
THE Q-CONSTRUCTION FOR STABLE ∞-CATEGORIES

RUNE HAUGSENG

The aim of these notes is to define the Q-construction for a stable ∞-category
C, and sketch the proof that it is equivalent to the (Waldhausen) K-theory of C, as
(partially) given in [BR].

1. THE Q-CONSTRUCTION FOR EXACT CATEGORIES

In [Qui73], Quillen introduced the Q-construction of exact categories in order to
define their K-theory, generalizing his earlier plus-construction for rings.

Roughly speaking, an exact category is an additive category equipped with a
suitable collection of “short exact sequences”. More precisely:

Definition 1.1. An exact category is an additive category A equipped with a family
E of sequences

A
f
� B

g
�C

of morphisms in A, called admissible exact sequences, where f is a kernel of g and g
a cokernel of f . The maps f are called admissible monomorphisms and the maps g
are called admissible epimorphisms. We require that the following properties hold:

• E is closed under isomorphisms.
• Admissible monomorphisms and epimorphisms are closed under compo-

sition.
• Admissible monomorphisms are closed under cobase change (and all pushouts

with one side an admissible monomorphism exist).
• Admissible epimorphisms are closed under base change (and all pullbacks

with one side an admissible epimorphism exist).
• For all A, B ∈ A, the obvious sequence A→ A⊕ B→ B is in E.

Example 1.2. Let A be an abelian category, and suppose B is a fulls subcategory
of A that is closed under extensions, meaning that if

0→ B′ → A→ B′′ → 0

is a short exact sequence in A with B′ and B′′ in B, then A is isomorpic to an object
of B. Then B, equipped with the short exact sequences in A of objects in B, is an
exact category. (In fact, every exact category is equivalent to one of this form.)

Given an exact category C, we can define a new category QC as follows:
• The objects of QC are the objects of C.
• The morphisms from A to B are (isomorphism classes of) diagrams

A � P � B,

where P � A is an admissible epimorphism and P � B is an admissible
monomorphism.
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• Composition is given by taking pullbacks. (Since the pullback is only
defined up to isomorphism, we need to take isomorphism classes of di-
agrams to get a well-defined category.)

Then the K-theory of C is given, as a space, by the homotopy groups of ΩNQC:

K∗(C) = π∗+1N(QC).

Later, Waldhausen introduced the S•-construction as a way to define K-theory
in the far more general setting of categories with cofibrations and weak equiva-
lences. Quillen’s exact categories fit into this framework as follows:

Proposition 1.3 (Waldhausen, [Wal85, section 1.9]). For an exact category C, N(QC) '
|iS•C|, where C is considered as a Waldhausen category with the cofibrations the
admissible monomorphisms and the weak equivalences the isomorphisms.

We will review the S•-construction in the setting of ∞-categories below. Our
proof that the Q-construction for stable ∞-categories gives K-theory is analogous
to Waldhausen’s proof of this result.

However, one result of [Qui73] does not seem to be generalizable using the
S•-construction (in fact it is probably false for general Waldhausen categories),
namely the Dévissage Theorem:

Theorem 1.4 (Quillen’s Dévissage Theorem). Let A be an abelian category and
B a full subcategory of A closed under taking subobjects, quotient objects, and
finite products (in particular, this implies that B is an abelian subcategory of A).
Suppose moreover that every object M ∈ A has a finite filtration

0 = M0 ⊆ M1 ⊆ · · · ⊆ Mn = M

such that the quotients Mj/Mj−1 lie in B for each j. Then the inclusion func-
tor QB ↪→ QA gives a homotopy equivalence on nerves; in particular K∗(B) ∼=
K∗(A).

Below, we’ll describe an extension of the Q-construction to stable ∞-categories,
which Barwick and Rognes use to prove a dévissage theorem in this setting. Recall
that an ∞-category C is stable if:

• C is pointed, i.e. it has an object that is both initial and final.
• C has finite limits and colimits.
• A commutative square in C is a pullback square if and only if it is a pushout

square.
Examples of stable ∞-categories include

• The ∞-category Sp of spectra.
• The ∞-category ModR of R-modules for an A∞-ring spectrum R
• The derived ∞-category D∞(A) of any abelian category A with enough pro-

jectives.

2. MOTIVATION: DÉVISSAGE AND K-THEORY OF SCHEMES

To motivate extending the dévissage theorem to stable ∞-categories, we con-
sider an example from the K-theory of schemes1 where dévissage ought to apply:

1Since the author does not speak algebraic geometry, he is probably leaving out a large number of
adjectives; see [TT90] for more details.
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Definition 2.1. Let X be a scheme. A perfect OX-module is a compact object in
the category of complexes of OX-modules. (These can also be characterized more
algebraically.) Write Perf(OX) for the category of perfect OX-modules; then the
K-theory K(X) of X is K(Perf(OX)) (with the weak equivalences given by quasi-
isomorphisms, and the cofibrations by the morphisms that are split monomor-
phisms in each degree).

Consider a scheme X with an open subscheme

U
j
↪→X;

let Z be the complement of U. It can be shown that K(Perf(PU)) is equivalent
to the K-theory of Perf(OX) equipped with a larger class of weak equivalences,
namely the maps that are weak equivalences after applying j∗. We can now apply
the following result of Waldhausen:

Fact (Waldhausen’s Localization Theorem). Let C be a Waldhausen category with
weak equivalences wC. Suppose we have another category of weak equivalences
vC containing wC (and satisfying certain requirements). Then there is a fibration
sequence

K(Cv-acyclic, wCv-acyclic)→ K(C, wC)→ K(C, vC).

In the scheme case, this says that we have a fibration sequence

K(X on Z)→ K(X)→ K(U),

where K(X on Z) is the K-theory of the j∗-acyclic objects in Perf(OX).
We also have the following result:

Fact. Every j∗-acyclic object in Perf(OX) has a finite filtration whose subquotients
are elements of i∗Perf(OZ), where i : Z → X is the closed immersion.

If there was an applicable dévissage theorem, this would imply that K(X on Z) '
K(Z) (a result of [TT90]). Since we can think of the K-theory of a scheme as the K-
theory of the compact objects of Lurie’s stable derived ∞-category D∞(ModOX ), the
dévissage theorem for stable ∞-categories gives a new proof of this result, which
also extends to the setting of derived algebraic geometry.

3. THE Q-CONSTRUCTION

Let Qn be the category with objects (i, j) with 0 ≤ i ≤ j ≤ n and a unique
morphism (i, j) → (i′, j′) if i′ ≥ i and j′ ≤ j, and no morphisms otherwise. This
category can be depicted as follows:

(0,n)

(0,n-1) (1,n)

. . . . . .

(0,3) · · · (n-3,n)

(0,2) (1,3) · · · (n-2,n)

(0,1) (1,2) (2,3) · · · (n-1,n)

(0,0) (1,1) (2,2) (3,3) · · · (n,n)
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To define the Q-construction for an ∞-category C, we’ll consider diagrams of
this shape in C. First, however, we want to see that the Qn’s form a cosimplicial
category; we do this by showing that Qn is the opposite of the twisted arrow category
of [n]:

Definition 3.1. The twisted arrow category Õ(C) of a category C has objects mor-
phisms A→ B in C and morphisms from A→ B to A′ → B′ are given by commu-
tative diagrams

A A′

B B′

Thus Õ([n]) has objects (i, j) with i ≤ j , corresponding to the morphisms in [n],
and the morphisms from (i, j) to (i′, j′) correspond to diagrams

i i′

j j′.

There is thus a unique morphism from (i, j) to (i′, j′) if i ≥ i′ and j ≤ j′, and no
morphisms otherwise. In other words, Qn ∼= Õ([n])op, and so as Õ(–) is clearly
functorial we get a cosimplicial category Q•.

Definition 3.2. For C an ∞-category, we define (QC)n to be the subset of Hom(NQn,C)
such that each of the squares

(i, j) (i + 1, j)

(i, j− 1) (i + 1, j− 1)

(with j ≥ i + 2) is taken to a pullback square in C.

This condition is clearly preserved under face and degeneracy maps, so we get
a simplicial set QC.

Remark 3.3. This construction is clearly similar to the Q-construction for exact
categories, except that we are not imposing any restrictions on the types of mor-
phisms that occur in our diagrams. This is because, for simplicity, we are only
considering the case where every morphism is a “cofibration”. It is possible to ex-
tend the construction to the case of stable Waldhausen ∞-categories, and then we do
need to consider two classes of morphisms: the cofibrations (which are part of the
structure of the Waldhausen category) and their cofibers.

Proposition 3.4. If C is an ∞-category that admits pullbacks, then QC is an ∞-
category.
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Sketch Proof. We need to show that any map Λn
k → QC with 0 < k < n extends to

∆n. Let’s look at the two simplest of these horn-filling conditions, for Λ2
1 and Λ3

2:
In the first case, we’re given the diagram

X01 X12

X00 X11 X22

and we just need to take the pullback of the two central morphisms to get the
required extension.

In the second case, we’re given the following diagram:

X03

X02 X13

X01 X12 X23

X00 X11 X22 X33.

But we know that the squares in this diagram are pullbacks, so the arrow from
X03 to X01 must factor through X02, and the resulting square at the top is also a
pullback, which is what is needed to fill the horn. �

Remark 3.5. Note that Hom(NQ•,C) is not an ∞-category — it was essential that
the squares in the diagram were pullbacks for the argument in the second case
above to work.

4. REVIEW OF WALDHAUSEN K-THEORY

For a stable ∞-category C, we want to show that the homotopy type of QC,
considered as a simplicial set, gives the K-theory of C. First, let’s review the Wald-
hausen S•-construction of K-theory for ∞-categories:

Suppose C is a pointed ∞-category with pushouts. Then we define SnC to be
the full subcategory of Fun(NAr[n],C), where

Ar[n] = {(i, j) : i ≤ j} ⊆ [n]× [n],

of functors F such that:

• For each i, F(i, i) is a zero object in C.
• Each square

(i, j) (i + 1, j)

(i, j + 1) (i + 1, j + 1)

in Ar[n] is taken to a pushout square in C.
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Thus the objects of SnC are diagrams

00 X0,1 X0,2 X0,3 · · · X0,n−1 X0,n

01 X1,2 X1,3 · · · X1,n−1 X1,n

02 X2,3 · · · X2,n−1 X2,n

03 · · · X3,n−1 X3,n

...
...

...

0n−2 Xn−2,n−1 Xn−2,n

0n−1 Xn−1,n

0n

where the 0i’s are zero objects, and the squares are pushout squares.
The categories Ar[n] clearly form a cosimplicial category, hence S•C is a sim-

plicial ∞-category. Write ι : Cat∞ → S for the maximal Kan complex functor
(which essentially throws away the non-invertible 1-morphisms). Then we get a
simplicial space ιS•C.

Now we can take the (homotopy) colimit, or realization, |ιS•C| of this simplicial
space; the K-theory space of C is then Ω|ιS•C|.

Remark 4.1. We can refine this definition to get a K-theory spectrum by iterating
the S•-construction.

5. EDGEWISE SUBDIVISION AND THE Q̃-CONSTRUCTION

We now want to sketch the proof that for a stable ∞-category C the simplicial
sets QC and |ιS•C| are homotopy equivalent. We’ll do this in several steps, by
comparing each of these spaces to a third space Q̃C. In order to define this we first
need to introduce the concept of the edgewise subdivision of a simplicial set:

The category ∆ (considered as the category of linearly ordered finite sets) has
a (non-symmetric) monoidal structure ∗ defined as follows: for linearly ordered
sets I and J, their join I ∗ J is the set I q J ordered by keeping the orderings of
I and J and making every element of J greater than every element of I. Thus
[n] ∗ [m] ∼= [n + m + 1].

Define a map ε : ∆→ ∆ by ε(I) = Iop ∗ I, where Iop is I with elements taken in
the opposite order.

Definition 5.1. The edgewise subdivision esd X of a simplicial set X is ε∗X = X ◦ ε.

Thus (esd X)n ∼= X2n+1.
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We may represent [n]op ∗ [n] as the following diagram (where we use overlines
to distinguish the two copies of {0, . . . n}), with the arrows representing the order-
ing (or the morphisms in the corresponding category):

0 1 · · · n− 2 n− 1 n

0 1 · · · n− 2 n− 1 n

Remark 5.2. If X is the nerve NC of an ordinary category C, then an element of
(esd NC)n = Fun([n]op ∗ [n],C) is a diagram in C of the shape above. But this is
clearly the same thing as a sequence of n morphisms in Õ(C). Therefore, we see
that esd NC ∼= NÕ(C). In particular, we have esd ∆n ∼= NÕ([n]).

We get natural transformations id → ε and ε → id by including [n] as the
final n + 1 elements in [n]op ∗ [n] and by collapsing the first n + 1 elements of
[n]op ∗ [n] to 0 in [n], respectively. The composite transformation id→ id is clearly
the identity.

Consider a simplicial space X : ∆ → S; composing with ε we get a new sim-
plicial space esd X. The natural transformations described above induce maps
X → esd X and esd X → X, such that the composite map X → X is the identity. It
is possible to construct an explicit homotopy from the composite esd X → esd X
to the identity. It follows that the realizations |X| and |esd X| are homotopy equiv-
alent. In particular, |esd ιS•C| and |ιS•C| are homotopy equivalent.

Write (–)0 for the functor Set∆ → Set that sends each simplicial set to its set of
0-simplices. Then we define a simplicial set Q̃C by

Q̃C := (esd ιS•C)0 = esd(ιS•C)0.
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Thus (Q̃C)n = (ιS2n+1)0 is the set of diagrams in C of the following shape, where
the squares are coCartesian and the 0i’s are zero objects:

00 X0,1 X0,2 X0,3 · · · X0,2n X0,2n+1

01 X1,2 X1,3 · · · X1,2n X1,2n+1

02 X2,3 · · · X2,2n X2,2n+1

03 · · · X3,2n X3,2n+1

...
...

...

02n−1 X2n−1,2n X2n−1,2n+1

02n X2n,2n+1

02n+1

Lemma 5.3. If C is a stable ∞-category, then Q̃C is an ∞-category.

This ∞-category has objects diagrams

0→ X → 0′

where 0 and 0′ are zero objects, and a morphism from this to 0′′ → Y → 0′′′ is a
diagram

0′′ A B Y

0 X C

0′ D

0′′′

where the squares are pushout squares.

Sketch Proof. We need to show that any map Λn
k → Q̃C with 0 < k < n extends

to ∆n. Let’s just look at the simplest of these horn-filling conditions, for Λ2
1: Here
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we’re given diagrams

02 Y2 Y3 Y4

03 Z3 Z4

04 W4

05

01 X1 X4 X5

02 Y4 Y5

05 V5

06

and we want to fill in the gaps in the following diagram:

01 X1 ? ? X4 X5

02 Y2 Y3 Y4 Y5

03 Z3 Z4 ?

04 W4 ?

05 V5

06

We can fill in the missing objects using pushouts and pullbacks. Then, since
pushout squares and pullback squares in C coincide, we see that the morphisms
we want to factor do indeed factor through the new objects, and the resulting
squares are coCartesian. �
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There is an obvious map Q̃C → QC, which sends the diagram in (S2n+1C)0
above to the subdiagram

X0,n+1 X0,n+2 X0,n+3 · · · X0,2n X0,2n+1

X1,n+1 X1,n+2 X1,n+3 · · · X1,2n

...
...

...

Xn−2,n+1 Xn−2,n+2 Xn−2,n+3

Xn−1,n+1 Xn−1,n+2

Xn,n+1

Notice that, since C is stable, the pushout squares in this diagram are also pull-
back squares, so this is indeed an element of (QC)n. Moreover, we can recover
the original diagram up to equivalence from this triangle by taking pushouts and
pullbacks (which will also be pushouts). This is the basic reason why QC and Q̃C

are equivalent. More precisely, we have:

Proposition 5.4. For a stable ∞-category C, the natural map Q̃C → QC is a trivial
fibration.

Sketch Proof. We need to show that there exist lifts in all diagrams of the form

∂∆n Q̃C

∆n QC

Let’s look at the first two cases:
For n = 0, we need to extend an object X ∈ C to a diagram

0 X

0′

where 0 and 0′ are zero objects; this is obviously possible.
For n = 1, we need to extend a diagram of the form

X

Y Z
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to a diagram

0 A X Z

0′ Y B

0′′ C

0′′′

given the subdiagrams

0 Z

0′′′

0′ Y

0′′

where 0, 0′, 0′′, 0′′′ are zero objects and the squares are pushouts. Since C is stable
this is possible, by taking pushouts and pullbacks.

�

6. COMPLETE SEGAL SPACES

It remains to show that Q̃C ' |esd ιS•C|. For this, we need to say a bit about
complete Segal spaces. These are certain simplicial spaces that give another model
for the theory of (∞, 1)-categories; in particular, for X to be a complete Segal space
we require that

Xk ' X1 ×X0 · · · ×X0 X1

for k > 1, but some more technical conditions are also needed.

Proposition 6.1. If C is a stable ∞-category, then esd ιS•C is a complete Segal space.

To see that

(esd ιS•C)k ' ιS3C×ιC · · · ×ιC ιS3C,

we yet again use that, since C is stable, we can reconstruct an element of the left-
hand side uniquely up to equivalence from its image on the right.

It follows from work of Joyal and Tierney [JT06] that if X is a complete Segal
space, then the realization |X| has the same homotopy type as (X)0. In particular,
|esd ιS•C| ' Q̃C.

Remark 6.2. To give slightly more detail, there is a Quillen equivalence between
a certain model category structure on simplicial spaces, whose fibrant objects are
the complete Segal spaces, and the Joyal model structure on simplicial sets, where
the fibrant objects are the ∞-categories [JT06]. The functor from Segal spaces to
simplicial sets is given by composing with (–)0, which implies that Q̃C is an ∞-
category. Moreover, the inclusion of the Kan complexes S → Cat∞ corresponds
under the induced equivalence of ∞-categories to (a fibrant replacement of) the
constant simplicial space functor. The former has a left adjoint Cat∞ → S given by
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the fibrant replacement Ex∞, and the latter has a left adjoint given by the homo-
topy colimit. Thus we have a commutative diagram of ∞-categories

CSS Cat∞

S,hocolim Ex∞

(–)0

∼

where CSS is the ∞-category of complete Segal spaces. Hence, starting with the
complete Segal space esd ιS•C, we have that

Ex∞Q̃C = Ex∞(esd ιS•C)0 ' | esd ιS•C|.

Remark 6.3. It is possible to refine the equivalences to equivalences of infinite loop
spaces, or of (connective) spectra. The infinite loop space structure on QC comes
from the coproduct in C, which induces a symmetric monoidal structure on QC.
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