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ELECTROMAGNETIC THEORY
Unit 1
Review of vector calculus: orthogonal coordinate systems, gradient, divergence and curl. Laplacian
operator for scalar and vectors. Vector integral and differential identities and theorems. Phasor
representation of harmonic variation of scalar and vectors Static electric fields, Columb s law, electric flux
density and electric field intensity, permittivity, dielectric constant, field of distributed charges in free
space, potential function, Laplace s and Poisson s equations, electric dipole, stored electric energy density.
Boundary conditions at abrupt discontinuities between two media including conducting boundaries,
surface charge distribution capacitance between two isolated conductors

UNIT-1
1. Introduction
Electromagnetic theory is a discipline concerned with the study of charges at rest and in motion.
Electromagnetic principles are fundamental to the study of electrical engineering and physics.
Electromagnetic theory is also indispensable to the understanding, analysis and design of various electrical,
electromechanical and electronic systems. Some of the branches of study where electromagnetic
principles find application are:

• RF communication
• Microwave Engineering
• Antennas Design
• Electrical Machines
• Satellite Communication
• Atomic and nuclear research
• Radar Technology
• Remote sensing
• EMI EMC
• Quantum Electronics

Electromagnetic theory is a prerequisite for a wide spectrum of studies in the field of Electrical Sciences
and Physics. Electromagnetic theory can be thought of as generalization of circuit theory. There are certain
situations that can be handled exclusively in terms of field theory. In electromagnetic theory, the quantities
involved can be categorized as source quantities and field quantities. Source of electromagnetic field is
electric charges: either at rest or in motion. However an electromagnetic field may cause a redistribution
of charges that in turn change the field and hence the separation of cause and effect is not always visible.

Electric charge is a fundamental property of matter. Charge exists only in positive or negative integral
multiple of electronic charge, -e, 191.60 10e −= × Coulombs. [It may be noted here that in 1962, Murray
Gell-Mann hypothesized Quarks as the basic building blocks of matters. Quarks were predicted to carry a
fraction of electronic charge and the existence of Quarks has been experimentally verified.] Principle of
conservation of charge states that the total charge (algebraic sum of positive and negative charges) of an
isolated system remains unchanged, though the charges may redistribute under the influence of electric
field. Kirchhoff s Current Law (KCL) is an assertion of the conservative property of charges under the
implicit assumption that there is no accumulation of charge at the junction.

Electromagnetic theory deals directly with the electric and magnetic field vectors where as circuit theory
deals with the voltages and currents. Voltages and currents are integrated effects of electric and magnetic
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fields respectively. Electromagnetic field problems involve three space variables along with the time
variable and hence the solution tends to become correspondingly complex. Vector analysis is a
mathematical tool with which electromagnetic concepts are more conveniently expressed and best
comprehended. Since use of vector analysis in the study of electromagnetic field theory results in real
economy of time and thought, we first introduce the concept of vector analysis.

2. Vector Analysis
The quantities that we deal in electromagnetic theory may be either scalar or vectors [There are other
classes of physical quantities called Tensors: scalars and vectors are special cases]. Scalars are quantities
characterized by magnitude only and algebraic sign. A quantity that has direction as well as magnitude is
called a vector. Both scalar and vector quantities are function of time and position. A field is a function that
specifies a particular quantity everywhere in a region. Depending upon the nature of the quantity under
consideration, the field may be a vector or a scalar field. Example of scalar field is the electric potential in a
region while electric or magnetic fields at any point is the example of vector field.

Fundamentals Vector Algebra:
A vector is represented by a directed line segment: length of the line is proportional to magnitude and the
orientation of the directed line segment with respect to some reference gives the vector.
A vector A can be written as ˆA aA= , where A A= is the magnitude and ˆ

A
a

A
= is the unit vector which

has unit magnitude and direction same as that of A .
Two vectors A and B are added together to give another vectorC . We have:
C A B= +

Figure 1: Vector addition

Vector subtraction is similarly carried out as:
( )D A B A B= − = + −

Figure 2: Vector subtraction
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Scaling of a vector is defined as C Bα= , where C is a scaled version of vector B and α is a scalar.
Some important laws of vector algebra are:
A B B A+ = + Commutative law

( ) ( )A B C A B C+ + = + + Associative law
( )A B A Bα α α+ = + Distributive law

The following relations hold for vector product.
A B B A× = − × i.e. cross product is non commutative

( )A B C A B A C× + = × + × i.e. cross product is distributive
( ) ( )A B C A B C× × ≠ × × i.e. cross product is non associative

3. COORDINATE SYSTEMS
In order to describe the spatial variations of the quantities, we require using appropriate co-ordinate
system. A point or vector can be represented in a curvilinear coordinate system that may be orthogonal or
non-orthogonal. An orthogonal system is one in which the co-ordinates are mutually perpendicular. Non-
orthogonal co-ordinate systems are also possible, but their usage is very limited in practice.

Let u =constant, v =constant and w =constant represent surfaces in a co-ordinate system, the surfaces may
be curved surfaces in general. Further, let ˆua , ˆva and ˆwa be the unit vectors in the three co-ordinate
directions (base vectors). In a general right-handed orthogonal curvilinear system, the vectors satisfy the
following relations.
ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

u v w

v w u

w u v

a a a

a a a

a a a

× =
× =
× =

These equations are not independent and specification of one will automatically imply the other two.
Furthermore, the following relations hold
ˆ ˆ ˆ ˆ ˆ ˆ. . . 0

ˆ ˆ ˆ ˆ ˆ ˆ. . . 1
u v v w w u

u u v v w w

a a a a a a

a a a a a a

= = =
= = =

A vector can be represented as sum of its orthogonal components
ˆ ˆ ˆu u v v w wA A a A a A a= + +

In generalu , v and w may not represent length. We multiply u , v and w by conversion factors 1h , 2h and
3h respectively to convert differential changes du , dv and dw to corresponding changes in length 1dl , 2dl

and 3dl . Therefore
1 2 3

1 2 3

ˆ ˆ ˆ

ˆ ˆ ˆ

u v w

u v w

dl a dl a dl a dl

h dua h dva h dwa

= + +
= + +

In the same manner, differential volume dv can be written as 1 2 3dv h h h dudvdw= and differential area 1ds

normal to ˆua is given by 1 2 3ds dl dl= = 2 3h h dvdw and 1 2 3 ˆuds h h dvdwa= . In the same manner, differential
areas normal to unit vectors ˆva and ˆwa can be defined.
In the following sections we discuss three most commonly used orthogonal co-ordinate systems, viz:

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system

Downloaded from  be.rgpvnotes.in

Page no: 3 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


Electromagnetic Theory, ECE, CDGI, Indore Page 4

Cartesian Co-ordinate System
In Cartesian co-ordinate system, we have, ( , , ) ( , , )u v w x y z= . A point 0 0 0( , , )P x y z in Cartesian co-ordinate
system is represented as intersection of three planes 0x x= , 0y y= and 0z z= . The unit vector satisfies the
following relation:

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

x y z

y z x

z x y

a a a

a a a

a a a

× =

× =

× =

ˆ ˆ ˆ ˆ ˆ ˆ. . . 0

ˆ ˆ ˆ ˆ ˆ ˆ. . . 1
x y y z z x

x x y y z z

a a a a a a

a a a a a a

= = =

= = =

Figure 3: Cartesian coordinate system

0 0 0ˆ ˆ ˆx y zOP ax a y az= + +
In cartesian coordinate system, a vector A can be written as ˆ ˆ ˆx x y y z zA a A a A a A= + + . The dot and cross
product of two vectors A and B can be written as follows:

ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ

x x y y z z

x y z z y y z x x z z x y y x

x y z

x y z

x y z

A B A B A B A B

A B a A B A B a A B A B a A B A B

a a a

A A A

B B B

= + +

× = − + − + −

=
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Cylindrical Co-ordinate System
For cylindrical coordinate systems we have ( , , ) ( , , )u v w zρ φ= and a point 0, 0 0( , )P zρ φ is determined as the
point of intersection of a cylindrical surface 0ρ ρ= , half plane containing the z-axis and making an angle

0φ φ= with the xz plane and a plane parallel to xy plane located at 0z z= as shown in figure.

In cylindrical coordinate system, the unit vectors satisfy the following relations:
ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

z

z

z

a a a

a a a

a a a

ρ φ

φ ρ

ρ φ

× =

× =

× =

A vector A can be written as ˆ ˆ ˆz zA A a A a A aρ ρ φ φ= + + .
The differential length is defined as

1 2 3ˆ ˆ ˆ 1, 1zdl a d d a dza h h hρ φ φρ ρ ρ= + + = = =
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Differential volume element in cylindrical coordinates
Differential areas are

ˆ

ˆ

ˆz z

d s d d z a

d s d d z a

d s d d a

ρ ρ

φ φ

ρ φ

ρ

ρ φ ρ

=

=

=
Differential volume dv d d dzρ ρ φ=
Transformation between Cartesian and Cylindrical coordinates
Let us consider a vector ˆ ˆ ˆz zA a A a A a Aρ ρ φ φ= + + is to be expressed in Cartesian coordinates as

ˆ ˆ ˆx x y y z zA a A a A a A= + + . In doing so we note that ˆ ˆ ˆ ˆ ˆ( )x x z z xA A a a A a A a A aρ ρ φ φ= = + + and it applies for
other components as well.

Unit vectors in Cartesian and Cylindrical coordinates
Therefore we can write

These relations can be put conveniently in the matrix form as:
cos sin 0

sin cos 0

0 0 1

x

y

z z

A A

A A

A A

ρ

φ

φ φ
φ φ

−     
     =     
          

Aρ , zA and zA themselves may be functions of ρ , φ and z . These variables are transformed in terms of
x , y and z as:

cos

sin

x

y

z z

ρ φ
ρ φ

=
=
=
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The inverse relationships are:
2 2

1tan

x y

y

x
z z

ρ

φ −

= +

=

=
Thus we see that a vector in one coordinate system is transformed to another coordinate system through
two-step process: Finding the component vectors and then variable transformation.

Spherical polar coordinate
For spherical polar coordinate system, we have, ( , , ) ( , , )u v w r θ φ= . A point 0 0 0( , , )P r θ φ is represented as
the intersection of

(i) Spherical surface 0r r=
(ii) Conical surface 0θ θ= , and
(iii) Half plane containing z -axis making angle 0φ φ= with the xz plane as shown in the figure.

Figure:

The unit vectors satisfy the following relations

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

r

r

a a a

a a a

a a a

θ φ

θ φ φ

φ θ

× =

× =

× =
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The orientation of the unit vectors are shown in the figure

A vector in spherical polar co-ordinate is written as: and
ˆ ˆ ˆ sinrdl a dr a rd a r dθ φθ θ φ= + + . For spherical polar coordinate system we have ,

and 3h r= .

Figure:

Line, surface and volume integrals

In electromagnetic theory we come across integrals, which contain vector functions. Some
representative integrals are listed below:

V

Fdv∫
C

dlφ∫ .
C

F dl∫ ∫ etc.

GI, Indore Page 8

The orientation of the unit vectors are shown in the figure

A vector in spherical polar co-ordinate is written as: A A= and
dφ . For spherical polar coordinate system we have ,

and .

Figure:

Line, surface and volume integrals

In electromagnetic theory we come across integrals, which contain vector functions. Some
representative integrals are listed below:

.
S

F ds∫ etc.

Page 8

The orientation of the unit vectors are shown in the figure

A vector in spherical polar co-ordinate is written as: ˆ ˆ ˆr rA a A a A aθ θ φ φ+ + and
. For spherical polar coordinate system we have 1 1h = , 2 sinh r θ=

and .

Figure:

Line, surface and volume integrals

In electromagnetic theory we come across integrals, which contain vector functions. Some
representative integrals are listed below:

etc.
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In the above integrals, F and φ respectively represent vector and scalar function of space coordinates.
, &C S V represent path, surface and volume of integration. All these integrals are evaluated using

extension of the usual one-dimensional integral as the limit of a sum, i.e., if a function is defined
over arrange a to b of values of x, then the integral is given by

1

( )
b n

i i
ia

Lim
f x dx f x

n
δ

=

=
→ ∞∑∫

where the interval ( , )a b is subdivided into continuous interval of lengths .

Line integral

Line integral .
C

E dl∫ is the dot product of a vector with a specified path ; in other words it is the

integral of the tangential component of along the curve .

Figure: Line integral

As shown in the figure, given a vector field around , we define the integral

as the line integral of E along the curve . If the path of integration is a closed path as shown in
Figure, the line integral becomes a closed line integral and is called the circulation of around and
denoted as

C

E dl∫

Figure: Closed line integral

GI, Indore Page 9
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In the above integrals, and respectively represent vector and scalar function of space coordinates.
represent path, surface and volume of integration. All these integrals are evaluated using

extension of the usual one-dimensional integral as the limit of a sum, i.e., if a function ( )f x is defined
over arrange to of values of x, then the integral is given by

where the interval is subdivided into continuous interval of lengths 1........... nx xδ δ .

Line integral

Line integral is the dot product of a vector with a specified path C ; in other words it is the

integral of the tangential component of along the curve .

Figure: Line integral

As shown in the figure, given a vector field around , we define the integral cos
b

a
C

E dl E dlθ=∫ ∫
as the line integral of along the curve . If the path of integration is a closed path as shown in
Figure, the line integral becomes a closed line integral and is called the circulation of E around C and
denoted as

Figure: Closed line integral
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Surface integral
Given a vector field A , continuous in a region containing the smooth surface S , we define the surface
integral or the flux of A through S as

ˆcos n

S S S

A ds A a ds A dsψ θ= = =∫ ∫ ∫

Figure: Computation of surface integral

If the surface integral is carried out over a closed surface, then we write:
S

A dsψ = ∫ which gives the net

outward flux of A from S .
Volume integrals

We define
V

fdv∫ or
v

fdv∫∫∫ as the volume integral of the scalar function f (function of spatial coordinates)

over the volumeV .  Evaluation of integral of the form
V

Fdv∫ can be carried out as a sum of three scalar

volume integrals, where each scalar volume integral is a component of the vector F .

The Del Operator

The vector differential operator ∇ was introduced by Sir W. R. Hamilton and later on developed by P. G.
Tait.

Mathematically the vector differential operator can be written in the general form as:

1 2 3

1 1 1
ˆ ˆ ˆu v wa a a

h u h v h w

∂ ∂ ∂∇ = + +
∂ ∂ ∂
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In Cartesian coordinates:
ˆ ˆ ˆx y za a a

x y z

∂ ∂ ∂∇ = + +
∂ ∂ ∂

In cylindrical coordinates:
1

ˆ ˆ ˆza a a
zρ φρ ρ φ

∂ ∂ ∂∇ = + +
∂ ∂ ∂

and in spherical polar coordinates:

1 1
ˆ ˆ ˆ

sinra a a
r r rθ φθ θ φ

∂ ∂ ∂∇ = + +
∂ ∂ ∂

Electric Charge
All materials can have a charge, which we refer to as either positive  or negative .  The origin of this
charge is the makeup of an atom, which consists of a positively charged nucleus surrounded by negatively
charged electrons.  The nucleus consists of protons, which have positive charge, and neutrons, which have
no charge.  The charge of a proton is the same in magnitude but opposite in sign to that of an electron.  In
a neutral atom there are an equal number of electrons and protons and the net charge is zero.  A material
will have a net charge if it has a deficit or surplus of electrons.

If two dissimilar materials (e.g., a rubber rod and a piece of fur, or a comb and your hair) are rubbed
together, then electrons can transfer from one material to the other so that the material with an excess of
electrons has a net negative charge and the material with a deficit of electrons has a net positive charge.
This will occur because the two materials have a different affinity for electrons.

Forces exist between charges.  Like charges repel (e.g., positive-positive or negative-negative), while unlike
charges attract (positive-negative).
Materials can be electrically classified by how well charges move through the materials.  In a conductor,
charges flow freely.  Examples of conductors are copper, silver, gold, and aluminum.  In an insulator, the
flow of charges is virtually zero.  Examples of insulators are glass, rubber, and wood.  In a semiconductor,
charges can flow weakly.  Examples of semiconductors are silicon, germanium, and gallium arsenide.  Later
we will see that the degree to which charges can flow in a material can be quantitatively characterized by
its conductivity.

If a material has a net charge, then it can be used to charge a conductor either by direct contact
(conduction) or indirectly without touching (induction).

Charging by conduction

Some of the charge on a negatively charged rubber rod can be transferred to an initially uncharged isolated
metal sphere by touching the rod to the sphere, as shown in the figure below.  The rod initially pushes
electrons to the opposite side of the sphere, making one side positively charged and the other side
negatively charged.  When the rod touches the sphere, electrons transfer from the rod to the sphere
because of the attraction of opposite charges.  When the rod is removed, then the excess electrons remain
on the sphere and become uniformly distributed over the surface because of their mutual repulsion.
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Charging by induction

A positive charge can be induced onto the metal sphere without bringing the negatively charged rod into
contact with the sphere.  Instead, a conducting wire connects the sphere to a ground  (e.g., a copper pipe
buried in the earth).  This ground  provides an infinite reservoir of electrons to flow to or from the
conducting sphere.

Before contact

Contact

After contact

Before grounding

After grounding
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Coulomb s Law

The force between two point charges is given by Coulomb s law:

q1 and q2 are the charges and r is the distance between the charges. ke is the Coulomb constant and is
given in the SI system by

The SI unit for charge is the coulomb (C).  The smallest unit of charge is that of the electron or proton.  The
magnitude of the electronic charge is

.

The charge of the proton is qp = e and the charge of the electron is qe = -e. All charges are integral
multiples of e.

In Coulomb s law F is positive and repulsive if q1 and q2 have the same sign and is negative and attractive if
q1 and q2 have the opposite signs.

Coulomb s law is mathematically very similar to the universal law of gravitation between two point masses,
which is

where G is the universal gravitation constant.  Both forces are proportional to the product of the charges
or masses and inversely proportional to their separation.  The gravitational force, however, is always
attractive (there are no negative masses); whereas, the electrical force can be attractive or repulsive.

A fte r rem o ving groun d

A fte r rem o ving rod

2
21

r

qq
kF e=

22910998 C/mNx.ke ⋅=

Cx.e 1910601 −=

2
21

r

mm
GF =
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Example:

Compare the magnitude of the electrical and gravitational forces between the electron and proton in the
hydrogen atom.

Given:  me = 9.11 x 10-31 kg, mp = 1.67 x 10-27 kg, r = 5.3 x 10-11 .

The electrical forces in an atom are so large compared to the gravitational forces that the gravitational
forces can be completely neglected.  When considering ordinary masses, gravity is much more important
since the net charge on the masses is relatively small.

Example:

Find the force on the charge q2 in the diagram below due to the charges q1 and q2.

q1 = 1 µC q2 = -2 µC q3 = 3 µC

0.1 m 0.15 m

)(6.04.28.1

)(4.2
)15.0(

)102)(103(
)/1099.8(

|||3|

)(8.1
)1.0(

)102)(101(
)/1099.8(

||||

32122

2

66
229

2
32

2
32

2

66
229

2
12

21
12

rightthetoNNNFFF

rightthetoN
m

CxCx
CmNx

r

qq
kF

leftthetoN
m

CxCx
CmNx

r

qq
kF

e

e

=+−=+−=

=⋅==

=⋅==

−−

−−

Example:

Find the force on q2 in the diagram to the right.
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2
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1011910671
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x.
Nx.
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g
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−

−

−
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−−
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−
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q1 = 1 µC

q2 = -2 µC

q3 = 3 µC

0.1 m

0.15 m
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Electric Field

The electric field is a concept that helps to visualize the fact that charges can exert forces on each other
without being in contact.  A charge can be thought of as producing an electric field in the space
surrounding the charge analogous to the gravitational field due to a mass.  This electric field can then exert
a force on another charge.  To determine the electric field, E, due to a charge Q, we imagine a small test
charge q0 placed at a point relative to Q.  Then E is defined as the force on q0 divided by q0.

0q

F
E = (units are N/C)

The direction of E is the same as the direction of F on a positive test charge.  If we know E we can find the
force on any charge q from

EF q=

Electric field due to a point charge

From Coulomb s law, the magnitude of the force on a test charge q0 do to a point charge q is

2
0

r

|q||q|
kF e= .

q2 = -2 µC

q3 = 3 µC

F32

F2

θ

F12

q1 = 1 µC
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Thus, the magnitude of the electric field due to q is

2r

|q|
kE e= .

The direction of E is radially away from positive charges and radially toward negative charges.

E is analogous to the gravitational field g due to a mass.  For example, for a point mass M,

2r

M
Gg = .

Knowing g, we can find the force on a mass m from F = mg.  The gravitational field due a mass M always
points towards M.

Example:

Find the electric field at P due to charges q1 and q2.

o
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y

x

e

e

EE

CNx

xxEEE

CNxxEE

CNx
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x
r

q
kE

CNx
x

x
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q
kE
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Electric Field Lines

The strength and direction of the electric field can be graphically displayed using electric field lines.  These
are lines that originate on positive charges and terminate on negative charges.  The number of lines
originating or terminating on a charge is proportional to the magnitude of the charge.  The direction of the
electric field is the direction of the tangent to a line and the strength of the electric field is proportional to
the density of lines.

q1 = 2 µC

q2 = -1.5 µC

0.4 m

0.3 m

P

q1 = 2 µC

q2 = -1.5 µC

0.4 m

0.3 m

P

0.5 m

ϕ = 36.9o
E2

E1

E

θ
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The field lines for a positive point charge and a negative point charge are shown below.

If a positive and a negative charge are brought close together, then the field lines are a superposition of
the field lines for the separate charges.

Likewise, for two equal positive charges which are close together:

Conductors in Equilibrium

Consider an isolated conductor, such as copper, silver or gold, in which the charges are in equilibrium.  (No
batteries, for example, to drive a current through the conductor.) The conductor will have the following
properties:

1. E = 0 everywhere inside the conductor.
2. Any excess charge will reside on the surface.
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3. E just outside the conductor will be perpendicular to the surface.

We consider each property separately.

1. E (inside) = 0.  Conductors have electrons that can freely move under the influence of an electric
field.  If E (inside) were not zero, then there would be currents inside.  However, we are considering
the properties of conductors in electrostatic equilibrium.

2. Excess charge resides on surface(s).  Since like charges repel, if there were excess charge inside,
then the repulsive forces on these charges would push them as far apart from each other as
possible, which would mean to the surface.  The binding force of the electron to the metal would
keep them at the surface (unless the charge was so great that the electrostatic repulsion would
overcome the binding force and the charge would arc  to another object.)

3. If E is perpendicular to the surface, then E (parallel) = 0. If E (parallel) were not zero, then there
would surface currents.  Again, we are assuming that the charges are in equilibrium.

It is also true that charge concentrates more on the surface regions which have the greater curvature.
Consequently, the electric field is greater at these sharp regions.  The curvature reduces the component of
the repulsive force between charges that is tangent to the surface, which allows the charges to be closer
together.  Because the electric field is greater near sharp points, these are the places where the charge is
most likely to arc if the charge on the conductor becomes too great.

Electric Flux

We previously stated that the electric field strength is proportional to the density of the electric field lines.
That is, the number of lines per unit area perpendicular to the lines.  The electric
flux is defined as the field strength times the perpendicular area and is
proportional to the number of lines that go through the area. If the area is
perpendicular to E, the flux is defined as

EAE =Φ (units are N⋅m2/C)

If the area is not perpendicular to E, then one needs to take the
component of E that is perpendicular to A (or the
component of A that is perpendicular to E) by including a factorθ
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cosθ, where θ is the angle between E and the normal direction to A.

θcosEAE =Φ

Gauss  Law

For a closed surface, flux can be positive or negative.  If the field lines come out of the surface, then the
flux is positive.  If they go into the surface, then the flux is negative. Gauss  Law related the net flux leaving
or entering a closed surface to the net amount of charge contained in that surface.  Specifically, Gauss s
law is

EinsideQ Φ= 0ε

The constant ε0 is called the permittivity of free space  and is related to the Coulomb constant ke by

2212
0 10858

4

1
mN/Cx.

ke
⋅== −

π
ε

We can show that Gauss  law applies for a point charge at the center of a
spherical surface.

2
000 4 rEEAqQ Einside πεεε ==Φ==

Solving for E,

22
04

1

r

q
k

r

q
E e==

επ
.

This is the same as what we previously determined using Coulomb s law.

Electric Field of a Spherical Shell of Charge

Gauss  law can be used to determine the electric field inside
and outside a spherical shell of charge.  First consider an
imaginary spherical surface outside the shell and
concentric with the shell.  We can then apply Gauss  law just as
we did above for a point charge and conclude that

2r

q
kE eoutside =

If we now consider an imaginary concentric spherical surface inside the shell, then we conclude that Einside
= 0 since there is no charge inside this spherical surface.  If the shell is a metal, then we can further

q Er

a

b
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conclude that E = 0 within the metal itself, since this must always be the case for a conductor in
electrostatic equilibrium.

Electric Field of a Long Line of Charge

The electric field due to a long line of charge can be
determined using Gauss  law by considering an imaginary
concentric cylindrical surface containing a portion of
the line of charge.

If the line of charge is very long compared with the length of the Gaussian  cylindrical surface, then by
symmetry E is everywhere perpendicular to the curved part of the surface.  There is no flux through the
ends of the cylindrical surface since E is parallel to the end surfaces.  The area of the curved part of the
cylinder is A = 2πrL.  Thus,

rLEEAqQ Einside πεεε 2000 ==Φ==
Or,

r

L/q
k

r

L/q
E e2

2 0
==

επ

The field is thus proportional to the charge per unit length (q/L) and inversely proportional to the distance
from the center of the line of charge.

Electric Field of a Plane of Charge

The electric field due to a large sheet of uniform charge can be obtained by considering a Gaussian
cylindrical surface containing a portion of the charge.  If the sheet is large compared with the size of the
Gaussian surface, then by symmetry E is perpendicular to the surface.  The flux coming from the Gaussian
surface comes from the top and bottom parts, which each
have area A.  Thus, the total flux is

EAEAEAE 2=+=Φ

Applying Gauss  law, we have

0
00 2

2
ε

εε A/Q
Eor,EAQ Einside ==Φ=

Defining the charge per unit surface as σ = Q/A, we have

02ε
σ=E

E

L

r

E
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Note that E does not depend on the distance from the surface.  This is because the surface is assumed to
be infinitely large and looks the same regardless of the distance (like saying that the acceleration of gravity
is constant as long as the distance from the surface of earth is not too great in which case the earth looks
flat.)

Electric field due to a charged parallel-plate capacitor

A parallel-plate capacitor is two parallel metal plates
with opposite charges.  We will see later in the course
that a capacitor is an important element in electrical
circuits.  The electric field between, above, and below
the plates is just the superposition of the field due to an
infinite plane of positive charge and an infinite plane of
negative charge, taking into account the directions of the
fields in the different regions.

The fields due to the positive and negative plates cancel above and below the plates.  Between the plates
the fields add, so that

000 22 ε
σ

ε
σ

ε
σ =+=E

SAMPLE PROBLEMS: 112- Topic 1: ELECTRIC FORCES & ELECTRIC FIELDS.

1) Charges of - 6 and + 4 nC are 3 m apart. Determine the force they exert on each other, and the electric
field at a point midway between them.

Solution: This is an electrostatics problem (stationary
charges). Since the charges are of opposite sign, they will
attract each other. The forces are indicated in the figure.
We may immediately apply Coulomb's Law to determine
the strength of these forces:

q
2

+-q
1

o

r

F1 on 2
F2 on 1

Felec =  k q1 q2 /r2 =  (9 x 109)(6 x 10-9)(4 x 10-9)/32 =   24 x 10-9 =  24 nN.

In the second part of the problem we wish to determine
the electric field at point 'P', halfway between the two
charges. Each source charge produces its own field at 'P'.
Since q1 is negative, its field E1 is directed toward q1,
while the field E2 is directed away from charge q2 since it
is positive.

q
2

+-q
1

o

3 m

E1

E2

The magnitudes of these fields can be immediately calculated:

E1(at P)  =   k q1 /(r1)2 =  (9 x 109)(6 x 10-9)/(1.52)  =  24 N/C

E2(at P)  =   k q2 /(r2)2 =  (9 x 109)(4 x 10-9)/(1.52)  =  16 N/C

E = σ/ε0

E = 0

E = 0
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Electric fields are vector quantities and we must add as vectors. In this case the addition is simple since both
fields point in the same direction. Thus:

|Enet| = |E1| + |E2| =  24 + 16  =  40 N/C.  The direction of Enet is, of course, toward the negative charge.

2). The strength of the electric field in the region between two parallel deflecting plates of a cathode-ray
oscilloscope is  25 kN/C. Determine the force exerted on an electron passing between these plates. What
acceleration will the electron experience in this region?

Solution: As indicated in the figure, one of the plates is positively
charged, while the other is negatively charged. The electric field
between parallel charged plates is constant (as long as we stay in
the middle away from the edges of the plates), and is directed
from the + plate toward the - plate. The electric force on a charge
q  placed in a field E is:

Fon q =   q E .

Since q  is negative for an electron, then the force on the electron
is opposite to the direction of E, i.e., to the left (toward the +
plate). The magnitude of this force is:

|Fon e-| =  e E  =  (1.6 x 10-19)(25 x 103)  =  4 x 10-15 N .

a b

d

+ -

+

+

+

+

-

-

-
-

A

While this is an extremely small force, we find the acceleration is quite large:
a  =  F/m  =  (4 x 10-15)/(9.11 x 10-31)  =  4.4 x 1015 m/sec2.

The direction of the acceleration is, of course, the same as that of the force acting; toward the + plate.

3). Charges of -40 and +70 nC are placed at two of the vertices of an equilateral triangle with sides  0.2 m in
length. Find the electric field at the 3rd vertex, and the force experienced by a charge of +2 nC placed at this
vertex.

Solution: We wish to calculate the electric field at point 'P'
in the figure. The net field at this point is the vector sum of
the two fields E1 and E2 produced by the charges +70 nC
and -40 nC respectively. The magnitudes of these two fields
are first determined:

E1(at P)  =  k q1 /(r1)2 =  (9 x 109)(70 x 10-9)/(.2)2

=  15.75 x 103 N/C

E2(at P)  =  k q2 /(r2)2 =  (9 x 109)(40 x 10-9)/(.2)2

=  9 x 103 N/C
q+

q-

r
2

r
1

x

y

o

o

0.2 m

E1E2

0.1 m

0.1 m
0.2 m

30
o

P
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To add these as vectors we introduce an x-y coordinate system as shown, and add by the component method:

Σ E x =  E 1x +  E 2x =  E1 cos 30 - E2 cos 30 = (15.75 x 103)(.866) - (9 x 103)(.866)  =  5.85 x 103

Σ E y =  E 1y +  E 2y =  E1 sin 30 +  E2 sin 30  =   (15.75 x 103 + 9 x 103)(.5)  = 12.375 x 103

The magnitude of Enet is:

|Enet| = 22 )375.12()85.5( + x 103 =  13.7  x 103 N/C .

Here we note that since the net Ey value is much larger than the Ex
value, then the answer to the square root is only slightly greater
than Ey. The direction of Enet will be slightly to the right (+ x
direction) of the y axis. To calculate exactly, we draw a figure using
the net components (in units of  103 N/C) and we have:

θ = tan-1 (12.38)/(5.85)    =  64.7 o

If we place a charge  q' = 2 nC at this point then we have:

Fon q' =   q' E

x

y

o

5.85

12.38

θ

Thus the magnitude of the force is:  (2 n)(13.7 k) =  27.4 x 10-6 N.  The direction of this force is the same as the
direction of E since q' is positive.

4). Charges of +20, -40, and +30 nC are placed at the corners of a square with sides 2 m long. Find the electric
field at the 4th corner (diagonally opposite the -40 nC charge).

Solution: We again have a vector addition problem
involving electric fields. The fields at 'P' due to the 3
individual charges are drawn, and a coordinate system
is selected (see fig.)  The 1st step is to calculate the
magnitudes of the individual fields. We find:

E1(at P) =  kq1/(r1)2 = (9 x 109)(20 x 10-9)/(2)2 = 45 N/C

E3(at P) = kq3/(r1)2 = (9 x 109)(30 x 10-9)/(2)2 = 67.5 N/C

E2(at P) = kq2/(r2)2 = (9 x 109)(40 x 10-9)/(2 √2 )2 =
45 N/C

The vector equation is: Enet = E1 ⊕ E2 ⊕ E3 .

r
2

r
1

x

y

o

E1
E2

2 m

45
o

-q
2

q
3

+

q
1

+ o

o

r
1

E3

2 m

2.83 m

Adding by components (see fig.):
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Σ E x =  E 1x +  E 2x +  E 3x =  E1 + 0 - E2 cos 45o =  45 - (45)(.707)  =  + 13.2 N/C

Σ E y =  E 1y +  E 2y +  E 3y =  0 +  E3 - E2 sin 45o =  67.5 - (45)(.707) =  + 36 N/C

Thus the magnitude of  Enet is:

|Enet| = 22 )36()2.13( + =  38.3  N/C .

The direction of Enet is determined from the figure. We have:

θ = tan-1 (36)/(13.2) θ =   70o
x

y

o

13.2

36

θ

5). An electric dipole consists of a 2 charges of equal magnitude & opposite sign, separated a distance 'd'. Find
the torque on a dipole when placed in a uniform field E: (a) with the dipole axis perpendicular to E;  (b) with
the axis at an angle with E.

Solution: The key question is (b). If we find the torque for an
arbitrary angle, then we may insert θ = 90o and immediately
obtain the answer for part (a). We draw the figure indicating the
forces acting on the dipole (neglect the force of attraction
between the charges). Since Fon q =   q E we see that the forces
on the + and - charges are equal and opposite.

+

-

F
+

F
- E

p θ

Hence the net force on an electric dipole placed in a uniform electric field is zero. We see that there is,
however, a non-zero net torque. Both forces will tend to rotate the dipole in a clockwise sense. The definition
of the torque about an axis 'A' due to a force F is:

Γ A(due to F) ≡ r ⊗ F .

Here r is the vector distance from 'A' to the point of action of F . The direction of the torque is determined by
application of the right hand rule for cross-products.

In our case, the two torques are of equal strength. The magnitude of the cross product is given by:
| Γ A(due to F)| = |r| |F| sin (∠ r & F).

In our problem: |r+| = |r-| = d/2  and |F+| = |F-| = q E.  In addition the angle between the vectors is in both
cases. Application of the right hand rule shows that both torque vectors are into the paper (i.e., clockwise
sense), and hence the vector addition is simple. We have:

| Γ A(net)| =  (2)(d/2)(qE) sin θ =  q d E sin θ .
In order to write the result in vector form, we introduce a vector d (length = 'd'; direction from - charge to +
charge), and define:
Def. Vector Electric Dipole Moment: pe ≡ q d .
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With this definition it is easy to show that the net torque on the electric dipole can be written in vector form
as: Γ A =    pe ⊗ E  .

Hence, when θ = 90 0 [dipole moment perpendicular to the field], the magnitude of the torque is simply  p E,
or  q d E. For an arbitrary angle, the magnitude is  q d E sin θ .

QUESTIONS FOR SUPPORTIVE LEARNERS
1. If the radius of the Gaussian surface enclosing a charge is halved , how does the electric flux

through the Gaussian surface change? 1M
A. Electric flux is independent of the radius . Electric flux remains constant.

2. Define the term electric dipole moment of a dipole. State its S.I. Unit.
1M

A. It is defined as the product of either charge and the length of electric dipole
P = q X 2a  . It is a vector quantity whose direction from negative to positive charge.

3. Which orientation of an electric dipole in a uniform electric field would correspond to stable
equilibrium.?

A. When the electric dipole is in the direction of the electric field, the

4. Two point charges 20 X 10-6 C and -4 X 10-6 C are separated by a distance  of 50cm in air.
(i) Find the point on the line joining the charges  , where the electric potential is zero.?
(ii) Also find the electrostatic potential energy of the system.2M

5. Two point charges 4Q, Q are separated by 1m in air. At what point on the line joining the charges is
the electric field intensity zero?
Also calculate the electrostatic potential energy of the system of charges, taking the value of
charge, Q = 2 X 10-7C.   2M

6. Two point charges C and -2 C are separated by a distance of 1m in air. Calculate at what point on
the line joining the two charges is the electric potential zero.                                                  2M

7. The electric field and electric potential at any point due to a point charge kept in air is 20N/C and 10
V respectively. Compute the magnitude of this charge. 2M

8. The given graph shows the variation of charge q Vs potential difference V for two capacitors C1 and
C2 . The two capacitors have same plate separation but the plate area of C2 is double than that of
C1. Which of the lines in the graph correspond to C1 and C2 and why? 2M

9. Two capacitors of capacitance 6 F and 12 F are connected in series with a battery. The voltage
across the 6 F capacitor is 2V. Compute the total battery voltage. 2M
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10. A parallel capacitor with air between the plates has a capacitance of 8pF. The separation between
the plates is now reduced by half and the space between them is filled with a medium of dielectric
constant 5. Calculate the value of capacitance of the capacitor in the second case.2M

11. A point charge q  is placed at O as shown in the figure. Is  Vp-Vq positive or negative when (i) q > 0
(ii) q < 0 ? Justify your answer.2M

12. The electric field E due to a point charge at any point near it is defined as E=lim   q 0

q

F where q is the rest charge and F is the force acting on it.What is the physical significance of lim
q tends to 0 in this expression? Draw the electric field lines of a point charge Q when (i)Q>0 (ii) Q<0.
2m

13. Define electric flux . Write its S.I. units. A spherical rubber balloon carries a charge that is uniformly
distributed over its surface. As the balloon is blown up and increases in size, how does the total
electric flux coming out of the surface charge ? Give reason.  2M

14. State Gauss s theorem in electrostatics. Apply this theorem to derive an expression for electric field
intensity at  a point near an infinitely long straight charged wire.      3M

15. Explain the underlying principle of working of a parallel plate capacitor. If two similar plates, each
of area A having surface charge densities +  and -   are separated by a distance d in air, write
expression for

(i) the electric field at points between the two plates.
(ii) The potential difference between the plates.
(iii) The capacitance of the capacitor so formed. 3M

16. Using Gauss s theorem, show mathematically that for any point outside the shell, the field due to a
uniformly charged thin spherical shell is the same as if the entire charge of the shell is concentrated
at the centre. Why do you expect the electric field inside the shell to be zero according to this
theorem?         3M

17. Deduce an expression for the electric potential due to an electric dipole at any point on its axis.
Mention one contrasting feature of electric potential of a dipole at a point as compared to that due
to a single charge. 3M

18. What is electric flux? Write its SI units. Using Gauss s theorem, deduce an expression for the
electric field at a point due to a uniformly charged infinite plane sheet. 3M

19. State Gauss s theorem in electrostatics. Apply this theorem to derive an expression for electric field
intensity at a point outside a uniformly charged thin spherical shell.

20. Derive an expression for the energy stored in a parallel plate capacitor.
On charging a parallel plate capacitor to a potential V, the spacing between the plates is halved, and
a dielectric medium of r = 10 is introduced between the plates, without disconnecting the d.c.
source. Explain, using suitable expressions, how the (i) capacitance ,(ii) electric field and (iii) energy
density of the capacitor change.5M

21. (a)Define electric flux. Write its S.I.units
(b) The electric field components due to a charge inside the cube of side 0.1 m are as shown.
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Ex = αx,           where α= 500 N/Cm    Ey= 0 , Ez=0.
Calculate (i) the flux through the cube , and (ii) the charge inside the cube.

HOTS   (QUESTIONS FOR HIGH ACHIEVERS)
1.  The weight of a positively charged oil drop is balanced by producing
electric field between two parallel plates. What is the direction
of the electric field (See Fig.)?

Ans.

The weight of an object always acts vertically downward. Since the
drop is stationary between the plates, the electric field must act vertically
upward. Note that qE = mg.
2. Three small spheres each of a charge +q are placed on the circumference of a circle such that they form
an equilateral triangle. What is electric field intensity at the centre of the circle?

Ans.  Fig. shows the conditions of the problem. If a very small positive
test charge is placed at the centre O of the circle, then the test charge
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will experience three equal forces that are displaced 120° from each
other. The resultant of such a system of forces is zero.

3. In Fig. the potential difference between points A and B is
240V. If the mid-point M of AB is earthed, what are the potentials
of A and B?

Ans. When mid-point of AB is earthed, the p.d. between AB is still 240
V. The earthed point has zero potential while point A has a potential
of +120V and B a potential of 120V.

4. An inclined plane making an angle of 30° with the horizontal is placed in a uniform horizontal
electric field of 100N/C [See Fig. ]. A particle of mass 1kg and charge 0.01C is allowed to slide down
from rest from a height of 1m. If the co-efficient of friction is 0.2, find the time taken by the particle
to reach the bottom.(g = 9.8 ms 2).

5. Two horizontal parallel plates 10 mm apart have a p.d. of 1000 V between them; the upper plate being
at +ve potential. If a negatively charged oil drop of mass 4.8 × 10 15 kg is held stationary between
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the plates, find the number of electrons on the drop (Take g = 10 ms 2, electron charge, e = 1.6 × 10 19 C).

Ans. Since the drop is stationary,
Upward force on the drop = weight of the drop

qE = mg

E = V/d   = 1000/10 X 10-3 =105 V/m

q =
E

mg = 4.8 x 10-15 /   105 = 4.8 x 10-19C
Now q = ne
n= q/e   =    3

6. An electron falls through a distance of 4 cm in a uniform electric field of 3 × 104 N/C. When the direction
of field is reversed, a proton falls through the same distance. Calculate the time of fall in each case. Why is
the effect of gravity negligible in such cases?

,

Ans.  For electron
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7. A pendulum bob of mass 80 milligram and carrying a charge of 2 × 10 8 C is at rest in a horizontal uniform
electric field of 2 × 104 V/m. Find the tension in the thread of the pendulum and the angle it makes with the
vertical.

Ans.
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8.  A particle of mass 10 3 kg and charge 5 C is thrown at a speed of 20 ms 1 against a uniform electric
field of strength 2 × 105 N/C. How much distance will it travel before coming to rest momentarily?

Ans: Force on the charged particle, F = qE = (5 × 10 6) × (2 × 105) = 1 N. Since the charge on the particle is
positive and it is thrown against the electric field, the acceleration is negative.

9. A cube of side a has charge q at each of its vertices. Find the potential and electric intensity due to these
charges at the centre of the cube.

Ans.  The distance of each vertex from the centre P of the cube is equal to half of the diagonal of the cube
[See Fig. ].
Diagonal of the cube = √./a2 a2 a2 3a.

The electric field intensity at P due to charges on opposite corners of the cube cancel out. Hence, total
electric field intensity at P is zero.
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10.  Parallel metal plates 3 mm apart carry equal and opposite charge densities of ± 2 µC/m2. A proton (q =
e and m = 1.67 × 10 27 kg) is released from rest at the positive plate. What is the speed of proton just as it
strikes the negative plate ? Assume the space between the plates is
a vacuum.

Ans:

11. A parallel plate capacitor has three similar parallel plates. Find the ratio of capacitance when the inner
plate is mid-way between the outers to the capacitance when inner plate is three times as near one plate
as the other.

Ans. The fig.(i)shows the condition when the inner plate is mid-way between the outer plates. The
arrangement is equivalent to two capacitors in parallel. Capacitance of this capacitor,

The fig(ii)shows the condition when the inner plate is three times as near as one plate as the other
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12. Fig.shows a circuit for a camera flash. A 2000 F capacitor is charged by 1.5V cell. When a flash is
required, the energy stored in the capacitor is made to discharge through a discharge tube in 0.1 ms giving
a powerful flash. Calculate the energy stored in the capacitor and power of the flash.

Ans:
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