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Abstract

Markov random fields (MRFs) express spatial dependence through conditional distributions,
although their stochastic behavior is defined by their joint distribution. These joint distributions are
typically difficult to obtain in closed form, the problem being a normalizing constant that is a function
of unknown parameters. The Gaussian MRF (or conditional autoregressive model) is one case where
the normalizing constant is available in closed form; however, when sample sizes are moderate to
large (thousands to tens of thousands), and beyond, its computation can be problematic. Because
the conditional autoregressive (CAR) model is often used for spatial-data modeling, we develop
likelihood-inference methodology for this model in situations where the sample size is too large
for its normalizing constant to be computed directly. In particular, we use simulation methodology
to obtain maximum likelihood estimators of mean, variance, and spatial-depencence parameters
(including their asymptotic variances and covariances) of CAR models.
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1. Introduction

Among the class of spatial statistical models, Markov random fields (MRFs) have been
ascendent in the last 30 years. Since the seminal paper of Besag [2], there have been
many methodological developments accompanied by important applications (e.g., [5,3,11,
16]). An important research problem for MRFs is the evaluation of the joint distribution’s
normalizing constant and its subsequent use in maximum likelihood estimation. This
problem has been addressed in various ways by, inter alia, [7,17,12,13,22]. The approach
taken by these authors has generally been based on a Monte Carlo algorithm, as will be our
approach in this article.

The most ubiquitous of Markov random fields is the conditional autoregressive (CAR)
model, which has a joint Gaussian distribution. This is perhaps because aggregated data
are often Gaussian, due to the Central Limit Theorem, and spatial data often exhibit
dependence that increases with their proximity to each other. Therefore, dataZ ≡
(Z1, . . . , Zn)′ associated with regions (i.e., small areas) that make up larger regions can
often be modeled as

[Z]=Gau(µ,Σ ), (1)

whereZ is a (n × 1) data vector,[Z] denotes the (joint) distribution ofZ, “Gau” is an
n-variate Gaussian distribution, µ is its mean, andΣ is its variance–covariance matrix.
This becomes a CAR model when the conditional distribution[Zi | Z−i ] depends only on
ZN(i ), whereZ−i ≡ (Z1, . . . , Zi−1, Zi+1, . . . , Zn)

′, ZB ≡ (Z j : j ∈ B)′, for a generic
index setB, andN(i ) ⊂ {1, . . . , i − 1, i + 1, . . . , n} define the regions that areneighbors
of regioni ; i = 1, . . . , n.

It is not necessarily the case that specification of the conditional distributions,[Zi |
ZN(i )]; i = 1, . . . , n, implies a valid joint distribution[Z]. The CAR model assumes

[Zi | ZN(i )]=Gau

(
µi +

n∑
j =1

ci j (Z j − µ j ), τ
2
i

)
; i = 1, . . . , n, (2)

where{ci j } are spatial-dependence parameters of the model such thatci j = 0 if j �∈ N(i ).
Notice in particular thatcii = 0, as it should be for the model to make sense. Define the
(n × n) matrix C ≡ (ci j ).

Besag [2] showsthat if M−1C is symmetric (symm.), that is,ci j τ
2
j = cj i τ

2
i ; i , j =

1, . . . , n, and if M−1(I − C) is positive-definite (p.d.), then there is a valid joint Gaussian
distribution:

[Z]=Gau(µ, (I − C)−1M), (3)

whereM ≡ diag(τ2
1 , . . . , τ2

n ) is a(n × n) diagonal matrix. We assume that covariates are
included in the model linearly throughµ = Xβ, whereβ is a(p × 1) vector of regression
parameters;p < n. Also, we assume that the conditional variancesτ2

1 , . . . , τ2
n are known

up to a normalizing constant (as is the case inSection 5, where the data are rates); that is,
M = Φτ2, whereΦ ≡ diag(φ1, . . . , φn) is aknown(n × n) diagonal matrix. Finally, we
assume thatC is a function of a(q × 1) vector of spatial-dependence parametersγ , which
we write asC(γ ).
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In conclusion, the CAR model we shall consider in this paper is,

[Z]= Gau(Xβ, (I − C(γ ))−1Φτ2), (4)

which is clearly a special case of a generallinear model. We wish to make inference on
parametersβ, τ2, andγ through maximum likelihood estimation. The joint Gaussian form
of a CAR model means that its normalizing constant is known analytically, and so whenn
is moderate, alternatives to the Monte Carloalgorithms referred to at the beginning of this
sectioncan be obtained.

The contents of the paper are as follows. InSection 2, we give the basic likelihood
equation for estimating the CAR-model parameters; the main difficulty is in computing
the joint Gaussian density’s normalizing constantk(γ ) whenn is large. InSection 3, we
specify our method for approximating logk(γ ), as well as the approximation method of
Barry and Pace [1]; both are Monte Carlo methods.Section 4is devoted to maximum
likelihood estimation, including formulas for asymptotic variances of the estimates. In
Section 5, our methodology is compared to that of Barry and Pace on a dataset of average
prescription amounts in cantons of south-west France. The performance of our estimation
method with respect to the number of regionsn is also investigated via simulation.
Conclusions and discussions are given inSection 6, followed by a technical appendix.

2. Likelihood equations

Recall from (4) that dataZ ≡ (Z1, . . . , Zn)′, distributed according to a CAR model,
have joint distribution,

[Z]= Gau(Xβ, (I − C(γ ))−1Φτ2) ≡ Gau(Xβ,Σ ), (5)

where theparameter space is

P ≡{β, τ2, γ : β ∈ R
p; τ2 > 0; γ ∈ R

q;
p + q < n; Φ−1(I − C(γ )) is symm., p.d.}. (6)

To estimate the parameters, we propose maximum likelihood estimation. The likelihood is,

�Z(β, τ2, γ )≡{(2πτ2)−n/2|Φ|−1/2/k(γ )}
× exp{−(1/2)(Z − Xβ)′Φ−1(I − C(γ ))(Z − Xβ)/τ2},

where thenormalizing constant is,

k(γ ) ≡ |I − C(γ )|−1/2. (7)

For smalln, evaluation of this determinant causes no problem, but for largen (order of
thousands, tens of thousands, and up), it is a barrier to likelihood-based inference onγ

(and hence onβ andτ2). Notice that the evaluation of|Φ|, theother determinant in the
likelihood, is straightforward, since it is diagonal.

We now show that a simple transformation reduces the problem to one where
conditional variances are equal (conditional homoskedasticity). Write

Z̃ ≡ Φ−1/2Z. (8)



4 N. Cressie et al. / Statistical Methodology 2 (2005) 1–16

Then

[Z̃] = Gau(X̃β, (I − C̃(γ ))−1τ2) ≡ Gau(X̃β, Σ̃ ), (9)

whereX̃ ≡ Φ−1/2X andC̃(γ ) ≡ Φ−1/2C(γ )Φ1/2; and since the information content of
Z̃ andZ is identical, inference onβ, τ2, andγ can be based equivalently on the likelihood
of Z̃,

�Z̃(β, τ2, γ )≡{(2πτ2)−n/2/k(γ )} exp{−(1/2)(Z̃ − X̃β)′

× (I − C̃(γ ))(Z̃ − X̃β)/τ2}. (10)

Notice that the problem with computing the normalizing constantk(γ ) remains, and in fact

k(γ ) = |I − C(γ )|−1/2 =|Φ1/2(I − C̃(γ ))Φ−1/2|−1/2

=|I − C̃(γ )|−1/2.

The negative loglikelihood is,

LZ̃(β, τ2, γ ) ≡ − log�Z̃(β, τ2, γ ). (11)

Considerγ ∈ P , fixed for the moment; then minimizingLZ̃ with respect toβ(∈ R
p) and

τ2(> 0) is easily seen to yield estimates:

β̂(γ ) = (X̃′(I − C̃(γ ))X̃)−1X̃′(I − C̃(γ ))Z̃

τ̂2(γ ) = (Z̃ − X̃β̂(γ ))′(I − C̃(γ ))(Z̃ − X̃β̂(γ ))/n.

Substituting these estimates back intoLZ̃ given by (11), we obtain a negative logprofile
likelihood:

LZ̃(γ )≡ LZ̃(β̂(γ ), τ̂2(γ ), γ )

= (n/2)(log(2π) + 1) + logk(γ )

+ (n/2) log[Z̃′
(I − C̃(γ ))

× {I − X̃(X̃′(I − C̃(γ ))X̃)−1X̃′(I − C̃(γ ))}Z̃/n]. (12)

Minimizing this with respect toγ ∈ P yields the maximum likelihood estimator, which
we denote aŝγ . Then the maximum likelihood estimators of the regression parameters,
the variance parameter, and the spatial-autoregressive coefficients are, respectively,β̂(γ̂ ),
τ̂2(γ̂ ), andC(γ̂ ).

The first term in the expression forLZ̃(γ ) is constant, and the third term is
straightforward to compute, but the second term involves the normalizing constantk(γ ). In
this article, we present a simulation-based approximation ofk(γ ), obtained by generating
realizations of Gaussian random variables (Section 3). This is used in an optimization
routine that minimizesLZ̃(γ ) and does not require derivatives (Section 4).

There is quite a large literature on the computation of the normalizing constantk(γ ),
mostly for the special case whereγ is one dimensional(q = 1) and

C(γ ) = γ H, (13)

whereH ≡ (hi j ) is aknown(n × n) matrix whose diagonal elements are zero and such
that H̃ ≡ Φ−1/2HΦ1/2 is symmetric. If the eigenvalues of̃H are known, thenk(γ ) is
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straightforward to compute (e.g., [18,8]). Pace [19] and Pace and Barry [20,21] apply a
Cholesky decomposition to take advantage of the sparsity ofH̃ , although both approaches
break down whenn is moderate to large. Smirnov and Anselin [24] have an exact method
that can handle large datasets, although its implementation requires special insight for
each particular choice of{N(i ): i = 1, . . . , n}. Approximation methods have been tried
(e.g., [9,10,15,1]), but it is only the Barry and Pace [1] work that can handle truly large
datasets. Their method is simulation based, like ours. While it is similar to our method,
it differs in a few key features (Section 6); in particular, their method only works for
C(γ ) = γ H , which represents a roadblock if the spatial-dependence model can include
both a parameter for nearest neighbors and a parameter for second-nearest neighbors (e.g.,
C(γ1, γ2) = γ1H1 + γ2H2). In fact, for moderate-to-large datasets andq ≥ 2, there is
no method other than ours available. Hence, for the example given inSection 5, where we
compare our method to that of Barry and Pace [1], we consider only the simple CAR model
whereq = 1; thatis,

[Z] = Gau(Xβ, (I − γ H )−1Φτ2), (14)

or equivalently,

[Z̃] = Gau(X̃β, (I − γ H̃)−1τ2), (15)

where recall that̃X = Φ−1/2X and thatH̃ = Φ−1/2HΦ1/2 is symmetric.

3. Approximating the CAR normalizing constant

In this section, we propose an approximation of the CAR normalizing constant that is
based on simulation. The methodology that we use relies on the law of large numbers to
guarantee that the approximation can be made arbitrarily close (almost surely) to the true
value, simply by increasing the number of simulations. FromSection 2, the CAR model
considered in this paper has likelihood function obtained from then-variate Gaussian
distribution (9), with normalizing constantk(γ ) = |I − C̃(γ )|−1/2.

Suppose[S] = Gau(0, (I − C̃(γ ))−1); that is, S is a (n × 1) vector of spatially
dependent, normalized (i.e.,µ = 0, τ2 = 1) CAR random variables. Notice thatS is easy
to simulate using the software described by Rue [23], which uses algorithms for reordering
the sites in order to obtain a precision matrix with a banded structure with a bandwidth as
small as possible. Moreover, for very large problems, he proposes two schemes to reduce
the computational burden, one based on block sampling and the other one a divide-and-
conquer strategy that reduces the memory requirement toO(n). Now observe that

E(exp{−S′C̃(γ )S/2})= (2π)−n/2k(γ )−1
∫

exp{−u′C̃(γ )u/2

− u′(I − C̃(γ ))u/2}du

=k(γ )−1.

That is,

logk(γ )=− log[E(exp{−S′C̃(γ )S/2})]. (16)
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GenerateS(1), . . . , S(L) independently according to Gau(0, (I − C̃(γ ))−1). Then, by the
law of large numbers and Slutsky’s theorem, logk(γ ) can be approximated by,

logk∗(γ ) ≡ − log

[
(1/L)

L∑
�=1

exp{−S(�)′C̃(γ )S(�)/2}
]

. (17)

For the simpleCAR model whereC(γ ) = γ H and hencẽC(γ ) = γ H̃ ,

logk∗(γ ) = − log

[
(1/L)

L∑
�=1

exp{−γ S(�)′H̃S(�)/2}
]

. (18)

The expression for logk∗(γ ) will be compared inSection 5to the Barry and Pace [1]
approximation,

logk@(γ ) ≡ (1/L)

L∑
�=1

(n/2)

M∑
m=1

(W(�)′ H̃ mW(�)/W(�)′W(�))(γ m/m), (19)

whereW(1), . . . , W(L) are generated independently according to Gau(0, I ). Barry and
Pace [1] show that

E(logk@(γ ))=
M∑

m=1

tr(H̃ m)γ m/m

�−(1/2) log |I − γ H̃ |
= logk(γ ),

where the approximation in the second line is due to Martin [15] and isvalid provided
|γ | < min(|λ−1

1 |, |λ−1
n |). From theAppendix A, λ1 ≤ λ2 ≤ · · · ≤ λn are the ordered

eigenvalues of̃H , λ1 < 0 < λn, and the CARmodel is well defined ifλ−1
1 < γ < λ−1

n .
Thus, the restriction onγ for the Barry–Pace approximation to hold is generally a proper
subset of the parameter space. Notice that their expression for logk@(γ ), which depends
on specification of a finite truncation parameterM, will never converge to logk(γ ), no
matter how large theirL is.

In the section that follows, we show how the approximation logk∗(γ ) (and logk@(γ )

for q = 1) can be used to obtain (approximate) maximum likelihood estimators ofβ, σ 2,
andγ , along with asymptotic standard errors.

4. Maximum-likelihood inference

From (12), the negative log profile likelihood ofγ is, up to an additive constant,

LZ̃(γ ) = logk(γ ) + (n/2) log[RSS(γ ; Z̃)], (20)

where

RSS(γ ; Z̃) ≡ Z̃
′
(I − C̃(γ )){I − X̃(X̃′(I − C̃(γ ))X̃)−1X̃′(I − C̃(γ ))}Z̃.
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Now define the version ofLZ̃(γ ) where logk(γ ) is approximated by logk∗(γ ), given by
(17), as:

L∗̃
Z
(γ ) ≡ logk∗(γ ) + (n/2) log[RSS(γ ; Z̃)]. (21)

We use anumerical optimizer based on golden-section search and parabolic interpolation
(e.g., [6]) within the Matlab toolbox, that does not require derivatives, to obtainγ̂ ∗, the
minimizer ofL∗̃

Z
(·).

Whenγ is one dimensional(q = 1), we also have aversion ofLZ̃(γ ) where logk(γ )

is replaced with the Barry–Pace approximation logk@(γ ), given by (19):

L@
Z̃

(γ )≡ logk@(γ ) + (n/2) log[RSS(γ ; Z̃)]. (22)

Using the same numerical optimizer as referred to in theprevious paragraph, we obtain
γ̂ @, the minimizer ofL@

Z̃
(·).

The estimator̂γ ∗ yields approximate maximum likelihood estimators (MLEs) forβ, τ2,
andγ , namely

β̂
∗ ≡ β̂(γ̂ ∗), (̂τ ∗)2 ≡ τ̂2(γ̂ ∗), and γ̂ ∗, (23)

respectively. Forq = 1, the estimator γ̂ @ yields, in a similar manner, Barry–Pace
approximate MLEs:

β̂
@≡ β̂(γ̂ @), (̂τ@)2 ≡ τ̂2(γ̂ @), and γ̂ @. (24)

It is worth noting that Barry and Pace [1] neveractually considered the consequences
of their normalizing-constant approximation on maximum likelihood estimation. They
consider only the accuracy of their approximation as a function ofγ . In the example
presented inSection 5, theparameterq is equal to 1, which allows us to compare the set of
approximate MLEs,̂β

∗
, (̂τ ∗)2, andγ̂ ∗, proposed in this article, to the set of approximate

MLEs, β̂
@

, (̂τ @)2, andγ̂ @, implied by thepaper of Barry and Pace [1].
MLEs in a spatial setting have asymptotic confidence regions associated with them that

are obtained from the multivariate Gaussian distribution; see [14], who give the regularity
conditions for which{(β̂ ′

, τ̂2, γ̂ ′)′ − (β ′, τ2, γ ′)′} is asymptotically

Gau(0, J−1), (25)

whereJ is the(p + q + 1) × (p + q + 1) expected information matrix:

J =
[

Jβ 0
0 J(τ2,γ )

]
, (26)

Jβ ≡ X̃′Σ̃−1X̃, Σ̃ = var(Z̃), the(a, b)-th element ofJ(τ2,γ ) is (1/2)tr(Σ̃−1Σ̃aΣ̃−1Σ̃b) =
(1/2)tr(Σ̃ Σ̃aΣ̃ Σ̃b); a, b = 1, . . . , q + 1, and

Σ̃1 ≡ ∂Σ̃/∂τ2, Σ̃a ≡ ∂Σ̃/∂γa−1; a = 2, . . . , q + 1

Σ̃1 ≡ ∂Σ̃−1/∂τ2, Σ̃a ≡ ∂Σ̃−1/∂γa−1; a = 2, . . . , q + 1.

In practice, estimates ofβ, τ2, andγ are substituted intoJ−1 to yield estimated variances
and covariances of the (true and approximate) MLEs.
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Fig. 1. Cantons in the Midi-Pyrénnées, south-west France,shown in Lambertprojection. Dots are located at the
centroids of the 268 cantons for which there were average-prescription data in the year 1999. Units on the abscissa
and ordinate are in meters.

The next section gives an illustration of the computation of true and approximate MLEs
for a dataset concerned with average prescription amounts in cantons of south-west France.
The section concludes with simulations to compare the true and approximate MLEs.

5. Spatial analysis of average prescription amounts

The database that we use to illustrate our method comes from the Union Régionale des
Caisses d’Assurance Maladie (URCAM) of the Midi-Pyrénnéesregion in the south-west
of France. It contains 80 variables concerning the activity of all the general-practitioner
doctors in 268 cantons of the area (after elimination of the cantons that have no doctors)
during the period January 1, 1999–December 31, 1999.Fig. 1 shows thepart of France
containing the 268 cantons; the principal center of population is Toulouse.

The public health insurance system URCAM would like to control expenses and it is
particularly interested in the cost of prescription per consultation (either in the doctor’s
office or in the patient’s home). LetZi denote this average prescription amount in thei -th
canton; thenZi is a rate, and we can write

Zi = Ti

Ei
, (27)

whereTi is the total prescription amount andEi is the number of consultations involved;
i = 1, . . . , 268.
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Fig. 2. Scatterplot of Z ≡ average prescription amounts (in units of French francs) versusX ≡ percentage of
patients 70 or older, in 1999 for the 268 cantons shown inFig. 1.

Exploratory data analysis showed that the variable most correlated with{Zi } was{Xi },
whereXi is the percentage of patients 70 or older in thei -th canton;i = 1, . . . , 268.Fig. 2
is a plot ofZ versusX, which indicates positive dependence betweenZ andX.

BecauseZ is a rate (prescription amount per consultation), it is natural to suspect that
its variability will not be constant across cantons. Specifically, we expect the variability to
be inversely proportional to the number of consultations. Furthermore, we expect there
to be spatial dependence between the cantons. Finally, the effect of averaging in the
definition of the dependent variableZ leads us to use a Gaussian model. That is, we model
Z ≡ (Z1, . . . , Z268)

′ according to (14); specifically,[Z] = Gau(Xβ, (I − γ H )−1Φτ2),
whereX = (1, X) is the(268× 2) matrix of explanatory variables,X ≡ (X1, . . . , X268)

′,
β = (β1, β2)

′, Φ = diag(1/E1, . . . , 1/E268), andH is a(268× 268) spatial-dependence
matrix whose form will be given in the following subsection.

5.1. CAR model for rates

In what follows, we shall make the case for a particular choice of CAR model for the
dataset under consideration. Recall fromSection 3that Barry and Pace [1] only developed
their methodfor the simple CAR model (14), whereX is a known (n × p) matrix of
covariates,p < n, H = (hi j ) is a known (n × n) matrix, Φ = diag(φ1, . . . , φn) is
a known (n × n) diagonal matrix that captures the conditional heteroskedasticity, and
H̃ ≡ Φ−1/2HΦ1/2 is a (n × n) symmetric matrix. From (6), the parameter space of the
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simple CAR model is

P ≡ {β, τ2, γ : β ∈ R
p; τ2 > 0; γ ∈ R; p + 1 < n; I − γ H̃ is p.d.}. (28)

In Appendix A, we present anargument to link a model ofΦ with that of H . The
conclusion ofAppendix Ais that if we wantγ to be interpretable as a unitless (partial)
spatial correlation, we should choose

hi j = φ
1/2
i /φ

1/2
j ; j ∈ N(i ), i = 1, . . . , n. (29)

The spatial-rates CAR model [5, p. 557] discussed inAppendix A satisfies this
condition and it is this model that we shall use to analyze the dataset. Specifically,
for modeling averages and rates,Φ = diag(1/E1, . . . , 1/En), and hence H =
((E1/2

j /E1/2
i )I ( j ∈ N(i ))), whereEi is (proportional to) the denominator of thei -th rate;

i = 1, . . . , n.
Recall fromSection 2that it is equivalent to make inference onβ, τ2, andγ in a CAR

model through the negative loglikelihood (11) obtained from[Z̃] = Gau(X̃β, (I −γ H̃ )τ2),
whereX̃ = Φ−1/2X. It is a simplematter to show that for the spatial-rates CAR model,
H̃ ≡ (̃hi j ) is given by

h̃i j =
{

1; j ∈ N(i )
0; elsewhere,

(30)

which is the simple indicator function of the spatial-neighborhood structure.

5.2. Spatial-rates CAR model for average prescription amounts

Based on the spatial-rates CAR model given in the previous section, we wish to
make maximum-likelihood inference on regression parametersβ = (β1, β2)

′, variance
parameterτ2, and spatial-dependence parameterγ . We defined the spatial neighborhoods
according to the following distance criterion: for thei -th canton,j ∈ N(i ) if the distance
di j between the centroid of cantoni and the centroid of cantonj satisfies 0< di j ≤ 30 km;
i = 1, . . . , 268. In this case, the minimum and maximum eigenvalues ofH̃ satisfyλ−1

1 =
−0.21 andλ−1

n = 0.0551, and henceI − γ H̃ is positive-definite if−0.21 < γ < 0.0551.
However, fromSection 4, Barry and Pace’s approximation to the normalizing constant
holds only if−0.0551< γ < 0.0551, which is more restrictive onγ .

In the rest of this section, we compare our new estimatorsβ̂
∗
, (̂τ ∗)2, andγ ∗ with

those of [1], namelyβ̂
@

, (̂τ @)2, andγ̂ @, all defined in Section 4. Thegold-standard of
comparison is the true maximum likelihood estimatorsβ̂, τ̂2, andγ̂ , whichare possible to
compute in this case becausen is only 268. (It is for this reason, to have a valid comparison,
that we chose a reasonably sized dataset.)

In order to calibrate the two approximations, we did some initial timing experiments
and found that we could compute estimates based onL∗̃

Z
(·) about 20 times faster than

those based onL@
Z̃

(·). Therefore, we usedL = 17 600 for our approximate MLEs (22) and
L = 1006 (truncation parameterM = 50) for the Barry–Pace approximate MLEs (23).
The estimates as well as their standard deviations (seeSection 4) are presented inTable 1;
the example shows that the approximate estimates are statistically indistinguishable from
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Table 1
Comparison of true MLEs (first pair of lines), Barry–Pace approximate MLEs (second pair of lines), and our
proposed approximate MLEs (third pair of lines) for the parameters(β1, β2), τ2, andγ of the spatial-rates CAR
model fitted to the dataset of average prescription amounts in south-west France

Profiles β1 β2 τ2 γ

LZ̃(·) 245.2 2.53 3.058× 107 0.0515
(8.12) (0.49) (0.27× 107) (0.0043)

L@
Z̃

(·) 245.4 2.52 3.052× 107 0.0521

(8.14) (0.49) (0.27× 107) (0.0037)

L∗̃
Z
(·) 244.7 2.57 3.074× 107 0.0494

(8.04) (0.48) (0.27× 107) (0.0060)

Standard errors are given in parentheses below the estimates.

each other and from the true estimates. However, there can be important advantages to our
proposed estimators, as we discuss inSection 6.

5.3. Simulation results

Two small simulation studies were implemented to compare estimators. The first study
was conducted on the samen = 268 cantons as for the example involving average
prescription amounts. We simulated a CAR process with the same mean and the same
matrix H as in that example, but with different values of spatial-dependenceγ . The
three estimators, the exact MLE, the Barry–Pace approximate MLE, and our proposed
approximate MLE could be viewed as “treatments” in an analysis of variance (ANOVA).
An ANOVA table was computed(not given), from which we concluded there was no
significant difference between the three methods.

The second study investigated the relative efficiency of our approximation relative to
the true estimator asthe number of regionsn was increased. To do this, we created a
regular square lattice of unit spacing andn sites, wheren = (10)2, (11)2, . . . , (20)2, and
we declared any pair of sites to be neighbors if they were separated by a distance≤8
units. Based on the spatial-rates CAR model,̃H is the spatial contiguity matrix, which
here we denote as̃Hn to emphasize itsdependence onn. We then simulated K times
(K = 30) a CAR process with mean zero and variance–covariance matrix(I − γ H̃n)

−1;
we choseγ = 0.05, a value that satisfies the positive-definiteness constraints given in
Appendix A for eachn. Let Mn denote the mean squared error of the exact MLEγ̂n

obtained from theK simulations of the CAR process. Likewise, letM∗
n denote the mean

squared error of our approximate MLÊγ ∗
n (L = 17 600 in (17) was used). Then the ratio

En ≡ Mn/M∗
n is the relative efficiency of our proposed approximation.Fig. 3shows aplot

of En versusn, from which it is clear that the relative efficiency is near 1.

6. Discussion and conclusions

In this article, we have shown how simulation-based approximations to the normalizing
constant in a CAR model can be used to obtain approximate maximum likelihood
estimators of the regression parameters, the variance parameter, and the spatial-dependence



12 N. Cressie et al. / Statistical Methodology 2 (2005) 1–16

Fig. 3. Efficiency of̂γ ∗ relative to MLE γ̂ , as a function of the number of sites.

parameter. The leading simulation-based approximation, due to Barry and Pace [1], is
compared to a new simulation-based approximation that has several distinct advantages.
First, it is defined for a general class of Gaussian Markov random fields whose spatial
dependence can be described by multiple parameters appearing (possibly nonlinearly) in
the spatial autoregressive coefficients. Second, its computation is completely automatic and
does not rely on the pre-specification of a truncation parameter. Third, it is not restricted in
its applicability by bounds on the spatial-dependence parameter (other than the usual ones
required for positive-definiteness of the model’s variance–covariance matrix).

To show how the maximum-likelihood approximations work, we chose an example
for which sample sizen was small enough to be able to compute the true maximum
likelihood estimates, and for which the model was in the restricted parameter space where
the Barry–Pace approximation is applicable. The data are rates, and this led to a new
result (given inAppendix A) that links conditional variances and the spatial-dependence
parameter in the simple CAR model.

Our conclusion is that both approximation methods work about as well and they provide
excellent approximations to the true maximum likelihood estimates. We prefer our new
simulation-based approach for its extra generality, as specified by the three advantages
given above.
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Appendix A

From (14), recall that the simple(q = 1) CAR model is,

[Z] = Gau(Xβ, (I − γ H )−1Φτ2).

In what isto follow, we present an argument to link a model ofΦ to that ofH . Recall that
the conditional variances are expressed as,

τ2
i = φi τ

2; i = 1, . . . , n,

where the entries ofΦ = diag(φ1, . . . , φn) are known. Using a Taylor expansion,Σ =
var(Z) can be approximated as follows,

Σ = (I − γ H )−1Φτ2

� (I + γ H + O(γ 2))Φτ2.

Now becausehii = 0, then to first order the diagonal elements ofΣ = (σi j ) satisfy,

σi i � φi τ
2; i = 1, . . . , n.

Weshall digress for a moment to consider a random variableV (meanµV , varianceσ 2
V )

that we would like to regress on a random variableU (meanµU , varianceσ 2
U ). Then the

simple linear regression for predictingV from U is,

V = µV + ρ(σV/σU )(U − µU ),

whereρ is the correlation betweenU andV . In other words, the slope of the regression
line is very simply related to the unitless, and interpretable, correlation parameterρ, and
vice versa.

Now recall that for an autoregression, we relateZi to Z j , roughly according toZi =
µi +γ hi j (Z j −µ j ). (There are other variables present, but we shall ignore them to make the
intuition easier to follow.) Then, following the same reasoning as above, we take the slope
parameterγ hi j and multiply it by the ratio(σ 1/2

j j /σ
1/2
i i ), to obtain a spatial-dependence

parameter that can be interpreted as a unitless correlation taking values from−1 to 1:

ρ =γ hi j (σ
1/2
j j /σ

1/2
i i )

�γ hi j φ
1/2
j /φ

1/2
i .

Clearly, if we wantγ to be a unitless (partial) correlation parameter that can take values
from −1 to 1, then up to theapproximation given, it is necessary and sufficient that

hi j = φ
1/2
i /φ

1/2
j .

The spatial-rates CAR model given below satisfies this relationship. In fact, [5, p. 437],
gives a general result for partial correlations of CAR models that reduces to

{corr(Zi , Z j | Z−i,− j )}2 = γ 2; j ∈ N(i ), i = 1, . . . , n,
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for the spatial-rates CAR model. The neighborhoods CAR model given below contains a
spatial-dependence parameter that is not interpretable as a partial correlation.

A.1. The neighborhoods CAR model

Assume that in (14),

Φ = diag(|N(1)|−1, . . . , |N(n)|−1),

where|N(i )| is the number of neighbors of regioni ; i = 1, . . . , n. [4] specify that the
matrix H = (hi j ) in (14) be modeled as,

hi j =
{

1/|N(i )|; j ∈ N(i )
0; otherwise.

Because

hi j |N(i )| = |N(i )|/|N(i )| = 1 = h j i |N( j )|,
HΦ is symmetric and henceΦ−1/2HΦ1/2 is symmetric, as required. However, it is not
true thathi j = φ

1/2
i /φ

1/2
j . As a consequence, the spatial-dependence parameterγ in the

neighborhoods CAR model, defined byH andΦ above, is not interpretable as a unitless
correlation parameter that can take values from−1 to 1.

The matrix (I − γ H )−1Φ is positive-definite if and only if the matrixΦ−1/2(I −
γ H )Φ1/2 = I − γ H̃ is positive-definite, where recall that̃H = Φ−1/2HΦ1/2. The entries
of H̃ are 1/(|N(i )||N( j )|), if i is a neighbor of j or if j is a neighbor ofi with i �= j , and
0 elsewhere. Letλ1 ≤ λ2 ≤ · · · ≤ λn denote the ordered eigenvalues ofH̃ . Thenfrom
Lemma 2 of [25], λ1 < 0 < λn, andfrom Theorem 1 of [25], I − γ H̃ is positive-definite
if λ−1

1 < γ < λ−1
n .

A.2. The spatial-rates CAR model

This model was proposed for modeling averages and rates [5]; that is, suppose that
Zi = Ti /Ei , where the total number in regioni , Ei , is known;i = 1, . . . , n. Assume that
in (14),

Φ = diag(E−1
1 , . . . , E−1

n ).

Then for reasons given at the beginning ofAppendix A, let the entries of the matrixH in
(14) be

hi j =
{
(Ej /Ei )

1/2; j ∈ N(i )
0; otherwise.

Because

hi j /Ej = (Ej /Ei )
1/2/Ej = 1/(Ei Ej )

1/2 = h j i /Ei ,

HΦ is symmetric and henceΦ−1/2HΦ1/2 is symmetric, as required. Notice thathi j =
φ

1/2
i /φ

1/2
j , andhenceγ is interpretable as a unitless (partial) correlation parameter.

Using asimilar argument to that given for the neighborhoods CAR model, the matrix
(I − γ H )−1Φ is positive-definite if and only ifH̃ = Φ−1/2HΦ1/2 is positive-definite.
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Here the entries of̃H are 1, if i is a neighbor of j or if j is a neighbor ofi with i �= j ,
and 0 elsewhere. This means thatH̃ can be viewed as the contiguity matrix with respect
to the chosen neighborhood structure. Recall thatλ1 ≤ λ2 ≤ · · · ≤ λn are the ordered
eigenvalues of̃H . Thenfrom Lemma 2 of [25], λ1 < 0 < λn, andfrom Theorem 1 of [25],
the CAR model has a positive-definite covariance matrix ifλ−1

1 < γ < λ−1
n .
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