£) given by Equation 31 (e.g., see pp. 107 and 108 of the book by 
Cressie8). Stein36 goes on to show how Monte Carlo techniques can be 
used to approximate Equation 31 and uses the results to assess the accu
racy of indicator kriging and indicator cokriging.21 •24•26 These latter meth
ods, which yield estimators of F(w; u,£), are on occasions substantially 
different from the optimal estimator (Equation 31). 

Finally, if models for the uncensored process W(") are given in terms of 
conditional distributionsf(w(s0)lw(s;); i = I, ... , n) andftw(s)lw(s0), 

w(s;); i * j = 1, ... , n), Gelfand et al. 13 show how the Gibbs sampler (a 
Monte Carlo technique for estimating joint and marginal distributions) 
can be used to generate ftw(s0)IU = u, V < £1), the density of the 
distribution Equation 31. However, it is rare to find such Markov ran
dom field models in environmental applications, where one is typically 
interested in W(s0,1), W(s0,2), ••• , given (truncated) Z(s1), ••• , Z(sn). 
Now, in order to use the Gibbs sampler,-al/ conditional distributions 
involving the random variables W(s0, 1), W(s0,2), ••• , W(s1), ••• , W(sn) 

would have to be specified. This is not an easy modeling task, even for a 
Gaussian random field. (Further discussion is on pp. 364 and 365 of the 
book by Cressie8.) 
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