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Fundamentals of Logic 

Statements/Propositions – Sentences that are true or false but not both. (Just like a simple boolean 

expression or conditional expression in a programming language.) Propositions must be a declarative type 

sentence  

 

For our purposes, statements will simply be denoted by lowercase letters of the alphabet, typically p, q, 

and r. I will refer to these as Boolean variables as well. 

 

Given simple statements, we can construct more complex statements using logical connectives. Here are 4 

logical connectives we will use: 

1) Conjunction: This is denoted by the „‟ symbol. The statement p  q is read as “p and q.” Only if 

both the values of p and q are true does this expression evaluate to true. Otherwise it is false. 

2) Disjunction: This is denoted by the „‟ symbol. The p  q is read as “p or q.” As long as at least one 

of the values of p or q is true, the entire expression is true 

3) Implication: This is denoted by the „‟ symbol. The statement p  q is read as “p implies q”. 

Essentially, in a programming language, this logic is captured in an if then statement. If p is true, the 

q must be true. However, if p is not true, there is no guarantee of the truth of q. An important 

observation to note: when statements are combined with an implication, there is no need for there to 

be a causal relationship between the two for the implication to be true. 

 

Consider the following implications: 

If my bread is green, then I will not eat it. 

Here, if the bread is not green, that does not guarantee that I will eat it. Perhaps it is wheat bread and I 

hate wheat bread. All I know is that if my bread is green, I will definitely NOT eat it. 

If Pluto is the largest planet in our solar system, then pigs will fly out of my butt.  

Wayne would actually be making a correct implication here, (assuming that we currently have accurate 

knowledge about our solar system...) Since the first part of our implication is false, the entire implication 

is automatically true. 

 

4) Biconditional: This is denoted by the „‟ symbol, and the statement p  q is read “p if and only if 

q.” The phrase “if and only if” is often abbreviated as “iff”. Breaking this down into pieces, this 

means that p  q AND q  p. Hence exactly when p is true, q is true. (And in all cases where p is 

false, q must be false as well.) 

Here is an example of a biconditional: If and only if my alarm clock rings in the morning, then I will 

attend my morning classes. 

From this statement we CAN deduce that if the alarm clock does NOT ring, then I will NOT go to my 

morning classes. 

 

Finally, it will be important to have a symbol to denote the negation of a statement/proposition. We will 

use the „‟ symbol. The statement p will be read “not p.” This statement will have the opposite value of 

p. 

 

  



Truth Tables 
Now, given a particular compound statement, we can use a truth table to determine which values of the 

boolean variables result in the statement being true. 

The idea here is to simply make a table, listing all the possible combinations of values for each of the 

boolean variables in a statement. Then, plug these values into the statement and see if it is true or not with 

these values. This is probably easiest seen with an example. 

Consider the statement: p  (q  r). Here is a truth table: 

 

p q r q  r p(qr) 

0 0 0 1 0 

0 0 1 0 0 

0 1 0 1 0 

0 1 1 1 0 

1 0 0 1 1 

1 0 1 0 0 

1 1 0 1 1 

1 1 1 1 1 

 

Thus there are three possible combinations of values for p, q, and r that make p  (q  r) true.  

To see an example, let p, q and r be the following statements: 

p: I have taken out the trash. 

q: I have finished cleaning the dishes. 

r: I have watched 5 hours of TV. 

 

Assume that a child is a good one if p  (q  r) holds true, and bad otherwise. Under what conditions is 

a child good? 

If it turns out that a statement is always true (such as p  p), then it is called a tautology.  

If a statement is always false (such as make p  p), then it is called a contradiction. A statement is called 

a contingency if it is neither a tautology nor a contradiction. 

 

Do-it-yourself: Make a truth table for the statement: (p q)r. 

 

Algebra of Propositions 
 

It would be nice if we had some methodology for determining if two logical expressions are equivalent, or 

a method of simplifying a given logical expression 

Perhaps the most obvious way to check for the equivalence of two logical expressions it to write out truth 

tables for both. However, this could be quite tedious. (But it does always work...) 

Two statements s and t are considered to be logically equivalent if s  t  is a tautology 

We will need some laws to simplify logical expressions. Here is the list of laws from the text: 

 

1) p  p     (Law of Double Negation) 

2) (p  q)  p  q  (De Morgan‟s Laws) 

3) (p  q)  p  q 

4) p  q  q  p   (Commutative Laws) 

5) (p  q)  r  p  (q  r)   (Associative Laws) 

6) p  (q  r)  (p  q)  (p  r) (Distributive Laws) 

7) p  (q  r)  (p  q)  (p  r) 

6) p  p  p    (Idempotent Laws) 



7) p  F  p, p  T  p  (Identity Laws) 

8) pp  T, pp  F  (Inverse Laws) 

9) p  T  T, p  F  F  (Domination Laws) 

10) p  (p  q)  p   (Absorption Laws) 

11) p  (p  q)  p 

 

We can use these laws to simplify a statement. Consider the following statement: 

(p  q)  (p  q)     (p  q)  ( p  q) (DeMorgans) 

        (p  q)  (p  q)     (Double Neg.) 

     p  (q  q)    (Dist. Law) 

      p  F     (Inverse) 

      p     (Identity) 

 

Something else that will be helpful to us will be to expression implications using just and‟s and or‟s. By 

writing out truth tables, we find that 

(p  q)  (p  q) 

Using this, we can also come up for an expression without implications that is equivalent to p  q. 

As an exercise, simplify the following expression, giving the reason for each simplification. 

(p  q)  [q  (r  q) ] 

 

Methods to Prove Logical Implications: 
The standard form of an argument (or theorems) can be represented using the logical symbols we have 

learned so far: 

(p1  p2  p3  ... pn) q 

Essentially, to show that this statement is always true (a tautology), we must show that if all of p1 through 

pn are true, then q must be true as well. 

Another way to look at this is that we must show that if q is ever false, then at least ONE of p1 through pn 

must be false as well. (This is the contrapositive of the original assertion.) 

Let‟s look at an example of how you might go about proving a statement in a general form, given some 

extra information. 

Let p, q, and r be the following statements: 

p: Rita loses the Fastest Finger Contest. 

q: Kavita lets go of the button during the Fastest Finger Contest. 

r: Rashmi will win KBC. 

 

Let the premises be the following: 

p1 : If Kavita does not let go of the button during the Fastest Finger Contest, then Rita will lose the Fastest 

Finger Contest. 

p2 : If Rita loses the Fastest Finger Contest, then Rashmi will win KBC. 

p3 : Kavita did not let go of the button during the Fastest Finger Contest. 

Now, I want to show that 

(p1   p2   p3)  r 

First, I must express p1, p2, and p3 in terms of p, q, and r. 

p1 : q  p 

p2 : p  r 

p3 : q  

Thus, we are trying to show the following: 

[([q  p)  (p  r)  (q)]  r 



We can prove that this is a tautology by using a truth table and verifying that this expression is true for all 

8 possible sets of values for p, q and r.  

Another way we can show this statement is to use the laws of logic to simplify the statement as follows: 

[(q  p)  (p  r)  (q)]  r  (Identity for implication) 

[(q  p)  (p  r)  (q)]  r  (Double Negation) 

 [((q  p)  (p  r))  (q)]  r  (Identity for implication) 

((q  p)  (p  r))   (q)  r   (De Morgan‟s Law) 

((q  p)  (p  r))  q  r    (Double Negation) 

(q  p)  (p  r)  q  r (De Morgan‟s Law) 

(q  p)  (p  r)  q  r   (De Morgan‟s Law) 

(q  p)  (p  r)  q  r (Double Negation) 

(r  (p  r))   (q   (q  p))  (Associate Commutative) 

((r  p)  (r  r))   ((q  q)  (q  p))  (Distributive) 

 

((r  p)  T)   (T  (q  p)) (Inverse Laws) 

(r  p)    (q  p)   (Identity Laws) 

(p  p)    (r  q)   (Associate + Commutative) 

T    (r  q)    (Inverse Laws) 

T     (Domination Laws) 

 

When p  q is a tautology, we say that the statement is a logical implication. This implication is 

equivalent to the following: 

q  p, which is the contrapositive as mentioned before. In certain situations, it will be easier to prove 

the contrapositive than the original statement. 

*Define inverse & converse of p q 

Getting back to the example we just went over, we have shown that any set of statements p1 , p2 , and p3 

of the form above imply the statement r.  

Now, you might notice that proving the example above by either using the truth table method or using the 

laws of logic took a great deal of effort for a relatively intuitive result. (Just by hearing the premises, you 

probably already knew that statement r followed logically.) 

If we examine a truth table, we will find that in most cases (most of the rows), at least one of the premises 

is false anyway. If this is the case, there is no need to even compute the value of the conclusion. So, we 

have an indication that we could trim some work.  

Also, it seems logical to have some rules of inference, rather than having to turn each inference into an 

equivalent logical expression without an inference. (What we will do is verify these rules with truth 

tables. Once they are proved, then we can use them on their own.) 

 

Rules of Inference 
 

1) p ----    This is the Rule of Detachment or Modus Ponens 

p q 

--------- 

q 

 

  



This can be proved by the truth table below. Very simply, given a premise and an implication using 

that premise, the conclusion of the implication must follow. 

 

p q p  q [p  (p  q)]  q 

0 0 1 1 

0 1 1 1 

1 0 0 1 

1 1 1 1 

 

2) p  q ---- This is the Law of Syllogism 

    q  r 

    --------- 

    p  r 

Consider the logical form of this law:  

[(p  q)  (q  r)]  (p  r) 

Essentially, this reduces to showing  

[(p  q)  (q  r)]  (p  r) 

 

If p is false, we see the statement is true automatically. Thus we must only worry about the case where p 

is true. In this case, if r is true, we see we are fine as well. Thus, the final case to consider is if p is true 

and r is false. Regardless of q‟s value at least one of (p q) and (q  r) must be false in this situation, 

making the entire assumption true.  

 

3)  p  q   ---- This is Modus Tollens 

     q 

--------- 

p 

In logical form we have [(p  q)  q]  p 

 

Here is a truth table to verify this rule: 

  

P q p q p  q [(p  q)  q]  p 

0 0 1 1 1 1 

0 1 1 0 1 1 

1 0 0 1 0 1 

1 1 0 0 1 1 

 

Practice Problem: 

Using the rules of inference, and given the following premises: 

p  (q  r) 

p  s 

t  q 

s 

Show that r  t must be true. 

  



The Use of Quantifiers 
 

Open Statement: One that contains a variable, and becomes a (single) statement when that variable is 

replaced with a value. 

Example of an open statement: 

7 divides evenly into x+7. 

As you can see, for certain values of x, such as 7 or 21, this statement is true, but for other values, it is not 

true. (Note: It is possible for an open statement to always be true, such as “x is greater than x-1.”) 

We can denote the open statement above as p(x). Thus we can say that p(7) is true, whereas p(3) is not. 

 

It is also possible for open statements to contain more than one variable. Consider the following: 

x is a prime number that divides into y evenly AND is less than or equal to y. 

We can denote the statement above as q(x,y). So, q(2,18) is true while q(5,13) and q(27,3) are both false. 

With both of these open statements, we see that there are values for which the statements are true. Thus, it 

is reasonable to say something like the following: 

For some x, p(x), and 

For some x and y, q(x,y). 

Quantifier Notation 
 

Similarly, certain open statements can be true for all values of the variables involved. If we let r(x) be the 

statement: “x is greater than x-1,” then we can make the claim: 

For all x, r(x). 

(Of course, whenever we say for all x, we must define what our universe, or possible x‟s are. Are they all 

the integers? All the real numbers? All the complex numbers? We will talk about how to specify that 

later.) 

 

Since we are dealing with mathematics, we need short symbols to replace the English words “for some” 

and “for all”. (A mathematician‟s whole goal in life is to confuse non-mathematicians :)) 

The symbol for the words “for some”, which is more accurately describe as “There exists a value of” is .  

The symbol for the words “For all values of” is   

So, we could make the following claims: 

x [p(x)] and xy [q(x)]. 

 

In English, these would be read as: 

There exists a value of x for which 7 divides evenly into x+7. 

There exists values for x and y for which x is a prime number that divides into y evenly AND is less than 

or equal to y. 

As you can see, with just these two quantifiers we can put together even more complex statements. Many 

theorems, results, etc. in mathematics are typically represented using quantifiers. For example, we know 

that all positive integers have at least one prime factor that is less than or equal to the number itself. 

Mathematically speaking, we can use our statement q(x,y) from before to express this result. 

q(x,y): x is a prime number that divides into y evenly AND is less than or equal to y. 

yx [ q(x,y) ] 

 

Literally, this reads: “For all values y, there exists a value for x for which x is a prime number that divides 

into y evenly AND is less than or equal to y.” 

A very important distinction to make here is the order of the quantifiers. The statement 

xy [ q(x,y) ] for example is NOT true.  

This literally reads: “There exists a value of x for which for all values of y, x is a prime number that 

divides into y evenly AND is less than or equal to y.” 



The reason this is not true is because no matter what value you try to pick for x, you can ALWAYS find a 

value for y such that x DOES NOT divide y.  

Perhaps, some practice evaluating these statements might help. Consider these simple open statements: 

p(x):  x > 0 

q(x): x
2
 – 2x – 3 = 0 

r(x): x < 0 

s(x): x
2
 > 0 

 

Decide whether each of these assertions is true or not: 

1) x [p(x)  q(x) ] 

2) x[p(x)  r(x)  s(x)] 

3) x [r(x) q(x)] 

 

Now, take these assertions and put them into symbolic form: 

1) For all values of x less than 0, x
2
 is greater than 0. 

2) There exists a value of x for which if x
2
 – 2x – 3 = 0 then x is greater than 0. 

3) For all values of x such that x
2
 – 2x – 3 = 0, x < 0 

 

A little chart to keep all of this straight 

Statement When True When False 

      x p(x) For at least one value a in the 

universe for x, p(a) is true. 

For all values a in the universe for 

x, p(a) is false. 

x p(x) For all values a in the universe for 

x, p(a) is true. 

For at least one value a in the 

universe for x, p(a) is false. 

x [p(x)] For at least one value a in the 

universe for x, p(a) is false. 

For all values a in the universe for 

x, p(a) is true. 

 x [p(x)] For all values a in the universe for 

x, p(a) is false. 

For at least one value a in the 

universe for x, p(a) is true. 

 

Given a statement x [p(x)  q(x)], here are other related statements: 

1) Contrapositive: x [q(x)  p(x)] 

2) Converse: x [q(x)  p(x)] 

3) Inverse: x [p(x)  q(x)] 

As we have mentioned before, if the given statement is true, then the contrapositive MUST BE true. 

However, neither the converse nor the inverse are necessarily true. 

However, if both the given statement AND the converse are true, we have and if and only if relationship. 

Similarly, if both the given statement and the inverse are true, we also have and if and only if relationship. 

 

A couple more rules that follow... 

So now, consider each of these implications: 

1) x [p(x)  q(x)]  [x p(x)  x q(x)] 

2) x [p(x)  q(x)]  [x p(x)  x q(x)] 

3) x [p(x)  q(x)]  [x p(x)  x q(x)] 

4) [x p(x)  x q(x)]  x [p(x)  q(x)] 

 

An important observation is that the first and fourth rules only go one way. Can you think of some 

counter examples to these rules? 

 

  



Here are a couple of mine: 

For number 1, let statement  

p(x) = “x is greater than 100.” 

q(x) = “x is less than 0.” 

 

Certainly, x p(x), also we have x q(x). This is because there exists an x greater than 100, namely 101. 

But there also exists an x less than 0, namely –1. 

BUT, it is NOT true that x [p(x)  q(x)]. If this were the case, then we could find a single value of x for 

which BOTH p(x) AND q(x) hold. But, clearly they are contradictory statements and this cannot happen. 

 

A counter example to the converse of rule number 4 is the following: 

Let 

p(x) = “x is an even integer.” 

q(x) = “x is an odd integer.” 

Clearly, for all integers x, we have either p(x) or q(x). BUT, it is not true that x p(x) and it is also not 

true that x q(x). The reason neither of these is true is because all integers are not odd, and all integers 

are not even either. 

 

Other practice problems 

First translate these assertions into English. Then deduce, with proof, whether they are valid or not. To 

show an assertion to be invalid, merely present a counter example. To prove it, you must show that the 

statement holds for all the values it says it will hold. 

 

1. yx [y = 2x  xZ  yZ ] 

2. xy [ y/x < |y|  xZ  yZ ] 

3. xy [ x/y = y/x  xZ  yZ ] 

 

Rule of Universal Specification 
 

This is a fairly obvious rule, but one that is important: 

If an open statement is true for all possible replacements in the designated universe, then that open 

statement is true for each specific individual member in that universe. 

Symbolically speaking, we have: 

If x p(x) is true, then we know that p(a) is true, for each a in the universe for x. 

 

Here is a simple example using this rule. Consider the following premises: 

1) Each actor/actress on the TV show Friends is a millionaire. 

2) Jennifer Aniston is an actress on the TV show Friends. 

Therefore, Jennifer Aniston is a millionaire. 

Symbolically, consider setting up these three statements: 

p(x): x is an actor/actress on Friends.   

q(x): x is a millionaire. 

Now, the given information is x [p(x)q(x)] 

 

If we wish to determine the financial status of Jennifer Aniston, we add into our premise the statement 

p(Jennifer Aniston) as being true.  

Using the Rule of Universal Specification, and Rule of Detachment, we can conclude that q(Jennifer 

Aniston) is true; that is Jennifer Aniston is a millionaire. 

  



Let‟s go ahead and look at another example in greater detail. 

Consider each of these open statements for the next example: 

p(x): x is a show on prime-time TV 

q(x): x is a show on late-night TV 

r(x): x is a soap opera 

Now, consider the following argument: 

No  soap opera is on prime-time TV or late-night TV 

All My Children is a soap opera. 

Therefore, All My Children is not on prime-time TV. 

 

(Note: Let A stand for “All My Children”) 

1) x [p(x)  q(x)  r(x)] Premise 

2) r(A)     Premise 

3) p(A)  q(A)  r(A)  Step 1 & Rule of Univ. Spec. 

4) r(A)  (p(A)  q(A))             Contrapositive 

5) r(A)  (p(A)  q(A))  Law of Double Negation 

6) r(A)  (p(A)  q(A))             Step 5 & De Morgan‟s Law 

7) p(A)  q(A)   Steps 2 & 6 & Rule of  

     Detachment (Modus Ponens) 

8) p(A)    Step 7 & Rule of Conjunctive 

     Simplification 

 

The Rule of Universal Generalization 
If an open statement p(x) is proved to be true when x is replaced by any arbitrarily chosen element c from 

our universe, then the universally qualified statement x p(x) is true. (This rule also extends beyond one 

variable.) 

We can use this to formally show that IF 

x [p(x)  q(x)] AND 

x [q(x)  r(x)] THEN 

x [p(x)  r(x)]. 

1) x [p(x)  q(x)]    Premise 

2) p(c)  q(c)     Step 1 & Rule of 

      Universal Specification 

3) x [q(x)  r(x)]    Premise 

4) q(c)  r(c)     Step 3 & Rule of 

      Universal Specification 

5) p(c)  r(c)     Steps 2 & 4 and Law of 

      Syllogism 

6) x [p(x)  r(x)]    Step 5 and the Rule of  

      Universal Generalization 

 

  



Now, consider the following assumptions 

x p(x)  AND 

x [p(x)  q(x)  r(x)]  

And use those to prove: 

x [r(x)  q(x)]. 

1) x p(x)     Premise 

2) p(c)      Step 1 & Rule of Universal 

      Specification 

3) x [p(x)  q(x)  r(x)]   Premise 

4) p(c)  q(c)  r(c)    Step 3 & Rule of Universal 

      Specification 

5) T  q(c)  r(c)    Substitution from Step 2 

6) q(c)  r(c)     Identity Law 

7) r(c)  q(c)    Contrapositive 

8) x [r(x)  q(x)]   Step 7 & Rule of Universal 

      Generalization 

 

To make this example more concrete, consider the following open statements for p(x), q(x) and r(x) 

Let the universe x be of all 4 sided polygons. 

p(x): x is a quadrilateral. 

q(x): x has four equal angles. 

r(x): x is a rectangle. 

Using basic geometry definitions, we find that 

 

x p(x)  (All 4 sided polygons are quadrilaterals.) 

x [p(x)  q(x)  r(x)] (All 4 sided polygons that are quadrilaterals and have four equal         

angles are rectangles.) 

Therefore, all 4 sided polygons that are not rectangles do not have four equal angles, OR 

x [r(x)  q(x)] 

 

SUMMARY 
 

1. Sentences those are true or false but not both. (Just like a simple Boolean expression or 

conditional expression in a programming language.) Propositions must be a declarative type 

sentence. 

 

2. Given simple statements, we can construct more complex statements using logical connectives. 

Here are 4 logical connectives we will use: 

 Conjunction 

 Disjunction 

 Implication 

 Biconditional 

 

  



         3.  Truth Tables 

The concept of truth table  is to simply make a table, listing all the possible combinations of 

values for each of the Boolean variables in a statement. Then, plug these values into the 

statement and see if it is true or not with these values. 

If it turns out that a statement is always true, then it is called a tautology.  

If a statement is always false, then it is called a contradiction. A statement is called a 

contingency if it is neither a tautology nor a contradiction. 

 

 

           4.    Methods to Prove Logical Implications 

                The laws of logic to simplify the statement as follows: 

 p  p   (Law of Double Negation) 

  (p  q)  p  q (De Morgan‟s Laws) 

  (p  q)  p  q 

  p  q  q  p  (Commutative Laws) 

  (p  q)  r  p  (q  r)  (Associative Laws) 

 p  (q  r)  (p  q)  (p  r)(Distributive Laws) 

  p  (q  r)  (p  q)  (p  r) 

  p  p  p   (Idempotent Laws) 

  p  F  p, p  T  p (Identity Laws) 

  pp  T, pp  F (Inverse Laws) 

  p  T  T, p  F  F (Domination Laws) 

  p  (p  q)  p  (Absorption Laws) 

  p  (p  q)  p 

 

5. Quantifier Notation 

 

Statement When True When False 

      x p(x) For at least one value a in the 

universe for x, p(a) is true. 

For all values a in the universe for x, p(a) is false. 

x p(x) For all values a in the universe 

for x, p(a) is true. 

For at least one value a in the universe for x, p(a) is 

false. 

x [p(x)] For at least one value a in the 

universe for x, p(a) is false. 

For all values a in the universe for x, p(a) is true. 

 x [p(x)] For all values a in the universe 

for x, p(a) is false. 

For at least one value a in the universe for x, p(a) is 

true. 

 

  



6. Rule of Universal Specification 

 

1) x [p(x)  q(x)  r(x)] Premise 

2) r(A)    Premise 

3) p(A)  q(A)  r(A)  Step 1 & Rule of Univ. Spec. 

4) r(A)  (p(A)  q(A))             Contrapositive 

5) r(A)  (p(A)  q(A))  Law of Double Negation 

6) r(A)  (p(A)  q(A))             Step 5 & De Morgan‟s Law 

7) p(A)  q(A)   Steps 2 & 6 & Rule of  

     Detachment (Modus Ponens) 

8) p(A)    Step 7 & Rule of Conjunctive 

     Simplification 

 

      7. The Rule of Universal Generalization 

If an open statement p(x) is proved to be true when x is replaced by any arbitrarily chosen element c 

beyond one variable.) 

 


