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Spatial Prediction on a River Network

Noel CRESSIE, Jesse FREY, Bronwyn HARCH, and Mick SMITH

This article develops methods for spatially predicting daily change of dissolved oxygen
(Dochange) at both sampled locations (134 freshwater sites in 2002 and 2003) and other
locations of interest throughout a river network in South East Queensland, Australia. In
order to deal with the relative sparseness of the monitoring locations in comparison to the
number of locations where one might want to make predictions, we make a classification
of the river and stream locations. We then implement optimal spatial prediction (ordinary
and constrained kriging) from geostatistics. Because of their directed-tree structure, rivers
and streams offer special challenges. A complete approach to spatial prediction on a river
network is given, with special attention paid to environmental exceedances. The method-
ology is used to produce a map of Dochange predictions for 2003. Dochange is one of the
variables measured as part of the Ecosystem Health Monitoring Program conducted within
the Moreton Bay Waterways and Catchments Partnership.

Key Words: Covariance-matching constrained kriging; Dissolved oxygen; Ordinary krig-
ing; Process-convolution model; River monitoring network; Spatial moving average.

1. INTRODUCTION

The Ecosystem Health Monitoring Program (EHMP), conducted within the Moreton
Bay Waterways and Catchments Partnership, provides a means of monitoring the health
of the rivers and streams in South East Queensland (SEQ), Australia, on an annual basis.
During 2002 and 2003, 134 freshwater sites throughout SEQ were sampled (120 sites in
each year). The locations of these sites are indicated in Figure 1. The EHMP aims to measure
the ecological condition or health of rivers and streams throughout the region by applying
five groups of indicators at each of the monitoring sites. Two groups measure biological
patterns, using fish and aquatic macroinvertebrate communities as indicators of ecological
organization; two measure biological processes, using gross primary production and algae
response to nutrient additions as indicators of vigor; the final group uses water-quality
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Figure 1. Map of monitoring sites. Each black dot indicates a stream location that was a monitoring site in either
2002 or 2003.

indicators, which measure physical and chemical attributes of the network. Together, these
five groups provide a comprehensive picture of the health of the ecosystem (EHMP 2004).

In order to deal with the relative sparseness of the monitoring locations in comparison to
the number of locations where one might want to make predictions, we make a classification
of the river and stream locations. We then apply optimal spatial linear prediction theory (i.e.,
kriging). The idea behind our classification is that locations that are subject to similar outside
influences might be expected to have similar data values. In effect, we “borrow strength” by
using data obtained at monitoring locations to improve our predictions at similar locations
that are not being monitored. A natural classification variable to use in the EHMP context
is stream type, which allows a partition of the entire river network into four classes.

The idea behind kriging is to predict (i.e., make inference on a random quantity) op-
timally at unobserved locations or times. In environmental science and ecology, kriging is
made necessary by financial limitations that restrict the amount and type of data that can be
collected. Optimal prediction (based on squared-error loss) of a spatial variable or a linear
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Table 1. Candidate Variables and Their Availability (counts of monitoring locations where a measure-
ment of the variable is reported)

Counts by year

Variable Brief description 2002 2003

pH Acidity 102 106
Dochange Change in dissolved oxygen concentration (over a day) 99 100
Tempchange Change in water temperature (over a day) 106 112
EPT An index of macroinvertebrate richness 108 111
GPP Gross primary production (over a day) 102 108

functional of a spatial variable can be accomplished through ordinary kriging (OK). How-
ever, it is often the case that the functional of interest is nonlinear. For example, spatially
predicting whether nutrient loads exceed prespecified limits involves an indicator function,
which is nonlinear. It is well known that in such cases, classical geostatistical approaches
such as ordinary kriging can be severely biased. Cressie (1993a) proposed the constrained
kriging predictor, which ensures that the first and second moments (mean and variance)
of the predictor match those of the variable to be predicted. Aldworth and Cressie (2003)
extended Cressie’s approach to match covariances also, yielding the covariance-matching
constrained kriging (CMCK) predictor. We shall look for ways to adapt these approaches
to make them applicable to rivers and streams. In the context of a river network, we expect
that an alternative notion of distance, taking into account the network’s structure, may be
needed.

The goal of this article is to develop methods for taking data collected on a single vari-
able at individual monitoring locations, and to use these methods to make inference on that
variable throughout the entire river network. The approach is that of transforming, remov-
ing large-scale spatial variation, standardizing, and then kriging the standardized process.
Specifically, we develop kriging methods [based on river-network covariance functions de-
veloped by Ver Hoef, Peterson, and Theobald (in press)] for predicting dissolved-oxygen
change at both sampled locations and other locations of interest throughout the river net-
work. As part of this development, we estimate the amount of uncertainty in these spatial
predictions.

Section 2 discusses some exploratory data analyses carried out on the EHMP data.
Section 3 gives a flexible theoretical model for a random process on a river network. Section
4 shows how to “borrow strength” using classification variables and then how to fit a spatial
model (mean and covariance) to the EHMP data. Section 5 gives the OK and CMCK
equations and applies these to the river network in SEQ. Section 6 contains discussion and
conclusions.

2. EXPLORATORY DATA ANALYSIS OF MONITORING DATA

One of our goals was to identify a single variable relevant to the whole river network that
could be analyzed as part of a “proof of concept” of our approach; five candidate variables
were identified. These variables, together with brief descriptions and counts of the number
of sites at which each variable was available in each of 2002 and 2003, are given in Table 1.
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We first considered possible data transformations. The class of transformations we
considered was the well known Box-Cox class of transformations {tλ}. Given a real number
λ, the Box-Cox transformation tλ is:

tλ(x) =

{
(xλ − 1)/λ, λ /= 0
log(x), λ = 0 ,

where x > 0. We ensured that this positivity condition held for the five candidate variables
by adding appropriate small constants where necessary. The constants chosen were 0.0 for
pH, 0.1 for GPP, 0.5 for EPT and Tempchange, and 10.0 for Dochange. We then considered
the full range of possible Box-Cox tranformations for each candidate variable, looking for
a λ-value that produced both a sample skewness near 0 and a sample excess kurtosis near
0. This yielded no transformation (i.e., λ = 1) for pH, log transformations (λ = 0) for
GPP, Tempchange, and Dochange, and the square-root transformation (λ = 1/2) for EPT.
Histograms of the transformed 2003 data for the five variables are given in Figure 2.

Figure 2. Histograms of the transformed versions of the five candidate variables that are described in Table 1;
2003 data.
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Using the transformed versions of the five candidate variables, we produced a matrix of
scatterplots to explore dependencies between them (Figure 3) and concluded that there is not
a lot of dependence between the candidate variables. This is not surprising because indica-
tors are typically chosen this way. However, to the extent that there is dependence, Dochange
and Tempchange seem to be the variables involved. Indeed, the pair of variables Dochange

Figure 3. A scatterplot matrix of the transformed versions of the five candidate variables that are described in
Table 1; 2003 data.
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and Tempchange are the only pair whose correlation could be called strong. For this reason,
for its continuity and high level of availability, and given its importance in determining
the health of aquatic ecosystems, Dochange was our variable of choice. (“Dochange” is
an abbreviation for “dissolved oxygen change,” and it represents the change in dissolved
oxygen in a day, from its maximum value, which usually occurs towards the middle of the
day, to its minimum value shortly before dawn.)

Some notation is in order. Let D2(s) denote the Dochange measured at river location
s in 2002. Let D3(s) denote the same, but measured in 2003. Let {s2,i: i = 1, . . . , n2} and
{s3,i: i = 1, . . . , n3} denote the monitoring locations in 2002 and 2003, respectively; as
expected, there is a substantial intersection between these two sets of locations. Then, after
transformation, the spatial variable that represents the transformed measurements is

Zj(s) ≡ log(Dj(s) + 10) ; j = 2, 3 , (2.1)

where s could potentially be any location along the river network, although in actuality
s is one of the respective monitoring locations from 2002 or 2003. Because both Dj(s)
and Zj(s) in (2.1) are measurements, each contains a component of variability due to
measurement error. Let Sj(s) and Yj(s) denote their respective measurement-error-free
versions. Our ultimate goal in this article is spatial prediction of Sj(s), the measurement-
error-free version of Dj(s), at any location s along the river network. We shall be more
precise about this in Section 5.

3. SPATIAL MODELING OF RIVER NETWORKS

When modeling spatial dependence in river networks, it is not clear what measure
of distance should be used. Invoking the spatial-modeling principle that “nearby things
tend to be more alike” requires an understanding of what “nearby” means. Initially, one
might use Euclidean distance for its simplicity. Further thought might lead to using river
distance because that captures the flow-nature of the river network. But even further thought
about spatial continuity of land use and land cover (LULC) in the catchment areas leads to
the idea that covariances between two river locations might be derived from a mixture of
Euclidean-distance-based and river-distance-based covariances.

For the moment, we consider only river-distance-based covariances. Now, it can be
shown by example that simply “plugging in” river distances into a one-dimensional covari-
ance function may yield an invalid (i.e., non-positive-definite) model of spatial statistical
dependence. An alternative approach that uses river distance, but does so in such a way
that positive-definiteness is guaranteed, involves thinking of the process of interest as a
spatial moving average of an underlying process with independent increments. A technical
description of this method is now given.

We begin by constructing a tree to represent the river network. For each point s on
the tree, we define the upstream portion ∨(s) of the tree to include s itself and all points
upstream from s. We define the downstream portion ∧(s) to include s itself and all points
downstream from s. We next define a stream-order process Ω(s) on the directed tree. The
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branches farthest from the mouth of the river network, whose endpoints we may call sources,
are each taken to have Ω(s) = 1. Whenever two or more branches of the tree meet, the
resulting downstream branch has a stream order that is the sum of the stream orders for the
branches that meet to produce it. [This is one of at least two possible definitions of stream
order; e.g., see Knighton (1998, pp. 10, 11).] Importantly, our definition yields an additive
function Ω(·); we shall say more about this below. Equivalently, one may note that the
stream order Ω(s) at a point s is simply a count of the number of sources in the upstream
portion ∨(s) of the tree.

We can now define a process Y (·) on the tree as follows. The process Y (·) is the sum
of a deterministic mean process μ(·) and a random process that can be written in terms of a
Brownian motion B(·) on the directed tree. [By a Brownian motion B(·) on the directed tree,
we mean a univariate Brownian motion that begins at the trunk of the tree, proceeds upwards
to the leaves, and develops independently on the branches arising from each branch-point
of the tree. A univariate Brownian motion is a Gaussian process, almost surely continuous,
whose increments are independent; e.g., see Billingsley (1995).] Specifically, we define

Y (s) = μ(s) +
∫

u∈∨(s)
Kr(|u− s|)(Ω(u)/Ω(s))1/2dB(u), (3.1)

where | · | represents river distance and the kernel function Kr(Δ), Δ ≥ 0, is square-
integrable.

This idea, to model spatial dependence through a one-dimensional process convolution
on the river network, is due to Ver Hoef et al. (in press). We have formalized it by defining
the process according to a stochastic integral with respect to Brownian motion. The def-
inition works perfectly well for any other process that has independent increments. This
type of spatial-dependence model is in contrast to the one proposed by Monestiez, Bailly,
Lagacherie, and Voltz (2005), who used conditional probabilities to define the spatial de-
pendence on a river network. Because it is not based on covariances, the latter model is not
readily adaptable for use in kriging.

The model (3.1) only allows spatial dependence between two points on the river network
that are upstream from each other. It could be extended by adding a third term to (3.1) that
is like the second term but involves an integral over downstream u ∈ ∧(s) and a different
kernel. Fish expend less energy swimming downstream, but they may also swim upstream;
the extended model with two different kernels (equivalently, a single, asymmetric kernel
K(Δ) defined for both positive Δ and negative Δ) expresses this and potentially allows
any two points on the river network to be spatially dependent.

We choose an intuitively appealing kernel that is nonnegative, linear decreasing, and
puts zero weight on river distances larger than r, namely,

Kr(Δ) = (1−Δ/r)I(0 ≤ Δ ≤ r) . (3.2)

As we note below, choices other than the kernel given by (3.2) are possible. Since the
(independent) increments dB(·) of the Brownian motion process B(·) are well defined, the
process Y (·) is well defined. Using the definition (3.1) and taking the parameter r to be
known, we can compute the covariance cov(Y (s), Y (t)) for any two points s and t on the
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river network. This covariance is 0 if neither s nor t is upstream of the other. We thus take
t ∈ ∨(s), with |s− t| = Δ ≤ r. Then

cov(Y (s), Y (t)) = E[(Y (s)− μ(s))(Y (t)− μ(t))]

= E

[∫
u∈∨(s)

Kr(|u− s|)(Ω(u)/Ω(s))1/2dB(u)

×
∫

v∈∨(t)
Kr(|v − t|)(Ω(v)/Ω(t))1/2dB(v)

]

∝
∫

v∈∨(t)
Kr(Δ + |v − t|)Kr(|v − t|)Ω(v)/(Ω(s)Ω(t))1/2dv,

(3.3)

due to the independent-increment property of B(·).
Because of the additivity of the stream-order process Ω(·), we can rewrite (3.3) as an

integral on the real line, as we now demonstrate. If Δ + |v − t| is greater than r, then
Kr(Δ+ |v− t|) = 0. Thus, if we let ∨r−Δ(t) be the set of all points that are both upstream
of t and within a distance r −Δ of t, we have from (3.3) that

cov(Y (s), Y (t)) ∝
∫

v∈∨r−Δ(t)
Kr(Δ + |v − t|)Kr(|v − t|)Ω(v)/(Ω(s)Ω(t))1/2dv .

This is an integral that is taken over at least one branch, but possibly multiple branches, of
the river network. For example, there may be multiple locations p1, . . . , p� that are each a
distance w upstream from t. These points will have stream orders Ω(p1), . . . ,Ω(p�) that
sum, by the additivity property of Ω(·), to Ω(t).

Let Vw(t) denote the set of points that are a distance w upstream from t. Then |Vw(t)|
is an integer-valued function that jumps at each w′ such that there is a branch in the river
network at a distance w′ upstream from t. Using the kernel (3.2), we can then write,

cov(Y (s), Y (t)) ∝
∫ r

w=Δ

(
1− w

r

) (
1− (w −Δ)

r

)
×

∑
p∈Vw−Δ(t)

Ω(p)/(Ω(s)Ω(t))1/2dw

=
∫ r

w=Δ

(
1− w

r

) (
1− (w −Δ)

r

)
(Ω(t)/Ω(s))1/2dw ,

due to the additivity property of Ω(·).
Thus, for |s− t| = Δ ≤ r,

cov(Y (s), Y (t)) ∝ (Ω(t)/Ω(s))1/2

{
r

3
− Δ

2
+

Δ3

6r2

}
∝ (Ω(t)/Ω(s))1/2{1− (3/2)(Δ/r) + (1/2)(Δ/r)3} , (3.4)

and the covariance is zero for Δ > r. Notice that var(Y (s)) does not depend on s, which
is a consequence of the additivity of the stream order and the choice of the multiplier
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(Ω(u)/Ω(s))1/2 in (3.1). Ver Hoef et al. (in press) choose basin area for Ω(·), which is also
an additive function.

Kernel functions other than (3.2) yield different covariance functions; Ver Hoef et al.
(in press) give a list of kernels and covariance functions that includes (3.2) and (3.4). If
one wishes to give up the property of homogeneous variances on the river network, then a
nonadditive stream order and a different multiplier could be chosen.

Kriging relies only on second-order properties (mean and covariance functions of the
process). Clearly, the process Y (·) does not have to be Gaussian, as in (3.1), to define valid
covariance functions. For kriging, our interest is in (3.4) for either Gaussian or non-Gaussian
processes Y (·); we simply use the Gaussian property of (3.1) as a conduit for deriving those
valid covariance functions.

The river distance |s − t|, between any two points s and t on a river network, can be
calculated using Geographic Information System (GIS) functionalities. It is also possible
to calculate the Euclidean distance ‖s − t‖ from the (x, y) coordinates of the locations s

and t. Thus, spatial dependence according to Euclidean distance is also easy to model. A
common model and one we shall use here is the spherical model,

cov(Y (s), Y (t)) ∝ {1−(3/2)(‖s−t‖/r)+(1/2)(‖s−t‖/r)3} ; 0 ≤ ‖s−t‖ ≤ r , (3.5)

and the covariance is zero for ‖s − t‖ > r. Notice that it has a form similar to the river-
distance covariance (3.4), except that (3.4) involves the stream-order process.

Because many stream variables are as much the result of runoff from the drainage basin
as from physical-flow-based properties, it makes sense to consider a mixture of covariance
functions:

cov(Y (s), Y (t)) = λσ2(Ω(t)/Ω(s))1/2{1− (3/2)(|s− t|/r1)

+(1/2)(|s− t|/r1)3}I(0 ≤ |s− t| ≤ r1)

+(1− λ)σ2{1− (3/2)(‖s− t‖/r2)

+(1/2)(‖s− t‖/r2)3}I(0 ≤ ‖s− t‖ ≤ r2) ,

(3.6)

where I(A) is the indicator function, and λ ∈ [0, 1] is a parameter that controls the amount
of spatial dependence described by river distance in relation to the amount of spatial depen-
dence described by Euclidean distance. This more general covariance model will be applied
below to optimal spatial prediction (kriging) of Dochange in SE Queensland’s rivers and
streams.

4. SPATIAL MODELING OF SE QUEENSLAND’S
RIVERS AND STREAMS

To analyze the variable Dochange, we use the shifted log transformation (2.1) to obtain
approximate normality. We now look for a standardization of the transformed data to correct
for a nonconstant mean term and for potential heteroscedasticity.
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Figure 4. Boxplots of transformed Dochange by stream type and year. The number n of points in each stratum is
also indicated.

All locations along the river network in SEQ have been classified as Upland, Lowland,
South Coastal, and North Coastal (i.e., four stream types) on the basis of stream size,
altitude, slope, and rainfall; henceforth, these stream types will define the classification
referred to in Section 1. A color map showing this classification over the entire river network
is given in EHMP (2004, p. 20); see also: http://www.ehmp.org/ ehmp/ pdf/ annrep2003/
Background and Indicators.pdf

The boxplots given in Figure 4 for the four stream types suggest that the means and
variances for transformed Dochange do differ for different stream types. We thus decided
to fit separate means for each of the four classes and to consider the possibility that different
variances might also be needed. More generally, one might consider a mean function over
the river network that is a linear combination of covariates. Importantly, the covariates have
to be available at all locations on the river network in order to carry out kriging on the
whole network (Section 5). An example of such a covariate might be stream distance to
river mouth.
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Table 2. Estimated Means and Standard Deviations for Transformed Dochange; Standard Deviations
are Obtained by Pooling Upland with Lowland and South Coastal with North Coastal

Stream type Year Mean Standard deviation

Upland 2002 3.38 0.593
2003 3.03 0.549

Lowland 2002 4.01 0.593
2003 3.49 0.549

South Coastal 2002 3.31 0.436
2003 3.15 0.416

North Coastal 2002 3.02 0.436
2003 2.76 0.416

Because the variances will be difficult to estimate when the number of data points is
small, as is the case for stream types Upland and North Coastal, we decided to use pooled
estimates of variance. That is, for variance estimation, we pooled Upland and Lowland on
the one hand, and South Coastal and North Coastal on the other. The resulting estimated
means and standard deviations within each of the four classes (i.e., stream types) are given
in Table 2. Based on these estimates of the within-class means and variances, we created
standardized versions, U2(·) and U3(·), of transformed Dochange for the 2002 data and the
2003 data, respectively. Specifically, if we let m2(·) and m3(·) denote the (estimated) means,
and s2(·) and s3(·) denote the (estimated) standard errors throughout the river network, then

Uj(·) ≡ (Zj(·)−mj(·))/sj(·) ; j = 2, 3 , (4.1)

are standardized processes with a component of variability due to measurement error in-
cluded. It should be noted that while mj(·) is defined everywhere on the river network, it
takes only four possible values; similarly, sj(·) is defined everywhere, but it takes only two
possible values.

As we did for Dj(·) and Zj(·), we define a measurement-error-free version of Uj(·),
namely Wj(·); j = 2, 3. More specifically, at this level of data transformation, we assume
that the measurement-error component εj(·) is additive. That is, the measurement-error-free
version Wj(·) is related to Uj(·) by

Uj(·) = Wj(·) + εj(·) ; j = 2, 3 , (4.2)

where εj(·); j = 2, 3, are independent white-noise processes.
We now describe qualitatively some of the spatial analyses we did to arrive at a covari-

ance model for the variables Uj(·) and Wj(·). That covariance model is, of course, crucial
for the optimal spatial prediction (kriging) we do in Section 5.

We fit the covariance mixture (3.6) to the data {U2(s2,i): i = 1, . . . , n2} and {U3(s3,i):
i = 1, . . . , n3} in each of the two years, 2002 and 2003, respectively. It was apparent from
these maximum-likelihood-based fits that λ = 0; that is, the (transformed and standardized)
variable Dochange exhibited spatial dependence according to Euclidean distance rather than
river distance. Of course, the two distance metrics are strongly and positively related as is
evident from Figure 5, where |s− t| and ‖s− t‖ are plotted for all pairs of monitoring sites
s and t such that t ∈ ∨(s) (i.e., t is upstream from s).
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Figure 5. Plot of stream distance versus Euclidean distance for upstream-downstream pairs of sites.

Then, after fitting the Euclidean-distance-based spherical model (3.5) to each of the
two years, it was apparent that 2003 exhibited the most spatial statistical dependence.
Figure 6 shows the empirical semivariogram and the fitted semivariogram for 2003. [The
semivariogram γ(·) is directly related to a stationary covariance function C(·) through the
relation, γ(·) = C(0)−C(·). Cressie (1993b, chap. 2) gave the methodology and rationale
for modeling the spatial statistical dependence through the semivariogram.]

An explanation of how Figure 6 was obtained is now given. Generalizing (3.5) slightly
to include a jump at the origin, the Euclidean-based spherical covariance model is,

C(h; θ) =

⎧⎪⎨⎪⎩
σ2 + c0 ; h = 0
σ2{(3/2)(h/r)− (1/2)(h/r)3} ; 0 < h ≤ r

0 ; h > r ,

(4.3)

where θ = (c0, σ
2, r)′ is the parameter vector that is fitted to the data. In geostatistics

terminology, the jump at the origin c0 is called the nugget effect, σ2 is called the partial sill,

Figure 6. Empirical semivariogram and fitted semivariogram for U3(·), which is on the transformed scale.
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and r is called the range. Then the spherical semivariogram model is,

γ(h; θ) = C(0; θ)− C(h; θ) . (4.4)

The nugget effect c0 is made up of two components, the variance of a micro-scale process
and the measurement-error variance (Cressie 1993b, p. 128). However, we do not know how
the two components are apportioned, so we took the conservative approach of assuming
that c0 is entirely measurement-error variance. For example, for 2003, we assumed that
c0 ≡ var(ε3(s)).

Let γ̂(h(i); θ) denote the empirical semivariogram:

γ̂(h(i); θ) ≡
∑
N(i)

(U3(s3,j)− U3(s3,k))2/|N(i)| , (4.5)

where possible values for the spatial lag h in (4.4) are binned, N(i) is the set of all
monitoring-location pairs (s3,j , s3,k) such that ‖s3,j − s3,k‖ is in the ith bin, h(i) is the
average Euclidean distance between monitoring-location pairs in N(i), and |N(i)| is the
number of monitoring-location pairs contributing to the ith bin. Then to estimate θ, we min-
imized with respect to θ the weighted-least-squares criterion discussed in Cressie (1993b),
namely

WLS(θ) ≡
20∑

i=1

|N(i)|
{

γ̂(h(i))
γ(h(i); θ)

− 1

}2

,

where the index i runs over the first 20 bins. The advantage of this criterion over maxi-
mum likelihood, which we also considered, is that by using the ratio of the empirical and
theoretical semivariograms the quality of the fit at small spatial lags is emphasized. Upon
minimizing WLS(θ) with respect to θ, we obtained ĉ0 = 0.881, σ̂2 = 0.162, and r̂ = 6.07.
Notice that the total sill is 1.043, which is in line with the standardization carried out in
(4.1). Given this fitted semivariogram, we are in a position to use kriging to predict W3(·)
and eventually S3(·) (the measurement-error-free version of Dochange in 2003) on any part
of the river network.

Before we develop and implement kriging for 2003, we would like to mention that one
more check was carried out to see if the spatial dependence shown in Figure 6 was real. We
added the two normalized processes U2(·) and U3(·) for 2002 and 2003, respectively, and
saw even stronger evidence of spatial dependence in the summed process. Although this
process does not have any immediate scientific interpretation for the individual years under
study, it does reinforce the spatial-statistical-dependence assumptions leading to (4.3) and
the value of using kriging as in the next section.

5. KRIGING OF SE QUEENSLAND’S RIVERS AND STREAMS

This section introduces the methodology for optimal spatial prediction (kriging). The
general strategy is to use whatever scientific knowledge we have to remove the large-scale
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spatial variation (trend), standardize, and krige the residual process. Although residuals
should have zero mean, a conservative strategy is to assume that the mean is constant but
perhaps nonzero. Kriging of the residuals produces a smooth and complete map; then we
take the results back onto the original scale to yield the final map of values for the process of
interest throughout the river network (along with an accompanying map of kriging standard
errors).

5.1 KRIGING METHODOLOGY

Let W (·) be a constant-mean random process defined on some domain, and let U(·)
be a related process given by

U(·) = W (·) + ε(·),

where ε(·) is a white-noise process with mean 0 and variance σ2
ε . That is, let U(·) be the

process containing a measurement-error component, and let W (·) be the measurement-
error-free version. Suppose that the process U(·) is observed at locations s1, . . . , sn, and
suppose further that our goal is to predict the value of the true underlying process W (·) at
locations b1, . . . , bm. Then, assuming that the true mean μ for the process W (·) is unknown
and must be estimated, either ordinary kriging (OK) or covariance-matching constrained
kriging (CMCK) can be used to obtain an answer.

Let Σ be the n × n covariance matrix given by the variance of the vector U ≡
(U(s1), . . . , U(sn))′ of observed values, and let C be the n ×m covariance matrix given
by the covariance of the vector U and the vector W ≡ (W (b1), . . . , W (bm))′. Then

μ̂ ≡ 1′nΣ−1U/(1′nΣ−11n)

is the best linear unbiased estimator for the true mean μ, and from Cressie (1993b, chap.
2), the ordinary kriging predictor for W is the m-dimensional vector,

Ŵok ≡ (Ŵok(b1), . . . , Ŵok(bm))′ = μ̂1m + C ′Σ−1(U − μ̂1n), (5.1)

where 1n = (1, . . . , 1)′ is an n-dimensional vector of 1s. The mean squared prediction
error (or kriging variance) of Ŵok(b�) is,

σ2
ok(b�) ≡ var(W (b�))− c(b�)′Σ−1c(b�) + (1− c(b�)′Σ−11n)2/(1′nΣ−11n) , (5.2)

where c(b�)′ is the �-th row of C ′; � = 1, . . . , m.
Heuristically speaking, the predictor Ŵok predicts the values (W (b1), . . . , W (bm))′

by smoothing the observed values U(s1), . . . , U(sn) and interpolating between them.
However, unlike typical interpolation or smoothing schemes, OK chooses the smoothing
weights in a statistically optimal way. Specifically, the linear combination of the observa-
tions U(s1), . . . , U(sn) used to predict W (b�), say, is optimal in the sense that it leads to
the smallest mean squared prediction error (MSPE) among all linear unbiased predictors of
W (b�).
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Because the OK predictor Ŵok acts as a smoother, it may be severely biased for use
in predicting nonlinear functionals of W . The CMCK approach proposed by Aldworth and
Cressie (2003), where the covariance matrix for the predictor matches the entire covariance
matrix for the group of values to be predicted, is better suited for prediction of nonlin-
ear functionals. Heuristically speaking, CMCK outperforms OK for nonlinear prediction
by roughening up some of OK’s excessive smoothing. Like OK, CMCK also possesses
optimality properties in terms of MSPE (Aldworth and Cressie 2003).

Recall that W = (W (b1), . . . , W (bm))′ is the vector of values to be predicted, here
using CMCK. Letting the matrices Σ, C, and 1n be defined as before, let Σm denote the
covariance matrix for the vector W and 1m denote the m-dimensional vector of 1’s. We
then define matrices P0 and Q0 by

P0 ≡ Σm − 1m(1′nΣ−11n)−11′m,

and

Q0 ≡ C ′Σ−1C − C ′Σ−11n(1′nΣ−11n)−11′nΣ−1C.

Provided that both P0 and Q0 are positive-definite, define P01 and Q01 to be the symmetric
square roots of P0 and Q0, respectively, and let K0 = Q−1

01 P01. Then, from Aldworth
and Cressie (2003), the covariance-matching constrained kriging predictor for W is the
m-dimensional vector,

Ŵcmck ≡ (Ŵcmck(b1), . . . , Ŵcmck(bm))′ = μ̂1m + K ′
0C
′Σ−1(U − μ̂1n). (5.3)

The mean squared prediction error (or kriging variance) of Ŵcmck(b�), notated σ2
cmck(b�),

is the �-th diagonal element of the m×m matrix,

Σcmck ≡ 2Σm − 1m(1′nΣ−11n)−11′nΣ−1C − C ′Σ−11n

×(1′nΣ−11n)−11′m − (P01Q01 + Q01P01) ; (5.4)

� = 1, . . . , m.
If the number of points m is large, the matrices P0 and Q0 may not be positive-definite,

in which case the CMCK predictor is undefined. However, Cressie and Johannesson (2001)
showed that doing covariance matching over a sufficiently small and potentially different
group of sites for each prediction location, yields positive-definite P0 and Q0 and generally
matches the variances and covariances well. How large these smaller groups can be is
influenced both by the amount of measurement error in the observed process U(·) and by
the specific spatial structure in W (·). In the analyses below, we use the approach of Cressie
and Johannesson (2001) to implement CMCK.

5.2 KRIGING OF DOCHANGE

From a map of the rivers and streams in SE Queensland, we identified sources, or
stream segments with stream order 1. These sources having been identified, the stream
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order Ω(·), as described in Section 4, was determined both for all the monitoring sites and
for a collection of other sites chosen to fill out the stream system. The resulting maximum
stream order in the entire stream system was found to be 538, achieved near the mouth of
the Brisbane River. The full collection of monitoring and non-monitoring sites and their
connecting segments, the latter approximated as line segments, is shown in Figure 7. Using
the latitude and longitude measurements recorded in EHMP (2004), a correspondence was
established between the monitoring locations on the map, the site numbers used by EHMP
(2004), and the data values for Dochange.

Figure 7. Digitizedmapwithmonitoring sites and additional nodes that preserve the geometry of the river network.
Darkened dots represent monitoring sites, open circles represent the additional nodes, and a circle with a plus
indicates a river mouth.
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Figure 8. Class membership of prediction locations.

We carried out both ordinary kriging (OK) and covariance-matching constrained krig-
ing (CMCK) of the process W3(·) based on the data {U(s3,i): i = 1, . . . , n3} and the
fitted spherical model C(·; θ̂) given by (4.3). Recall that we are making the conservative
assumption that ĉ0, estimated to be 0.881, is entirely measurement-error variance σ2

ε. In
this section, we describe the methodology used, and we present figures that summarize the
kriging predictions. In each of the figures presented, we take a similar approach to the one
used by Ver Hoef et al. (in press), of using a variable-shade, variable-size dot to represent
each prediction. For us, the  color of the dot gives the value of the prediction according
to an accompanying legend, while the size of the dot indicates the level of precision, with
larger dots corresponding to worse precision (i.e., larger kriging variance).

Using the OK Equations (5.1) and (5.2), we made predictions for each of the freshwater
locations on the digitized map of the river network shown in Figure 7. This digitized map
includes a total of 239 sites, 134 of which correspond to EHMP sites for either 2002 or 2003
(Figure 1, p. 128). The 134 EHMP sites were selected to be freshwater locations, and of the
remaining 105 sites on the digitized map, we ascertained that 63 were freshwater and 42 were
estuarine. It is only appropriate to use the spatial model to predict at freshwater locations,
and so the maps we produce in this report are for spatial predictions at 197 (= 134 + 63)
locations. Stratum membership of all 197 prediction locations are shown in Figure 8. The
predicted values for W3(·), together with the corresponding root mean squared prediction
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errors (root MSPEs), are presented in Figure 9 using variable-color, variable-size dots.
In Figure 9, predictions of the process W3(·) (see Equation (5.1)) are indicated using

a color scale ranging from bright red (for potentially disturbed sites, with high values)
to bright green (for sites in reference condition, with low values). The root MSPEs (see
Equation (5.2)) are indicated by using dots of variable sizes, with the area of each dot being
proportional to the root MSPE. Most of the colored dots in Figure 9 are roughly the same
size, indicating that the range of values for the root MSPE is not large. To the extent that
there are larger dots, these tend to occur near the edges of the map or in other locations
where the data are sparse. Locations where data are available are indicated by small black
triangles.

Figure 9. OK predictions and root MSPEs for the processW3(·), which is on the transformed scale. The colors
indicate the predicted values, while the area of each dot corresponds to the root MSPE. Small black triangles
indicate sites with data. To facilitate comparisons, Figures 9 and 10 are presented on the same scale.
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There are several ways to implement CMCK to make predictions on a given process.
Each implementation of CMCK corresponds to a different choice of the groups of locations
upon which covariance-matching is done. The approach we use here is based on that of
Cressie and Johannesson (2001), who carried out CMCK by fixing a value m, finding for
each location of interest the m data points nearest to that location, and making a prediction
at the point of interest by doing covariance-matching on the full group of (m+1) locations.
We adapt this approach slightly by allowing the value of m to be different for different
locations of interest. For each location of interest, we first identify the m = 14 nearest data
locations and attempt to compute the CMCK predictor for the full group of 15 points. If
the CMCK predictor does not exist, we reduce the number m of neighboring data locations in

Figure 10. CMCK predictions and root MSPEs for the process W3(·), which is on the transformed scale. The
colors indicate the predicted values, while the area of each dot corresponds to the rootMSPE. Small black triangles
indicate sites with data. To facilitate comparisons, Figures 9 and 10 are presented on the same scale.
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Figure 11. Plot of CMCK predictions versus OK predictions for the processW3(·), which is on the transformed
scale.

steps of size one until the CMCK predictor does exist. For the process W3(·), the CMCK
predictor existed at all prediction locations when m was 11, and it existed when m was 14
for all but a handful of locations. The advantage of this new approach over the approach in
which m is fixed is that one gets to do additional covariance-matching at locations where
it is possible to do so. Using the CMCK equations (5.3) and (5.4), we made predictions for
W3(·) at each of the 197 freshwater stream-system locations; see Figure 10.

The CMCK predictions given in Figure 10 differ from the OK predictions given in
Figure 9 in two important ways. The CMCK predictions are more dispersed, which is one
reason that they are more appropriate for use in predicting nonlinear functionals. They also
have larger root MSPEs, which is a consequence of the MSPE-optimality of the OK ap-
proach. These two aspects of the contrast between OK and CMCK are further illustrated
in Figures 11 and 12, which are based on the spatial predictions for the process W3(·). In

Figure 12. Plot of CMCK root MSPEs versus OK root MSPEs for the processW3(·), which is on the transformed
scale.



SPATIAL PREDICTION ON A RIVER NETWORK 147

Figure 11, which gives a plot of the OK predictions versus the CMCK predictions at the
same locations, we see that the CMCK predictions are more dispersed. However, the two
predictions are otherwise roughly in agreement. In Figure 12, which gives a plot of the OK
root MSPEs versus the CMCK root MSPEs, we see that the root MSPEs are always larger
for CMCK. We also see that large root MSPEs for one type of kriging tend to correspond
to large root MSPEs for the other type of kriging.

Although the process W3(·) is suitable for kriging, scientific interest lies in making
predictions on the original scale. There the problem is to predict values of the measurement-
error-free Dochange process S3(·), which we defined in Section 2. To transform the kriging

Figure 13. OK predictions and root MSPEs for the process S3(·) (Dochange in 2003, on the original scale).
The colors indicate the predicted values, while the area of each dot corresponds to the root MSPE. Small black
triangles indicate sites with data. To facilitate comparisons, Figures 13 and 14 are presented on the same scale.
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prediction Ŵ3(s) into a prediction for the original Dochange process, we used the relation-
ship,

Ŝ3(·) = exp
[
s3(·)Ŵ3(·) + m3(·) + (1/2)s2

3(·){σ2 − var(Ŵ3(·))}
]− 10 , (5.5)

which is unbiased for the unknown Dochange value (e.g., Cressie 1993b, p. 135). Notice
that had (5.5) involved a transformation other than exponentiation, we would have had
available only an approximate bias adjustment (given by Cressie 1993b, p. 137) that relies
on a Taylor-series approximation of the transformation. A Taylor-series approximation of
the MSPE for Ŝ3(·) is

σ2
S3,k(·) ≡ exp[2m3(·)]s2

3(·)σ2
k(·) , (5.6)

Figure 14. CMCK predictions and root MSPEs for the process S3(·) (Dochange in 2003, on the original scale).
The colors indicate the predicted values, while the area of each dot corresponds to the root MSPE. Small black
triangles indicate sites with data. To facilitate comparisons, Figures 13 and 14 are presented on the same scale.
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Figure 15. Plots of original data versus kriging predictions. Shown are y = log(original data + 10) versus x =
log (kriging prediction + 10).

where σ2
k(·) is the MSPE (kriging variance) for Ŵ3(·). In the case of OK, σ2

k(·) is given
by (5.2), and in the case of CMCK, σ2

k(·) is given by diagonal elements of (5.4). Note that
because the bias adjustment for CMCK in (5.5) is in fact zero, kriging and transforming
naively (i.e., without a bias adjustment) yields the correct answer for CMCK. An immediate
use of (5.5) and (5.6) is for checking the fit of the spatial model using cross-validation (e.g.,
Cressie 1993, p. 102). We did this and found no evidence of lack of fit.

The final predictions of Dochange in 2003 and their corresponding root MSPEs are
presented in Figures 13 and 14. We see from Figure 13 that, for OK, the root MSPEs given
by (5.6) vary widely across the river system, as do the predicted values for Dochange given
by (5.5). None of the OK-predicted Dochange values is as large as 50. We see from Figure 14
that, for CMCK, the predicted values for Dochange given by (5.5) tend to be more extreme
than those for OK. Even so, only one of the CMCK-predicted Dochange values is above
50. The bright red region with the highest values for Dochange lies mainly in the Lockyer
Creek Catchment.

To show the shrinkage effect of OK and CMCK, Figure 15 gives plots of the original
data versus their kriging predictions; we added 10 to all values and then took logs. Observe
that CMCK is closer to the 45◦ line.

We prefer CMCK and the map given in Figure 14 for its ability to predict nonlinear
functionals of the process (here Dochange). In particular, the map in Figure 14 is better
suited for identifying stream segments where the value of Dochange exceeds pre-determined
thresholds.

6. DISCUSSION AND CONCLUSIONS

Optimal statistical mapping of ecological condition on river networks offers special
challenges. In this article, we have presented a way to predict a single variable (daily
change of dissolved oxygen) on the whole river network based on samples at a limited
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number of monitoring locations.
First, we classified the rivers and streams in the river network according to stream

size, altitude, slope, and rainfall. Then we invoked the “first law of geography” that nearby
locations on the river network tend to be more alike than those far apart. We quantified
what “nearby” meant in this context, by building a spatial covariance function between
locations that have an upstream-downstream relationship. Based on the covariance function,
we carried out kriging and showed how extra variance-covariance constraints can help when
predicting extreme ecological condition.

One of the important products of kriging is an uncertainty measure (the kriging standard
error). By using variable-color dots to represent the predicted value and variable-size dots
to represent the kriging standard error, we were able to produce a map of the dissolved-
oxygen-change condition in the rivers and streams of SE Queensland.

As described in the introduction, assessing the ecological condition requires consider-
ation of a variety of variables and indicators. Eventually, we want to build a multivariate
spatial-dependence model on a river network. We believe the spatial-moving-average ap-
proach given in this article can be extended by modifying the methodology presented by
Ver Hoef, Cressie, and Barry (2004). Trends over time could also be investigated through
spatio-temporal statistical modeling. These are problems for future investigation.
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