
CHAPTER 2

EXERCISE 2.1.   Let I(i) and O(i) respectively denote the indegree and outdegree for node i.  Then the required

information for  the network in Figure 2.26(a) is:

i I(i) O(i) A(i)
1 1 3 {(1,2), (1, 3), (1,5)}
2 1 3 {(2, 4), (2, 5), (2, 7)}
3 1 3 {(3, 5), (3, 8), (3, 6)}
4 1 1 {(4, 7)}
5 4 2 {(5, 8), (5, 9)}
6 1 1 {(6, 8)}
7 2 2 {(7, 5), (7, 9)}
8 3 1 {(8, 9)}
9 3 1 {(9, 1)}

Directed walk of six arcs : 4-7-9-1-2-5-8.

Walk of eight arcs : 1-2-4-7-5-8-6-3-5.

Cycle of nine arcs : 1-3-6-8-5-2-4-7-9-1.

Directed cycle of seven arcs : 1-2-4-7-5-8-9-1.

This information for the network in Figure 2.26(b) is:

i I(i) O(i) A(i)
1 1 2 {(1,2) (1, 8)}
2 1 2 {(2, 3) (2, 7)}
3 1 2 {(3, 4) (3, 6)}
4 2 1 {(4, 1)}
5 1 2 {(5, 4), (5, 6)}
6 3 0 φ
7 2 1 {(7, 6)}
8 1 2 {(8, 5) (8, 7)}

Directed walk of six arcs : 1-2-3-4-1-8-7-6.

Walk containing eight arcs : 1-2-3-4-1-8-5-6-7.

Cycle containing nine arcs : Does not exist.

Cycle containing seven arcs : Does not exist.

EXERCISE 2.3.   Graph in Figure 2.26(a) : Not acyclic, not bipartite, but strongly connected.  Graph in Figure

2.26(b) : Not acyclic, bipartite, not strongly connected.

EXERCISE 2.5.   Figures S2.5(a), (b), and (c) respectively specify the solutions of exercises in parts in (a), (b),

and (c).
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EXERCISE 2.7.   Construct an undirected graph with a node corresponding to each participant and having an arc

between two nodes if and only if the corresponding participants shook hands with one-another.  The number of

people shaking hands an odd number of times equals the number of nodes having odd degree.  Let degree(i) denotes

the degree of node i.  Notice that φ  = Σ    i∈Ν degree(i) is even, because each arc contributes 2 to φ .  Hence, the

number of nodes having odd degrees is even; for otherwise the sum of degrees φ  would not be even.

EXERCISE 2.9.   Let i1 be any arbitrary node in the graph.  Since i1 has a positive indegree, there exists some

node i2 such that (i2, i1) ∈ A.  Again, since i2 has a positive indegree, there exists some node i3 such that (i3, i2)

∈ A.  If i3 =  i1, a directed cycle has just been discovered in the graph; otherwise we continue this process until we

visit a node twice.  Notice that a situation will eventually be reached because the graph has a finite number of nodes.

In this case, we have discovered a directed cycle in the graph.

EXERCISE 2.11.   Necessity.   Suppose that the graph G is connected, but there is a partition of N into the
subsets N1 and N2 so that no arc has one endpoint in N1 and another endpoint in N2.  Select a node k ∈ N1 and

another node l ∈ N2.  Since G is connected, the graph contains a path from node k to node l.  This path must

contain an arc which has one endpoint in N1 and another in N2, leading to a contradiction.

Sufficiency .  Suppose that for every partition of N into the subsets N1 and N2, some arc has one endpoint in N1
and the other endpoint in N2.  Now suppose that the network is disconnected.  Define N1 as one component of the

network and N2 = N - N1.  Then, in G there is no arc with one endpoint in N1 and another in N2.  This contradicts

our assumption.

EXERCISE 2.13.  (a)  We give a proof using induction.  Suppose that a tree with i nodes contains i-1 arcs and

this is true for all i ≤ k.  This condition is clearly true for k=1 and k=2.  Let T be any tree with (k+1) nodes.  If a

leaf node of T along with the unique arc incident to it is deleted from T, then we get a tree containing k nodes with

(k-1) arcs (by induction hypothesis).  Therefore, T will contain (k-1)+1 = k arcs.

(b)  The sum of the degrees of the nodes in a tree is (2n-2).  Hence, at least two nodes in the tree must have degree

strictly less than 2; for otherwise the sum of the degrees will exceed 2n-2.  Since no node in a connected graph can

have zero degree, it follows that at least two nodes must have degree equal to 1.

(c) We prove this part by contradiction.  Suppose that two nodes k and l are not connected by a unique path; let P1
and P2 be the two paths between them.  Then P1∪P2 is a closed walk and a closed walk contains at least one cycle.

This contradicts acyclicity of the tree.

EXERCISE 2.15.   Let ni denote the number of nodes in the ith  component.  Then the ith  component is a tree

with (ni-1) arcs.  Consequently, the total number of arcs m must equal     Σk 
i=1 (ni-1) = Σk 

i=1  ni - k = n - k.
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EXERCISE 2.17.   Let Q = [S,  S 
-  

].  Since the spanning tree T is a connected graph, it follows from the result

in Exercise 2.11 that there must exist at least one arc in T with one endpoint in S and another endpoint in  S 
-
.  Then

Q∩T will contain that arc, and therefore Q∩T will be nonempty.

EXERCISE 2 .19 .   In the graph G = (N, A), let i1-i2-....ik-i1 be any arbitrary cycle and let  [S, S 
-  

] be any

arbitrary cut.  If the cycle has no arc in common with the cut, then the result clearly holds.  Now henceforth assume
that they do have common arcs.  Also assume without any loss of generality that i1 ∈ S.  Now, starting at node i1

traverse the cycle, until we return to node i1.  Observe that every time we traverse an arc in the cut [S, S 
-
], we go

from one node-set to another node-set (i.e., either from S to S 
-   

or from S 
-
 to S).  Since we start at a node in S and

end at the same node, we will traverse arcs in  [S, S 
-  

] even number of times.

EXERCISE 2.21.   (a) Note that if G = (N1 ∪ N2, A) is a bipartite graph, then the cut [N1, N2] contains all arcs

in A.  Now use the result of Exercise 2.19 to conclude that in a bipartite graph, every cycle contains an even number

of arcs.

(b) We define the depth index of a node i in a tree as the number of arcs in the path connecting node i to node 1.  Let
T be any spanning tree of the graph.  With respect to this tree, we partition the node set into two parts N1 and N2 in

the following manner.  All nodes with odd depth index are in N1 and all nodes with even depth index are in N2.

Now observe that every nontree arc (i, j) must have its both endpoints in the different node sets; for otherwise the

network will contain an odd length cycle, contradicting our assumption.  Since each arc has one of its endpoint in
N1 and another in N2, the network, by definition, is bipartite.

EXERCISE 2.23.   Some of the necessary conditions for two graphs to be isomorphic are the following: (i) The

graphs must have the same number of nodes and arcs; (ii) the graphs must have the same number of components;

(iii) if we sort the node degree arrays of the two graphs, then they must be the same.

EXERCISE 2.25.   Let N1 be any component of the (disconnected) graph G = (N, A).  Hence, no node in N1 is

connected to any node in  N2 = N - N1 in G.  This means that in its complement Gc an arc exists between every

node of N1 and every node of N2.  Now consider any two arbitrary nodes k, l in the graph Gc.  We need to prove that

k is connected to l by some path in Gc.  There are four cases to consider.  (i) Case 1 . k∈N1 and l∈N1.  The nodes

k and l are connected by the path k-p-l, where p is any node in  N2.  (ii) Case 2 . k∈N1 and l∈N2.  The nodes k and

l are connected by the arc k-l.  (iii) Case 3 . k∈N2 and l∈N1.  This case is similar to Case 2.  (iv) Case 4 . k∈N2

and l∈N2.  This case is similar to Case 1.  Thus we find that in all the four cases, any two nodes in the graph Gc are

connected by some path.  Consequently, Gc is a connected graph.

EXERCISE 2.27.   Construct the network G = (N, A) in which each square of the chessboard is represented by a

node. An arc exists between two nodes if and only if the queens at the corresponding positions on the chessboard can

take one-another.  A maximum cardinality independent set of nodes in the network G will yield a corresponding

maximum cardinality set of squares such that the queens at these positions cannot take one-another.

EXERCISE 2.29.   Every two nodes in N1 in G are adjacent because N1  is a clique.  Consequently, no two nodes

in N1 in Gc are adjacent.  Hence, N1 is an independent set in Gc.

EXERCISE 2.31.   (a) Forward star representation of the example network:

point tail head cost capacity
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1 1 1 2 5 ∞ 1
2 3 1 3 3 ∞ 2
3 4 2 4 -2 10 3
4 6 3 2 -1 20 4
5 6 3 5 10 ∞ 5
6 7 5 4 2 ∞ 6

(b) Reverse star representation of the example network:

rpoint head tail cost capacity
1 1 2 1 5 ∞
2 1 2 3 -1 20
3 3 3 1 3 ∞
4 4 4 2 -2 10
5 6 4 5 2 ∞
6 7 5 3 10 ∞

EXERCISE 2.33.   The matrix H cannot be equal to N.NT, because the diagonal element of N.NT are equal to the

degrees of the nodes, while diagonal elements of H are 0.  (Here we assume that  the graph in question has at least

one arc and no self loops.)

EXERCISE 2.35.   Let G = (N1 ∪ N2, A) be the graph.  Let  | |N1   = k.  Then, | |N2   = n - k.  Number the

nodes in N1 from 1 to k and number the nodes in N2 from k+1 to n.  Then, since all arcs have one end point in N1
and another in N2, the node-node adjacency matrix will have the form as shown in the following figure:

0 F
E 0

EXERCISE 2.37.   Let hij = H[i, j] be the (i, j)th  element of H.  Then h2 
ij  = Σn 

k=1 hikhkj .  Notice that if both

hik  and hkj  are 1, then i-k-j is a directed walk of length 2 from i to j.  Hence Σn 
k=1 hikhkj  denotes the number of

directed walks of length 2 from node i to node j.  Now use induction on k to prove that  hk 
ij  is equal to the number

of distinct walks from i to j containing exactly k arcs.

EXERCISE 2.39.(i) Pseudocode for obtaining the forward star representation:
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procedure forward-star ;
begin

count = 1 ;
for i: = 1 to  n do
begin

point[i]: = count ;
for j: = 1 to  n do
begin

if  H[i, j] = 1 then
begin

tail[count]: = i ;
head[count]: = j ;
cost[count]: = C[i, j] ;
capacity[count]: = U[i, j] ;
count: = count+1 ;

end;
end;

end;
point[n+1]: = m+1 ;

end;

EXERCISE 2.41.   The pseudocode to convert a forward star representation into a compact forward and reverse

star representation:

procedure reverse star representation ;
begin

for i: = 1 to  n do indegree[i]: = 0;
for k: = 1 to  m do indegree[head[k]]: = indegree[head[k]]+1;
rpoint[1]: = 1;
for i: = 1 to  n do rpoint [i+1]: = rpoint[i]+indegree[i];
for i: = 1 to  n do next[i]: = rpoint[i] ;
for k: = 1 to  m do
begin

l: = head[k];
trace[next[l]]: = k;
next[l]: = next[l]+1;

end;
end;

To better understand why this program works, we advise the reader to hand-simulate the above program on a

numerical example.

EXERCISE 2 .43 .   Figure S2.43 shows the transformed minimum cost flow problem, where all arcs are

uncapacitated.
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EXERCISE 2.45.   The resulting residual network is given in Figure S2.10.
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Figure S2.45

EXERCISE 2.47.  Figure S2.47 illustrates this transformation.

i j i j

k

(cij, uij)

(cji, uji)

(cij, uij)

(cji, uji)(0, ∞)

Figure S2.47

EXERCISE 2.49.   Use the transformation shown in Figure S2.49.

i j
b(i) b(j)

(lij,l ij) i j
b(i)- b(j)+l ij l ij

Figure S2.49

In other words, we modify the supplies/demands of the tail and head nodes, and eliminate such arcs.

EXERCISE 2 .51 .   Let S be the set of supply nodes i for which the mass balance constraints are stated as

"≤b(i)", and D be the set of demand nodes j for which the mass balance constraints are stated as "≥b(j)".  Add an extra

node p to the network.  Add an arc (p, i) for each i ∈ S with zero cost and capacity equal to b(i).  Similarly, add an

arc (j, p) for each j∈D with zero cost and lower bound equal to b(j).  We set b(p) = -Σ k∈N b(k).
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