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Integrated processes as models for time series data have proved to be an important component of the highly flexible class of 
ARIMA(p, d, q) models. Determining the amount of differencing, d, has been a difficult task: too little and the process is 
not yet second-order stationary; too much and the process is more variable than it need be. It is shown that by introducing 
the notion of generalized covariances, developed by Matheron (1973) for spatial processes, the amount of differencing needed 
can be read easily from a sequence of graphs showing averages of squares of primary data increments. Formal inference to 
determine if the last difference really is necessary can then be carried out. Time series data are analyzed in this way and 
compared with the hypothesis-testing approach illustrated by Dickey, Bell, and Miller (1986). Once the order of differencing 
has been diagnosed, either the differenced time series can be analyzed or the generalized covariance of the undifferenced series 
can be estimated. 
KEY WORDS: Generalized covariance; Generalized increment; Integrated process; Intrinsic random function of order k; 

Primary increment; Spatial process; Unit-root test. 

1. INTRODUCTION 

Let {Z,: t = 1, 2, . . .} be a time series of random 
variables observed at equally spaced time points (although 
the equal spacing assumption will be relaxed later). A 
nonseasonal time series can often be represented as a pro- 
cess whose differences are an autoregressive moving av- 
erage, an approach proposed by Box and Jenkins (1970). 
Let B denote the backshift operator (BsZ, Z, ), d the 
degree of differencing, and {e,: t = 1, 2, . . .} a series of 
independent and identically distributed (iid) random vari- 
ables with mean 0 and variance q2. Finally, suppose that 
E(Zt) = ,t, which shall henceforth be called the trend 
(Fuller 1976, p. 4). Then the representation 

(1 - 4IB - -- - OpBP)(1 - B)d(Z, - A,) = (1 - 61B - *- qBq)g, 

(1. 1) 

yields an autoregressive integrated moving average pro- 
cess, ARIMA(p, d, q), for the detrended {Zt - ,: t - 
1, 2, . . .}, where the roots of the equations 1 - ly - 

*- pyP = 0 and 1 - Oly - * - Oqyq = 0 are outside 
the unit circle and the two equations have no roots in 
common. In obvious notation, (1.1) is written as 

f(B)Vd(Z -'it) = O(B)et. (1.2) 
The problem of how to estimate the mean function ef- 

ficiently is not the concern of this article; rather it is to 
develop a graphical method to determine the order of 
differencing d needed to achieve second-order stationarity 
of {Zt: t = 1, 2, . . .}. Note that 

Vd(f6o + fl1t + ... + /Jdtd) = /Jdd!, (1.3) 
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a constant for all t; hence Vd(Z, - (1, t, . . . , td)(f3o, ,Ilh 
*** , dfl)') = VdZt - fldd! . Thus looking for a d such that 

Y t VdZ= (1.4) 

is stationary allows for possibly nonzero expectation of Zt 
in (1.2) up to a polynomial in t of order d. 
Assume that the only data available are observations on 

the time series (i.e., no exogeneous variables are available, 
other than t). The aim of this article is to determine, via 
graphical means, how much differencing Vd is needed to 
achieve second-order stationarity: 

E (Yt) = ,u, t = 1 2, . .. ' (1.5) 
and 

cov(Yt, Yt+h) =C(h), 
t = 1, 2, .. ., h = 0, 1, 2,..., (1.6) 

where Y, - VdZt. The original Z process can be nonsta- 
tionary in both the mean and the error structure. For 
example, the random walk with linear trend satisfies V(Zt 
- Iho - /3lt) = Et; that is, Zt = ,il + Zt-, + Et. Thus 
differencing can have the dual role of achieving constant 
trend and stationary error. 

I believe that graphical methods most enhance basic 
understanding of the data; then these should be followed 
by more formal inferences. Such formal methods (to de- 
termine the degree of differencing) are discussed in this 
article. To my knowledge a frequency-domain approach 
to this problem has not been explored, so all reference in 
this article is to analyses in the time domain. Kawashima 
(1980) showed that least squares estimates (based on the 
original data Zl, . . . , Zn) of the autoregressive param- 
eters of a Gaussian ARIMA(p, d, 0) process are consistent 
and best asymptotically normal; however, he assumed that 
d and p are known (and incidentally that ,u = 0). 

Tsay and Tiao (1984) used an iterative autoregression 
procedure to obtain consistent estimates of the coefficients 
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of the order (p + d) polynomial (1 - Y - - OpyP)(1 
- y)d when the data Z1, . . . , Zn follow a Gaussian AR- 
IMA(p, d, q) process. It was necessary for them to know 
p + d and q, and they assumed that , = 0; however, they 
went on to develop an identification procedure based on 
what they called the extended sample autocorrelation 
function. Their procedure looks at a sequence of auto- 
correlation functions of the series after transformation (the 
transformation is based on the iterative autoregression re- 
ferred to before); the (p + d)th function in the sequence 
demonstrates a cutting-off property (i.e., is 0) beyond the 
qth lag. In practice the cutting off is identified by a crude 
approximation that assumes the transformed series is white 
noise. This method does not actually identify d; its next 
stage is to fit p + d autoregressive parameters using the 
consistent estimators referred to before. Since no asymp- 
totic distribution theory is available for the estimators, in 
all of their examples Tsay and Tiao guessed the degree d 
of nonstationarity. 

Yajima (1985) directly tackled the problem of estimating 
d. His criterion is based on residual mean squares obtained 
by fitting an AR(k) model to V'Z,. But the method relies 
on k being large and the user specifying two "arbitrary" 
increasing functions of k. Although he proved consistency 
of his estimator, in practice there are n - k - 6 terms in 
the residual mean square, which will be rather few when 
k is large. 

Dickey, Bell, and Miller (1986) gave an excellent review 
of the hypothesis tests available for testing Ho: d = 1 
versusHI: d = 0. Of course, {Z,: t = 1, 2,. . .}can already 
be a differenced time series including the important case 
of a seasonally differenced series, so it is assumed that 
other techniques (plotting data, autocorrelations, partial 
autocorrelations, fitting simple models, etc.) have been 
used to discover all of the differencing factors except for, 
possibly, the last V. I shall return to these plotting tech- 
niques, such as visual inspection of autocorrelation func- 
tions of Z,, VZt, V2Z", . . . (Box and Jenkins 1970). My 
concern is that such a series of plots is inappropriate for 
the situation in which they are being interpreted-an in- 
adequately differenced time series. What are estimators 
of the autocovariance function estimating when the series 
does not exhibit second-order stationarity? Box and Jen- 
kins (1970) argued that a tendency for the estimated auto- 
correlation function not to die out quickly suggests non- 
stationarity, but possible stationarity in VZ, or some higher 
difference. But if this is the case, the autocorrelation func- 
tion estimator is not estimating a parameter of the process. 
Dissatisfaction with this method of identification was dem- 
onstrated by Anderson (1985) through a series of exam- 
ples. He showed time series where the Box-Jenkins di- 
agnostic indicates nonstationarity; yet on closer investigation 
the data should be fit with ARMA(p, q) processes. 

In this article I develop a sequence of plots to detect 
the degree of differencing, where the last two graphs in 
the sequence estimate well-defined parameters of the pro- 
cess. The original ideas can be found in Cressie and Laslett 
(1986), where the emphasis was on analyzing spatial data. 
In Section 2, the variogram is introduced; it is a function 

related to the autocovariance function when the process 
is second-order stationary, but it also exists for certain 
nonstationary processes. Section 3 generalizes the discrete 
(and equally spaced) second-order stationary time series 
model (1.5) and (1.6) to I-processes that are defined in 
continuous time. Their properties were developed by 
Matheron (1973) in a spatial setting; he called them in- 
trinsic random functions, which I shorten here to I process 
(I could also be thought of as representing integrated). 
The cases d = 1, 2, and 3 are discussed in some detail in 
Section 4. The graphical procedure for determining non- 
stationarity is outlined in Section 5; readers interested in 
the algorithm can proceed directly to this section. Two 
data sets considered by Dickey et al. (1986) are analyzed 
using this graphical procedure, and the results are com- 
pared. The final section (Sec. 6) contains discussion and 
reference to the more general spatial methods from which 
this time series method was developed. 

2. THE VARIOGRAM 
The variogram is a function characterizing the second- 

order dependence properties of a time series. Each process 
that possesses a valid autocorrelation function also pos- 
sesses a valid variogram, but not vice versa. 

Let {Y,: t = 1, 2, . . .} be a time series. Suppose that 

var(Y,+h - Yt) = 2y(h), 

t = 1, 2, . . ,h = O, 1, . . ,(2. 1) 
where y is a function only of the difference between the 
time points t + h and t. The quantity 2y(-) was called the 
variogram by Matheron (1963), and this terminology has 
been used recently. But it has also been called a structure 
function in physics (Kolmogorov 1941) and meteorology 
(Gandin 1963), and a mean squared difference in the early 
time series literature (Jowett 1952). 

Suppose that 

E(Yt) = u, t = 1,2 ... (2.2) 
Then (2.1) can be replaced by 

E(Yt+h - Yt)2 = 2y(h). (2.3) 
The more usual characterization of second-order depen- 
dence is to assume that the time series satisfies 
cov(Yt+h, Yt) = Qh), 

t = 1, 2, .. ., h = O, 1,..., (2.4) 
where C is a function only of the difference h and has 
been called the autocovariance function. Time series an- 
alysts usually use the autocorrelation function 

p(h) C(h)IC(O), h = 0, 1, . .. , (2.5) 

a version of C scaled by var(Yt) = C(O). 
Call any time series satisfying (2.2) and (2.3) intrinsically 

stationary, after Matheron (1963). Second-order stationary 
time series are those satisfying (2.2) and the more familiar 
(2.4). But all second-order stationary series are intrinsi- 
cally stationary, since when C is defined, 

r(h) = C(0) - C(h), h = 0, 1, ... .; (2.6) 
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that is, the semivariogram is related simply to the autoco- 
variance function. The converse is not true: Let {W,: t = 
1, 2, . . .} be the Wiener process observed at t = 1, 2, 
... . then 2y(h) = a2h (h = 1, 2, . . .), but cov(W,, W") 
= a2min(t, u), which is not a function of It - ul. Thus 
the variogram allows (second-moment) characterization of 
a wider class of time series. 

In the situation where C is defined and limh-, C(h) = 
0 (i.e., the dependence between data far apart in time 
tends to 0), it is seen from (2.6) that 

var(Yt) = C(0) = lim y(h). (2.7) 
h--oo 

Thus the variance of the time series is the asymptote of 
the semivariogram [or the sill of the semivariogram, as 
referred to in the geostatistics literature (see Journel and 
Huijbregts 1978, p. 37; Matheron 1971)]. 

Under the intrinsic-stationarity assumption (2.2) and 
(2.3), the obvious estimator 

n-h 

2y (h) = E (Yt+ h - Y)21 (n -h), 
t=1 

h= 1,2, ...,n- 1 (2.8) 
is unbiased. 

Concerned about the robustness of the estimator (2.8), 
Cressie and Hawkins (1980) proposed an estimator based 
on zt=-J IYt+h - Yj112/(n - h), the mean of the square 
root of absolute differences. Various properties of the 
variogram are summarized in Cressie (1988). 

Matheron (1963) coined the term geostatistics to refer 
to estimation and fitting of a variogram to data with a 
continuous spatial index, followed by optimal linear pre- 
diction (which he called kriging). But as has been shown, 
data with a discrete time index could also benefit from a 
geostatistical analysis. 

3. NONSTATIONARY I-PROCESSES 

Matheron (1973) defined the intrinsic random functions 
of order k (IRF-k) in Euclidean space to provide models 
of spatial nonstationarity. This IRF approach will now be 
specialized to the time dimension, where such processes 
will be called I-processes. 

3.1 Nonstationary Trend 
Recall that the data consist only of observations on a 

univariate time series, so only t can serve as a trend vari- 
able. Usually the trends fit are constant, linear, quadratic, 
and so forth, and the detrended series is analyzed as if it 
were a zero-mean ARIMA model. The initial polynomial- 
trend fitting, however, leads to residuals whose correlation 
structure gives a biased picture of the true correlation 
structure. For example, a time series {Zt: t = 1, 2, . . .} 
satisfying (2.2) and (2.4) has a constant "trend" ,u to be 
fit before C(Q) can be estimated. It is often not realized 
that in estimating C(h) by 

n -h 

Cz(h) = , (Z,+,, - Z)(Zt - Z)/(n - h), 
t=l 

h =0, 1,2,. . ., (3.1) 

a trend has been implicitly assumed (a constant ,u), that 
trend is fit with the ordinary least squares estimator (,i = 
Z), and that the residuals {Z, - Ju: t = 1, ... , n} are 
used to estimate C(h) = COV(Zt+h, Zt). But the residuals 
are (linearly) related through zt=. (Zt - a) = 0, so even 
if the Zt's are independent, the (Zt - /)'s will be negatively 
correlated. This resultant bias in the estimate (3.1) of C(h) 
is of order n-1 (e.g., Fuller 1976, p. 236), and it is im- 
portant for situations where n is small (such as for many 
economic time series). Cressie and Glonek (1984) show 
that 

n-h 

C(h) = , (Zt+I - Z)(Zt - Z)/(n - h), 
t=1 

h = O, 1, 2, .. ., (3.2) 

based on residuals Zt - Z--Zt - Med{Zt: t = 1, ... 
n}, possesses superior bias properties (although still of 
order n-1) for certain positively correlated Gaussian and 
mixed Gaussian processes. Since the detrended series gives 
a distorted picture of the second-order structure, it is nat- 
ural to look for ways to model the data without regard for 
the trend. Recall from Section 1 that low-order differences 
annihilate low-order polynomials; hence one might try 
analyzing the time series after suitable differencing. In- 
deed, differencing allows consideration of time series that 
are nonstationary in both the mean and the error structure. 

Because most data are equally spaced in time, differ- 
ences of the form (1 - B)dZt have usually been enter- 
tained. Other more fruitful possibilities follow. 

3.2 Nonstationary Errors 

Suppose that 

Z = (Ztl Z t2, ' * Ztn) (3.3) 

are observatio'ns at {ti: i = 1, . . . , n}; often ti = i, but if 
data are missing or unrecorded it is important to allow the 
possibility of observations unequally spaced in time. De- 
fine the n x d matrix 

X = {1 ti t ' ... t l}, (3.4) 

where the braces contain the elements of the ith row. 
Further, suppose that X is an n x 1 vector of real numbers 
satisfying X'A = 0; call A a generalized increment vector 
of order d - 1. Matheron (1973) defined X'Z as a gen- 
eralized increment of order d - 1. 

An Id process (or in Matheron's terminology, an intrinsic 
random function of order d - 1) is defined as any process 
{Z,: t _ 0} for which 

n 

Hx-2 AiZti+u" u _ O, (3.5) 

is second-order stationary [i.e., satisfies (2.2) and (2.4)], 
for any {t4: i - 1, . . . , n} and any generalized increment 
vector X of order d - 1. Using results of Gel'fand and 
Vilenkin (1964), Matheron (1973, sec. 2.1) proved that 
any continuous Id process possesses a generalized covari- 
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ance {K(h): h E R} such that for data Z and generalized 
increment vectors A and v (of order d - 1), 

n n 

cov(A'Z, v'Z) = E E XivjK(tt - tj). (3.6) 
1=1 j=1 

A frequency domain analog to K(h) is the pseudospectral 
density fz(w) fy(o)l1 - ei'12d (-7r cw -- 7r), where 
fy(w) is the spectral density of Y, = VdZ,. The generalized 
covariance satisfies K(-h) = K(h), and is unique up to 
a polynomial of degree 2(d - 1). 

Let P1 = X(X'X)-'X' be the projection matrix onto 
the column space of X given by (3.4), P2 = I - P1 the 
projection onto its orthogonal complement, and K the 
matrix whose (i, j)th entry is K(ti - t1). Then it is easily 
shown that P2KP2 is positive semidefinite. 

Thus using the notion of a generalized increment, in- 
tegrated time series defined by (1.4) could be thought of 
as observations on a continuous-time Id process. Since (1 
- B)d = 1 - dB + {d(d - 1)/2}B2 + + (-1)dBd 
defines a generalized increment vector A' = (1, - d, {d(d 
-1)/2}, . . . , ( -)d) for X = {1 i i2 ... id1}, the dth 
difference is an example of a generalized increment of 
order d - 1. 

An example of an I, process is a zero-mean Wiener 
process, {W,: t ? O}, which can be standardized by speci- 
fying var(W1) = a2 = 2. This process does not possess an 
autocovariance function, but it has generalized covariance 
(of order 0) K(h) = - hl. Matheron (1973, sec. 2.3) dem- 
onstrated that 

W d) (t - u)d2 Wu du I (d - 2)!, 

t -0 0 d = 2, 3,..., (3.7) 

is an Id process with generalized covariance (of order d - 
1) K(h) = ( -)dlhl2d-1I(2d - 1)!. The result is more 
general: For {Y,: t ' 0} any second-order stationary pro- 
cess, 
y(d) t f (t - u)d-lYu dul(d - 1)!, t 

t ' O, d = 1, 2,..., (3.8) 

is an Id process (Matheron 1973, p. 453). Property (3.8) 
indicates that it is not unreasonable to think of a second- 
order stationary process defined by (2.2) and (2.4) as an 
Id process with d = 0 and generalized covariance (of order 
d - 1 = -1) K(h) = C(h) - C(O). By interpreting the 
condition X'A = 0 on the coefficients A and v in (3.5) and 
(3.6) for k = -1 as being vacuous (i.e., A and v are any 
n-dimensional real vectors), then second-order stationary 
processes are indeed a special case of Id-processes when 
d = 0. 

Clearly, any Id process is also an Id+ I process. The aim 
of this article is to develop a graphical procedure to find 
the smallest value of d for which {Zt: t - 1,. . , n} could 
be modeled as coming from an Id process but not an Idl 

process. 
The final result needed before motivating and describing 

the graphical procedure was given by Matheron (1973, pp. 
45 1-454). The generalized covariance of an 'd+ 1 process 

(with up to order-d polynomial trend) satisfies 

lim K(h)lh2d+2 = 0. (3.9) 
h--* 

And if the Id+, process is in reality an id process with up 
to order-d polynomial trend, 

IK(h)| c a + bIhI2d, a > 0, b > 0. (3.10) 

Thus the behavior of K(h) for h large determines the de- 
gree of the integrated process. This is exploited in Sec- 
tion 4. 

4. A NONPARAMETRIC VIEW OF 
GENERALIZED COVARIANCES 

In Section 3 it was useful to consider unequally spaced 
time points. For clarity of exposition, from now on assume 
that the time series is observed at equally spaced times t, 
= i (i = 1, .. * , n) 

4.1 11-Processes 

Using the terminology of Section 3, it is clear that an I, 
process can be characterized by its variogram 2y(*). It will 
be shown that the generalized covariance (of order d - 
1 = 0) is given by K(h) = - y(h). Suppose that X = (0, 

-1, 0, . .. , 1, 0, . . ., 0); that is, Ai = -1, Ai+h 

= 1, and all other A's are 0. Then from (3.6), 2y(h)- 
var(Zi+h - Zi) = -K(h) - K(-h). Thus 

K(h) - y(h)- (4.1) 

It is convenient to isolate the nonzero terms in the gen- 
eralized increment vector X and use the shorthand notation 
X = {tl, * * . , td+l; Al, . . . , Ad+1} to indicate the time 
points and the associated nonzero entries, respectively. 
Thus the generalized increments X'Z Zi+h - Zi and X'Z 
= Zi- Zi correspond to 

X = {i ,+ h; -1, 1}, h =1,2.... (4.2) 

Call X in (4.2) the primary increment vectors of order 0. 
Based on these primary increments, y(h) can be estimated 
by y(h) given by (2.8). 

Suppose that the Z process satisfies Z, = E,, where the 
E process is a standard (zero mean, unit variance) white- 
noise process. Then y(h) = 1 for h > 0. Now suppose 
that VZ, = 8,; then y(h) = hl2 for h > 0. The semivario- 
gram y is not defined for a Z process satisfying V2Z, = Et. 

4.2 12-Processes 

The primary increment vectors of order 1 are natural 
generalizations of (4.2) given by 
A = {i, i+4 1, i+-h+? 1; hi - (h + 1),1},~ 

h = 1,2. (4.3) 

Notice that they are generalized differences of order d - 
1 = I with only three nonzero terms. 

With A given by (4.3), 
var(X'Z) = var(hZi - (h + 1)Zi+1 + Z1+h+l)-() 

h =1,2,. ...(4.4) 
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Thus for time series data Z from an 12 process with gen- 
eralized covariance K satisfying K(O) = 0, application of 
(3.6) yields 

a(h) = 2h(h + 1){A(h + 1) - A(h) -K(1), 

h= 1,2,..., (4.5) 

which is a first-order difference equation in A(h) = K(h)l 
h. Its solution is 

K(h) - K(1) = { a(j)l h 
jf&1 2j (j + 1)J 

h = 2, 3, .... (4.6) 

Call the right side of (4.6) the linvariogram; it can be 
estimated unbiasedly by 

91(h) = { E (j) 1 h, h 23, ... . 
j= 2j (j + 1)j 

(4.7) 
where 

a(h) (hZt, - (h + l)Z,)21M(h), 
R(h) 

h = 1, 2,...; (4.8) 

R(h) = {(i, j, 1): (ti, tj, t) = (i, i + 1, i + h + 1) or (i, 
i - 1, i - h - 1)}; and M(h) is the number of distinct 
triples in R(h). 

The behavior of the linvariogram yl(h) for large h has 
an attractive interpretation. If the data Z come from an 
'2 process, then K(h)lh2 = o(h2). If that I2 process is in 
fact an I1 process, then K(h)lh2 = 0(1) (see Sec. 3.2). 
Thus whether the graph of A (h) levels out or not is an 
indication of whether d = 1 or d = 2. Regardless of the 
0(1) or o(h2) behavior of K(h)lh2, y51(h) is an unbiased 
estimator of the well-defined linvariogram parameter 
yl(h). 

Suppose that the Z process satisfies Zt = Et, where the 
e process is a standard white-noise process. Then yl(h) = 
1 - (1/h2) for h > 0. Furthermore, suppose that VZt = 
et; then yl(h) = 2 - (1/2h) for h > 0. Finally, if V2Zt = 
et, then yl(h) = (h/12) - (1/12h) for h > 0. 

4.3 /3-Processes 

The primary increment vectors of order 2 are 

= {i, i ? 1, i ? 2, i ? h +2; 
-h(h + 1), 2h(h + 2), -(h + 2)(h + 1), 2}. (4.9) 

They are generalized increment vectors of order 2 with 
only four nonzero terms. Define 

var(A'Z) = var(-h(h + 1)Zi + 2h(h + 2)Zi+1 

- (h + 2)(h + 1)Zi+2 + 2Zi+h+2) 

-3f(h), h = 1, 2,.. (4.10) 

Thus for time series data Z from an 13 process with gen- 
eralized covariance K satisfying K(0) = 0, application of 

(3.6) yields 

/3(h) = 4h(h + 1)2(h + 2) 

x[{2(h + 1) - A(h) - A(h + 2)} + K(2) 2K(1)] 

h = 1, 2, . . ., (4.11) 

which is a second-order difference equation in A(h) K(h)l 
h. Its solution is 

6K(h) - {2K(1) - K(2)/2} + {8K(1) - K(2)/2} 

- h-2 

= 6 ,{(h - 1 - j)fl(j)l 
_j=l 

* {4j(j + 1)(j + 2)}J h3=-Y2(h), 

h = 3,4 .... (4.12) 

Call the right side of (4.12) the quadvariogram; it can 
be estimated unbiasedly by 

y2(h) = 6 {(h - 1- j)4(j)}I{4j(j + 1)(j + 2)}] h3, 

h = 3, 4, .. ., (4.13) 

where ,B(h) is obtained in a manner analogous to (4.8). 
The behavior of the quadvariogram y2(h) for large h can 
be interpreted as follows: If the data Z come from an I3 
process, then K(h)lh4 = o(h2). If that 13 process is in fact 
an I2 process, then K(h)lh2 = 0(1) (see Sec. 3.2). Thus 
whether the graph A2(h) levels out or not is an indication 
of whether d = 3 or d = 2. Regardless of the 0(1) or 
o(h2) behavior of K(h)lh4, Y2(h) is an unbiased estimator 
of the well-defined quadvariogram parameter y2(h). 

Suppose that the Z process satisfies Z, = 8, where the 
e process is a standard white-noise process. Then y2(h) = 
j - (15/2h2) + (61h4) for h > 0. Furthermore, suppose 
that VZ, = 8, Then Y2(h) = 2 - (712h2) + (31h3) for h 
> 0. Finally, if V2Z, = 8,, then y2(h) = - (1/2h) - (1/ 
4h2) + (1/2h3) for h > 0. 
4.4 Further Considerations 

In general, primary increment vectors of higher order 
[i.e., of order d - 1 (d _ 2)] are given by the coefficients 
of B in (1 - B)d{E,h=1 a(d)Bj-1}, where a,d) - (d - 1)! 
Ej=1 ld-2. Then, it is straightforward to develop higher- 
order difference equations based on these primary incre- 
ments, and to estimate their solutions unbiasedly. 

A simple modification to Equations (4.1), (4.6), and 
(4.12) is possible when K(O) > 0. Suppose that the Z 
process possesses a generalized covariance K of order (d 
- 1), such that K(O) > 0, corresponding to measurement 
error in the process. Now K(h) = (K(h) - K(O)) + K(O), 
and it is easy to show that (4.1), (4.6), and (4.12) hold 
with K(h) - K(0) replacing K(h) on their left sides. Sup- 
pose, for example, that K(h) = c3(h) + K?(h), where 
K?(O) = 0, 3(h) = 1 (h = 0), and 3(h) = 0 (h #& 0). This 
is the usual way to model measurement error. Then for h 
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> 0, K(h) - K(O) = KO(h) - c and, for example, (4.6) 
becomes 

KO(h)lh2 - K?(1) + c(1 - 1/h2) = y2(h), (4.14) 

provided KO is a generalized covariance of order 1. 
Therefore, if K(O) > 0, the interpretation of the esti- 

mates 2,(h) referred to in Sections 4.1, 4.2, and 4.3 remains 
the same. Equations like (4.14) are needed when the se- 
quence of plots is used as a diagnostic for assessing the fit 
of an estimated generalized covariance (see Sec. 6). 

5. THE GRAPHICAL PROCEDURE 

Recall from (2.8), (4.7), and (4.13) the definitions of 
Y( ), 2l(), and 22(0, which are the semivariogram esti- 
mator, the linvariogram estimator, and the quadvariogram 
estimator, respectively. The degree of differencing d 
needed to achieve stationarity can be determined by look- 
ing at this sequence of plots. 

I present two examples, both analyzed by Dickey et al. 
(1986). They were chosen to illustrate the graphical pro- 
cedure; other data sets have been analyzed using these 
techniques, and in every case the identification of d has 
been particularly straightforward. 

The first example is the midyear resident U.S. popu- 
lation, 1929-1982; the number of observations is n = 54. 
The data are presented in Table 1. One simple way 
to guess the amount of differencing needed to achieve 
stationarity is to look at successive plots of the auto- 
correlation function of Y, = Z,, Yt = VZt, Y, = V2Z,, and 
so forth. According to Box and Jenkins (1970), the ne- 
cessity of another difference of the data is determined by 
whether the autocorrelation function approaches the ab- 
scissa linearly. A glance at the sequence of autocorrelation 
plots in Figure 1 (for the midyear resident U.S. popula- 
tion) shows that a certain amount of ambiguity exists as 
to whether d = 1 or 2. Is the plot in Figure lb approaching 
0 linearly? 

The sequence of y-plots described in the previous sec- 
tions resolves this controversy easily. Figure 2 shows the 
first of the two to increase and the third to level out, 
allowing the conclusion that d = 2. 

Plotted are scaled versions of the semivariogram, 
linvariogram, and quadvariogram: 2(h)/Cz(0) versus h, 
y2(h)/Cvz(O) versus h, and y2(h)/Cv2z(0) versus h, respec- 
tively. The scaling quantities are the estimated variances 
of the processes {ZJ, {VZj, and {V2Z,j, respectively, given 
by (3.1) for h = 0. This enables a comparison of the 
observed leveling out with the expected, calculated in Sec- 
tions 4.1, 4.2, and 4.3 for the simple case where increments 

RHOO~~~~9 . 
. . . . . . . . . . . . . ......a 

' x 2x x~ ~~ x 

x w~~~~ 

RHO~~~~~~~ x 

x~~~~~~~~~~~~~~~~~~~~~~ 

I . x -.~~ ~ ,........................... 

x~~~~~~~~~~~~~~~~~~~~~~~~~ 

RHO 1~~~~~~~~~~~ 
Fiur - . MiyaXeietUS ouain a uoorlto uc 

tOn of, J b uoorlto ucino Vt, c uoorlto 

Function~~~~~~ of X X X X 

Table 1. Midyear Resident U.S. Population, 1929-1982 (in thousands of persons) 

121,767 123,007 124,040 124,840 125,579 126,374 127,250 128,053 
128,825 129,825 130,880 132,594 133,894 135,361 137,250 138,916 
140,468 141,936 144,698 147,208 149,767 152,271 154,878 157,553 
160,184 163,026 165,931 168,903 171,984 174,882 177,830 180,671 
183,691 186,538 189,242 191,889 194,303 196,560 198,712 200,706 
202,677 205,052 207,661 209,896 211,909 213,854 215,973 218,035 
220,239 222,585 225,055 227,704 229,849 232,057 

Source: U.S. Bureau of the Census. 
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Figure 2. Midyear Resident U.S. Population: Scaled Semivario- 
gram Estimate, Scaled by Estimated Variance of cZv; (b) Scaled 
Linvariogram Estimate, Scaled by Esdmated Variance of IVZt};- (C) Scaled 
Quadvariogram Estimate, Scaled by Estimated Variance of {V2Zj}. Th e 
superimposed curve on panel c shows the expected quadvariogram. 

VpZ, were assumed to be a standard white-noise process. 
If the initial leveling out occurs for the scaled semivario- 
gram, then the expected curve is e(h) =1. If it occurs for 
the scaled linvariogram, then e(h) = 2- (1/2h). If it 
occurs for the scaled quadvariogram, then e(h) =4-(1/ 

2h) - (/4h2) +(l/2h3.Thislatercureissupeimpose 

To quantify what close means, simulations were per- 
formed on various time series models allowing confidence 
bands to be computed for y(h), 21(h), and 22(h). Specifi- 
cally, data {Z,: t = 1, . . ., n} were generated according 
to VdZ, = 8,, where the e process is a standard (zero mean, 
unit variance) white-noise process. Values of d = 0, 1, 2 
and n = 50, 75, 100, 125, 150, 175, 200 were chosen; the 
number of simulations for each problem was 1,600. Stan- 
dard errors for 5'(h)'s were computed for h n/2. 

The following simple empirical rule emerged. 

1. When d = 0, initial leveling out occurs for the semi- 
variogram. Then, 

{var y (h)lCZ(0))1112 - (1.35)/nl/2. (5.1) 
2. When d = 1, initial leveling out occurs for the lin- 

variogram. Then, 

{var(Yj(h)/ Az(0))}1/2 5(.1)/nl2. (5.2) 
3. When d = 2, initial leveling out occurs for the quad- 

variogram. Then, 

{var(A 2(h)I1(V2Z(0))}1/2 - (.O9) In' 2. (5.3) 
The variances in (5.1), (5.2), and (5.3) are approxi- 

mately independent of the lag h, for (n/3) c h ' (n/2). 
The constants 1.35, .15, and .09 were often 10%-15% 
larger in the simulations. Positively correlated 8,'s will also 
result in larger constants; I chose the simplest process to 
generate variances, for many of the same reasons that Box 
and Jenkins (1970) used it for the autocorrelation function 
variances when diagnosing the order of an ARMA pro- 
cess. My goal was to develop an approximate inferential 
rule to accompany the simple graphical procedure. By 
choosing constants on the smaller side I am making it 
harder for a stationary process to be declared as such, but 
I am secure about the declaration when it is made. 

For the first example (still under discussion) the value 
d = 2 is proposed; n = 54, so ?21var(92(h)ICV2Z(0))j112 
?.025. The observed scaled quadvariogram is well within 
the confidence band {e(h) ? .025: 18 < h c 27}. If d = 
1 is proposed, the band is {2 - (1/2h) ? .041: 18 < h-' 
27}, which does not contain any of the values {A,(h)/ Cvz(0): 
18 < h c 27}. Using a unit-root test, Dickey et al. (1986) 
tested Ho: d = 2 versus Hl: d = 1 and accepted Ho. 

The second example is a series {Xt} of U.S. monthly 
single-family housing starts, January 1964-August 1978. 
The data are presented in Table 2. Due to the seasonal 
behavior of the series, the data are transformed to Zt = 
Xt - Xt 12 (Dickey et al. 1986). This leaves n = 164 Z- 
values to analyze for stationarity. Figure 3 shows the se- 
quence of scaled y-plots, and it is clear that initial leveling 
out occurs at d = 1 or possibly at d = 0. The approximate 
confidence band for Figure 3b is {e(h) ? .023: 55 c h c 
82}; the observed scaled linvariogram lies completely within 
it. If d = 0 is proposed, the band is {1 ? .211: 55 < h c 
82}, which does not contain 2(h)/Cz(0) for 58 < h c 63. 
From the unit-root test, Dickey et al. (1986) accepted Ho: 
d = 1 (versus H1: d = 0). 

Using the sequence of y-function plots offers a more 
stable assessment of d than other methods reviewed in 
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Table 2. U.S. Monthly Single-Family Housing Starts, 
January 1964-August 1978 (in thousands) 

58.008 62.448 82.180 94.927 98.230 100.875 
89.885 91.988 79.757 89.435 67.514 55.227 
52.149 47.205 82.150 100.931 98.408 97.351 
96.489 88.830 80.876 85.750 72.351 61.198 
46.561 50.361 83.236 94.343 84.748 79.828 
69.068 69.362 59.404 53.530 50.212 37.972 
40.157 40.274 66.592 79.839 87.341 87.594 
82.344 83.712 78.194 81.704 69.088 47.026 
45.234 55.431 79.325 97.983 86.806 81.424 
86.398 82.522 80.078 85.560 64.819 53.847 
51.300 47.909 71.941 84.982 91.301 82.741 
73.523 69.465 71.504 68.039 55.069 42.827 
33.363 41.367 61.879 73.835 74.848 83.007 
75.461 77.291 75.961 79.393 67.443 69.041 
54.856 58.287 91.584 116.013 115.627 116.946 

107.747 111.663 102.149 102.882 92.904 80.362 
76.185 76.306 111.358 119.840 135.167 131.870 

119.078 131.324 120.491 116.990 97.428 73.195 
77.105 73.560 105.136 120.453 131.643 114.822 

114.746 106.806 84.504 86.004 70.488 46.767 
43.292 57.593 76.946 102.237 96.340 99.318 
90.715 79.782 73.443 69.460 57.898 41.041 
39.791 39.959 62.498 77.777 92.782 90.284 
92.782 90.655 84.517 93.826 71.646 55.650 
53.997 72.585 92.443 107.804 112.242 119.627 

112.807 112.798 108.038 109.114 89.368 71.584 
55.746 87.172 125.802 138.772 152.198 149.061 

138.181 140.527 131.644 135.398 109.310 87.123 
63.349 72.800 121.391 139.857 154.928 154.278 

139.219 140.106 

Source: U.S. Bureau of the Census. 

Section 1. There is an algebraic reason for this, since Y', 
Y2, and so forth are partial sums of average squared in- 
crements, which results in y-function estimates with a 
smooth appearance. To accompany the visual assessment, 
simulations give rough confidence bands that are not si- 
multaneous. Nevertheless, the y-function estimates at suc- 
cessive lags are highly correlated, so the approximate as- 
sessment of variability is useful. 

6. DISCUSSION 

Without exploratory approaches to analyzing data, there 
is no way to choose from among the myriad of available 
statistical models. Good graphical methods are invaluable, 
as has been evidenced by Tufte (1983) and Cleveland and 
McGill (1984). 

Under the assumption of second-order stationarity (or 
intrinsic stationarity), empirical versions of the covario- 
gram, correlation function, and partial autocorrelation 
function (or variogram) can be graphed, and decisions 
about the nature of the stationarity made. But how can 
the initial stationarity assumption be justified? A fairly 
typical answer would be: After sufficient differencing, most 
time series are stationary. But how much is sufficient? 
Until now, answers to this question have not been satis- 
factory (see Sec. 1). Empirical covariograms of nonsta- 
tionary processes estimate a parameter that does not exist, 
and a unit-root test assumes that "sufficient" differencing 
has achieved stationarity, except for possibly a last differ- 
ence tested for redundancy. Furthermore, even when a 
stationary covariance does exist, standard estimators are 
biased. 

This article presents a graphical method that allows 

1.7 a 

O .8 

. 
. 

xx 

1.4 x 

0.25 

x xl x 

3 x~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- x x x 

1 0.20x xx 

02 88 1i 11 2 22 3 34 4 45?8 '8Gx7777788 

A XXXX. 

0.30 C 
O.S3 x 

x 

0.05 

0 . 4 

0 . 3x 
x 

0. 2 x 

O . 1x 

0 2 0 8 6 e 2 4 6 o 2 4 6 e 4 2 44 4 6 5 b 2 86 8 7 7 27 
h 

Figur 3. Us. o nxxlxx xSxnx gle- y H on .St s: , , X .(...) ...S 

0. 4S- xX 

0.40- x/ 

0. 35 

A 0.2S 30 

A 
10.20- 

O 1 S 

0 4 w i 2 4 6 h 2 4 e e 2 4 6 2 4 6 s o 2 4 0 2 4 t e o 2 

0.F30 - 

O~~~~~~~~~~. .. . . . ....................................... 

0.20 x 

0. 1S 

0. 10 

04 >68a ; 3 4 2 8 4 jj j2 4 8 4 g 2i 4 St8 0 2 4 81 8 

Figure 3. U.S. Monthly Single-Family Housing Starts: (a) Scaled 
Semivariogram Estimate; (b) Scaled Linvariogram Estimate; (c) Scaled 
Quadvariogram Estimate. The superimposed curve on panel b shows 
the expected linvariogram. 

identification of how much is sufficent. This method serves 
as a valuable exploratory tool to be used in conjunction 
with more formal procedures such as the unit-root tests 
(Fuller 1976, sec. 8.5). 

Another contribution of this article is the introduction 
of generalized covariances to time series modelers. In cer- 
tain areas of spatial statistics where spatial prediction (or 
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minimum mean squared error linear forecast of Znn+mn 

i=1 biZi, can be obtained from a set of linear equations 
depending on the generalized covariance. These equations 
are known among geostatisticians as the kriging equations 
(Matheron 1971). Cressie (1987, p. 447) summarizes this 
approach to modeling dependent (spatial) data. 

Until now there have been no adequate diagnostics 
available to assess the fit of a generalized covariance to 
data. Equations (4.1), (4.6), and (4.12) provide the means 
to visualize the fit needed. Their left sides could be esti- 
mated nonparametrically. Comparison of the two provides 
a direct visual assessment of the adequacy of the gener- 
alized covariance fit. 

There are several questions to be addressed. The large- 
sample properties of Y, yj, and Y2 could be refined further 
to take into account covariances of the differenced series 
and correlations between different lags. This would#be 
necessary to use the estimators for more formal inference 
procedures. The confidence bands presented in Section 5 
are approximate, although adequate for the graphical pro- 
cedure employed. Also, the estimators are not robust, 
being averages of primary increments squared. This ques- 
tion was considered by Cressie and Hawkins (1980) for 
the d = 1 case; they traded average sums of squares in 
y for the average sums of the square root of absolute 
differences. This could also be tried for %1 and 22. 

[Received May 1986. Revised November 1987.] 
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