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SUMMARY 
Whether to jackknife a parameter estimate or some function of it has in the past relied on 
recommendations based on folklore rather than statistical analyses. This paper puts the 
jackknifed estimator into the context of finding a least squares estimator from a model 
involving a location parameter with additive "pseudo" errors. Obtaining and interpreting 
confidence intervals from the partitioning of the "total" sum of squares into "residual" sum 
of squares, plus a sum of squares due to a hypothesized value of the parameter, requires the 
error variance to be constant. This in turn can equally be interpreted as requiring the 
variance of the original estimator to be constant. Therefore, using this criterion of 
jackknifing "pivotal quantities", it is possible in principle to find a prejackknifing 
transformation for any general problem. 

Keywords: HOMOGENEITY OF VARIANCE; INFLUENCE CURVE; NON-NORMALITY 

1. INTRODUCTION 
THE idea of splitting a sample of size n into g groups of size h each in order to reduce bias, where one 
by one each group has a turn to be removed from the sample, was introduced by Quenouille 
(1949, 1956). In what is to follow we will stay with the case n = g, h = 1, although everything we 
do can be done equally for h> 1; Sharot (1976) showed that in terms of mean squared error, 
h = 1 is the best choice. Let Y1,..., Yn denote the sample, distributed according to a distribution 
function F that depends on an unknown parameter 0. We wish to estimate or test 0; suppose 
0( Y1,..., Yn) is such an estimate, and that 0 . i is the estimate obtained by applying the estimation 
procedure to the sample with the ith random variable removed, i.e. 

0-i = 0(Y1,... I +i,..., In). (1) 

Then the ith pseudo value Oi is defined as 

i= nO-(n-1)0-i, (2) 
and the jackknifed estimator is given by 

- (i= 1i/n. (3) 

It can be easily shown that if the leading term in the bias of 0 is 0(1/n), then this is reduced to 
0(1/n2) byjackknifing to give the estimate 0. An illustrative example of this phenomenon is seen 
by taking a2 = Y (- Y)2/n, where Y = E Yi/n, as an estimator of population variance a It is 
well known that '2 has bias equal to -2/n; now after some algebra, l2 = E (Yi-Y)2/(n-1) 
the unbiased estimator. 

But it was for a different application that the word "jackknife" was coined; Tukey (1958) 
conjectured that the n pseudo values given by (2) could be treated as approximately a normal 
sample, and hence the statistic 

T = n(0- O)/{X (t-)2/(n - 1)}1, (4) 

is approximately distributed as tn- 1, Student's t on n - 1 degrees of freedom. Therefore, just as a 
Boy Scout's trusty tool may be called upon to serve many purposes, so the statistic (4) serves as a 
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substitute when specialized tools are not available. The jackknife enables approximate 
confidence intervals to be constructed, in very complicated situations. 

Consider the pseudo values {ij}, and suppose we fit 

Ji = 0+?i (5) 

Then 0 is just the least squares estimate from (5), and the "total sum of squares" can be 
partitioned into 

n n 

0) =)2 + n(O- 0)2 (6) i=l ~~i=l 
Clearly then, whether T in (4) has a Student's t distribution depends upon how closely the error 
ti in (5) satisfies the usual assumptions of the linear model. Thus we shall concentrate on the 
behaviour of {&i - 0}. 

Results to date have usually been concerned with the distribution of T as n -s oc, and have 
shown convergence to the standard normal in a variety of situations. See, for example, Miller 
(1964), Arvesen (1969), Miller (1974) and Reeds (1978). We shall do the same, thus necessitating 
in (5) an gi which is not necessarily itself normal, but which is to first order, independent and 
identically distributed with mean zero, constant variance independent of 0. See Section 2 for 
further details. 

In his excellent review article, Miller (1974) talks about the use of transformations in 
connection with the jackknife. For example, he recommends jackknifing the logarithm of the 
sample variance and arctanh of the correlation coefficient, and goes on to ask the question, "Is 
there an optimal way to select a transformation for use with the jackknife?" We believe that we 
have found an answer to this, which incidentally turns out to be essentially what "folklore" has 
been advocating anyway; Miller (1974, p. 12). Section 2 develops the general criterion, while 
Section 3 applies it to a number of examples. Further intuitions about transformations and the 
jackknife are best summarized in Mosteller and Tukey (1977, p. 138); it is felt one should avoid 
estimates which have sampling distributions with one or more straggling tails, are markedly 
unsymmetric and have an abrupt terminus. It is quite possible that some of these requirements 
may conflict; e.g. for a normal sample, the cube root of the sample variance is better in terms of 
symmetry, whereas the logarithm relieves the problem of the abrupt terminus at 0. 

2. THE TRANSFORMATION CRITERION 

We now assume that the original estimate 0 can be written as a functional of the empirical 
distribution function, i.e. 

0 = t(Fn), (7) 
where Fn(y) = (total number of Y1,..., Y< < y)/n, and we wish to estimate the parameter 0 = t(F). 
As in Hinkley (1978), suppose 0 is sufficiently regular to admit the expansion, 

00~O+ n-1 l Et,( Yj) + In 2 2 j k,(8) 

where t1(y) and t2(y, z) are the first and second von Mises derivatives of the functional t(F). We 
will use the third term in (8) to show the order of the contribution of such a term to the jackknifed 
estimator. It will be seen to have no effect on the limiting distribution of (4). Let 
f(e) = t{(1-e) F + eG}. Then 

f'(o) = tl(y)dG(y)g 

f "(0) = J'J't2(y. z) dG(y)dG(z), 

where G is an arbitrary probability distribution function. The first derivative t1, which we shall 
henceforth denote by I C, F is known as the influence curve and has been discussed extensively by 
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Hampel (1974). Note that fIC,, Fy) dF(y) = 0, and since t2 is the von Mises derivative of IC,, Az), 
viewed as a functional of F, then Jt2(y, z) dF(y) = 0, for any fixed z. Thus from the definition (2) of 
the pseudo values, Hinkley (1978) has shown that 

Ji - 0 + ICt, A yi) + t2*( yi9 1 (9) 

where 

t *(Yi, 1) = {2n(n- 1)} '{2nEt2(Yi, Yk)-nt2(Yi, Yd) -ZZt2(Yi, Yk)}. 
k j k 

Upon averaging, we obtain 

J +?n-' Z ICt,(AYi)+ {2n(n-1)} < 'Z t2(Yi, yj). (10) 
k i$j 

Now E{t2(Yi, Yj) I Yj} = 0 for i $j, so that E{t2(Yi, Yj)} = 0, 

var{t2(Yi, Yj)} = E{t2(Y, 2 j)} = T2 for i $j, 
and cov {t2( Yi, Yj), t2CYi, Yk)} = O= 0 for i,j, k all different. Thus it is immediate from comparison 
of (10) with (9) why 0 has a smaller order bias; the t2(Yi, Yi) are absent from the expansion for 0. 
Also, the second term in (10) is just a U-statistic with variance z2{1 + 2cO(n - 1)}/{2n(n - 1)}. 
Using c) = 0, we see that this term, coming originally from t*(Yi, 1) in (9), is Op(n- ). 

Now the neglected remainder term in (8) will usually be Op(n - 3/2), which upon substituting 
into (2) and (3), would lead to a remainder term of at worst Op(n --) in (10). This confounds with 
the second term of (10), so that a stronger assumption than (8) is required. Suppose 0 is 
sufficiently regular to admit the expansion 

0~ +n-1 ,t1(j)+l)n2 ,fi t2(Yjg Yk+()-3,i,i t3(Yiq Yk9 YD9 (1 
where t3 is the third von Mises derivative of t. A similar analysis as for the first and second 
derivatives shows that the extra term added to (8) resulting in (11), adds op(n- ) to (10). 
Therefore, if one is only to concern oneself with the limiting distribution of (4), it is sufficient to 
keep just the leading term ICt A Yi) in (9). Thus we may proceed as if {le} defined in (5) is equal to 
{ICt A Yi)}. Hence the {lE} are indeed behaving as error terms, in the sense that to the order of 
magnitude we require, they are independent and identically distributed with mean zero. 
However, in order for the analysis of variance decomposition in (6) to be meaningful, we further 
need var (E) to be approximately constant, independent of 0. This will make Oi and 0depend on 0 
only through location, so that intuitively, the statistic Tdefined by (4) will be more pivotal then 
when Oi also has a scale dependency on 0. Thus we propose to transform 0 to h(O) = hot (Fe), and 
then jackknife; h is chosen so that var {IChOt, F Y)} does not depend on 0 = t(F). But, 
IChot, AY) = h'(0). ICt, Ay). Therefore in order to have no dependence on 0,- we must have 
fh/(0j}2 x var {ICt,FAY1)} = constant, i.e. 

h(x)= J'[var{ICt,AYJ)}P dO. (12) 

Let us try to interpret (12) in the light of comments by Efron (1979, p. 3 and bottom p. 19) on 
bootstrapping pivotal quantities. We see that to first order 

J= O+n-1ZICt,FYi) = 0, 

and so var {ICt, F( Y1)} n var (0). Hence the motivation and interpretation involving the pseudo 
residuals of (5), which recommends solving (12) based on the influence curve, equally results in 
the recommendation to stabilize the (asymptotic) variance of the original estimator: 

h(x) = [lim n var(0)] 
_ 

dO. (13) 
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To the order of magnitude considered, it does not matter whether we solve (12) or (13); however 
the advice of (13) is easily interpreted, as choosing a transformation h that makes the estimator a 
more pivotal quantity. Therefore, in the context of the jackknife, we have justified Efron's 
recommendations. Also, Miller (1974, p. 12) makes a similar comment, that most advocates of 
the jackknife would suggest using a variance stabilizing transformation on the estimator. 

The higher order analysis of Hinkley (1978) assumes already that some form of 
transformation has been made; second-order adjustments to the denominator of (4) yield more 
accurate confidence intervals as shown by his results on p. 18. Tukey's original conjecture that 
(4) is approximately Student's t on n -1 degrees of freedom is unproven, and Monte-Carlo 
results by Hinkley (1977) are not encouraging. Virtually all theoretical work has insisted on 
large n, and has given the normal as the approximating distribution. 

Comparison of(10), the expansion of the jackknifed estimator 0, shows that 0 and 0 differ in a 
very minor way. Indeed Thorburn (1976) has shown that as n -+ oo, lim inf(var(0)/var(0)) < 1, 
which is the price paid for bias reduction. The operation of jackknifing alone will not induce 
asymptotic normality of (4). Power series expansions of the like assumed in (11) remove from 
consideration such "irregular" estimators as say 0 = med (Y1,..., JYn the sample median, and 
0 = max { Y1, ..., Ynl} the sample maximum. Brillinger (1976) and Sen (1977) have dealt with the 
behaviour of (4) in situations where estimators depend on the data in a highly non-linear way. 

In conclusion, then, it is argued that the criterion of homogeneous variances of ICt, A( Y1) or of 
0 should first be applied to ("regular") estimators t(Fn) of t(F). Once this is achieved, second- 
order adjustments in the spirit of Hinkley (1978), can be considered. 

3 APPLICATION OF THE CRITERION 
3.1. Variance Estimation 

Suppose the parameter to be estimated is U2 = var(Yi). Then 

=t(F)= y- fz dF(z)} dF(y) and 2 = t(Fn) = (Y-Y)2/n. 

It can be easily shown that 

IC" Ay) = (y _ p)2 _ -2 

and hence 
var {IC,,FA Y)} = oA(K + 2), (14) 

where the kurtosis K = E{ Y1 - E( Y1)}4/o4 -3; when Y1 is normally distributed, K = 0. Upon 
substituting (14) into (12) we find that the jackknifing transformation h(*) is given by 

h(x) = log x, 
reproducing previous recommendations that had suggested jackknifing log ,2 rather than a2 
(Miller, 1968; Mosteller and Tukey, 1977, Section 8B). Of course, this is only valid when K does 
not depend on U2; e.g. normal, logistic, Laplace, uniform; but not for gamma, log normal, beta 
for example. 

If our criterion for transformation was symmetry of the errors Zi in (5), then the appropriate 
transformation when the Yi's are normal, can be seen to be (52)1/3. By jackknifing log 52, the 
pseudo values will be skewed, causing problems with the tn-1 approximation in (4); see Cressie 
(1980); asymptotic normality will of course, not be affected. 

3.2. Correlation Estimation 
Suppose the sample is Y1, Y2, ... , Yn, where Yi = (Yil, Yi2) is a bivariate vector with 

distribution function F(y1, Y2). The parameter to be estimated is the correlation between Y11 and 
yl2' 

p = t(F) =U12(F)/{a11(F)U22(F)}4, 
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where r 
aii(F) = - zid - zj dF(zi zj). dF( yi, yj). 

Now ' & 

ICt F(yl, y2) = {-j1 2p-2p+2j1 Y2}, 

where i? {Y, - E(Y1 1)}/4l Y2 = {Y2-E(Y12)}/4'2. In order to introduce possible non- 
normality, we need a model of the relationship between Y1 l and Y12, or equivalently between 
Y1 and Y12, which goes beyond just saying that E(Y1 . Y12) = p. Suppose we put 

Y12 = PY1 I +(1-p2)0 U, (15) 
where the zero mean, unit variance random variable U, is independent from Y1, and has 
kurtosis Ku. Let K1, K2 be the kurtoses of Y1l, Y12; then K2 = p4 K1 +(1 -p2)2 KU. It is well known 
that (15) produces correlated normal random variables from independent normal components; 
see Williams (1978) for a multivariate generalization. In fact it is immediate that K1 = KU = 0 
implies K2 = 0. 

Using (15) in the formula for the influence curve, we obtain 

var {ICt, A(Y11, Y12)} = (1 -p2)2{1 +p2(K1 +Ku)/4}. (16) 
When (16) is substituted into (12) it can be shown that 

h(x) = -1 +K/2) log{1 X22X( 

where K-- (K1 +Ku)!2. When K1 = -Ku, this reduces to the usual arctanh transformation. 

h(x) = 1log{(1+x)/(1-x)}; 

e.g. for normal Y11, Y12. Note also that for K near zero, 

h(x) = constant x log {(1 + x)/(1 - x)} + O(K2), 

showing some stability of the arctanh transformation. Haldane (1949) modelled dependence in a 
different way than (15). He chose zero mean, unit variance, independent random variables U and 
V and set 

W1 ( + p), U + (1 - p) V}/21, Y2 = {(1 + P)1 U-_(1-_P) V/ 

Upon substituting this into the influence curve formula, we obtain 

var{ICt F(Yl1, Y12)} = (1-p2)2{1+(Ku+Kv)/4}, 

resulting in the arctanh transformation. Of course these types of non-normal dependences are 
simplifications of the truth. A very much more complicated bivariate model was proposed by 
Gayen (1951, p. 220), which leads to an intractable (13) to solve. With regard to the distribution 
of arctanh of the sample correlation coefficient under these bivariate Edgeworth models, Gayen 
was able to conclude that although its variance does depend on p, it is very nearly normal for n 
as low as 20. 

On balance, then, we recommend jackknifing h(p) = 2 log {(1 + p)/(1 - ')} rather than p', an 
endorsement also made by Miller (1974) and Hinkley (1978). Duncan and Layard (1973) looked 
at the performance of the jackknife applied to h(p), and found that it worked well for most 
distributions. 
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