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Unit - 2 

KINEMATICS & DYNAMICS OF FLUID 

 

Kinematics and Dynamics of Flow: Introduction to basic lines - Streamlines, Streaklines, Pathlines. 

Various types of fluid flow. Velocity potential function, Stream function, Vorticity and Circulation, Flow 

net. Basic equations of fluid flow like Energy equation, continuity equation and momentum equation. 

Be oulli’s e uatio  a d its appli atio s. 
 

Introduction 

Kinematics is the geometry of Motion. 

Kinematics of fluid describes the fluid motion and its consequences without consideration of the nature 

of forces causing the motion. 

The subject has three main aspects:  

 

 

 

 

 

 

 

 

 

 

 

 

Scalar and Vector Fields 

 

Scalar: Scalar is a quantity which can be expressed by a single number representing its magnitude.  

              Example: mass, density and temperature. 

 

Scalar Field 

If at every point in a region, a scalar function has a defined value, the region is called a scalar field.  

Example:  Temperature distribution in a rod. 

 Vector: Vector is a quantity which is specified by both magnitude and direction. 

    

 Example: Force, Velocity and Displacement. 
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Vector Field 

If at every point in a region, a vector function has a defined value, the region is called a vector field.  

Example: velocity field of a flowing fluid. 

 

Flow Field 

The region in which the flow parameters i.e. velocity, pressure etc. are defined at each and every point 

at any instant of time is called a flow field. 

Thus a flow field would be specified by the velocities at different points in the region at different times. 

 Description of Fluid Motion  

 A.  Lagrangian Method 

Using Lagrangian method, the fluid motion is described by tracing the kinematic behavior of 

each particle constituting the flow. 

Identities of the particles are made by specifying their initial position (spatial location) at a given time. 

The position of a particle at any other instant of time then becomes a function of its identity and time. 

 Analytical expression of the last statement: 

   is the position vector of a particle (with respect to a fixed point of 

reference) at a time t. 

 is its initial position at a given time t =t0 

(6.1) 

 

 

 

 Equation (6.1) can be written into scalar components with respect to a rectangular Cartesian frame of 

coordinates as: 

 x = x(x0,y0,z0,t)           (Where, x0, y0, z0 are the initial coordinates and x, 

y, z are the coordinates at a time t of the 

particle.) 

(6.1a) 

 y = y(x0,y0,z0,t)             (6.1b) 

 z = z(x0,y0,z0,t)           (6.1c) 

               

Hence  in can be expressed as 

 

 

 , , and are the unit vectors along x, y and z axes 

respectively. 

 

Velocity and acceleration 

The velocity and acceleration  of the fluid particle can be obtained from the material derivatives of 

the position of the particle with respect to time. Therefore, 

 

 

 

(6.2a) 

 

In terms of scalar components, 

. 

(6.2b) 
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(6.2c) 

 
(6.2d) 

   Where u, v, w are the components of velocity in x, y, z directions respectively. 

Similarly, for the acceleration, 

 

 
(6.3a) 

And hence, 

 
(6.3b) 

 
(6.3c) 

 
(6.3d) 

Where ax, ay, az are accelerations in x, y, z directions respectively. Advantages of Lagrangian Method: 

Since motion and trajectory of each fluid particle is known, its history can be traced. Since particles are 

identified at the start and traced throughout their motion, conservation of mass is inherent.  

 

Disadvantages of Lagrangian Method: 

The solution of the equations presents appreciable mathematical difficulties except certain special cases 

and therefore, the method is rarely suitable for practical applications. 

 

B.  Eulerian Method 

The method was developed by Leonhard Euler. 

This method is of greater advantage since it avoids the determination of the movement of each 

individual fluid particle in all details. 

It seeks the velocity  and its variation with time t at each and every location ( ) in the flow field. 

In Eulerian view, all hydrodynamic parameters are functions of location and time. 

 

Mathematical representation of the flow field in Eulerian method: 

 

 
(6.4) 

Where 

 

 
And  

 
Therefore, 

u = u (x, y, z, t) 
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v = v (x, y, z, t) 

w = w (x, y, z, t) 

 

 Relation between Eulerian and Lagrangian Method 

  The Eulerian description can be written as: 

         

 
(6.5) 

  Or 

 

 

 
 

The integration of Eq. (6.5) yields the constants of integration which are to be found from the initial 

coordinates of the fluid particles. 

  Hence, the solution of Eq. (6.5) gives the equations of Lagrange as, 

 

 

 
Or  

Above relation are same as Lagrangian formulation. In principle,  the Lagrangian method of description 

can always be derived from the Eulerian method. 

 

Problem 

In a one-dimensional flow field, the velocity at a point may be given in the Eulerian system by u=x+2t. 

Determine the displacement of a fluid particle whose initial position is x0 at initial time to in the 

Lagrangian system. 

Solution 

  Given u=x+2t 

 
Gives on integration 

 

 
 

          (A) 

Where, c is the constant of integration. C can be found by initial conditions- 

For  

Downloaded from  be.rgpvnotes.in

Page no: 4 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

Therefore,   

 

          (B) 

Putting value of c from (B) into (A) 

 

  

This equation represents the Lagrangian version of the fluid particle having the identity at  

Variation of Flow Parameters in Time and Space 

  

Hydrodynamic parameters like pressure and density along with flow velocity may vary from one point to 

another and also from one instant to another at a fixed point. 

According to type of variations, categorizing the flow: 

Steady and Unsteady Flow 

Steady Flow 

A steady flow is defined as a flow in which the various hydrodynamic parameters and fluid properties at 

any point do not change with time. 

          In Eulerian approach, a steady flow is described as, 

 
          and 

 
 

Implications: 

Velocity and acceleration are functions of space coordinates only. 

In a steady flow, the hydrodynamic parameters may vary with location, but the spatial distribution of 

these parameters remain invariant with time. 

In the Lagrangian approach, Time is inherent in describing the trajectory of any particle. In steady flow, 

the velocities of all particles passing through any fixed point at different times will be same. 

Describing velocity as a function of time for a given particle will show the velocities at different points 

through which the particle has passed providing the information of velocity as a function of spatial 

location as described by Eulerian method. Therefore, the Eulerian and Lagrangian approaches of 

describing fluid motion become identical under this situation. 

 

Unsteady Flow 

An unsteady Flow is defined as a flow in which the hydrodynamic parameters and fluid properties 

changes with time.  

Uniform and Non-uniform Flows 

Uniform Flow 

The flow is defined as uniform flow when in the flow field the velocity and other hydrodynamic 

parameters do not change from point to point at any instant of time. 

For a uniform flow, the velocity is a function of time only, which can be expressed in Eulerian description 

as 

 
Implication: 

For a uniform flow, there will be no spatial distribution of hydrodynamic and other parameters. 

Any hydrodynamic parameter will have a unique value in the entire field, irrespective of whether it  

             Cha ges ith ti e − unsteady uniform flow   OR 

             Does ot ha ge ith ti e − steady uniform flow. 
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Thus, steadiness of flow and uniformity of flow does not necessarily go together. 

 

 Non-Uniform Flow 

           When the velocity and other hydrodynamic parameters changes from one point to another the 

flow is defined as non-uniform. 

           Important points: 

           1. For a non-uniform flow, the changes with position may be found either in the direction of flow 

or in directions perpendicular to it. 

           2. Non-uniformity in a direction perpendicular to the flow is always encountered near solid 

boundaries past which the fluid flows. 

Reason: All fluids possess viscosity which reduces the relative velocity (of the fluid w.r.t. to the wall) to 

zero at a solid boundary. This is known as no-slip condition. 

Four possible combinations 

 

Type Example 

1. Steady Uniform flow Flow at constant rate through a duct of uniform cross-

section (The region close to the walls of the duct is 

disregarded) 

2. Steady non-uniform flow Flow at constant rate through a duct of non-uniform cross-

section (tapering pipe) 

3. Unsteady Uniform flow Flow at varying rates through a long straight pipe of uniform 

cross-section. (Again the region close to the walls is 

ignored.) 

4. Unsteady non-uniform flow Flow at varying rates through a duct of non-uniform cross-

section. 

 

 

 

Material Derivative and Acceleration Let the position of a particle at any instant t in a flow field be given 

by the space coordinates (x, y, z) with respect to a rectangular Cartesian frame of reference. 

The velocity components u, v, w of the particle along x, y and z directions respectively can then be 

written in Eulerian form as 

u = u (x, y, z, t) 

v = v (x, y, z, t)  

w = w (x, y, z, t) 

After an infinitesimal time interval t , let the particle move to a new position given by the 

coordinates (x + Δ ,  +Δ  , z + Δ 

 

z). 

Its velocity components at this new position be u + Δu, v + Δ  and w +Δ . 
Expression of velocity components in the Taylor's series form: 

 

 
 

 
 

 

Downloaded from  be.rgpvnotes.in

Page no: 6 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

The increment in space coordinates can be written as – 

 

Substituting the values of  in above equations, we have 

 

 

  In the limit   , the equation becomes 

 

 

 
 Material Derivation and Acceleration...contd. from previous slide 

The above equations tell that the operator for total differential with respect to time, D/Dt in 

a convective field is related to the partial differential as: 

 
 

Explanation of equation 7.2: 

The total differential D/Dt is known as the material or substantial derivative with respect to time. 

The first term in the right hand side of is known as temporal or local derivative which expresses the rate 

of change with time, at a fixed position. 

The last three terms in the right hand side of are together known as convective derivative which 

represents the time rate of change due to change in position in the field. 

       Explanation of equation 7.1 (a, b, c): 

The terms in the left hand sides of Eqs (7.1a) to (7.1c) are defined as x, y and z components of substantial 

or material acceleration. 

 The first terms in the right hand sides of Eqs (7.1a) to (7.1c) represent the respective local or temporal 

accelerations, while the other terms are   convective accelerations. 

Thus we can write, 

 

 
 

 
 

 
(Material or substantial acceleration) = (temporal or local acceleration) + (convective acceleration) 

         Important points: 

In a steady flow, the temporal acceleration is zero, since the velocity at any point is invariant with time. 

In a uniform flow, on the other hand, the convective acceleration is zero, since the velocity components 

are not the functions of space coordinates. 

In a steady and uniform flow, both the temporal and convective acceleration vanish and hence there 

exists no material acceleration. 

         Existence of the components of acceleration for different types of flow is shown in the table below. 
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Type of Flow Material Acceleration 

Temporal Convective 

1. Steady Uniform flow 0 0 

2. Steady non-uniform flow 0 exists 

3. Unsteady Uniform flow exists 0 

4. Unsteady non-uniform flow exists exists 

 

Problem 

Given the velocity field 

 

  

Find the acceleration of fluid particle - 

as a function of x,y,z and t 

at (1,1,1) and time t=1 

 

Solution 

From Equation 6.7a to 6.7c we have 

 
 

 
 

 
From the given velocity field, 

 

 
Therefore, 

 

   (i)    

  (ii) 

   (iii) 

 

Combining (i), (ii) and   (iii) total acceleration is 

 
 

At 1, 1, 1 and t=1 acceleration vector is – 

 
In vector form, Components of Acceleration in Cylindrical Polar Coordinate System ( r, q , z ) 
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Fig 7.1 Velocity Components in a cylindrical Polar Coordinate System 

In a cylindrical polar coordinate system (Fig. 7.1), the components of acceleration in , θ a d z directions 

can be written as 

 

 

 

 
 

Explanation of the additional terms appearing in the above equation:    

The term  appears due to an inward radial acceleration arising from a change in the direction of Vθ 

(velocity component in the azimuthal di e tio  ith θ as sho  i  Fig. 7. . This is k o  
as centripetal acceleration. 

The term  VrVθ/r represents a component of acceleration in azimuthal direction caused by a change in 

the direction Vr of ith θ 

 

Streamlines: 

      Definition: Streamlines are the Geometrical representation of the of the flow velocity.   

      Description: 

 In the Eulerian method, the velocity vector is defined as a function of time and space coordinates. 

 If for a fixed instant of time, a space curve is drawn so that it is tangent everywhere to the velocity 

vector, then this curve is called a Streamline.  

  

          Therefore, the Eulerian method gives a series of instantaneous streamlines of the state of motion 

(Fig. 7.2a). 

 
Fig 7.2a    Streamlines 

 

Alternative Definition: 

A streamline at any instant can be defined as an imaginary curve or line in the flow field so that the 

tangent to the curve at any point represents the direction of the instantaneous velocity at that point. 

       Comments: 
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In an unsteady flow where the velocity vector changes with time, the pattern of streamlines 

also changes from instant to instant. 

In a steady flow, the orientation or the pattern of streamlines will be fixed. 

From the above definition of streamline, it can be written as 

 
(7.3) 

        Description of the terms: 

 is the length of an infinitesimal line segment along a streamline at a point . 

        2.   is the instantaneous velocity vector. 

The above expression therefore represents the differential equation of a streamline. In a Cartesian 

coordinate-system, representing 

                  
  

The above equation (Equation 7.3) may be simplified as 

 
(7.4) 

Stream tube: 

A bundle of neighboring streamlines may be imagined to form a passage through which the fluid flows. 

This passage is known as a stream-tube. 

 
Fig 7.2b    Stream Tube 

        Properties of Stream tube: 

       1. The stream-tube is bounded on all sides by streamlines. 

       2. Fluid velocity does not exist across a streamline, no fluid may enter or leave a stream-tube except 

through its ends. 

       3. The entire flow in a flow field may be imagined to be composed of flows through stream-tubes 

arranged in some arbitrary positions. 

  

 

Path Lines 

        Definition:  A path line is the trajectory of a fluid particle of fixed identity as defined by Eq. (6.1). 

 
Fig 7.3    Path lines 

 

         A family of path lines represents the trajectories of different particles, say, P1, P 2, P3, etc. (Fig. 7.3). 

       Differences between Path Line and Stream Line 

Path Line Stream Line 

This refers to a path followed by a fluid particle over a This is an imaginary curve in a flow 
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period of time. field for a fixed instant of time, 

tangent to which gives the 

instantaneous velocity at that point. 

Two path lines can intersect each other as or a single path 

line can form a loop as different particles or even same 

particle can arrive at the same point at different instants of 

time. 

Two stream lines can never intersect 

each other, as the instantaneous 

velocity vector at any given point is 

unique. 

 

Note: In a steady flow path lines are identical to streamlines as the Eulerian and Lagrangian versions 

become the same. 

 

 

 Problem1:  

A velocity field is given by 

 

  

      a) Find the equation of the streamline at t =t0 passing through the point (x0,y0). 

      b) Obtain the path line of a fluid element which comes to (x0, y0) at t=t0. 

      c) Show that, if A=0 and B=0 (i.e. steady flow), the streamline and path line coincide. 

Solution: 

a)      Streamline: Here Ux=(1+At +Bt2) and Uy=x. 

 Since the slope of the streamline (dy/dx) is the same as the slope (Uy/Ux) of the velocity vector. 

Therefore      

 Integrating this with the condition x=x0, y=y0 gives the Streamline 

 
 b)      Path line: Consider a fluid element passing through (x0, y0) at t=t0. Its co-ordinates (x,y) at other 

values of t (which define the Pathlines) can 

                Be expressed as 

 

  

         

 

 

  Since,      

 
And,               

 
Integrating  the first equation gives, 

 

Now,      
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    These equations of x, y are parametric equation of path line. 

    The time t can be eliminated between them to give an equation for y in terms of x. 

 

(C) When A=B=0, then the equation of streamline becomes 

 

 
And the parametric equations of the path line becomes; 

 
Therefore,       

 

  

Which is equivalent to streamline. 

  

Problem2: 

A two-dimensional flow field is defined as 

 

 

 

Define the equation of Streamline passing through the point (1,0) 

Solution: 

The equation of Streamline is 

 
Or,   

 

  

Hence,    

 
Or, 
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Integration of equation above gives 

 

 
Where k is constant 

  

For stream line passing through (1,0) ,  

Hence, the required equation is:  

 

 
 

Streak Lines 

Definition: A streak line is the locus of the temporary locations of all particles that have passed though a 

fixed point in the flow field at any instant of time. 

      Features of a Streak Line: 

While a path line refers to the identity of a fluid particle, a streak line is specified by a fixed point in the 

flow field. 

It is of particular interest in experimental flow visualization. 

Example:  If dye is injected into a liquid at a fixed point in the flow field, then at a later time t, the dye 

will indicate the end points of the path lines of particles which have passed through the injection point. 

The equation of a streak line at time t can be derived by the Lagrangian method. 

If a fluid particle  passes through a fixed point  in course of  time t, then the Lagrangian method 

of description gives the equation 

 
    (7.5) 

Solving for , 

                        (7.6) 

If the positions  of the particles which have passed through the fixed point  are determined, 

then a streak line can be drawn through these points. 

        Equation: The equation of the streak line at a time t is given by 

 
(7.7) 

Substituting Eq. (7.5) into Eq. (7.6) we get the final form of equation of the streak line, 

        

 

(7.8) 
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Difference between Streak Line and Path Line 

 
Fig 7.4    Description of a Streak line 

Above diagram can be described by the following points: 

           Describing a Path Line: 

           a)  Assume P be a fixed point in space through which particles of different identities pass at 

different times. 

           b) In an unsteady flow, the velocity vector at P will change with time and hence the particles 

arriving at P at different times will traverse 

               Different paths like PAQ, PBR and PCS which represent the path lines of the particle. 

           Describing a Streak Line: 

           a) Let at any instant these particles arrive at points Q, R and S. 

           b) Q, R and S represent the end points of the trajectories of these three particles at the instant. 

           c) The curve joining the points S, R, Q and the fixed point P will define the streak line at that 

instant. 

           d) The fixed point P will also lie on the line, since at any instant, there will be always a particle of 

some identity at that point. 

Above points show the differences. 

           Similarities: 

           a) For a steady flow, the velocity vector at any point is invariant with time 

           b) The path lines of the particles with different identities passing through P at different times will 

not differ 

           c) The path line would coincide with one another in a single curve which will indicate the streak 

line too. 

Conclusion: Therefore, in a steady flow, the path lines, streak lines and streamlines are identical. 

 

One, Two and Three Dimensional Flows Fluid flow is three-dimensional in nature.  

This means that the flow parameters like velocity, pressure and so on vary in all the three coordinate 

directions. Sometimes simplification is made in the analysis of different fluid flow problems by: 

Selecting the appropriate coordinate directions so that appreciable variation of the hydro dynamic 

parameters take place in only two directions or even in only one. 

         

One-dimensional flow 

All the flow parameters may be expressed as functions of time and one space coordinate only. 

The single space coordinate is usually the distance measured along the centre-line (not necessarily 

straight)  in which the fluid is flowing. 

Example: the flow in a pipe is considered one-dimensional when variations of pressure and velocity 

occur along the length of the pipe, but any variation over the cross-section is assumed negligible. 

In reality, flow is never one-dimensional because viscosity causes the velocity to decrease to zero at the 

solid boundaries. 

If however, the non uniformity of the actual flow is not too great, valuable results may often be 

obtained from a "one dimensional analysis". 
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The average values of the flow parameters at any given section (perpendicular to the flow) are assumed 

to be applied to the entire flow at that section. 

 

         

Two-dimensional flow 

 All the flow parameters are functions of time and two space coordinates (say x and y). 

 No variation in z direction. 

The same streamline patterns are found in all planes perpendicular to z direction at any instant. 

 

      

Three dimensional flow 

The hydrodynamic parameters are functions of three space coordinates and time. 

Translation of a Fluid Element 

      The movement of a fluid element in space has three distinct features simultaneously. 

Translation 

Rate of deformation 

Rotation.  

Figure 7.4 shows the picture of a pure translation in absence of rotation and deformation of a fluid 

element in a two-dimensional flow described by a rectangular cartesian coordinate system. 

       In absence of deformation and rotation, 

      a)  There will be no change in the length of the sides of the fluid element. 

      b) There will be no change in the included angles made by the sides of the fluid element. 

      c) The sides are displaced in parallel direction. 

This is possible when the flow velocities u (the x component velocity) and v (the y component velocity) 

are neither a function of x nor of y, i.e., the flow field is totally uniform. 

 

 
 

 

Fig 8.1     Fluid Element in pure translation 

If a component of flow velocity becomes the function of only one space coordinate along which that 

velocity component is defined. 

        For example, 

if  u = u(x) and v = v(y), the fluid element ABCD  suffers a change in its linear dimensions along with 

translation 

there is no change in the included angle by the sides as shown in Fig. 7.5. 
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Fig 8.2 Fluid Element in Translation with Continuous Linear Deformation 

         The relative displacement of point B with respect to point A per unit time in x direction is 

 
        Similarly, the relative displacement of D with respect to A per unit time in y direction is 

 
 

Translation with Linear Deformations 

         Observations from the figure: 

       Since u is not a function of y and v is not a function of x 

All points on the linear element AD move with same velocity in the x direction. 

All points on the linear element AB move with the same velocity in y direction. 

Hence the sides move parallel from their initial position without changing the included angle. 

This situation is referred to as translation with linear deformation. 

       Strain rate: 

The changes in lengths along the coordinate axes per unit time per unit original lengths are defined as 

the components of linear deformation or strain rate in the 

 

Respective directions. 

Therefore, linear strain rate component in the x direction 

 
And, linear strain rate component in y direction 

 

 
Rate of Deformation in the Fluid Element 

Let us consider both the velocity component u and v are functions of x and y, i.e., 

u = u(x,y) 

v = v(x,y) 

Figure 8.3 represent the above condition 

        Observations from the figure: 

Point B has a relative displacement in y direction with respect to the point A. 

Point D has a relative displacement in x direction with respect to point A. 

The included angle between AB and AD changes. 

The fluid element suffers a continuous angular deformation along with the linear deformations in course 

of its motion. 
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          Rate of Angular deformation: 

The rate of angular deformation is defined as the rate of change of angle between the linear segments 

AB and AD which were initially perpendicular to each other. 

 

 

 
 

Fig 8.3   Fluid element in translation with simultaneous linear and angular deformation rates 

From the above figure rate of angular deformation, 

 
(8.1) 

From the geometry 

 
(8.2a) 

 

 

 
(8.2b) 

Hence, 

 
(8.3) 

 

Finally 
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(8.4) 

Rotation 

Figure 8.3 represent the situation of rotation 

Observations from the figure: 

The transverse displacement of B with respect to A and the lateral displacement of D with respect to A 

(Fig. 8.3) can be considered as the rotations of the linear segments AB and AD about A. 

This brings the concept of rotation in a flow field. 

         Definition of rotation at a point:         

The rotation at a point is defined as the arithmetic mean of the angular velocities of two perpendicular 

linear segments meeting at that point. 

         Example: The angular velocities of AB and AD about A are 

  

           and     respectively. 

  

Considering the anticlockwise direction as positive, the rotation at A can be written as, 

 

 
(8.5a) 

 

 
(8.5b) 

or 

The suffix z in  represents the rotation about z-axis. 

When u = u (x, y) and v = v (x, y) the rotation and angular deformation of a fluid element exist 

simultaneously.  

          Special case : Situation of pure Rotation  

,        and      

          Observation: 

The linear segments AB and AD move with the same angular velocity (both in magnitude and direction). 

The included angle between them remains the same and no angular deformation takes place. This 

situation is known as pure rotation.  

 

Vorticity 

Definition: The Vo ti it   i  its si plest fo  is defi ed as a e to  hi h is e ual to two times the 

rotation vector 

        (8.6) 

For a rotational flow, Vorticity components are zero. 

        Vortex line: 

If tangent to an imaginary line at a point lying on it is in the direction of the Vorticity vector at that point 

, the line is a vortex line. 

        The general equation of the vortex line can be written as, 

 

(8.6b) 

 

In a rectangular Cartesian coordinate system, it becomes 

 

(8.6c) 
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 Where, 

 

 

 
Vorticity components as vectors:          

The Vorticity is actually an anti-symmetric tensor and its three distinct elements transform like the 

components of a vector in Cartesian coordinates. 

This is the reason for which the Vorticity components can be treated as vectors. 

  

Existence of Flow 

 A fluid must obey the law of conservation of mass in course of its flow as it is a material body. 

 For a Velocity field to exist in a fluid continuum, the velocity components must obey the mass 

conservation principle. 

Velocity components which follow the mass conservation principle are said to constitute a possible fluid 

flow 

Velocity components violating this principle, are said to describe an impossible flow. 

The existence of a physically possible flow field is verified from the principle of conservation of mass. 

      The detailed discussion on this is deferred to the next chapter along with the discussion on principles 

of conservation of momentum and energy. 

 

Exercise Problems -   

1. The velocity field for a steady flow in a rectangular Cartesian system is given 

by  What is the path line of the particle which is at (5, 3, 4) at t = 1s ? 

[ ] 

2. Verify whether the following flow fields are rotational. If so, determine the components of rotation 

about the coordinate axes 

(i)  , 

(ii)                  

          (iii)                     

; 

irrotational;  

  

3. For a steady two-dimensional incompressible flow through a nozzle, the velocity field is given 

by  where x is the distance along the axis of the nozzle from its inlet plane and L is the 

length of the nozzle. Find 

           (i)  an expression of the acceleration of a particle flowing through the nozzle and 

          (ii)  the time required for a fluid particle to travel from the inlet to the exit of the nozzle 

(i) , 

(ii)    
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4. The velocity field for a steady two-dimensional flow in a Cartesian coordinate system is given by

, where a  and b are constants. Find the equation of stream line passing through the 

point . Find also the condition for irrotational of the flow. 

                                                                             [  ] 

5. Show that the velocity field given by   of a fluid 

represents a rigid body motion. 

6. For a flow field  is given by . (a) Find , if it vanishes on   (b) Also find the stream 

function that will give these velocity components 

[(a)   (b)  ] 

7. A two-dimensional flow field is given by . Find the velocity and acceleration in flow field 

at point A (  ) 

Velocity =  

Acceleration=  

 

Recap 

 In this course you have learnt the following 

Kinematics of fluid deals with the geometry of fluid motion. It characterizes the different types of 

motion and associated deformation rates of fluid element. 

The fluid motion is described by two methods, namely, Lagrangian method and Eulerian method. In the 

Lagrangian view, the velocity and other hydrodynamic parameters are specified for particles or elements 

of given identities, while, in the Eulerian view, these parameters are expressed as functions of location 

and time. The Lagrangian version of a flow field can be obtained from the integration of the set of 

equations describing the flow in the Eulerian version. 

A flow is defined to be steady when the hydrodynamic parameters and fluid properties at any point do 

not change with time. Flow in which any of these parameters changes with time is termed as unsteady. 

A flow may appear steady or unsteady depending upon the choice of coordinate axes. A flow is said to 

be uniform when no hydrodynamic parameter changes from point to point at any instant of time, or else 

the flow is non-uniform. 

The total derivative of velocity with respect to time is known as material or substantial acceleration, 

while the partial derivative of velocity with respect to time for a fixed location is known as temporal 

acceleration. 

Material acceleration = temporal acceleration + convective acceleration. 

A streamline at any instant of time is an imaginary curve or line in the flow field so that the tangent to 

the curve at any point represents the direction of the instantaneous velocity at that point. A path line is 

the trajectory of a fluid particle of a given identity. A streak line at any instant of time is the locus of 

temporary locations of all particles that have passed through a fixed point in the flow. In a steady flow, 

the streamlines, path lines and streak lines are identical. 

Flow parameters, in general, become functions of time and space coordinates. A one dimensional flow is 

that in which the flow parameters are functions of time and one space coordinate only. 

A fluid otio  o sists of t a slatio , otatio  a d o ti uous defo atio . I  a  u ifo  flo , the fluid 
elements are simply translated without any deformation or rotation. The deformation and rotation of 

fluid elements are caused by the variations in velocity components with the space coordinates. The 

linear deformation or strain rate is defined as the rate of change of length of a linear fluid element per 

unit original length. The rate of angular deformation at a point is defined as the rate of change of angle 

between two linear elements at that point which were initially perpendicular to each other. The rotation 

Downloaded from  be.rgpvnotes.in

Page no: 20 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

at a point is defined as the arithmetic mean of the angular velocities of two perpendicular linear 

segments meeting at that point. The rotation of a fluid element in absence of any deformation is known 

as pure or rigid body rotation. When the components of rotation at all points in a flow become zero, the 

flow is said to be irrotational. 

The vorticity is actually an antisymmetric tensor but it is defined as a vector that equals to two times the 

rotation vector. Vorticity is zero for an irrotational flow. 

The existence of a physically possible flow field is verified from the principle of conservation of mass. 

Continuity Equation - Differential Form 

    Derivation 

The point at which the continuity equation has to be derived, is enclosed by an elementary control 

volume. 

The influx, efflux and the rate of accumulation of mass is calculated across each surface within the 

control volume. 

  

continuity equation and momentum equation. 

 

 
Fig    A Control Volume Appropriate to a Rectangular Cartesian Coordinate System 

  

Consider a rectangular parallel piped in the above figure as the control volume in a rectangular Cartesian 

frame of coordinate axes. 

Net efflux of mass along x -axis must be the excess outflow over inflow across faces normal to x -axis. 

Let the fluid enter across one of such faces ABCD with a velocity u and a densit  ρ. The elo it  a d 

density with which the fluid will leave the face EFGH will be    and  respectively 

(neglecting the higher order terms in δ . 
Therefore, the rate of mass entering the control volume through face ABCD = ρu d  dz. 
The rate of mass leaving the control volume through face EFGH will be 

 

 
 

 (Neglecting the higher order terms in dx) 

 

Similarly influx and efflux take place in all y and z directions also. 
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Rate of accumulation for a point in a flow field 

 
Using, Rate of influx = Rate of Accumulation + Rate of Efflux 

 

 
  

 

 

 

Transferring everything to right side 

 

 
 

 
(9.2) 

     This is the Equation of Continuity for a compressible fluid in a rectangular Cartesian coordinate 

system. 

Continuity Equation - Vector Form 

The continuity equation can be written in a vector form as 

 

 
or, 

 

 
(9.3) 

Where   is the velocity of the point? 

In case of a steady flow, 

 

 
  

Hence Eq. (9.3) becomes 

 
(9.4) 

In a rectangular Cartesian coordinate system 

 

 
(9.5) 

Equation (9.4) or (9.5) represents the continuity equation for a steady flow. 
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In case of an incompressible flow, 

ρ = constant 

Hence, 

 
 Moreover 

 
  

Therefore, the continuity equation for an incompressible flow becomes 

 
(9.6) 

 
(9.7) 

In cylindrical polar coordinates  eq.9.7 reduces to 

 

 
Eq. (9.7) can be written in terms of the strain rate components as 

 

 
(9.8) 

Continuity Equation - A Closed System Approach 

We know that the conservation of mass is inherent to the definition of a closed system as Dm/Dt = 0 

(where m is the mass of the closed system). 

However, the general form of continuity can be derived from the basic equation of mass conservation of 

a system. 

Derivation:- 

Let us o side  a  ele e tal losed s ste  of olu e V a d de sit  ρ. 

 

 

 

 

 

 

Now  
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    (Dilation per unit volume) 

 

 

 

In vector notation we can write this as 

 

The above equations are same as that formulated from Control Volume approach 

Stream Function 

Let us consider a two-di e sio al i o p essi le flo  pa allel to the  - y plane in a rectangular 

a tesia  oo di ate s ste . The flo  field i  this ase is defi ed  

u = u(x, y, t) 

v = v(x, y, t) 

w = 0          

The equation of continuity is 

 

 

If a function , , t  is defined in the manner 

         (10.2a) 

         (10.2b) 

so that it automatically satisfies the equation of continuity (Eq. (10.1)), then the function is known as 

stream function.  

Note that for a stead  flo ,  is a function of two variables x and y only. 

Co sta  of  o  a “t ea li e 

“i e  is a poi t fu tio , it has a alue at e e  poi t i  the flo  field. Thus a ha ge i  the st ea  
fu tio   a  e itte  as 
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The equation of a streamline is given by 

It follo s that d  =  o  a st ea li e. This i plies the alue of  is o sta t alo g a st ea li e. 
Therefore, the equation of a streamline can be expressed in terms of stream function as 

,  = constant           (10.3) 

O e the fu tio   is k o , st ea li e a  e d a   joi i g the sa e alues of  i  the flo  field. 

 Stream function for an irrotational flow 

In case of a two-dimensional irrotational flow 

 

 

 

 

Co lusio  d a : Fo  a  i otatio al flo , st ea  fu tio  satisfies the Lapla e’s e uation 

Ph si al “ig ifi a e of “t ea  Fu tio   

Figure 10.1 illustrates a two dimensional flow. 

 

 

Fig    Physical Interpretation of Stream Function 
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Let A be a fixed point, whereas P be any point in the plane of the flow. The points A and P are joined by 

the arbitrary lines ABP and ACP. For an incompressible steady flow, the volume flow rate across ABP into 

the space ABPCA (considering a unit width in a direction perpendicular to the plane of the flow) must be 

equal to that across ACP. A number of different paths connecting A and P (ADP, AEP,...) may be imagined 

but the volume flow rate across all the paths would be the same. This implies that the rate of flow across 

any curve between A and P depends only on the end points A and P. 

Since A is fixed, the rate of flow across ABP, ACP, ADP, AEP (any path connecting A and P) is a function 

only of the position P. This function is known as the st ea  fu tio  . 

The alue of  at P ep ese ts the olu e flo  ate a oss a  li e joi i g P to A.  
The alue of  at A is ade a it a il  ze o. If a poi t P’ is o side ed Fig. . ,PP’ ei g alo g a 
st ea li e, the  the ate of flo  a oss the u e joi i g A to P’ ust e the sa e as a oss AP, si e,  
the definition of a streamline, there is no flow across PP' 

The alue of  thus e ai s sa e at P’ a d P. “i e P’ as take  as a  poi t o  the st ea li e th ough 
P, it follo s that  is o sta t alo g a st ea li e. Thus the flo  a  e ep ese ted  a se ies of 
st ea li es at e ual i e e ts of . 

In fig (10.1c) moving from A to B net flow going past the curve AB is 

 

 

 

 

The stream function, in a polar coordinate system is defined as 

 

The expressions for Vr and Vθ in terms of the stream function automatically satisfy the equation of 

continuity given by 

 

Stream Function in Three Dimensional and Compressible Flow 
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Stream Function in Three Dimensional Flow 

In case of a three dimensional flow, it is not possible to draw a streamline with a single stream function. 

An axially symmetric three dimensional flow is similar to the two-dimensional case in a sense that the 

flow field is the same in every plane containing the axis of symmetry. 

The equation of continuity in the cylindrical polar coordinate system for an incompressible flow is given 

by the following equation 

 

For an axially symmetric flow (the axis r = 0 being the axis of symmetry), the term =0 , and 

simplified equation is satisfied by  functions defined as  

       (10.4) 

The fu tio   , defi ed  the E . .  i  ase of a th ee di e sio al flo  ith an axial symmetry, is 

called the stokes stream function. 

Stream Function in Compressible Flow 

For compressible flow, stream function is related to mass flow rate instead of volume flow rate because 

of the extra density term in the continuity equation (unlike incompressible flow) 

The continuity equation for a steady two-dimensional compressible flow is given by 

 

He e a st ea  fu tio   is defi ed hi h ill satisf  the a o e e uatio  of o ti uit  as 

 

        (10.5) 

[Where ρ0 is a reference density] 

 ρ0 is used  to etai  the u it of  sa e as that i  the ase of a  i o p essi le flo . Physically, the 

diffe e e i  st ea  fu tio  et ee  a  t o st ea li es ultiplied  the efe e e de sit  ρ0 will 

give the mass flow rate through the passage of unit width formed by the streamlines. 

Exercise Problems -   

1. Which of the following velocity fields are kinematically possible for an incompressible flow? 

         (i)   u = x2 + y2 , v = y2 + z2 , w = -2 (x + y) z 
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        (ii)    

        (iii)   

       (iv)   

(k is a constant)                                                         

 [(i) yes, (ii) No, (iii) yes, (iv) No] 

2. The x component of velocity in a two-dimensional incompressible flow is prescribed as u = By3 - Ax4 , 

where A and B are constants. Find out the y component of velocity. Assume that for all values of x, v = 0 

at y = 0. Check whether the flow is irrotational. 

                                                                                             [ v = 4 Ax3y, No ] 

3. Consider a vertical nozzle of inlet and outlet diameters of 0.6 m and 0.3 m respectively as shown in Fig 

13.2. The pressure at section 1 is 20 kPa (gauge), and the volume flow rate is 0. 6 m3 /s. Find 

      (i)  the velocities at section 1 and section 2, 

      (ii) total force acting on the walls of the nozzle.  

           [Neglect frictional resistance] 

[(i) V1 = 2.12 m/s, V2 = 8.45 m/s 

      (ii) 0.517 kN (vertically upwards]  

 

Fig 13.2 

4. Water flows through a 5 m high conical vertical pipe whose diameter changes from 0.5m at the top 

end to 1.5 m at the bottom end. Measurements indicate that when velocity at the smaller section is 18 

m/s, the frictional head loss is 1m of water for flow in either direction. For a pressure of 1.8 m of water 

gauge at the smaller section, determine the pressure ( in meter of water gauge) at the larger section 

when the flow is (i) in the downward direction, (ii) in the upward direction. 

                                                                                          [ (i) 24. 11m, (ii) 26.11 m] 
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5. A force of 1 kN is required to hold the plate in position for a flow of oil of specific gravity of 0. 8 as 

shown in Fig.13.3. Find the velocity V of the flow of oil 

                                                                                        [42 m/s] 

 

Fig 13.3 

6. Water flows as two free jets from the tee attached to the pipe shown in Figure 13.4 below. The exit 

speed is 15 m/s. If viscous effects and gravity are negligible, determine the x and y components of the 

force that the pipe exerts on the tee. 

 

Fig 13.4 

7. A horizontal jet of water with velocity V and cross sectional area A impinges on a stationary vane, 

hi h defle ts the jet th ough a  a gle θ see Fig . . De i e e p essio s fo  the ho izo tal a d e ti al 
force components X and Y acting on the vane. Neglect effects of gravity and friction. 

 

Fig 13.5 
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Recap 

 

 In this course you have learnt the following 

A control mass or closed system is characterized by a fixed quantity of mass of a given identity, while in 

an open system or control volume mass may change continuously due to the flow of mass across the 

system boundary. 

Continuity equation is the equation of conservation of mass in a fluid flow. The general form of the 

continuity equation for an unsteady compressible flow is given by 

    where,  is the velocity vector 
  

   

The concept of stream function is a consequence of continuity. In a two dimensional incompressible 

flow, the difference in stream functions between two points gives the volume flow rate (per unit width 

in a direction perpendicular to the plane of flow) across any line joining the points. The value of stream 

function is constant along a streamline. 

The e uatio  of otio  o se atio  of o e tu  of a  i is id flo  is k o  as Eule ’s e uatio . 

The ge e al fo  of Eule ’s e uatio  is gi e     , where  is the body force vector 

per unit mass and  is the elo it  e to . Eule ’s e uatio  alo g a st ea li e, ith g a it  as the o l  
body force, can be written as 

         (Where s represents the coordinate along the streamline.) 

Reynolds transport theorem states the relation between equations applied to a system and those 

applied to a control volume. The statement of the law of conservation of momentum as applied to a 

control volume is known as momentum theorem. This theorem states that the resultant force (or 

torque) acting on a control volume is equal to the time rate of increase in linear momentum (or angular 

momentum) within the control volume plus the rate of net efflux of linear momentum (or angular 

momentum) from the control volume. 

A fluid element in motion possesses intermolecular energy, kinetic energy and potential energy. The 

work required by a fluid element to move against pressure is known as flow work. It is loosely termed as 

pressure energy. The shaft work is the work interaction between the control volume and the 

surrounding that takes place by the action of 

shear force such as the torque exerted on a rotating shaft. The equation for conservation of energy of a 

steady, in viscid and i o p essi le flo  i  a o se ati e od  fo e field is k o  as Be oulli’s 
equation. 

Be oulli’s e uatio  i  the ase of g a it  as the o l  od  fo e field is gi e   
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     (The value of C remains constant along a streamline.) 

The loss of mechanical e e g  due to f i tio  i  a eal fluid is o side ed i  Be oulli’s e uatio  as 

 

Where, hf = frictional work done or loss of mechanical energy due to friction per unit weight of a fluid 

element while moving from station 1 to 2 along a streamline. The term hf is usually referred to as head 

loss. 

Bernoulli's Equation In Irrotational Flow 

I  the p e ious le tu e le tu e  e ha e o tai ed Be oulli’s e uatio  

      

This e uatio  as o tai ed  i teg ati g the Eule ’s e uatio  the e uatio  of otio  ith respect to 

a displacement 'ds' along a streamline. Thus, the value of C in the above equation is constant only along 

a streamline and should essentially vary from streamline to streamline. 

The equation can be used to define relation between flow variables at point B on the streamline and at 

point A, along the same streamline. So, in order to apply this equation, one should have knowledge of 

velocity field beforehand. This is one of the limitations of application of Bernoulli's equation. 

Irrotationality of flow field 

Under some special condition, the constant C becomes invariant from streamline to streamline and the 

Be oulli’s e uatio  is appli a le ith sa e alue of C to the e ti e flo  field. The typical condition is 

the irrotationality of flow field. 

Applications of Bernoulli Equation 

Bernoulli Equation is one of the most important equations in Fluid Mechanics and finds many 

applications. One such is the measurement of flow by introducing a restriction within the flow. The 

restriction may take the form of an orifice plate or a converging-diverging nozzle. The required formula 

will be first derived for an orifice plate and will be extended to other devices.. 

Bernoulli's Equation is readily applied in fluid flow problems to understand the flow and to find the 

unknown parameters. It has pressure, velocity and elevation terms, so it can be used to find a missing 

term if others are known for an ideal flow along a streamline between any two points. 

 Bernoulli's Equation is derived for ideal fluid flow along a streamline. This equation is valid only if the 

conditions that were assumed during its derivation hold good while it is applied to a problem. Bernoulli's 

theorem states that the total energy of the fluid, under particular conditions as stated in the previous 

article, along a streamline remains constant. From this statement we can use this equation between two 

points on a streamline to find the unknown parameters. 
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Bernoulli's Equation between any two points on a streamline can be written as 

z1 + p1/ρg + 1
2/2g = z2 + p2/ρg + v2

2/2g 

 Applications of Bernoulli Equation 

To find Pressure 

In certain problems in fluid flows we know the velocities at two points of the streamline and pressure at 

one point. The unknown is the pressure of the fluid at the other point. In such cases (if they satisfy the 

required condition for Bernoulli's Equation ) we can use Bernoulli's Equation to find the unknown 

pressure. One such example is 

Flow through a Nozzle: It’s a o e gi g ozzle. Flo  e te s the ozzle at lo  speed, a ele ates and 

leaves the nozzle at atmospheric pressure. We have to find the pressure at inlet. We can simply apply 

Bernoulli's Equation between inlet and outlet points and calculate the unknown pressure assuming that 

the change in elevation in zero. 

In this example there is no change in elevation. The converging nozzle causes fluid to accelerate. From 

the energy balance feature of the equation we can say the increase in velocity results in the drop in the 

pressure at the outlet of the nozzle. 

To find Velocity 

In problems where the pressure and elevation at two points and velocity at one point is known, and we 

have to find the unknown velocity, Bernoulli's Equation is applied to calculate the required velocity. One 

such example is 

Flow through a Siphon: Siphon is used to drain a fluid from a reservoir at a higher level to a lower level. 

Here it is required to find the velocity with which the fluid leaves the siphon. We apply Bernoulli's 

Equation between the reservoir surface and the exit point of the siphon where the fluid leaves the tube. 

Pressure at both points is same (atmospheric), velocity at the reservoir is negligible because the 

reservoir is large. Velocity at the exit point can be calculated by using the values of elevation at the two 

points. 

Application of Bernoulli's Equation in Moving Frames 

 

In some fluid flow patterns the conditions for applicability of Bernoulli's Equation are not satisfied in the 

static frame. But for the same case for some moving reference frame the required condition are 

satisfied. For such case we can apply Bernoulli's Equation from the moving inertial reference frame. A 

fitting example of application of Bernoulli's Equation in a moving reference frame is finding the pressure 

on the wings of an aircraft flying with certain velocity. In this case the equation is applied between some 

point on the wing and a point in free air. 

These were few applications of Bernoulli's Equation. There are many more such applications which will 

be taken up from time to time in the coming articles. 

In fluid dynamics, Bernoulli's principle states that an increase in the speed of a fluid occurs 

simultaneously with a decrease in pressure or a decrease in the fluid's potential energy. The principle is 

named after Daniel Bernoulli who published it in his book Hydrodynamica in 1738. 

Bernoulli's principle can be applied to various types of fluid flow, resulting in various forms of Bernoulli's 

equation; there are different forms of Bernoulli's equation for different types of flow. The simple form of 

Bernoulli's equation is valid for incompressible flows (e.g. most liquid flows and gases moving at low 

Mach number). More advanced forms may be applied to compressible flows at higher Mach numbers 

(see the derivations of the Bernoulli equation). 

Downloaded from  be.rgpvnotes.in

Page no: 32 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

Bernoulli's principle can be derived from the principle of conservation of energy. This states that, in a 

steady flow, the sum of all forms of energy in a fluid along a streamline is the same at all points on that 

streamline. This requires that the sum of kinetic energy, potential energy and internal energy remains 

constant.[2] Thus an increase in the speed of the fluid – implying an increase in both its dynamic 

pressure and kinetic energy – occurs with a simultaneous decrease in (the sum of) its static pressure, 

potential energy and internal energy. If the fluid is flowing out of a reservoir, the sum of all forms of 

energy is the same on all streamlines because in a reservoir the energy per unit volume (the sum of 

p essu e a d g a itatio al pote tial ρ g h  is the sa e e e he e. 

Bernoulli's principle can also be derived directly from Isaac Newton's Second Law of Motion. If a small 

volume of fluid is flowing horizontally from a region of high pressure to a region of low pressure, then 

there is more pressure behind than in front. This gives a net force on the volume, accelerating it along 

the streamline. 

Fluid particles are subject only to pressure and their own weight. If a fluid is flowing horizontally and 

along a section of a streamline, where the speed increases it can only be because the fluid on that 

section has moved from a region of higher pressure to a region of lower pressure; and if its speed 

decreases, it can only be because it has moved from a region of lower pressure to a region of higher 

pressure. Consequently, within a fluid flowing horizontally, the highest speed occurs where the pressure 

is lowest, and the lowest speed occurs where the pressure is highest. 

Incompressible flow equation  

 

In most flows of liquids, and of gases at low Mach number, the density of a fluid parcel can be 

considered to be constant, regardless of pressure variations in the flow. Therefore, the fluid can be 

considered to be incompressible and these flows are called incompressible flows. Bernoulli performed 

his experiments on liquids, so his equation in its original form is valid only for incompressible flow. A 

common form of Bernoulli's equation, valid at any arbitrary point along a streamline, is: 

   (A) 

Where: 

v is the fluid flow speed at a point on a 

streamline, g is the acceleration due to 

gravity, 

z is the elevation of the point above a reference plane, with the positive z-direction pointing 

upward – so in the direction opposite to the gravitational acceleration, p is the pressure at the 

chosen point, and ρ is the density of the fluid at all points in the fluid. 

The constant on the right-hand side of the equation depends only on the streamline 

chosen, whereas v, z and p depend on the particular point on that streamline. 

The following assumptions must be met for this Bernoulli equation to apply the flow must be steady, 

i.e. the   fluid velocity at a point cannot change with time, 

The flow must be incompressible – even though pressure varies, the density must remain 

constant along a streamline; friction by viscous forces has to be negligible. 
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For conservative force fields (not limited to the gravitational field), Bernoulli's equation can be 

generalized as: 

 

Where  is the force potential at the point considered on the streamline. E.g. for the Earth's gravity  = 
gz. 

By multiplying with the fluid density ρ, equation (A) can be  

rewritten as: or:   

Where q =1
2ρ 2 is dynamic pressure, h = z +ρp

g is the piezometric head or hydraulic 

head (the sum of the elevation z and the pressure head) and 

p
0 = p + q is the total pressure (the sum of the static pressure p and dynamic pressure q). 

The constant in the Bernoulli equation can be normalized. A common approach is in terms of total 

head or energy head H: 

 

The above equations suggest there is a flow speed at which pressure is zero, and at even higher speeds 

the pressure is negative. Most often, gases and liquids are not capable of negative absolute pressure, 

or even zero pressure, so clearly Bernoulli's equation ceases to be valid before zero pressure is reached. 

In liquids – when the pressure becomes too low – cavitation occurs. The above equations use a linear 

relationship between flow speeds 

Squared and pressure. At higher flow speeds in gases, or for sound waves in liquid, the changes in 

mass density become significant so that the assumption of constant density is invalid. 

UNIT 3 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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