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Abstract

We show that the equilibria of contests with many players and prizes are approx-

imated by certain single-agent mechanisms. This complements the work of Olszewski

and Siegel (2016), who considered a more restricted environment in which players’ util-

ity function satisfies a strict single crossing condition. Relaxing strict single crossing

enlarges the set of approximating mechanisms and weakens the notion of approxima-

tion, but implications regarding equilibrium behavior in large contests can nevertheless

often be derived. When the approximating mechanism is unique, a stronger notion of

approximation obtains.
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1 Introduction

We study contests with many, possibly heterogeneous, players and prizes that include many

existing contest models as special cases. We show that the equilibria of such contests are

approximated by certain incentive-compatible and individually-rational mechanisms in an

environment with a single agent that has a continuum of possible types. This makes it

possible to approximate the equilibria of contests whose exact equilibrium characterization

is complicated, as well as the equilibria of contests for which there is no existing equilibrium

characterization.

Our analysis complements that of Olszewski and Siegel (2016), henceforth: OS, who

considered a similar environment with the added assumption that players’ utility function

satisfies a strict single crossing condition. Relaxing this assumption, as we do here, is valuable

because the assumption does not hold in some applications. One example is contests with

complete information and identical players, which were studied by Barut and Kovenock

(1998), henceforth: BK. We discuss additional examples that have not yet been studied,

perhaps because their analysis has proven difficult.

The cost of relaxing strict single crossing is that the set of approximating mechanisms

may not be a singleton, even for contests that have a unique equilibrium, and the notion

of approximation is weaker than that in OS. Nevertheless, multiple approximating mech-

anisms may share common features, as is the case in the setting of BK, which makes it

possible to derive implications regarding equilibrium behavior in large contests. And when

the approximating mechanism is unique, the approximation is as strong as in OS.

The rest of the paper is organized as follows. Section 2 introduces the basic terminology

and notation. Section 4 presents and discusses the results. Section 5 applies our results to

several settings. The appendix contains all proofs.

2 Contests

In a contest,  players compete for  prizes 1 ≤ 2 ≤ · · · ≤  that lie in  = [0 1] (prize 0

is “no prize”). Player ’s type  ∈  = [0 1], where  ∈ {1   }, is distributed according
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to a CDF 
 that does not have an atom at 0, and these distributions are commonly known

and independent across players.1 Complete information is the special case in which each


 corresponds to a Dirac measure. Each player, privately knowing her type, chooses a

(non-negative) bid, the player with the highest bid obtains the highest prize, the player with

the second-highest bid obtains the second-highest prize, and so on. Ties are resolved by a

fair lottery.

The utility of a player of type  from bidding  and obtaining prize  is  (  ), where

function  is continuous, strictly increasing in  for every   0 and  ≥ 0, and strictly

decreasing in  for every  ≥ 0 and  ≥ 0. The utility of obtaining no prize by bidding 0
is normalized to 0, that is,  ( 0 0) = 0 for all . Sufficiently high bids are prohibitively

costly, so  ( 1 max)  0 for some max and all . We therefore restrict the range of bids to

 = [0 max]. Unlike OS, we do not assume that the utility satisfies strict single crossing.
2

The benefit of relaxing this assumption is illustrated in Section 5.

We model players’ (possibly mixed) strategies as distributional strategies (Milgrom and

Weber (1985)), so player ’s strategy is a probability distribution  on× whose marginal
on is 

 . Players’ payoffs are the expectation of their utilities given all players’ strategies.
3

Because the contest is a discontinuous game, the existence of an equilibrium is a potential

concern.4 It is known that equilibria exist in many specific and economically relevant contests

even though it is difficult to characterize their properties. In this paper we provide tools for

studying the properties of equilibria; we refer the interested reader to Olszewski and Siegel’s

(2019) equilibrium existence result, which implies that every contest has an equilibrium in

distributional strategies.

1All probability measures are defined on the -algebra of Borel sets.

2Strict single crossing means that for any 1  2, 1  2, and 1  2 we have that (1 2 2) ≥
(1 1 1) implies (2 2 2)  (2 1 1).

3That is, if the profile of strategies is 1      

, then player ’s payoff isR

( (1     ) )

1 ((1 1)) · · ·(( )), where (1     ) is the prize player  obtains

given the bid profile 1     .

4We are grateful to two referees for encouraging us to consider this issue carefully.
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3 Approximating equilibrium outcomes

Contests of the kind defined in Section 2 are often difficult or impossible to solve. Our goal

is to approximate their equilibria when  is large, so we will consider a sequence of contests,

and refer to a contest with  players and  prizes as the “-th contest” in the sequence.

We first describe the intuition for our approach, and then present the formal definitions and

results.

3.1 Intuition for the approximation

Consider an equilibrium of a contest and the bidding decision faced by a player. The player’s

bid, together with the bids of the other players, determine the rank order of the player, which

in turn determines her prize. Since players’ equilibrium bidding strategies are usually mixed

in complete-information contests, and depend on players’ types in incomplete-information

contests, from the player’s point of view each bid leads to a lottery over prizes. This map-

ping from bids to prize lotteries differs across players whenever their strategies differ. The

randomness and heterogeneity of the mappings are key difficulties in solving for equilibrium,

but both are alleviated when the number of players is large. This is because with many

players each bid leads to an almost deterministic rank order, which translates into an almost

deterministic prize.5 In addition, this almost deterministic mapping is nearly identical across

players, even when their strategies differ. Indeed, the rank orders of two players who make

the same bid differ by at most 1,6 and when the number of players and prizes is large, there

are (at least typically) many prizes slightly lower and slightly higher than any given prize.

Thus, as the number of players grows large, equilibrium is approximated by a limit “inverse

tariff,” which maps bids to prizes. For a given type, each player with this type chooses a

lottery over the bids that (almost) maximize her payoff with respect to the limit inverse

5This is true as long as a small change in a player’s rank order does not significantly change the prize she

obtains. The argument in the general case is more involved.

6Any two players  and  who choose the same bid  outbid the same set of other players. The difference

in the rank order of players  and  comes only from the fact that their strategies may differ, in which case

the probability that player  outbids player  by bidding  may be different from the probability that player

 outbids player  by bidding 
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tariff. The limit inverse tariff induces a single-agent direct mechanism in which each type is

allocated a lottery over bid-prize pairs.

Strict single crossing, which is assumed by OS, implies that higher types choose higher

bids from any tariff, so the mechanism induced by the inverse tariff implements the assor-

tative allocation, in which higher types obtain higher prizes. The allocation pins down the

associated bids by well-known results from mechanism design (Myerson (1981)), and this

delivers a unique mechanism. Thus, OS obtain a strong approximation of players’ behavior

in large contests. Even without strict single crossing, if the payoff-maximizing bid is unique,

this is the bid the type must choose, so the inverse tariff pins down players’ strategies. But

without strict single crossing some types may have several maximizing bids for a given in-

verse tariff. In this case, a given type may employ multiple equilibrium strategies, so the

inverse tariff does not pin down the strategies of individual players. In addition, we cannot

in general argue that the mechanism induced by the inverse tariff implements the assortative

allocation. Our notion of approximation is therefore weaker in general, and the set of inverse

tariffs that are candidates for the approximation is larger.

To formalize the approximation, we consider the average equilibrium outcome, formally

defined below, and compare it to the mapping between types and bid-prize pairs in the limit

mechanism. The average equilibrium outcome does not distinguish between the strategies

of different players with the same type, but this is not a substantive restriction, since the

inverse tariff cannot pin down the strategies of individual players when there are several

optimal bids, as discussed above (and when the optimal bid is unique the players all bid

approximately this bid).

3.2 Limit mechanism-design setting

We let  = (
P

=1 

 ) , so 

 () is the expected fraction of players in the -th contests

with types no lower than . We denote by  the empirical distribution of prizes, which

assigns a mass of 1 to each  (recall that each prize 

 is known). We assume that 



converges in weak∗-topology to a distribution  , and  converges (also in weak∗-topology)

5



to a distribution .7 We assume that  is continuous and strictly increasing, but  can be

any distribution. Section 5.1 shows how to model a mass of identical types, so the substantial

restriction on  is that it is strictly increasing.

Recall that in the -th contest, a strategy  of player  is a probability distribution on

× whose marginal on  coincides with  
 . Given equilibrium strategies 


 ,  = 1  ,

define 
 as the probability distribution on × × such that: (i) its marginal on ×

coincides with  ; and (ii) its conditional on each ( ) coincides with the lottery over

prizes that player  obtains in the equilibrium by bidding .8 We refer to the distribution

 = (
P

=1

 )  as the average equilibrium outcome, and later relate the sequence of

distributions 12    to probability distributions  that describe the outcomes of some

mechanisms.

Turning to the limit single-agent setting, an inverse tariff  is a non-decreasing, up-

per semi-continuous function that maps bids to prizes. Given an inverse tariff, a (direct)

tariff mechanism (or simply a mechanism) prescribes for each reported type  a distribu-

tion ( ) over pairs of prizes and bids such that the set of prize-bid pairs that maxi-

mize  (  ) among the prize-bid pairs from the graph of  has measure one.9 A tariff

mechanism is clearly incentive compatible (IC), that is, the expected utility of each type is

maximized by reporting truthfully. Formally,Z
∈

Z
∈

(  )( )

is maximized at  = . All the mechanisms we consider in the paper will be individually

rational (IR), that is, the expected utility of each type from reporting truthfully is at least

7Convergence of probability measures in weak∗-topology is equivalent to pointwise convergence at points

of continuity of the limit distribution. See Billingsley (1995) for the definition of this topology and its

properties.

8The measurability of strategies, and the measurability of the contest rules which assign prizes to bids

guarantee that such a distribution 
 on  ×  × exists. And this distribution is obviously unique.

9Note that the upper semi-continuity of  and the continuity of  guarantee the existence of a utility-

maximizing prize-bid pair.
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as high as the utility from bidding 0 and obtaining the “lowest” available prize. Formally,Z
∈

Z
∈

(  )( ) ≥  ( inf  0) , (1)

with an equality for at least one type , where inf = inf { :  ()  0}.
A prize allocation is a probability distribution on× whose marginal on coincides

with  and whose marginal on  coincides with . With a continuum of types and prizes

distributed according to  and , this condition says that all the prizes are allocated, and

each type obtains exactly one prize (which can be “no prize”). The conditional distribution

 is interpreted as the lottery over prizes faced by type . The conditional distributions

 are uniquely determined up to a set of ’s of measure zero (see, for example, Billingsley

(1995), Section 33).

A mechanism implements a prize allocation  if the marginal of  on  coincides with

 for almost every type . The outcome  of the mechanism is the unique distribution on

 ×  × whose marginal on  coincides with  , and conditional on each , it coincides

with distribution . Such a joint distribution on  ×  ×  does not always exist in the

general case,10 but we will study only mechanisms for which such a distribution exists.

4 Results

We now formulate our main result, whose proof is in the appendix. For expositional simplic-

ity, we prove this result assuming that the limit prize distribution  is strictly increasing,

which implies that −1 is continuous. This assumption can be relaxed by applying analogous

(almost identical) arguments to those used in the proof of Theorem 2 in OS.

Theorem 1 Fix any metrization  of the weak∗-topology on  ×  × . For any   0,

there is an  such that for all  ≥  and for any equilibrium of the -th contest there is a

tariff mechanism that implements a prize allocation such that ()  , where  is the

outcome of the tariff mechanism and  is the average equilibrium outcome.

10For example, let  be the uniform distribution on , let  assign prize  =  for type , and let 

assign probability 1 to  =  and  = (), where  :  →  is a non-measurable function. Then, there is

no probability distribution  on × × whose marginal on  coincides with  , and conditional on each

, it coincides with distribution .
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We will call a mechanism that satisfies the conditions of Theorem 1 an -approximating

mechanism for the equilibrium of the -th contest. Notice that the -approximating mech-

anism may vary across the equilibria. The approximation in Theorem 1 only provides an

approximation of the average behavior of players. In particular, it may be that even for large

 the approximating mechanism does not approximate the behavior of any player individu-

ally. As discussed in Section 3.1, this limitation is a consequence of types having multiple

maximizing bids given the inverse tariff of an approximating mechanism. Section 5.1 il-

lustrates this possibility. If, however, every type has a unique maximizing bid, we recover

the stronger notion of convergence obtained by OS, which approximates individual players’

behavior. We establish this result only for strictly increasing limit prize distributions .11

Corollary 1 Suppose that for all   0 a single mechanism -approximates the equilibrium

of the -th contest for all sufficiently large . In addition, suppose that for every type  there

is a unique prize-bid pair (() ()) that maximizes  (  ) among the prize-bid pairs

from the graph of the inverse tariff associated with this approximating mechanism. Then,

for any   0, there is an  such that for all  ≥  , in the equilibrium of the -th contest

every player: (1) bids with probability 1 within  of ( ); and (2) obtains with probability at

least 1−  a prize that differs from ( ) by at most .

Another limitation of Theorem 1 is that it imposes no restriction on the set of prize

allocations, and the set of mechanisms. These sets may be quite large, even if every contest

has a unique equilibrium. This is demonstrated in Section 5.1. But if the utility is quasi-

linear, that is, if

 (  ) =  ( )− ,

then the set of possible prize allocations is somewhat restricted. We call a prize allocation

efficient if it maximizes
R
×  ( )  ( ) among all prize allocations .

Corollary 2 If the utility is quasi-linear, then the prize allocation in Theorem 1 is efficient.

11This is not an essential restriction, since if  is not strictly increasing, some types must have multiple

maximizing bids for the inverse tariff of any approximating mechanism.

8



Intuitively, Corollary 2 holds because an approximating mechanism is a tariffmechanism,

so if the allocation it implements is not efficient, some types are not choosing optimal bids

given the inverse tariff. Corollary 2 implies that for large  contests with quasi-linear utility

are approximately efficient. More precisely, for any   0 and any equilibrium of a sufficiently

large contest, by reallocating the prizes a social planner can increase the average equilibrium

prize utility  of contestants by at most .

Corollary 2 sometimes restricts the set of approximating mechanisms to a singleton,

which in conjunction with Corollary 1 leads to a strong approximation of individual players’

behavior. This is illustrated in Section 5.2. More generally, however, even with quasi-

linear utility the set of efficient prize allocations, and therefore the set of approximating

mechanisms, can be quite large. We conjecture that Theorem 1 is the strongest general

convergence result that one can obtain, because some contests have many equilibria, and

different sequences of equilibria may be approximated by different mechanisms. This is

demonstrated in Section 5.1. Finally, even when the sets of allocations and mechanisms are

large, it may be that all mechanisms are associated with the same inverse tariff. In such a

case, players’ aggregate bids are pinned down. This is also demonstrated in Section 5.1.

5 Examples

We now provide examples that demonstrate the usefulness and limitations of Theorem 1 and

its corollaries.

5.1 The approximation of Theorem 1

Let  (  ) =  − ,  =  (so 
 is a Dirac measure) for  = 1  , and let  =

−1((− 1)(− 1)) for  = 1  , where  is any strictly increasing distribution on [0 1].
Then  is the limit distribution of prizes and the limit distribution  of types is uniform.

The -th contest is a complete-information all-pay auction with  symmetric players and

 heterogeneous prizes, and the value of prize  to all players is  . Players are symmetric

because their type does not enter the utility function (in particular, strict single crossing fails,

because the definition of strict single crossing in footnote 2 requires that the weak inequality
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 (1 2 2) ≥  (1 1 1) imply the strict inequality  (2 2 2)   (2 1 1)).
12 Such

contests were studied by BK, who considered grading, promotions, procurement settings,

and political competitions.13 In particular, BK showed that if  is uniform, the -th contest

has a unique equilibrium, in which all players randomize uniformly across all bids  ∈ [0 1].
In the limit, since  (  ) is independent of  and  is strictly increasing, in any

mechanism that implements any prize allocation all types must be indifferent between all

prizes  in [0 1]. Thus, the inverse tariff associated with any approximating mechanism

must map each bid  in [0 1] to prize  = . Theorem 1 shows, without having to solve

for equilibrium, that in any equilibrium of a large contest all but a small fraction of players

who bid close to  obtain a prize close to  with a probability close to 1. This immediately

implies that  approximates the distribution of equilibrium bids in large contests. More

precisely, with high probability a fraction close to () of players bids at most slightly more

than . Thus, even without knowing the approximating mechanism, the approximating bid

distribution is pinned down. The result that  approximates the distribution of equilibrium

bids is the limit counterpart of the characterization of bid distributions in Fang et al. (2018),

who studied symmetric contests with complete information. Fang et al. were concerned

with the effect on the bid distribution of changes in the prize distribution. Our result shows

that when the number of players and prizes is large, the bid distribution is approximately

equal to the prize distribution. More generally, the same logic implies that whenever the

approximating inverse tariff is unique, we obtain an approximation of the equilibrium bid

distribution in large contests (across all equilibria).14

There are, however, a continuum of tariffmechanisms that are consistent with the inverse

tariff, so Theorem 1 provides little guidance regarding players’ equilibrium strategies. To

see that BK’s equilibrium is consistent with Theorem 1, consider a uniform  and the

uniform allocation, whose density is ( ) = 1 for all values of  and . The unique tariff

12One could specify the model differently by assuming that  (  ) =  − , and that each 
 is a

Dirac measure of  = 1. This would, however, violate our assumption that  is continuous and strictly

increasing, and would not add anything substantive to the analysis.

13BK studied a more general setting than this example.

14The limit fraction of players that bid at most  is ( ()), where  is the unique inverse tariff.
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mechanism (with respect to the aforementioned inverse tariff) that implements this allocation

has ( ) distributed uniformly on the diagonal  = . The outcome of this mechanism

approximates the average equilibrium outcome. In fact, the mechanism’s specification for

each type of a uniform distribution over bids in [0 1] coincides with each player’s equilibrium

strategy in the -th contest. But this approximation of individual players’ behavior is not

guaranteed by Theorem 1.

To see explicitly that the approximation of individual players’ behavior is not guaranteed

by Theorem 1, consider a similar setting but with half as many identical prizes as players.

That is, the limit type distribution  is uniform on [0 1] and the limit prize distribution is

() = 12 for all  ∈ [0 1) and (1) = 1. Let ( 1 ) = 1−  and ( 0 ) = −. Let 


be the Dirac measure on −1(), and let  = −1() for   = 1  . For  = 2+1,

the -th contest has an equilibrium in which the  even players 2 4     2 bid 0 and obtain

no prize, and the +1 odd players 1 3     2+1 employ the same mixed strategy on [0 1].

As  increases, the mixing players bid close to 1 and obtain a prize with probability close

to 1. Therefore, the distributions  converge in weak∗-topology to the distribution  in

which every type  bids 0 and obtains 0 with probability 12 and bids 1 and obtains 1 with

probability 12. Consequently, the individual equilibrium strategies of all players in every

contest qualitatively differ from the conditionals of .

Moreover, these contests have many other equilibria. For  = 2+1, the -th contest has

an equilibrium in which players 1      bid 0 and obtain no prize, and players  + 1     

employ the same mixed strategy on [0 1]. As  increases, the mixing players bid close to

1 and obtain a prize with probability close to 1. Therefore, the distributions  converge

in weak∗-topology to the distribution  in which every type   12 bids 0 and obtains

no prize and every type  ≥ 12 bids 1 and obtains a prize. Similarly, there is a sequence
of equilibria with a limit distribution in which every type  ≤ 12 bids 1 and obtains a

prize and every type   12 bids 0 and obtains no prize, as well as many other sequences

of equilibria with different limit distributions. Thus, any approximation result of the kind

given in Theorem 1 would necessarily involve a multiplicity of approximating mechanisms.

Theorem 1 allows us to study contests whose equilibria are difficult or impossible to derive.

To illustrate this, consider a setting similar to BK, but with a combination of symmetric
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and heterogeneous players. The only change relative to the first setting with uniform limit

distributions  and  is letting (  ) =  −  for  ≤ 12 and (  ) = 2 − 

for   12. This captures a mass 12 of symmetric players, whose types do not enter the

utility function, along with a mass 12 of heterogeneous players. Corollary 2 shows that

in any approximating mechanism every type   12 is allocated prize  = , but does

not restrict how prizes  ≤ 12 are allocated among types  ≤ 12. This implies that the
inverse tariff associated with any approximating mechanism maps each bid  in [0 12] to

prize  =  and each bid  in [12 54] to prize  =
p
− 14. This is because types  ≤ 12

are identical, so must be indifferent between all prizes  ≤ 12, and the allocation  = 

pins down the inverse tariff for   12 (Myerson (1981)). Notice that types   12 have

a unique maximizing bid given the inverse tariff. We then have that in any equilibrium of a

large contest a player with type   12 bids close to  = 2 + 14 and obtains a prize close

to , and a player who bids  ≤ 12 (whose type is  ≤ 12) obtains a prize close to .

5.2 The approximation of Corollary 1

In some settings Corollary 1 and Corollary 2 pin down the unique approximating equilibrium

and provide a strong approximation for all types, with no need for strict single crossing. To

see this, let  (  ) = 
¡
1− (− )

2
¢
+ 22− . This utility function does not satisfy

strict single crossing.15 Let  and  be uniform, let 
 be the Dirac measure on −1(),

and let  = −1() for   = 1  . Solving for equilibrium of the -th contest is difficult

or impossible, but deriving an approximation is simple. For the approximation, notice that¡
1− (− )

2
¢ ≤ 1, with equality if  = , and also that the consistent allocation that

maximizes
R
×  ( ) is the one that assigns prize  =  to type . This allocation

therefore maximizes
R
× 

¡
1− (− )

2
¢
 ( ) among all allocations, so by Corollary

2 any approximating mechanism implements the allocation in which type  obtains prize

 = . The allocation pins down the inverse tariff, which maps each bid in [0 1] to prize

 =
√
 (Myerson (1981)). For each type  the bid 2, which maps to prize , is uniquely

15One way to see this is to note that  (  )  = 1−32+8−32, which is negative for  close
to 0 and  close to 1.
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optimal. Thus, in any equilibrium of a large contest a player with type  bids close to 2

and obtains a prize close to .

6 Conclusion

This paper presented a technique for approximating the equilibria of large contests, which

does not require players’ utility to satisfy strict single crossing. The approximation is in gen-

eral weaker than the one introduced by OS, which requires strict single crossing. Nonetheless,

the technique is useful for various applications. For example, some results obtained by BK

and Fang et al. (2018) can be easily obtained when the number of players and prizes grows

large. If a researcher prefers to conduct the analysis for a given finite number of players and

prizes, our results can indicate what may be expected in the finite model.
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Proof of Theorem 1. If Theorem 1 was false, then there would exist an   0 (and

a metrization of weak∗-topology) such that for every  there would be an  ≥  and an

equilibrium of the -th contest with the distance between  and  no lower than  for any

tariff mechanism that implements any prize allocation.

Thus, in order to prove Theorem 1 it suffices to show that every subsequence  of any

sequence of equilibria  contains a further subsequence such that the equilibrium outcomes

 of this further subsequence converge in weak∗-topology to the outcome  of a tariff

mechanism that implements a prize allocation.

With no loss of generality, we can take the subsequence  to be the entire sequence

. We denote by 
 () the random variable on ( × ), the space of type-bid profiles

(1 1      ), that is, the position of player  in the ranking (expressed in terms of

fractions) in the -th contest if she bids , wins any ties at this bid, and the other players

employ their equilibrium strategies. That is,


 () =

1



Ã
1 +

X
 6=
1()

!
,

where 1() is 1 if  ≤  and 0 otherwise. Let


 () =

1



Ã
1 +

X
 6=

( × [0 ])
!

be the expected ranking position of player . Then, by Hoeffding’s inequality, for all  in 

we have

Pr (|
 ()−

 ()|  )  2 exp
©−22 (− 1)ª . (2)

Finally, let

 () =
1



X
=1


 ()

be the average of the expected ranking positions of all players in the -th contest if they bid

slightly above  and the other players employ their equilibrium strategies.

Let   be the mapping from bids to prizes induced by. That is,  () = ()−1 ( ()),

where ()−1 () = inf { :  () ≥ } for   0, and ()−1 (0) = inf { :  ()  0}. (In
words, ()−1 () is the prize of a player with ranking  when prizes are distributed according

to .)
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The sequence  contains a subsequence that uniformly converges to a continuous  (see

Lemmas S1 and S2 in the Supplement to OS). Without loss of generality, we will assume

again that this subsequence is the entire sequence .

OS relates players’ equilibrium behavior in large contests to the inverse tariff  in the

following way. For every , denote by  type ’s set of optimal bids given  , that is, the

bids  that maximize (  () ). Denote by  () the -neighborhood of the graph of the

correspondence that assigns to every  ∈ [0 1] the set , that is,  () is the union over

all types  and bids  ∈  of the open balls of radius  centered at ( ). For every type

 denote by  () the set of bids  such that ( ) ∈  ().

Note that  () is a 2-dimensional open set, while each  () is a 1-dimensional

“slice.” Note also that  () is in general larger than the union across  of the pairs ( )

for which the distance between  and some bid in  is less than . In particular,  ()

may contain bids whose distance from every bid in  is more than . Using the sets

 (), players’ equilibrium behavior is characterized by the following lemma.

Lemma 1 (OS) For every   0, there is an  such that for every  ≥  , the equilibrium

bid of any type  of player  = 1   in the -th contest belongs to 
() with probability

1.

This result appears as Lemma S3 in the Supplement to OS, who prove this lemma, as

well as uniform convergence of   to  and continuity of  , without assuming their strict

single crossing condition.

From the sequence of equilibria that corresponds to the sequence   that converges

uniformly to  , choose a subsequence such that converges to some probability distribution

 in weak∗-topology. We will now show that assigns probability 1 to the set  = {(  ) :
 ∈  and  =  ()} ⊂  ×  ×.

By standard arguments the correspondence that assigns  to type  is upper hemi-

continuous. Therefore, the set {( ) :  ∈ } ⊂  ×  is closed, and by continuity of

 , the set  is also closed. Suppose to the contrary that  assigns a positive probability

to the complement of . Then, for some   0,  assigns a positive probability to the

complement of the 2-neighborhood  of , that is, to the set × ×−. Consider the
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-neighborhood  of  and its closure ̄ (which is contained in ), and take a continuous

function  :  ×  × → [0 1] such that (̄ ) = 1 and ( ×  × −) = 0. Then,Z
  1.

But by Lemma 1, for sufficiently large  every player  with probability 1 bids  such that

(   () ) is close to . By uniform convergence of   to  , also (  
() ) is close to

. Finally, by (2) and continuity of −1, for sufficiently large  player  obtains with high

probability a prize  such that (   ) ∈  . Thus,Z
 → 1, (3)

a contradiction.

Thus, the limit mechanism determined by  prescribes for each of a measure 1 of types

 bids  ∈  and corresponding prizes  () with probability 1. This implies that  de-

termines a tariff mechanism. This mechanism satisfies our measurability condition, because

each  satisfies the measurability condition, and it implements a prize allocation, because

each  implements a prize allocation. We show this last statement for the marginal with

respect to ; the proof for the marginal with respect to  is analogous.

Consider a continuous function  :  ×  ×  → [0 1] whose value is 1 on the set of

all (  ) such that  ≤ ∗ and 0 on the set of all (  ) such that  ≥ ∗ + , for some

  0. Then, by the definition of weak∗-convergence,Z


 →
Z
.

For large enough  the integrals on the left-hand side belong to [ (∗)−   (∗ + ) + ].

These integrals would belong to [ (∗)  (∗ + )] if the marginals of  with respect to 

were equal to  . But the marginal of  with respect to  is not equal to  ; rather, it is

a measure that assigns probability 1 to every  . These measures, however, converge in

weak∗-topology to  , which implies that the integrals belong to [ (∗)−   (∗ + ) + ].

Therefore,

Z
 also belongs to [ (∗)−   (∗ + ) + ]. Taking the limit for  → 0,

and applying right-continuity of CDFs, we obtain that  is the marginal of  with respect

to .
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Proof of Corollary 1. Since each type  has a unique optimal bid  (), the up-

per hemi-continuous correspondence that assigns  = { ()} to type  is a continuous
function. Therefore, for every  there is a  such that  () ⊆ [ ()−   () + ], so

Lemma 1 implies (1) in the statement of the corollary. Part (2) follows because the proof of

Theorem 1 shows that for sufficiently large  player  obtains with high probability a prize

 such that (   ) ∈  .

Proof of Corollary 2. Suppose to the contrary that the allocation  implemented

by an approximating tariff mechanism with inverse tariff  is not efficient. Then, there is

another prize allocation ̂ such thatZ
×

 ( ) ̂ ( ) 

Z
×

 ( )  ( ) .

Because the marginals of ̂ and  on  coincide, we haveZ
×

¡
 ( )− −1 ()

¢
̂ ( ) 

Z
×

¡
 ( )− −1 ()

¢
 ( ) ,

where −1 () = inf { :  () ≥ } is the bid required for prize . (Note that −1 is measur-
able by monotonicity of  .)

However, since  is implemented by a tariff mechanism with inverse tariff  , for any

given , it assigns measure 1 to pairs ( −1 ()) which maximize the utility of type  across

of such pairs. This contradicts the last inequality.
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