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Unit-I  

Random variables Cumulative distribution function, Probability density function, Mean, Variance and 

standard deviations of random variable, Gaussian distribution, Error function, Correlation and 

autocorrelation, Central-limit theorem, Error probability, Power Spectral density of digital data 

Random Variable: 

A random variable is a mapping from sample space Ω to a set of real numbers. What does this mean? 

Let s take the usual e e g ee  e a ple of flippi g a oi . I  a oi -flippi g  e pe i ent, the 

outcome is not known prior to the experiment, that is we cannot predict it with certainty (non-

deterministic/stochastic). But we know the all possible outcomes – Head or Tail. Assign real numbers 

to the all possi le e e ts this is alled sa ple spa e , sa   to Head  a d  to Tail , a d 
asso iate a a ia le X  that ould take these t o alues. This a ia le X  is alled a a do  a ia le, 
si e it a  a do l  take a  alue  o   efo e pe fo i g the a tual e pe i e t. 
Obviously, we do not want to wait till the coin-flipping experiment is done. Because the outcome will 

lose its significance, we want to associate some probability to each of the possible event. In the coin-

flipping experiment, all outcomes are equally probable (given that the coin is fair and unbiased). This 

means that we can say that the probability of getting Head (our random variable X = 0) as well that 

of getting Tail (X =1) is 0.5 (i.e. 50-50 chance for getting Head/Tail). 

This can be written as, 

 � � = = .5 �  � � = = .5 

 

Cumulative Distribution Function: 

Mathe ati all , a o plete des iptio  of a a do  a ia le is gi e  e Cumulative Distribution 

Function - FX . He e the old fa ed X” is a a do  a ia le a d  is a du  a ia le hi h is a 
place holder for all possible outcomes  a d  i  the a o e e tio ed oi  flippi g e pe i e t . 
The Cumulative Distribution Function is defined as, 

 � � = � � ≤ �  

 

If we plot the CDF for our coin-flipping experiment, it would look like the one shown in the figure  

 

 
The example provided above is of discrete nature, as the values taken by the random variable are 

dis ete eithe   o   a d therefore the random variable is called Discrete Random Variable. If 

the values taken by the random variables are of continuous nature (Example: measurement of 

temperature), then the random variable is called Continuous Random Variable and the 

corresponding cumulative distribution function will be smoother without discontinuities. 
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Probability Distribution function: 

Consider an experiment in which the probability of events is as follows. The probabilities of getting 

the numbers 1,2,3,4 individually are 1/10, 2/10, 3/10, 4/10 respectively. It will be more convenient 

for us if we have an equation for this experiment which will give these values based on the events. 

For example, the equation for this experiment can be given by f(x) = x/10 where x=1, 2, 3, 4. This 

equation (equivalently a function) is called probability distribution function. 

 

Probability Density function (PDF) and Probability Mass Function (PMF): 

Its more common deal with Probability Density Function (PDF)/Probability Mass Function (PMF) than 

CDF. The PDF (defined for Continuous Random Variables) is given by taking the first derivate of CDF. 

 � = ��  

 

For discrete random variable that takes on discrete values, is it common to defined Probability Mass 

Function. 

 � � = � � = �  

 

The previous example was simple. The problem becomes slightly complex if we are asked to find the 

probability of getting a value less than or equal to 3. Now the straight forward approach will be to 

add the probabilities of getting the values x=1, 2, 3 which comes out to be 1/10+2/10+3/10 =6/10.  

This can be easily modeled as a probability density function which will be the integral of probability 

distribution function with limits 1 to 3. Based on the probability density function or how the PDF 

graph looks, PDF fall into different categories like binomial distribution, Uniform distribution, 

Gaussian distribution, Chi-square distribution, Rayleigh distribution, Rician distribution etc. Out of 

these distributions, you will encounter Gaussian distribution or Gaussian Random variable in digital 

communication very often. 

 

Mean: 

The mean of a random variable is defined as the weighted average of all possible values the 

random variable can take. Probability of each outcome is used to weight each value when 

calculating the mean. Mean is also called expectation (E[X]) 

For continues random variable X and probability density function � � . 

 � = ∫ � � �∞
−∞  

 

 

For discrete random variable X, the mean is calculated as weighted average of all possible values (xi) 

weighted with individual probability (pi) 

 

Variance: 

Variance measures the spread of a distribution. For a continuous random variable X, the variance is 

defined as 

 �� � = ∫ � [�] � � �∞
−∞  

 

For discrete case, the variance is defined as 
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�� � = � � = ∑ � − �� ��∞
−∞  

 

 

Standard Deviation (σ) is defined as the square root of variance � � 

 

Properties of Mean and Variance: 

For a constant –  follo i g p ope ties ill hold true for mean 

 [ �] = [�] 

 [� + ] = [�] +  

 [ ] =  

 

For a constant –  follo i g p ope ties ill hold t ue fo  a ia e �� [ �] = �� [�] 

 �� [� + ] = �� [�] 

 �� [ ] =  

 

PDF and CDF define a random variable completely. For example: If two random variables X and Y 

have the same PDF, then they will have the same CDF and therefore their mean and variance will be 

same. On the other hand, mean and variance describes a random variable only partially. If two 

random variables X and Y have the same mean and variance, they may or may not have the same 

PDF or CDF. 

 

Gaussian distribution 

Gaussian PDF looks like a bell. It is used most widely in communication engineering. For example, all 

channels are assumed to be Additive White Gaussian Noise channel. What is the reason behind it? 

Gaussian noise gives the smallest channel capacity with fixed noise power. This means that it results 

in the worst channel impairment. So the coding designs done under this most adverse environment 

will give superior and satisfactory performance in real environments. For more information on 

Gaussia it . The PDF of the Gaussian distribution (also called as Normal Distribution) is completely 

characterized by its mean (μ) and variance (σ), 

 [�] = √ �� − −� 2�2  

 

 

Since PDF is defined as the first derivative of CDF, a reverse engineering tell us that CDF can be 

obtained by taking an integral of PDF. 

Thus to get the CDF of the above given function, 

 [�; �, � ] = √ � ∫ − 2−��−∞  

 

 

Equations for PDF and CDF for certain distributions are consolidated  
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Probability distribution Probability density function (PDF) Cumulative distribution function 

(CDF) �[�, � ] [�] = √ �� − −� 2�2  

 

[�; �, � ] = √ � ∫ − 2−��−∞  

 

 

Error Function: 

In mathematics, the error function (also called the Gauss error function) is a special function (non-

elementary) of sigmoid shape that occurs in probability, statistics, and partial differential equations 

describing diffusion. It is defined as:  

 [�] = √� ∫ 2  −
 

 

 [�] = √� ∫ 2  −
 

 

 

In statistics, for nonnegative values of x, the error function has the following interpretation: for a 

random variable X that is normally distributed with mean 0 and variance  erf (x) describes the 

probability of X falli g i  the a ge [−x, x]. 

 

Correlation 

Correlation is a measure of similarity between two signals. The general formula for correlation is 

 ∫ � � − �∞
−∞  

 

Auto Correlation Function 

It is defined as correlation of a signal with itself. Auto correlation function is a measure of similarity 

between a signal & its time delayed version. It is represented with R(τ). Consider a signals x(t). The 

auto correlation function of x(t) with its time delayed version is given by 

 � = � = ∫ � � − �          [+�  ℎ� ]∞
−∞  

 � = � = ∫ � � + �          [−�  ℎ� ]∞
−∞  

 

 

Where τ = searching or scanning or delay parameter. 

 

If the signal is complex then auto correlation function is given by 

 � = � = ∫ � � ∗ − �          [+�  ℎ� ]∞
−∞  

 � = � = ∫ � + � � ∗          [−�  ℎ� ]∞
−∞  
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Properties of auto correlation 

 

Auto correlation exhibits conjugate symmetry i.e.  � = ∗ −�  

Auto correlation function of energy signal at origin i.e. at � =  is equal to total energy of that 

signal, which is given as:  

 = = ∫ �         ∞
−∞  

 

Auto correction function = ∞ �  

 

Auto correction function is maximum at � =  �. . | � | ≤ ∀� 

 

Auto o elatio  fu tio  a d e e g  spe t al de sit  a e Fou ie  t a sfo  pai s i.e.  
 . [ � ] = �� 

 � � = ∫  � − � �∞
−∞  

 � = � � ∗ � −�  

 

Central Limit Theorem 

Central Limit Theorem (CLT) states that irrespective of the underlying distribution of a population 

ith ea  μ a d sta da d de iatio  of σ , if ou take a u e  of sa ples of size N f o  the 
populatio , the  the sa ple ea  follo  a o al dist i utio  ith a ea  of μ a d a sta da d 
de iatio  of σ/ s t(N).The normality gets better as your sample size n increases. Here the underlined 

word carries an important significance. It signifies that irrespective of the base distribution (it can be 

binomial, Poisson, exponential, Chi-Square etc..,), the probability distribution curve will approach 

Gaussian or Normal distribution as the number of sample increases. In other words, CLT states that 

the sum of independent and identically distributed random variables (with finite mean and variance) 

approaches Normal distribution as (sample size)  � > ∞. 

 

Applications of Central Limit Theorem: 

CLT is being applied in vast range of applications including (but not limited to) Signal processing, 

channel modeling, random process, population statistics, engineering research, predicting the 

confidence intervals, hypothesis testing, even in Casino and gambling (you can find your probability 

of winning when you gamble at a casino !!!), etc., One such application is deriving the response of a 

cascaded series of Low pass filters by applying Central limit theorem .The author has illustrated how 

the response of a cascaded series of low pass filters approaches Gaussian shape as the number of 

filters in the series increases. In digital communication, channel noise is often modeled as normally 

distributed. Modeling a channel as normally distributed when the noise components in that channel 

are sufficiently large is justified by Central limit theorem. 

 

Power Spectral Density 

The function which describes how the power of a signal got distributed at various frequencies, in the 

frequency domain is called as Power Spectral Density (PSD). PSD is the Fourier Transform of Auto-

Correlation (Similarity between observations). It is in the form of a rectangular pulse. 
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S(t) =A        (t)<T/2                                                              s(f) = AT
����  

 

     = 0        (t)<T/2      

 

PSD Derivation 

According to the Einstein-Wiener-Khintchine theorem, if the auto correlation function or power 

spectral density of a random process is known, the other can be found exactly. 

Hence, to derive the power spectral density, we shall use the time auto-correlation (Rx (τ)) of a power 

signal x(t) as shown below. 

 � = � → ∞ ∫ � � + ���
−��  

Since x(t) 

Consists of impulses, Rx (τ) 
Can be written as � = ∑ � � −∞

=−∞  

 = lim � → ∞ � ∑ � � + 
  

 

Where  

Getting to know that Rn=R−n 

For real signals, we have 

 � = + ∑ �∞
=  

 

 

Since the pulse filter has the spectrum of (w ↔f(t), we have 

 � = | � | �  

 = | � | ∑ − ��∞
=∞  

 

t 

-T/2 T/2 

S(f) 

f -f 
-t 

AT 

-1/T 
1/T 
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= | � | + ∑ �∞
=  

 

Hence, we get the equation for Power Spectral Density. Using this, we can find the PSD of various 

line codes. 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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