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Discussion 3 - Solutions
Sequential Games: Playing over time

1 Practice Problems

Extensive form vs Normal Form

1. *Remember the battle of the sexes with payoff matrix as follows:

Beauty

Beast
T D

T 1, 2 0, 0
D 0, 0 2, 1

(a) *Suppose that instead of a simultaneous game it is played sequentially where
Beauty first chooses between having a (C)up of tea, or (D)ancing a waltz. Show
the game in extensive form.

(b) *What are the strategies for each player? Show the game in normal form.

Let S1 and S2 be the strategies of the Beauty and the Beast respectively. Then,
S1 = {T,D} and S2 = {TT, TD,DT,DD}. The normal form of the game is (best
responses circled already):

Beauty

Beast
TT TD DT DD

T 1 , 2 1, 2 0 , 0 0, 0
D 0, 0 2 , 1 0 , 0 2 , 1

(c) *Show that the unique SPNE is outcome equivalent to one of the NE of the
simultaneous move game.

The Unique SPNE is (D,TD) as depicted in the extensive form Its outcome is
(2, 1) which is the same outcome of the NE (D,D) of the simultaneous move
game.

Summer 2019 1 July 26, 2019



ECON 521: Game Theory
TA: Gabriel Martinez

Email: gamartinez@wisc.edu
OH: T 4-5 (SS 7226), TH 6-8 pm (Online)

(d) * Show that all other NE of the simultaneous move game are outcome equivalent
NE of the sequential game. What are the non-credible threats?

Calculating the NE of the sequential game, in pure strategies (there are no mixed
strategy equilibria in this game) we have NE = {(D,TD); (T, TT ); (D,DD)}
which are outcome equivalent to the NE {(D,D); (T, T ); (D,D)} of the simulta-
neous game, respectively. There are non-credible treats in the last two equilibria,
since it is not credible for Beast to choose a strategy that always chooses T or D
regardless of observing the action of Beauty.

(e) * Is there a first mover advantage or disadvantage?

Yes, Beauty gets her favorite outcome.

2. Caed and Chris are playing a game of matching pennies. Caed proposes to play the
game sequentially instead and that he should go first. He thinks that he’ll have the
first mover advantage.

(a) Show that he is wrong.

The game tree and SPNE are as follows: Chris’ dominant strategy is TH that

guaranties him a payoff of 1. Thus, regardless of Caed’s strategy, Caed will lose
and get a payoff of −1.

(b) Find a SPNE that uses mixed strategies.

Given that Chris plays TH, Caed is indifferent between any of his strategies, so
any mixed strategy will be part of an SPNE. That is SPNE = {(αH + (1 −
α)T, TH)} for any α ∈ [0, 1], for example if α = 1

2
.
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(c) A random Econ student argues that for any game with complete information (i.e.
when players know the payoffs and the actions taken before them, etc) the SPNE
is usually unique. Do you see what the student means by “usually”

Yes, note that for multiple SPNE to exists, at least some players need to be
indifferent between the outcomes on several terminal nodes. Therefore, if the
outcomes are different in all terminal nodes, the SPNE will be unique. This is a
condition that can be very easily satisfied1.

3. Consider the following game:

(a) * How many actions and how many strategies does each player have?

Player one has 4 actions: {A,B, s, r}, but 25 strategies: {Assss, Asssr, . . . , Bsrrr, Brrr}.
Player two has 2 actions: {S,R} and 4 startegies: {SS, SR,RS,RR}.

(b) * How many subgames does this game have?

7

(c) * Find the unique SPNE. What are the actions on the equilibrium path?

The unique SPNE is (Bsssr, SR) (See the figure below). The actions on the
equilibrium path are B,R, r.

(d) * Why must a strategy also define actions off the equilibrium path?

In order for players to correctly asses the value of their deviations, a strategy must
specify what players intend to do both on the equilibrium path and out of it. This
is consistent with the idea that if a player changes her action at some information
set, she must anticipate that other players’ strategy might be to also change their
action on paths out of the equilibrium. For example player one intends to only
choose action r on the equilibrium path and otherwise choose action s.

1Important to note that such a condition is not satisfied in some very interesting games
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(e) *Consider a subgame outside of the equilibrium path and show that the SPNE
defines a Nash equilibrium of that subgame.

The easiest example is to consider a trivial subgame that starts when player 1
moves for the second time. For example: Note that the SPNE dictates that player

one should play action s in this subgame, which is indeed the NE of it. If you
want to see the argument for a larger subgame see the video that accompanies
the handout.

Oligopoly: Competition between firms

4. Versage and Kikland are fashion companies. Versage is a trend-setter. After Versage
has decided how much they will produce, Kikland follows and chooses how much to
produce. The demand for fashionable clothes is P (qv, qk) = 100− (qv + qk).

(a) If the firms have the same marginal cost, do you expect the SPNE to be symmet-
ric?

No, Even though players are symmetric in terms of their profit function, they
are not symmetric in terms of when the timing of their decisions so equilibria in
general is not symmetric.

Suppose that both firms have the same marginal cost equal to zero. However,
operating in this industry implies a fixed cost of $F . Finally suppose that firms
can avoid this fixed cost by not producing any unit.

(b) Represent this game in a tree with continuous actions.
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Where πv = (100 − qv − qk)qv − F if qv > 0 and zero otherwise. Similarly,
πv = (100− qv − qk)qk − F , if qk > 0 and zero otherwise. Then

(c) Assume that F = 0 and find the SPNE. What are the equilibrium profits of each
firm?

The SPNE is (qv, qk) = (50, 25) with equilibrium profits πv = 1250, and πk = 625.

(d) Suppose now that the fixed costs, F , is $400. Is it an equilibrium for Versage to
drive out the competition by producing more units than what you found in (4c).
Let’s answer this question in steps:

i. Write down Kikland’s profit as a function of Versage’s strategy.
By definition, πk = (100 − qv − qk)qk − 400. Since the best response for
Kikland is q∗k(qv) = 50 − qv

2
, we can substitute it in the profit function and

get πk = (50− 1
2
qv)

2 − 400.

ii. What is the smallest level of production that Versage can choose to make the
profits of Kikland be non-positive?
By setting πk = 0, we find that if Versage chooses a quantity of 60, Kikland’s
best response is to produce 20 units and have total revenues equal to 400
which exactly offsets its fixed costs. Therefore another best response is to
produce zero units and avoid paying the fixed costs.

iii. Will choosing such a level of production lead to higher profits that the value
you found in (4c)?
Yes, if Versage produces 60 and Kikland does not produce, then Versage’s
total revenue is 2400 which is larger than the total revenue of 1250. Obvi-
ously after substracting the fixed costs of 400 to both quantities, Versage still
prefers to drive out the competition by flooding the market. Notice that the
existence of fixed costs and the fact that Versage gets to move first can lead
to monopolistic behavior.

(e) Suppose that the fixed cost is $0. What is the value to Versage of being the
leader in this market? Hint: What would the equilibrium profits be if the game
was simultaneous?

IF firms were to move simultaneously, Versage would get a profit of
(
100
3

)2
=

1, 111.11. Thus, the net gain from moving first is 1, 250− 1, 111.11 ≈ 138.89.
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5. * Consider the following variation of the dictator game. Beth received $9 US Dollars
at the beginning of the game. She can decide how much of those to keep and how much
to invest. The money invested triples and is received by Margaret who can choose how
much of it to keep and how much to invest. Finally, the money invested by Margaret
is returned to Beth who decides how to split the pot between them. Each of them is
trying to maximize the total amount of money they end up with.

(a) * Carefully right (in English or in math) the strategies for each player.

The strategies for Beth are {x, z(x, y)} the amount she invests in the first period,
x, and the amount she keeps to herself as a function of her own past action and the
action of Margaret, z(x, y). The strategies for Margaret are {y(x)} the amount
she invests as a function of Beth’s action in the first period.

(b) * Draw the game tree and find the SPNE. Hint: When characterizing an equilib-
rium it is ok to assume what players will do when indifferent.

Where x is the amount Beth invests, y is the amount Margaret invests and z is the
amount Beth keeps for herself at the end of the game. The SPNE is x = 0, and
z = 3y regardless of Margaret’s and Beth’s previous actions and y = 0 regardless
of Beth’s previous actions.

(c) * Show the SPNE is inefficient by providing a feasible outcome that all players
will prefer instead.

The outcome of the SPNE is (9, 0). However if Beth were to invest x = 9, for
Margaret to invest y = 3(27) = 81, and for Beth to keep at least y ≥ 9 would
yield an outcome that Pareto dominates the SPNE.

(d) * SPNE assumes that players believe that the other players are rational utility
maximizers even after deviations off the equilibrium path. What could Margaret
infer about Beth’s goals or rationality if Beth deviated from the SPNE and in-
vested the whole $9 in the first round?
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It would be reasonable to think that Margeret would either believe that Beth is
the sharing type and likes sharing, or, alternatively, that Beth is not very rational
and thus likely to deviate in the third period and share more evenly the total
money invested.

(e) Argue that in any NE (not necessarily SPNE) Beth keeps everything she receives
in the last period (Think about dominant strategies).

Fix any strategy for Beth {x0, z0(x, y)} and some strategy for Margaret {y0(x)}.
Since Beth’s payoff, 9 − x + z, is strictly increasing in z, then {x0, 3y0} strictly
dominates {x0, z0(x, y)} (except if y0(x) = 0 in which case z = 3y = 0 as well).
Therefore it must be part of any NE.

(f) Use your previous result to argue that in any NE Margaret keeps everything she
receives. Conclude that for this game NE=SPNE.

Given that we have eliminated any strategy where z(x, y) < 3y for Beth. Mar-
garet’s payoff, 3x + 2y − (3y) = 3x− y, is strictly decreasing in y, therefore it is
a dominant strategy for Margaret to choose the smallest value possible, y = 0.
Lastly after eliminating all strategies where y(x) > 0. Beth’s payoff, 9−x+3(0) is
strictly decreasing in x so the dominant strategy is to choose x = 0. We conclude
that the unique SPNE is also the unique NE.

(g) NE makes a very strong prediction for this game that seems at odds with what
we see in reality. Come up with a simple modification to the game (either play-
ers, preferences, actions or timing of decisions) that will predict at least some
investment in equilibrium.

There are many ways to modify the model and achieve some level of investment
in equilibrium. Perhaps the easiest one is to assume that players care not only
about their own payoff but also about the payoff of the other players. You can
say that players are altruistic, for example for Beth uB + αuM where α < 1
will indicate that Beth cares about Margaret’s payoff less than what she cares
about her own payoff, and vice-versa. For this game, positive levels of investment
occur only if α ≥ 1. For instance, if both Beth is altruistic and α = 1, then
{x = 9, z(x, y) = 3y/2} and {y(x) = 3x} is an equilibrium. I.e. the two players
invest as much as possible in the first two rounds and then split the proceedings
evenly.
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