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Preface

I developed this set of notes for teaching Honors Econometrics at University of Chicago in Spring
Quarter 2011 and Winter Quarter 2012 as well as teaching Econometrics B in Spring Quarter 2013.
The present draft of these notes owes much to the comments from students and my TAs, Xan
Vongsathorn and Ignacia Mercadal. Any remaining typos or errors are my own. This set of notes is
still a work in progress, but I have published these notes in the hope that they will be helpful beyond
the courses I teach. Please e-mail questions, suggestions or corrections to cookson@uchicago.edu.

This course is an introductory econometrics course that assumes familiarity with probability and
mathematical statistics at the multivariate calculus level. These notes cover topics that are appropri-
ate for a 15-week course1 for advanced undergraduates at an honors level. The material presented
in these notes is a preview/ bridge to the study of econometrics at the graduate level as well as
an advanced introduction to econometrics. For this reason, advanced undergraduates and first-year
graduate students in economics (master’s students and Ph.D. students looking for a succinct econo-
metrics review) are the appropriate target audience for this text.

When I teach this course, Chapters 1-3 are covered before the midterm, which goes through Ordi-
nary Least Squares in multiple regression. Chapters 4 and 5 comprise the remainder of the course,
which surveys topics in generalized least squares, maximum likelihood and instrumental variables.
I added Chapters 6-9, which cover topics from the first half of Econometrics B.

Each chapter has exercises throughout the text that involve proving theorems, claims or important
results in econometrics. At the end of each chapter, there are exercises that are usually more in-
volved. Some of these require statistical computation. In addition, I have included more involved
data projects that I have assigned to my students. When I teach the course, I have a dual-language
requirement in Stata and R. All of the computational exercises can be done in R, but doing them
in both languages can be a useful exercise in the practice of econometric methods. Although there
are a variety of introductions to R available, I have made a YouTube playlist of R video tutori-
als to cover the basics.2 You may access any data referenced in the text from the notes website
metrics.tonycookson.com.

There is much more to the study of econometrics than is contained in these notes. I have found
that pairing these notes with ?’s Mostly Harmless Econometrics is an effective combination for an
advanced introduction to econometrics. In the latter half of the book, the coverage of treatment
effects, GMM, and panel data also pairs well with Wooldridges’s Econometric Analysis of Cross
Section and Panel Data. Some excellent references that go beyond the material in these notes
are Wooldridge’s Introductory Econometrics (??). A separate comprehensive resource is Greene’s
Econometric Analysis (?). Finally, a good textbook for background on probability and mathematical
statistics is Casella and Berger’s Statistical Inference (?).

1They are a combination of my notes for Honors Econometrics (10 weeks) and my notes for the first half of Econo-
metrics B (5 weeks).

2http://www.youtube.com/playlist?p=PL27C2ADEE810BEC09
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CHAPTER 1

A Condensed Review of Probability and Statistics

This chapter provides an overview of probability concepts that serve as the foundation for econo-
metrics. A more expansive treatment of these concepts is given in ?. For a video introduction to
many of the topics covered here, check out my econometrics math YouTube playlist.1

1.1. Probability

DEFINITION 1.1.1. An experiment is any process that produces an outcome that is unknown in
advance. The realizations of an experiment are called outcomes. Denote outcomes with ω . The set
of all outcomes is called the sample space. Denote the sample space as Ω. Sets of realizations of
an experiment are called events. Use capital letters near the beginning of the alphabet – A,B,C...–
to denote events. Events are subsets of the sample space... A ⊂ Ω. The sample space is an event,
so is the null set (denoted, ∅; the set with no outcomes). The collection of all events is called the
sigma algebra, denoted B.

Formally, we define probability of an event in two ways.

DEFINITION 1.1.2. The frequentist interpretation of probability is to imagine running the same
experiment repeatedly (until the end of time). The probability of an event is the long-run fraction of
the number of times that the event occurs among all of the times you repeatedly run the experiment.

Although this is the most useful interpretation of probability, there are other interpretations of prob-
ability. Most intuitively, a probability is a likelihood between zero and one that we ascribe to the
occurrence of an event. An event with probability equal to one are certain to occur, while an event
with a probability equal to zero are certain to not occur. Note: This is a subjective interpretation
of probability that need not match precisely with the long-run interpretation. It is correct to think
of probability in subjective terms, but this suggests a more technical definition than our frequentist
interpretation.

If you want a technical definition for probability, here’s one:

DEFINITION 1.1.3. Given an experiment with a sigma algebra B, a probability measure is a
function P that takes events (A ∈B) and assigns to these events a number between 0 and 1. It must
satisfy three properties that are known as the Kolmogorov Axioms:

(1) If A ∈B, P [A]≤ 1.
(2) P [Ω] = 1
(3) If A1,A2, ... is a sequence of mutually disjoint events in B, P [∪∞

i=1Ai] = ∑
∞
i=1 P [Ai]

1http://www.youtube.com/playlist?p=PLFB79C7150CFA622E
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The important thing to note about this definition is that probability is a function that takes sets of
outcomes and turns them into numbers that we call probabilities. Intuitively, these probabilities
allow us to assess the likelihood of the events that they describe.

1.2. Random Variables, Distributions and Moments

DEFINITION 1.2.1. A random variable (RV) X is a function that takes outcomes from the sample
space Ω and maps them into real numbers.

Random variables bring all of the fun of probability to the real line. We can think of the range of
values that the random variable can take on as the outcomes (in the real line, denoted x; lower case
of the RV), sets of these outcomes are events (still denoted A,B,C...), the set of all outcomes is a
sample space (denoted S in the real line).

All of this is to say that once we have a random variable that we are interested in studying, we can
think of the RV as our summary of the experiment. Other dimensions of the experiment (some that
do not show up in our RV) may exist, but for the purposes of econometrics, we just need to know
that these dimensions might exist.

There are several types of RVs worth distinguishing.

DEFINITION 1.2.2. A discrete random variable is a random variable that can take on a finite
(technically, countable) number of points. That is, it maps into a countable subset of the real line.
Each of these countable number of points takes on a strictly positive probability.

Points in the real line for which the random variable takes on positive probability are called mass
points (or atoms).

DEFINITION 1.2.3. A continuous random variable is a random variable that can take on values in
a continuum (technically, an uncountable number of points), and there are no outcomes for which
the random variable takes on positive probability. That is, there are no mass points.

Why the second condition? There’s a third type of RV:

DEFINITION 1.2.4. A mixed (continuous-discrete) random variable is a random variable that
takes on a continuum of values, but there is at least one value for which the RV takes on positive
probability.

We’ll focus on discrete RVs and continuous RVs as two separate cases because it is easier to char-
acterize these cases, but most of the results of probability extend to mixed RVs as well.

For any type of RV, we will want to have a way to summarize the likelihoods of the various out-
comes. Distribution functions, densities and mass functions allow us to characterize the random
variable in a succinct manner.

DEFINITION 1.2.5. A distribution function (or cumulative distribution function, CDF) is the prob-
ability of the event (−∞,x]. It is a function of x, given by F (x) = P [X ≤ x]. Intuitively, the value of
the distribution function tells the probability that the random variable X takes on a value less than
or equal to x. CDFs have four properties:

(1) limx→−∞ F (x) = 0
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(2) limx→∞ F (x) = 1
(3) F (x) is non-decreasing.
(4) F (x) is “right continuous” (property stems from the ≤ sign in the definition)

Any function F (·) that satisfies these four properties is the CDF for some random variable.

CLAIM 1.2.6. On a useful note, if you want to know the probability that X is in an interval (a,b],
P [a < X ≤ b], compute P [a < X ≤ b] = F (b)−F (a). Convince yourself that this is true.

CDFs are useful, but it will often be convenient to summarize the distribution of the random variable
by a density or mass function.

DEFINITION 1.2.7. For a continuous RV, the probability density function (or pdf) is given by
f (x) = dF(x)

dx , the derivative of the CDF. By the Fundamental Theorem of Calculus, this implies
F (x) =

´ x
−∞

f (t)dt.

Using Claim 1.2.6, we can obtain a formula for P [a < X ≤ b] in terms of pdfs.

P [a < X ≤ b] = F (b)−F (a)

=

ˆ b

−∞

f (t)dt−
ˆ a

−∞

f (t)dt =
ˆ b

a
f (t)dt

That is, areas under pdfs are probabilities. If we want to compute the P [X = a], compute the proba-
bility X ∈ (a,a). Integrate from a to a. There’s no area. Hence, there’s no probability for the event
X = a (and there shouldn’t be; continuous RVs have no mass points).

DEFINITION 1.2.8. For a discrete RV, the probability mass function (or pmf) is given by f (x) =
P(X = x). Note that I am using the same notation for pmfs as I use for pdfs.

To relate the pmf to its CDF, denote A(x)≡{t : P [X = t]> 0, t ≤ x} as the set of points with positive
probability that are less than or equal to the real number x. Then, we can express the CDF as the
sum of these probabilities.

F (x) = ∑
t∈A(x)

f (t)

DEFINITION 1.2.9. Let S = {x : f (x)> 0} be the set of outcomes for which X = x has a strictly
positive pmf or pdf. This set S is called the support set.

Both pdfs and pmfs have two important properties:

(1) f (x)≥ 0
(2) For discrete RV, ∑x∈S f (x) = 1. For continuous RV,

´
S f (x)dx = 1.

Often a distribution will have a few key characteristics that are of interest. For example, we may
wish to know what is a typical (or average) value for the random variable to take. We might also
want to know something about the amount of dispersion or whether it is close to symmetric. These
aspects of the random variable are captured by its moments. The simplest moment is the expectation
(or mean) of the random variable:
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The expectation of a random variable X is given by E [X ] = ∑x∈S x f (x) if X is discrete and
E [X ] =

´
∞

−∞
x f (x)dx if X is continuous. To emphasize that E [X ] is constant with respect to X ,

we will often use the notation µX = E [X ].

The expectation measures the central tendency. If you imagine that a density is made out of some
solid material that is uniformly dense (say plywood), E [X ] would be the balancing point for the
distribution. For discrete RVs, the expectation is literally a probability weighted average. That is a
good intuition for how to think about expectations of RVs (discrete, continuous, or otherwise).

CLAIM 1.2.10. Any function of a random variable g(X) is a random variable itself. Hence, we can
compute its expectation.

DEFINITION 1.2.11. The expectation of a function of a random variable g(X) is given by
E [g(X)] = ∑x∈S g(x) f (x) if X is discrete and E [g(X)] =

´
∞

−∞
g(x) f (x)dx if X is continuous.

There are lots of important examples of expectations of functions of RVs:

The variance of a random variable X is just the expectation of a special function of X , σ2
X ≡

Var [X ] = E
[
(X−µX)

2
]
.

The variance measures the spread of the RV. The square root of the variance of X is called the
standard deviation, σX . If X is measured in miles, what are the units of variance? What are the units
of standard deviation?

Note that the variance is just the expectation of a function of the random vector where the function
is g(X) = (X−µX)

2.

CLAIM 1.2.12. Computational Form. Another way to write the variance is Var [X ] = E
[
X2
]
−µ2

X .
Can you verify that this is true?

FACT 1.2.13. Linear Formulas. Let Y = a+bX, where a and b are constants. Then, E [Y ] = a+bµX
and Var [Y ] = b2Var [X ]. Make sure you can verify this using prior results.

This fact implies that the expectation of a constant is just the constant and that the variance of the
constant is zero.

CLAIM 1.2.14. An indicator function g(x) = 1A (x) is a piecewise function that equals 1 if X ∈ A
and equals 0 otherwise. An important result is E [1A (X)] = P [X ∈ A]. Can you show this?

DEFINITION 1.2.15. The rth moment of a random variable X is given by E [X r]. Similarly, the rth

central moment is given by E [(X−µX)
r]. The third central moment is called skewness and the

fourth central moment is called kurtosis.

Roughly speaking, skewness measures the amount of asymmetry in the distribution of the RV;
kurtosis measures the “fatness” of the distribution’s tails.

DEFINITION 1.2.16. The moment generating function (MGF) of a random variable equals
MX (t) = E

[
etX
]
. The rth derivative with respect to t of the MGF evaluated at t = 0 equals the

rth moment (hence, the name) – M(r)
X (t) |t=0 = E [X r].
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1.3. Random Vectors, Joint Distributions and Covariance

Econometrics is concerned with understanding relationships between random variables. To do this,
we need to introduce the idea of a random vector.

DEFINITION 1.3.1. A k-dimensional random vector X is a function that takes outcomes from the
sample space of an experiment Ω and maps them into Rk.

To a first approximation, you can think of a random vector as a vector of random variables, but it is
more than that. The random vector includes all of the information about the relationships between
the random variables in the random vector. This is the primary advantage to working with random
vectors.

Analogously to random variables, we need a way to compactly describe the distribution of a random
vector.

DEFINITION 1.3.2. The joint CDF of a k-dimensional random vector X = (X1,X2, ...,Xk) is given
by the probability statement: F (x1,x2, ...,xk) = P [X1 ≤ x1,X2 ≤ x2, ...,Xk ≤ xk].

Just as with random variables, it is often easier to work with joint pdfs or pmfs. These are defined
analogously to the univariate pdfs and pmfs.

For a while, we will specialize to the case of the two-dimensional random vector X = (X ,Y ). The
definitions extend naturally to k-dimensions, but it is somewhat tedious to write down.

REMARK 1.3.3. A joint pdf f (x,y) of a continuous random vector X = (X ,Y ) must satisfy the
following useful properties:

(1) f (x,y)≥ 0 for all (x,y) ∈ R2

(2) P [a≤ X ≤ b,c≤ Y ≤ d] =
´ d

c

´ b
a f (x,y)∂x∂y

(3)
´

∞

−∞

´
∞

−∞
f (x,y)∂x∂y = 1

You may also encounter a discrete random vector, which we can describe using a joint pmf

REMARK 1.3.4. The joint pmf f (x,y) of a discrete random vector must satisfy similar properties,
but with sums over the appropriate (x,y) combinations instead of integrals.

Joint pdfs and pmfs are directly related to the univariate pdfs and pmfs, which are called marginal
pdfs or pmfs.

For X continuous, the marginal pdf of X , f (x) =
´

∞

−∞
f (x,y)∂y. For X discrete, the marginal

pmf of X , f (x) = ∑y∈SY f (x,y) (where SY is the support set for the random variable Y )

CLAIM 1.3.5. An indicator function g(x) = 1A (x) is defined in Claim 1.2.4. Using indicator func-
tion notation, can you write the analogous properties of the joint pmf of X = (X ,Y )?

FACT 1.3.6. A function of a random vector, g(X ,Y ), is a random variable. That is, it (typically) has
a univariate distribution, expectation, variance, and other moments from the previous section.

DEFINITION 1.3.7. The expectation of a function of a random vector E [g(X ,Y )] is given by
E [g(X ,Y )] =

´
∞

−∞

´
∞

−∞
g(x,y) f (x,y)∂x∂y.
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Relating this to the expectation of a function of a random variable, we make three subtle changes (a)
we insert g(x,y) instead of g(x), (b) we use the joint pdf f (x,y) instead of the ordinary (marginal)
pdf f (x), and (c) we integrate over the additional dimension.

EXERCISE 1.3.8. Using the above definitions, how would you write the variance of a function of
a random vector, Var [g(X ,Y )]? Hint: Because W = g(X ,Y ) is a random variable, we don’t need
a new definition.

FACT 1.3.9. Expectation of a linear combination. Let Z = aX + bY where a and b are constants
and X = (X ,Y ) is a random vector. Then, E [Z] = aE [X ]+bE [Y ].

This formula generalizes naturally to an arbitrary linear combination Z = ∑
N
i=1 ciXi implies E [Z] =

∑
N
i=1 ciE [Xi].

THEOREM 1.3.10. Jensen’s Inequality. Let g(X) be a convex function of a random variable. Then,
E [g(X)]≥ g(E [X ]). If g(X) is concave, the inequality is reversed.

This result formalizes the intuition that averages of a convex function are greater than extremes.
Can you provide a graphical proof of this intuition?

FACT 1.3.11. Variance of a linear combination. Let Z = aX +bY where a and b are constants and
X = (X ,Y ) is a random vector.

Then, Var [Z] = a2Var [X ]+b2Var [Y ]+2abCov [X ,Y ]. Can you verify this?

There are plenty of important special cases of the expectation of a function of a random vector.
Covariance is one of these:

DEFINITION 1.3.12. Given a random vector X = (X ,Y ), the covariance between X and Y
(Cov [X ,Y ]) is defined to be σXY =Cov [X ,Y ]≡ E [(X−µX)(Y −µY )].

EXERCISE 1.3.13. Covariances have many useful properties. As we will be working with covari-
ances frequently, you should understand these properties and why they are true:

(1) Cov [X ,X ] =Var [X ]
(2) Cov [X ,Y ] =Cov [Y,X ]
(3) Let Z = a+bX . Then, Cov [Z,Y ] = bCov [X ,Y ]
(4) Computational Form. Cov [X ,Y ] = E [XY ]−E [X ]E [Y ].

The magnitude of σXY depends on the overall variability of X and Y . If we change units, this
will change the observed magnitude of covariance. A rescaled/unitless measure of the association
between two random variables is given by the correlation.

DEFINITION 1.3.14. The correlation between X and Y , ρXY =Corr [X ,Y ] = Cov[X ,Y ]√
Var[X ]Var[Y ]

= σXY
σX σY

.

THEOREM 1.3.15. For any random vector X=(X ,Y ), the correlation ρXY ∈ [−1,1] where |ρXY |= 1
iff Y is a linear function of X.

Proof. Hint 1. In terms of σ2
X ,σ

2
Y and σXY , what is the minimum that Var [aX +Y ] can be? Hint 2.

Can Var [aX +Y ]< 0?

Covariance is one way to describe the relationship between random variables. Conditional expecta-
tion is another, but this depends on the conditional pdf or pmf.
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DEFINITION 1.3.16. Given a random vector X = (X ,Y ), the conditional pdf (or pmf) of Y given
X is defined to be f (y|x) = f (x,y)

f (x)

Using the conditional pdf (or pmf), we can compute the conditional expectation (I’ll do the contin-
uous case; you do the discrete case).

DEFINITION 1.3.17. Given a random vector X = (X ,Y ), the conditional expectation of Y given X
is defined to be E [Y |X ] =

´
∞

−∞
y f (y|x)dy.

Note that E [Y |X ] is still a function of X . Functions of random variables are random variables
themselves. Why is that the case here? Without being told which realization x to use for the
conditioning, we don’t know the value in advance of running the experiment. The notation for
referring to a particular conditional expectation is E [Y |X = x]. That is, E [Y |X = x] is a realization
while E [Y |X ] is a random variable and we can compute its expectation.

THEOREM 1.3.18. Law of Iterated Expectations. For any random vector X = (X ,Y ), EY [Y ] =
EX
[
EY |X [Y |X ]

]
. The subscripts on the expectation operators tell which pdf (or pmf) to use for the

expectation.

This is an incredibly useful theorem in econometrics. The proof uses Definition 1.3.16. Can you
prove this?

DEFINITION 1.3.19. We say that Y is mean independent of X if E [Y |X ] = c where c is some
constant.

EXERCISE 1.3.20. Consequences of Mean Independence. If Y is mean independent of X ,

(1) E [XY ] = E [X ]E [Y ]
(2) Cov [X ,Y ] = 0

DEFINITION 1.3.21. We say that two random variables X and Y are independent if the joint pdf
(or pmf) factors into the product of its marginals f (x,y) = f (x) f (y).

EXERCISE 1.3.22. Consequences of Independence. If X and Y are independent,

(1) f (y|x) = f (y)
(2) Y is mean independent of X .
(3) Cov [X ,Y ] = 0

1.4. Sampling and Estimators

Using these previous results, we can define a random sample from a population.

DEFINITION 1.4.1. A population random variable embodies an experiment whose properties we
would like to study.
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In practical applications, the population random variable has a distribution (CDF, pdf, pmf) with
tangible features we would like to study.2 We call features of the population random variable pa-
rameters of the population.

DEFINITION 1.4.2. A random sample of size N (X1,X2, ...,XN) from a population is N independent
and identical draws (iid) from the population distribution. A common shorthand notation for a
random sample is Xi ∼iid X for i = 1, ...,N.
Identical means that the distribution for Xi is the same as the population distribution X . Accord-
ingly, all of the parameters of Xi equal the corresponding parameters of X .

We will conceptually think of Xi as the ith observation from our random sample. From this perspec-
tive, it is clear that Xi is not equal to X . It as the ith observable run of the experiment represented by
X .

To connect with some of the previous concepts, our random sample is a really useful example
of a random vector. Assuming a continuous population, the random sample has a joint density
fX (x1,x2, ...,xN).

FACT 1.4.3. Given the definition of a random sample, Cov [Xi,X j] = 0 for i 6= j. Why?

EXERCISE 1.4.4. Show why the joint density from a random sample can be expressed as follows:

fX (x1,x2, ...xN) =
N

∏
i=1

fX (xi)

In this expression, note that X denotes the population random variable while X is shorthand for the
random sample in vector notation X = (X1,X2, ...,Xn).

Sometimes it is useful to think of the joint density of the random sample as a function of the param-
eters of the population. Denote the vector of these parameters as θ . It is common to use a semicolon
to indicate that the density is a function of the parameters, fX (x1,x2, ...,xN ;θ). The following defi-
nition introduces some terminology.

DEFINITION 1.4.5. Given a random sample with joint density (or pmf) fX (x1,x2, ...,xN ;θ), we call
the likelihood function L(θ |X) = fX (x1,x2, ...,xN ;θ) is the joint density (or pmf) thought of as a
function of the parameters of the population.

We will see later that one way to estimate these parameters is to pick parameter values that max-
imize the likelihood function (which is just the joint density). This is called maximum likelihood
estimation. More on this later.

DEFINITION 1.4.6. Given a random sample Xi ∼iid X , a statistic T = g(X1, ...,Xn) is a random
variable that is solely function of a random sample.

We will use statistics3 to learn about parameters of the population distribution. The next definition
introduces some terminology we will use extensively.

DEFINITION 1.4.7. Given a population with a parameter θ , an estimator θ̂ is a statistic that we use
to estimate θ .

2For example, let X be the population random variable. We may wish to know about the mean, median, variance or
95th percentile of X .

3In case it isn’t clear, the main text uses “statistics” to mean “functions of random samples” rather than the “field of
statistics” or “subject of statistics.”
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1.5. Small Sample Properties of Estimators

As an estimator is just a function of the random sample (which is a random vector), the estimator
is a random variable itself. Estimators have distributions, expectations and all of the properties of
random variables.

DEFINITION 1.5.1. We call distribution of an estimator θ̂ the sampling distribution of the estima-
tor.

The term sampling distribution refers to the fact that estimators take on different values for different
samples of size N from the population. This is a conceptual reminder that the variation from our
estimator arises from our sampling procedure.a

aAn important lesson here is that our estimator’s properties will be sensitive to how we take the sample. Although this
is not emphasized when we analyze the properties of our estimators, the sampling plan should be well designed. If
our sampling plan introduces additional sources of variability to the experiment or if the sample is not truly a set of N
independent draws from the population, our estimators will have worse properties. Once we study the basic properties of
estimators (and there is a lot to explore!), we will consider some of these topics.

In practice, we won’t take multiple samples. For this reason, we will not observe the sampling dis-
tribution of the estimators we use. This won’t constrain our analysis of sampling distributions much.
With some moderate assumptions, we can learn a remarkable amount of information about the prop-
erties of estimators from what we know about sampling distributions. One important property of
estimators is bias.

DEFINITION 1.5.2. An estimator θ̂ is unbiased for θ if E
[
θ̂
]
= θ . It is biased otherwise.

Conceptually, there are two strategies to show that an estimator is biased or unbiased.

(1) Derive the sampling distribution of θ̂ – denoted f
θ̂

(
θ̂
)

– and use it to compute the expec-
tation E

[
θ̂
]
=
´

θ̂ f
θ̂

(
θ̂
)

dθ̂ .
(2) Use properties of expectations, covariances, conditional expectations and / or the law of

iterated expectations to relate what you know about moments of the population distribution
to the expectation of θ̂ .

Strategy 1 is not practical for most applications. For this reason, we will usually use strategy 2 to
show that an estimator is (or is not) unbiased.

EXERCISE 1.5.3. Consider two independent random samples of the same size N (Xi ∼iid X , Yi ∼iid

Y ), where µX = E [X ] ,µY = E [Y ]. Define the estimators µ̂X = X̄ = ∑
N
i=1 Xi
N and µ̂Y = Ȳ = ∑

N
i=1 Yi
N

(1) Show X̄ is unbiased for µX . Show Ȳ − X̄ is unbiased for µY −µX .
(2) Compute the bias of θ̂ = (1−ρ)C+ρX̄ relative to θ = µX .
(3) Show θ̂ = X̄Ȳ is unbiased for µX µY . Hint: What is Cov [X̄ ,Ȳ ]?
(4) Show θ̂ = 1

X̄ is biased for 1
µX

. Hint: Is g(z) = 1
z concave or convex?

(5) Show θ̂ = (X̄)
2 is biased for µ2

X . Provide two distinct proofs (one similar to 3; another
similar to 4).

(6) Derive conditions when θ̂ = (X̄)
2 is unbiased for σ2

X .
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(7) Show S2
X = 1

N−1 ∑
N
i=1 (Xi− X̄)

2 is unbiased for σ2
X =Var [X ].

Hint 1: Xi− X̄ = (Xi−µX)− (X̄−µX)

Hint 2: Var [X̄ ] =
σ2

X
N . By itself, this is an important result. Can you show this?

Hint 3: Cov [Xi, X̄ ] 6= 0, but Cov
[
W,∑k

i=1 aiYi
]
= ∑

k
i=1 aiCov [W,Yi]. Do you remember

showing something like this?

EXERCISE 1.5.4. What changes in the previous exercise when we take a random sample from a
joint distribution, (Xi,Yi)∼iid (X ,Y ) where σXY =Cov [X ,Y ]. In addition, try the following:

(1) Show SXY = 1
N−1 ∑

N
i=1 (Xi− X̄)(Yi− Ȳ ) is unbiased for σXY . Use similar techniques as you

used for S2
X .

(2) Is θ̂ = SXY
S2

X
unbiased for σXY

σ2
X

in general?4

Another way to evaluate the quality of an estimator θ̂ is to compute its mean squared error (MSE).
All else constant, we will prefer estimators with lower mean squared error.

DEFINITION 1.5.5. The mean squared error of an estimator θ̂ for θ is MSE = E
[(

θ̂ −θ
)2
]
. We

can rewrite mean squared error as MSE =Var
[
θ̂
]
+
(
bias

(
θ̂
))2

. Can you show this?

MSE allows us to compare the performance of biased estimators and unbiased estimators. Because
MSE captures both the variance of the estimator and its bias in one measure, a comparison of MSE
will tell us that a low-variance biased estimator is better than an unbiased estimator with sufficiently
high variance.

EXERCISE 1.5.6. Take a random sample of size N > 5, Xi ∼iid X . Compute the MSE of the follow-
ing estimators of the population mean µX . Assume Var [X ] = σ2

X .

(1) θ̂ = X1+X2
2

(2) θ̂ = (1−ρ)C+ρX̄ where C is a constant.
(3) θ̂ = 3

2 (X1 +X2)− 2
3 (X3 +X4 +X5)

(4) θ̂ = X̄ = ∑
N
i=1 Xi
N

(5) θ̂ = ∑
N
i=1 Xi

N+1
(6) θ̂ = 5

If θ̂ is unbiased for θ , computing Var
[
θ̂
]

is a good way to evaluate the estimator relative to other
unbiased estimators. If we further restrict the class of estimators to linear estimators that are unbi-
ased, we get the following definition.

DEFINITION 1.5.7. The estimator θ̂ is a Best Linear Unbiased Estimator (BLUE) for θ is the
linear unbiased estimator θ with the lowest variance among all linear unbiased estimators θ̃ . That
is, for any θ̃ that is both linear and unbiased for θ , Var

[
θ̂
]
≤Var

[
θ̃
]
.

Consider the univariate setting for some intuition. Let Xi ∼iid X be a random sample. Then,θ̂ =

∑
N
i=1 âiXi is BLUE for θ if for any other linear unbiased estimator θ̃ (θ̃ =∑

N
i=1 aiXi such that E

[
θ̃
]
=

θ ), Var
[
θ̂
]
≤Var

[
θ̃
]
.

4We will revisit this question. This is an important estimator.
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EXERCISE 1.5.8. Show that X̄ is BLUE for µX .

Hint: First show that ∑
N
i=1 ai = 1 implies that θ̃ is unbiased for µ . Then minimize the variance of

θ̃ by picking the constants in the linear combination. It may be useful to re-express Var
[
∑

N
i=1 aiXi

]
using the special properties of the random sample (use Fact 3.3... but you know more).

1.6. Large Sample Properties of Estimators

It does not take an especially complicated econometric setting to make it difficult to verify that our
estimator has good small sample properties. In particular, determining the form of the sampling
distribution of θ̂ is usually impractical.5 Impractical or not, we need to know something about the
form of sampling distribution.

It seems like we are backed into a corner, but we can still make progress as long as we are willing
to use approximate methods. Our solution to this problem is to appeal to some powerful results
on convergence of sequences of random variables. Some of those results are summarized in this
section.

We will study three types of convergence of random variables: convergence in distribution, con-
vergence in probability and convergence in rth mean.6 Each type of convergence builds on what it
means for a sequence of real numbers to converge to a constant.

DEFINITION 1.6.1. A sequence of real numbers {ai}∞

i=1 converges to a real number a if for any
positive constant ε > 0, there is a point in the sequence of real numbers N∗ such that after that point
in the sequence N ≥ N∗, all of the elements in the sequence are within that positive constant of the
limit |aN−a|< ε .

We denote convergence of real numbers with limit notation:

lim
N→∞

ai = a

1.6.1. Convergence in Probability and Consistency of Estimators. Convergence in proba-
bility is an important tool in understanding the large sample properties of estimators.

DEFINITION 1.6.2. A sequence of random variables {Xn}∞

n=1 converges in probability to a limiting
random variable X if for any positive constant δ > 0, there is a point in the sequence of RVs after
which N ≥ N∗ the probability that XN is farther than δ away from X is arbitrarily small.a

More compactly, convergence in probability means, for any δ > 0,

lim
N→∞

P [|XN−X |> δ ] = 0

We denote convergence in probability of {Xn}∞

n=1 to X with the notation:

Xn
P−→ X

a“Arbitrarily small” means ∀δ > 0,∀ε > 0, ∀N ≥ N∗ P [|XN −X |> δ ]< ε

5As an exercise to convince yourself of the difficulty, try deriving the exact sampling distribution of X̄ when {Xi}N
i=1

is drawn iid from a uniform distribution on the interval [0,1].
6There is another stronger type of convergence called convergence in measure or convergence almost surely. For

our purposes, the three types of convergence in the main text will be enough.
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Most econometric applications of convergence in probability are for convergence in probability to
a constant: Xn

P−→ c, which can analogously be verified:

lim
N→∞

P [|XN− c|> δ ] = 0

DEFINITION 1.6.3. Let X1, ...Xn be a sample of size n from the population X with a parameter θ .
Consider an estimator θ̂n = g(X1, ...,Xn) computed for successively larger sample sizes. We say that
the estimator θ̂n is consistent for θ if θ̂n

P−→ θ .

On an intuitive level, consistency embodies two ideas: (1) The estimator is asymptotically unbiased
and (2) The variance of the estimator goes to zero as the sample size increases. These ideas are
captured precisely as an application of a related (but weaker) form of convergence, convergence in
rth mean.

DEFINITION 1.6.4. A sequence of random variables {Xn}∞

n=1 converges in rth mean to X if

lim
n→∞

E [(|Xn−X |)r] = 0

We denote convergence in rth mean with the notation Xn
r−→ X . A special case of convergence in rth

mean is convergence in mean square (r = 2):

lim
n→∞

E
[
(Xn−X)2

]
= 0

We denote convergence in mean square with the notation Xn
m.s.−−→ X .

FACT 1.6.5. Consider a sequence of random variables constructed from taking successively larger
samples and computing an estimator θ̂n. Convergence in mean square to a constant θ is equivalent
to asking whether MSEn = E

[(
θ̂n−θ

)2
]

converges to zero. Because we have the formula MSEn =

Var
[
θ̂n
]
+ bias2

(
θ̂n
)
. This implies that convergence in mean square requires both Var

[
θ̂n
]
→ 0

and bias
(
θ̂
)
→ 0.

THEOREM 1.6.6. Markov’s Inequality. Let X be a random variable and h(X) be a non-negative
function. Then, for any k > 0, P [h(X)≥ k]≤ E[h(X)]

k .

PROOF. Start by writing out the expectation.

E [h(X)] =

ˆ
∞

−∞

h(x) f (x)dx

≥
ˆ
{x:h(x)≥k}

h(x) f (x)dx

integrating over a subset of the support reduces the value of the integral:
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≥
ˆ
{x:h(x)≥k}

k f (x)dx

= k
ˆ

∞

−∞

1{h(x)≥k} f (x)dx

= kP [h(X)≥ k]

Putting this string of inequalities together, we obtain the desired result:

P [h(X)≥ k] ≤ E [h(X)]

k

�

An important application of the Markov inequality relates convergence in mean square to conver-
gence in probability.

THEOREM 1.6.7. Xn
m.s.−−→ X implies Xn

P−→ X.

EXERCISE 1.6.8. Prove this theorem. Hint: k = δ 2 > 0. Can you prove a stronger result? Namely,
Xn

r−→ X implies Xn
P−→ X when r = 1

s for any s even.

THEOREM 1.6.9. Xn
r1−→ X implies Xn

r2−→ X for r1 > r2 > 0.

EXERCISE 1.6.10. Prove this theorem. Hint: (Xn−X)r2 = ((Xn−X)r1)
r2
r1 and notice that g(z) = z

r2
r1

is concave if r2 < r1.7

These previous two theorems imply that for any r > 0, convergence in rth mean implies convergence
in probability. This is because for any r > 0, there exists an even s such that 1

s < r.

THEOREM 1.6.11. Weak Law of Large Numbers. Let Xi ∼iid X where σ2 = Var [X ] < ∞. Denote
µ = E [X ] and consider X̄n =

∑
n
i=1 Xi
n . Then, X̄n

P−→ µ . That is, the sample mean is consistent for µ .

PROOF. From above, the proof is to show that X̄n
m.s.−−→ µ . Note: E

[
(X̄n−µ)

2
]
=Var [X̄n] =

σ2

n ,

which clearly converges to zero as n→ ∞. By Theorem 1.6.2, X̄n
P−→ µ . �

Another useful result for verifying consistency of estimators is the continuous mapping theorem.

THEOREM 1.6.12. Continuous Mapping Theorem. Let X P−→ a and Y P−→ b and g(x,y) be continuous
at (a,b). Then, g(X ,Y ) P−→ g(a,b). That is, continuity preserves convergence in probability.

EXERCISE 1.6.13. Let (Xi,Yi)∼iid (X ,Y ) with 0 <Var [X ]< ∞, Var [Y ]< ∞, Cov [X ,Y ] 6= 0 Show
the following:

(1) X̄nȲn is consistent for µX µY .

7Concavity plus expected value should get you thinking about Jensen’s Inequality
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(2) 1
n ∑

n
i=1 X2

i is consistent for E
[
X2
]

as long as Var
[
X2
]
< ∞.

(3) σ̂2
X = 1

n ∑
n
i=1 (Xi− X̄n)

2 is consistent for Var [X ] as long as Var
[
X2
]
< ∞. Hint: As a

preliminary result, show σ̂2
X =

(1
n ∑

n
i=1 X2

i
)
− (X̄n)

2.
(4) S2

X = n
n−1 σ̂2

X is consistent for Var [X ] under the same conditions as (3).
(5) σ̂XY = 1

n ∑
n
i=1 (Xi− X̄n)(Yi− Ȳn) is consistent for Cov [X ,Y ] as long as Var

[
X2
]
< ∞ and

Var
[
Y 2
]
< ∞. Hint 1: As a preliminary result, show 1

n ∑
n
i=1 XiYi

P−→ E [XY ]. Hint 2: Show
σ̂XY =

(1
n ∑

n
i=1 XiYi

)
− (X̄nȲn). Then, apply similar techniques as above.

(6) θ̂ = σ̂XY
σ̂2

X
is consistent for Cov[X ,Y ]

Var[X ] as long as the previous hypotheses are satisfied.

1.6.2. Convergence in Distribution and Asymptotic Normality of Estimators. An impor-
tant type of convergence of random variables that is useful for hypothesis testing is convergence in
distribution.

DEFINITION 1.6.14. Denote the CDF of Xn as FXn (x) and the CDF of X as FX (x). A sequence
of random variables {Xn}∞

n=1 converges in distribution to a random variable X if for all points of
continuity of FX (x),

lim
n→∞

FXn (x) = FX (x)

We denote convergence in distribution of {Xn}∞

n=1 to X with the notation:

Xn
d−→ X

DEFINITION 1.6.15. In this statement of convergence in distribution, the distribution of the random
variable X is called the limiting distribution. Alternatively, we may refer to it as the asymptotic
distribution. Knowledge of the asymptotic distribution of an estimator can be useful in constructing
hypothesis tests.

THEOREM 1.6.16. Central Limit Theorem (CLT). For each n, let X1, ...,Xn be a random sample
from a population X with expectation E [X ] = µ < ∞ variance

(
σ2 =Var [X ]

)
and 0 < σ2 < ∞.

Form the sample mean for each random sample X̄n =
∑

n
i=1 Xi
n . Under these conditions, the sequence

of standardized sample means converges in distribution to a standard normal distribution:

Zn =
X̄n−µ√

σ2/n

d−→ N (0,1)

where N (0,1) is shorthand for the standard normal distribution. The standard normal distribution
a continuous random variable with a mean of 0 and variance of 1 with the pdf

fZ (z) =
1√
2π

exp
(
−z2

2

)
The normal distribution is generally denoted as Z ∼ N

(
µ,σ2

)
with pdf:

fZ (z) =
1√

2πσ2
exp

(
−(z−µ)2

2σ2

)

This is an incredibly useful result. Together with the following facts about normal distributions
(and some other related results to be developed later), the CLT gives us an approximate distribution
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for many sampling distributions we will want to study. We don’t typically use the CLT as stated.
Rather, we use the asymptotic distribution as an approximation to the sampling distribution of X̄n:

X̄n ≈ N
(

µ,
σ2

n

)
FACT 1.6.17. Useful Properties of Normal RVs. Let X1,X2, ...,Xn be independent normal RVs with
mean µi and variance σ2

i , and ci i = 1, ...,n are constants.

(1) Z =∑
n
i=1 ciXi has is distributed normally with mean µZ =∑

n
i=1 ciµi and variance ∑

n
i=1 c2

i σ2
i .

(2) Z = Xi−µi
σi
∼ N (0,1) ⇐⇒ Xi ∼ N

(
µi,σ

2
i
)
.

(3) Suppose that (Xi,X j) has bivariate normal (BVN). That is, (Xi,X j) has joint density:

fXi,X j (xi,x j) =
1

2πσxiσx j

√
1−ρ2

exp

(
− 1

2(1−ρ2)

[
(xi−µi)

2

σ2
xi

+
(x j−µ j)

σ2
x j

−
2ρ (xi−µi)(x j−µ j)

σxiσx j

])

If Cov [Xi,X j] = 0, then Xi and X j are independent. This is one of the special cases when
zero covariance implies independence. Can you show that zero covariance implies inde-
pendence in the case of a bivariate normal?

As long as the hypotheses are satisfied, the Central Limit Theorem gives us that sample means of
random variables converge in distribution to a normal distribution. Although we will not literally
be computing sample means of random samples in every application, this result is far more general
than it first appears.

FACT 1.6.18. We can apply the CLT to both of the following expressions 1
n ∑

n
i=1 XiYi or 1

n ∑
n
i=1 Xi exp [Yi−Zi]

because they are sample means of some random variable. The first one is Z̄n when Zi = XiYi and
the second one is W̄n when Wi = Xi exp [Yi−Zi]. Can you give the conditions under which the CLT
applies to these settings?

Beyond thinking about sample means more broadly, we will often be interested in combining con-
vergence in distribution with convergence in probability. Slutsky’s Theorem gives us some addi-
tional techniques to extend the Central Limit Theorem logic (you can think of this as an extension
of the continuous mapping theorem).

THEOREM 1.6.19. Slutsky’s Theorem. Let Xn
d−→ X, and Yn

p−→ c. Then, the following conditions are
true:

(1) Xn +Yn
d−→ X + c

(2) YnXn
d−→ cX

(3) Xn/Yn
d−→ X/c as long as c 6= 0

Slutsky’s Theorem extends convergence in distribution from the CLT to statistics that we can relate
to sample means through adding, multiplying and dividing. It turns out that there is a much more
general extension of these convergence in distribution results, given by the Delta Method.
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THEOREM 1.6.20. Delta Method. Suppose that
√

n(Zn− z0)
d−→ N (0,1) and that g(z) is a continu-

ously differentiable function at z0. Then,

√
n(g(Zn)−g(z0))

d−→ N
(

0,
(
g′ (z0)

)2
)

PROOF. Taking the first order Taylor expansion of g(Zn)−g(z0) about z0, we know:

√
n [g(Zn)−g(z0)] =

√
n
(
[g(z0)−g(z0)]+g′

(
Ẑ
)
(Zn− z0)

)
for some Ẑ between Zn− z0. This simplifies:

√
n [g(Zn)−g(z0)] = g′

(
Ẑ
)√

n(Zn− z0)

Once we establish that g′
(
Ẑ
) P−→ g′ (z0),8 we can apply Slutsky’s Theorem to obtain the result di-

rectly. �

In practice, g(Zn) will be an estimator whose properties we wish to study. In the statement of the
Delta Method, we will typically think of g(Zn)

P−→ g(z0). The Delta Method gives us an approxima-
tion of the distribution for this estimator:

g(Zn) ≈ N

(
g(z0) ,

(g′ (z0))
2

n

)

In the language of econometrics, we say that g(Zn) is a consistent estimator of g(z0) and we say

that
√

(g′(z0))
2

n are the asymptotic standard errors of this estimator for g(z0).

EXERCISE 1.6.21. Convergence in Distribution Practice.

(1) Let Xn
d−→ X and Xn−Yn

P−→ 0. Prove that Yn
d−→ X .

(2) Let {Xi}n
i=1 be a random sample from a population with mean µ = 3 and standard devia-

tion σ = 1. Give the asymptotic properties (limiting distribution) of W =
√

n X̄n
S2

X
(X̄n−3).

Justify your answer.
(3) Suppose you take a random sample from a population X with mean µ 6= 0 and variance σ2.

What is the limiting distribution of 1
X̄n

? Can you apply the Delta Method to an expression
involving 1

X̄n
to obtain some information about the asymptotic properties of 1

X̄n
?

8Here’s the proof of this fact. Zn− z0
d−→ 0 because 1√

n
√

n(Zn− z0) =
1√
n N (0,1) d−→ 0. Convergence in distribution

to a constant implies convergence in probability. Hence, Zn
P−→ z0. This further implies Ẑ P−→ z0 because Ẑ is between z0

and Zn. Moreover, g′ (·) is continuous at z0 and we know that Ẑ
p−→ z0. This implies that g′

(
Ẑ
) P−→ g′ (z0) by the continuous

mapping theorem.
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1.7. Statistical Inference

The convergence in probability results (WLLN and CMT) are useful in justifying our choice of an
estimator while the convergence in distribution results (CLT and Delta Method) help us to learn
about the shape of the sampling distribution of our estimator.

We can use the sampling distribution of the estimator to make inference. That is, use the outcome of
the sample and some assumptions about the sampling process to make statements about population
parameters, either by providing a set of plausible values for the parameter (confidence intervals)
or by assessing the validity of one particular parameter (hypothesis tests). For simplicity, we will
consider inference for means, but we will do so in a way that will quickly extend our inference
results to other population parameters.

1.7.1. How do all of the results fit together? Take a random sample X1,X2, ...,Xn from a
population random variable X and suppose we wish to test a claim about the population mean µ .
We know from the weak law of large numbers (WLLN) that a natural estimator for µ is the sample
mean X̄ because it is consistent for µ . We know from the central limit theorem (CLT) that

Zn =
X̄n−µ√

σ2/n

d−→ N (0,1)

If we knew (or could reliably assume) the values of µ and σ2, we could use the realization of our
sample x̄ in place of the random variable X̄n, and we could treat zn =

x̄n−µ√
σ2/n

as a draw from Zn. This

allows us to make probability statements about the values of µ that are most likely given our sample.

When we conduct a hypothesis test about the mean, the null hypothesis implies a value for µ , but in
practice, we will not know the value of σ2. Instead, we plug in a sample analog to σ2, the sample
variance S2. Given a sample, we can compute its realization and therefore compute

tn =
x̄n−µ√

s2/n

which is a realization from the random variable:

Tn =
X̄n−µ√

S2/n

Assuming the population random variable X is distributed normally, Tn is distributed as a t distri-
bution with n− 1 degrees of freedom at every sample size n. In many econometric applications,
the assumption of normality in the population is too strong of an assumption. It is rarely the case
that we can assume that the population is normally distributed, even approximately so.9 For this
reason, we will not assume a normal population and we will not obtain a t distribution for inference.

9For example, the normal distribution has infinite support. Prices, wages, earnings and quantities are strictly positive.
For this reason, they cannot be normal, and could only be approximately normal. If we are going to use an appoximate
method of inference, we might as well use a method that is grounded in a formal proof of convergence in distribution.
That’s the motivation to move toward asymptotic inference.
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Leaning on asymptotic theory and the CLT, we will typically use the normal distribution in place of
the t distribution because it is a valid asymptotic distribution.10

CLAIM 1.7.1. As long as E
[
X4
]
< ∞ along with the assumptions made before, we can show (using

the asymptotic results in the previous section) that T d−→ N (0,1).

Given this result and plugging in s2 for S2, the approximate distribution of X̄ is normal:

X̄ ≈ N
(

µ,
s2

n

)
This leads to the simplest form of inference: confidence intervals.

1.7.2. Confidence Intervals. Suppose that θ̂ is a consistent estimator for θ and that we have
used the results on converence in distribution to demonstrate that T = θ̂−θ

se(θ̂)
d−→N (0,1), where se

(
θ̂
)

is called the standard error, which is a consistent estimator of the standard deviation of the sampling
distribution of θ̂ .11

Because T is asymptotically standard normal, we can use it to construct a (two-sided) confidence
interval for θ . The symmetry of the normal distribution suggests that we will want a confidence
interval that is symmetric about our estimate for the parameter θ . Given this motivation, consider
the probability statement

P [−cα ≤ T ≤ cα ] = 1−α

The constant cα is called a two-sided critical value and its value depends on α , the level of signifi-
cance. For example, if T is standard normal and α = 0.05, cα = 1.96. For a two-sided confidence
interval cα is actually the 1− α

2 quantile of T ’s sampling distribution.12

Inside the probability operator, we can apply algebraic steps without changing the probability

P

[
−cα ≤

θ̂ −θ

se
(
θ̂
) ≤ cα

]
= P

[
−cαse

(
θ̂
)
≤ θ̂ −θ ≤ cαse

(
θ̂
)]

= P
[
−cαse

(
θ̂
)
≤ θ − θ̂ ≤ cαse

(
θ̂
)]

= P
[
θ̂ − cαse

(
θ̂
)
≤ θ ≤ θ̂ + cαse

(
θ̂
)]

In other words, before we compute the realizations of our random sample the interval(
θ̂ − cαse

(
θ̂
)
, θ̂ + cαse

(
θ̂
))

contains the true population parameter θ with probability 1−α .

10As long as the sample size is “large enough,” this approximation is good. Using an asymptotic approximation
for a small sample will produce invalid estimates. Still, we do not want to make an assumption about the shape of the
population distribution if it is unwarranted. If there is time this quarter, we will discuss some techniques for inference
that work well in small samples.

11An alternative method to find the formula for the standard error is to make sure it satisfies two properties: (1) is

possible to compute given the sample and (2) is the “right” statistic to use in the denominator to achieve T d−→ N (0,1).
12Therefore, if you find yourself in a non-standard situation with a sampling distribution that is not normal, you can

always look up the critical value using software. In R, qnorm(0.975) equals 1.96. In addition, there is a host of other
common distributions available.
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DEFINITION 1.7.2. More generally, let C1−α be a set of plausible values for θ that depends on the
realization of a random sample. To be a (1−α)×100% confidence interval, C1−α must satisfy the
coverage property limn→∞ P [θ ∈ C1−α ] = 1−α .

EXAMPLE 1.7.3. Let {Xi}n
i=1 be a random sample from X . Suppose we want a 95% confidence

interval for µ . Let’s translate the general notation to this specific case, θ̂ = X̄ , θ = µ and se
(
θ̂
)
=

S√
n . Given this, a 95% confidence interval for µ is given by X̄±1.96× S√

n .

Given the realizations from a random sample X̄ = 25, S = 14 and n = 49, we compute the interval
25±1.96× 14√

49
= (21.08,28.92).

EXERCISE 1.7.4. In the previous example, does (21.08,28.92) have a 0.95 probability of containing
the true population mean µ? Explain.

1.7.3. T -based Hypothesis Testing in General. In hypothesis testing, we would like to assess
the validity of a paricular claim about the population parameter θ . We refer to the claim about the
parameter we want to test as the null hypothesis and use the notation H0. We refer the the claim
that may be true if the null hypothesis is false as the alternative hypothesis, and use the notation
H1 or Ha. The null hypothesis is the hypothesis of the status quo or no change. It is usually the
conservative thing to conclude. The alternative hypothesis is often called the research hypothesis.
This is the statement we would like to make about the population.

To test a null hypothesis H0 : θ = θ0 against the alternative H1 : θ 6= θ0, we need some measure
of distance of our sample data from the hypothesized value of the parameter. If θ̂ is a consistent
estimator for θ , we will use the T -ratio that we used to motivate confidence intervals as our measure
of distance between our estimate θ̂ and our hypothesized value θ0.

T =
θ̂ −θ0

se
(
θ̂
)

Intuitively, the computed value of T tells us (approximately) how many standard deviations of the
sampling distribution the estimate is from the hypothesized value. If |T | is large enough (above
some threshold), the data are inconsistent with the null hypothesis being true. Formally, we will
say that we reject the null hypothesis in these cases. If |T | is small enough that we think θ0 to be a
plausible value for θ we will say that we fail to reject the null hypothesis.13

As long as T has a known distribution that does not depend on any unknown parameters, we can
use it for inference. In general, if a test statistic’s distribution is free of unknown parameters the
distribution is called pivotal.

13If we reject H0, we can conclude H1. If we fail to reject H0, we cannot conclude H1 unless we are really confident
in our data and estimation plan. If we had little hope of detecting a meaningful deviation from the null hypothesis (due
to loads of sampling variability), failing to reject might reflect more information about our sample than about the null
hypothesis.
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1.7.3.1. Type I and Type II error. A decision rule may incorrectly accept or reject H0 because
there is still uncertainty in the process. We have uninformative names for the two types of errors
we can make. Type I error occurs when the null hypothesis H0 is true, but we mistakenly reject
it. Type II error occurs when H1 is true, but we fail to reject the null hypothesis H0. Given a
sample size, there is a trade-off between these two types of errors. To decrease Type I error, we
need to reduce the threshhold for rejecting (rejecting fewer hypothesis, failing to reject more). This
increases Type II error. The only way to reduce both types of errors at the same time is to increase
the sample size.

Following standard practice, we will choose decision rules so that the probability of Type I error
does not exceed α . We refer to α as the level of the test when

P [Type I Error] = α .

Moreover, we will choose our decision rule make this happen. The level of the test dictates our
cutoff rule, but it is also the rate at which our testing procedure makes Type I errors. We do not
control Type II error explicitly in our testing procedure. If we cannot control the sample size, we
cannot control the rate at which we make Type II errors. In practice, Type II error can be quite high
and this is a problem (but it is only a problem if we fail to reject the null hypothesis).

1.7.3.2. Two-Sided Tests for µ . In a two-sided test regarding µ , we consider null and alterna-
tive hypotheses of the form

H0 : µ = µ0

H1 : µ 6= µ0,

and define a test statistic

T =

∣∣∣∣∣ X̄−µ0√
S2/n

∣∣∣∣∣ ,
Technically, the denominator of T could be any consistent estimator of the variance of X̄n. We call
this denominator the standard error of X̄ or se(X̄). It is an estimate of the standard deviation of the
sampling distribution of X̄ .

The test statistic T is a random variable for which, if H0 is true, large realizations are very unlikely.
Let t represent a realization of the test statistic (random variable) T. Thus our decision rule will
reject H0 if the realization t of is too large.

Recall that we derive our decision rule by controlling the Type I error probability to be some prede-
termined level α . If H0 is true, we want to reject the hypothesis with probability α . If H0 is true, the
test statistic T is approximately normal, a symmetric distribution. For this reason, we can select the
critical value c such that the probability of rejecting when T > c is α/2. Formally, we pick c so that

P [|T |> c] = α

⇒
P [T > c] =

α

2

With some rearranging, we obtain P [T < c] = 1− α

2 . In other words, c is the 1− α

2 quantile of the
sampling distribution of T . We sometimes label the critical value for a two-sided test of level α as
c1−α/2.
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EXAMPLE 1.7.5. Suppose that we wish to test the claim that µ = 6 against the two-sided alternative
at the five percent level. The null and alternative hypotheses are H0 : µ = 6 and H1 : µ 6= 6.
Given a random sample {Xi}n

i=1, we can compute the test statistic T = X̄−6
se(X̄)

and we will reject the
null hypothesis whenever |T | > 1.96 (because 1.96 is the 97.5th quantile of the standard normal
distribution).

An important point in this example is that one can set up the hypothesis test without actually having
data to carry it out.

• If we were given that the sample mean is X̄ = 4 with a standard error of 0.5, the computed
value of T = 4−6

0.5 = −4. This is greater in magnitude than the critical value. Hence, we
would reject.
• If we were given that the sample mean is X̄ = 5.5 with a standard error of 0.5, the computed

value of T = 5.5−6
0.5 =−1, which is smaller in magnitude than the critical value. Hence, we

fail to reject.

Finally, there is another important aspect of a hypothesis test: the p-value.

DEFINITION 1.7.6. The p-value of a test is the probability of observing a test statistic more extreme
(in the direction of the alternative hypothesis) than the computed value of the test statistic. Formally,
given a computed value Tn = t

p− value = P [|T |> t]

An alternative way to conduct a hypothesis test is to examine the p-value. If p− value < α , reject
the null hypothesis.

1.7.4. One-Sided Tests regarding µ . In a one-sided test about µ the null and alternative hy-
potheses are:14

H0 : µ = µ0

H1 : µ > µ0,

and now define the test statistic

T =
X̄−µ0√

S2/n
‘ .

Again, we know the large sample approximation of the distribution of Tn under H0, so we can find
a critical value c where

P [T > c] = α .

under the asymptotic distribution.

This time, given our definition of Tn, and its approximate distribution under H0 we know

P

[
X̄−µ0√

S2/n
> c

]
→ 1−Φ(c)

where Φ(z) is the standard normal CDF. So we find c that solves

(1−Φ(c)) = α =⇒ Φ(c) = 1−α.

14We could have also chosen H1 : µ < µ0 if the context warrants that hypothesis, but we would need to select a
negative cutoff value rather than a positive cutoff value because only negative values of the test statistic will convince us
that the null hypothesis is wrong in the direction of the alternative.
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We sometimes label the critical value for a one-sided test of level α as c1−α . To compute the p-value
for a one-sided test, just compute the probability under one tail of the sampling distribution (in the
direction of the alternative hypothesis). In this case, we can compute the p-value as

p− value = P [Tn > t]≈ 1−Φ(t)

1.7.5. Two-Sided tests about µX − µY . We can extend the idea of hypothesis testing to the
simple difference between two parameters. We continue to use the sample X1, . . . ,Xn as described.
Now we add an additional independent sample from Y , and let Y1, . . . ,Ym be random sample of size
m from Y . We will also assume that E[Y 4]< ∞ and Var [Y ]> 0. We define the null and alternative
hypothesis as follows:

H0 : µX −µY = d0

H1 : µX −µY 6= d0

For a two-sided test, we define the test statistic in the usual way

T =

∣∣∣∣∣∣ X̄− Ȳ −d0√
̂Var [X̄− Ȳ ]

∣∣∣∣∣∣ .
This should be a straightforward extension once we notice that we are now interested in a parameter
about the distribution X −Y , for which we have collected two separate (and independent) samples
on X and on Y .

EXERCISE 1.7.7. Explain why a natural choice for the variance estimator in the denominator is

ˆVar [X̄− Ȳ ] =
S2

X

n
+

S2
Y

m

Namely, prove that ˆVar [X̄− Ȳ ] P−→ Var [X̄− Ȳ ]. How does the validity of this estimator depend on
the independence of the two samples? If the sample means are positively correlated, how would this
estimator be wrong (too large or too small)? Justify.

Once we have a consistent estimator for the estimator’s standard deviation, all we need to do is
apply the general form of the hypothesis test to this specific setting. When we cover topics in single
and multiple regression, we will cover the details of inference in more detail.

1.8. Chapter Exercises

(1) Consistency and Convergence in Probability. Complete Exercise 1.6.3 and Fact 1.6.1
from the probability and math review notes. Use the notes as your guide to provide a proof
that convergence in rth mean (r > 0) implies convergence in probability.

(2) Consider a test of the null hypothesis H0 : θ = θ0 against its two-sided alternative. The
power of a hypothesis test is defined to be the probability of rejecting the null hypothesis
(assuming a particular value of the parameter θ = θ̃ is true). Use the notation κ

(
θ̃
)

to
denote the power of a hypothesis test as a function of the assumed-true parameter value
θ̃ . For the following questions, assume that we construct a test statistic Tn = θ̂n−θ0

se(θ̂n)
and

suppose that we have a large enough sample that Tn is well-approximated by a standard
normal distribution.
(a) How is power related to the probability of making a Type I error α? Hint: It is

possible for θ̃ = θ0. What if θ̃ 6= θ0?
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(b) How is power related to the probability of making a Type II error β
(
θ̃
)
?

(c) Graph of the power function (You may hand draw or use R to plot it). To make
your graph precise, assume that α = 0.05, θ = µX , θ0 = 6, n = 64, S2 = 16 and
θ̂n = X̄n. Plot for a range spanning the points θ̃ ∈ {3,4,5,6,7,8,9}. If you are using
R, you should plot more points than this (and use the lines() command) to produce
a smoother plot.

(d) On the same plot as (c), redraw the power function if n = 256 instead of n = 64.
(3) Prove or give a counterexample.

(a) Can an estimator be unbiased for all sample sizes, but still be inconsistent?
(b) Can an estimator be consistent, but be biased for all sample sizes?
(c) Can a sequence of random variables converge in probability, but not converge in mean

square?
(d) Does Y is mean independent of X imply that X is mean independent of Y ?
(e) Does Cov [X ,Y ] = 0 imply X and Y are indepdendent?

(4) Chebyshev’s Inequality. Use Markov’s Inequality (Theorem 1.6.1) to prove P [|X−µ| ≥ kσ ]≤
1
k2 for any positive constant k.
(a) Suppose that X ∼Expon(1). In this example, compute P [|X−µ| ≥ 2σ ] and compare

with the bounds given by the Chebyshev inequality.
(5) Let X be a random variable that denotes the amount of exposure a student has to mathe-

matics in high school (in thousands of hours). Y is a random variable denoting a student’s
performance on an economics aptitude test.
(a) Suppose that X ∼Expon(1), where the exponential distribution Expon(µ) is parametrized

with pdf fX (x) = 1
µ

exp
(
− x

µ

)
. Show that the mean E [X ] = µ and that the rth raw

moment can be computed as E [X r] = µrr!. Hint: Integration by parts.
(b) Prove the population ANOVA theorem: Var [Y ] = E [Var [Y |X ]]+Var [E [Y |X ]].
(c) Suppose that the conditional distribution of Y given X is N

(
60+2X3,10X

)
. Compute

the expected value and variance of Y . Your answers should be numbers, not random
variables.

(d) Use the Chebyshev inequality and your answer for Y to obtain a bound on 75% of the
data. If someone told you that the test score Y can only be a positive number, would
you be surprised? Why or why not?

(6) We know that S2
X is unbiased for σ2

X . Show that SX is a biased estimator of σX . Is the
expectation of SX too large or too small? Justify. Is SX consistent for σX ? Provide a proof.

(7) Simulated Asymptotics. Using R, perform the following Monte Carlo exercise.15

(a) Generate 1000 independently drawn samples of size 100 (X1, ...,X100) from a Beta(1,60)
distribution. For each sample, store the following statistics:

(i) θ̂1 = min{X1, ...,X100}
(ii) θ̂2 = X̄

(iii) θ̂3 = max{X1, ...,X100}
(iv) θ̂4 = X1
(v) θ̂5 = median{X1, ...,X100}

(vi) θ̂6 =
θ̂3−θ̂1

2
(b) Plot the histograms of the statistics you generated in part (a). Comment on the shape

of the distributions. Do any of these shapes surprise you?
(c) Repeat the exercise in (a) and (b), but draw instead from a Uni f orm [0,60].
(d) Repeat the previous two exercises, but use samples of size 15. What changes?

15I have posted some R tutorials that should be useful for getting R to do this exercise.



1.8. CHAPTER EXERCISES 24

(8) Computation using matrices. Let X denote a 5× 2 matrix and Y denote a 5× 1 vector.
Let these be given by:

X=


1 2
1 4
1 4
1 5
1 2


and

Y =


14
17
8
16
2


respectively. Perform the following computations by hand.
(a) Q = X′X; det(Q) ; Q−1.

(b) P = X(X′X)−1X′. Is P full rank? Show that P is idempotent.
(c) M = I−P. Is M full rank?

(9) Manipulating regression matrices. Let X denote an (n× k) matrix, whose rank is k and
let

Q = X′X
A = Q−1X′

P = XA
M = I−P

Also, let

β̂ = AY
Ŷ = PY
Û = MY

Show as concisely as possible that:
(a) AP = A, AM = 0, MP = 0, PM = 0.
(b) PX= X, MX= 0.
(c) PŶ = Ŷ, PÛ = 0.
(d) MŶ = 0, MÛ = Û.
(e) X′Ŷ = X′Y
(f) Y′Ŷ = Y′Xβ̂ = β̂ ′X′Y = β̂ ′Qβ̂ = Ŷ′Ŷ.

(g) Û′Û = Y′MY = Y′Y− Ŷ′Ŷ.
(10) Constructing data matrices. Suppose that we interview n = 100 people and we ask them

whether they are males or females. Suppose that nF is the number of female responses and
nM is the number of male responses. Obviously, nF + nM = n. We create three variables.
Let X1 denote a variable that is recorded as a 1 for everybody. Let X2 denote a variable that
is recorded as 1 if the respondent is male and 0 if the respondent is female. Let X3 denote
a variable that is recorded as 1 if the respondent is female and 0 if the respondent is male.
(a) Write out a (1×3) row vector that records the typical male response.
(b) Write out a (1×3) row vector that records the typical female response.
(c) Write out the entire matrix in partitioned form, if we partition across variables. Be

sure to be very explicit. Label it X1.
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(d) Write out the entire matrix in partitioned form, if we partition across observations (we
group males and females). Be sure to be very explicit. Label it X2.

(e) Compute X′X in both cases (X is equal to X1 and X2 respectively).
(f) Is X a full column rank matrix?

(11) Raw Statistical Calculation in R. Use R to verify your work on questions 8 and 10. What
happens when you try to invert X′X from Question 10? Comment and submit your code
with this assignment. For Question 8, you may assume that nF = 27. You may find a use
for the rep(), cbind() (and/or rbind()), t(), matrix multiplication (%*%) and matrix inver-
sion (solve()) commands in R.

In addition, use R to perform the following calculations using the setting from Question 9.
(a) SSE = Û′Û, SSR =

(
Ŷ− Ȳ

)′ (Ŷ− Ȳ
)

and SST =
(
Y− Ȳ

)′ (Y− Ȳ
)

where Ȳ is a
vector with the sample mean of Y in every element.

(b) R2 = SSR/SST

(c) MSE = SSE/(n−2) where n =# of rows in Y. MSR = SSR/k where k =# of columns in X
minus 1.

(d) F = MSR
MSE

(e) VC = MSE×Q−1. Compute
√

VCii for i = 1,2. Store these calculations in a vector
se
(

β̂

)
.

(f) Perform element-by-element division of β̂ by se
(

β̂

)
.

(12) Canned Statistical Calculation in R. Use the setting from Question 8 to verify that the
calculations in Question 11 are correct.
• Bind the matrix X to the vector Y using the cbind() command.
• Coerce the resulting matrix object to be of type “data.frame” using the function

as.data.frame().
• Use the lm() command to estimate a regression of Y on X . Summarize the regres-

sion output using the lm() command the the anova() command on your linear models
object.
• Comment on the relationship of the canned output to the raw statistical calculations

in Question 11.
(13) Simulation of random data from a CDF. This result is incredibly useful to provide sim-

ulation from a known distribution.

If F is a strictly increasing distribution function on the interval [a,b] of the real line (po-
tentially infinite endpoints), then the inverse function F−1 is a well-defined mapping from
[0,1] to [a,b]. Suppose X ∼Uni f orm [0,1]. Then, F−1 (X)∼ F.

This result is useful because computing packages always have the capacity to generate n
random draws from a uniform distribution, but the functionality may not be implemented
for other distribution functions. Take a random variable X with distribution function F .
If we know the CDF and can solve for its inverse, this result says that we can simulate
random draws from it.16 Implement this algorithm on the following common distribution
functions.
(a) Use R and this algorithm to simulate n= 1000 draws from the distributions Exponential (6) ,

Cauchy(0,1), Logistic(2,4) and Pareto(1,2). If you do not know them off hand, you
can look up the distribution functions from a reliable statistics textook.

16Here’s an example of how to implement the algorithm in R (http://novicemetrics.blogspot.com/2010/05/simulating-
from-t1ev-gumbel.html).

http://novicemetrics.blogspot.com/2010/05/simulating-from-t1ev-gumbel.html
http://novicemetrics.blogspot.com/2010/05/simulating-from-t1ev-gumbel.html
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(b) Plot the histograms of the reandom draws from these distributions. Whenever possi-
ble, verify that these draws produce a similar histogram plot to the canned algorithms
for random number generation in R.



CHAPTER 2

Linear Regression as a Statistical Model

Chapter 1 was a quick review of the concepts of mathematical statistics used in econometrics. This
chapter begins the study of regression, which allows us to understand relationships between eco-
nomic variables. We will draw on the results of the introductory chapter as needed. This chapter
fills in some details (and skips others) found in Chapter 3 of Angrist and Pischke’s Mostly Harmless
Econometrics (?).

2.1. The Statistical Interpretation of Linear Regression

Start by thinking very carefully about what we are trying to estimate: the population regression.

DEFINITION 2.1.1. The Population Regression. Let (X,Y,U) be a random vector, where X =
1
X1
X2
...

Xk

. A linear regression model imposes a linear relationship between Y and X.

Y = β0 +β1X1 +β2X2 + ...+βkXk +U

where we call the random variable Y the dependent variable (regressand, response). We call each
random variable X j is an independent variable (regressor, explanatory variable). We call the ran-
dom variable U the error term and we call the β0 +β1X1 + ...βkXk part the regression line or the
systematic component of the population regression model.. The constants β0,β1, ...,βk are called
regression coefficients, with β0 called the intercept and β j ( j≥ 1) called the slope coefficient of X j.

In this definition of the population regression, the first element of X is 1, which technically isn’t
random, but its purpose is apparent when we write the regression model in matrix notation. This
vector form of the population regression is usually more useful in proofs.

DEFINITION 2.1.2. Vector Form of Population Regression. Using some vector arithmetic, we
can express this population regression much more compactly.

Y = X′β +U

where β is a (k+1)×1 vector, β =


β0
β1
...

βk

.

For simple concepts, it is sometimes easier to focus on the case of one regressor.

27
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DEFINITION 2.1.3. The Population Regression with One Regressor (Simple Linear Regres-
sion). Let (X ,Y,U) be a random vector, where X is a random variable. A linear regression model
imposes a linear relationship between Y and X .

Y = β0 +β1X +U

There are two interpretations of this regression model. Both are used in practice, but they are very
different ways to look at a regression model. We will draw a sharp distinction between these two.

(1) Statistical Interpretation (“Reduced Form,” “Descriptive”).
(2) Causal Interpretation (“Structural”).

For the rest of this chapter, we will stick with the statistical interpretation of regression because
it shines light on how linear regression works mechanically. The next chapter covers the causal
interpretation of regression.

2.1.1. Statistical Interpretation. If (X ,Y ) is a random vector, there is always a statistical re-
lationship between the random variables X and Y .

Let’s think about using X to predict Y . A natural way to predict Y given X is to use the conditional
expectation, E [Y |X ]. Not only is it a natural way to predict Y , it is the best prediction of Y using the
information in X .

FACT 2.1.4. The conditional expectation of Y given X minimizes the mean squared error among all
other predictors of Y that are merely a function of X. That is,

E [Y |X] = argmin
f (X)

E
[
(Y − f (X))2

]
Note: f (X) is a function of a vector X. Alternatively, we could have written this f (X1,X2, ...,Xk).

An ideal regression model will perfectly match E [Y |X], but this ideal may be unattainable. The
conditional expectation E [Y |X] can be an arbitrary nonlinear function of X. For this reason, it is
often not possible to perfectly rationalize E [Y |X] using only a linear function of X.

The regression line in the statistical interpretation of regression is the best linear approximation of
the conditional expectation E [Y |X].

DEFINITION 2.1.5. Best Linear Approximation to E [Y |X]. Given a random vector (X,Y,U), the
linear regression model

Y = β0 +β1X1 +β2X2 + ...+βkXk +U

is the best linear approximation to E [Y |X] if

(β0,β1, ...,βk) = argmin
b0,b1,...,bk

E
[
(E [Y |X]− (b0 +b1X1 + ...+bkXk))

2
]

or more compactly using vector notation:

β = argmin
b

E
[(

E [Y |X ]−X′b
)2
]

Together with a definition of U , this best linear approximation property defines our statistical inter-
pretation of the linear regression model.
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DEFINITION 2.1.6. A linear regression model has the statistical interpretation if it satisfies two
properties.

(1) The systematic component X′β is the best linear approximation to E [Y |X].
(2) The error term U ≡Y −X′β is the difference of the response variable Y from the system-

atic component of the regression model.
We may also refer to this as a statistical regression model or a reduced form model.

FACT 2.1.7. The solution to the best linear approximation (BLA) of E [Y |X] equals the solution to
the best linear prediction (BLP) for Y . Formally,

argmin
b0,b1,...,bk

E
[
(E [Y |X]− (b0 +b1X1 + ...+bkXk))

2
]

= argmin
b0,b1,...,bk

E
[
(Y − (b0 +b1X1 + ...+bkXk))

2
]

PROPOSITION 2.1.8. Under the statistical interpretation of regression, the orthogonality condi-
tions E [XU ] = 0 are satisfied.

PROOF. Consider the case of one regressor. By the statistical interpretation, we know that the
choice of regression coefficients solves the best linear approximation problem.

β = (β0,β1) = argmin
b0,b1

E
[
(E [Y |X ]− (b0 +b1X1))

2
]

By the previous fact, we also know the parameter vector solves the best linear predictor problem:

β = (β0,β1) = argmin
b0,b1

E
[
(Y − (b0 +b1X1))

2
]

Taking first order conditions of this problem, we obtain.

[b0] : −2E [(Y −b0−b1X)] = 0
[b1] : −2E [(Y −b0−b1X)X ] = 0

Because β0 and β1 solve this system of first order conditions, we know

E [(Y −β0−β1X)] = 0
E [(Y −β0−β1X)X ] = 0

These are precisely the orthogonality conditions E [U ] = 0 and E [XU ] = 0 in the case of one regres-
sor. This argument extends naturally to the case of k regressors. �

PROPOSITION 2.1.9. Linear Conditional Expectation. Suppose that E [Y |X] is a linear function of
X.1 Under the statistical interpretation of linear regression, E [Y |X] = X′β , and as a consequence,
U = Y −E [Y |X]. In the case of simple linear regression, these expressions are E [Y |X ] = β0 +β1X
and U = Y −E [Y |X ].

1In general, this property is satisfied when (Y,X) is a bivariate normal random vector or when X takes on only two
values. Otherwise, this is an assumption.
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PROOF. Sketch. Consider the single regression case. The statistical interpretation implies that
the regression coefficients satisfy

(β0,β1) = argmin
b0,b1

E
[
(E [Y |X ]− (b0 +b1X))2

]
Because E [Y |X ] is linear, we can write it as an arbitrary linear function E [Y |X ] = β̃0 + β̃1X . In this
special case, the statistical interpretation implies

(β0,β1) = argmin
b0,b1

E
[(

β̃0 + β̃1X− (b0 +b1X)
)2
]

Clearly, b0 = β̃0 and b1 = β̃1 implies that the E
[
(·)2
]

term equals zero, which is as small as it can

be. Hence, β0 = β̃0 and β1 = β̃1. In other words, the statistical regression line given by β0 +β1X
equals the conditional expectation of Y given X , E [Y |X ] = β̃0 + β̃1X �

REMARK 2.1.10. Properties of the Statistical Interpretation under Linear Conditional Expec-
tation. A couple of properties fall out immediately from this proposition.

(1) U is mean independent of X . That is, E [U |X ] = 0.
(2) Without appealing directly to the first order conditions of the best linear approximation

problem, the orthogonality conditions E [U ] = 0 and E [XU ] = 0 are satisfied.

FACT 2.1.11. Under the statistical interpretation of linear regression, Cov [X j,U ] = 0 where X j is
a regressor and U is the statistical error term. This is true regardless of whether the conditional
expectation E [Y |X] is linear.

Statistical Interpretation for Single Regression. Consider the case of a single regressor. Under
the statistical interpretation, we have the following properties:

(1) The systematic component of the linear regression model p(X) = β0 + β1X represents
both the best linear approximation to E [Y |X ] and the best linear predictor of Y . The error
term U = Y −β0−β1X is uncorrelated with the regressor, Cov [X ,U ] = 0.

(2) For this reason, we interpret the slope coefficient β1 as the unit change in our predic-
tion of Y (or our approximation to E [Y |X ]) from increasing X by one unit. Using some
unnecessary math, β1 =

d p(X)
dX .

(3) We interpret the error term U as the statistical discrepancy of the dependent variable from
the best possible linear prediction given X . This is what Angrist and Pischke mean when
they say that U does not have a “life of its own” under the statistical interpretation.

Linear Special Case. If the conditional expectation of Y given X is linear, the best approximation
to the conditional expectation becomes exact. Therefore, we refine all of the above properties:

(1) The systematic component of the linear regression model p(X) = β0+β1X equals the con-
ditional expectation of Y given X . The error term U = Y −β0−β1X is mean independent
of the regressor E [U |X ] = 0.

(2) For this reason, we interpret the slope coefficient β1 as the unit change in the conditional
expectation of Y given X, E [Y |X ], from increasing X by one unit. Using some unnecessary
math, β1 =

dE[Y |X ]
dX .

(3) We interpret the error term U as the statistical discrepancy of the dependent variable from
the conditional expectation of Y given X .

These properties hold for multiple regression as well.
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Statistical Interpretation for Multiple Regression. Consider the case of a single regressor. Under
the statistical interpretation, we have the following properties:

(1) The systematic component of the linear regression model p(X1,X2, ...,Xk) = X′β repre-
sents both the best linear approximation to E [Y |X] and the best linear predictor of Y . The
error term U = Y −X′β is uncorrelated with the regressor, Cov [X ,U ] = 0.

(2) For this reason, we interpret the slope coefficient β1 as the unit change in our prediction
of Y (or our approximation to E [Y |X ]) from increasing X j by one unit, holding constant
the values of the other regressors. In mathematics, β1 =

∂ p(X1,X2,...,Xk)
∂X j

.
(3) As in single linear regression, we interpret the error term U as the statistical discrepancy

of the dependent variable from the best possible linear prediction given X . This is what
Angrist and Pischke mean when they say that U does not have a “life of its own” under
the statistical interpretation.

The linear special case generalizes analogously.

2.2. Identification of Population Regression Parameters

The algebra of regression is simplest and the intuition is clearest if we start with one regressor.2

Throughout this section, the goal is to describe the statistical regression model more fully. Specifi-
cally, we would like to solve for the regression parameters in terms of estimable features of the joint
distribution of observable random variables.

2.2.1. Single Linear Regression. In our single linear regression model, we have (X ,Y,U) a
random vector where

Y = β0 +β1X +U

with the orthogonality conditions:

E [U ] = 0
E [XU ] = 0

We want to derive an expression for β0 and β1 in terms of the features of the joint distribution of X
and Y . Because X and Y are random variables whose outcomes we can observe, this will be useful
in estimating β0 and β1.

Let’s try to compute Cov [X ,Y ]:

Cov [X ,Y ] = Cov [X ,β0 +β1X +U ]

= β1Cov [X ,X ]+Cov [X ,U ]︸ ︷︷ ︸
=0

2I will use the terminology simple linear regression, single linear regression and linear regression with one regressor
to mean the same thing.
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where Cov [X ,U ] = 0 by the orthogonality conditions, which implies

β1Var [X ] = Cov [X ,Y ]

DEFINITION 2.2.1. To solve for β1, we need to assume 0 < Var [X ] < ∞. Assuming a finite and
positive variance in our regressor amounts to asserting that there is some variability in X that we
can use to obtain information about how Y changes with X . Such variability is necessary to identify
β1 in the data. For this reason, we call this assumption on variance an identification assumption.

As long as the identification assumption is satisfied, β1 =
Cov[X ,Y ]
Var[X ] .

To get an equation for β0 in terms of parameters of the joint distribution use E [U ] = 0 and the
definition of U from a statistical model.

0 = E [U ] = E [Y −β0−β1X ]

= E [Y ]−β0−β1E [X ]

Solving for β0 = E [Y ]−β1E [X ]. Now, we have an expression for β0 and β1 in terms of parameters
of the joint distribution of (X ,Y ).

β1 =
Cov [X ,Y ]

Var [X ]

β0 = E [Y ]−
(

Cov [X ,Y ]
Var [X ]

)
E [X ]

When we estimate the parameters of statistical regression model, these are the features of the popu-
lation that we estimate.

2.2.2. Multiple Linear Regression. Similar to the single linear regression model, suppose we
study the statistical model with (X,Y,U) a random vector where

Y = β0 +β1X1 +β2X2 + ...+βkXk +U
or

Y = X′β +U

with the orthogonality conditions:

E [U ] = 0
E [X jU ] = 0 ∀ j ∈ {1,2, ...,k}

Or, in matrix form E [XU ] = 0.
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As with simple regression, we want to derive an expression for β =


β0
β1
...

βk

 in terms of the features

of the joint distribution of X and Y because this will be useful to motivate an estimator for the
parameter vector β .

Using matrix notation, recall that the statistical error term is defined as U = Y −X′β . To solve for
β , just plug this expression in for U in the orthogonality conditions.

0 = E [XU ] = E
[
X
(
Y −X′β

)]
= E [XY ]−E

[
XX′

]
β

where the simplifying steps above use the linearity of expectation. Reorganizing this expression,
our algebra reduces to the normal equations.

E
[
XX′

]
β = E [XY ]

As with simple linear regression, the form of the normal equations leads naturally to an identifying
assumption.

DEFINITION 2.2.2. Identification Assumption. To solve for β , we need to assume that E [XX′] is
invertible. Intuitively, this identification assumption means that the there is no redundant informa-
tion in the set of variables. Namely, each variable X j has variability unto itself that can be used to
identify an independent relationship between X j and Y .

Although it looks quite different, this identification assumption reduces to the assumption we made
in simple linear regression for k = 1. As long as the identification assumption holds, we can solve
for the parameter vector in terms of the features of the joint distribution.

β = E
[
XX′

]−1 E [XY ]

It is not intuitive to motivate an assumption about the invertibility of E [XX′] directly. A supporting
result leads to an easier-to-interpret identifying assumption: no multicollinearity.

DEFINITION 2.2.3. A vector of regressors X is perfectly collinear if there exists a non-zero vector

of constants c =


c0
c1
...

ck

 such that 0 = c′X with probability one.

If the regressors are perfectly collinear, this is known as perfect multicollinearity. Perfect multi-
collinearity manifests itself if the regressors have redundant information. Rearranging the previous
definition, we can express X j as a linear combination of all of the other Xi’s. As the following
theorem demonstrates, no perfect multicollinearity is a sufficient condition for identification.
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THEOREM 2.2.4. Suppose that E [XX′] is finite. As long as the vector of regressors X=(1,X1, ...,Xk)
is not perfectly collinear, the columns of E [XX′] are linearly independent. Hence, E [XX′] is invert-
ible and the identification assumption is satisfied.

In summary, we solved for the parameter vector in terms of potentially observable random variables
for both simple and multiple linear regression. This solution of the regression parameters expressed
as features of the joint distribution of (X,Y ) is worth repeating:

One Regressor: In the single-regressor statistical model,

Y = β0 +β1X +U

our choice of the coefficients as the best linear approximation to the conditional expectation E [Y |X ]
implies

β1 =
Cov [X ,Y ]

Var [X ]

β0 = E [Y ]−
(

Cov [X ,Y ]
Var [X ]

)
E [X ]

Multiple Regressors: In the multiple-regressor statistical model

Y = X′β +U

where X = (1,X1,X2, ...,Xk), our choice of the coefficients as the best linear approximation to the
conditional expectation E [Y |X ] implies

β = E
[
XX′

]−1 E [XY ]

In the case of one regressor (k = 1), the multiple regression formula simplifies to the single regres-
sion formula. The matrix algebra is efficient and useful for estimation, but it obscures the intuitive
and relatively easy to manipulate expressions from single regression. Fortunately, as the follow-
ing theorem demonstrates, the single regression intuition extends to multiple regression. After we
discuss estimation, this theorem will help us interpret regression estimates in multiple regression.

THEOREM 2.2.5. Population Frisch-Waugh Theorem. In the multiple regression model,

Y = β0 +β1X1 + ...+βkXk +U

we can express the regression coefficient simply β j =
Cov[Y,X̃ j]
Var[X̃ j]

, where X̃ j is the error term from the

statistical regression of X j onto the other regressors

X j = α0 +α1X1 + ...+α j−1X j−1 +α j+1X j+1 + ...+αkXk + X̃ j

Aside from giving a more intuitive interpretation of multiple regression coefficients, the Frisch-
Waugh Theorem also makes clear that the residual variation of X j – that is, the part of X j that is
uncorrelated with other predictors – is what identifies the parameter β j in the data.

2.3. Regression Estimation

For the calculations in this section, let (X1,Y1) ,(X2,Y2) , ...(Xn,Yn) be a random sample of size n
from (X ,Y ) where Y = β0 +β1X +U is the (statistical) population regression.
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Also, let (X1,Y1) ,(X2,Y2) , ...(Xn,Yn) be a random sample of size n from (X,Y ) where X=(1,X1, ...,Xk)
where Y = X′β +U is the (statistical) population regression. In the multiple-regressor setting, this
notation can be a little confusing, so I will stick with the convention that Xi j is the ith observation
on the jth regressor.3

Note that because these are statistical models, the orthogonality conditions are satisfied. Finally,
assume that there is a positive, finite variance to each regressor and that there is no perfect multi-
collinearity in the regression model.

2.3.1. Ordinary Least Squares. In this section, we derive the Ordinary Least Squares (OLS)
regression estimator β̂ for both single and multiple regression. The OLS estimator gets its name
because it solves the sample least squares problem, but there are other ways to motivate using the
estimator that are easier to apply. Nevertheless, solving the OLS problem is an important exercise.
To ground our intuition on how to solve the problem, we will consider the single-regressor case.

2.3.1.1. OLS with one regressor. When there is one regressor, the ordinary least squares (OLS)
estimator solves the least squares problem:(

β̂0, β̂1

)
= argmin

b0,b1

n

∑
i=1

(Yi−b0−b1Xi)
2

Let’s derive the OLS estimators in this simple case. First, take the first order conditions of the least
squares problem:

[b0] : −2
n

∑
i=1

(Yi−b0−b1Xi) = 0

[b1] : −2
n

∑
i=1

(Yi−b0−b1Xi)Xi = 0

Solving the [b0] FOC, b0 = Ȳ −b1X̄ . Plugging this equation into the [b1] FOC, we obtain:

n

∑
i=1

(Yi− Ȳ −b1 (Xi− X̄))Xi = 0

Solving this equation for b1, we obtain β̂1 =
SX ,Y

S2
X

together with β̂0 = Ȳ −b1X̄ .

EXERCISE 2.3.1. Fill in the details of this derivation of the OLS estimator. Also, compute Cov
[
β̂0, β̂1|Y,X

]
.

What is its sign? Can you compute Cov
[
β̂0, β̂1

]
?

Next, turn to multiple regression where we use matrix algebra to simplify the solution method.

3This convention has some intuition to it. If you were to look at your data set in an Excel file, each variable (potential
regressor) would be a column and each row would be an observation. We’ll try to stick with analogous notation.
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2.3.1.2. OLS with multiple regressors. In multiple regression, the ordinary least squares (OLS)
estimator solves the least squares problem:

β̂ = argmin
b

n

∑
i=1

(
Yi−X′ib

)2

where b = (b0,b1, ...,bk) is an arbitrary candidate coefficient vector.

CLAIM 2.3.2. If we define Y =


Y1
Y2
...

Yn

 and X =


X′1
X′2
...

X′n

, the objective function can be reex-

pressed in matrix notation as

n

∑
i=1

(
Yi−X′ib

)2
= (Y−Xb)′ (Y−Xb)

= Y′Y−2b′X′Y+b′X′Xb

Using a result from matrix calculus (see Hansen) the system of first order conditions is given by:

−2X′Y+2X′Xb = 0

Solving for b, we obtain the OLS estimator in the multiple-regressor setting

β̂
ols =

(
X′X

)−1 (X′Y)

This is an important formula when it comes to understanding the OLS estimators. We will spend a
considerable amount of time with it.

REMARK 2.3.3. To put this estimation procedure differently, the OLS estimator minimizes the sum
of squared residuals. You may think to take the absolute value of residuals and add them up instead.
That’s a perfectly valid procedure to produce an estimator (called median regression), but it will
produce an estimator for β that is different than the OLS estimator.

As this remark suggests, there is a variety of methods that we can use to obtain estimators of re-
gression coefficients. These other ways of deriving estimators can be useful in a more complicated
analysis, but they can also teach us more about the OLS estimator for β . For this reason, we will
consider several of these methods.
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2.3.2. Analogy Principle. The analogy principle allows us to derive estimators for population
parameters as long as we can express the parameters as estimable features of the joint distribution
of our random sample. It is easiest to see the principle in action.

Single Regression: By analogy to our expressions for β0 and β1, we can plug in the sample version
of covariance, variance and means into the slots they occupy in the population to obtain estimators
for β0 and β1.

β̂1 =
SXY

S2
X

β̂0 = Ȳ − β̂1X̄

Multiple Regression: Using the same analogy principle that we used in single regression, we can
construct a sample version of β = E [XX′]−1 E [XY ]. Denote the ith observation vector as Xi =
(1,Xi1,Xi2, ...,Xik). To use the analogy principle, replace expectations with sample averages across
observations as in

β̂
a =

(
1
n

n

∑
i=1

XiX′i

)−1(
1
n

n

∑
i=1

XiYi

)

=

(
n

∑
i=1

XiX′i

)−1( n

∑
i=1

XiYi

)

Compared with the matrix formula for OLS, this first formula for β̂ is easier to motivate if we are
thinking about the parameter vector β as an estimable feature of the joint distribution of (X,Y ).

Not only is it easier to motivate, but the two expressions are identical. Using the definitions of X and
Y from the previous section,4 it is straightforward to show that the analogy estimator β̂ a reduces to
the OLS estimator β̂ ols

β̂
a = β̂

ols =
(
X′X

)−1 (X′Y)
The matrix formula has two distinct advantages.

(1) On a practical level, X is just the data matrix with a column of 1’s appended. This means
that the matrix formulas are attractive for implementation in a computational package like
R.

(2) On a conceptual level, the matrix form of the OLS estimator allows us to think about
regression as projection onto the column space of the X data matrix.

4The notation is beginning to get a little cumbersome, but this is unavoidable to some degree. In this set of notes,
we have needed to distinguish X (a random variable) from x (a realization of that random variable), from X (a vector of
explanatory random variables) from ~X (a matrix that contains a random sample from the vector of explanatory random
variables).
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2.3.2.1. A Detour into Projection Methods. Consider a slight detour to introduce the theory of
regression as projection. Use a matrix equation to construct the fitted values Ŷ = Xβ̂ ols and plug
the matrix solution for β̂ ols into this expression:

Ŷ = X
(
X′X

)−1 (X′Y)
EXERCISE 2.3.4. Write out the matrix multiplication to show that the ith element of Ŷ equals Ŷi =

X′iβ̂ ols.

We call P = X(X′X)−1X′ the projection matrix onto the columns of X. Projection matrices have
several useful properties for the theory of regression.

PROPOSITION 2.3.5. Some Properties of Projection Matrices. Let P be a projection matrix defined
by P = X(X′X)−1X′, where X is a n× (k+1) data matrix.

(1) P projects X to X. That is, PX= X.
(2) P projects any linear combination of the columns of X to itself. That is, if W = Xc with c

a conformable vector of constants, then PW =W.
(3) The fitted values of OLS regression are a projection onto the column space of X. In other

words, Ŷ = Xβ̂ = PY.
(4) P is idempotent. That is, P = PP.
(5) Applying the projection matrix again does not change the fitted values Ŷ = PŶ .

Another useful matrix in regression computation is often called the residual maker matrix, M =
I−P, where I is the (k+1)× (k+1) identity and P is the projection matrix onto the column space
of X. We call this matrix the residual maker because premuliplying by it produces a vector of OLS
residuals:

Û = (I−P)Y = Y−Xβ̂
ols

The residual maker matrix and the projection matrix are intricately related.5

PROPOSITION 2.3.6. Relationship Between the Projection Matrix and the Residual Maker. Let P
be a projection matrix defined by P = X(X′X)−1X′, where X is a n× (k+1) data matrix. Define
M = I−P.

(1) The projection matrix and the residual maker are orthogonal PM = 0.
(2) The residual maker is idempotent M = MM.
(3) The sum of the projection matrix and the residual maker is the identity matrix P+M = I.

Applying this theorem, we obtain the following important result about the fitted values and residuals
from OLS regression.

THEOREM 2.3.7. OLS Orthogonal Decomposition. For any n×1 vector Y, OLS regression (pro-
jection) of Y on the columns of X decomposes Y into two orthogonal components.

Y = PY+(I−P)Y = Xβ̂
ols + Û

5The residual maker is also a projection matrix, but it projects vectors onto a different subspace of Rn. The projection
matrix projects onto the k+1-dimensional column space of X whereas the residual maker projects onto the null space of
X′. By the fundamental theorem of linear algebra, these two subspaces are orthogonal complements. That is, they do not
overlap, they fill the space Rn and each vector in the column space of X is orthogonal to each vector in the null space of
X′. As a practical matter, this means that the OLS residuals are orthogonal to the OLS fitted values. If you wish to know
more, take a rigorous linear models course.
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We will return to projection methods whenever they allow us to apply a more elegant framework for
a proof (or for understanding an important concept).

2.3.3. Method of Moments. From our work on the population regression, the normal equa-
tions give us a set of population moment restrictions:

E
[
X
(
Y −X′β

)]
= 0

The derivation of the method of moments estimator β̂ mm is to replace the population moments with
sample moments in this expression, then solve for β . In the case of estimating linear regression
coefficients, if we replace the population moments by sample moments, we obtain the first order
conditions from the OLS problem, which implies β̂ mm = β̂ ols.

DEFINITION 2.3.8. Sample Moment Conditions. If we define Ûi =Yi−X′iβ̂ to be the residual for
the ith observation. The sample moment conditions are given by

1
n

n

∑
i=1

XiÛi = 0

This is a vector of k + 1 equations: one for each element of X =


1
X1
...

Xk

. The first moment

restriction is special in that it implies that the sum of the residuals is zero: 1
n ∑

n
i=1Ûi = 0. For an

arbitrary regressor j, the moment condition is 1
n ∑

n
i=1 Xi jUi = 0.

It will often be useful to express the sample moment conditions in matrix form.

EXERCISE 2.3.9. With X defined as before and Û =


Û1
Û2
...

Ûn

, show that we can write the sample

moment conditions as X′Û = 0.

The OLS estimator solves these sample moment conditions.

EXERCISE 2.3.10. Use the residual maker matrix to show that the sample moment conditions hold
using the OLS estimator.

2.3.4. Maximum Likelihood. There is an alternative motivation for the OLS estimator, but to
get to this motivation, we should review some basic theory on maximum likelihood estimation. In
Chapter 3, we take up the topic of maximum likelihood estimation in more detail.
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2.3.4.1. Detour into MLE Theory. For clarity of exposition, assume that we are studying ran-
dom sample from a continuous population random variable X . Because random samples are defined
to be iid, we can think about the joint density of the random sample (before we observe it) as
follows:

fX (x1,x2, ...,xn) = fX1 (x1) fX2 (x2)× ...× fXn (xn) using independence
= fX (x1) fX (x2)× ...× fX (xn) using identical

More compactly, we write the joint pdf of the random sample as fX (x1,x2, ..,xn)= fX (x)=∏
n
i=1 fX (xi).

If we want to think about how the joint distribution of the random sample depends on some param-
eter of the distribution of X , denoted θ , we use the notation:

fX (x;θ) =
n

∏
i=1

fX (xi;θ)

EXAMPLE 2.3.11. For example, suppose that X ∼ N (µ,µ), a very special normal distribution.
Then, the pdf of X is

fX (x; µ) =
1√
2πµ

exp
(
− 1

2µ
(x−µ)2

)

In this example, the joint pdf of a random sample of size n equals

fX (x; µ) =

(
1

2πµ

) n
2

exp

(
− 1

2µ

n

∑
i=1

(xi−µ)2

)

Based on this example, we can make two immediate observations.

(1) It is natural to extend the notation to accomodate dependence on a parameter vector θ such
as
(
µ,σ2

)
. For example, if X ∼ N

(
µ,σ2

)
, then the joint density of the random sample

would have been:

fX
(
x; µ,σ2) =

(
1

2πσ2

) n
2

exp

(
− 1

2σ2

n

∑
i=1

(xi−µ)2

)
(2) Second, for a parametric distribution like the normal distribution, it is plain to see that the

joint distribution of the random sample can be thought of as a function of the parameter
vector. This leads to our definition of likelihood.

DEFINITION 2.3.12. The Likelihood of a sample – which we denote as L(θ ;x) or L(θ ;X) depend-
ing on whether we condition on a random sample X or a realization from that random sample x – is
defined to be the joint density of the sample viewed as a function of the parameters of the population
distribution.

Given this definition of likelihood, a maximum likelihood estimator is natural. Pick θ̂ to be the
parameter vector that maximizes L(θ ;x), given a realization x of our random sample.
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DEFINITION 2.3.13. Formally, the maximum likelihood estimator (MLE) of θ given a realization
of the random sample x = (x1,x2, ...,xn) is defined to be

θ̂ = argmax
θ̃∈Θ

L
(
θ̃ ;X

)
where Θ is the parameter space or the set of allowable parameter values.

Because it is a positive transformation of a positive function, taking the natural log of the likelihood
does not change the MLE.6 For many types of population distributions, this will be an attractive
technique to simplify the process of finding the MLE. First, take the log of the likelihood, l (θ ;X) =
logL

(
θ̃ ;X

)
, then start taking first order conditions.

EXAMPLE 2.3.14. Suppose the population is X ∼N
(
µ,σ2

)
, we have a random sample X=(X1, ...,Xn)

and we would like to use the random sample to construct an estimator for µ . In this setting, the log
likelihood is

l
(
µ,σ2;X

)
= −n

2
log
(
σ

2)− 1
2σ2

n

∑
i=1

(Xi−µ)2− n
2

log(2π)

Take the first order condition with respect to µ: 1
σ2 ∑

n
i=1 (Xi− µ̂) = 0⇒ ∑

n
i=1 Xi = nµ̂ ⇒ µ̂ = X̄ .

This is a nice result for motivating X̄ as an estimator for µ .

EXERCISE 2.3.15. Write each of the steps in this example in matrix notation. That is, convert sums
to inner products and define matrices and vectors appropriately so that the inner products you define
are equivalent to the sums in this example.

2.3.4.2. Back to Regression. Consider a slightly more complicated setting for MLE: linear re-
gression where (X,Y ) is distributed as a multivariate normal random vector. To transform this
model into a maximum likelihood estimation problem, we apply a trick to simplify the problem. In
the regression model,

Y = X′β +U

where (X,Y ) is multivariate normal, the error term U ≡Y −X′β is just a linear combination of nor-
mal random variables. Hence, U is normal. Given this observation, we specify the linear regression
model in a way that allows us to work with U (one dimensional), rather than the many-dimensional
(X,Y ). Denote the variance of U given the regression model as σ2

u and exploit the fact that the error
term is mean zero. Then, the pdf of U equals:

f
(
u;σ

2
u
)

=
1√

2πσ2
u

exp
(
− 1

2σ2
u

u2
)

The likelihood is defined similarly to the previous section

6This is true for the same reason that a positive monotonic transformation of utility does not affect consumer demand
functions.
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L
(
σ

2
u ;U

)
=

(
1

2πσ2
u

) n
2

exp

(
− 1

2σ2
u

n

∑
i=1

U2
i

)

Notice that there is no explicit dependence on the regression parameter vector in this expression
for the likelihood. That is because all of this dependence is wrapped up in U . To reintroduce this
dependence, recognize that Ui = Yi−X′iβ . Hence, the likelihood becomes

L
(
β ,σ2

u ;X,Y
)

=

(
1

2πσ2
u

) n
2

exp

(
− 1

2σ2
u

n

∑
i=1

(
Yi−X′iβ

)2

)

Taking the log of this likelihood, we can see that the maximum likelihood estimator solves:

(
β̂MLE , σ̂

2
u,MLS

)
= argmax

b,s2

(
− 1

2s2

n

∑
i=1

(
Yi−X′ib

)2− n
2

log
(
2πs2))

where b = (b0,b1, ...,bk) is a candidate for the vector of coefficient estimates. The second term
does not depend on b and one can show that in the system of first order conditions, s2 cancels out
of the first order conditions for b. Because − 1

2s2 is negative, we can drop this part and repose the
subproblem of finding the MLE as the minimization problem:

β̂MLE = argmin
b

n

∑
i=1

(
Yi−X′ib

)2

This is precisely the least squares problem from which we obtained the OLS estimator for β . In
other words, when the data come from a multivariate normal distribution, we have shown that β̂MLE

solves the ordinary least squares problem. Hence, β̂MLE = β̂OLS.

To obtain the equivalence between MLE and OLS, we needed to assume that we had taken a random
sample from a multivariate normal population. MLE is a nice framework because we do not need
to make this assumption (and we can consider others). The simplest MLE extension is to assume
some other parametric distribution than multivariate normal, which will produce different FOCs and
a different solution for the coefficient estimates.

A more complicated example where MLE gives us more is to use MLE and some knowledge of the
setting to relax the assumption of independence among the observations. For example, when we
constructed the joint likelihood from the pdfs of each observation, we could have specified a form
of dependence between observations. This technique can allow for estimation in a setting where we
do not have a random sample, but we know something about the dependence across observations.
More on this in Chapter 3.

For the rest of this chapter, we will stick with the OLS estimators because they provide the intuition
for econometric analysis, but you should recognize that other methods are available. One reason to
stick with OLS estimators is that they generally have nice properties, a topic we explore in the next
section.
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2.4. Properties of OLS Estimators

We will study three properties of OLS (unbiasedness, consistency and asymptotic normality) and
the conditions necessary to guarantee them. More importantly, the hypotheses needed for the deriva-
tions in this section are imporant guidelines for thinking about how well OLS estimation does in
practical application.

2.4.1. Unbiasedness of OLS Estimators. Before showing the proof in the multiple-regressor
context, it is simplest to ground our intuition in single-variable regression.

2.4.1.1. Unbiasedness of OLS in Single Regression. Let {(Xi,Yi)}n
i=1 be a random sample from

the population (X ,Y ), where Y = β0 +β1X +U . Suppose that we have a statistical model, which
implies the orthogonality conditions E [XU ] = 0. The question of whether β̂1 is unbiased amounts
to computing its expectation and determining whether it E

[
β̂1

]
= β1.

Before taking expectations, a preliminary result is useful to know:

LEMMA 2.4.1. The Proof Form of β̂1. An alternative equation for the OLS estimator β̂1 in single
linear regression, Y = β0 +β1X +U is

β̂1 = β1 +
∑

n
i=1 (Xi− X̄n)Ui

∑
n
i=1 (Xi− X̄n)Xi

where Ui = Yi−β0−β1Xi. To prove this, substitute Yi = β0 +β1Xi +Ui into β̂1 =
SX ,Y

S2
X

and perform
some simple algebraic manipulations.

PROOF. In class. �

Returning to unbiasedness, it is clear from Lemma 2.4.1 that β̂1 is unbiased for β1 when

E
[

∑
n
i=1 (Xi− X̄n)Ui

∑
n
i=1 (Xi− X̄n)Xi

]
= 0

This is a condition on our random sample, but we desire a condition on our population that implies
β̂1 is unbiased for β1. We can obtain this result is to assume that U is mean independent of X . In
other words, E [U |X ] = 0. Some texts call this the assumption of zero conditional mean for the
error term (?).

Under this assumption, we can apply the Law of Iterated Expectations as follows:
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E
[

∑
n
i=1 (Xi− X̄n)Ui

∑
n
i=1 (Xi− X̄n)Xi

]
= EX

[
EU |X

[
∑

n
i=1 (Xi− X̄n)Ui

∑
n
i=1 (Xi− X̄n)Xi

|X1,X2, ...,Xn

]]

= EX


∑

n
i=1 (Xi− X̄n)EUi|X [Ui|X1,X2, ...,Xn]︸ ︷︷ ︸

EUi |Xi[Ui |Xi]
by iid

∑
n
i=1 (Xi− X̄n)Xi



= EX


∑

n
i=1 (Xi− X̄n)EUi|Xi [Ui|Xi]︸ ︷︷ ︸

=0

∑
n
i=1 (Xi− X̄n)Xi

= 0

The proof does not work if we are only allowed to use the orthogonality conditions E [XU ] = 0.
Hence, for β̂1 to be unbiased for β1, it must be the case that our error term has zero conditional
mean.

CLAIM 2.4.2. The OLS intercept estimate is unbiased for the true intercept under the same assump-
tion. This is simple to verify given the result on the unbiasedness of the slope.

REMARK 2.4.3. Throughout this section, we have assumed that our regressors are stochastic. That
is, the elements of X are random variables and our random sample draws from a joint distribu-
tion (X,Y ). In economic applications, this is a natural assumption and we will retain stochastic
regressors throughout the course.

In a statistics course, you may have seen the alternative assumption of fixed regressors, where X
is not stochastic. In this case, there is no problem passing the expectation through the expression
above as in E

[
∑

n
i=1(Xi−X̄n)Ui

∑
n
i=1(Xi−X̄n)Xi

]
= ∑

n
i=1(Xi−X̄n)E[Ui]

∑
n
i=1(Xi−X̄n)Xi

= 0 because the expectation is over U and not X .

Hence, in the case of fixed regressors, all we need for unbiasedness of β̂1 for β1 is a mean zero error
term.

For our purposes, fixed regressors is a bad assumption because it does not match with economic
reality. Therefore, we require U to be mean independent of X for β̂1 to be unbiased for β1.

Next, we turn to multiple regression where we show that the β̂ is unbiased for β under a similar
zero conditional mean assumption. That is, orthogonality conditions are still not enough.

2.4.1.2. Unbiasedness of β̂ in Multiple Linear Regression. Let {(Xi,Yi)}n
i=1 be a random sam-

ple from the population (X,Y ), where Y = X′β +U . Suppose that we have a statistical model,
which implies the orthogonality conditions E [XU ] = 0. The question of whether β̂ is unbiased for
β amounts to computing its expectation of the vector and determining whether E

[
β̂

]
= β .

Before taking expectations, a preliminary result is useful to know:

LEMMA 2.4.4. The Proof Form of β̂ . An alternative equation for the OLS estimator β̂ in multiple
linear regression, Y = X′β +U is

β̂ = β +
(
X′X

)−1 (X′U)
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where U =


U1
U2
...

Un

 with Ui = Yi−X′iβ .

PROOF. Recall the matrix form for our OLS estimator:

β̂ =
(
X′X

)−1 (X′Y)
and recognize that if we substitute Yi = X′iβ +Ui into each element of Y, we obtain:

Y =


Y1
Y2
...

Yn

 =


X′1
X′2
...

X′n

β +


U1
U2
...

Un


= Xβ +U

Use this expression to simplify our matrix form of the coefficient estimate vector

β̂ =
(
X′X

)−1 (X′ (Xβ +U)
)

=
(
X′X

)−1X′Xβ +
(
X′X

)−1X′U

= β +
(
X′X

)−1X′U

�

Returning to unbiasedness, it is clear from Lemma 2.4.4 that β̂ is unbiased for β when

E
[(
X′X

)−1X′U
]

= 0

For this to be true, we (again) need zero conditional mean of the error term. In multiple regression,
the mean independence assumption is E [U |X] = 0. That is, conditional on all of the regressors, the
error term has mean zero.

Under this assumption, we can apply the Law of Iterated Expectations as follows:

E
[(
X′X

)−1X′U
]

= EX

[
EU |X

[(
X′X

)−1X′U|X
]]

= EX

[(
X′X

)−1X′EU |X [U|X]
]

(2.4.1)

We are not quite there yet. Examine the inner expectation EU |X [U|X] (which is a vector) and con-
sider an arbitrary element j of this expectation

EU |X [U j|X] = EU |X
[
U j|X′j

]
by iid

= EU |X
[
U |X′

]
by identical

= 0
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This argument applies for each element of EU |X [U|X], hence EU |X [U|X] = 0, the zero vector. Plug-
ging this fact into (2.4.1), we have completed the proof that

E
[(
X′X

)−1X′U
]

= 0

Hence, β̂ is unbiased for β under mean independence of the error term from the set of regressors.

FACT 2.4.5. The proof does not work if we are only allowed to use the orthogonality conditions
E [XU ] = 0. Hence, for β̂ to be unbiased for β , it must be the case that our error term has zero
conditional mean.

2.4.2. Consistency of OLS Estimators. As we saw in the previous section, unbiasedness re-
quires the strong assumption of mean independence of the error term from the set of regressors.
This mean independence condition only holds when the conditional expectation of Y given the set
of regressors X can be expressed as a linear combination of those regressors (that is, E [Y |X] =X′β ).
Otherwise, OLS estimators β̂ are biased for β .

In this section, we appeal to asymptotic theory for a related criterion for our estimator, consistency.
As before, we will ground our intuition in a proof from single regression and adapt the proof into
the multiple regression framework.

2.4.2.1. Consistency of OLS in Single Regression. Let {(Xi,Yi)}n
i=1 be a random sample from

the population (X ,Y ), where Y = β0 +β1X +U . Suppose that we have a statistical model, which
implies the orthogonality conditions (E [XU ] = 0 and E [U ]) and assume the no fat tails conditions
(E
[
X4
]
,E
[
Y 4
]
< ∞). The question of whether β̂1 is consistent for β1 amounts to evaluating its

probability limit. That is, to what value of c (if any), does β̂1 converge? No suspense here: β̂1
P−→ β1.

REMARK 2.4.6. At this point, there is no need to use δ ,ε methodology to evaluate probability
limits. In fact, such an approach would be foolish given the power of our prior results. We will
obtain this result by applying the weak law of large numbers (WLLN: X̄ P−→ µ) and the continuous
mapping theorem (CMT), and using some algebra.

In fact, we already proved the result in full detail in Exercise 1.6.3 of Chapter 1. Here are the steps
of the proof:

(1) Show that S2
X

P−→Var [X ] and SX ,Y
P−→Cov [X ,Y ] as long as Var

[
X2
]

and Var
[
Y 2
]

are finite.
(2) Recognize that β̂1 =

SX ,Y

S2
X

, which is a continuous function of SX ,Y and S2
X except for when

the denominator is zero.
(3) Apply the CMT to argue that β̂1

P−→ Cov[X ,Y ]
Var[X ] = β1 as long as Var [X ] 6= 0, completing the

proof.

CLAIM 2.4.7. Using similar methodology (and the result β̂1
P−→ β1), it is straightforward to show

that β̂0
P−→ β0.
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2.4.2.2. Consistency of β̂ for β in Multiple Regression. Recall the analogy principle estimator
form of the OLS estimator in multiple regression:

β̂ =

(
1
n

n

∑
i=1

XiX′i

)−1(
1
n

n

∑
i=1

XiYi

)

Let’s examine the inside of the 1
n ∑

n
i=1 XiX′i matrix to gather some intution about the consistency

result. Remember that the set of regressors in multiple regression is X′i = (1,Xi1,Xi2, ...,Xik). Hence,
each term in the sum 1

n ∑
n
i=1 XiX′i is an outer product of the following form.

XiX′i =


1

Xi1
Xi2
...

Xik

(1,Xi1,Xi2, ...,Xik) =


1 Xi1 Xi2 ... Xik

Xi1 X2
i1 Xi1Xi2 ... Xi1Xik

Xi2 Xi1Xi2 Xi2Xik
...

...
. . .

Xik XikXi1 ... X2
ik


Each element of the matrix is just a random variable. Given this expression, the term 1

n ∑
n
i=1 XiX′i

equals:

1
n

n

∑
i=1

XiX′i =


1
n ∑

n
i=1 1 1

n ∑
n
i=1 Xi1

1
n ∑

n
i=1 Xi2 ... 1

n ∑
n
i=1 Xik

1
n ∑

n
i=1 Xi1

1
n ∑

n
i=1 X2

i1
1
n ∑

n
i=1 Xi1Xi2 ... 1

n ∑
n
i=1 Xi1Xik

1
n ∑

n
i=1 Xi2

1
n ∑

n
i=1 Xi1Xi2

1
n ∑

n
i=1 Xi2Xik

...
...

. . .
1
n ∑

n
i=1 Xik

1
n ∑

n
i=1 XikXi1 ... 1

n ∑
n
i=1 X2

ik


By the WLLN, each element of this matrix converges in probability to its population counterpart
(as long as the variance of XiX j is finite; invoke no fat tails), which we can write as follows:

P−→


1 E [X1] E [X2] ... E [Xk]

E [X1] E
[
X2

1
]

E [X1X2] ... E [X1Xk]
E [X2] E [X1X2] E [X2Xk]

...
...

. . .
E [Xk] E [XkX1] ... E

[
X2

k

]

 = E




1 Xi1 Xi2 ... Xik

Xi1 X2
i1 Xi1Xi2 ... Xi1Xik

Xi2 Xi1Xi2 Xi2Xik
...

...
. . .

Xik XikXi1 ... X2
ik




= E

[
XX′

]
By a similar argument 1

n ∑
n
i=1 XiYi

P−→ E [XY ] (although this is a vector so fewer terms need to be
written out).

Note that inversion and matrix multiplication are well-defined continuous operations. As long as
the inverse of E [XX′] exists (invoke no collinearity in X), we can apply the continuous mapping
theorem to argue that

β̂ =

(
1
n

n

∑
i=1

XiX′i

)−1(
1
n

n

∑
i=1

XiYi

)
P−→

(
E
[
XX′

])−1 E [XY ] = β
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under the relatively weak conditions we needed to assume throughout the proof.

2.4.2.3. A Preview on the Relationship to the Causal Model. This is to say that consistency of
β̂ for β is easy to show relative to showing unbiasedness. As a prelude to the causal interpretation
of regression, suppose that Cov [X ,V ] 6= 0, where V is the error term. If this is the case, what goes
wrong?

β̂1
P−→ Cov [X ,Y ]

Var [X ]
=

Cov
[
X ,β0 +β causal

1 X +V
]

Var [X ]

=
Cov

[
X ,β causal

1 X
]
+Cov [X ,V ]

Var [X ]

= β
causal
1

Cov [X ,X ]

Var [X ]
+

Cov [X ,V ]

Var [X ]

= β
causal
1 +

Cov [X ,V ]

Var [X ]

Hence, even though β̂1
P−→ β

reduced. f orm
1 , our estimator β̂1 might not be consistent for the β1 we care

about if Cov [X ,V ] 6= 0. At this point, you may want to revisit a question from earlier in this chapter.
In the statistical interpretation of linear regression, what guarantees Cov [X ,U ] = 0?

We get an analogous result in multiple regression. Under the identification assumption, we know:

β̂
P−→

(
E
[
XX′

])−1 E [XY ]

but if the causal error term is correlated with the set of regressors (E [XV ] 6= 0), then

(
E
[
XX′

])−1 E [XY ] =
(
E
[
XX′

])−1 E
[
X
(
X′β +V

)]
= β +

(
E
[
XX′

])−1 E [XV ]

We will explore the problem of causal inference in more detail. This expression will feature promi-
nently in our future discussions on this topic.

2.4.3. Asymptotic Normality. Start with single regression in a statistical interpretation of re-
gression.

2.4.3.1. Normality OLS Estimators in Simple Linear Regression. In this setting, suppose we
have a random sample {(Xi,Yi)}n

i=1 from (X ,Y ) with

Y = β0 +β1X +U

Along the way, we will invoke the assumptions. no fat tails (E
[
X4
]
< ∞, E

[
Y 4
]
< ∞) and positive

finite variance (0 < Var [X ] < ∞) as needed. The result on the asymptotic normality of the OLS
estimators is summarized in the following theorem.
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THEOREM 2.4.8. Asymptotic Normality of OLS Estimators (Single-Regressor Case). Let
{(Xi,Yi)}n

i=1 be a random sample from a population (X ,Y ) satisfying the no fat tails and positive,
finite variance assumptions. Then, the test statistic Zn has an asymptotically normal distribution.
Formally,

Zn =
β̂i−βi√

σ2
β̂i

d−→ N (0,1)

where

σ
2
β̂1

=
1
n

Var [(X−E [X ])U ]

(Var [X ])2

σ
2
β̂0

=
1
n

Var [HU ]

(E [H2])2

with H = 1− E[X ]
E[X2]

X.

PROOF. (Sketch). Recall the proof form of the OLS estimator (Lemma 4.2), which implies

β̂1−β1 =
1
n ∑

n
i=1 (Xi− X̄n)Ui

1
n ∑

n
i=1 (Xi− X̄n)

2

The term in the numerator is 1
n ∑

n
i=1 (Xi− X̄n)Ui, which is just a sample mean of Wi = (Xi− X̄n)Ui.

This is approximately Wi ≈ (Xi−µX)Ui, which has iid terms. If we divide both sides by the pop-

ulation analog of the standard deviation of this term’s mean,
√

1
nVar [(X−µX)U ] , our expression

becomes:

β̂1−β1√
1
nVar [(X−µX)U ]

≈

 1
n ∑

n
i=1 (Xi−µX)Ui√

1
nVar [(X−µX)U ]

 1
1
n ∑

n
i=1 (Xi− X̄n)

2

Note: The term in brackets d−→ N (0,1). The second term (by previous arguments) converges in
probability to Var [X ]. By Slutsky, the term on the RHS, converges in distribution to N (0,1)× 1

Var[X ] .
If the approximation error represented by ≈ converges in probability to zero, the LHS converges in
distribution as:

β̂1−β1√
1
nVar [(X−µX)U ]

d−→ N

(
0,

1

(Var [X ])2

)

Alternatively, we could factor out Var [X ] and group it with the standard deviation terms on the LHS:

β̂1−β1√
1
n (

Var[(X−µX )U ]/(Var[X ])2)

d−→ N (0,1)

We denote the term under the square root σ2
β̂1

, which is the asymptotic (approximate) variance of

β̂1:

β̂1−β1√
σ2

β̂1

d−→ N (0,1)

�
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It takes some work to show the analogous result for β̂0. As we have seen with the other properties
of regression, single regression is nested nicely as a special case of multiple regression. Rather than
spend time on a tedious special case, we will appeal to our derivation of asymptotic normality in
multiple regression to obtain the result most generally.

In practice, we will use this approximation for “large” finite samples as an approximation to the
sampling distribution of β̂1:

β̂1 ≈ N
(

β1,σ
2
β̂1

)
CLAIM 2.4.9. In practice, we do not know σ2

β̂1
because it is a function of unknown parameters

of the distribution. Plugging in a consistent estimator σ̂2
β̂1

for σ2
β̂1

, the convergence in distribution
argument we outlined above also holds for:

T =
β̂1−β1√

σ̂2
β̂1

d−→ N (0,1)

Moreover, one such consistent estimator for σ2
β̂1

is

σ̂
2
β̂1

=
1
n

1
n ∑

n
i=1
(
(Xi− X̄n)Ûi

)2(
1
n ∑

n
i=1 (Xi− X̄n)

2
)2

where Ûi = Yi− β̂0− β̂1Xi is the ith residual.

This is a clunky formula and it turns out that standard output in software packages doesn’t produce
standard errors based on this formula. Rather, it uses a simplified version of the formula based on a
homoskedasticity assumption:

DEFINITION 2.4.10. Homoskedasticity (Constant Variance of the Error Term). The single-regressor
regression model satisfies the homoskedasticity assumption if

Var [U |X ] = σ
2 = E

[
U2|X

]
In practice, we can assess the homoskedasticity assumption on our data set by plotting residuals Ûi

versus fitted values Ŷi = β̂0 + β̂1Xi. If the resulting plot clearly indicates a pattern in the amount
of variability, the model can be said to be heteroskedastic (and the following simplification to the
estimator of σ2

β̂1
is invalid).

EXERCISE 2.4.11. Under the homoskedasticity assumption, use the law of iterated expectations to
show that our expression for σ2

β̂1
reduces to

σ
2
β̂1

=
σ2

n

(
1

Var [X ]

)
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Plugging in a consistent estimator for Var [X ], we get a simpler formula than before for our estimator
of the variance of β̂1. This is the formula that computer software uses:

σ̂
2
β̂1

=
1
n

∑
n
i=1Û2

i

∑
n
i=1 (Xi− X̄n)

2

Why does computer software use this formula by default? It turns out that under the assumption of
homoskedasticity (and some other assumptions we have made), the estimator β̂1 is the best linear
unbiased estimator for β1. By default, computer software assumes we are in this case. In the
multivariate setting, we’ll prove this theorem in all of its generality.

Why not always use the more complicated formula? Because the consistent estimators of the robust
standard errors make approximation error, we will want to have reasonable suspicion that the data
are heteroskedastic before proceeding to use the robust formula for the standard errors.

2.4.3.2. Asymptotic Normality of β̂ in Multiple Regression. Now, let’s translate the intuition
of the single-regressor proof to the multiple-regressor setting. suppose we have a random sample
{(Xi,Yi)}n

i=1 from (X,Y ) with

Y = X′β +U

Along the way, we will invoke the assumptions. no fat tails (E
[
X4
]
< ∞, E

[
Y 4
]
< ∞) and no

collinearity in X as needed. The result on the asymptotic normality of the OLS estimators is sum-
marized in the following theorem.

THEOREM 2.4.12. Asymptotic Normality of OLS Estimators (Multiple-Regressor Case). Let
{(Xi,Yi)}n

i=1 be a random sample from a population (X,Y ) satisfying the no fat tails and no multi-
collinearity. Then,

√
n
(

β̂ −β

)
d−→ N (0,Σ)

where Σ = E [XX′]−1Var [XU ]
(

E [XX′]−1
)′

PROOF. (Sketch). Recall the proof form of the OLS estimator:

β̂ = β +
(
X′X

)−1 (X′U)
Reorganize this expression by subtracting β and multiplying both sides by

√
n:

√
n
(

β̂ −β

)
=

(
X′X

)−1√n
(
X′U

)
In this expression, we can convert the inner products from the matrix multiplication back to sum-
mations as in:

√
n
(

β̂ −β

)
=

(
n

∑
i=1

XiX′i

)−1
√

n

(
n

∑
i=1

XiUi

)

=

(
1
n

n

∑
i=1

XiX′i

)−1
√

n

(
1
n

n

∑
i=1

XiUi

)
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We can apply the weak law of large numbers to argue that 1
n ∑

n
i=1 XiX′i

P−→ E [XX′].

Now, consider the term
√

n
(1

n ∑
n
i=1 XiUi

)
, which is a vector of sample of vector means premultiplied

by
√

n. In this term, the part in the brackets converges in probability to E [XU ], which equals zero
by the orthogonality conditions. By the multivariate version of the Central Limit Theorem, we have:

√
n

(
1
n

n

∑
i=1

XiUi

)
d−→ N (0,Var [XU ])

Putting these two arguments together using Slutsky’s Theorem, we obtain the result of the theorem

√
n
(

β̂ −β

)
d−→ N

0,E
[
XX′

]−1Var [XU ]
(

E
[
XX′

]−1
)′

︸ ︷︷ ︸
=Σ


�

Note: E [XX′] is symmetric so we can drop the transpose on the second (E [XX′])−1 term.

In practice, we use a consistent estimator Σ̂ of Σ to construct the variance-covariance matrix of the
coefficient estimates β̂ . In this notation, the estimated variance-covariance matrix equals Σ̂

n . We can
– by analogy – construct a consistent estimator for Σ using the sample analogs of the population
parameters in Σ.

Just as with single regression, invoking a homoskedasticity assumption simplifies the expression for
Σ considerably:

DEFINITION 2.4.13. The error term in the multiple regression model is homoskedastic if Var [U |X] =
Var [U ].

Applying homoskedasticity, we can compute

Var [XU ] = E
[
(XU−E [XU ]) (XU−E [XU ])′

]
= E

[
(XU)(XU)′

]
= E

[
U2XX′

]
which simplifies when we apply an iterated expectations argument

Var [XU ] = E

E
[
U2|X

]︸ ︷︷ ︸
=Var[U ]

XX′


= Var [U ]E

[
XX′

]
Plugging this expression into our equation for Σ, we cancel one of the E [XX′]−1 terms to obtain the
much simpler expression:

Σ = Var [U ]E
[
XX′

]−1

In practice, computer software obtains the variance covariance matrix of coefficient estimates given
by:
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Σ̂

n
=

1
n

(
1
n

n

∑
i=1

(
Yi−X′iβ̂

)2
)(

1
n

n

∑
i=1

XiX′i

)−1

=

(
Û′Û

n

)(
X′X

)−1

which is a straightforward formula to apply to obtain the variance-covariance matrix. Keep in mind
that this formula is only correct if we have homoskedasticity. If there is heteroskedasticity, we need
to use a robust method.

Why do we make the assumption of homoskedasticity? It turns out that under this assumption and
mean independence, the OLS estimator is the best linear unbiased estimator (BLUE) for β . This
is a result known as the Gauss-Markov Theorem.

THEOREM 2.4.14. Gauss-Markov Theorem. As long as the homoskedasticity assumption
Var [U |X] = Var [U ] = σ2 (in matrix form, this is Var [U] = σ2I) is true, the OLS estimator β̂ ols

is the best linear unbiased estimator for β . That is, let β̃ = AY be an alternative estimator for β

such that E
[
β̃ |X

]
= β . Then, c′β̂ ols has a lower variance than c′β̃ . More formally, if we define

Σols =Var
[
β̂ ols|X

]
and Σa =Var

[
β̃ |X

]
,

c′Σolsc ≤ c′Σac

PROOF. Outline. First, establish a lemma that the unbiasedness condition on β̃ = AY implies
that AX= I. Next, recognize that Var

[
β̂ ols− β̃ |X

]
is positive semi-definite because it is a variance

covariance matrix and compute it to show:

Σ
di f f =Var

[
β̃ − β̂ |X

]
= Var

[
β̃ |X

]
−Var

[
β̂ |X

]
= Σ

a−Σ
ols

Apply the same quadratic form using the vector of constants c to both sides of the equation Σdi f f =
Σa−Σols to obtain:

0≤ c′Σdi f f c = c′Σac− c′Σolsc

which implies c′Σolsc≤ c′Σac, the result we sought to show. �
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2.5. Chapter Exercises

(1) Consider a single linear regression model, Y = β0 +β1X +U where X is a binary random
variable (can take on only two values, usually zero or one). Show that E [Y |X ] is linear
and solve for β0 and β1 in terms of conditional expectations (not just covariances and
variances). Does your expression make intuitive sense?

(2) Suppose you have two binary regressors – X1 and X2 – that correspond to distinct attributes
of the setting you wish to study. For context, imagine that the unit of observation is US
County. Let Y equal the per capita income in the county, let

X1 =

{
1 if the county has county sales tax
0 otherwise

X2 =

{
1 if the county is classified as urban
0 otherwise

(a) Consider the regression model Y = β0 +β1X1 +β2X2 +U .
(i) What condition on the random variables X1 and X2 must be satisfied to identify

the parameter vector β =

 β0
β1
β2

? Do you expect this condition to be satisfied

in this setting?
(ii) Is E [Y |X1,X2] necessarily linear in the parameters? Read Angrist and Pischke

on saturated models. What modification to the regression model would you
suggest to ensure that E [Y |X] is linear? Why is the linearity / nonlinearity of
E [Y |X] important for the properties of β̂ ols?

(3) Consider the single linear regression model

Y = βX +U

without an intercept (β is a scalar constant; X is a scalar random variable). Imagine that
you have taken a random sample from this population. If you estimate a regression using
OLS, but you do not include an intercept, do you know if the mean of the residuals is zero?
Explain as precisely as you can.

(4) In the same setting as Question 3, consider the ratio estimator β̂ R = Ȳ
X̄ and assume that

U is mean independent of X with zero conditional mean, E [U |X ] = 0.
(a) Prove that β̂ R = β + ∑

n
i=1 Ui

∑
n
i=1 Xi

. Hint: note that Ȳ
X̄ = ∑

n
i=1 Yi

∑
n
i=1 Xi

.

(b) Show that β̂ R is unbiased for β . Show that β̂ R is consistent for β .
(5) Let (Y,X ,U) be a random vector where

Y = β0 +β1X +U

for parameters β0 and β1, and Y is a binary (Bernoulli) random variable. Interpret this
regression model as the best linear predictor of Y given X .
(a) State the minimization problem that (β0,β1) solves and find the first order conditions.

What do these first order conditions imply about U and X?
(b) How (if at all) does the assumption of linear conditional expectation E [Y |X ] change

the interpretation of U and β1?
(c) Suppose that the conditional expectation E [Y |X ] is linear. Is U mean independent of

X? Show why or why not.
(d) You collect an i.i.d. sample (Y1,X1), . . . ,(Yn,Xn) of size n from (Y,X), which you use

to estimate the parameters β0 and β1 from

Yi = β0 +β1Xi +Ui.
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Assume 0 < Var [X ] < ∞, E[Y 4] < ∞, and E[X4] < ∞. What are the OLS estimators
of β0 and β1? These should be expressed as functions of the sample. Use any special
aspects of this question to simplify these expressions as much as possible.

(e) Are your estimators β̂0, β̂1 unbiased? Show why or why not.
(f) Since Y is a binary (Bernoulli) random variable, show how you can express the con-

ditional probability P [Y = 1|X ] is

P [Y = 1|X ] = β0 +β1X .

(g) Are the error terms Ui i = 1, . . . ,n homoskedastic? Explain why or why not. (Hint:
Var [Yi|X1, . . . ,Xn] =Var [Ui|X1, . . . ,Xn].)

(6) Population Frisch-Waugh Theorem. Let (X,Y,U) be a random vector where

(2.5.1) Y = X′β +U

and E [U ] = 0 , E [XU ] = 0 and X =


1
X1
X2
...

Xk

. Theorem 2.5 asserts that any parameterβ j

from this model could be interpreted as the parameter β ∗j from the (much simpler) statisti-
cal model:

(2.5.2) Y = β
∗
0 +β

∗
j X̃ j +U∗

Note: X̃ j is a error term from a regression of X j on X− j where

X− j ≡ {X1,X2, . . . ,X j−1,X j+1, . . . ,Xk} .

In this exercise, we prove this statement of the theorem in several steps.
(a) Solve for β ∗j in terms of properties of the joint distribution of

(
Y, X̃ j

)
?

(b) Show that Cov
[
X̃ j,Xl

]
= 0 for all l = 1, . . . j− 1, j+ 1, . . . ,k. (Hint: remember that

X̃ j is the “error term” from the best linear approximation of E [X j|X− j] .)
(c) Show that Cov

[
X̃ j,X j

]
=Var

[
X̃ j
]
.

(d) Show that Cov
[
X̃ j,U

]
= 0. (Hint: what is X̃ j a function of?)

(e) Using your answers from parts (a-d) show that β j = β ∗j .
(7) Sample Frisch-Waugh Theorem. Suppose that {(Xi,Yi)}n

i=1 is a random sample from

(X,Y ) where X =


1
X1
X2
...

Xk

. Consider the linear regression model Y = X′β +U . The ith

observation from the random sample follows the relationship Yi = X′iβ +Ui. Using the
definitions in the notes, we can express the regression model in stacked form as:

Y = Xβ +U

Note that we can partition the data matrix X by columns to distinguish two sets of regres-
sors in our model as in

X =
[
X1 X2

]
Suppose further that we decompose X by putting the column containing observations on
the first regressor in the submatrix X1 and the rest of the columns (regressors and the
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column of 1s) in X2. 7

X =
[
X1 X2

]

If we define the vector βtwo =


β0
β2
β3
...

βk

, the stacked regression can be expressed as the

partitioned regression specification:

Y =
[
X1 X2

][ β1
βtwo

]
+U

= X1β1 +X2βtwo +U

(a) Premultiply the stacked regression by X′ =
[
X′1
X′2

]
and use the sample moment con-

ditions X′U = 0 to simplify the expression. At this point, your expression should be
of the form: [

A B
C D

](
β̂1

β̂two

)
=

(
E
F

)
Do these sample moment conditions imply that X′1U = 0 and X′2U = 0? Explain
precisely.

(b) Tip for using less pencil: Solve this problem using this A–F notation. Once you have
obtained a solution for β̂1, substitute the expressions you found in (a) into your final
expression.
By matrix multiplication, the expression can be reorganized as follows:

Aβ̂1 = E−Bβ̂two(2.5.3)

Dβ̂two = F−Cβ̂1(2.5.4)

(i) Assuming the regression model has no collinearity, argue that A and D are
invertible.8 Apply these inverses to both sides of equations (2.5.3) and (2.5.4).

(ii) Substitute your solution for β̂two into equation (2.5.3). Solve the resulting ex-
pression for β̂1.9

(c) Now, consider a different approach to obtain an estimator for β1.
(i) Premultiply the partitioned regression specification by the residual maker ma-

trix M2 = I−X2 (X′2X2)
−1X′2. For convenience, define X∗1 = M2X1, Y∗ = M2Y

and U∗ = M2U and write down an expression for the transformed regression
model. Explain the sense in which X∗1 is a vector of residuals (from what re-
gression model?).

(ii) Solve for an estimator of β1 using the transformed regression model. Use the
definitions for X∗1 and Y∗ to express the solution in this part in terms of the
residual maker matrix and the untransformed vectors.

7Without loss of generality, we could reshuffle the columns any which way. Instead of the first regressor, we could
place the jth regressor in X1 instead. We could have more than one regressor in X1, but the intuition from the result we
consider is stronger.

8Note: A in this example is a scalar, but to retain the generality of the problem, pretend it is a matrix.
9Alternatively, you could use the inverse of partitioned matrices theorem.
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(8) For this problem, we will use the edudat2.dta data from the data website. Perform all
calculations in this question with both R and Stata. Consider the following regression
model:

log(wage) = β0 +β1educ+β2exper+β3educ× exper+U

(a) Interpret this regression model as the best linear prediction of log wage, given educ,
exper, and educ× exper.

(i) Interpret the coefficients in the coefficient vector β . Explain precisely how the
interaction affects your interpretation.

(ii) What does the regression model imply about E [educ×U ]?
(b) Estimate this regression model using the edudat2.dta data. Make sure you obtain

the same answers in both packages.
(c) Use the Frisch-Waugh Theorem to motivate an alternative estimation routine for β̂1.

Step 1: Estimate the specification:

educ = α0 +α1exper+α2educ× exper+V

and use your estimates to construct the residuals of that regression. Call the residuals
˜educ.

Step 2: Estimate

log(wage) = β0 +β1 ˜educ+U∗

(d) Consider what would happen if you estimated the following regression model in Step
2. Don’t run the regression yet. Think about it. Do you expect to obtain the same
OLS regression estimates as part (a)? (In your writeup, don’t answer this question
about what you expect. Just do the pre-regression thought exercise)

log(wage) = β0 +β1 ˜educ+β2exper+β3educ× exper+U

Estimate the regression using OLS. How does β̂1 from this regression compare to
parts (a) and (b)? How do your estimates of β̂2 and β̂3 from this specification compare
to part (a)? Explain precisely why these results are they way they are.



CHAPTER 3

Linear Regression as a Causal Model

The previous chapter derived the properties of the OLS estimator as a method to study the statis-
tical population (as defined by the best linear predictor problem). In this chapter, we build on this
framework to study the application of linear regression to econometric settings in which we care
about causal effects. The study of causal effects is a theme that begins in this chapter and continues
throughout the book.

3.1. Causal Interpretation of Regression

For simplicity, start with the case of one regressor.

DEFINITION 3.1.1. The Causal Population. Let (Y,X ,V ) be a random vector like the one we
studied under the statistical interpretation, except that we will interpret V as a causal error term. In
reality, X and V cause (or determine) Y through some function g.

Y = g(X ,V )

X is an observed determinant of Y , V is the sum of the effects of the unobserved determinants
of Y . We think of g(·, ·) as characterizing the true relationship of Y and its underlying determinants.

The causal function g(·, ·) may come from an economic model or it may just represent our ideas
about what causes Y . From this causal model, we can generate predictions regarding how Y changes
in response to changes in X by taking the partial derivative of g with respect to X .

∂Y
∂X

=
∂g(X ,V )

∂X

The partial derivative holds the value of V constant.1 That is, holding all of the unobserved determi-
nants of Y (captured in V ) constant, ∂Y

∂X is the effect of X on Y. In economics classes, we call such
partial derivatives comparative statics. The econometrics of causal models seeks to estimate and
test the comparative statics from economic theory.

1I have adopted the convention that V is a causal error term while U is a statistical error term. I do this because, in
practice, it is important to interpretations of the error term.

58
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DEFINITION 3.1.2. The Causal Regression Model (Linear Causal Relationship). Suppose that
the true causal relationship is linear. In this case, the effect of X on Y does not depend on the value
of X . This fact allows us to express the causal regression model as:

Y = β0 +β1X +V

where β1 =
∂g(X ,V )

∂X is the effect of X on Y and β0 +V the sum of the effects of unobserved determi-
nants, where E [V ] = 0.

Let’s consider an example of how theory can motivate our choice of causal model.

EXAMPLE 3.1.3. An Example of a Causal Model. Take an example from consumer theory. Let a
consumer have preferences described by a quasilinear utility

U (X ,Y ) = Y +α logX

where Px is the price of good X , Py is the price of Y . Denote the consumer’s income as M. We know
from consumer theory that the Marshallian demand curve for good X is given by MRS = α

X = Px
Py

Xm (Px,Py,M) =
α

Px/Py

Plugging in, we can obtain the Marshallian demand curve for good Y

Y m (Px,Py,M) =
M
Py
−α

In this model of demand, these causal determinants of of quantity demanded are prices and income
and the derived demand curves yield a causal function that we can study.

As this example illustrates, it is not difficult to imagine a causal model that is not linear. This is not
surprising. The world is not linear! In the same way as we used the best linear approximation to the
nonlinear statistical E [Y |X ], we can use a similar approximation to nonlinear causal models.

To make this comparison more formal, consider the augmented statistical model:2

Y = β0 +β1X +αW +U︸ ︷︷ ︸
V

where U is a statistical error term from the best linear predictor problem of Y given X and W , X is
an observed predictor of Y , W is a random variable that contains information on how all unobserved
predictors of Y are potentially correlated with X as in:

W = γ1W1 + γ2W2 + ...+ γMWM

In this expression, V = αW +U is the causal error term that represents the sum of the effects of
unobserved factors on Y . The logic of causation recognizes that the regression model contains fewer

2Technically, this expression cannot be a statistical model because W is unobserved. This is why I refer to the
hypothetical regression equation as an augmented statistical model. This description draws on Wooldridge’s graduate
text and its treatment of regression. ? introduce the potential outcomes notation (which is an excellent framework) before
integrating it into one similar to what is presented in these notes.
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regressors than exist conceptually, and because of this simplification, we cannot guarantee that
Cov [X ,V ] = 0 (which was required to identify the slope coefficient β1). Our model of causation
implies that we pick (β0,β1,α) to minimize the mean squared error distance from ĝ(X ,W,U) =
g(X ,V ) where V = αW +U .

DEFINITION 3.1.4. Linear Approximation to the Causal Population. Suppose that the true causal
relationship is given by g(X ,V ), a potentially nonlinear function of the observed and unobserved
determinants. It is always possible to express a linear approximation to the causal population rela-
tionship:

Y = β0 +β1X +V

where β1 is the slope on the best linear approximation to the true causal relationship between Y and
X and β0 is such that the causal error term V has mean zero, E [V ] = 0.
This definition extends naturally to a multiple-regressor framework.
Multiple Regressors. Suppose that the true causal relationship is given by g(X,V ), a potentially
nonlinear function of the observed and unobserved determinants. It is always possible to express a
linear approximation to the causal population relationship:

Y = X′β +V

where β is the coefficient vector that defines the best linear approximation to the true causal rela-
tionship between Y and X. By construction of this approximation, E [V ] = 0.

FACT 3.1.5. Regressors may be Correlated with the Error Term in a causal interpretation. Sup-
pose that we have a well-specified causal model that is actually linear.

Y = X′β +V

This equation is the same as in the statistical linear regression model, but the interpretation of the
error term and the vector of coefficients is is vastly different. In this model, V is the sum of the
ununobserved determinants of Y . In contrast to the purely statistical interpretation (where U is
merely a statistical discrepancy), V has a “life of its own.” We cannot force a causal error term to
be uncorrelated with the regressors because these unobserved determinants could be correlated with
the observed determinants. For example, Y could be wages, X could be eductational attainment,
V could cointain IQ, among other predictors of wages. IQ and educational attainment are clearly
correlated with one another. As a practical matter, this implies Cov [X ,V ] 6= 0.

FACT 3.1.6. The Causal β is Different from the Statistical β . In a simple linear regression
(Y = β0 +β1X +V ), suppose that Cov [X ,V ] 6= 0, where V is the causal error term. In the pre-
vious set of notes, we argued that:

β̂1
P−→ Cov [X ,Y ]

Var [X ]
= β

stat
1

By plugging in for Y using the causal regression and applying linearity of covariances, we obtain
the relationship between the causal effect and the regression coefficient in a statistical model:

β
stat
1 = β

causal
1 +

Cov [X ,V ]

Var [X ]
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Hence, even though β̂1
P−→ β stat

1 , our estimator β̂1 is no longer consistent for the β1 we care about.
As we discussed in the previous set of notes, multiple regressors have a similar formula:

β
stat = β

causal +
(
E
[
XX′

])−1 E [XV ]

3.1.1. Omitted Variable Bias. In both of these expressions, the orthogonality conditions ap-
plied to the causal error term are essential to identify the causal effect using an OLS regression
model. To put it another way, even if we had infinite data on (X,Y ), a correlation of V with X
makes it impossible to recover the vector of causal effects. We will have two approaches to circum-
vent the problem of this correlation with the causal error term.

(1) Include Omitted Variables. The observed regressors are correlated with the causal error
term because omitted variables (presently unobserved variables) are related to the observed
regressors. Given this motivation, we may be able to solve the problem by including
additional regressors until we can argue that E [XV ] = 0. Once we have included all of the
variables in W, we can make this argument.3

(2) Use variation in X that is uncorrelated with V instead of using X itself. This is the
motivation behind instrumental variables regression, which we will cover in detail in an-
other set of notes. As a preview for the instrumental variables logic, we will look for a
set of variables Z that is correlated with X such that E [ZV ] = 0. We will use this set of
orthogonality conditions to identify β . More on this in Chapter 4.

For now, we have our hands full in understanding multiple regression, which serves as our base-
line for understanding how X determines Y . In addition to helping us identify causal effects, the
omitted variables logic is especially useful in understanding our multiple regression estimates and
diagnosing potential problems with them. For these reasons, we now study omitted variables in
detail.

REMARK 3.1.7. Omitted Variable Bias. Suppose that the true causal regression is given by the
long regression:

Y = β
L
0 +β

L
1 X1 +β

L
2 X2 +UL

whereas we estimate the short regression:

Y = β
S
0 +β

S
1 X1 +US

We know that we are wrong in omitting X2, but we would like to investigate the extent to which
our estimates are biased by this omission. Under the identification assumption and the statistical
interpretation of the short regression, we know that

β
S
1 =

Cov [X1,Y ]
Var [X1]

Plugging in the expression for Y from long regression and using linearity of covariances, we obtain
the omitted variable bias formula:

β
S
1 = β

L
1 +β

L
2

Cov [X1,X2]

Var [X1]

3This sounds simple, but in practice, there are two problems. First, the dimensionality of m can be quite large.
Second, some of the variables in W are impossible to observe (or very costly to observe). For this reason, it may be
impractical to apply this algorithm to recover causal effects. That said, decomposing the omitted variable bias formula is
useful to understand the nature of the bias from omitting explanatory variables from the specification.
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Note that we can obtain δ1 = Cov[X1,X2]
Var[X1]

as the coefficient from a statistical regression of X1 on
X2. Because it guides our intuition on identifying causal effects, this is one of the most powerful
formulas in econometrics.

PROPOSITION 3.1.8. Suppose that the long regression is given by:

Y = X′β L +W′
γ +UL

where X =


1
X2
...

Xk

W =


W1
W2
...

Wm

 and γ =


γ1
γ2
...

γm

. The short regression is given by

Y = X′β S +US

Then, the β L from the long regression is related to β L from the short regression as in the multiple
omitted variables bias formula.

β
S = β

L +E
[
XX′

]−1 E
[
XW′]

γ

PROOF. Note that the short regression coefficient estimate has the form

β
S = E

[
XX′

]−1 E [XY ]

To complete the proof, plug in for Y using the long regression:

β
S = E

[
XX′

]−1 E
[
X
(
X′β L +W′

γ +UL
)]

= β
L +E

[
XX′

]−1 E
[
XW′]

γ

�

EXERCISE 3.1.9. Suppose there are k regressors in X and m omitted variables in W. What is the
dimension of β S,β L, E [XX′]−1, E [XW′] and γ . Verify that the dimensions of the above expression
are conformable.

In this expression ∆ = E [XX′]−1 E [XW′] is a (k+1)×m matrix where each column is of the form:

δ j = E
[
XX′

]−1 E [XWj]

That is, each column j is a vector of regression coefficients from the statistical regression

Wj = X′δ j +Ud

EXERCISE 3.1.10. Single Included Variable. Multiple Omitted Variables. Suppose that the true
causal relationship is described by the long regression:

Y = β
L
0 +β

L
1 X1 +W′

γ +UL

where W=


W1
W2
...

Wm

 and γ =


γ1
γ2
...

γm

. Derive an expression for the omitted variables bias formula

that relates β L
1 to β S

1 in this setting. Be very precise. Is the vector of coefficients that Angrist and
Pischke describe from the same regression? If so, what is the specification? If not, explain precisely
how you could obtain these coefficients.
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3.1.2. Measurement Error. The preceeding discussion suggests that if we want to obtain the
right estimates (in the causal sense), we should collect information on every variable that is corre-
lated with our regressor of interest X1 and possibly has predictive power for our response variable Y .
This is a good idea, provided that our additional regressors can be observed at low cost and without
measurement error. What if we can obtain a noisy measurement of our regressors? The next section
develops this idea.

3.1.2.1. Attenuation Bias in Simple Linear Regression. Suppose that the true causal relation-
ship is described by

Y = β0 +β1X1 +U

but that we observe X∗1 = X1 + ξ instead of X1 where ξ is a random variable that represents some
measurement error process. Clearly, if our measurement error ξ is correlated with the true regressor
X1, the mismeasurement will distort our estimator in a perverse way. For this reason, let’s focus on
the case where X1 and ξ are uncorrelated, Cov [X1,ξ ] = 0.

When we estimate the regression

Y = β̃0 + β̃1X∗1 +Ũ

using OLS, the OLS estimator β̂ ols
1 is consistent for β̃1, which can be expressed in terms of the

mismeasured regressor and the response variable as

β̂
ols
1

P−→ β̃1 =
Cov [X∗1 ,Y ]

Var [X∗1 ]

We can plug into this expression for X∗1 = X1 +ξ and Y using the true regression to obtain:

β̃1 =
Cov [X1 +ξ ,β0 +β1X1 +U ]

Var [X1 +ξ ]

=
β1Var [X1]

Var [X1]+Var [ξ ]

which is smaller in magnitude than β1. That is, random measurement error in the case of simple
linear regression implies that the OLS estimator β̂ ols

1 is inconsistent for β1 from the true regression
model. This inconsistency is called attenuation bias because in the case of simple linear regres-
sion the measurement error attenuates the estimated effect, leading to an underestimate of the true
parameter value.

3.1.2.2. Measurement Bias in Multiple Regression. The result that random measurement error
in a regressor attenuates the estimated effects in simple linear regression is hopeful, but it turns out
that the measurement error bias can go in either direction once we introduce it to multiple regression.

Suppose that X∗1 = X1 +W is the only variable that is mismeasured. That is, we would like to
estimate the regression model:

Y = X′β +U



3.1. CAUSAL INTERPRETATION OF REGRESSION 64

with X =


1
X1
X2
...

Xk

, but we use a mismeasured regressor X∗1 in place of X1. Denote X∗ = X+


0

W
0
...
0

= X+W. That is, X′ = (X∗)′−W′. Plug this expression into the true regression relation-

ship to obtain:

Y = (X∗)′β +U−W′
β︸ ︷︷ ︸

U∗

The OLS estimator consistently estimates:

β
∗ = E

[
X∗ (X∗)′

]−1 E [X∗Y ]

= β +E
[
X∗ (X∗)′

]−1 E [X∗U∗]

= β +E
[
X∗ (X∗)′

]−1 E
[
X∗
(
U−W′

β
)]

= β −E
[
X∗ (X∗)′

]−1 E
[
X∗W′

β
]︸ ︷︷ ︸

=E[(X+W)W′]β

= β −E
[
X∗ (X∗)′

]−1 E
[
WW′]

β︸ ︷︷ ︸
measurement bias

which does not equal the parameter vector β we would like to estimate.

3.1.2.3. An Advanced Derivation (for the adventurous student). Explore the measurement bias

term in this expression. First, note that E [WW′]β =


0

E
[
W 2
]

β1
0
...
0

. In the matrix multiplication,

this expression will pick off the second column in E
[
X∗ (X∗)′

]−1. Second, apply Woodbury’s The-
orem for inverting sums of matrices to split out the measurement error from the original regressor.

E
[
X∗ (X∗)′

]−1
= E

[
XX′

]−1− 1
1+h22

E
[
XX′

]−1 E
[
WW′]E

[
XX′

]−1

where h22 = E
[
W 2
]

g22 where g22 is the (2,2) element of the matrix E [XX′]−1. Now, notice that the
E [XX′]−1 E [WW′]E [XX′]−1 term is a matrix of zeroes except for the (2,2) element, which equals

g2
22E
[
W 2
]
. Denote the second column of the matrix E [XX′]−1 as g2 =


g21
g22
g23

...
g2(k+1)

. Then, we can
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express the measurement error term as

E
[
X∗ (X∗)′

]−1 E
[
WW′] = E

[
W 2]

β1


g21

g22−
g2

22E[W 2]
1+g22E[W 2]

g23
...

g2(k+1)


This equation for measurement error leads to two natural observations about the role of measure-
ment error in multiple regression.

(1) With measurement error in one of the regressors (without loss of generality, assume X1

is the mismeasured regressor), the OLS estimator β̂ ols
j is (in general) inconsistent for β j,

even if X j is measured accurately.
(2) The measurement error bias can be in either direction. That is, measurement error in X1

may lead to an under- or over-estimate for β j.

3.2. Regression and Linearity

The only reason for a discussion of linearity versus nonlinearity is because we wish to use a powerful
tool (linear regression) that happens to be linear. The primary tool in the econometrician’s toolkit is
linear regression. As the results in this section demonstrate, linear regression is more powerful and
less restrictive than it first appears.

REMARK 3.2.1. In the linear approximation to a nonlinear causal population, the error term V
depends both on the unobserved determinants of Y and the specification error that arises from using
a linear function to approximate a nonlinear relationship (Z, for example, could depend on X2 and
log(X), which are observed, but not used). In practice, it is difficult to distinguish these two types of
misspecification. As long as this we have such a well-specified model, the linear causal population
allows us to conceptualize the error term as “unobserved determinants of Y .”

This remark about nonlinearity appears to stand in contrast to an important result for the linear
approximation of a nonlinear regression relationship: the average derivative property. This result
is cleanest to see in a single regression setup though a version of it holds in multiple regression.4

THEOREM 3.2.2. Consider the case of one regressor. Suppose that a conditional expectation func-
tion. h(x) = E [Y |X = x] is a nonlinear function of the value of X (with derivative h′ (x)). As
long as we assume that X is continuously distributed, the slope coefficient in the linear regression
Y = β0 +β1X +U can be expressed as β1 =

´
h′(x)µxdx´

µxdx , the weighted average of the slope of the true
CEF with weights given by µx = (E [X |X ≥ x]−E [X |X < x]) (1−P [X ≥ x])P [X ≥ x]

This is a powerful result with an important caveat. This average derivative property is informative
as long as the nonlinear CEF is approximately linear. That is, as linearity of the conditional ex-
pectation becomes a worse model, it means less for describing the ultimate nonlinear relationship.
For example, let X be age (ranging from 9 years to 90 years) and Y be some measure of fertility.
Conditional on age, expected fertility rises from about zero to some positive number back to about
zero. A linear approximation makes little sense in this setting. Fortunately, linear regression can
accommodate this setting for a richer set of interpretations.

4See ? for more details, including a proof in the appendix to Chapter 2.
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REMARK 3.2.3. Linearity and Transformations. Although it restricts the number of applications,
imposing linearity in the causal model is not as restrictive as it first appears.

(1) The linearity requirement is on the parameters of the causal regression model, not neces-
sarily the regressors. We can transform the variables of interest so that the relationship
between the transformed variables is linear. For example, it may be that Y and X have a
nonlinear relationship, but logY and logX have a linear relationship. In this case, it would
be a good idea to estimate

logY = β0 +β1 logX +U

(2) In general, we can include multiple observed causal determinants of Y . If the relationship
is nonlinear due to correlations with these other determinants, we should include them in
the model as follows:

Y = β0 +β1X1 +β2X2 +U

or (in general):

Y = X′β +U

Still, there may be a fundamental nonlinearity in the causal model. Multiple regression
helps us here, too, because we can use predictors and their transformations as regressors.
It is perfectly valid if the regressors are functions of one another (as long as the additional
regressors do not provide redundant information). For example, if we believe that the true
relationship between Y and X is quadratic, we can specify the causal model:

Y = β0 +β1X +β2X2 +U

or if we believe that Y not only depends on X and Z, but also the interaction between the
two:

Y = β0 +β1X +β2Z +β3XZ +U

These are all linear regression models, but including transformed regressors allows us to analyze
nonlinear relationships using linear regression.

REMARK 3.2.4. Just as in the linear causal regression case, the effect of X on Y is still the partial
derivative of Y with respect to X , ∂Y

∂X in regression models with transformations and interactions.
The only difference is that this partial derivative is computed differently.

For example, in the quadratic regression case,

Y = β0 +β1X +β2X2 +U

the effect is ∂Y
∂X = β1 +2β2X .

In the logged regressor case,

Y = β0 +β1 logX +U

the effect is ∂Y
∂X = β1

X . Solving for β1, we obtain β1 =
∂Y

∂X/X
, an expression we call the semielasticity

of Y with respect to X .5

In the log-log regression case,

5We call this expression semielasticity because the denominator is the instantaneous percentage change in X while
the numerator is an absolute change in Y . We will often abbreviate the ∂X

X term as ∂ logX for obvious reasons.
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logY = β0 +β1 logX +U

can you show that β1 is the elasticity of Y with respect to X , εY,X = ∂Y
∂X

X
Y ?

3.3. Some Practical Details of OLS Regression

The terminology in this section shows up in the previous regression notes on projection matrices,
but you may find a less vectorized description of these methods informative as a bridge from scalar
algebra to linear algebra.

DEFINITION 3.3.1. The fitted value is a useful object computed by Ŷi = β̂0 + β̂1Xi for each obser-
vation i. For multiple regression, we compute the fitted value as Ŷi = X′iβ̂ .

The residual is defined in terms of the fitted value Ûi = Yi− Ŷi as how much we overpredict obser-
vation i by using the regression line.

Plots of these residuals will be informative diagnostics of assumptions that we’ll want to make in
estimating a regression model (independence, linearity and constant variance). Residuals and fitted
values can be defined for any Ỹ = b0 + b1X candidate regression line (or Ỹ = X′b̃ for multiple
regression). Using an arbitrary candidate regression line, we can think of the OLS problem as
choosing b̃ = (b0,b1, ...,bk) to minimize the sum of squared residuals.

min
b̃

∑
n
i=1Ũ2

i

Especially for hypothesis testing (and comparing the performance of regression models to one an-
other), it will be useful to think in terms of sums of squared residuals from various fitted models.

DEFINITION 3.3.2. For the best fitting regression line, define sum of squared residuals (SSR):

SSResid ≡
n

∑
i=1

Û2
i

Imagine Ỹ = Ȳ , the sample mean of Yi. Using this as our estimator of Yi regardless of the value of
Xi, we could form a similar sum of squared term, called the sum of squares total (SST):

SSTotal =
n

∑
i=1

(Yi− Ȳ )2

DEFINITION 3.3.3. One measure of goodness of fit is called R2, which we define to be:

R2 =
SSTotal−SSResid

SSTotal

=
SSExplained

SSTotal
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CLAIM 3.3.4. In the previous definition of R2, we defined SSExplained ≡ SSTotal − SSResid.
Through some simple algebraic manipulation, we can also show that SSExplained =∑

n
i=1
(
Ŷi− Ȳ

)2.

You may also wonder why R2 has its name. The following claim is why.

CLAIM 3.3.5. It also turns out that

R2 = (rXY )
2

where rXY =
SX ,Y
SX SY

is the sample correlation between X and Y .

Another important statistic that shows up in inference relating to simple linear regression is the
mean squared residual (MSR):6

MSR =
SSResid

d f

where d f = n−2. This is an estimator for the variance of U . If we want an estimate for the standard
deviation of U , we can take the square root. SER=

√
MSR. This object is often called the root-MSR

or the standard error of regression.7 Like R2, SER can be a useful measure of the performance of
the regression model.

As it estimates the standard deviation of our statistical error term, smaller SER means less unex-
plained variability in our response variables. If all we care about is prediction within the sample,
we may prefer models that have lower SER because their predictive accuracy is greater. In econo-
metrics, however, we have a much more important priority: valid inference.

REMARK 3.3.6. Warning about R2: Our estimation routines have been defined for statistical models
while a key motivating interest in regression is to assign causation. For this reason, we should be
interested in when our statistical model can be used for causal inference. This only happens when
Cov [X ,V ] = 0.
Notice that this property that ensures the validity of causal inference holds regardless of the value
of R2. In fact, if R2 is “suspiciously high,” it might cause concern about the validity of our causal
inference. This is because some of that explained variation in the numerator of R2 could be coming
from a correlation with unobserved factors (and that correlation undermines our ability to line up
our causal model with the statistical model). This is because R2 is higher when X represents – or is
correlated with – a bunch of other factors that also cause Y , but are not in the regression.

6There is a more general concept here called a mean square, which is computed by taking SS
d f for each of the types

of sums of squares we have defined thus far. For example, we could define the mean squared explained MSExplained =
SSExplained

d fexplained
, but d fexplained equals one when we only have one predictor. This will be more interesting to discuss when

we have multiple regressors in the regression model, and it will be an essential calculation for multiple inference.
7You may also see the terminology “root-MSE” for square root of mean squared “error.” We will try to stick with

terminology residual to denote sample differences of our estimator from our response variable, but computer software
packages often use a different convention.
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3.4. Hypothesis Testing in Regression

To this point, we have analyzed the OLS estimator β̂ and studied its properties. In this section, we
discuss how these properties – specifically, consistency and asymptotic normality – lead naturally
to inference about the true parameter vector β . Deep down, we would like to make statements
about the true relationships among our predictors in X and the response variable Y . Inference and
hypothesis testing in OLS regression is how we make the link from statistics to statements about the
true state of the world.

As is standard in statistics, we ground our methods of inference in the sampling distribution of our
estimator. Similarly to our approach in the probability notes, we want to make minimal assumptions
about the population regression. For this reason, we use the limiting distribution of our estimator
as the approximate sampling distribution for inference. We have already derived the asymptotic
sampling distribution of the OLS estimator:

√
n
(

β̂ −β

)
d−→ N (0,Σ)

where Σ = E [XX′]−1Var [XU ]E [XX′]−1 is the asymptotic variance of
√

nβ̂ . Under the assumption
of homoskedasticity Var [U |X] =Var [U ] = σ2, we have a simpler form for Σ = σ2E [XX′]−1.

Software packages use the homoskedasticity assumption as the default and compute a consistent
estimator for Σ, given by

Σ̂ =
(

Y−Xβ̂

)′(
Y−Xβ̂

)[
X′X

]−1
= SSResid

[
X′X

]−1

3.4.1. Putting the Sampling Distribution to Use. In practice, we will use a consistent esti-
mator for Σ, denoted Σ̂ and isolate β̂ in the above converence in distribution argument to argue
that

β̂ ≈ N
(

β ,
Σ̂

n

)
DEFINITION 3.4.1. In this expression, we call Σ̂

n the estimated (approximate) variance-covariance
matrix of β̂ .

As long as we are willing to ground our inference in large sample results, this matrix contains all of
the information we will need to use a coefficient vector estimate β̂ to provide inference for the true
parameter vector β . More specifically, Σ̂

n contains estimated variances of the estimators β̂i along its
diagonal and the estimated covariances in the off diagonal elements:

Σ̂

n
=


ˆVar
[
β̂0

]
ˆCov
[
β̂0, β̂1

]
. . . ˆCov

[
β̂0, β̂k

]
ˆCov
[
β̂0, β̂1

]
ˆVar
[
β̂1

]
ˆCov
[
β̂1, β̂k

]
...

. . .
ˆCov
[
β̂0, β̂k

]
ˆCov
[
β̂1, β̂k

]
. . . ˆVar

[
β̂k

]

= MSResid×
(
X′X

)−1

where the second equality assumes homoskedasticity.



3.4. HYPOTHESIS TESTING IN REGRESSION 70

REMARK 3.4.2. To obtain the standard error of an estimate β̂i, extract ˆVar
[
β̂i

]
from the variance

covariance matrix and compute its square root: SE
[
β̂i

]
=

√
ˆVar
[
β̂i

]
.

3.4.1.1. Tests for Single Regression Coefficients. Standard errors are useful for inference about
the true coefficient β j because they form the denominator of our test statistic for tests concerning
single regression coefficients:

T =
β̂ j−β 0

j

SE
[
β̂ j

]
where β 0

j is the null-hypothesized value for a hypothesis test regarding β j. Formally, H0 : β j = β 0
j .

On an intuitive level, we use the test statistic to measure the “distance” in number of standard errors
that our computed estimate β̂ j is from the hypothesized value β 0

j . If this distance is large enough
(above the critical value we set to keep Type I error at α probability), we reject the null hypothesis.

EXAMPLE 3.4.3. Suppose that we estimate the regression model Y = β0 +β1X1 +U using OLS,
and we want to know if the regressor X1 is statistically significant. That is, we want to know if X1
has a relationship with Y in the population regression. We can only use our regression estimates to
make this conclusion.

The null hypothesis for this test is H0 : β1 = 0 and it is natural to use the two-sided alternative
H1 : β1 6= 0. Imagine that you want to test this hypothesis at the 5 percent level. That is, you want
to limit the probability of making a Type I error to be α = 0.05. For a two-sided test, we will reject
if T is below the 0.025 quantile of the standard normal or above the 0.975 quantile. In this case, our
decision rule is simple: reject if |T |> 1.96, fail to reject otherwise.

In practice, we could carry out this test on actual data by computing the OLS estimate of β̂1 using
our sample and using the SE

[
β̂1

]
computed from the diagonal of the estimated variance-covariance

matrix (which is only a 2× 2 matrix in this example).8 Suppose β̂1 = 0.75 and SE
[
β̂1

]
= 0.25,

then the computed value of T = 0.75−0
0.25 = 4. If this is the case, we reject the null hypothesis of no

relationship between X1 and Y , and conclude that X1 has an independent relationship on Y .

Conducting a hypothesis test regarding a single coefficient in multiple regression is similar.

EXAMPLE 3.4.4. Suppose that we estimate the regression model Y = β0 +β1X1 +β2X2 +U using
OLS, and we want to know if the regressor X1 is statistically significant. Statistical significance
is slightly more complicated in multiple regression. Informed by the Frisch-Waugh Theorem, we
want to know if X1 has its own independent relationship with Y , after partialing out the effect of X2.

The null hypothesis for this test is H0 : β1 = 0 and it is natural to use the two-sided alternative
H1 : β1 6= 0. As in the simple regression context, our decision rule is simple: reject if |T | > 1.96,
fail to reject otherwise.

8Many treatments of this material write out the estimated variance-covariance matrix in terms of the cumbersome
formulas that arise in the details of the matrix multiplication. You won’t apply these non-matrix formulas and they provide
little intuition about the properties of standard errors, so why bother learning them? In an effort to more clearly see the
concept, we stick to a primarily matrix-based treatment of standard errors. In practice, we use matrices to compute them
anyway.
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In practice, we could carry out this test on actual data by computing the OLS estimate of β̂1 using
our sample and using the SE

[
β̂1

]
computed from the diagonal of the estimated variance-covariance

matrix (now, a 3× 3 matrix). Suppose β̂1 = 0.4 and SE
[
β̂1

]
= 0.1, then the computed value of

T = 0.4−0
0.1 = 4. If this is the case, we reject the null hypothesis of no effect, and conclude that X1

has its an independent relationship on Y that is distinct from X2.

3.4.1.2. Tests for a Single Linear Combination of Regression Coefficients. The method in the
previous section for conducting inference naturally extends to testing hypotheses regarding linear
combinations of the regression coefficients. To see how we can extend the method, recognize that

SE
[
β̂ j

]
=

√
ˆVar
[
β̂ j

]
.

DEFINITION 3.4.5. Consider the estimator defined by the linear combination θ̂ = r′β̂ , where r′ is
a conformable row vector of constants. The standard error of the linear combination θ̂ = r′β̂ is
given by

SE
[
θ̂
]
= SE

[
r′β̂
]

=

√
ˆVar
[
r′β̂
]
=

√
r′ ˆVar

[
β̂

]
r =

√
r′Σ̂r

n

Just as we did before, we can form the t-ratio as our test statistic for tests about the linear combina-
tion θ0 = r′β :

T =
θ̂ −θ0

SE
[
θ̂
] = r′β̂ −θ0

SE
[
θ̂
]

where θ0 is the null-hypothesized value of the linear combination r′β . Formally, H0 : r′β = θ0.
The same intuition applies as for tests for single regression coefficients. We use the test statistic
to measure the “distance” in number of standard errors that our computed estimate of the linear
combination r′β̂ is from the hypothesized value θ0. If this distance is large enough (above the
critical value we set to keep Type I error at α probability), we reject the null hypothesis.

EXAMPLE 3.4.6. Suppose we estimate the regression model log(Y ) = β0+β1 log(K)+β2 log(L)+
β3 log(M)+U where Y is output per year, K, L and M are inputs used per year. In this context, an
interesting null hypothesis versus the one sided alternative9 is

H0 : β1 +β2 +β3 = 1
H1 : β1 +β2 +β3 > 1

This hypothesis test is exactly

H0 : r′β = θ0

H1 : r′β > θ0

where r =


0
1
1
1

, β =


β0
β1
β2
β3

 and θ0 = 1.

Now, because this is a one-sided test, α = 0.05 implies that we obtain a critical value of 1.645 from
the standard normal distribution (the 95th percentile). Our decision rule is to reject if T > 1.645 and
fail to reject otherwise.

9This is actually a test for increasing returns to scale in factor inputs (K,L,M).
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To carry out the test, we obtain β̂ and use it to construct θ̂ = r′β̂ as our estimator for θ = r′β . Next,
we need to obtain the standard error. Software will produce the estimated variance-covariance
matrix V̂ = Σ̂

n . The estimated variance of θ̂ equals ˆVar
[
r′β̂
]
= r′V̂ r. Use this fact to compute

SE
[
β̂

]
=
√

r′V̂ r and construct the test statistic

T =
r′β̂ −1√

r′V̂ r

according to the general formula given in the probability notes.10 For example, suppose that β̂ and
V̂ , the estimated variance-covariance matrix, are:

β̂ =


0.05
0.3
0.6
0.3



V̂ =


0.01 0.004 0.004 −0.003
0.004 0.015 −0.007 −0.0025
0.004 −0.007 0.02 −0.002
−0.003 −0.0025 −0.002 0.030


From this, we can compute θ̂ = r′β̂ = 1.2 and we can verify (using computer software) that the
standard error equals SE

[
r′β̂
]
= 0.2049. Hence, the test statistic equals T = 1.2−1

0.2049 = 0.9759,
which is less than our critical value. Hence, we fail to reject the null hypothesis.

3.4.1.3. Tests for Multiple Restrictions. To this point, the hypothesis tests we have considered
have had only one restriction. That is, we were interested in testing a single restriction on the
parameters (even if that restriction involved a linear combination of several coefficients). In addition
to these single-restriction tests, we will occasionally wish to test several (or many) restrictions on
the parameters simultaneously. We call such a hypothesis test a joint test, or alternatively, a test
with multiple restrictions.

A naive approach would be to apply the testing procedure we used in the previous section for each
restriction we would like to test.

EXAMPLE 3.4.7. Suppose we estimate the regression model

Y = β0 +β1X1 +β2X2 +β3X3 +β4X4 +U

using OLS and we would like to test the joint hypothesis

H0 : β1 = β2 and β3 = β4

against the alternative that at least one of the two restrictions does not hold.

If we were to take the naive approach to deal with these hypotheses separately, the first restriction
could be implemented using r′1 = (0,1,−1,0,0) and θ

(1)
0 = 0 the second restriction could be im-

plemented using r′2 = (0,0,0,1,−1) and θ
(2)
0 = 0. Then, we would just construct T1 =

r′1β̂−θ
(1)
0

SE[r′1β̂ ]
and

T2 =
r′2β̂−θ

(2)
0

SE[r′2β̂ ]
and compare to the critical value that guarantees α .

10r′β̂ has an asymptotically normal distribution. Hence, T = θ̂−θ0
SE[θ̂ ]

d−→ N (0,1)
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REMARK 3.4.8. A Comment on the Naive Approach to Multiple Restrictions. The naive ap-
proach is the wrong way to test for joint significance, but it can provide some intuition about the
right test to conduct. The problem with this naive approach is that the two test statistics are possibly
correlated. For this reason, we cannot just combine the two statistics into one by (for example)
computing X2 = T 2

1 +T 2
2 .

This squaring-and-summing technique would work for a large enough sample size and if the two
test statistics T1 and T2 were independent. Because squared N (0,1) RVs are χ2

1 and summing
independent χ2 RVs produces another χ2 RV (with d f equal to the sum of the d f of the individual
χ2 RVs), we know X2 ∼ χ2

2 as long as T1 and T2 are independent. Even though T1 and T2 are not
independent, we will do something like squaring and summing the individual test statistics when
we construct our F statistic.

In the previous example, a more sophisticated way to conduct multiple restriction hypothesis tests
is to construct the F statistic as follows:

F =

((
r′1
r′2

)
β̂ −

(
θ
(1)
0

θ
(2)
0

))′[(
r′1
r′2

)
V̂
(

r′1
r′2

)′]−1((
r′1
r′2

)
β̂ −

(
θ
(1)
0

θ
(2)
0

))

where V̂ is the estimated variance-covariance matrix. We can simplify the expression by defining

R =

(
r′1
r′2

)
c =

(
θ
(1)
0

θ
(2)
0

)

If we extend the simpler (R and c) notation to the case where R and c have a number of rows equal to
d f (each row represents a restriction to be tested, so we test d f restrictions), we obtain the general
formula for the F statistic.

DEFINITION 3.4.9. F-statistic for Linear Restrictions in Multiple Regression. To test a null
hypothesis that can be expressed in matrix-vector form as H0 : Rβ = c.he F statistic equals

F =
(

Rβ̂ − c
)′ [

RV̂ R′
]−1
(

Rβ̂ − c
)

Constructed this way, F d−→ χ2
d f where d f = number of rows in R.

If you are comfortable with matrix factorizations, the following formalization of the intuition behind
the form of the F statistic may be helpful.
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REMARK 3.4.10. An Advanced Note: Intuition for the form of the F statistic. If we break the F
statistic into different pieces, it becomes somewhat easier to understand why it has the form it does.

(1) The vector Rβ̂ − c contains precisely the terms in the numerator of the individual T test
statistics that we considered using in the naive approach.

(2) The matrix V = Var
[
Rβ̂

]
= RV̂ R′ is the variance-covariance matrix for the elements of

the vector Rβ̂ − c. We can compute the square root of the diagonal elements of Var
[
Rβ̂

]
to obtain the standard errors from the naive approach. The off-diagonal elements in this
matrix give us information about how the elements of Rβ̂ are correlated with one another.
• If only there were a way to take the square root of the matrix and bring along the

information on how the linear combinations are correlated with one another. It turns
out that there is. Being a positive definite symmetric matrix V = Var

[
Rβ̂

]
has an

inverse and its inverse has a square root decomposition (motivated by an eigenvalue-
eigenvector decomposition) Hence, we can write V −1 = V −

1
2 V −

1
2 and V −

1
2 is sym-

metric.
(3) Given (2), we can rewrite the F statistic. Define T̂ =

(
Rβ̂ − c

)
V −

1
2 , which looks like

a vector equivalent of the naive approach (while accounting for the correlations between
individual the test statistics). Given all of this work, the F statistic can be computed as

F = T̂ ′T̂

This is an inner product, which is a sum of the squared elements of T̂ .

That the asymptotic distribution of F turns out to be χ2
d f is not surprising given our approximate

intuition – made formal in the previous box – that the F statistic is the sum of squared T statistics
(adjusted appropriately) from each restriction in the joint test.11

There are several important examples of F tests in econometrics:

EXAMPLE 3.4.11. Omnibus F-test. Suppose we estimate the regression model

Y = β0 +
5

∑
i=1

βiXi +U

and we want to conduct a test of the null hypothesis that none of the regressors has a relationship
with the response variable, jointly. Formally, this null hypothesis is H0 : β1 = β2 = ... = β5 = 0
and the alternative hypothesis H1 is at least one of the βi coefficients is not zero. To translate this
hypothesis into matrix form, R = [05, I5] where05 is a 5×1 vector of zeros and I5 is the 5×5 identity
matrix. Moreover, c = 05.

In this case, the F-statistic has an asymptotic distribution of χ2
5 . At α = 0.05, we look up the 95th

percentile of the χ2
5 distribution, which is 11.0705.12 Our decision rule is to reject if F > 11.0705

and fail to reject otherwise. From here, we apply the formula in Definition 3.9 to obtain a computed
value of F and conclude about the null hypothesis by comparing F to our critical value.

11If we were willing to assume that the population is multivariate normal, the F statistic would have an F distribution

with d fnum equal to the number of restrictions and d fdenom = n−dim(β ). Not surprisingly, it is true that Fd fnum,d fdenom

d−→
χ2

d fnum
.

12Note: we look up the 95th percentile because the events leading to both tails of the standard normal are translated
into the upper tail of the χ2 distribution because we are squaring. Big negative T values and big positive T values enter
positively in the F statistic. In R, the command for obtaining this percentile is qchisq(0.95,5) .
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In practice, the omnibus F-test is provided by software packages in the the standard table of regres-
sion output.

EXAMPLE 3.4.12. Chow Test. Suppose there are two groups of individuals in our data set and we
define the dummy (binary) variable D

D =

{
1 if member of group A
0 if member of group B

In our study of this population, we model the relationship between Y and X =

(
X1
X2

)
as:

Y = β0 +β1X1 +β2X2 +U (1)

To give some more context, imagine that group A is males and group B is females (so D is a dummy
variable that could be called male), Y is wages, X1 is number of children in the household, and X2
is years of education. Given this context, we might be concerned that the regression relationship
between wages, children in the household and years of education is different in some way for females
than it is for males. That is, the coefficient vector (β0,β1,β2)

′ depends on group membership.

If the relationship is different by group membership, we would like to know. The test for a difference
along these lines is a joint hypothesis test called the Chow Test.13 To motivate this hypothesis test,
suppose we estimated a second regression model

Y = β0 +β1X1 +β2X2 +β3D+β4 (D×X1)+β5 (D×X2)+U (2)

using OLS. Then, the null hypothesis of the Chow Test is H0 : β3 = β4 = β5 = 0 and that alternative
that there are differences in the regression relationship by gender means β3,β4 and β5 are not all
zero. The F statistic has an asymptotically χ2

3 distribution, which has a 95th percentile of 7.814.
Hence, our rejection rule is to reject the null hypothesis if F > 7.814 and fail to reject otherwise.

We can translate into matrix notation to compute F . In this problem, R = [03×3, I3×3] and c = 03×1.
From this matrixization of our hypothesis test and the estimated variance-covariance matrix V̂ , we
can compute F using Definition 3.9. Alternatively, we can used canned methods in R and Stata to
produce the desired test statistics.

Although the canned methods in R and Stata use the techniques described in this section (and are
a perfectly valid way to conduct empirical research), you should be able to recreate the matrix
algebra behind these canned methods. Recreating the calculations behind these canned methods
demonstrates mastery of hypothesis testing.

3.5. Chapter Exercises

(1) Use R for the following illustration of the Sampling Distribution of β̂1.

13Here is an insightful discussion of the Chow Test and how to implement it in Stata
http://www.stata.com/support/faqs/stat/chow3.html. I agree with the author that it is a good idea to not get worked up
about the fact that this test has a name. For our purposes (and for any practical application), you should think of it as an
F test.

http://www.stata.com/support/faqs/stat/chow3.html
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(a) Create a population of 200,000 simulated individuals described by the population
regression

Y = β0 +β1X +U

where X ∼ 15 + 2× t (d fX) and U = t (d fU). Write your code to allow the user
to prespectify the values of the parameters. Namely, start your code specifying the
following parameters:

d fX = 5
d fU = 3

β0 = 5
β1 = 10

You may find it convenient to bind (X ,Y ) together in a data frame object using the
as.data.frame() and cbind() commands. After constructing the population, σU
(the standard deviation of the error term) for future reference.

(b) Verify that X and U depart significantly from a normal distribution, apply the qqnorm()
function to the vectors X and U . This function plots the theoretical quantiles of a nor-
mal RV against the empirical quantiles of the vector in question. If the data are nor-
mal, this should look like the 45 degree line. Comment on the shape of the population
distribution.

(c) Organize the following steps using a for loop. Before starting your for loop, it
will be useful to define two storage vectors beta1stor and seb1stor to contain
the realized values of your sample statistics.14 We will compute B = 1000 random
samples of size n = 150 from this population.

(i) Using the sample() command, draw a sample without replacement of size
n = 150 from the population you constructed in part (a). Does this sample
technically qualify as an iid random sample? As a practical matter, does it?

(ii) Compute OLS estimates of the single regression model Y = β0 +β1X +U on
each of these samples. Store β̂1 and SE

(
β̂1

)
computed from each sample.15

You may use the lm() function to estimate β̂1.
(iii) Report a histogram of your computed values for β̂1. Comment on the shape of

this histogram and how this relates to the underlying population. Also, apply
qqnorm() to your vector of computed β̂1 values.

(iv) Compute the standard deviation of β̂1. Compute the mean of SE
(

β̂1

)
. Com-

ment on what this tells you.
(d) Perform the same calculations as in (c) for n = 15 instead of n = 150.

(2) Let (Y1,X1,1,X1,2), . . . ,(Yn,Xn,1,Xn,2) be an i.i.d. sample from (Y,X1,X2) satisfying

Y = β0 +β1X1 +β2X2 +U ,

where (1,X1,X2) is not perfectly collinear, E[Y 4] < ∞ and E[X4
j ] < ∞ for 1 ≤ j ≤ 2. You

the researcher wish to interpret this regression as the best linear predictor of Y given X1
and X2.
(a) Interpret U . Is it necessarily true that E[U ] = 0? What about E[X1U ] = 0 or E[X2U ] =

0?

14I recommend using the rep() command for this while setting each value in the storage vector to zero.
15Finding the standard error in the output is a little tricky. If you have estimated a model called model.lm, you can

find the standard error of the slope coefficient estimate using the command summary(model.lm)$coefficients[2,2]
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(b) Suppose the researcher estimates the equation

Y = β
∗
0 +β

∗
1 X1 +U∗

by OLS. Show that

β̂
∗
1

P→ β1 +β2
Cov[X1,X2]

Var[X1]
.

(c) Under what conditions will it be true that β̂ ∗1 is consistent for β1?
(d) Suppose you estimate the single regression using OLS. Is it necessarily true that

n

∑
i=1

Xi, jÛ∗ = 0

for 1≤ j ≤ 2? What about
n

∑
i=1

Û∗i = 0 ?

(e) Express part (d) in matrix notation. Explain your answer to (d) in terms of the column
space of X and the null space of X′.

(3) Suppose you estimate the regression model

Y = β0 +β1X +U

using OLS and obtain β̂0 and β̂1. For a > 0, define Y ∗ ≡ aY and X∗ = aX . Now, suppose
you estimate the regression model

Y ∗ = β
∗
0 +β

∗
1 X∗+U∗

using OLS and obtain β̂ ∗0 and β̂ ∗1 .
(a) What is the relationship between β̂1 and β̂ ∗1 ? β̂0 and β̂ ∗0 ?
(b) What is the relationship between σ̂2

β̂1
in the two regressions?

(c) What is the relationship between R2 in the two regressions?
(4) Use the edudat2.dta data file from the website for this question. Use both R and Stata

for this question. Report your estimates in a nicely-formatted table, but also include an
appendix with any relevant code and output.
(a) After reading the data into your statistical packages, produce summary statistics on

each variable (e.g., for quantitative variables, mean, median, minimum, maximum
and standard deviation) and report these in a nicely-formatted table.

(b) Compute the mean wage for male employees and the mean wage for female employ-
ees.

(c) Estimate the simple regression model

wage = β0 +β1gender+U1

using OLS. How do the estimates from this regression compare with the summary
measures you computed in the previous parts of the problem. Based on these re-
gression results, do you find evidence that females face discrimination in the labor
market? Explain precisely.

(d) How would including educ and pareduc in the model affect your interpretation of β1?
Do you expect the coefficient estimate β̂1 to be the same in a simple regression as it
is in a multiple regression?

(e) Estimate the multiple regression model

wage = β0 +β1gender+β2educ+β3 pareduc+U2
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using OLS. How does your estimate of β1 from this multiple regression model com-
pare with the estimate from the simple regression model? In light of the multiple
regression results, reevaluate your answer regarding discrimination of females in the
labor force from part (c).

(f) Consider also including an interaction gender×educ in the regression model. Explain
precisely how this interaction changes the interpretation of β2. Does the interaction
change the interpretation of β1?

(g) Estimate the multiple regression model

wage = β0 +β1gender+β2educ+β3 pareduc+β4gender× educ+U2

using OLS. In light of the regression results, reevaluate your answer regarding dis-
crimination of females in the labor force from part (d).

(5) Blogging Econometrics. Economist Justin Wolfers recently wrote a blog post at Freako-
nomics about a striking scatterplot produced by another economist John Taylor on his
own blog. Read Taylor’s original post,16 Wolfers’ first response,17 and Wolfers’ second
response.18 This question will guide you through some calculations that will help you
evaluate the evidence presented by both sides.
(a) The data set inv.dta contains data on the seasonally-adjusted unemployment rate

unrate, the ratio of fixed private investment to gdp invtogdp and the timing of these
events, denoted both by the quarter-year DATE and a factor that indicates the decade
of the observation dec. Use this data set to reproduce Taylor’s original scatterplot and
Wolfers’ extended scatterplot. 19

(b) Estimate the regression model

unrate = β0 +β1invtogd p+U2

using OLS on both the Taylor sample and Wolfers (full) sample. Comment on the
relationship between the two regressions.

We will use the full sample for the rest of this problem (unless told to do oth-
erwise).

(c) Estimate the regression model

unrate =
6

∑
i=1

I{dec=i}αi +β1invtogd p+U2

using OLS, where I{dec=i} is a dummy variable that equals one if an observation is in
decade i and zero otherwise. In this specification, what happens to the estimate for β1
relative to the simple regression specification? Interpret.

(d) Estimate the simple regression model from (b) separately on each of the six decades.
For each of these separate regressions, report β̂1 and the p-value for the following
hypothesis test:

H0 : β1 = 0
H1 : β1 < 0

Relative to part (c), what do you conclude about the statistical relationship of unrate
and invtogd p?

16http://johnbtaylorsblog.blogspot.com/2011/01/higher-investment-best-way-to-reduce.html
17http://www.freakonomics.com/2011/03/30/how-to-spot-advocacy-science-john-taylor-edition/
18http://www.freakonomics.com/2011/04/01/graph-fight-more-on-taylor%E2%80%99s-scatterplot/
19Note: The Taylor sample includes all observations from decades 5 and 6.

http://johnbtaylorsblog.blogspot.com/2011/01/higher-investment-best-way-to-reduce.html
http://www.freakonomics.com/2011/03/30/how-to-spot-advocacy-science-john-taylor-edition/
http://www.freakonomics.com/2011/04/01/graph-fight-more-on-taylor%E2%80%99s-scatterplot/
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(e) OLS estimation has nice properties when the data are drawn independently and iden-
tically from the joint distribution of the regressors and the response variable (that is,
when we have a random sample). Is this assumption satisfied in this setting?

(6) Use R for the following illustration of Omitted Variable Bias. Submit your code in an
appendix to the assignment.
(a) Construct a sample of 500 simulated individuals with the following random variables.

(i) Prior to running any other commands, use the command set.seed(20900).
(ii) X1 = t (5), X3 ∼ 6+N (0,1) and X4 ∼ 4+4× t (15)

(iii) X2 = 3+5X1 +U1 where U1 ∼ N
(
0,σ2 = 9

)
.

(iv) Population regression relationship. The response variable equals:

Y = 10+2X1 +7X2 +17X3 +W

where W ∼ N
(
0,σ2

W = 100
)
.

(v) Given these random variables, create a data.frame object by binding (Y,X1,X2,X3,X4)
together into a single data frame. Use cbind() and as.data.frame().

(vi) Run the summary() command on the data frame you constructed and comment
briefly on how the summary statistics from this simulated population match
with the parameter values you used.

(b) Use OLS regression to estimate the single linear regression model

Y = β0 +β1X1 +U

Report your estimates in the first column of a nicely-formatted table. Is your estimate
for β1 within a standard error of the true population value you input into this exercise
in part (a)?

(c) Use OLS regression to estimate Y = β0 +β1X1 +β2X2 +U .
(i) Report your estimates in the second column of a nicely-formatted table.

(ii) Is your estimate for β1 from this specification within a standard error of the true
population value you input into this exercise in part (a)?

(iii) Use the omitted variables bias formula to reconcile your estimate of β1 from
(b) with your estimate from this part.

(d) Suppose that you have an imprecise measurement for X2 given by Xm
2 =X2+M where

M ∼ N (0,1). Construct a variable Xm
2 and append it to your data set. With this

mismeasured variable, estimate the regression Y = β0 +β1X1 +β2Xm
2 +U .

(i) Report your estimates in the third column of a nicely-formatted table.
(ii) Is your estimate for β1 from this specification within a standard error of the true

population value you input into this exercise in part (a)?
(7) Reverse Causality? Revisit the Taylor scatter plot data. These data are available on the

website in a file named taylor.csv. Note: govtogd p1 is the variable in the data set that
corresponds to the one-period time lag govtogd pt−1. The other additional lagged variables
in the file are defined analogously.
(a) Use OLS to estimate the regression model for the tth observation on govtogd p

govtogd pt = β0 +β1govtogd pt−1 +β2unratet−1 +Ut

on the subsample of observations spanning from 1990Q1 to the end of the data set.
Conduct the hypothesis test that β2 = 0 against the two-sided alternative hypothesis.
Does lagged unemployment have predictive power above and beyond the first-order
autoregression of govtogd p on itself?

(b) Use OLS to estimate the regression model for the tth observation on unrate

unratet = α0 +α1govtogd pt−1 +α2unratet−1 +Ut
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on the subsample of observations spanning from 1990Q1 to the end of the data set.
Conduct the hypothesis test that α1 = 0 against the two-sided alternative hypothesis.
Does lagged government purchases / GDP have predictive power above and beyond
the first-order autoregression of unrate on itself?

(c) The hypothesis tests in (a) and (b) are simple tests for what is known as Granger
causality, after Clive Granger a proponent of the above testing procedure. A time
series Xt Granger causes another time series Yt if it has predictive power above and
beyond an autoregression of Yt on itself of order p (in (a) and (b), p = 1). Formally,
within the regression model

Yt = β0 +β1Yt−1 +β2Yt−2 + ...βpYt−p +α1X1 + ...+αpXp +Vt

we say that Xt Granger causes Yt if the αi are not all zero. In the data file you were
given, there are lagged variables up to four lags of unrate and govtogd p. Use this
information to formally test (i) whether unrate Granger causes govtogd p using lags
of up to order p = 4 and (ii) whether govtogd p Granger causes unrate using lags of
up to order p = 4. What do you conclude about “which series comes first”? Does this
mean that increases in government spending cause unemployment to rise?

(d) Extend the analysis you performed in the previous part to the entire data set. In
particular, determine whether unrate Granger causes govtogd p or govtogd p Granger
causes unrate (or both). From this analysis, what do you learn about the relationship
between unrate and govtogd p?

3.6. End of Chapter Project

The data set, adsensedata.csv, contains daily observations on a YouTube channel’s daily earnings
(Earnings), number of clicks on advertisements (Clicks) and number of page impressions for
those advertisements (Impressions). In the data, we also have daily observations broken down by
ad payment type: pay per impression (PPI) or pay per click (PPC). The data are also broken down
by ad format: Video, Image, Flash and Text. For this reason, there are seven sets of variables.

• Earnings, Impressions and Clicks: Daily earnings, page impressions and clicks across
all ads.
• EarningsPPI, ImpressionsPPI and ClicksPPI: Daily earnings, page impressions and

clicks on pay-per-impression ads.
• EarningsPPC, ImpressionsPPC and ClicksPPC: Daily earnings, page impressions and

clicks on pay-per-click ads.
• EarningsVideo, ImpressionsVideo and ClicksVideo: Daily earnings, page impres-

sions and clicks on video ads.
• EarningsImage, ImpressionsImage and ClicksImage: Daily earnings, page impres-

sions and clicks on image ads.
• EarningsFlash, ImpressionsFlash and ClicksFlash: Daily earnings, page impres-

sions and clicks on flash ads.
• EarningsText, ImpressionsText and ClicksText: Daily earnings, page impressions

and clicks on text ads.

(1) Think about the population regression model for daily earnings if all advertisements are
PPI, there is a fixed pay per impression rate β1 and assume that YouTube (to protect pri-
vacy) adds an independent and identical noise term η jt ∼ N

(
0,σ2

)
to each impression’s

payment (indexed by j) where σ2 is a fixed, unknown variance that is constant across
impressions.
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(a) Let X jt be the payment to the host for the jth impression on the tth day. In terms of
the notation of the problem, write down an expression for X jt .

(i) Let Yt be the host earnings from page impressions on the channel. Let Nt be the
count of the number of impressions on day t. Also, let εt denote the error on
day t. What is the distribution of εt? Is it iid? Hint: How is X jt related to Yt?

(ii) Using the intuition from (i), write down a population regression model that will
allow you to estimate β1. Does the regression model violate any of the standard
OLS assumptions?

(iii) Under the assumptions of the regression model in (ii), give an expression for an
estimator of β1 in terms of variances and covariances.

(iv) Is this estimator unbiased? Consistent? Minimum variance? Describe how you
will account for any violations of the standard OLS assumptions.

(b) Now, think about the population regression model under a different set of assump-
tions. Suppose that each impression payment amount is determined by the winning
bid in an auction for the placement of that advertisement. This winning bid on the jth

impression equals β1 + ξ jt where ξ jt comes from some strange distribution (i.e., not
a normal distribution) that has a mean of zero and an unknown variance of σ2

ξ
. You

are willing to assume that each bid is drawn independently from this common strange
distribution.

(i) Let X jt be defined as in (a). Using this part’s notation, write down an expression
for X jt .

(ii) As in (a), let εt be defined as the error term in a regression of Yt on Nt . What is
the limiting distribution of εt

Nt
? Justify. What does this limiting distribution im-

ply about the variance of εt? What assumptions do you need for this statement?
(iii) Using (i) and (ii), write down the population regression model. What assump-

tions do you need to justify this model?
(iv) Answer a(iii) and a(iv) again under these new assumptions.

(c) Using the data, estimate the regression model you propose in part (b).
(i) In this setting, what does it mean to test the null hypothesis H0 : β0 = 0? If

the assumptions you made to motivate the population regression model are cor-
rect, do you expect to reject this null hypothesis? Use the regression output to
conduct this hypothesis test. What do you conclude?

(ii) Use the regression output to construct an approximate 95 percent confidence
interval for β0. Interpret this interval.

(iii) Interpreting the regression as a causal model, what is the estimated effect of
another impression on YouTube earnings? Discuss briefly whether it is valid to
interpret this regression model as causal.

(2) Instead of PPI ads, suppose that all ads are PPC. Let γ1 denote YouTube’s payment to the
host for each click (and for this part of the problem, let k denote the index on each click
within a day). Assume that YouTube adds iid ηkt noise with mean zero and variance σ2 to
each payment k to protect the anonymity of their payment algorithm.
(a) Follow the same steps as (1), to justify, analyze and write down a population regres-

sion model that can be used to estimate γ1. Let Kt denote the number of clicks on day
t; Yt is the host earnings on day t. Under this part’s assumptions, how is Yt related to
Kt?

(b) Give an approximate distribution for εt , the error term in the population regression
model. What conditions must be satisfied for εt to have this approximate distribution?
Looking at the data, are these conditions satisfied? Under the assumptions in this part
of the problem, is εt iid across days? Why or why not?
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(c) Use the data to estimate the regression model you developed in the previous part of
the problem.

(i) In this setting, what does it mean to test the null hypothesis Ho : γ0 = 0? If
the assumptions you made to motivate the population regression model are cor-
rect, do you expect to reject this null hypothesis? Use the regression output to
conduct this hypothesis test. What do you conclude?

(ii) Use the regression output to construct an approximate 95 percent confidence
interval for γ0. Interpret this interval.

(iii) Discuss the conditions that must be met for you to validly interpret the regres-
sion model as causal.

(3) Consider the following statistical model of pay-per-impression earnings:

EarnPPI = β0 +β1ClicksPPI +β2ImprPPI +U(3.6.1)

(a) If the earnings are truly paid per impression and no other factors influenced pay-
per-impression advertisement revenue, what do you expect to be the coefficient on
ClicksPPI?

(b) If clicks have no effect on pay-per-impression advertisements, what would be the
effect of including ClicksPPI in the regression?

(c) Estimate this regression specification using OLS, using the right standard errors.
(i) Is ClicksPPI is statistically significant? Explain the implications for this statis-

tical result.
(4) Repeat (3) for the following statistical model of pay-per-click earnings:

EarnPPC = β0 +β1ClicksPPC+β2ImprPPC+U(3.6.2)

(5) In reality, PPI advertisements and PPC advertisements compete in an auction to determine
which ads are placed on the YouTube channel. The advertisement with the highest bid in
terms of cost per thousand impressions wins the auction. Given this fact, how would you
interpret the following regression models for PPI and PPC earnings?

EarnPPI = β0 +β1ClicksPPI +β2ImprPPI +β3ClicksPPC+β4ImprPPC+U(3.6.3)
EarnPPC = β0 +β1ClicksPPI +β2ImprPPI +β3ClicksPPC+β4ImprPPC+U(3.6.4)

Estimate these two regression models and interpret the output in light of a reasonable
economic model that clicks and impressions determine YouTube Partner earnings.

(6) The data also contain information on advertising format. Estimate the following statistical
model of total earnings:

Earnings = β0 +β1ImprVideo+β2ImprImage+β3ImprFlash+β4ImprText(3.6.5)
+β5ClicksVideo+β6ClicksImage+β7ClicksFlash+β8ClicksText +U

using OLS, where Earnings is total channel earnings.
(a) What do you learn from these regression results? Which ad formats seem to pay the

most and for what?
(b) For comparison, estimate the statistical relationship of Earnings to (Impressions,Clicks)

within advertising format type. That is, estimate four different regressions of the form

EarningsType = β0 +β1ImprType+β2ClicksType+U

where Type ∈ {Video, Image,Flash,Text}. Report OLS estimates in a table for easy
comparison. Use your estimates to discuss how the relationship between earnings,
impressions and clicks differs across advertising types.

(7) Summarize the analysis you conducted in parts (a) through (d). In particular, what con-
clusions would you offer to this YouTube partner? YouTube reports X̄ = earnings

impressions and

W̄ = earnings
clicks as the payoff to the YouTube parner of impressions and clicks, respectively.
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How does the regression analysis of the YouTube data from this partner’s earnings improve
upon these simple statistics?



CHAPTER 4

Going Beyond OLS

In this chapter, we consider some classical violations to the assumptions behind OLS regression.
Our discussion will lead us to three classes of solutions: standard error corrections, Generalized
Least Squares (GLS) and Maximum Likelihood Estimation (MLE). In the last section of these
notes, we discuss the application of these techniques to estimating nonlinear models.

4.1. Extending OLS Regression

Suppose our population regression model is Y =X′β +U and we have a sample from this population
that we can organize into the stacked form of the regression model:

Y = Xβ +U

where Y is a n× 1 vector of observations on the response variable, X is the data matrix of the
explanatory variables with a column of ones in the first column, and U is a n× 1 vector of error
terms.

Recall that the OLS estimator of β is

β̂ =
(
X′X

)−1X′Y

which we showed has an asymptotically normal distribution given by:
√

n
(

β̂ −β

)
d−→ N (0,Σ)

where

Σ = E
[
XX′

]−1Var [XU ]E
[
XX′

]−1(4.1.1)

To get this form of the asymptotic variance-covariance matrix, we made an assumption that our
sample was drawn iid from the population regression relationship.

FACT 4.1.1. We can relax this assumption and still obtain asymptotic normality, but with an asymp-
totic covariance matrix of the form:

Σ = E
[
XX′

]−1WE
[
XX′

]−1(4.1.2)

where V is a positive definite matrix that satisfies: Ŵ = 1
nX
′ΩX P−→W where Ω = Var [U|X] =

E [UU′|X].
84
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We can motivate this fact by computing the small sample variance of β̂ OLS conditional on the data
X:

Var
[
β̂

OLS|X
]

= E
[(

β̂
OLS−β

)(
β̂

OLS−β

)
|X
]

= E
[((

X′X
)−1X′U

)((
X′X

)−1X′U
)′
|X
]

=
1
n

(1
n
X′X

)−1 1
n
X′Var [U|X]X︸ ︷︷ ︸

Ŵ

(
1
n
X′X

)−1


Then, the probability limit of Var

[√
nβ̂ OLS|X

]
is equal to the probability limit of the term in [·]

brackets.

This form of the Ω matrix allows us to analyze a variety of error processes. To see why this is the
case, multiply out Ω:

Ω =


E
[
U2

1 |X
]

E [U1U2|X] . . . E [U1Un|X]
E [U1U2|X] E

[
U2

2 |X
]

. . . E [U2Un|X]
...

...
. . .

...
E [U1Un|X] E [U2Un|X] . . . E

[
U2

n |X
]


DEFINITION 4.1.2. With correlation of the error terms across observations, the off-diagonal ele-
ments of this matrix will be non-zero. Correlation across observations is called serial correlation.

Note that serial correlation is a violation of the assumption that the sample is an iid random sample.
With an iid random sample, Ω is a diagonal matrix.

DEFINITION 4.1.3. If the diagonal elements of Ω vary systematically with X, we call this condition
heteroskedasticity. Homoskedastic errors imply Ω = σ2I.

We have already seen and analyzed the problem of heteroskedasticity, but discussing it again in
this context will provide a useful bridge toward understanding solutions to the serial correlation
problem. An error term that is heteroskedastic or serial correlated is called nonspherical.

FACT 4.1.4. As long as the orthogonality conditions hold E [XU ] = 0, the OLS estimator β̂ OLS P−→ β .
As long as mean independence is satisfied E [U |X] = 0, E

[
β̂ OLS

]
= β . These properties regarding

our estimator are true regardless of the form of Ω. That is, nonspherical errors are an issue for
the validity of standard errors (which is important), but they are not an issue for the validity of the
estimator itself.

4.1.1. Heteroskedasticity. Our assumption that 1
nX
′ΩX P−→W immediately gives us a consis-

tent estimator for the inside term of Σ. Using the continuous mapping theorem,

Σ̂ =

(
1
n
X′X

)−1(1
n
X′ΩX

)(
1
n
X′X

)−1

is a consistent estimator for Σ.
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Let’s explore this expression in more detail. Use the formula for Ω and the fact that X=


X′1
X′2
...

X′k


to write

1
n
X′ΩX =

1
n

n

∑
i=1

n

∑
j=1

X jE [UiU j|Xi,X j]X′i

We can break this expression into two pieces:

1
n
X′ΩX =

1
n

n

∑
i=1

E
[
U2

i |Xi
]

XiX′i +

1
n

n

∑
i=1

n

∑
j=i+1

E [UiU j|Xi,X j]
[
X jX′j−i +X j−iX′j

]
If the only problem is heteroskedasticity, we can obtain a consistent estimator of W by using the
residuals as in the following expression:

Ŵ =
1
n

n

∑
i=1

Û2
i XiX′i

This is known as the White form of Ŵ . Use this expression for Ŵ in

Σ̂ =

(
1
n
X′X

)−1

Ŵ
(

1
n
X′X

)−1

to obtain (White) heteroskedasticity-robust standard errors. Angrist and Pischke discuss several al-
ternative estimators for W that have better small sample properties. You should read their discussion
in Chapter 8 on these alternative estimators (called HC1, HC2 and HC3) for W . The main takeaway
from this discussion is that HC3 is the most conservative estimator.

4.1.2. Serial Correlation. To obtain a consistent estimator for the variance-covariance matrix
in the presence of serial correlation, we can use the Newey-West estimator for W .

ŴNW =
1
n

n

∑
i=1

Û2
i XiX′i +

1
n

m

∑
i=1

n

∑
j=i+1

ωiÛ jÛ j−i
[
X jX′j−i +X j−iX′j

]
where m is the number of lags (user specified) and ωi = 1− i

n+1 decreases in i (the lag number) to
put less weight on the observations with higher lags.

REMARK 4.1.5. In this setting, we call robust estimation methods (like White and Newey-West
corrections) called Heteroskedasticity and Autocorrelation Consistent (HAC) methods. HAC stan-
dard error corrections continue to use the OLS estimator for β , but this is a less efficient (higher
variance) method for dealing with departures from the standard assumption that Var [U|X] = σ2I.
Recall that the OLS estimator is BLUE as long as the error term is spherical. As it is not BLUE in
this more general setting, we may be interested in an alternative to OLS. With enough knowledge
about the error term, it turns out that this alternative (generalized least squares, GLS) is BLUE. We
turn to a discussion of GLS now.
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4.2. Generalized Least Squares

Consider the regression model in stacked form as in Y = Xβ +U where Var [U|X] = Ω as in the
previous section. For now, suppose that the matrix Ω is known.

Because Ω is a positive definite symmetric matrix, we can decompose it as Ω = V ΛV−1 with the
square root factorization Ω

1
2 =V Λ

1
2 V−1. Ω

1
2 is itself a positive definite matrix. Hence, this square

root matrix has an inverse Ω−
1
2 . Premultiply the regression model in stacked form by this inverse

Ω−
1
2 to obtain a transformed stacked regression.

Ω
− 1

2 Y︸ ︷︷ ︸
Ỹ

= Ω
− 1

2X︸ ︷︷ ︸
X̃

β +Ω
− 1

2 U︸ ︷︷ ︸
Ũ

Ỹ = X̃β + Ũ

As with OLS, our estimator will satisfy the sample moment conditions. This time, however, the
sample moment conditions are defined in terms of the transformed regression.

X̃′Ũ = 0
or

X′Ω−1U = 0

These sample moment conditions are called the generalized least squares (GLS) sample moment
conditions and we can use them to solve for the GLS estimator of β as follows. First, premultiply
the transformed regression by X̃′. Then, impose the sample moment conditions.

X̃′Ỹ = X̃′X̃β + X̃′Ũ︸︷︷︸
=0

⇒ β̂
GLS =

(
X′Ω−1X

)−1X′Ω−1Y

EXERCISE 4.2.1. Show that

β̂
GLS = argmin

b
(Y−Xb)′Ω−1 (Y−Xb)

where b =


b0
b1
...

bk

.

(1) Why is the estimator called the generalized least squares estimator of β? In what sense
does GLS generalize OLS?

(2) Suppose that Γ = cΩ and consider the estimator β̃ =
(
X′Γ−1X

)−1X′Γ−1Y. How does β̃

relate to β̂ GLS?

THEOREM 4.2.2. Under the assumption that U is mean independent of X, the GLS estimator β̂ GLS

is the Best Linear Unbiased Estimator for β among the class of estimators that are a linear function
of Y.



4.2. GENERALIZED LEAST SQUARES 88

PROOF. Sketch. The transformed model satisfies the assumptions of the Gauss-Markov The-
orem for OLS. Namely, the error term Ũ is homoskedastic, Var

[
ŨŨ′

]
= I. Hence, apply Gauss-

Markov for OLS with homoskedastic errors to this setting and conclude that β̂ GLS is BLUE for β

among all estimators that are linear in Ỹ. Suppose that β̂ alt is an arbitrary

β̂
alt = AY = AΩ

1
2 Ω
− 1

2 Y = ÃỸ

That is, any estimator that is linear in Ỹ is also linear in Y. Hence, β̂ GLS is BLUE among all
estimators that are linear in Y. Two facts remain to be shown: β̂ GLS is unbiased for β and β̂ alt is
also unbiased for β for arbitrary A (and is therefore the appropriate comparison for β̂ GLS). These
facts are left as an exercise. �

The next theorem establishes the asymptotic normality of the GLS estimator. We prove this anal-
ogously to how we proved it in the case of OLS. Start by expressing the GLS estimator in proof
form:

β̂
GLS =

(
X′Ω−1X

)−1X′Ω−1 (Xβ +U)︸ ︷︷ ︸
Y

= β +
(
X′Ω−1X

)−1X′Ω−1U

Note: We can express this proof form as β̂ GLS = β +
(
X̃′X̃

)−1 X̃′Ũ.

THEOREM 4.2.3. Asymptotic Normality of the GLS estimator.
√

n
(

β̂ GLS−β

)
d−→N

(
0,Q−1

)
where

1
nX
′Ω−1X P−→ Q.

PROOF. Using the proof form of GLS, we obtain the expression

√
n
(

β̂
GLS−β

)
=

(
1
n
X̃′X̃

)−1[√
n

1
n
X̃′Ũ

]
Assuming that it exists, let 1

n X̃
′X̃ P−→ Q denote the probability limit of 1

nX
′Ω−1X. By the multivari-

ate CLT the second term converges in distribution to N (0,Q), where Q is the probability limit of
1
nX
′Ω−1Var [U]Ω−1X= 1

nX
′Ω−1X. Putting these two statements together, by Slutsky, we have the

result
√

n
(

β̂
GLS−β

)
d−→ N

(
0,Q−1)

�

From this result, we obtain an approximating distribution for hypothesis tests when we use the GLS
estimator. Namely, if we know Ω, we can conduct hypothesis tests using the approximate normality
of GLS and plugging in the approximation Q̂ =

(
X′Ω−1X

)
β̂

GLS ≈ N
(

β ,
1
n

(
X′Ω−1X

)−1
)
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4.2.1. Weighted Least Squares: An Application of GLS. An application of GLS is weighted
least squares. Suppose that we are in a setting where there is heteroskedasticity (but no serial
correlation), and we know the form of heteroskedasticity depends on some observable variable Z by
some known function σ2

i = σ2 f (Zi). In this setting, we actually know Ω and can compute it using
the formula Ω = σ2

i I = σ2 f (Zi) I.

In this setting, we can premultiply the stacked regression model by Ω−
1
2

Ω
− 1

2 Y = Ω
− 1

2Xβ +Ω
− 1

2 U

to obtain the transformed regression model. Estimating the transformed regression model amounts
to weighting the ith observation by the known factor 1√

f (Zi)
. That is to say that we can estimate the

σ2 term as we normally would after reweighting the regression.

EXAMPLE 4.2.4. WLS is an appropriate technique when the response variable is an average. For
example, suppose that we are interested in the effect of teacher training hours in the past year
teachtrain on the student performance as measured by the classroom average on a standardized
math test score, mathavg. To this end, we would like to estimate

mathavg = β0 +β1teachtrain+U

Under the assumption of random sampling, this mathavg variable is an average and (accordingly)
has a variance equal to σ2

N where N is the teacher’s class size. Conditional on a level of teacher
training, we can say that Var [mathavg|teachtrain] = σ2

N .

Suppose that teachtrain is randomly assigned,1 but that teachers have different class sizes (e.g.,
ranging from N = 20 to N = 300). With the assumptions we made along the way, we can run
weighted least squares to obtain an estimator β̂WLS by estimating the regression model using OLS.

√
Nmathavg = β0 +β1

√
Nteachtrain+

√
NU

This procedure produces estimates and standard errors that are equivalent to GLS for this setting.
We call the resulting estimator the weighted least squares estimator β̂WLS. Compared with OLS,
this weighting scheme has the advantage in that β̂WLS

1 is BLUE for β1.

As long the assumptions about the form of heteroskedasticity are correct, WLS is superior to OLS
with a standard error correction. After all, WLS is the generalized least squares estimator, which is
BLUE for β . If we use the wrong weights, however, WLS may provide incorrect estimates β̂WLS

in addition to the wrong standard errors. We can minimize the risk of using the wrong weights by
constructing an estimate for Ω. This leads to a discussion of feasible GLS.

1We are also implicitly assuming that the teacher training has the same effect on student performance regardless of
the size of the class. That is, we do not need to control for class size directly (it only affects the variance). In practice,
class size might affect how effective the teacher training is in raising class scores (and we would want to account for that
in our specification). As this is a different issue than the issue of weighting (and I would like to focus on the discussion
on weighting), we assume that this interaction between class size and effectiveness of teacher training is not present.
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4.2.2. Feasible GLS. This discussion of attractive properties of the GLS estimator assumes
that we know precisely the form of the error process Ω. In practice, we do not know Ω. For appli-
cations where we know enough to estimate Ω reliably with a consistent estimator Ω̂, an attractive
alternative to GLS is Feasible GLS (FGLS) where we substitute our consistent estimator Ω̂ for the
unknown Ω in β̂ GLS to obtain:

β̂
FGLS =

(
X′Ω̂−1X

)−1X′Ω̂−1Y

In practice, the FGLS procedure is a two-step (or sometimes iterative) procedure where

(1) First, we obtain β̂ OLS from the multiple regression model and constructing residuals Ûi.
Based on these residuals, we construct an estimate for Ω, usually imposing some paramet-
ric structure.

(2) Second, we estimate β̂ FGLS by running OLS of Ỹ = Ω̂−
1
2 Y on X̃= Ω̂−

1
2X. This two-step

procedure is sufficient to generate a consistent estimator for β , but some practitioners (and
packages) iterate on this two-step procedure until convergence.

FGLS estimation has intuitive appeal in that it emulates the form of the BLUE for β , β̂ GLS, but using
an imprecise estimator for Ω to construct β̂ FGLS will impart imprecision on the FGLS estimator. For
this reason, there is a tradeoff to using FGLS versus robust OLS methods.

As a general rule, as long as serial correlation is a problem in the setting (Ω is not a diagonal matrix),
FGLS estimators based on a reasonable assumed parametric structure of Ω will be an improvement
over robust OLS, which does not adjust the estimator β̂ for potential non-independence among the
observations.

4.2.2.1. Structuring Ω. A commonly-used structure of dependence of the error terms is that the
error term is an autoregressive process of order one, abbreviated AR(1). That is, we assume that
the dependence of observation t and t +1 is given by the autoregressive equation:

Ut = ρUt−1 +ξt

where ξt ∼iid
(
0,σ2

u
)

across time. If this is the case, Cov [Ut ,Ut−1] = ρVar [Ut−1]. For the lth lag, the
covariance is Cov [Ut ,Ut−l] = ρ lVar [Ut−l]. Assuming that Var [Ut ] = σ2, we can use this correlation
structure to completely fill out the Ω matrix for an AR(1) process with autocorrelation parameter
ρ < 1:

Ω =
σ2

u

1−ρ2


1 ρ ρ2 ... ρn−1

ρ 1 ρ . . . ρn−2

ρ2 ρ
. . . . . .

...
...

...
. . . 1 ρ

ρn−1 ρn−2 . . . ρ 1
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It turns out that the inverse of Ω can be expressed as

Ω
−1 =

1
σ2

u



1 −ρ 0 . . . 0

−ρ 1+ρ2 −ρ
...

...

0 −ρ
. . . −ρ 0

... 0 −ρ 1+ρ2 −ρ

0 . . . 0 −ρ 1


and as Ω−1 = P′P where

P =
1

σu



√
1−ρ2 0 0 . . . 0

−ρ 1 0
...

...

0 −ρ
. . . 0 0

... 0 −ρ 1 0
0 . . . 0 −ρ 1


EXERCISE 4.2.5. Fill in the details of this previous derivation and write out the GLS estimator.

(1) Explain why Var [Ut ] = σ2 = σ2
u

1−ρ2 (Hint: ∑
∞
i=0 ρ2i = 1

1−ρ2 is a useful result about conver-
gence of geometric series.)

(2) Show by matrix multiplication that Ω−1Ω = I and P′P = Ω−1.
(3) Use these expressions to write out the GLS estimator in terms of P rather than Ω as it is

usually done.
(4) Show that the FGLS estimator has the form β̂ GLS =

(
(X∗)′X∗

)−1
(X∗)′Y∗ where

Y∗ =


rY1

sY2− tY1
...

sYn− tYn−1



X∗ =


rX′1

sX′2− tX′1
...

sX′n− tX′n−1


and give expressions for the constants r,s and t.

(5) Give a procedure to compute β̂ FGLS in this setting.

Another type of error process that is easy to specify is a compound symmetric error structure.
Impose a group structure on the data. That is, Ugi denotes the error term for the ith observation
in group g. Then, Cov [Ugi,Ug j] = σ2

within for i 6= j while Var [Ugi] = σ2, but for group h 6= g,
Cov [Uhi,Ug j] = 0. That is, observations have serial correlation within groups, but not across groups.
If we organize U by group, this leads to Ω of the following form:

Ω = σ
2I +σ

2
within


1g1 0 . . . 0
... 1g2

...
...

. . . 0
0 0 . . . 1gk
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where 1gl denotes a square matrix of ones with dimension equal to the number of group members
in group gl .

R has a function in the nlme library called gls() that makes it straightforward to implement FGLS
estimation for a variety of common correlation structures.

4.3. Maximum Likelihood Estimation

Maximum likelihood estimation ties into this discussion of correcting for non-spherical errors (i.e.,
Ω 6= σ2I) because it is one method of estimation we can use to get around the non-independence.
We introduce MLE for another reason. Aside from giving us a framework to model the correlation
structure, MLE allows us to estimate a variety of nonlinear regression models that have important
econometric applications.

4.3.1. Some MLE Theory. For grounding our intuition, assume that the observations are
drawn iid from a population with pdf parametrized by a parameter vector f (x;θ). Let X denote
the vector of observations from the random sample. Given this notation, the joint distribution of the
random sample can be written as

f (X;θ) =
n

∏
i=1

f (Xi;θ)

In the regression notes, we have already seen that this joint distribution of the random sample is
called the likelihood function when viewed as a function of θ : L(θ ;X) = f (X;θ). Taking the
natural log of both sides, we can express the log likelihood function as

L (θ ;X) =
n

∑
i=1

log f (Xi;θ)

The maximum likelihood estimator of θ maximizes this log-likelihood (or the likelihood) as well as
1
n ∑

n
i=1 log f (Xi;θ).

θ̂
MLE = argmax

θ

{
1
n

n

∑
i=1

log f (Xi;θ)

}

EXERCISE 4.3.1. Describe the conditions under which 1
n ∑

n
i=1 log f (Xi;θ)

P−→ E [log f (X ;θ)]. Jus-
tify.

We could write these formulas in terms of a random sample from a random vector (Y,X) as in
regression. In this case, the log-likelihood is given by:

L (θ ;Y,X) =
n

∑
i=1

log f (Yi,X1i, ...,Xki;θ)

Suppose that θ does not affect the joint distribution of
{

X j
}k

j=1. That is,

f (x1,x2, ...,xk;θ j) = f (x1,x2, ...,xk;θi) = f (x1, ...,xk)
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for any θi and θ j in the parameter space Θ. Then, the log-likelihood (as a function of the random
sample) can be written as:

L (θ ;Y,X) = L (θ ;Y|X)+
n

∑
i=1

log f (X1i, ...,Xki)

where L (θ ;Y|X) = ∑
n
i=1 log f (Yi|X1i, ...,Xki;θ) is called the conditional log-likelihood function.

Often, it will be more natural to specify a conditional log-likelihood function than it will be to
express the likelihood of the sample. This is especially true because we are primarily interested in
relationships among variables in econometrics.

EXERCISE 4.3.2. Fill in the details from this section of the notes. For θ̃ that maximizes the log-
conditional likelihood, show that θ̃ = θ̂ MLE as long as θ does not affect the joint distribution of{

X j
}k

j=1.

4.3.1.1. Score Function. Consider the limit of the expression in Exercise 3.3.1 E [log f (X ;θ)].
This expectation is a function of θ . One view of maximum likelihood estimation is that the pa-
rameter we seek to estimate with θ̂ MLE is θ0, the value of θ that maximizes E [log f (X ;θ)]. More
formally,

θ̂
MLE = argmax

θ

{
1
n

n

∑
i=1

log f (Xi;θ)

}
is an estimator for

θ0 = argmax
θ

E [log f (X ;θ)]

The latter expression is the population analog to MLE. Let’s consider the first order condition to
this population analog:

∂E [log f (X ;θ)]

∂θ
= 0

This first order condition is related to – but not the same as – the expected value of the score function
s(X ;θ) = ∂ log f (X ;θ)

∂θ
at the true parameter value.

PROPOSITION 4.3.3. As long as f (X ;θ) satisfies regularity conditions enough to exchange inte-
gration and differentiation, the expectation of the score function equals zero when evaluated at the
true parameter value θ0, E [s(X ;θ0)] = 0.

PROOF. Start by writing the expectation in its integral form:

E [s(X ;θ)] =

ˆ
∂ log f (X ;θ)

∂θ︸ ︷︷ ︸
=

∂ f (X ;θ)
∂θ /f (X ;θ)

f (X ;θ0)dX

=

ˆ
∂ f (X ;θ)

∂θ

f (X ;θ0)

f (X ;θ)
dX
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Once we evaluate the score function at the true parameter value, the ratio of the pdfs inside the
integral cancels to reduce the expression to

E [s(X ;θ0)] =

ˆ
∂ f (X ;θ0)

∂θ
dX

=
∂

∂θ

ˆ
f (X ;θ0)dX =

∂ (1)
∂θ

= 0

where we used that we could exchange the order of integration and differentiation and the fact that
pdfs integrated over their support integrate to one. �

4.3.1.2. Technical Details Useful for Understanding Asymptotic Properties of MLE. Consider
an estimator t (X) where X is a vector of observations from the random sample and t (X) is a scalar.
For this estimator, compute ∂E[t(X)]

∂θ
.

∂E [t (X)]

∂θ
=

ˆ
t (X)

∂ f (X;θ)

∂θ
dX

as long as we can exchange integration and differentiation. Next, multiply by f (X;θ)
f (X;θ) and recognize

that ∂ f (X;θ)
∂θ /f (X;θ) = ∂ log f (X;θ)

∂θ
. Putting these two facts together, we arrive at the expression:

∂E [t (X)]

∂θ
=

ˆ
t (X)

∂ log f (X;θ)

∂θ
f (X;θ)dX

= E
[

t (X)
∂ log f (X;θ)

∂θ

]
=Cov

[
t (X) ,

∂ log f (X;θ)

∂θ

]
where the expectation is a covariance because the expected score is zero (at θ0) and

E
[

∂ log f (X;θ)

∂θ

]
=

n

∑
i=1

E
[

∂ log f (Xi;θ)

∂θ

]
= 0

By the Cauchy-Schwartz Inequality, we know that (Cov [X ,Y ])2 ≤ Var [X ]Var [Y ]. Applying this
formula to the covariance term above, we obtain:

Var [t (X)]Var
[

∂ log f (X;θ)

∂θ

]
≥

(
Cov

[
t (X) ,

∂ log f (X;θ)

∂θ

])2

If we define J = 1
nVar

[
∂ log f (X;θ)

∂θ

]
and substitute out for the covariance term, we obtain:

nVar (t (X))J ≥
(

∂E [t (X)]

∂θ

)2

Invert the J matrix to obtain a bound on the variance of our estimator t (X).

nVar (t (X)) ≥ J−1
(

∂E [t (X)]

∂θ

)2

If t (X) is unbiased for θ , E [t (X)] = θ ⇒ ∂E[t(X)]
∂θ

= 1, which simplifies the formula:

nVar (t (X)) ≥ J−1

This expression is what is known as the Cramer-Rao Lower Bound (CRLB) for unbiased estima-
tors. Showing that an estimator has a variance-covariance matrix equal to the CRLB demonstrates
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that the estimator has the lowest possible variance. That is, estimators with a variance equal to the
CRLB are efficient estimators.

Another important result in the theory of maximum likelihood is the information matrix equality.
Start with the condition that the expected score function equals zero. For an h-dimensional param-
eter vector, this is a vector equation:

E [s(X ;θ)] = 0

For an h-dimensional parameter vector, this is an h-dimensional vector equation. Now, take the
derivative with respect to this vector. The vector derivative of a vector is a matrix, which at the true
parameter value θ0 must also equal zero.

∂

∂θ ′
E [s(X ;θ)] =

ˆ
∂

∂θ ′

(
∂ log f (X ;θ)

∂θ
f (X ;θ)

)
dX

=

ˆ
∂ 2 log f (X ;θ)

∂θ∂θ ′
f (X ;θ)dX +

ˆ
∂ log f (X ;θ)

∂θ

∂ log f (X ;θ)

∂θ ′
f (X ;θ)dX

[Useful Note: ∂ f (X ;θ)
∂θ ′ ×

1
f (X ;θ) =

∂ log f (X ;θ)
∂θ ′ ]

At the true value of the parameter vector θ0, the expectation of each term of this matrix is zero
(because we would be taking the derivative of a bunch of terms that are identically zero). In other
words, we can obtain the equality:

E
[

∂ log f (X ;θ)

∂θ

∂ log f (X ;θ)

∂θ ′

]
= −E

[
∂ 2 log f (X ;θ)

∂θ∂θ ′

]
This equation is called the information matrix equality.

J =Var
[

∂ log f (X ;θ)

∂θ

]
= E

[
∂ log f (X ;θ)

∂θ

∂ log f (X ;θ)

∂θ ′

]
= −E

[
∂ 2 log f (X ;θ)

∂θ∂θ ′

]
The matrix described by this equality is called the (Fisher) information matrix. As we will see
at the end of this section, the information matrix is important because it is where to look for MLE
standard errors. It will often be the case that computing the h× h matrix of second derivatives
of log f (X ;θ) will be much simpler than computing an h-dimensional vector of of derivatives of
log f (X ;θ) and taking the outer product of that vector of derivatives with itself.

EXERCISE 4.3.4. Fill in the details of this information matrix equality derivation.

4.3.2. MLE as a correction for non-spherical Ω. Just like FGLS estimation, we need to
impose some structure on the error term to get anywhere with MLE. In fact for MLE, we need more
structure. We need to know the distribution of the errors, rather than just the moment conditions
that identify GLS. In this section, we consider the example of an AR(1) error process.

Assume that conditional on X, U has a multivariate normal distribution given by N
(
0,σ2Ω

)
where

Ut is AR(1) with parameter ρ as in Ut = ρut−1 + ξt and ξt ∼ iid
(
0,σ2

u
)
. Given this setup, Ω is

exactly as we described in the previous section on GLS and fully specifying Ω allows us to write
out the likelihood function using the joint distribution of U.
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A useful formula here is the joint pdf of a multivariate normal distribution. If W∼ N (0,Σ), its pdf
can be written as:

fW (w) =
1√

(2π)det (Σ)
exp
(
−1

2
w′Σ−1w

)
where w is a vector of realizations of the random vector W.

Given this formula for the joint pdf of a multivariate normal random vector, we can write the log-
likelihood function as

L (β ,Ω|Y,X) = K− 1
2
(Y−Xβ )′

(
σ

2
Ω
)−1

(Y−Xβ )

EXERCISE 4.3.5. Show that the log-likelihood can be expressed this way and that maximizing the
likelihood for a given σ2 is equivalent to the GLS problem for AR(1) errors. Use this finding to
propose an iterative method for solving this problem.

A final important result on MLE that we will state and use without proof.2

THEOREM 4.3.6. Asymptotic Normality and Efficiency of MLE. Under some regularity conditions,
the maximum likelihood estimator θ̂ MLE is consistent for its population counterpart θ0, asymptoti-
cally normal, and asymptotically efficient in the sense that the variance of the limiting distribution
attains the Cramer-Rao lower bound for unbiased estimators.3 In our notation, we can summarize
all of these results in the following convergence-in-distribution statement:

√
n
(
θ̂

MLE −θ0
) d−→ N

(
0,J−1)

where θ0 = argmax
θ

E [log f (X ;θ)] and J−1 is the inverse of the information matrix.

4.4. Estimating Nonlinear Models For Binary Response: Probit and Logit

In econometrics, the most important application of nonlinear models is to settings where the re-
sponse variable D is binary. Our study of OLS regression led us to study binary-response models
as a specific application of linear least squares regression. If we could assume that the conditional
expectation E [D|X] is linear, we could argue that the true regression model could be expressed as
predicting the probability D = 1:

D = X′β +U

where P [D = 1|X] = X′β .

Although the regression formulation of binary-response models fits naturally into our framework
for understanding OLS regression, there are two undesirable consequences.

(1) The linear probability model (OLS with a binary response variable D) is heteroskedastic.
Specifically, the variance is of the form:

Var [U |X] =
(
X′β

)(
1−X′β

)
2For a full-blown analysis of all of the details of the derivation behind the proof, there is an excellent set of

notes available here (http://www2.econ.iastate.edu/classes/econ671/hallam/documents/Asymptotic_Dist.pdf), which uses
slightly different notation.

3This means that among all consistent, non-super-efficient estimators, MLE has the minimum variance. Of course,
there are regularity conditions involved for this to hold.

http://www2.econ.iastate.edu/classes/econ671/hallam/documents/Asymptotic_Dist.pdf
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FIGURE 4.4.1. Fits from Linear Probability Model Versus Fits from Logistic Regression

(2) The linear probability model often leads to predictions of probabilities greater than one or
less than zero. As Figure 3.1 demonstrates, the fitted values from a straight line through
the points must go outside of the zero-one interval (except for the rare case of a horizontal
fitted line).

Indeed, a better fitting model would have as S shape like the locus of blue points in Figure 3.4.1. In
our pursuit of a better fitting model, we turn to the discussion of logit and probit regression. As a
starting point, imagine that there is some latent characteristic Y that is linearly related to our vector
of regressors X as in regression:

Y = X′β −V

In our analysis of the data, we do not have information on Y , but we have coarser information on a
related variable D.. We only have observations on a dummy variable D that equals one if Y exceeds
some cutoff Y ≥ c. Otherwise, D= 0. Because we have an intercept in our regression model, we can
normalize c = 0 without loss of generality. Y and D are intimately connected. In indicator function
notation, we can express D as:

D = I{Y≥0}

Given this setup, what is the probability D= 1? It is identically the probability Y ≥ 0, which depends
on the probability distribution of the error term V .

P [D = 1|X] = P
[
X′β −V ≥ 0

]
= P

[
V ≤ X′β

]
= FV

(
X′β

)
where FV (·) is the CDF of V . With knowledge of the form of the CDF, one can write out the
likelihood function.
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EXERCISE 4.4.1. Imagine that {Di,Xi}n
i=1 is a random sample of observations from the joint distri-

bution (D,X). Show that the likelihood function can be written as:

L(β ;D|X) =
n

∏
i=1

FV
(
X′iβ

)Di
(
1−FV

(
X′iβ

))1−Di

which is equivalent to writing:

L(β ;D|X) =

(
∏
{Di=1}

FV
(
X′iβ

))(
∏
{Di=0}

(
1−FV

(
X′iβ

)))

Given this expression, we can take logs to obtain the log-likelihood:

L (β ;D|X) =
n

∑
i=1

(
Di logFV

(
X′iβ

)
+(1−Di) log

(
1−FV

(
X′iβ

)))
Take the first order conditions from this problem with respect to β to obtain:

0 =
n

∑
i=1

(
Di

FV (X′iβ )
fV
(
X′iβ

)
Xi−

(1−Di)

1−FV (X′iβ )
fV
(
X′iβ

)
Xi

)
=

n

∑
i=1

(Di (1−FV (X′iβ ))− (1−Di)FV (X′iβ )) fV (X′iβ )Xi

FV (X′iβ )(1−FV (X′iβ ))

=
n

∑
i=1

(
Di−FV

(
X′iβ

)) fV (X′iβ )Xi

FV (X′iβ )(1−FV (X′iβ ))

This expression mimics the sample moment conditions from OLS. In particular, we can express this
set of first order conditions as ∑

n
i=1 X̃iÛi = 0, but here the residual has the form: Ui =(Di−FV (X′iβ ))

and the X̃i =
fV (X′iβ )Xi

FV(X′iβ)(1−FV(X′iβ))
.

This derivation is perfectly general, but we are unable to solve the system of equations for an
estimator β̂ until we specify the functional form for the distribution of the errors. There are infinitely
many distributions from which we could choose, but two distributional choices are commonly used
in practice.

DEFINITION 4.4.2. If we assume that V ∼ N (0,1), the estimator β̂ that results from solving the
maximum likelihood problem is called the probit estimator of β , β̂ probit .

More specifically, this assumption of normality means that FV (v) =Φ(v) =
´ v
−∞

1√
2π

exp
(
−1

2 x2
)

dx.
Because the normal CDF (with no closed form solution) shows up in the first order conditions of
the maximum likelihood problem, we solve for β̂ probit using numerical methods. Fortunately, these
methods are standard in statistical software.

Although the assumption of normality is popular, practitioners will often depart from the assumption
of normality to assume that V has a logistic distribution. This assumption is attractive for a variety
of reasons.

DEFINITION 4.4.3. If we assume that V ∼ Logistic, the estimator β̂ that results from solving the
maximum likelihood problem is called the logit estimator of β , β̂ logit . More specifically, this
assumption means that FV (v) = exp(v)

1+exp(v) . We call this type of regression logistic regression.
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EXERCISE 4.4.4. If V ∼ Logistic, the sample moment conditions reduce to
n

∑
i=1

(
Di−FV

(
X′iβ

))
Xi = 0

FACT 4.4.5. Under an assumption of logistic errors, we can actually invert the expression for
P [D = 1|X] to obtain an expression that is linear in the parameters:

log
(

P [D = 1|X]

1−P [D = 1|X]

)
= X′β

The left hand side of this expression is the log of the odds of observing D = 1. Therefore, logistic
regression coefficients can be interpreted as the marginal effect on the log of the odds of D = 1. If
we carefully consider the effect of transforming this equation, this expression also implies that the
exponentiated coefficient exp(β j) equals the ratio of the odds of D = 1 when X j = X̃ j +1 relative
to the odds of D = 1 when X̃ j. That is, the exponentiated coefficients can be interpreted as having a
multiplicative effect on the odds of D = 1.

REMARK 4.4.6. The logit estimator arises from a generalized linear model for the probability of
observing D = 1. Fundamentally, the model is nonlinear, but under an appropriate transformation
of the observed probabilities (in general, this transformation is called a link function), the trans-
formed responses can be modeled as a linear function of the parameters. The function log

( P
1−P

)
is called the logit link function. In case you are interested, there is a beautifully-elegant theory
of generalized linear models that exploits the properties of regular exponential families and natural
parametrizations of these regular exponential families to propose natural estimators in a variety of
generalized settings. It is nice to have this powerful motivating theory in the background, but we
will be satisfied by motivating logistic regression as an application of MLE.

One advantage of logistic regression over probit regression is its relative ease of interpretability
through interpreting the exponentiated coefficient estimates as estimated multiplicative effects on
the odds ratio. Probit regression coefficients have no such natural interpretation. For this reason, we
often transform the estimated regression line Xβ̂ probit back to the scale of predicted probabilities by
applying the normal CDF to the fitted values P̂ = Φ

(
Xβ̂ probit

)
.

What are the asymptotic properties of this estimator of the probabilities? For one, we can see
that ∂Φ(Xβ )

∂β
= ϕ (Xβ )×X by taking the derivative. We also notice that Y = Xβ +V is estimated

using MLE under an assumption of normality, which we know to be equivalent to OLS estimation.
Hence, we know that

√
n
(

β̂ probit −β

)
d−→ N (0,Σ) from before. If we want to know the asymptotic

properties of Φ

(
Xβ̂ probit

)
, we can apply the delta method to obtain the asymptotic result.

THEOREM 4.4.7. Asymptotic Normality of Estimated Probit Probabilities. The probit estimator
β̂ probit naturally leads to the result on asymptotic normality:

√
n
(

Φ

(
Xβ̂

probit
)
−Φ(Xβ )

)
d−→ N

(
0,
(

ϕ (Xβ )2X′ΣX
))

We will often be interested in the change in these probabilities due to a one unit change in a co-
efficient, called marginal effects. This marginal effect can be computed by taking the derivative
of these probabilities with respect to the jth regressor m.e f f ect (X j) =

∂Φ(Xβ )
∂X j

= β jϕ (Xβ ). Under
even stronger conditions, an analogous result on the asymptotic normality of the marginal effects.
Because statistical software computes these marginal effects with little effort, there is little cost in
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using probit regression in terms of interpretability of the coefficient estimates. Additionally, it turns
out that probit and logit estimates for the marginal effect correspond closely with one another –
which technique to use in practice usually boils down to whether you like to interpret odds ratios.

EXERCISE 4.4.8. Let Λ(v) be the logistic CDF and Φ(v) be the standard normal CDF.

• Consider the convex combination of these two CDFs FV (v) = αΛ(v) + (1−α)Φ(v)
parametrized by α . Verify this is a valid CDF.
• Assuming that the CDF of the error term on the latent variable is given by the CDF above,

write out the log-likelihood function L (α,β ;D|X).
• Compute the first order conditions with respect to α and β (recall: β is a vector) and

organize them analogously to the sample moment conditions.
• If our only regressor is the constant, can we separately identify the parameters α and β0.

Be precise.

4.5. Chapter Exercises

(1) Use R to verify Example 3.2.4 numerically in a Monte Carlo experiment.
(a) Start by constructing a data frame with the following characteristics. Report basic

summary statistics on the data frame you create. Append your code to the end of the
assignment.
• At the beginning run the command set.seed(209TT), where TT is the two-digit

number you estimate to be Tony’s age.
• Let i denote an individual classroom. Class i has class size of Ni ∈{8,10,12, ...,122}.
• There are 58 teachers, one in charge of each class.
• Let Ti denote the teacher training hours. Draw Ti from a Log Normal distribu-

tion with location parameter µ = 0.07Ni and scale parameter (variance of the
log) σ2 = 1.

– Suppose teacher training is capped at 2000 hours. That is, your data should
be the minimum of the vector you drew. The pmin() command is useful
here.

– To make these numbers more “realistic” round them to the nearest integer.
Use the rounded numbers as your data on teacher training hours.

• Conditional on Ti the amount of teacher training in classroom i, the math score
of an individual student is drawn iid from Mi j ∼ N

(
µ (Ti) ,σ

2
)
, where µ (Ti) =

90+0.0015(Ti) and σ2 = 100.
• Construct two data frames.
• One where the level of the observation is the individual student (and you have

student-by-student data)
• Another where the level of observation is the class (and you only have class

average data)
(b) On the classroom-level data, estimate the regression model

class.avg = β0 +β1Training+U

using OLS, OLS with heteroskedastic-robust standard errors and WLS with the ap-
propriate weights. Do you obtain the same estimates for β̂? Compare the standard
errors and comment on their validity.

(c) On the student-level data, estimate the regression model

student.score = β0 +β1Training+U

How do your estimates relate to the ones you obtained in part (b)?
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(2) Error Processes. Consider the regression model in stacked form

Y = Xβ +U

where the observations in the sample are not necessarily independent of one another. In
particular, U is a n-dimensional vector of observations that follow one of the following
processes. Under a homoskedasticity assumption Var [Ui|X] = σ2

U , express Ω =Var [U|X]
fully in terms of the parameters:
(a) Moving Average, MA(1)). Let t denote the tth observation

Ut = ξt −λξt−1

where we assume that ξt ∼
(

0,σ2
ξ

)
independently and identically.

(b) Autoregressive Moving Average, ARMA(1,1). Let t denote the tth observation

Ut = ρUt−1 +ξt −λξt−1

where we assume that ξt ∼
(

0,σ2
ξ

)
independently and identically.

(3) Maximum Likelihood Practice.
• For each of this problem’s parts, (i) Write down the likelihood function and log-

likelihood function, (ii) Find θ̂MLE , (iii) Find the information matrix, (iv) Prove whether
or not θ̂MLE is unbiased for θ , (v) Find the asymptotic distribution of θ̂MLE

(a) Power Density. Let {Xi}n
i=1 be an iid sample from the density

f (x;θ) =

{
θxθ−1 x ∈ (0,1)
0 otherwise

Let the parameter space be Θ = (0,∞).
(b) Normal (iid) Density. Let {Xi}n

i=1 be an iid sample from a N (θ ,1) density.
(c) Special Normal Density. Let {Xi}n

i=1 be an iid sample from a N
(
θ ,σ2 = θ 2

)
den-

sity.
(d) Exponential Density. Let {Xi}n

i=1 be an iid sample from the exponential density

f (x;θ) =

{
1
θ

exp
(
− x

θ

)
x ∈ (0,∞)

0 otherwise

Let the parameter space be Θ = (0,∞).
(4) Consequences of AR(1) errors for OLS. Use R for this exercise. At the beginning of

your code for this problem, use the command set.seed(209L) where L is the number be-
tween 0 and 10 that best describes your love for econometrics.

At date t, national income (Yt) is determined by human capital stock Ht according to the
equation:

Yt = β0 +β1Ht +Ut

where the error term evolves according to an autoregressive process

Ut = ρUt−1 +ξt

where we assume that ξt ∼ N
(

0,σ2
ξ

)
independently and identically. Assume that U0 = 0.

(a) Suppose that σ2
ξ
= 1. For ρ ∈ {−0.6,0,0.2, and 0.6}, generate a sequence of error

process realizations of length T = 25. For each simulated series of errors, plot these
realizations versus date. Comment on your ability to detect the difference visually. In
addition, apply the acf(seriesname) function to each series of observations.
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(b) For practice, generate a synthetic data set for the following values of the parameters:
β0 = 10, β1 = 4, ρ = 0.6, σξ = 1 and for Ht ∼ χ2

d f where d f = 12.
(c) Now, generate B = 1000 separate data sets of the form described above (be sure to

draw a new vector of ξ errors at each iteration in a loop). This loop may take a little
while to run. For each data set, do the following:

(i) Use the lm() function to compute β̂ OLS
1 and store its value. Compute the mean

of these B = 1000 coefficient estimates β̂ OLS
1 .

(ii) Use the gls() function4 to compute β̂ FGLS.1 assuming an AR(1) process (but
not assuming knowledge of the value of ρ). Store both ρ̂ and β̂ GLS at each
iteration in the loop. Compute the mean of these stored values. Do these line
up with what we input into this simulation?

(iii) Use the gls() function to compute β̂ FGLS.2 assuming an MA(1) process (That
is, estimate the model with an incorrectly specified error process).

(iv) On the same scale (using the xlim = c(low,high) option), plot the histogram
of the calculated values of β̂ OLS, β̂ FGLS.1 and β̂ FGLS.2. Compute the mean and
standard deviation of these estimates (use these to construct MSE). What do
you conclude about GLS versus OLS?

(d) Bonus: Simulate B= 1000 data sets using the ARMA(1,1) process described in Ques-
tion 3. Assume the same parameter values as in parts (a) and (b) with ρ = 0.6 and
λ = 0.4. Compare OLS to three alternatives (i) GLS assuming AR(1), (ii) GLS as-
suming MA(1), (iii) GLS assuming ARMA(1,1). Use the same bases for comparison
as in part (c)iv.

(5) FGLS on Real Data. For this problem use the adsensedata.csv data from the website.
Consider the regression specification

EarningsPPC = β0 +β1ClicksPPC+β2ImpressionsPPC+β3ClicksPPI +β4ImpressionsPPI +U

(a) Plot the residuals versus the fitted values from an OLS fit. Comment on the ho-
moskedasticity assumption.

(b) Plot the autocorrelation function using the acf() command on the residuals from (a).
Do you detect evidence of autocorrelation?

(c) Estimate this regresison model using (i) standard OLS, (ii) OLS with robust standard
errors, (iii) FGLS assuming an AR(1) correlation structure and (iv) FGLS assum-
ing that the variance of each observation is given by Var [U |X] = σ2

Impressions , where
Impressions = ImpressionsPPC+ ImpressionsPPI. Compare the estimates and stan-
dard errors across models.

(d) The Akaike Information Criterion (AIC) is a widely-used methodology to compare
the relative closeness to the truth among a set of models for the same set of observa-
tions on a response variable. AIC is easy to compute in R, using the AIC function
(and this is valid for lm() objects and gls() objects fit using maximum likelihood;
i.e., gls(formula, data, method=”ML”)). Use the AIC() function in R to compute
AIC for each model you fit in the previous part. For R’s formulation of AIC, smaller
is better. Based on your computed values of AIC, which model do you prefer?5

(6) Logit and Probit. Revisit the Yogurt data.

4This function is in the nlme library. The gls objects are weird in how they store the correlation parameters. You can
access the estimated autocorrelation parameter by using the command intervals(glsobject)$corStruct[2]. This
essentially picks out the center of a confidence interval for the true autocorrelation parameter. It is sad that the package
stores its data this way.

5In the statistics literature, a standard practice is to disregard differences of less than 2 AIC points. If AIC is at least
2 lower for one model than the others, you can reasonably conclude that it is a better fitting model.
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(a) Estimate the basic specification using OLS

Y = X′β +P′γ +U(4.5.1)

where X is a vector that contains a constant and a full set of the featured advertisement
dummy variables, P is a vector that contains the prices for each of the brands of yogurt
and Y is a dummy variable for whether the individual bought Yoplait.

(b) Estimate the specification in (a) using logit and probit. Compute the estimated prob-
abilities from all three models (OLS, logit and probit). Provide a plot that compares
these estimated probabilities across the three specifications (similar to Figure 4.1 in
the notes).

(c) Convert your coefficient estimates to marginal effects (at the mean of the other re-
gressors) and compare the results across specifications. Comment on the differences
in the results across models.

(7) Lagged Dependent Variables. Imagine that you have a time series {Yt}T
t=1 of observa-

tions and you wish to estimate the simple linear autoregression:

Yt = β0 +β1Yt−1 +Ut

using OLS.
(a) Using only the data from t = 2, ...,T , give an expression for the OLS estimator of β1.

Think of Yt and Yt−1 as different (but related) random variables. In terms of the joint
distribution of Yt and Yt−1, what is the probability limit of the OLS estimator β̂ OLS

1 ?
(b) Assuming Ut ∼iid

(
0,σ2

)
, is β̂ OLS

1 consistent for β1? Justify your answer.
(c) Now, assume that Ut comes from an autoregressive process Ut = ρUt−1 + εt where

εt ∼iid
(
0,σ2

ε

)
. In this setting is β̂ OLS

1 consistent for β1? Justify your answer.



CHAPTER 5

Instrumental Variables Methods

In our study of regression, we learned that Ordinary Least Squares is a tremendous method for
estimating β from a linear regression model

Y = X′β +U

where all of the components of the vector of regressors X =


1
X1
...

Xk

 are known and measured

perfectly. In this section of the course, we relax this assumption about X. We have already con-
sidered the problem of mismeasurement and omitted variable bias, but by and large, the solutions
we proposed in this previous discussion were to (a) include omitted variables in the model and (b)
measure mismeasured variables better than we were measuring them before.

The conclusion of that section of the course was unsatisfying because these perfect soltuions are
usually unattainable in practice. Now, we turn to a class of methods that are less ambitious about
the number of variables to collect, but more ambitious about the properties of the variable we use.
The method of instrumental variables was originally proposed as a solution to the mismeasurement
problem. For that reason, we start with a more complete discussion of the consequences and fixes
of mismeasurement.

5.1. Measurement Bias: Revisited

In simple linear regression, recall from the second set of regression notes that measurement error
that is uncorrelated with the regressor (Cov [X ,ξ ] = 0) leads to attenuation bias. In the key part of
the derivation, we argued

β̂
ols
1

P−→ β̃1 =
Cov [X∗,Y ]

Var [X∗]

We can plug into this expression for X∗ = X +ξ and Y using the true regression to obtain:

β̃1 =
Cov [X +ξ ,β0 +β1X +U ]

Var [X +ξ ]

=
β1Var [X ]

Var [X ]+Var [ξ ]

which is smaller in magnitude than β1. Our intuition for attenuation bias is that the mismeasured re-
gressor includes two components: (1) The regressor X which has a slope of β1, (2) the measurement
error ξ , which has zero slope in the true population regression. Lumping these two components

104
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in one variable means that we can only pick up an average effect between the two parts of the
mismeasured regressor. This average is a variance-weighted average of the two effects β1 and 0.

5.1.1. Proxy Variables. Measuring a variable with error is often confused with the notion of
using a proxy variable in place of the true regressor. At this point, it is worth spelling out clearly the
difference between a proxy variable and a variable that is mismeasured. If X p is a proxy variable, it
is related to the true regressor X as:

X = X p +V

where Cov [X p,V ] = 0.

On an intuitive level, one can think of the proxy variable as capturing the essence of the regressor’s
variability and covariance with Y , but not capturing every element of the variability of Y . An
imperfect example is to think about the average education level of a municipality as a proxy for the
human capital of the residents who live there. It is true that average educational attainment does not
capture every aspect of human capital, but high educational attainment is a good predictor for high
human capital. Is the error term that we have to add to the proxy variable unrelated to the value of
the proxy X p? Possibly, and if so, the proxy variable is a good stand in variable for X in a regression.

To see this, notice that the probability limit of the OLS estimator from a regression of Y on X p is
given by

β̂
ols
1

P−→ Cov [Y,X p]

Var [X p]
=

Cov [β0 +β1X +U,X p]

Var [X p]

= β1
Cov [X ,X p]

Var [X p]
= β1

Var [X p]+Cov [X p,V ]

Var [X p]
= β1

That is, using a perfect proxy (in the sense that Cov [X p,V ] = 0) in place of the true regressor X
implies the OLS estimator β̂1 is consistent for β1. Thus, if we cannot obtain a perfect measurement
of an omitted variable, an adequate solution is to find a good proxy, and we would strictly prefer a
good proxy to a botched attempt at measuring X .

5.1.2. The case of two mismeasured regressors. Suppose that we have two sets of measure-
ments on the same regressor – X∗1 = X +ξ1 and X∗2 = X +ξ2 – but both contain measurement error
that is unrelated to anything else in the problem. That is, Cov [X ,ξ1] = Cov [X ,ξ2] = 0 and also
Cov [ξ1,ξ2] = 0 and Cov [ξi,U ]. Because we have two measurements that are uncorrelated with one
another, it seems natural that we could improve estimation technique by using both of them.

5.1.2.1. A Misguided Attempt. As a first attempt, suppose we use the average of the two mea-
surements in an OLS regression. If we use the formula for the individual mismeasurements, we
immediately see that the measurement error problem does not go away.

X̃ =
X∗1 +X∗2

2
= X +

ξ1 +ξ2

2
= X + ξ̃

In particular, we will still have attenuation bias and we will be estimating

β̂1
P−→ β1

 Var [X ]

Var [X ]+Var
[
ξ̃

]
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instead of β1. Suppose (wlog) that the variance of ξ1 is less than ξ2 and we are considering whether
to include ξ2 in an average with ξ1. Because attenuation bias is worse as the mismeasurement
variance increases, we would prefer doing this if Var

[
ξ̃

]
<Var [ξ1].

FACT 5.1.1. Under the assumptions we about the two mismeasurements, we prefer to use the av-
erage of the two mismeasurements when Var [ξ2] < 3Var [ξ1], but we would rather use a single
mismeasured variable.

5.1.2.2. A better solution to the measurement error problem. All of this is to say that averaging
the two mismeasurements provides no guarantee of improving the ability of the estimation routine
to estimate the correct parameter. If the two mismeasurements are uncorrelated Cov [ξ1,ξ2], a better
technique is to regress one mismeasured variable on the other, and use the fitted values from that
regression in place of X . Suppose we regress X∗1 on X∗2 using the statistical model

X∗1 = γ0 + γ1X∗2︸ ︷︷ ︸
=X̃

+V

If we use this first stage regression to obtain fitted values, and in a second stage, use
{(

X̃i,Yi
)}n

i=1
to obtain the OLS estimator, that estimator has a probability limit given by

β̂
ols P−→

Cov
[
X̃ ,Y

]
Var

[
X̃
] =

Cov
[
X̃ ,β0 +β1X +U

]
Var

[
X̃
]

= β1
Cov

[
X̃ ,X

]
Var

[
X̃
]

Whether β̂ ols is consistent boils down to whether
Cov[X̃ ,X]

Var[X̃]
= 1, which is true because we can substi-

tute out for X using the first mismeasurement and then substitute out for the mismeasurement using
the first stage regression:

Cov
[
X̃ ,X

]
Var

[
X̃
] =

Cov
[
X̃ ,X∗1 −ξ1

]
Var

[
X̃
]

=
Cov

[
X̃ , X̃ +V −ξ1

]
Var

[
X̃
] =

Var
[
X̃
]

Var
[
X̃
] = 1

This follows because X̃ is uncorrelated with the error term V by the statistical interpretation applied
to the first stage regression and the covariance Cov

[
X̃ ,ξ1

]
=Cov [γ0 + γ1X∗2 ,ξ1] =Cov [γ + γ1 (X +ξ2) ,ξ1] =

0 as long as Cov [ξ2,ξ1] = 0. For this reason, Cov
[
X̃ ,ξ1

]
= 0. The bottom line from this exercise

is that we were able to use two mismeasurements of the same regressor construct a good proxy
variable to use in place of the true regressor. It turns out that the intuition of instrumental variables
is not much different.

5.2. Omitted Variable Bias: Reconsidered

For simplicity, suppose that the best linear approximation to the true causal model of the determi-
nants of Y is given by the long regression

Y = β0 +β
L
1 X +δQ+UL
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FIGURE 5.2.1. How using a proxy variable can circumvent the omitted variable problem

where X is observable, Q is not observable and Cov [X ,Q] 6= 0. Because we can only observe X , we
estimate the short regression

Y = β0 +β
s
1X +US

Our OLS estimator β̂1 is consistent for β s
1 , which as we saw in the second set of regression notes,

is related to the long regression coefficient we seek to estimate through the omitted variable bias
formula

β
s
1 = β

L
1 +δ

Cov [X ,Q]

Var [X ]

At the time when we analyzed the problem of omitted variable bias, we did not emphasize that the
second term in this formula has a related interpretation in terms of the the composite error term in
the long regression V = δQ+UL

β
s
1 =

Cov [X ,Y ]
Var [X ]

= β
L
1 +

Cov [X ,V ]

Var [X ]

This form of the bias term of the short regression suggests an alternative solution. To see this how
this alternative solution works, suppose that we use a proxy variable X p in place of X . That is, we
obtain an X p that satisfies X = X p +V p where Cov [X p,V p] = 0.

CLAIM 5.2.1. From our discussion of the properties of proxy variables, using X p instead of X will
obtain an estimator that is consistent for the slope of the short regression β s

1 =
Cov[X ,Y ]
Var[X ] = Cov[X p,Y ]

Var[X p] =

β L
1 + Cov[X p,V ]

Var[X p] .

We can think of the proxy variable as picking up on the part (but not all) of the variability in X to
identify the effect of X on Y . Moreover, if the proxy variable is correlated with the part of X1 that
is uncorrelated with the causal error term (i.e., Cov [X p,V ] = 0), using the proxy variable instead of
X can eliminate omitted variable bias. Schematically, this argument is laid out in the Venn Diagram
in Figure 4.2.1.
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There is a fundamental difference between this approach and our previous solution to the omitted
variable bias problem, which was to include the omitted regressors. In this case, we use less variabil-
ity in an effort to use the right kind of variability to identify the effect of interest. The observation
that not all variability is good is critical to the method of instrumental variables.

5.3. What is an Instrumental Variable, Anyway?

Even though we have not explicitly used the terminology, we have been using instrumental variable
methods informally in the previous two sections. In this section, we make the discussion more
formal.

5.3.1. Simple Regression: One Endogenous Variable, One Instrument. Suppose that our
regressor is correlated with the error term (Cov [X ,V ] 6= 0) in the causal regression model

Y = β0 +β
L
1 X +V

where V = δQ+UL. As we saw in the previous section, our OLS estimator β̂ ols will be inconsistent
for β L

1 . For that reason, we do not want to use OLS, but using what we learned in the previous
section, we would like to construct a proxy that is uncorrelated with V . We can do this if we have
what is known as a valid instrument, Z. An instrument is valid if it satisfies two properties:

(1) Exogeneity. Cov [Z,V ] = 0. Exogeneity is important for ensuring that the variable we
construct to use in place of X is uncorrelated with V (which would solve the problem).

(2) Relevance. Cov [Z,X ] 6= 0. Relevance is important for obtaining a variable with enough
variability to identify β L

1 . In the background, think of forming fitted values from a regres-
sion X = γ0 + γ1Z +W .

Using these properties of a valid instrument, we can solve for the parameter β L
1 in terms of estimable

features of the joint distribution of (X ,Y,Z). Start by taking the covariance of Y and Z and using
linearity of covariances:

Cov [Y,Z] = Cov
[
β0 +β

L
1 X +V,Z

]
= β

L
1 Cov [X ,Z]+Cov [Z,V ]︸ ︷︷ ︸

=0

At this point, we see why it is important to have relevance Cov [Z,X ] 6= 0. As long as the instrument
is relevant, we can solve for β L

1

β
L
1 =

Cov [Y.Z]
Cov [X ,Z]

That is, in instrumental variables regression, instrument relevance is the assumption we need to
identify β L

1 .
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5.3.1.1. A Simultaneous Equations Approach. The instrumental variable estimator can also be
motivated as part of a solution to a system of simultaneous equations. Given our expression for
β1 =

Cov[Z,Y ]
Cov[Z,X ] , we can transform the coefficient β1 by dividing top and bottom by Var [Z]:

β1 =
Cov[Z,Y ]/Var[Z]

Cov[Z,X ]/Var[Z]

Both the numerator and denominator are regression slope coefficients – the numerator from a sta-
tistical regression of Y on Z, the denominator from a statistical regression of X on Z. If we take this
literally, we could obtain the IV estimator by conducting both of these regressions at the same time:

Y = γ0 + γ1Z +U1

X = α0 +α1Z +U2

In this simultaneous system of equations, we can think about β1 as the ratio γ1
α1

. This way of
understanding the relationship of instrumental variables to the the relationship between Y and X
makes precise what variables are to be explained (Y,X) and what variables are doing the explaining
(Z) within the system. If a variable is on the left hand side of any equation in the system it is called
endogenous because it is determined as an outcome of the system. If the variable only shows up on
the right hand side of the equations in the system, it is called exogenous and its values will be taken
as given in the system.

5.3.1.2. Motivating the IV Estimator. Analogy Principle. Using the analogy principle on the
population version of the slope coefficient, we can easily obtain an estimator. Given a random
sample, a consistent estimator for β L

1 is given by

β̂
IV
1 =

SZ,Y

SZ,X
=

∑
n
i=1 (Zi− Z̄)(Yi− Ȳ )

∑
n
i=1 (Zi− Z̄)(Xi− X̄)

Estimation by Simultaneous Equations. In the simultaneous system of regression equations, one
could use an OLS fit on each equation to obtain γ̂1 =

SZ,Y

S2
Z

and α̂1 =
SZ,X

S2
Z

. Forming the sample ratio,
we obtain:

β̂
SEM
1 =

γ̂1

α̂1
=

SZ,Y

SZ,X
= β̂

IV
1

which is numerically equivalent to the analogy principle estimator.

Two-Stage Least Squares (2SLS). Alternatively, we could use the motivating intuition that Z en-
ables us to construct a proxy variable X p to use in place of X . To simplify the derivation, assume
that we have demeaned X , Z and Y . This won’t affect the slope or the estimator of the slope, but it
will allow us to drop the intercept from the model without loss of generality. In this setup, we use
the first-stage statistical regression

X = α1Z︸︷︷︸
X p

+W

to obtain X p. In a second stage, we use X p in place of X to predict Y

Y = β1X p +W
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Constructed this way, the two-stage least squares estimator has the form

β̂
2SLS
1 =

ˆCov [Y,X p]
ˆVar [X p]

=

ˆCov
[
Y, SX ,Z

S2
Z

Z
]

ˆVar
[

SX ,Z

S2
Z

Z
]

where the second equality comes from substituting X̂ from an OLS fit of the first stage in place of
X p. Applying some algebra, we see that the expression for the two-stage estimator is numerically
equivalent to the IV estimator we motivated.

β̂
2SLS
1 =

SX ,Z

S2
Z

ˆCov [Y,Z](
SX ,Z

S2
Z

)2
ˆVar [Z]

=
ˆCov [Y,Z]
ˆCov [X ,Z]

= β̂
IV
1

5.3.1.3. Properties of the IV Estimator. Apart from alleviating the problem of omitted variable
bias in an effort to identify the causal parameter β L

1 , the instrumental variables estimator is also
asymptotically normal.

THEOREM 5.3.1. Properties of the IV Estimator. If Z is a valid instrument in a population with
finite fourth moments, the IV estimator is consistent and asymptotically normal.

β̂
IV
1

P−→ β1

√
n
(

β̂
IV
1 −β1

)
d−→ N

(
0,

Var [(Z−E [Z])U ]

Cov [Z,X ]2

)

PROOF. Outline. We have done a perfectly analogous proof for OLS in the first set of regression
notes. As an exercise for yourself, follow the steps of that proof to fill in the details here.

Consistency. With finite fourth moments, the sample covariances converge in probability to their
population counterparts: SY,Z

P−→ σY,Z and SX ,Z
P−→ σX ,Z . Consistency follows from applying the

continuous mapping theorem.

Normality. Analogous to our proof of asymptotic normality in OLS, we express the IV estimator in
a proof form

β̂
IV
1 = β1 +

1
n ∑

n
i=1 (Zi− Z̄n)Ui

1
n ∑

n
i=1 (Zi− Z̄n)Xi

Following exactly the same steps as we did in the previous derivation, we can show

√
n
[
β̂

IV
1 −β1

]
d−→ 1

Cov [Z,X ]
N (0,Var [(Z−E [Z])U ]) = N

(
0,

Var [(Z−E [Z])U ]

(Cov [Z,X ])2

)

�

Based on this asymptotic distribution, the approximate variance of the IV estimator equals

σ
2
β̂ IV

1
=

1
n

Var [(Z−E [Z])U ]

(Cov [Z,X ])2

Note: U = Y −β0−β1X . It is not true that U = Ũ = Y −β0−β1X̂ as the two-stage least squares
intuition suggests. This is to say that the estimator for σ2

β̂ IV
1

uses the actual residuals (based on
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Y and X) rather than the residuals extracted from the second stage regression. In practice, canned
instrumental variables methods use a consistent estimator of σ2

β̂ IV
1

analogous to what we saw in OLS.

5.3.2. Simple Regression with an endogenous regressor and multiple instruments. Con-
sider the case of two or more instruments for one endogenous regressor. For simplicity of exposition,
suppose we have two valid instruments Z1,Z2. That is, these instruments sastify both the relevance
and exogeneity conditions described in the previous section: Cov [Zi,X ] 6= 0 and Cov [Zi,U ] = 0.

To make the most out of our extra instrument, we form the best linear prediction of X given Z1 and
Z2 in what is called the first stage regression.

X = π0 +π1Z1 +π2Z2︸ ︷︷ ︸
=X∗

+W

In this formulation, X∗ is like a “super-instrument.” As long as the vector (1,Z1,Z2) is not perfectly
collinear, X∗ is a more accurate predictor for X than either of the individual instruments. Moreover,
because of the way we set things up, X∗ inherits the properties of the individual instruments.

Cov [X∗,U ] = 0
Cov [X∗,X ] 6= 0

Stated another way, we can write the X = Π′Z +V where Π = E [ZZ′]−1 E [ZX ]. We can be sure
that Cov [X∗,X ] 6= 0, relevance is satisfied as long as π1 6= 0 or π2 6= 0. In practice, this suggests a
hypothesis test for relevance in a first stage regression fit by OLS:

H0 : π1 = π2 = 0
H1 : πi not all = 0

This test is an F-test of the form that we considered in previous parts of the class. To be sure that
instrumental variables regression is a good procedure, we want to reject the null hypothesis that the
instruments are not jointly relevant.

REMARK 5.3.2. More than two instruments? This test for relevance of the set of instruments
extends naturally to l instruments. Just include all of the instruments in the first stage regression
and conduct the joint test of the null hypothesis that all l coefficients on the instruments are equal to
zero.

Moreover, not only do we want to reject this null hypothesis, but we want to reject it strongly. This
is because the degree to which Cov [X∗,X ] 6= 0 is important for identifying the effect of X on Y .
If there is not much covariance between the fitted values in the first stage and the regressor, the
IV procedure will be (at minimum) inefficient. In the worst case, a small F-statistic suggests the
procedure will suffer from a weak instruments problem (where tiny deviations from exogeneity are
exacerbated by the inefficiency of the estimation routine, resulting in a worse estimator than using
OLS; more on this later).
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5.3.2.1. Identifying and Estimating β1. Just as we did before, we can use the exogeneity con-
dition to solve for the parameter β1 in terms of estimable features of the joint distribution.

Cov [X∗,Y ] = Cov [X∗,β0 +β1X +U ]

= β1Cov [X∗,X ]

which leads to the expression β1 =
Cov[X∗,Y ]
Cov[X∗,X ] .

CLAIM 5.3.3. Just as in the single-instrument case, we can use this expression for β1 and the analogy
principle to motivate an estimator β̂ IV

1 =
SX̂ ,Y
SX̂ ,X

where for practical considerations, we substitute the

OLS fitted values X̂ from the first-stage regression in for the best linear prediction of X , which we
denote X∗. As we will see in more detail in the multiple regression setting, this two-stage least
squares estimator is a natural extension of our IV regression intuition.

5.3.3. Multiple Regression: One Endogenous Regressor. Consider the multiple regression
where U is a composite error term that contains unobserved determinants of Y :

Y = X′β +U

Suppose that the orthogonality conditions hold for i≥ 2, E [XiU ] = 0, but not for i = 1, E [X1U ] 6= 0.
We call X1 an endogenous regressor if it does not satisfy the orthogonality conditions. Regressors
that satisfy the orthogonality conditions are called exogenous regressors. Until we develop the idea
of two-stage least squares in this setting, assume we only have one instrument. The simultaneous
equations methodology suggests that we include a valid instrument to estimate the effect of X1. In
the multiple regression setting, a valid instrument must satisfy two properties:

(1) Exogeneity. Cov [Z,U ] = 0. This condition is the same as in simple regression.
(2) Relevance. Cov

[
Z̃,X1

]
6= 0, where Z̃ is the residual variation in Z after partialling out all

of the exogenous regressor variation.

Why has the relevance condition changed? The short intuition is that multiple regression imposes
a Frisch-Waugh interpretation on the regression coefficients. In a phrase that shows up in Mostly
Harmless Econometrics, multiple regression requires covariate adjustment. Hence, when we solve
for β1 in terms of the parameters, we obtain the expression

β1 =
Cov

[
Z̃,Y

]
Cov

[
Z̃,X1

]
This expression has the most natural link with an extended version of the simulaneous system of
equations we saw in simple regression:

Y = γ0 + γ1Z +X′−γ +U1

X1 = α0 +α1Z +X′−α +U2

where X− is the vector of regressors after dropping the endogenous regressor X1. Like before, we
can identify β1 by taking the ratio γ1

α1
. The sample analog to this expression is called the covariate-

adjusted IV estimator, which is precisely how to think about IV regression for one endogenous
variable with one instrument in multiple regression.
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5.3.3.1. Using Orthogonality Conditions to Identify β . An alternative (and equivalent) ap-
proach to obtaining an expression for β is to state the relevance and exogeneity conditions in a
way that allows us to use them as we used orthogonality conditions to identify OLS. The instrument
validity conditions can also be expressed as:

(1) Exogeneity. E [ZU ] = 0. This implies that E [WU ] = 0 for W =


1
Z
X2
...

Xk

, which is

analogous to the orthogonality conditions from the best linear predictor problem in our
study of OLS.

(2) Relevance. W =


1
Z
X2
...

Xk

 is not perfectly collinear and in the regression X1 = W′α +

V , the coefficient on Z is not zero. In a derivation similar to one we used in multiple
regression, this implies the identification assumption: E [WX′]−1 exists.

Like we did in single regression, we can use these conditions to characterize β :

0 = E [WU ] = E
[
W
(
Y −X′β

)]
= E [WY ]−E

[
WX′

]
β

Solving and inverting, we obtain the identified parameter:

β = E
[
WX′

]−1 E [WY ]

As long as the fourth moments of the regressors and instruments are finite, the analogy principle
implies that the IV estimator

β̂
IV =

(
W′X

)−1W′Y

is consistent for β .

5.3.3.2. Two-Stage Least Squares and IV Estimation. To make this motivation for IV regression
slightly more formal, consider the two-stage least squares approach. Given a random sample, we
can consider the first stage regression in stacked form:

X1 = Wα +V

where W equals X, but with a column of observations on Z in place of the column of observations
on X1. In this setup, α̂ols = (W′W)−1W′X1. We could then obtain fitted values

X̂1 = W
(
W′W

)−1W′X1 = PW X1

using a projection onto the column space of the vector of exogenous variables (regressors and in-
strument). Consider the same projection for each column of X (for example X̂2 = PW X2) and this
projection would perfectly predict the columns relating to exogenous regressors (i.e., X2 = PW X2).
Putting these two ideas together, we can form the second-stage data matrix X̃ by projecting the
entire data matrix X onto the column space of W, X̃= PWX. The second stage regression is:

Y = X̃β +U
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and we could form the OLS estimator using this modified data matrix, which we call the two-stage
least squares estimator for β :

β̂
2SLS =

(
X̃′X̃

)−1 X̃′Y

=
(
X′PWX

)−1X′PW Y

Because the number of instruments equals the number of endogenous regressors, we can expand this
expression for the two-stage least squares estimator to obtain the common form for the instrumental
variables estimator that we derived using the orthogonality conditions

β̂
2SLS =

(
X′W

(
W′W

)−1W′X
)−1

X′W
(
W′W

)−1W′Y

=
((

W′X
)−1 (W′W)(X′W)−1

)
X′W

(
W′W

)−1W′Y

=
(
W′X

)−1W′Y = β̂
IV

That said, the two-stage least squares estimator is more general than simple IV as we discuss at
length in the next section.

5.3.4. Multiple Instruments and Multiple Endogenous Regressors. The derivation and form
of the 2SLS estimator β̂ 2SLS presented in the previous section is completely general in the sense that
the method works for a setting with multiple instruments and multiple endogenous regressors. To
generalize our 2SLS procedure, suppose we have h instruments (Z1,Z2, ...,Zh) for m endogenous
regressors (X1,X2, ...,Xm) among k total regressors with the remaining k−m regressors exogenous
(Xm+1, ...,Xk).

In line with the previous derivation, create the first-stage matrix W by deleting the m columns of
the usual data matrix corresponding to endogenous regressors (columns 2 through m+1), replacing
those m columns with h columns that correspond to data on the h instruments.

Then, just as before, the first stage involves projecting X onto the column space of W. In the second
stage, we use these projected

β̂
2SLS =

(
X′PWX

)−1X′PW Y

The only restriction we will place on this setting is that the set of instruments is sufficiently pre-
dictive of the set of endogenous regressors. If we do not have as many instruments as endogenous
regressors, there is no way to identify a separate effect for each regressor. Hence, two-stage least
squares can only be applied successfulluy in two cases: (1) Just Identified – when the number of
intsruments equals the number of endogenous regressors and (2) Overidentified – when the number
of instruments exceeds the number of endogenous regressors.
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5.3.4.1. Multiple Instruments for one endogenous regressor (in multiple regression). As a sim-
ple demonstration of how the derivation extends to multiple instruments, suppose we have multiple
instruments for one endogenous regressor in multiple regression. For identification of the two-stage
least squares estimator, there are two important considerations:

(1) If the first stage regression does not exhibit perfect multicollinearity, (W′W)−1 will exist,
allowing us to form fitted values for the endogenous regressor.

(2) If the set of instruments in the first stage regression adds to the predictive power of the
exogenous regressors for the endogenous regressor, the fitted values we substitute into X̃
will not be perfectly collinear with the columns of exogenous in the second stage. That is,
the inverse in the second stage regression will exist and the 2SLS procedure makes sense.

This second consideration suggests a natural test for instrument relevance that parallels what we
saw with multiple instruments in single regression.

REMARK 5.3.4. Testing for Relevance with Multiple Instruments. More formally, we could use
an F-test to test the joint significance of the instruments in the first stage to determine if they add
to the predictive power of the exogenous regressors enough to identify an independent effect of X1.
That is, for a first stage regression

X1 = α0 +α1Z1 + ...+αhZh +αh+1X2 + ...+αh+k−1Xk +V

the appropriate null hypothesis to test for whether the set of instruments is relevant is H0 : α1 =
α2 = ...= αh = 0. As long as we strongly reject this null hypothesis, we are confident that there is
enough variability in the fitted values of X1 to identify an independent effect of X1 on Y .

5.3.4.2. Relevance with Multiple Endogenous Regressors. In the previous subsection, we fo-
cused on the case of one endogenous regressor, which simplified testing for relevance. All we
needed to do was conduct a joint hypothesis test on whether the set of instruments is significant
when controlling for the exogenous regressors.

With multiple endogenous regressors, whether the instruments are relevant for the regressors be-
comes more complicated. To see why, suppose we have two endogenous regressors. The first stage
now involves two regressions:

X1 = π01 +π11Z1 +π21Z2 + ...+πh1Zh +π(h+1)1X3 + ..+π(h+k−2)1Xk +U1

X2 = π02 +π12Z1 +π22Z2 + ...+πh2Zh +π(h+1)2X3 + ..+π(h+k−2)2Xk +U2

To emulate the hypothesis test for instrument relevance with one endogenous regressor, we might
try conducting a joint test for statistical significance of the instruments within each equation.

The problem with this procedure is that it does not necessarily identify variation in X1 that is distinct
from X2. For this reason, this procedure is not our test for relevance. On an intuitive level, one
could reject both null hypotheses for the same reason – that is, using the same variability in the
instruments. Hence, the resulting fitted values X̂1 and X̂2 would not residual variation from one
another.

Stata’s default test for relevance is called the minimum eigenvalue statistic, which is often called
the Cragg-Donald Statistic (estat first provides the standard output for this). There are a variety
of other tests for relevance, which have been summarized by Stock, Wright and Yogo (2002). The
key point underlying all of this discussion is that the first stage should be highly predictive of the
set of endogenous regressors. If you are interested in reading more about the underlying details, the
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Stock, Wright and Yogo paper – though it is advanced and contains terminology we will not have
time to study – is worth a read.1

5.3.4.3. More Detail on Relevance with Multiple Endogenous Regressors. Suppose that there
are h endogenous regressors, m instruments, and k− h exogenous regressors, and for simplicity,
imagine that all of the variables are demeaned to have mean zero (thus, we do not need to carry
around an intercept term). In this case, the first stage regression is a system of h regressions.

X1 = π
1
11Z1 + ...+π

1
1mZm +π

1
h+1Xh+1 + ...π2

k Xk +U1

X2 = π
2
11Z1 + ...+π

2
1mZm +π

2
h+1Xh+1 + ...π2

k Xk +U2

...
Xh = π

h
11Z1 + ...+π

h
1mZm +π

h
h+1Xh+1 + ...πh

k Xk +Uh

If we define the vectors Xen =


X1
X2
...

Xh

, Xexog =


Xh+1
Xh+2

...
Xk

, Z =


Z1
Z2
...

Zm

 and U =


U1
U2
...

Uh

, and

the matrices:

Π1 =


π1

11 π1
12 . . . π1

1m
π2

11 π2
12 . . . π2

1m
...

. . .
...

πh
11 . . . πh

1m



Π2 =


π1

h+1 π1
m+2 . . . π1

k
π2

h+1 π2
m+2 . . . π2

k
...

. . .
...

πh
h+1 . . . πh

k


the system of regressions can be expressed as:

Xen =
[

Π1 Π2
]( Z

Xexog

)
+U

and the identification condition is two-fold: (1) the vector
(

Z
Xexog

)
is not perfectly collinear, and

(2) the matrix of coefficients Π1 (which has dimension h×m) has rank h. For what follows, let

Π =
[

Π1 Π2
]

and W =

(
Z

Xexog

)
.

In this context, the first stage is merely a statistical regression equation-by-equation with orthogo-
nality conditions given by:

E
[
WU′

]
= 0

Note that this is a matrix of orthogonality conditions because U is 1×h and W is (m+ k−h)×1.
Our goal now is to obtain an expression for Π in terms of features of the joint distribution of X

1http://www.nber.org/~myogo/papers/published/JBES1002.pdf

http://www.nber.org/~myogo/papers/published/JBES1002.pdf
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and Z. To do this, we can re-express U = Xen−ΠW, and use this expression to plug into the
orthogonality conditions.

0 = E
[
W(Xen−ΠW)′

]
= E

[
WX

′
en

]
−E

[
WW′]

Π
′

⇒
E
[
WW′]

Π
′ = E

[
WX

′
en

]
Π
′ = E

[
WW′]−1 E

[
WX

′
en

]
where the last line is obtained by pre-multiplying by E [WW′]−1, assuming that this inverse exists
(something implied by the not perfectly collinear part of the identification condition).

Applying the analogy principle, an estimator for the matrix Π′ is

Π̂
′ =

(
W′W

)−1W′Xen

where Xen is a matrix where each column is an endogenous regressor. This looks similar to our
typical OLS estimator, but this is system OLS, which gives a matrix of coefficient estimates rather
than our typical vector β̂ OLS. Obviously, (W′W)−1 is full rank or we could not have taken its
inverse. Hence, we want to focus on the W′Xen part of this expression to test for whether Π1 is full
rank.

One trick is to focus on a related system regression, where we put all regressors on the left hand
side. If we do this, the only difference is that we replace Xen with X.

Π̂
′ =

(
W′W

)−1W′X

Loosely, the only way the matrix Π′ will not be full rank is if Π1 is not full rank. Otherwise, the
set of regressors in the second stage has problems with collinearity that have nothing to do with the
relevance of the instruments, and that’s not the issue that we are focused on testing here. In other
words, assume that away, and we are looking to test for full rank of W′X.

To test for full rank of a matrix, there are a number of different alternatives, but one alternative is to
compute the canonical correlations. To get the intuition of the test, it is easiest to outline a procedure
to obtain canonical correlations.

Step 1. Compute max
a1,b1

Corr (a′1X,b′1W) = ρ1. Note that this takes the linear combinations of the

columns of X and the columns of W that are most correlated with one another.

Step 2. Subject to the restriction that a′2X is orthogonal to a′1X and b′2W is orthogonal to b′1W,
maximize Corr (a′2X,b′2W) = ρ2.

Step 3. Repeat the process, ensuring that the new canonical variates a′jX and b′jW are orthogonal
to the canonical variates you have already computed.

Step 4. Continue until you have computed min{k,m+ k−h} canonical correlations. Because
you have been maximizing the correlation along the way, the last correlation will be the minimum
canonical correlation, and it will reflect the parts of the column space of X and W that are least
correlated with one another. If this correlation is positive, we have know that Π is full rank. Hence,
the test for full rank in this context is a test of the null hypothesis H0 : ρmin = 0.

It turns out that the canonical correlations can be computed without applying this algorithm. To
do so, just compute the QR factorization of W = Q1R1 and X = Q2R2. The canonical correlations
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FIGURE 5.4.1. Efficiency Versus Consistency – An Important Tradeoff Between
OLS and IV

Histograms computed using a Monte Carlo Simulation (using B = 1000 simulated data sets) where
the slope parameter on the endogenous variable equals −1.5. Key point: OLS is more efficient, but

its sampling distribution is centered on the wrong parameter value.

are the singular values of Q′1Q2.2 Once we obtain the minimum canonical correlation ρ̂min, we can
construct a test statistic:

BAcc =

(
h+m

2
−N

)
log(1− ρ̂min)

which BAcc
d−→ χ2

m−h+1. The iv() command in tonymisc automatically computes this test statistic as
a test for relevance in the first stage. Naturally, it would be ideal to strongly reject the null hypothesis
of no relevance for the same reason we wish to strongly reject the no relevance null hypothesis in
the case of a single endogenous regressor.

5.4. Caveats about IV Regression

As we saw in the previous section, instrumental variables regression can be a useful tool for learning
causal effects when we have no hope for controlling for all omitted variables. Apart from the always
difficult task of obtaining a valid instrument, you should be aware of the costs and common pitfalls
that arise when using IV regression. We will have time to cover four categories of these costs:
(1) Sacrificing efficiency for consistency, (2) weak instruments, (3) forbidden regressions and (4)
heterogeneity and the local average treatment effect interpretation of IV regression.

2See singular value decomposition. Singular values are a generalization of eigenvalues for non-square matrices.
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5.4.1. Efficiency versus consistency tradeoff. If you were thinking carefully about how IV
regression works, it should come as no surprise to you that IV regression gives up on the goal of ob-
taining an efficient estimator relative to OLS. After all, the whole point of the first stage is to discard
problematic variability (specifically the part of X that is correlated with U) from of the endogenous
regressors. In OLS, additional variability in our regressors allows us to obtain estimators of the
effect of X on Y that are more precise. Throwing away variability amounts to using less information
and an estimator that uses less information is less precise.

Caveat about efficiency aside, as long as the instrument is relevant, the resulting IV estimator will
do a better job estimating the fundamental parameter. Figure 4.4.1 displays the results from a Monte
Carlo experiment where the underlying slope parameter on an endogenous variable is −1.5. As we
can see from the histograms, OLS is biased and inconsistent while being quite precise. On the other
hand, IV appears to estimate the slope parameter quite well. In this instance, we may be happy to
give up some efficiency to correct the omitted variable bias. In other cases, especially when the first
stage is weak and the omitted variable bias is not “so bad,” resorting to IV may not be worth it.

5.4.2. Weak Instruments and the Bias of 2SLS. We motivated instrumental variables meth-
ods by demonstrating that OLS is biased and inconsistent for the causal β . As the 2SLS estimator
consistent and asymptotically normal, it seems that 2SLS would be strictly preferred to OLS if we
hope to make causal inference. It turns out that 2SLS is biased for finite samples and that it is more
biased when the set of instruments is weak (i.e., when the relevance condition is not satisfied in
practice). Together with the inefficiency of 2SLS relative to OLS, weak instruments often means
that we would be better off using OLS. The catch phrase that describes this best was the title of
an important paper on this topic – “The Cure Can Be Worse Than the Disease: A Cautionary Tale
Regarding Instrumental Variables” by Bound, Jaeger and Baker.3

5.4.2.1. Why Can the Cure Be Worse Than the Disease? To see why 2SLS is biased, take the
extreme case where the instruments have no true relationship with the endogenous regressors. By
mere accident, the first stage regression will select some idiosyncratic variability in X to fit (in prac-
tice R2 is never zero), but when the instruments are not related to the endogenous regressors, this
variability is representative of the usual variability in X. On an intuitive level, this representative
component of X has precisely the same small-sample bias properties as OLS, which we already
know is biased for the causal parameter. Idiosyncratic fit of the endogenous regressors to the instru-
ments will always contribute this source of bias, but as the systematic fit of the first stage becomes
more important, idiosyncratic first-stage fit is weighted less and the bias reduces.

This intuition holds up after applying some rigor. Start with our expression for the 2SLS estimator
(and transform it into “proof form” by substituting the stacked regression):

β̂
2SLS =

(
X′PWX

)−1X′PW Y

= β +
(
X′PWX

)−1X′PW U

Next, recognize that the first stage regression gives an expression for X:

X = Wγ +V

3http://ideas.repec.org/p/nbr/nberte/0137.html

http://ideas.repec.org/p/nbr/nberte/0137.html
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Substitute this expression into the second part of the proof form of β̂ 2SLS

β̂
2SLS = β +

(
X′PWX

)−1
(Wγ +V)′PW U

All of this implies that we can express the bias of 2SLS as

E
[
β̂

2SLS−β

]
= E

(X′PWX
)−1

γ
′W′PW︸ ︷︷ ︸

W′

U

+E
[(
X′PWX

)−1 V′PW U
]

At this point, we can apply the better-than-asymptotic approximations

f irst.term = E
[(
X′PWX

)−1
γ
′W′U

]
≈ E

[(
X′PWX

)]−1 E
[
γ
′W′U

]
second.term = E

[(
X′PWX

)−1
γ
′W′U

]
≈ E

[(
X′PWX

)]−1 E
[
V′PW U

]
See Angrist and Pischke (p 207) for details on this approximation and references to the literature.
This result relies on letting the number of instruments and number of observations go to infinity,
while preserving the instrument-to-observation ratio at some finite constant. Convergence along
this path feels more like the problem we are facing with weak instruments. Hence, this approxi-
mation provides a decent step toward understanding the bias of 2SLS (even though it is inevitably
asymptotic).

The 2SLS bias is the sum of these two terms. The first pertains to the exogeneity condition while the
second pertains to relevance. Suppose that the exogeneity condition is satisfied. Then, we know that
the first term in this expression for bias equals zero (because E [γ ′W′U] = 0). Under this restriction,
the second term

E
[
β̂

2SLS−β

]
≈ E

[(
X′PWX

)]−1 E
[
V′PW U

]
is the bias of 2SLS. From this expression, we see that 2SLS bias is due to there being a correlation
between the second stage error term U and PW V, a term that represents idiosyncratic fit of X to the
set of instruments W, which we argued at the outset to be representative of the usual variability in
X. After some manipulation (see Angrist and Pischke for details), this expression for the bias of
2SLS reduces to

E
[
β̂

2SLS−β

]
≈ Cov [V,U ]

Var [V ]

[
1

F +1

]
where F is the F-statistic on the test for relevance. This bias term is the same as the bias of OLS when
F is zero and it reduces as we more strongly reject the null hypothesis that the set of instruments is
not relevant.

REMARK 5.4.1. That the 2SLS estimator is biased in the direction of OLS does not imply that
2SLS estimator is better than OLS. Its expectation is closer to the true value of the parameter, but
we sacrificed efficiency to make this happen. Moreover, a weaker first stage means that 2SLS has
worse bias properties and it implies that the 2SLS procedure is less efficient. Putting together these
two undesirable aspects of weak instruments, we may obtain an estimator with significantly worse
mean squared error. As we see in the simulations in the next section, this property holds even to
large sample sizes (N = 15000).
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TABLE 1. Mean, Standard Deviation and MSE of Slope Coefficient Estimates
(1000 Replications, N = 150)

OLS(strong) IV (strong) OLS(weak) IV (weak)
mean 4.2568 3.9637 4.2765 3.5219

stddev 0.0163 0.2349 0.015 61.1457
MSE 0.0662 0.0565 0.0767 3739.0219

TABLE 2. Mean, Standard Deviation and MSE of Slope Coefficient Estimates
(1000 Replications, N = 15000)

OLS(strong) IV (strong) OLS(weak) IV (weak)
mean 4.2571 3.9999 4.2766 3.958

stddev 0.0016 0.01 0.0015 0.3052
MSE 0.0661 1e−04 0.0765 0.0949

5.4.2.2. An Example: Simulating 2SLS Bias. The R script file weakinstruments.R,4 constructs
1000 replications of data sets using the data generating process:5

Data Generating Process

Y = 5+4X +6Q
X = sdX M+ sdQQ+ sdZZ

where each replication takes N draws M,Q,Z, which are each N (0,1) RVs that are independent
of one another. Given this overarching meta-process, the parameter values I picked for relatively
strong and relatively weak are as follows:
Relatively Strong: sdZ = 5, sdM = 10, and sdQ = 15
Relatively Weak: sdZ = 0.5, sdM = 10, and sdQ = 15

Tables 1 (N = 150) and Table 2 (N = 15000) display the results from estimating β1 from the re-
gression model

Y = β0 +β1X +U

on the simulated data from this process using OLS and 2SLS. Within each table, we would rather
use IV with strong instruments than with weak instruments. For both of the sample sizes I picked for
the simulation, IV on weak instruments has higher MSE than does OLS,6 but it is much worse for
the small sample size. Why? The larger sample size increases first stage F statistic for instrument
relevance (reducing the true weakness of the instrument).

This feature of the simulation results is difficult to see in the density plots of the F-statistics (Figures
4.4.2 and 4.4.3), but if we compute the mean F statistic within each simulation (Table 3), it becomes
apparent. The typical rule of thumb is to proceed as if there is no problem with relevance only if
the F-statistic exceeds 10. This is good advice for small and large samples alike. Although a large

4Available on the notes website. Play around with the parameters if you like.
5Note: I could have also added an unexplainable systematic component W to this first term to represent the errors in

the second stage that have nothing to do with anything, but it wasn’t necessary to get the right properties to fall out of the
simulation.

6Weak instruments versus strong instruments shouldn’t matter for OLS and it doesn’t in the simulations.
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TABLE 3. Average F-statistic in Each Set of Replications

Relatively Strong Relatively Weak
N = 150 12.823 1.118

N = 15000 1156.976 13.889

FIGURE 5.4.2. Density Plots for OLS and IV estimates (1000 Replications, N = 150)

sample may make the first stage more relevant, it does not improve the properties of the 2SLS
estimator for a given value of the F statistic.

5.4.3. Caution: Implementation Details. There are several points of caution when it comes
to implementing instrumental variables methods in practice.

(1) Although motivating IV regression as a two-step process is nice for the intuition of how
to construct the estimates (and it constructs the right estimates), it produces the wrong
standard errors because the second stage fitted values are – by default – constructed using
X̂ rather than X . The right thing to do is to use X to compute the fitted values and residuals.

(2) Running 2SLS regression in two stages also bears the risk of user error.
(a) It is important to note that the first stage regression includes all exogenous variables

in the model (including exogenous regressors), not just the instruments.
(b) When assessing relevance, one should not merely look at the fit of the first stage as

measured by R2, but should only assess whether the instruments significantly predict
the endogenous regressors above and beyond the predictive capability of the exoge-
nous regressors. This should concord with your intuition on Frisch-Waugh interpre-
tation of regression coefficients.

(3) Forbidden Regressions. If the first stage involves a nonlinear model like probit or logit,
it is not valid to plug the fitted values into the second stage to the same degree that it is
valid to use OLS in two stages.
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FIGURE 5.4.3. Density Plots for OLS and IV estimates (1000 Replications, N = 15000)

This is because – even when OLS gives the best linear approximation to a nonlinear causal
relationship – OLS is guaranteed to provide residuals that are uncorrelated with the fitted
values while nonlinear models like probit and logit are not.

Suppose you have an endogenous dummy variable D in the regression model Y = X′β +
Dα +U . A simple fix is to (1) construct the fitted values D̂ using the nonlinear model
D = F (W′β +ξ ), (2) use the fitted values D̂ in a 2SLS procedure to instrument for D. At
this step, an important reminder is that we need to construct the first stage estimates in an
OLS regression that controls for all exogenous variables in the model:

D = π0 +π1D̂+M′γ +V

where M is a vector that contains all exogenous variables in the model (including X and
W).

5.5. Chapter Exercises

(1) Attenuation Bias Simulation. Consider the regression model

Y = β0 +β1X +W

where we have two measurements of X , measured with error

X1 = X +V1

X2 = X +V2

such that Cov [X ,V1] =Cov [X ,V2] =Cov [V1,V2] = 0. Define the

Xave =
X1 +X2

2
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(a) Write R code to simulate this data generating process where

β0 = 5, β1 = 2

X ∼ N
(
0,σ2

X = 25
)

W ∼ N
(
0,σ2

W = 4
)

Var [V1] = 2 Var [V2] = 9

and the sample size N = 200.
(b) For B = 1000 draws from this data generating process (each a data set containing

X ,Y,X1 and X2), compute the OLS slope estimate β̂ ols
1 and store it for each of the

following specifications:

Y = β0 +β1X +U (correct)
Y = β0 +β1X1 +U (more precise mismeasurement)
Y = β0 +β1X2 +U (less precise mismeasurement)
Y = β0 +β1Xave +U (average of measurements)
Y = β0 +β1X̂1 +U (more precise regressed on less precise)
Y = β0 +β1X̂2 +U (less precise regressed on more precise)

Note: X̂1 = γ̂ols
0 + γ̂ols

1 X2 and X̂2 = α̂ols
0 + α̂ols

1 X1.
(c) Summarize the simulated sampling distributions of each of these methods for comput-

ing an estimator for β̂1 using the mean estimate, the standard deviation of the estimate
and the MSE, where bias = mean

(
β̂1

)
−2.

(d) Plot the histograms of each simulated sampling distribution. If you could not use a
perfect measurement of X , what is the next best estimator that you would use in this
setting?

(2) Fertility in Botswana. The data set fertility.dta is available on the website, which
contains information on all of the variables you will need for this question. The data pro-
vide information on 4361 women in Botswana during 1998.

Of note, children is the number of children that the women has, educ is years of edu-
cation, age is age of the woman and f rsthal f is a dummy variable for whether the woman
was born in the first half of the year.
(a) Use the fertility data to estimate the linear regression model

children = β0 +β1educ+β2age+β3age2 +U

using OLS. Interpret the coefficient estimate on β1. In a causal interpretation, is educ
exogenous? Discuss.

(b) Use instrumental variables to estimate the regression model with f rsthal f as an in-
strument for educ. How does the coeficient estimate change when we use IV relative
to OLS?

(c) Is f rsthal f a relevant instrument for educ? Provide evidence using output from an
appropriate regression.

(d) Evaluate whether the potential endogeneity problem can be solved by adding more
variables to the regression model. Specifically, the data set has an interesting set
of dummy variables: usemeth, urban, evermarr, tv, radio, electric, bicycle, spirit,
protest and catholic. How does the inclusion of all of these variables change the
coefficient estimate β̂1?

(e) Compare the coefficient estimates in (b) and (d). What does this comparison imply
about the nature of the omitted variable bias in (d)?
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5.6. End of Chapter Project

The tonymisc package is now available through CRAN and it contains the data (and some com-
mands) you will need for this problem.

• Install the package using install.packages(“tonymisc”).
• Run the command data(AK91).
• Now, the data set – the 1970-Census subsample of Angrist and Krueger (1991)’s data set

– is in a data frame called AK91 in your active memory.

This setting asks you to replicate some of the results in Angrist and Krueger’s paper on compul-
sory schooling. Before you begin, you should read the R documentation on the data set. Use the
command help(AK91) to retrieve the data documentation.

(1) Use the citation in the data set’s R documentation to look up the original paper using
the library’s website. Using R, reproduce Table IV in Angrist and Krueger’s paper. To
familiarize yourself with their methodology, you may want to read the part of the paper
the precedes Table IV. There is no need to understand everything in the paper, but you
should understand it well enough to replicate Table IV using R.

(2) Using the interactions between qob and yob as the set of instruments, construct a table
analogous to Table VIII using our data from the 1970 Census cohort. Our data are for
individuals born in the 1920s, but Angrist and Krueger only reported the estimated effect
of education for blacks born in the 1930s in Table VIII. Presumably, they only reported
one table of results because it would take up extra space in their paper (and the results are
qualitatively similar). Is this true?

(3) Unlike the original data, the data file in tonymisc does not include state-of-residence in-
formation. For this reason, we cannot enrich the set of instruments as Angrist and Krueger
do, but we can add region : qob interactions to the set of instruments. In other words, our
data allows at least three different sets of possible instruments: (1) quarter of birth dum-
mies only, (2) quarter of birth X year of birth interactions, and (3) quarter of birth X year
of birth interactions plus quarter of birth X region of residence interactions.
(a) Discuss whether these sets of instruments satisfy the exogeneity condition.
(b) Produce instrumental variable estimates for Table IV and our version of Table VIII

from the previous question using each set of instruments. Summarize these results
nicely in table format.

(c) Which set of instruments performs best on the grounds of satisfying the relevance
condition? Cite appropriate statistical evidence. Explain.

(4) An extension of Angrist and Krueger.
(a) Without estimating the regression model separately on the black subsample, how

would you estimate the differential effect of education by race in a single regres-
sion? Hint: This is exactly like what we saw in OLS. In fact, we will estimate this by
OLS and by 2SLS.

(b) As opposed to the previous parts of the exercise, the set of instruments now must
identify two parameters – the effect of education for whites and the effect of education
for blacks. What requirements must the set of instruments satisfy in this setting to be
valid?

(c) At the end of Section II, Angrist and Kruger make the claim, “Both the OLS and TSLS
estimates indicate that the return to education is lower for black men than for the entire male
population. In view of the lower quality of schools attended by black students, this finding
provides some additional support for the plausibility of the TSLS estimates. Moreover, the
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TSLS estimates for this subsample are within sampling variance of the OLS estimates. Unlike
the estimates for the entire sample, however, the TSLS estimates are slightly less than the OLS
estimates.” Here we evaluate this claim in light of the results you have produced.

(i) Estimate the differential effect of education on wages using OLS. Run a battery
of specifications like Angrist and Krueger did in producing Table IV.

(ii) The IV regression routines in R (ivreg(), tsls() and systemfit()) have
some trouble with the size of the Angrist and Krueger data set, but lm() does
not. Describe a procedure that uses only lm() to produce two-stage least squares
estimates for two endogenous variables.

(iii) Apply the procedure in (i) to obtain an instrumental variable estimate for the
differential effect of education by race while also instrumenting for educ. When
it comes to making inference, what is the problem with taking the 2SLS moti-
vation for estimation literally? Explain what you would need to do to fix this
problem.

(iv) Compare the 2SLS estimate of the differential effect of education by race to its
OLS estimate.

Stata: Compulsory Schooling and IV. The full Angrist and Krueger (1991) data set is avail-
able on Angrist’s website along with some Stata replication files.7

(1) Navigate to the data website, download the data and use it to reproduce Table V. You may
use the Stata do file for this purpose. The goal of this subpart is to make sure you correctly
import the data into Stata and perform the appropriate transformations.

(2) Reproduce Table VIII in Angrist and Krueger (1991) using Stata. Comment.
(3) Use Stata to obtain 2SLS estimates of the differential impact of education by race within

the framework you proposed in 4(a) of the R part of this assignment. Compare the results
you obtain here with what you would have concluded had you used the 2SLS procedure
from 4(c) and interpreted the second-stage lm() output as valid 2SLS output.

Back to R: Bound, Jaeger and Baker. Bound, Jaeger and Baker (1995) provided a rebuttal to
the Angrist and Krueger (1991) analysis.8 Use the citation in the footnote to obtain a copy of this
paper.

(1) Briefly explain the main point of Bound, Jaeger and Baker (1995) and how it relates to the
estimates you generated.

(2) Write an R program that will allow you to produce an analog to Table 3 in their analysis.
Specifically, do this two ways:
(a) Use simulated qob : yob as your set of instruments for education.
(b) Use simulated qob as your only instrument for education.

(3) Compare the results from the simulated instruments to the ones you generated in the first
part of the assignment.

7http://econ-www.mit.edu/faculty/angrist/data1/data/angkru1991
8Problems with Instrumental Variables Estimation When the Correlation Between the Instruments and the Endoge-

neous Explanatory Variable is WeakAuthor(s): John Bound, David A. Jaeger, Regina M. Baker Source: Journal of the
American Statistical Association, Vol. 90, No. 430 (Jun., 1995), pp. 443-450

http://econ-www.mit.edu/faculty/angrist/data1/data/angkru1991


CHAPTER 6

Heterogeneous Effects

Much of econometrics is either explicitly or implicitly concerned with estimating treatment effects.
On the explicit front, the program evaluation literature, mostly in labor economics (evaluating the
effects of job training programs, education programs, etc.), has developed tools to explicitly estimate
treatment effects. More generally, however, anytime an econometrician is interested in estimating a
causal effect (which is most of the time), it is useful to think about the underlying experiment, and
to borrow tools and concepts from the treatment effect literature.

6.1. Potential Outcomes and Treatment

Suppose that each individual in the population can be characterized by a 3-dimensional random
vector (Y0,Y1,W ) where Y0 is the outcome if untreated, Y1 is the outcome if treated, and W is a
dummy variable that is 1 if treated and 0 if untreated.

At the individual level, each individual i has two potential outcomes

Y1i = Yi (W = 1) if/when treated
Y0i = Yi (W = 0) if/when untreated

Depending on notational convenience and emphasis on the dependence on W , I will go back and
forth between using Y1i and Yi (W = 1) notation. Given this notation, it is intuitive to call the in-
dividual treatment effect β i

1 = Y1i−Y0i, the difference between potential outcomes for individual
i. In practice, this treatment effect would be the ideal, but it is often infeasible to obtain because
standard data sets usually only allow the econometrician to observe W and either Y0 if W = 0 or Y1
if W = 1 . As a result of the data deficiency, researchers set their signs on a more attainable goal:
estimating an average treatment effect.

Dropping the dependence on i, the average treatment effect (ATE) is given by the expectation:

AT E = E [Y1−Y0]

A related treatment effect that is of interest to researchers is the average treatment effect on the
treated (AT E1), which is given by the conditional expectation:

AT E1 = E [Y1−Y0|W = 1]

These two average treatment effects can differ if individuals have heterogeneous responses to the
treatment, and this heterogeneous response to treatment is correlated to whether the individual is
treated or not – W = 0 or 1. In fact, a difference between AT E and AT E1 is natural in some settings.
Suppose there is an elective training program, which benefits some people more than others. If
there are time and cognitive costs to taking on the program, it is possible that only those people who
benefit the most will elect into the program.

127
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More formally, denote Y1i = E [Y1]+ε1i and Y0i = E [Y0]+ε0i, compute the difference, and rearrange
terms:

Y1i−Y0i︸ ︷︷ ︸
β i

1

= E [Y1−Y0]︸ ︷︷ ︸
AT E

+ ε1i− ε0i︸ ︷︷ ︸
person−speci f ic gain

This decomposition of the individual treatment effect into the average and person-specific compo-
nents is useful, especially once we take the conditional expectation of both sides:

AT E1 = E [Y1−Y0|W = 1] = AT E +E [ε1− ε0|W = 1]

In other words, the average treatment effect on the treated will be greater than the average treatment
effect if the average person-specific gain is greater for those individuals who are treated. This is a
natural form of self selection, and if we are interested in recovering the average treatment effect, it
is important to deal with this issue.

6.2. Estimating Treatment Effects

As in the previous section, suppose that the population is described by the random vector (Y0,Y1,W ),
but we only have access to a random sample from (Y,W ) where

Y = (1−W )Y0 +WY1

= Y0 +W (Y1−Y0)(6.2.1)

One idea to estimate the average treatment effect is to compute the average Y when W = 1, and
separately, when W = 0, and take the difference. If we do this, note that we can consistently
estimate a difference in conditional expectations:

ȲW=1− ȲW=0
P−→ E [Y |W = 1]−E [Y |W = 0]

Plugging in equation (8.5.1) into this difference in conditional expectations, we obtain:

E [Y |W = 1]−E [Y |W = 0] = E [Y0|W = 1]−E [Y0|W = 0]+E [Y1−Y0|W = 1]︸ ︷︷ ︸
AT E1

Note that if the mean independence condition E [Y0|W ] = E [Y0] holds, we can consistently estimate
AT E1 because the difference in sample means is a consistent estimate of the left hand side of this
expression. If E [Y1|W ] = E [Y1] as well, we can also recover AT E because AT E = AT E1.

6.3. Estimating Conditional Average Treatment Effects

The problem with the conclusion in the previous section is that the mean independence hypothesis
is an extremely strong condition. Effectively, mean independence rules out any selection into treat-
ment, and hence, it are unrealistic in most applications. A related weaker assumption that affords us
some mileage in estimating average treatment effects is that of conditional mean independence. If
we have access to a vector of covariates X, conditional mean independence states:

E [Yg|X,W ] = E [Yg|X] for g=0,1
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The conditional mean independence condition (and its stronger independence analog) is called se-
lection on observables. The idea is that once the set of covariates X is controlled for, the treatment
variable W is (mean) independent of potential outcomes.

Before describing how to estimate average treatment effects in this setting, we should note that
by including the vector of covariates, we have changed the problem slightly. That is, now the
population of interest is the random vector (Y0,Y1,W,X) and we have access to a random sample
from (Y,W,X).

Fortunately, in conditioning on X, the algebra from the previous sections is quite similar. In par-
ticular, define the conditional average treatment effect AT E (X) = E [Y1−Y0|X] and the condi-
tional average treatment effect on the treated AT E1 (X) = E [Y1−Y0|X,W = 1]. Under condi-
tional mean independence, these are equal (see algebra in previous section):

AT E1 (X) = AT E (X)≡ r (X)

In taking the expectation over X, we can compute unconditional average treatment effects from
these conditional ones:

AT E = E [r (X)]

AT E1 = E [r (X) |W = 1]

and note that these are not, in general, equal.

6.3.1. Flexible / Nonparametric Approach. Conditioning on X suggests a regression ap-
proach. In particular, form the conditional expectation function E [Y |X,W ] by taking the conditional
expectation of equation (8.5.1):

E [Y |X,W ] = E [Y0|X,W ]+W (E [Y1|X,W ]−E [Y0|X,W ])

and applying conditional mean independence, we obtain

E [Y |X,W ] = E [Y0|X]+W (E [Y1|X]−E [Y0|X])

From this expression, we can compute the difference between E [Y |X,W = 1] and E [Y |X,W = 0],
which gives an expression that allows us to estimate AT E (X) flexibly.

E [Y |X,W = 1]−E [Y |X,W = 0] = E [Y1|X]−E [Y0|X]︸ ︷︷ ︸
AT E(X)

Let rg (X) = E [Y |X,W = g] on the left hand side of this expression. These rg functions can be
flexibly estimated (using loess, kernel estimators, regression with polynomials, etc.), and then the
difference between these functions is a flexible estimate for AT E (X).

6.3.2. Control Function Approach. An alternative method we can use to estimate average
treatment effects relies more explicitly on standard regression methods.
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6.3.2.1. The Control Function. In particular, let Y0 = µ0 + ε0 and Y1 = µ1 + ε1, and take the
conditional expectation of both sides of equation (8.5.1). Doing this and simultaneously applying
conditional mean independence, we obtain:

E [Y |W,X] = µ0 +αW +g0 (X)+W (g1 (X)−g0 (X))(6.3.1)

where α = µ1−µ0 = AT E and gk (X) = E [εk|X].

Equation (6.3.2) admits two cases (1) g0 (X) = g1 (X), and (2) no equality between g0 and g1.

In the first case, the conditional expectation function simplifies nicely, and we can re-express the
more general CEF as:

E [Y |W,X] = γ0 +αW +h0 (X)β0(6.3.2)

where the term h0 (X)β0 is called the control function. The control function is a term that is added
to a regression of Y on W that controls for possible self selection bias. In practice, h0 (X) can
be a non-linear function of something that was estimated in a first stage regression, or explicitly
constructed by the econometrician from the covariates themselves.

Under conditional mean independence, the average treatment effect can be estimated consistently
by regressing Y on 1, W and h0 (X). Then, ˆAT E = α̂ .

Under the more complicated case (2), it is still possible to estimate the average treatment effect, but
care must be taken to do so correctly. For simplicitly, assume that the CEF can be expressed as a
linear combination of X and W as well as the interactions between them. Then, we can re-write
equation (6.3.2) as:

E [Y |W,X] = γ0 +αW +Xβ0 +W (X−E [X])′ δ(6.3.3)

where α = AT E still because the interaction terms with W are demeaned to have mean zero. In
addition, it is natural to extend the vector X to contain non-linear terms of the original set of covari-
ates, and hence, this expression is quite flexible. Moreover, this expression allows us to construct
an estimator for the conditional average treatment effect, ˆAT E (X) = α̂ +(X− X̄) δ̂ .

Thus far, the discussion has been somewhat abstract. For an example, consider the Heckman Selec-
tion model.

6.3.2.2. The Selection Problem: An Example of a Control Function. This subsection provides
a self-contained background on the selection problem and how the Heckman Selection Model deals
with it.

A sample that is not randomly selected will bias our OLS estimator for β if the factors that affect
inclusion in the sample are related to our regressors and the response. We can view this selection
problem as a problem with omitted variable bias.

For example, suppose that we observe that undergraduate GPA and success in graduate school are
uncorrelated for a sample of graduate students in the regression:

success = β0 +β1ColGPA+U

i.e., we estimate β̂1 = 0. Can we conclude that undergraduate GPA is unrelated to success in gradu-
ate school? Not necessarily. If unobserved factors – such as motivation to work on research projects
– are negatively related to undergraduate GPA and positively related to success in graduate school,
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FIGURE 6.3.1. Sample Selection in Action

x1 and x2 are independently drawn standard normal RVs. y is a vector that equals the sum of the
two, plus some error (normal with a standard deviation of 0.1). Red points are above the threshold

where y>0, blue points are below that threshhold.

omitting motivation from the specification can bias downward the estimated effect: that is, β̂1 is too
low.

Selection bias is slightly more complicated, but it has a similar flavor. If the sample is selected on
both motivation and college GPA, the resulting sample will be comprised of individuals both with
high motivation and high college GPA. If we impose a selection rule that positively depends on
both, the result is a selected sample where high motivation predicts low college GPA and vice versa.
For a graphical depiction of the selected sample, consider Figure 1, which simulates the selection
problem by simulating two independent random variables X1 and X2, but imposing a selection rule
Y = X1 +X2 + ε > 0 that depends positively on both.

6.3.2.3. A Slightly More Formal Introduction to Selection: Why is Selection a Problem? Sup-
pose we have a population regression model given by the two-equation system:

Y = X′β +U(6.3.4)
Y ∗ = W′

α +V(6.3.5)

where Y ∗ is an unobserved index (like utility).1 If Y ∗ > 0, an observation is observed. Otherwise, it
is not. Z is a binary indicator of whether an individual is included in the sample, Z = 1Y ∗>0. Hence,
Y is only observed if Z = 1. Equation (6.3.4) is called the outcome equation. Equation (6.3.5) is
called the selection equation.

For simplicity, suppose that the conditional expectation functions E [Y |X] and E [Y |X,V ] are linear.
Under this assumption, take the conditional expectation of both sides of (6.3.4):

E [Y |X,V ] = E
[
X′β +U |X,V

]
= X′β +E [U |X,V ]

= X′β +E [U |V ]

where E [U |V ] can be understood using the population regression of U on V :

U = ρV + ε

1This is what is called a latent variable.
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Because we assumed that E [Y |X,V ] is linear, E [U |V ] = ρV . Hence,

E [Y |X,V ] = X′β +ρV(6.3.6)

Unfortunately, we cannot observe V , only Z. We would like to know the conditional expectation
E [Y |X,Z = 1] Apply conditional expectations to both sides of equation (6.3.6):

E [Y |X,Z = 1] = X′β +ρE [V |X,Z = 1]

If X is independent of V , the conditioning set (X,Z = 1) is equivalent to {W′α +V > 0}. If V is
distributed as a standard normal RV, this expectation equals (there is some math to show this):

E [V |X,Z = 1] = E
[
V |−W′

α <V
]

=
φ (−W′α)

1−Φ(−W′α)

where φ (·) and Φ(·) are the normal pdf and normal CDF respectively. Note that because the
normal distribution is symmetric φ (−W′α) = φ (W′α) and Φ(−W′α) = 1−Φ(W′α). Hence,
this expectation has the simpler form:

E [Y |X,Z = 1] = X′β +ρ
φ (W′α)

Φ(W′α)
(6.3.7)

where λ (W′α) = φ(W′α)
Φ(W′α) is called the Inverse Mills Ratio.

6.3.2.4. Heckman’s Two Step Method – A Brief, Intuitive Overview. In the population regres-
sion with linear conditional expectation, equation (6.3.7) formalizes the intuition that the selection
problem is a problem with omitted variable bias. Restricting to the linear conditional expectation
case, estimating the regression model

Y = X′β S +US

is like estimating the short regression (now S stands for selected) where the long regression is given
by including the Inverse Mills Ratio among the list of regressors:

Y = X′β +ρ
[
λ
(
W′

α
)]

+U

Heckman’s Two Step Method2 allows us to consistently estimate β and ρ .

(1) In the first stage, estimate a regression

Y ∗ = W′
α +V

where V can be interpreted as having come from a standard normal distribution (we need
this because the Inverse Mills formula uses the standard normal).3 We can use the esti-
mates from this regression to form an estimate of the Inverse Mills Ratio (intuition: resid-
uals V̂i will be like draws from a standard normal).

(2) In the second stage, plug in the estimates for the inverse mills ratio that were generated in
the first stage as a regressor in the outcome equation. As long as we have a well-specified
selection equation, this will correct for the selection bias.

2If you’re interested, Heckman, J. (1979). "Sample selection bias as a specification error". Econometrica 47 (1):
153–61

3The appropriate method for this is Probit regression.
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6.3.2.5. Back to the General Control Function Approach. In equation (6.3.7), the control func-
tion is ρ

φ(W′α)
Φ(W′α) , and we were interested in estimating causal effects of the vector X on the outcome

variable Y (rather than just the treatment effect of W on Y ). If X has a causal effect on Y , rather
than just using it as a control for self-selection, it becomes important to have a variable in the con-
trol function that is not included in the vector of regressors in the outcome equation. In greater
generality than subsection 3.2.1, the conditional expectation function take the form:

E [Y |W,X] = γ0 +αW +X′β +h0 (X∗)β0(6.3.8)

and, in order to distinguish the effect of X through X′β from its effect through the control function,
it becomes important for the vector of covariates that is used to construct the control function X∗
to contain excluded instruments that belong only in the control function, and not in the outcome
equation. This can be a delicate task because it is difficult to find variables that influence selection
into the treated sample without also influencing the outcome variable Y directly.

6.4. Local Average Treatment Effect (LATE)

For individual i, note that we can re-express equation (8.5.1) as:

Yi = Y0i +(Y1i−Y0i)Wi

= Y0i +β
i
1Wi(6.4.1)

This form of the potential outcome notation makes explicit the fact that Wi can have effects on
the outcome variable Yi that depend on the individual. In this context, suppose that we cannot
satisfy the conditional mean independence condition that is required to obtain a consistent estimator
for the average treatment effect, but instead, we have an instrument Zi that satisfies the following
conditions:

(1) Exclusion Restriction. Zi has no causal effect on Yi. In math, Yi (W = d,Z = 1) =
Yi (W = d,Z = 0) for d = 0,1.

(2) Independence of potential outcomes and potential treatment assignments. Zi is indepen-
dent of Y0i and Y1i, as well as W0i and W1i, where W0i =Wi (Z = 0) and W1i =Wi (Z = 1).

(3) Relevance (First Stage). E [W1i−W0i] 6= 0.
(4) Uniformity. W1i ≥W0i for all i or vice versa.

For clarity of exposition, write down the system of equations for estimating β̂ IV
1 .

Yi = π0 +π1Zi +U1

Wi = γ0 + γ1Zi +U2

Recall that

β̂
IV
1 =

π̂1

γ̂1

P−→ E [Yi|Zi = 1]−E [Yi|Zi = 0]
E [Wi|Zi = 1]−E [Wi|Zi = 0]

(6.4.2)

because Zi is a dummy variable. Now, examine each term in the numerator of (6.4.2) by plugging
in using equation(6.4.1).

E [Yi|Zi = 1] = E
[
Y0i +β

i
1Wi|Zi = 1

]
= E

[
Y0i +β

i
1W1i

]
E [Yi|Zi = 0] = E

[
Y0i +β

i
1Wi|Zi = 0

]
= E

[
Y0i +β

i
1W0i

]
where the second equality on each line uses the independence assumption. Thus, when we take the
difference, we obtain
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E [Yi|Zi = 1]−E [Yi|Zi = 0] = E
[
β

i
1 (W1i−W0i)

]
To take this expectation, use the uniformity condition and the fact that W is a dummy variable
itself to argue that W1i −W0i either equals 0 or 1. Hence, the expectation can be expressed as
E
[
β i

1 (W1i−W0i)
]
= E

[
β i

1|W1i ≥W0i
]

P [W1i ≥W0i].

Turn to the denominator of (6.4.2), using independence E [Wi|Zi = 1] = E [W1i] and E [Wi|Zi = 0] =
E [W0i] , and by a similar argument, the denominator equals P [W1i ≥W0i].

Putting these facts together, equation (6.4.2) becomes:

β̂
IV
1 =

π̂1

γ̂1

P−→ E [Yi|Zi = 1]−E [Yi|Zi = 0]
E [Wi|Zi = 1]−E [Wi|Zi = 0]

= E
[
β

i
1|W1i ≥W0i

]
(6.4.3)

In other words, if there are heterogeneous effects, a valid instrument will estimate the average
treatment effect among the subpopulation for which W1i ≥W0i. This is called the compliant subpop-
ulation, and it is the set of individuals for whom the instrument changed whether they were subject
to the treatment. Hence, the instrumental variable estimator is said to estimate the local average
treatment effect in this setting.

6.4.1. Intuition in an example. The effect of increasing education by one year from 11 to 12
years may be quite different than the effect of increasing education by one year from 13 to 14 years.
Our instrumental variables methods rely on selective variation, and hence, may only pick up on a
subset of the possible effects, which are averaged into the estimate.

For example, compulsory schooling laws are often used as instruments for educational attainment.
There is good evidence that laws affect educational attainment where they are binding (perhaps,
forcing some individuals to obtain 12 rather than 11 years of education), but the resultant instrument
will screen all other variability out of an educational attainment variable.

Depending on our view of the nature of the heterogeneity of the effects of education, we may only
be able to cleanly identify the effect of obtaining 12 years of education instead of 11 years using
variation in compulsory schooling. In a very precise sense, the instrumental variable technique only
allows us to estimate the local average treatment effect of this “experiment.”

That said, if we can make a case that the effect of additional educational attainment caused by the
instrument is representative of the usual effects of education, the instrumental variables estimates
become more interesting. Making such a case is usually more about economic modeling and con-
structing a compelling arument than rigorous statistical evidence.

6.4.2. Internal and External Validity of IV Estimation. In a world with heterogeneity of
effects, instrumental variables methods will estimate the LATE. If you find yourself in this setting,
there are two natural ways to go. First, you could argue that the LATE you estimate is interesting
in its own right. In the language of Angrist and Pischke, this is what it means for your IV estimator
to be internally valid. In this derivation, we discovered that the LATE interpretation follows from
a monotonicity assumption on the nature of the heterogeneity (that the instrument affects choices
of the regressor in the same direction). As long as monotonicity holds, LATE is an internally-valid
interpretation.
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REMARK 6.4.1. Returning to a setting where there is a uniform effect of X on Y called β1, the
LATE equals this single effect β1. Hence, the results are valid externally in addition to the internal
validity afforded by the instrumental variables method. To return to the motivating example, if there
is one effect of an additional year of education and we use an instrument that compels some people
to get 12 years rather than 11 years of education to estimate the effect of education, the single-effect
assumption (feature) allows us to generalize the result to argue that the causal effect of getting 16
years of education rather than 15 years is the same as we estimated using our instrument. That’s not
necessarily a valid exercise, but this discussion of LATE makes precise that the reason this is not
valid is because of heterogeneity in the causal effects.

6.5. End of Chapter Project

This chapter exercise is more of an extended project than a set of questions. To implement this in
R, you will need to download and install the package Ecdat. If you do not have Ecdat installed,
run the following command and follow the instructions.

install.packages(“Ecdat”, dependencies = T)

Once you have it installed, run the following commands to load the data for this problem into R.

library(Ecdat)

data(Yogurt)

Once you run these commands, R will contain a data frame object called Yogurt. These data are
from a study by Jain, Vilcassim and Chintagunta that uses more sophisticated methods than we will
employ in this question.4

(1) After loading the data into R, produce summary statistics of the data (mean, standard
deviation, minimum, maximum for each numerical variable; counts for each categorical
variable). Produce a nice table to display these summary statistics. Comment briefly on
any striking patterns.

(2) Compute the summary statistics for each numerical variable for each level of the categor-
ical variable choice. Comment briefly on any systematic differences in these variables
across the levels of this categorical variable.

(3) Consider a multiple regression model of the form

Y = X′β +P′γ +U(6.5.1)

where X is a vector that contains a constant and a full set of the featured advertisement
dummy variables, P is a vector that contains the prices for each of the brands of yogurt
and Y is a dummy variable for whether the individual bought Yoplait.

Until told otherwise in the instructions of this question, stick with a strictly statis-
tical interpretation of the regression model.
(a) Without looking at the data, do you expect there to be heteroskedasticity? Explain

precisely why or why not.
(b) Does including every featured advertisement dummy variable in the regression lead to

multicollinearity? Explain why or why not and articulate the importance of avoiding
perfect multicollinearity.

4A Random-Coefficients Logit Brand-Choice Model Applied to Panel Data Dipak C. Jain, Naufel J. Vilcassim and
Pradeep K. Chintagunta Journal of Business & Economic Statistics Vol. 12, No. 3 (Jul., 1994), pp. 317-328
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(c) Use R and Stata to produce multiple regression estimates for this regression model.
Report the estimates (and standard errors in parentheses) in the first column of a
nicely-formatted table of results (you will need four columns for this table).

(d) Is the OLS estimator for the parameter vector
(

β

γ

)
consistent? Explain precisely

why or why not. Your answer should include a derivation of conditions that imply or
preclude consistency.

(e) Suppose that we are willing to assume that the conditional expectation E [Y |X,P] is

linear. What does this imply about E [U |X,P]? What does it imply about
(

β̂

γ̂

)
?

Include any notable derivations.
(f) Examine the coefficient estimate on the dummy variable feat.yoplait, ˆβ f .y.

(i) Give an interpretation for this coefficient estimate. Be precise and give context.
(ii) Is feat.yoplait statistically significant at the 5 percent level? Provide a for-

mal hypothesis test.
(iii) Use the summary output in R to construct a 95 percent confidence interval

for β f .y that matches the automated output produced by Stata. Give a precise
interpretation of this confidence interval that uses context.

(g) Estimate the regression model without the regressor feat.weight. Report the es-
timates from this reduced regression model in the second column of your table of
results.

(i) Relative to the estimates you produced in part (c), how do the coefficient esti-
mates change? As a practical matter, does the reduced model suffer from omit-
ted variable bias? For ease of comparison, report these estimates and standard
errors in column three of your table of results.

(ii) Reconcile your finding in (g.i) with the omitted variables bias formula. To do so
rigorously, you should estimate another regression and reconstruct the sample
analog to the OVB formula.

(h) Estimate the appropriate regressions and construct the appropriate residuals to demon-
strate that the Frisch-Waugh Theorem holds for β̂ f .y in this regression model and on
these data.

(i) Now, suppose we wish to give a causal interpretation to this regression model and
assume that it is reasonable to believe that Cov [X ,U ] = 0 (more on this assumption
later).

(i) Give an interpretation for β̂ f .y. Be precise and give context.
(ii) Taking the assumptions of this problem as given, is there evidence that adver-

tising has an effect on yogurt sales?
(j) Does the existence of a featured advertisement of another brand of yogurt affect the

probability that an individual purchases Yoplait brand yogurt?
(i) Within the context of the regression model in (6.5.1), formally state the null

and alternative hypotheses that are appropriate for answering this question.
(ii) What is an appropriate test statistic to use to conduct this hypothesis test? Be-

fore computing this test statistic, state your decision rule.
(iii) Compute the test statistic and the p-value for this test using both Stata and R.

What can you conclude from this hypothesis test?
(k) The variable id is an individual identifier. There are 100 individuals in the data set

and repeated observations for each individual. This may or may not be a problem.
(i) Plot the residuals versus id. Do you notice any patterns?
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(ii) Compute the mean of the residuals for each id. Hint: In R, the command
tapply(a, b, mean) computes the mean of a for each value of b. Why is the
mean of these means not zero?

(iii) Produce a histogram of these 100 mean residuals by id. Based on this his-
togram and the context of the problem, what can you conclude? Are any as-
sumptions of the multiple regression model violated?

(4) Now, consider a multiple regression model of the form

Y = δi +X′β +P′γ +U(6.5.2)

where δi is an id-specific intercept, X is a vector that contains full set of the featured
advertisement dummy variables, P is a vector that contains the prices for each of the brands
of yogurt and Y is a dummy variable for whether the individual bought Yoplait.
(a) Before estimating the regression specification, do you expect to obtain the same esti-

mates for
(

β

γ

)
as you did in part 3? Explain precisely why you expect what you

expect.
(b) Before estimating the regression specification, do you expect the standard errors for

this model to be larger or smaller than in part 3? How does your answer depend on
what you concluded in part 3i?

(c) Estimate this regression model in R. To estimate a model with 100 id-specific in-
tercepts, coerce id to be a factor using the as.factor() function and include the
coerced variable as an explanatory variable (now a factor) in addition to the predic-
tors you used from before.

(i) Report the coefficient estimates and standard errors for
(

β̂

γ̂

)
in the fourth

column of your table of results. Do not report the 100 intercept coefficient
estimates. How do these estimates compare with the ones you produced in part
3?

(ii) Produce a histogram of the 100 id-specific intercept estimates. How do these
estimates compare with the histogram of mean residuals you computed in part
3? Should they be similar to one another? Should they be correlated? Why or
why not?

(d) Are there significant individual-specific factors that affect the probability of purchas-
ing Yoplait yogurt?

(i) In the context of the regression model in (6.5.2), state null and alternative hy-
potheses appropriate for answering this question.

(ii) What is an appropriate test statistic? Under the null hypothesis, what is its
asymptotic distribution? Use this asymptotic distribution to obtain a critical
value.

(iii) Carry out this test using R. What is the value of the test statistic? What is the
p-value? What do you conclude?

(e) Imagine that after you explain the regression specification in (6.5.2) to a friend of
yours who studies philosophy, your friend says, “Some people are more frugal than
others when it comes to yogurt. Isn’t this a problem for you?” Respond thoughtfully
to this question in plain English.

(5) Now, consider a multiple regression model of the form

Y = δi +X′β +P′−yγ−y +Pyoplaitαi +U(6.5.3)

where δi is an id-specific intercept, αi is an id-specific slope on the price of Yoplait, X
is a vector that contains full set of the featured advertisement dummy variables, P−y is a
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vector that contains the prices for each of the brands of yogurt except for Yoplait and Y is
a dummy variable for whether the individual bought Yoplait.
(a) In words, explain how to use statistical software to estimate the regression model in

(6.5.3).
(b) Does the regression model satisfy the identification assumption for multiple linear

regression? For an arbitrary id s ∈ {1,2, ...,100}, give the Frisch-Waugh formula for
αs.

(c) Use R to estimate this regression model. You should discover that R drops some
id× price.yoplait interactions due to singularities. Why does this regression produce
singularities in the ~X′~X matrix?

(6) Relation to heterogeneous effects.
(a) Does it appear that brand advertising has heterogeneous effects on the propensity for

consumers to purchase Yoplait-branded yogurt? Provide evidence.
(b) Under what conditions do the regressions you ran throughout this exercise identify

the treatment effects we have discussed throughout this chapter?



CHAPTER 7

Generalized Method of Moments

This chapter presents some of the basics of generalized method of moments (GMM) estimation, a
technique that is used extensively in empirical economics.

7.1. Motivating Example

Let us start by considering the population regression relationship:

Y = X′β +U

where X is a k× 1 vector of explanatory variables, Y is a scalar dependent variable, and U is a
scalar (causal) error term. As some subset of the X vector is endogenous, E [XU ] 6= 0. In addition,
suppose that we have access to a m×1 vector of instruments Z. For notational simplicity, exogenous
components of X may also be elements of the instrument vector Z. Nonetheless, the instrument
vector satisfies the exogeneity condition:

E [ZU ] = 0(7.1.1)

This condition defines m orthogonality conditions, and as long as Z is relevant for X and there is no
redundancy in Z, there are three cases:

(1) m < k, which implies that β is not identified. There are many solutions for β , but no
unique solution.

(2) m = k, which implies that β is just identified (as long as E [ZX′] is full rank).
(3) m > k, which implies that β is overidentified. If we insist on all m equations holding, a

solution for β cannot be found. That is an awfully negative way of putting this, especially
when more exogeneity conditions means more information about the parameter vector β .
More usefully, overidentification offers multiple ways to solve for β - just pick out any k
equations, and solve those. Nevertheless, if we do this, the m− k conditions we do not
impose are not guaranteed to hold.

Focusing on the just identified case, let’s take a method of moments approach in which we replace
the m = k population moments E [ZU ] with their corresponding sample moments 1

N ∑
N
i=1 ZiUi, and

use this expression to solve for the estimator. In matrix notation, this is:

0 =
1
N
Z′U=

1
N
Z′ (Y−Xβ )(7.1.2)

Z′Xβ = Z′Y
which we can solve because Z′X is invertible with probability one (under the assumption that its
population counterpart E [ZX′] is full rank). Hence, β̂ MM = (Z′X)−1Z′Y, which is exactly the form
of the instrumental variables estimator.

139
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If we are in the over identified case, Z′X is m×k. Thus, we cannot use the same method of moments
technique to solve for a method of moments estimator. If we want to use method of moments, we
will need to generalize the method. When we studied instrumental variables, we derived a two-
stage least squares estimator using the logic of projection, rather than imposing moment conditions.
Now, we will turn to deriving an estimator based on moment conditions.

7.2. Generalizing Method of Moments

One candidate for generalizing the method of moments is to minimize the sum of squared sample
moment conditions.

β̂
cGMM = argmin

b

(
Z′U

)′Z′U
= argmin

b
(Y−Xb)′ZZ′ (Y−Xb)

In this sense, the candidate GMM estimator (cGMM) makes the deviations from Z′U = 0 as small
as possible. Given this general form, we can solve for the cGMM estimator:

[b] : −2X′ZZ′ (Y−Xb) = 0
X′ZZ′Xb = X′ZZ′Y

β̂
cGMM =

(
X′ZZ′X

)−1X′ZZ′Y

The last step relies on Z′X being full row rank (k), which is usually not a problem when m > k. This
candidate GMM estimator is well defined and straightforward to solve, but it turns out that it is just
a special case of the GMM estimator. Rather than minimize the unweighted sum of squared sample
moment conditions, the GMM estimator which minimizes the weighted sum for a positive definite,
symmetric weighting matrix Ŵ.

β̂
GMM = argmin

b

(
Z′U

)
Ŵ′Z′U

= argmin
b

(Y−Xb)′ZŴZ′ (Y−Xb)(7.2.1)

Following the same algebra, we obtain a formula for the GMM estimator:

β̂
GMM =

(
X′ZŴZ′X

)−1X′ZŴZ′Y(7.2.2)

We generally want to select an efficient weighting matrix Ŵ (see Section 4), but it turns out that
the choice of weighting matrix does not affect a number of properties of the GMM estimator (see
Section 3). Before describing these properties, it is useful to consider two choices for Ŵ.

(1) Ŵ = I. This is an easy choice of weighting matrix that produces the cGMM estimator we
derived in our first attempt to generalize the method of moments. The advantage of this is
that it is easy to implement, and can be used as the first step of a two-step estimator (when
we need to obtain fitted values or residuals).
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(2) Ŵ = 1
N (Z′Z)−1 P−→ E [ZZ′]−1. Plugging this expression into (7.2.2), the 1

N terms cancel:

β̂
GMM =

(
X′Z

(
Z′Z
)−1Z′X

)−1
X′Z

(
Z′Z
)−1Z′Y

=
(
X′P′ZX

)−1X′P′ZY

=
(
(X∗)′X∗

)−1
(X∗)′Y

which (as long as Z corresponds to the first stage design matrix) is the two-stage least
squares estimator. This is to say that GMM, by allowing for an arbitrary weighting matrix,
generalizes the 2SLS estimator. As we will see, this improves upon the efficiency of
2SLS, and in a slight generalization, GMM allows us to also consider nonlinear moment
conditions.

7.3. GMM Properties

The GMM estimator has a number of useful properties. It is consistent, asymptotically normal, and
for the right choice of the weighting matrix, GMM is semiparametrically efficient. This section
shows consistency and asymptotic normality. The next section discusses the choice of the optimal
weighting matrix.

To show that GMM is consistent, plug the stacked form of the population regression Y = Xβ +U
into (7.2.2) to obtain:

β̂
GMM = β +

(
X′ZŴZ′X

)−1X′ZŴZ′U

= β +

((
1
N
X′Z

)
Ŵ
(

1
N
Z′X

))−1( 1
N
X′Z

)
Ŵ
(

1
N
Z′U

)
(7.3.1)

Suppose that Ŵ P−→W, where W is full rank. Also, invoke a law of large numbers to argue

Ĉ≡
(

1
N
Z′X

)
P−→ E

[
ZX′

]
≡ C(

1
N
Z′U

)
P−→ E [ZU ] = 0

Thus, taking the probability limit β̂ GMM P−→ β .

To show that GMM is asymptotically normal, and to derive the asymptotic variance-covariance
matrix, subtract β from both sides and multiply by

√
N.

√
N
(

β̂
GMM−β

)
=

((
Ĉ
)′ ŴĈ

)−1 (
Ĉ
)′ Ŵ√N

(
1
N
Z′U

)
In this expression, it can be shown via the Central Limit Theorem, and some subtle algebra

√
N
( 1

NZ
′U
) d−→

N (0,Var (ZU)). Using the Slutsky Theorem and the consistency of Ĉ and Ŵ, we can put the pieces
of this expression together.

√
N
(

β̂
GMM−β

)
d−→ N (0,Σ)

where letting Λ =Var (ZU) for notational simplicity:

Σ =
(
C′WC

)−1 C′WΛWC
(
C′WC

)−1
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7.4. Optimal Weighting Matrix and Efficient GMM

If we let W = Λ−1, the expression for Σ simplifies dramatically:

Σe f f =
(
C′Λ−1C

)−1

More importantly, this choice of W leads to the most efficient (lowest variance) GMM estimator.
To see this, it is natural to compute and compare the inverse of these variance-covariance matrices
Σ
−1
e f f −Σ−1. If this is positive semi-definite, the Σe f f is lowest variance.

Σ
−1
e f f −Σ

−1 = C′Λ−1C−C′WC
(
C′WΛWC

)−1 C′WC

= C′Λ−
1
2 Λ
− 1

2 C−C′Λ−
1
2 Λ

1
2 WC

(
C′WΛ

1
2 Λ

1
2 WC

)−1
C′WΛ

1
2 Λ
− 1

2 C

using the square-root factorization for Λ (possible because Λ is positive definite). Note that if we
let D = Λ

1
2 WC, the expression looks much simpler:

Σ
−1
e f f −Σ

−1 = C′Λ−
1
2 Λ
− 1

2 C−C′Λ−
1
2 D
(
D′D

)−1 D′Λ−
1
2 C

= C′Λ−
1
2

(
I−D

(
D′D

)−1 D′
)

Λ
− 1

2 C

Note that PD =
(

I−D(D′D)−1 D′
)

is a projection matrix, and hence it is idempotent, symmetric,
and positive definite. In addition, this expression is a quadratic form with PD in the center. As a
result, the overall expression is positive semi-definite, which proves the result.

Thus, to obtain the minimum variance GMM estimator, we just need to consistently estimate Λ−1 =

Var [ZU ]−1. One such consistent estimator is:

Λ̂
−1 =

(
1
N

N

∑
i=1

ZiÛi
(
ZiÛi

)′)−1

and use Ŵ = Λ̂−1. Note that this estimator requires an estimate of Ûi, which we can obtain from a
preliminary estimate. To do this, either use Ŵ = I or estimate the first stage by 2SLS.

Given this expression, the estimated asymptotic variance is:

ˆAVar
(

β̂
GMM

)
=

Σ̂

N
=

1
N

[(
1
N
Z′X

)′
Λ̂
−1
(

1
N
Z′X

)]−1

=

(Z′X)′( N

∑
i=1

ZiÛi
(
ZiÛi

)′)−1 (
Z′X

)−1

7.5. Intuition: Why is Efficient GMM Efficient?

The previous section gives an expression for the optimal weighting matrix as a matter of fact, but the
choice of Ŵ has some useful intuition as well. To see why, I am going to invent some terminology
to follow the analogous method to motivate GLS as a transformation of OLS regression.
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Suppose the variance Var [ZlU ] is constant across moment conditions, and when this condition is
satisfied, we say that the moment conditions are homomomentastic.12 The moment conditions are
given by:

E [ZU ] = 0

As we want the sample moment conditions to hold:

Z′U
want

= 0

we solve the minimization problem from Section 2.2. In the homomomentastic case, the efficient
GMM estimator is obtained as:

β̂
GMM = argmin

β

U′ZZ′U

and is the candidate GMM estimator we used to motivate GMM estimation in the case of overiden-
tifying restrictions.

β̂
cGMM =

(
X′ZZ′X

)−1X′ZZ′Y

Instead of the homomomentastic case, suppose that the moment conditions are heteromomentastic,
but not correlated with one another. This corresponds to a variance-covariance matrix of the moment
conditions of:

Var [ZU ] = Λ =


σ2

zu1 0 . . . 0

0 σ2
zu2 . . .

...
...

. . . 0
0 . . . 0 σ2

zum


Note that if we transform the moment conditions by premultiplying them by Λ−

1
2 , then

E
[
Λ
− 1

2 ZU
]

= 0

E
[
Z̃U
]

= 0

where Z̃ = Λ−
1
2 Z is obtained by dividing each moment condition by its standard deviation, for the

lth moment condition E
[

ZlU
σzul

]
= 0. It is not hard to see that the resulting reweighting of the moment

conditions results in a transformation to a set of homomomentastic moment conditions, E
[
Z̃U
]
= 0.

Now, just minimize the sum of squared moment conditions (because the reweighting is subsumed
into the transformation):

β̂
GMM = argmin

β

U′Z̃Z̃′U

= argmin
β

U′ZΛ
−1Z′U

1By “we,” I mean myself. I made this term up to appeal by intuition to the relationship between GLS and OLS. If
you use this term around anyone else, you will have some explaining to do. Be forewarned.

2Note that this condition is different than the model being homoskedastic. Under homoskedasticity, the optimal
weighting matrix is

( 1
N Z′Z

)−1
, which means that 2SLS is efficient GMM (not a homework problem, but show this

for yourself). My homomomentastic condition guarantees that I is the efficient weighting matrix. In other words, I’m
asserting a strange form of heteroskedasticity, but it makes the GLS:OLS, efficient GMM:cGMM comparison more
appropriate.
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which just replaces Z with the transformed instruments Z̃:

β̂
GMM =

(
X′Z̃Z̃′X

)−1X′Z̃Z̃′Y

=
(
X′ZΛ

−1Z′X
)−1X′ZΛ

−1Z′Y

which is just the solution for efficient GMM.

Just like the transformation of the OLS regression model by Ω−
1
2 , the square root inverse of the

covariance matrix Ω = E [UU′], the transformation gives more weight to low variance (more infor-
mative) moments, which improves upon the efficiency of GMM. Of course, Λ need not be diagonal,
just like Ω need not be diagonal. This case – where off-diagonal elements of Λ are nonzero – is the
case when moment conditions are correlated with one another (very common, and not a problem as
long as moment conditions are not perfectly correlated). The case of efficient GMM with correlated
moment conditions is perfectly analogous to GLS with serially correlated errors. All that we require
of Λ is that it is a positive definite, symmetric matrix, which is intuitively satisfied because Λ is a
covariance matrix.

In contrast to the relationship between OLS and GLS, homomomentastic GMM’s relationship to ef-
ficient GMM is not often emphasized because homomomentastic GMM is not as widely understood
and applied as OLS is. Nevertheless, the intuition for why efficient GMM chooses the Ŵ = Λ−1 is
clearly analogous to transforming OLS in the presence of a nonspherical error term.

7.6. Overidentification Test

As long as Ŵ P−→ Λ−1 (efficient GMM), the GMM objective function can be shown to have a χ2
m

distribution: (
1√
N
Z′U

)′
Ŵ
(

1√
N
Z′U

)
d−→ χ

2
m

Because the symmetric, positive definite Ŵ has a square root factorization, we can write Z =

Ŵ
1
2

(
1√
N
Z′U

)
, which by a central limit theorem and Slutsky converges in distribution to N (0, Im).

The inner product of two standard multivariate normal random vectors is a χ2
m.

The Hansen J Statistic can be formed by plugging Û into the objective function:

J =

(
1√
N
Z′Û

)′
Ŵ
(

1√
N
Z′Û

)
Under the null hypothesis that the exogeneity conditions hold H0 : E [ZU ] = 0 the J statistic has a
χ2

m−k distribution. Relative to the GMM objective function, we lose k degrees of freedom because
estimation of Û imposes k of the orthogonality conditions. The m−k unimposed conditions give us
m− k df to test for exogeneity. This test, known as the Hansen J test, is analogous to the Sargan
test.
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7.7. General GMM

Apart from improving efficiency over 2SLS, an advantage of GMM over purely linear methods
is that the framework generally allows for nonlinear moment conditions. That is, if we have the
population orthogonality conditions:

E [g(Z,β )] = 0

it is possible to construct sample analogs 1
N ∑

N
i=1 g(Zi,β ), and the GMM estimator can be found by:

β̂
GMM = argmin

β

(
1
N

N

∑
i=1

g(Zi,β )

)′
Ŵ

(
1
N

N

∑
i=1

g(Zi,β )

)
A minimization problem like this is straightforward to solve using software, but for general non-
linear functional forms for g(.), there will not necessarily be a closed form expression for β̂ GMM.
Nonetheless, GMM in this setting still satisfies consistency, asymptotic normality, and efficiency
(with an appropriately chosen weighting matrix), and there is an analogous J test statistic for overi-
dentification.

J =
1
N

(
N

∑
i=1

g
(

Zi, β̂
GMM

))′
Ŵ

(
N

∑
i=1

g
(

Zi, β̂
GMM

))
d−→ χ

2
m−k

7.7.1. A Slightly Less General Formulation of Nonlinear GMM. There are more details in
Chapter 14 of Wooldridge, but a special case of the orthogonality conditions allows for us to get
more traction than the exceptionally general notation. In this special case, g(Z,β ) = Zr (Y,X,β )
where Z is m×G,3 and r (Y,X,β )≡ r (β ) is a G×1 vector output function is called a generalized
residual function, and as the calculations in this section illustrate, this generalized residual function
plays the role of the error term in the population and its sample counterpart ri (β ) plays the role of
the residual in the sample. The main difference, however, is that the generalized residual function
is allowed to be a nonlinear function of the parameter vector β .

With a sample of N observations, define the column vector R(β ) =


r1 (β )
r2 (β )

...
rN (β )

. Then, express the

GMM estimator as

β̂
GMM = argmin

β

(
1
N

N

∑
i=1

Ziri (β )

)′
Ŵ

(
1
N

N

∑
i=1

Ziri (β )

)

= argmin
β

(
1
N
Z′R(β )

)′
Ŵ
(

1
N
Z′R(β )

)
3Wooldridge’s treatment of this topic in Section 14.2 embeds system IV notation. In this context, the generalized

residual function r (β ) is a G×1 vector (which gives a potentially nonlinear residual for each equation), and in translating
into my notation, Z is a m×G matrix of instruments.
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Note that Z =


Z′1
Z′2
...

Z′N

 is a NG×m matrix, and that this guarantees the matrix multiplication is

conformable. Moreover, this is a well defined minimization problem for a wide class of generalized
residual functions, r (β ). In practice, numerical optimization routines have no problem solving
for β̂ GMM, but a closed form expression is not generally available. Analogous to the linear GMM
case, the efficient choice of the weighting matrix Ŵ = Λ̂−1 where Λ = Var [Zr (β )]. A consistent
estimator is

Λ̂ =
1
N

N

∑
i=1

Ziri

(
β̂

)
ri

(
β̂

)′
Z′i

where β̂ is a preliminary GMM estimator. To motivate a simplification to this estimator, suppose that
E
[
ri (β0)ri (β0)

′ |Zi
]
= Ω0, which is the true covariance matrix of the generalized residual function

evaluated at the true parameter value. Note that this implies that

E
[
Ziri (β0)ri (β0)

′Z′i
]

= E
[
ZiΩ0Z′i

]
(7.7.1)

This assumption suggests a simpler estimator for Λ:

Λ̂ =
1
N

N

∑
i=1

ZiΩ̂Z′i

where Ω̂ = 1
N ∑

N
i=1 ri

(
β̂

)
ri

(
β̂

)′
. The GMM estimator given by this estimator:

β̂
GMM = argmin

β

(
1
N

N

∑
i=1

Ziri (β )

)′(
1
N

N

∑
i=1

ZiΩ̂Z′i

)(
1
N

N

∑
i=1

Ziri (β )

)
(7.7.2)

is the efficient GMM estimator under the assumption (7.7.1), and because of its relationship to
more traditional methods, it is called the nonlinear 3SLS estimator, even though three steps are not
required to compute β̂ GMM. Just as we motivated in linear GMM, the recommended procedure to
compute this estimator is two steps: (1) obtain a preliminary estimate β̂ from GMM with weighting
matrix I or 2SLS, and (2) using β̂ from (1), plug into and solve the minimization problem (7.7.2).

There are plenty of applications of nonlinear GMM methods in modern econometrics. Nevertheless,
we will not have time to touch on them all. In the context of panel data, an excellent example of
an application of these methods is given in Section 14.4 of Wooldridge. We will now turn to our
analysis of panel data methods, but as with GMM, our focus will be on linear panel methods.

7.8. Chapter Exercises

(1) The data set card.csv contains 2215 observations on wages, education, experience, and
other covariates from the NLS Young Men Cohort. These data are a subset of the 3010
observation data set that David Card used in his paper, “Using Geographic Variation in
College Proximity to Estimate the Return to Schooling.” This paper is posted on Chalk.4

You should give it a quick read before beginning this problem.

4It is also available at http://davidcard.berkeley.edu/papers/geo_var_schooling.pdf

http://davidcard.berkeley.edu/papers/geo_var_schooling.pdf
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(a) OLS. Using the data I provided to you, produce an approximate version of Card’s
Table 2.5 That is, estimate Card’s specifications using our data, not his. Discuss the
results.

(b) IV. Reproduce the analog to Card’s Table 3 using 3 separate sets of instruments: (1)
near4 only, (2) near4 and near2, and (3) all exogenous variables in the data set. This
will produce 3 versions of Table 3. Comment on the sensitivity of the results to the
choice of instruments.

(i) For each set of instruments and each assumption about endogeneity (educa-
tion endogenous; education and experience endoegenous), perform a test for
relevance, and discuss your result.

(ii) Perform the Sargan test for overidentifying restrictions, and discuss what your
result means.

(c) GMM. Reproduce the analog to Card’s Table 3 using 3 separate sets of instruments
in the two-step efficient GMM procedure:6 (1) near4 only, (2) near4 and near2, and
(3) all exogenous variables in the data set. This will produce 3 versions of Table 3.
Comment on the sensitivity of the results to the choice of instruments.

(2) Analogy Principle versus GMM. Suppose the population regression model is such that
there is no intercept, Y = β1X +U , where U has zero conditional mean E [U |X ] = 0.
(a) Show that the standard orthogonality conditions E [U ] = 0 and E [XU ] = 0 hold in

this setting.
(b) Analogy Principle.

(i) Note that m(a1,a2) = a1E [XU ]+a2E [U ] = 0. Use this restriction to solve for
β1 in terms of the features of the joint distribution of (X ,Y ) and the constants,
a1 and a2.

(ii) Replace population moments with sample moments to obtain a class of es-
timators β̂1 (a1,a2) indexed by (a1,a2). Comment on β̂1 (1,0) , β̂1 (0,1) , and
β̂1 (1,E [X ])

(c) GMM.
(i) Use the orthogonality conditions in (a) to write down the GMM objective func-

tion. Assume Ŵ =

[
w11 w12
w12 w22

]
is symmetric and positive definite.

(ii) Take the first order condition of the GMM objective function, and use this con-
dition to solve for β̂ GMM.

(iii) Show that β̂ GMM can be expressed as a weighted average between the estima-
tors β̂ 1 and β̂ 2, the estimators that use moment conditions 1 and 2 respectively.
For Ŵ = I, what are the weights? Compare your expression for β̂ GMM to the
class of estimators you obtained using the analogy principle.

(d) Comparisons.
(i) Derive the OLS estimator and show that it corresponds to one of the estimators

in (c).
(ii) Prove or disprove: All of the well-defined estimators in (b) are unbiased and

consistent (ignore the case where a1 = 0 and a2 = 0).
(iii) Suppose that Var[U |X ] = σ2X . Compute Var

[
β̂1|X

]
as a function of a1, a2,

∑
n
i=1 Xi, ∑

n
i=1 X2

i , and ∑
n
i=1 X3

i .

5Note: Card’s data have observations that you do not have. For peace of mind, suppose that these observations were
dropped from the data set to ensure that your answers would not perfectly replicate Card’s. It is good for you.

6The gmm() function in the gmm library provides a relatively-simple implementation of linear GMM where you
may use formula statements similar to iv() or lm() to specify the model and the set of instruments.
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(iv) Write a function in R to compute the variance in (e). Use the function to eval-
uate the ratio estimator’s variance relative to the OLS estimator’s variance on
simulated data. Specifically, simulate 100 data sets where N = 200 where Xi
is drawn from a uniform with support [0,1]. You may assume σ2 = 1 as the
residual variance is constant across estimators. Compute the variance on a grid
(a1,a2) ∈ [−1,1]× [−1,1]. Which values of (a1,a2) give the lowest variance?



CHAPTER 8

Panel Data

This chapter presents an overview of panel data methods in linear unobserved effects models. The
treatment of these notes follows closely Chapters 10 and 11 of Wooldridge’s text.

8.1. Omitted Variables Bias and Panel Data

Before presenting the idea in panel data notation, recall the omitted variable bias problem. When
we estimate the population regression Y = X′β +V , but we leave out a determinant Q of Y in the
true causal relationship, the OLS estimator is inconsistent if Q is correlated with some X j.

β̂
OLS P−→ E

[
XX′

]−1 E [XY ] = E
[
XX′

]−1 E
[
X
(
X′β + γQ+U

)]
= β +E

[
XX′

]−1 E [XQ]γ

= β +δγ

That is, in the regression of Q on X, the omitted variable bias for β̂ OLS
j is δ jγ . Thus far, we have

studied two approaches to dealing with the omitted variables problem: (1) include a measure of Q,
and (2) use instrumental variables methods.

When the data set has a panel structure (observation of the same cross-section in multiple time
periods), we have an additional option to estimate β consistently. This is because panel data meth-
ods exploit the time-cross-individual structure of the data to either control for time-constant or
individual-constant effects.

In the population, a time-constant effect (an effect that is constant across time, but varies across
individuals) is called an individual fixed effect; Analogously, individual-constant effects are called
time fixed effects in the population.

8.2. The Linear Unobserved Effects Model

For intuition on how time-constant effects affect the regression, suppose that the omitted variable
Q is time constant. That is, Q only varies across individuals. Hence, if we let i = 1, ...N index
individuals in our sample, it makes sense to write Q as Qi as a reminder that Qi is only allowed to
vary across individuals (and not across time).

Under the assumption that the population regression E [Y |X,Qi] is linear in X and the individual
fixed effect Qi, and the additional assumption that X affects Y contemporaneously, the conditional
expectation of Yit given Xi1,Xi2, ...Xit , ...,XiT ,Qi equals:

E [Yit |Xi1,Xi2, ...,XiT ,Qi] = E [Yit |Xit ,Qi] = X′itβ +Qi

149
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Equivalently, a regression model that estimates this conditional expectation function is

Yit = X′itβ +Qi +Uit

where the error term satisfies strict exogeneity conditional on the unobserved effect, which is a
mean independence condition (or a zero conditional mean condition):

E [Uit |Xi1,Xi2, ...,XiT ,Qi] = 0(8.2.1)

In this expression, I explicitly wrote out the dependence on each of the time periods Xi1,Xi2, ...,XiT .

It will be a helpful notation to define the vector Xi =


Xi1
Xi2

...
XiT

, and condition on that instead.

Using this notation, the strict exogeneity condition is E [Uit |Xi,Qi] = 0.

Note: Given that we assume strict exogeneity conditional on the unobserved effect, the assumption
of linearity of the population regression is not an additional restriction (Why?). At this point, it is
worth pondering why we make a stronger assumption than we might otherwise make.

To investigate this question further, it is straightforward to show that strict exogeneity conditional
on the unobserved effect implies a familiar, but more restrictive, set of orthogonality conditions:

E [XisUit ] = 0 ∀s, t ∈ {1,2, ..,T}(8.2.2)
E [QiUit ] = 0 ∀t ∈ {1,2, ...,T}

Another way to understand these orthogonality conditions is to write the panel data model as a
system of T equations:

Y1 = X′1β +Q+U1

Y2 = X′2β +Q+U2

...(8.2.3)

...
YT = X′T β +Q+UT

where the subscript denotes the time period. Note the expression contains Q instead of Qi. Techni-
cally, this is because the system of regression equations is a population object from which we would
draw a random sample of individuals i ∈ {1,2, ...,N}.

Expressed this way, it is easier to see that the orthogonality conditions (8.2.2) are quite strong
because they imply that the regressor at time t is not only uncorrelated with the error term at time t
(which is analogous to the condition we assume for OLS to be consistent), but also Xt is required to
be uncorrelated with all past and future error terms Us. In many panel data contexts, this assumption
is unrealistic. In particular, a large class of panel data applications have the feature that past values
of the regressor can determine future values of the error term Xt ⇒Ut+1, and this sort of feedback
is not allowed under the strict exogeneity condition.

8.3. Estimation Methods for Linear Unobserved Effects Models

8.3.1. Pooled OLS. The most familiar way to estimate β is to run pooled OLS. Supposing that
we have obtained a random sample from the system (8.2.3), express the system of regressions in
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stacked form:

Y1 = X1β +Q+U1

Y2 = X2β +Q+U2

...(8.3.1)

...
YT = XT β +Q+UT

where Q =


Q1
Q2
...

QN

, which we can further stack by defining Y =


Y1
Y2
...

VT

 , X =


X1
X2
...

XT

,

Vt = Q+Ut , and V =


V1
V2
...

VT

. This gives:

Y = Xβ +V

and when we can apply our standard OLS estimator to this stacked equation β̂ OLS is called the
pooled OLS estimator.

I wrote out the stacked system of equations in (8.2.3) to make the notation clearer. It will often be
convenient to represent this system of equations by writing the arbitrary date t in stacked form:

Yt
N×1

= Xt
N×k

β
k×1

+ Vi
N×1

(8.3.2)

where (for convenience) the dimensions of the vectors/matrices will not always be written down,
but from context, they should be understood.

An alternative (and common) way to express the panel data regression model is to take a randomly
selected individual i from time period t, and write the model for this representative observation:

Yit = X′itβ +Vit

where Vit = Qi +Uit . From our standard OLS results, β̂ OLS P−→ β when the standard orthogonality
conditions hold E [XitVit ] = 0, which practically, implies E [XitQi] = 0 and E [XitUit ] = 0. The
individual fixed effect term can be thought of as unobserved individual heterogeneity. Hence, the
condition E [XitQi] = 0 means that the regressors must be uncorrelated with unobserved individual
heterogeneity. This is usually unrealistic. For example, in the context of estimating the effect of
education on wages, years of education (Xit) is likely correlated with unobserved ability (which
goes into the unobserved individual heterogeneity term).

On the other hand, note that the condition E [XitUit ] = 0 is much weaker than the strict exogeneity
condition we imposed on the linear unobserved effects model in the previous section because it does
not impose E [XisUit ] = 0. Hence, the conditions on consistency are one part strong and one part
weak

We shouldn’t be surprised that pooled OLS requires heroic assumptions to be consistent because the
motivation for turning to the panel data context was that the structure of the panel could help solve
the OVB problem, but pooled OLS does not exploit the panel data structure at all. Now, let’s turn to
methods that use the panel structure of the data.
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8.3.2. The Random Effects Estimator. The idea of random effects estimation is to put Qi into
the error term, and to explicitly leverage the panel structure of the data into a GLS-based estimation
that improves the efficiency of the estimator.

To see how to construct the random effects estimator, write the stacked regression within each
individual (analogous to equation (8.3.2), but with i instead of t):

Yi
T×1

= Xi
T×k

β
k×1

+ Vi
T×1

Note that within individual i, we can define

Ω = E
[
ViV′i

]
=


σ2

U +σ2
c σ2

c . . . σ2
c

σ2
c σ2

U +σ2
c . . . σ2

c
...

. . .
...

σ2
c σ2

c . . . σ2
U +σ2

c


Given this notation, the random effects estimator is

β̂
RE =

(
N

∑
i=1

X′iΩ̂−1Xi

)−1( N

∑
i=1

X′iΩ̂−1Yi

)
which is just GLS with the overall covariance matrix

Σ = IN⊗Ω =


Ω 0 . . . 0

0 Ω
...

...
. . . 0

0 . . . 0 Ω


where ⊗ denotes the Kronecker product. This gives the equivalent matrix equation:

β̂
RE =

(
X′Σ̂−1X

)−1 (X′Σ̂−1Y
)

To ensure the random effects estimator is consistent, we need to insist on strict exogeneity E [Uit |Xi,Qi] =
0 as well as an additional orthogonality condition on the unobserved heterogeneity E [Qi|Xi]. Note
that both of these conditions are stronger than pooled OLS requires, and it may be unrealistic for
the same reasons as was discussed in the previous section. Nevertheless, these conditions guarantee
E [Vit |Xi] = 0.

8.3.3. The Fixed Effects Estimator. In contrast to the random effects estimator, the fixed
effects estimator treats the Qi term as part of the systematic component of the regression model. As
a result, fixed effects does not impose orthogonality between Xi and Qi, which is an attractive aspect
of fixed effects.

There are two complementary ways to motivate the fixed effects estimator: (1) the within transfor-
mation, and (2) dummy variable regression. Let’s start by deriving the within transformation. For
the regression model

Yit = X′itβ +Qi +Uit(8.3.3)

note that we can compute averages of this equation by individual (term by term, this is Ȳi =
1
T ∑

T
t=1Yit , X̄i =

1
T ∑

T
t=1 Xit , and Ūi =

1
T ∑

T
t=1Uit) to obtain:

Ȳi = X̄′iβ +Qi +Ūi(8.3.4)
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Then, to obtain the within transformation, subtract (8.3.4) from (8.3.3), which wipes out the Qi
term.

Yit − Ȳi =
(
Xit − X̄i

)′
β +Uit −Ūi

Ÿit = Ẍ′itβ +Üit(8.3.5)

This is the within transformation, which gets its name because we identify β using variation within
individual – i.e., after subtracting off individual-level means. For theoretical completeness, equation
(8.3.4) is called the between transformation, but estimating (8.3.4) is generally not a good idea in
the presence of an individual heterogeneity Qi term.

If we estimate equation (8.3.5) using OLS, we obtain the fixed effects estimator β̂ FE , which will be
consistent as long as E

[
ẌitÜit

]
= 0. Note that because Ẍit and Üit contain the averages across all

time periods, we really do need the stronger exogeneity condition that imposes E [XisUit ] = 0 for
t 6= s, and strict exogeneity conditional on the unobserved effect guarantees this E [Uit |Xi,Qi] = 0
does this. For rigor, note that:

E
[
Üit |Xi

]
= E [Uit |Xi]−E [Ūi|Xi] = 0

which implies that E
[
Üit |Ẍi

]
because Ẍi is just a function of Xi.

8.3.4. Fixed Effects by Dummy Variables. Alternatively, we could motivate the fixed effects
estimator using dummy variables. Namely, estimate the regression

Yit = γi +X′itβ +Uit

where γi represents an individual-specific intercept in the regression model, which we can accom-
plish by including a separate dummy variable for each individual in the data set.

To show the equivalence between this dummy variable method (often denoted LSDV) and the within
transformation, all we need to do is apply the Frisch-Waugh Theorem. To do this carefully, let γ be
the vector containing these coefficients and D be the matrix of dummy variables. Then, express the
regression in stacked form, and plug in the OLS estimators:

Y = Dγ̂ +Xβ̂ + Û

Note that we can pre-multiply by the residual maker matrix MD = I−PD to obtain:

MDY = 0+MDXβ̂ + Û

Then premultiply by X′ to obtain:

X′MDY = X′MDXβ̂

which implies

β̂
LSDV =

(
X′MDX

)−1 (X′MDY
)

(8.3.6)

and note that

MDX = X− X̄i

MDY = Y− Ȳi

Hence, the estimator β̂ LSDV in (8.3.6) is just the matrix estimator of the equation (8.3.5). Thus,
β̂ LSDV = β̂ FE .
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8.3.5. Quasi-Time Demeaning: Relating Random Effects and Fixed Effects. Note that we
can rewrite Ω from the random effects derivation as:

Ω = σ
2
U IT +σ

2
c 1T 1′T

where 1T is a T × 1 vector with every element equal to 1. Note that 1T 1′T is a T × T matrix
with every element equal to 1, and 1′T 1T = T . Using this last fact, multiply the second term by
1 = T

T = T × (1′T 1T )
−1:

Ω = σ
2
U IT +T σ

2
c 1T

(
1′T 1T

)−1 1′T
= σ

2
U (IT −PT +PT )+T σ

2
c PT

= σ
2
U

(
T σ2

c +σ2
U
)(

T σ2
c +σ2

U

) (IT −PT )+
(
T σ

2
c +σ

2
U
)

PT

=
(
T σ

2
c +σ

2
U
)(

PT +
σ2

U(
T σ2

c +σ2
U

)MT

)
=

(
T σ

2
c +σ

2
U
)
(PT +ηMT )

where η =
σ2

U

(T σ2
c +σ2

U)
, PT is the projection matrix onto the column vector 1T , and MT is its residual

maker matrix. Denote ST = PT +ηMT . Note that(
PT +

1
η

MT

)
(PT +ηMT ) = PT PT︸︷︷︸

PT

+η PT MT︸ ︷︷ ︸
0

+
1
η

MT PT︸ ︷︷ ︸
0

+
1
η

ηMT MT︸ ︷︷ ︸
MT

= PT + IT −PT = IT

Hence, S−1
T = PT + 1

η
MT , and note that

S−
1
2

T = PT +
1
√

η
MT

= PT +
1
√

η
(IT −PT )

=
1
√

η
IT −

(
1
√

η
−1
)

PT

=
1
√

η
IT −

(
1−√η
√

η

)
PT

define λ = 1−√η , and this expression reduces to

Ω
− 1

2 =
(
T σ

2
c +σ

2
U
)− 1

2 S−
1
2

T =
(
T σ

2
c +σ

2
U
)− 1

2 (
√

η)
−1

(IT −λPT )

=
((

T σ
2
c +σ

2
U
)

η
)− 1

2 (IT −λPT )

=
1

σU
(IT −λPT )

where λ = 1−
√

σ2
U

(T σ2
c +σ2

U)
.

Now, recall that GLS can be thought of as running the transformed regression (in stacked form)
using OLS:

Ω
− 1

2 Y = Ω
− 1

2Xβ +Ω
− 1

2 U
Y̌ = X̌β + Ǔ(8.3.7)
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and that Ω just needs to be proportional to the true covariance matrix (so the 1
σU

term can be ignored).
Note that this implies that the representative observation in the transformed OLS regression (8.3.7)
can be expressed as:

Yit −λȲi =
(
Xit −λ X̄i

)′
β +Uit −λŪi

If λ = 1, this would be the within transformation that we used to motivate fixed effects. As the
within transformation can be thought of as time demeaning, this derivation shows that the random
effects estimator can be achieved by quasi-time demeaning.

This quasi-time demeaning approach is how some (but not all) software routines estimate random
effects in panel data models. Specifically, this is the approach used by plm() in the plm library
in R. The lme() function in the nlme library uses maximum likelihood based methods to estimate
random effects. Correspondingly, the results from random effects estimation differ slightly in these
two implementations of the random effects estimator.

8.3.6. First Difference Transformation. There is yet another technique to wipe out the individual-
heterogeneity before applying OLS: the first difference transformation. As before, start with the
panel regression model:

Yit = X′itβ +Qi +Uit

for t ∈ {1,2, ...,T}, but now take the same equation at a lag of one period:

Yit−1 = X′it−1β +Qi +Uit−1

for t ∈ {2,3, ...,T}, and take the difference to obtain the first difference transformation:

∆Yit = ∆X′itβ +∆Uit(8.3.8)

In the process of computing first differences, we lose a time period from our panel, but the transfor-
mation allows us to eliminate the individual heterogeneity term. If we run OLS on equation (8.3.8),
we obtain β̂ FD, which is consistent as long as

E [∆Xit∆Uit ] = 0
E [XitUit ]+E [Xit−1Uit−1]−E [Xit−1Uit ]−E [XitUit−1] = 0

Strict exogeneity guarantees that this condition holds. It may be possible to get by with a weaker
condition, but it will be so specialized that it does not make sense to argue for it.

8.3.7. Fixed Effects or First Differences? Setting aside pooled OLS and random effects (be-
cause they do not help with the omitted variables bias problem induced by Qi), we have two valid
panel data methods to obtain consistent estimators for β in the presence of Qi. It turns out that first
differences and fixed effects are numerically equivalent when T = 2, but if T > 2, the estimators
have slightly divergent properties.

If the Uit are serially uncorrelated and homoskedastic, the fixed effects estimator is more (most1)
efficient. On the other end of the spectrum, if Uit = Uit−1 + εit where εit is spherical (that is, Uit is
a random walk, which is extreme serial correlation), then first differences is more (most) efficient.
Thus, the amount of serial correlation in the residuals can serve as a (rough) guide to choose fixed
effects versus first differences.

1In addition, assuming strict exogeneity, there is a Gauss-Markov Theorem that justifies this statement.
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Generally, however, if β̂ FE and β̂ FD provide qualitatively different answers, this is a sign of trouble
for both estimators. That is, the probability limits of these estimators can diverge from the true value
β if strict exogeneity conditional on the unobserved effect fails, and in general, these probability
limits will not be the same if strict exogeneity fails. The rest of this chapter relaxes the strict
exogeneity assumption, and draws heavily from Wooldridge Chapter 11.

8.3.8. Random Effects or Fixed Effects: The Hausman Test. Hausman (1979) presents a
general framework for specification testing that has been widely adopted in the panel data context.
The Hausman Test compares two specifications: Model 1, which produces a consistent estimator
β̂1 for β under the null an alternative hypothesis (but the estimator is not necessarily efficient), and
Model 2, which produces an efficient and consistent estimator β̂2 of β under the null hypothesis
(but β̂2 is inconsistent under the alternative hypothesis). The test can be thought of as a test of
the consistency of β̂2, which is the more efficient estimator. Hence, if we fail to reject the null
hypothesis, β̂2 is preferable to β̂1 whereas if we reject the null β̂1 is preferred.

The test statistic is a straightforward quadratic form that has an asymptotic χ2 distribution:

H = NT
(

β̂1− β̂2

)′ (
Σ̂1− Σ̂2

)−1
(

β̂1− β̂2

)
where Σ̂i is a consistent estimator of Var

(
β̂i

)
. Under the null hypothesis that β̂2 is consistent,

H d−→ χ2
K where K = dim

(
β̂1

)
.

I used general notation to describe the test, but in the context of panel data, the random effects
estimator β̂ RE is a GLS estimator, which is an efficient estimator that is consistent under the null
hypothesis (Xit is uncorrelated with Qi), but inconsistent under the alternative. On the other hand,
β̂ FE is consistent whether or not Xit is uncorrelated with Qi (as long as strict exogeneity conditional
on Qi holds). Hence, β̂ RE is like β̂2 and β̂ FE is like β̂1.

Why does this test work? First, note that because random effects is BLUE (due to being a GLS
estimator) under the null hypothesis, r′ (ΣFE −ΣRE)r ≥ 0 for any r. Second, let q̂ = β̂ FE − β̂ RE ,
and note that β̂ RE + q̂ = β̂ FE . Hausman (1979) showed that Cov

[
β̂ RE , q̂

]
= 0. Hence, we can

compute the variance of both sides of this equation Var
[
β̂ RE

]
+Var [q̂] =Var

(
β̂ FE

)
, which implies

Var [q̂] = ΣFE −ΣRE . Third, given this result on the variance of the difference β̂ FE − β̂ RE , we can
argue

√
NT
(

β̂
FE − β̂

RE
)

d−→ N (0,Var (q̂))

which (as long as Var (q̂) is positive definite) implies

Z =
√

NT (Var (q̂))−
1
2

(
β̂

FE − β̂
RE
)

d−→ N (0, IK)

Note that the inner product Z′Z is now a sum of squared independent standard normal RVs. As a
result of what we know about χ2 RVs and normal RVs, this means implies

H = Z′Z d−→ χ
2
K

The Hausman Test gives a way to test whether random effects estimation is consistent as long as
fixed effects estimation is consistent under the null and alternative hypothesis. As we saw before,
this is true as long as Xit is strictly exogenous conditional on the unobserved effect Qi. If strict
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exogeneity fails, the Hausman Test compares two inconsistent estimators (in general). As a result,
the test is likely uninformative about whether random effects is consistent.

8.4. When Strict Exogeneity Fails

For consistency of the fixed effects and first differences estimators, we required strict exogeneity
conditional on the unobserved effect.

E [Uit |Xi,Qi] = 0

which implies that the regressor in time period t is uncorrelated with the error term in any time
period.

This is a strong assumption that rules out a wide class of interesting applications of panel data. For
example, strict exogeneity rules out the dynamic panel data model where a one-period lag of the
response variable is one of the regressors:

Yit = ρYit−1 +Z′itγ +Qi +Uit

= X′itβ +Qi +Uit

where Xit =

(
Yit−1
Zit

)
, and β =

(
ρ

γ

)
. Because strict exogeneity requires Uit to be uncorrelated

with past and future values of the regressors, it also requires E [Xit+1Uit ] = 0, which cannot hold
in this case because Xit+1 contains Yit as its first element, and E [YitUit ] = E

[
U2

it
]
> 0. Hence, strict

exogeneity conditional on the unobserved effect rules out dynamic panels.

Moreover, static models with feedback are also a problem for strict exogeneity. That is, consider a
panel data model of the form:

Yit = Z′itγ +δWit +Qi +Uit

Wit = Z′itξ +ρYit−1 +ψQi + rit

In this case, E [Wit+1Uit ] = E [ρYitUit ] = ρE
[
U2

it
]
6= 0. Thus, strict exogeneity fails.

For an example with context, Wooldridge labels Yit to be per capita condom usage, and Wit to be the
HIV infection rate. Then, the second equation in the system says that past condom usage is allowed
to affect the current HIV infection rate, but the first equation is after the question: how does a higher
HIV infection rate affect per capita condom usage?2

8.5. Sequential Exogeneity

Instead of relying on strict exogeneity conditional on the unobserved effect, let’s define a weaker
notion of exogeneity, called sequential exogeneity conditional on the unobserved effect.

E [Uit |Xi1,Xi2, ...,Xit ,Qi] = 0

2You may be suspicious that the feedback takes a year to occur, rather than occurring simultaneously in a classic
endogeneity problem, but suspend your disbelief for now to see the concept. One could argue that it takes a year for
condom usage to affect the HIV infection rate for reasons of testing and detection delay.
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Again, for notational convenience, it will be useful to define a vector

Xo
it =


Xi1
Xi2

...
Xit


As with strict exogeneity, sequential exogeneity conditional on the unobserved effect implies a
linear conditional expectation function of the form

E [Yit |Xo
it ,Qi] = X′itβ +Qi

That is, once Xit and Qi have been controlled for, no past realizations of the regressor affect the
conditional expectation of Yit .

With this new and weaker concept of exogeneity, it is natural to see what this implies for the esti-
mators we already have. Let’s start with fixed effects.

8.5.1. Fixed Effects under Sequential Exogeneity. Plugging in the stacked form of the within
transformation, the fixed effects estimator can be expressed as

β̂
FE =

(
Ẍ′Ẍ

)−1 Ẍ′Ÿ

= β +
(
Ẍ′Ẍ

)−1 Ẍ′Ü(8.5.1)

If we partition the matrix Ẍ =

 Ẍ1
...

ẌN

 where Ẍi =


Ẍ′i1
Ẍ′i2

...
Ẍ′iT

, the inner products in (8.5.1) can

be re-expressed as sums to obtain:3

β̂
FE = β +

(
Ẍ′Ẍ

)−1 Ẍ′Ü = β +

(
N

∑
i=1

Ẍ′iẌi

)−1 N

∑
i=1

Ẍ′iÜi

= β +

(
N

∑
i=1

T

∑
t=1

ẌitẌ′it

)−1 N

∑
i=1

T

∑
t=1

ẌitÜit

= β +

(
N

∑
i=1

T

∑
t=1

ẌitẌ′it

)−1 N

∑
i=1

T

∑
t=1

ẌitUit

= β +

(
1
N

N

∑
i=1

T

∑
t=1

ẌitẌ′it

)−1
1
N

N

∑
i=1

T

∑
t=1

ẌitUit

Note that we can apply a law of large numbers, and the continuous mapping theorem to argue that

β̂
FE P−→ β +E

[
T

∑
t=1

ẌitẌ′it

]−1

E

[
T

∑
t=1

ẌitUit

]

= β +

(
1
T

T

∑
t=1

E
[
ẌitẌ′it

])−1(
1
T

T

∑
t=1

E
[
ẌitUit

])
(8.5.2)

3There is a little sleight of hand in this expression where I use the fact that for any vectors a and b,
∑

n
i=1 (ai− ā)

(
bi− b̄

)
= ∑

n
i=1 (ai− ā)bi. This is why it appears that Üit becomes Uit when, in fact, I’m using the fact

that subtracting the mean of Uit within individual does not affect the value of the sum ∑
T
t=1 ẌitÜit .
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Equation (8.5.2) is a convenient expression to think about the inconsistency of the fixed effect esti-
mator under sequential exogeneity.

First, note that
( 1

T ∑
T
t=1 E

[
ẌitẌ′it

])−1 is bounded for stable and well-behaved regressors (technically,
we need stationarity) because this is a variance-like term.

Next, compute

E
[
ẌitUit

]
= E

[(
Xit − X̄i

)
Uit
]

= E [XitUit ]︸ ︷︷ ︸
=0 seq. exog

−E
[
X̄iUit

]
which is not zero in general under sequential exogeneity because the mean depends on future real-
izations of the regressor. The second term in equation (8.5.2) becomes:

1
T

T

∑
t=1

E
[
ẌitUit

]
=

1
T

T

∑
t=1
−E
[
X̄iUit

]
= −E

[
X̄i

(
1
T

T

∑
t=1

Uit

)]
=−E

[
X̄iŪi

]
Using the Cauchy-Schwarz inequality, we can bound E

[
X̄iŪi

]
element by element:∣∣E [X̄i jŪi]

∣∣ ≤ ∣∣Var (X̄i j)Var (Ūi)
∣∣ 1

2

Given that both Var
(
X̄i
)

and Var (Ūi) are of order 1
T (think: σ2

X̄ = σX
T for a sample size T ), this

term converges to zero as 1
T converges to zero. In Big-O notation,

∣∣E [X̄i jŪi]
∣∣ = O

( 1
T

)
. Hence,

the inconsistency term is a product of something that is bounded and something that is order 1
T .

Using Big-O results, this means that the inconsistency of the fixed effects estimator is also O
( 1

T

)
,

or practically speaking, it goes away as the number of time periods in the panel increases.

For this argument to go through, we needed
( 1

T ∑
T
t=1 E

[
ẌitẌ′it

])−1 to be bounded. If there is extreme
persistence over time in the Xit regressors, this may not be a good assumption. For example, in an
AR(1) time series setting, |ρ|< 1 ensures that this term is bounded. Hence, ρ ≈ 1 is a problem.

8.5.2. First Differences under Sequential Exogeneity. Using a similar argument to the one
we used to obtain equation (8.5.2), we can express the probability limit of the β̂ FD estimator as:

β̂
FD P−→ β +

(
1
T

T

∑
t=1

E
[
∆Xit∆X′it

])−1(
1
T

T

∑
t=1

E [∆Xit∆Uit ]

)
(8.5.3)

Then, we can write out E [∆Xit∆Uit ] and simplify terms using sequential exogeneity:

E [∆Xit∆Uit ] = E [XitUit ]+E [Xit−1Uit−1]−E [Xit−1Uit ]−E [XitUit−1]

= −E [XitUit−1]

because the first three terms are zero by sequential exogeneity. Applying Cauchy-Schwarz can
bound this by the variance of Xit and Uit−1, but these variances are do not depend on T . Conse-
quently, the size of the inconsistency does not depend on T in the first differences estimator. This is
another reason to prefer fixed effects over first differences in long panels.
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FIGURE 8.5.1. Histograms of δ̂ from 200 simulated data sets (T = 2 and T = 5)

Note: The top row has estimates of δ̂ for T = 2, N = 500. The bottom row has estimates from
T = 5, N = 200. The first column presents δ̂ FE while the second column presents δ̂ FD.

8.5.3. Monte Carlo Simulation of Inconsistency of FE and FD estimators. As an illus-
tration of how the inconsistency of fixed effects and first differences estimators depends on T , I
simulated the data generating process for T ∈ {2,5,20,100}, and holding the sample size constant:

Yit = X1itβ1 +X2itβ2 +Witδ +Qi +Uit

Wit = X1itξ1 +X2itξ2 +ρYit−1 +ψQi +Vit

where Qi ∼ Expon
(1

5

)
, Uit ∼Uni f (−2,2), Vit ∼Uni f (−1,1), X1 and X2 each are drawn iid from

normal distributions with σX1 = 0.5 and σX2 = 0.2, and they are uncorrelated with Qi,Uit , and Vit .
As for parameters in the Monte Carlo simulation, set β1 = 2, β2 = 4, δ =−0.5, ξ1 = 0.2, ξ2 = 0.1,
ρ = 0.8, and ψ = 2.

Figures 8.5.1 and 8.5.2 present histograms of the fixed effects and first differences estimates for
B = 200 simulated data sets. The true value of δ = 0.5 is indicated on each of these plots. Note that
as T increases, the histogram of the fixed effects estimator becomes much closer to being centered
around the true value of δ , while the first differences estimator does not. This is precisely the
prediction from our derivations that assume sequential exogeneity.

8.6. Instrumental Variable - GMM Approach

Until this point, it seems that fixed effects are nearly always preferable to first differences. For rea-
sonably well-behaved error terms, the fixed effects approach is more efficient, and in the case where
we cannot assume strict exogeneity, but we can appeal to sequential exogeneity, the inconsistency
of the fixed effects estimator diminishes as the number of time periods in the panel increases while
the inconsistency of first differences is just bad.
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FIGURE 8.5.2. Histograms of δ̂ from 200 simulated data sets (T = 20 and T = 100)

Note: The top row has estimates of δ̂ for T = 20, N = 50. The bottom row has estimates from
T = 100, N = 10. The first column presents δ̂ FE while the second column presents δ̂ FD.

One might question why we introduced such a technique to study panel data, and the reason is
that first differences allows us to more easily specify and conceptualize an instrumental variables
approach. To see why, consider the first difference panel regression model:

∆Yit = ∆X′itβ +∆Uit(8.6.1)

Now, note that sequential exogeneity implies that for s ≤ t, E [XisUit ] = 0, which implies that for
s < t, E [Xis∆Uit ] = 0.

This gives a large set of moment conditions that can be used in an instrumental variables / GMM
approach to consistently estimating β . The fact that E [∆Xit−1∆Uit ] = 0 motivates using ∆Xit−1 to
instrument for ∆Xit . In fact, it is also true that E [Xit−1Uit ] = 0, which would suggest using Xit−1 to
instrument for ∆Xit , but the correlation between levels and changes tends to be weak.

Arellano and Bond (1991) suggest using the whole set of moment conditions implied by sequential
exogeneity in a GMM procedure. Recall that Xo

it denotes the stacked vector (sort of a history) of
regressors from j = 1, ..., t. Using this notation, define an instrument matrix for individual i, Zi:

Zi =


(Xo

i1)
′ 0 . . . 0

0 (Xo
i2)
′ ...

...
...

. . . 0
0 0 . . .

(
Xo

iT−1

)′
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Note that each row of the instrument matrix corresponds to a time period t ∈ {2,3, ...,T}. Thus, we
can define the stacked residual vector

∆Ui =


∆U2
∆U3

...
∆UT


Given this notation, the AB91 prodcedure is to employ the moment restrictions E [Zi∆Ui] = 0 to
estimate β using GMM. In practice, the large number of moment restrictions includes a lot of
irrelevant information into the estimator that reduces its efficiency when we use the full instrument
matrix. As a result, researchers usually use just the two or three most recent lags rather than the
entire history.

To illustrate the properties of GMM estimation using lagged first differences as instruments, let’s re-
turn to the data generating process from the previous section. When we use ∆X1it ,∆X2it ,∆Wit−1,∆Wit−2,
and ∆Wit−3 as the set of instruments in a GMM procedure, the estimator becomes consistent as is il-
lustrated in Figure 8.6.1. The histograms in the third column of Figure 8.6.1 are from this IV-GMM
procedure.

Clearly, the estimator is better than first differences, but for large T , the inconsistency of the fixed
effects estimator is small, and it is not clear whether we should prefer IV-GMM or FE (because
IV-GMM loses efficiency). The fixed effects estimator appears as desirable as it does because
we are still retaining sequential exogeneity (though not strict exogeneity). More realistically, if a
more pernicious form of endogeneity were present in our data, the inconsistency of FE would not
necessarily be O

( 1
T

)
. Nevertheless, the IV-GMM approach is still able to handle the endogeneity

problem (provided that the choice of instruments is valid), and for this reason, IV-GMM is often the
best technique to apply to analyze panel data.

8.7. An Extension: Estimating the Effect of Exogenous Time-Constant Regressors

When we adopt random effects estimation, the effect of a time-constant variable is identified, but
we need to make the restrictive assumption that E [Qi|Xi1,Xi2, ...,XiT ] = 0. On the other hand,
when we adopt fixed effects estimation, we do not need to make the assumption that the unobserved
individual heterogeneity is unrelated to the regressors of interest. The downside of this approach is
that any variable that is time-constant is unidentified in a model with individual fixed effects.

This leads to a conundrum. When a time-constant regressor is exogenous to the composite error
term (including Qi), but other (time-varying) regressors are not, simple fixed effects estimation is
unable to estimate the effect of the time-constant regressor, and random effects estimation is unable
to estimate this effect consistently (because the time constant regressor may be correlated with time-
varying regressors that are correlated with Qi). What is an econometrician to do?

In this context, consider the panel regression model:

Yit = Z′iγ +X′itβ +Qi +Uit(8.7.1)

where Zi is a vector of time-constant regressors and Xit is a vector of time-and-individual-varying
regressors. In addition to the strict exogeneity assumption E [Uit |Zi,Xi,Qi] = 0, suppose that the
time-constant regressor is uncorrelated with the unobserved individual effect Qi, E [ZiQi] = 0. No-
tice that if we estimate (8.7.1) using fixed effects, the procedure is unable to identify γ . Nevertheless,
the orthogonality of Zi to Qi can be used to motivate a consistent estimator for γ .
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FIGURE 8.6.1. Fixed Effects, First Differences, and IV-GMM based on lagged
first differences T = 5,20,100

Note: the GMM estimates are computed using the gmm() function in R. These are two-step GMM estimates
using 3 lagged first differences of Wit to instrument for ∆Wit .

Start by averaging equation (8.7.1) within individual:

Ȳi = Z′iγ + X̄′iβ +Qi +Ūit(8.7.2)

and note that the fact that Zi is (assumed) uncorrelated with Qi, we can start with the orthogonality
conditions:

0 = E [Zi (Qi +Ūit)]

= E
[
Zi
(
Ȳi−Z′iγ− X̄′iβ

)]
= E

[
Zi
(
Ȳi− X̄′iβ

)]
−E

[
ZiZ′i

]
γ

As long as E [ZiZ′i] is invertible, we can solve for γ in terms of features of the population distribution:

γ = E
[
ZiZ′i

]−1 E
[
Zi
(
Ȳi− X̄′iβ

)]
This derivation motivates a two-step estimator: (1) estimate β by fixed effects to obtain β̂ FE , and
(2) apply the analogy principle to motivate the estimator:

γ̂ =
(
Z′Z
)−1Z′V
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where V =


Ȳ1− X̄′1β̂ FE

Ȳ2− X̄′2β̂ FE

...
ȲN− X̄′N β̂ FE

, and where Z =


Z′1
Z′2
...

Z′N

. This is just a regression of Vi on Zi,

and note that this regression only uses N observations while the fixed effects regression uses N×T
observations.

8.7.1. Hausman and Taylor’s Approach. For an extension of this setting to efficient GMM

estimation, Hausman and Taylor (HT 1981) partition Zi and Xit into
(

Zi1
Zi2

)
and

(
Xit1
Xit2

)
respec-

tively. Under the assumption that both Zi1 and Xit1 are uncorrelated with Qi, and strict exogeneity
of Xit conditional on Qi, HT1981 propose using

{
Ẍit ,Zi1,Xo

it1

}
as instruments4 for {Xit ,Zi1,Zi2}.

Note that if we dropped Xo
it1 from the set of instruments and Zi2 from the set of regressors, iden-

tification of γ would not be an issue as we showed in the previous section. What is new to in this
Hausman and Taylor approach is that we need not assume that every time-constant regressor in Zi
is uncorrelated with Qi as long as there is enough variation in Xo

it1 to instrument for Zi2. For more
details on the Hausman and Taylor approach, read the discussion in Section 11.4 of Wooldridge.

8.8. Chapter Exercises

(1) Inconsistency of panel pata methods under weak dependence. This question asks you
to perform a Monte Carlo simulation of the fixed effects estimator and the first differences
estimator in a setting when strict exogeneity conditional on the unobserved effect is not
true. Specifically, suppose that the true model is a static model with feedback, which has
the following data generating process:

Yit = X1itβ1 +X2itβ2 +Witδ +Qi +Uit(8.8.1)
Wit = X1itξ1 +X2itξ2 +ρYit−1 +ψQi +Vit

where Qi ∼ Expon
(1

5

)
, Uit ∼Uni f (−2,2), Vit ∼Uni f (−1,1), X1 and X2 each are drawn

iid from normal distributions with σX1 = 0.5 and σX2 = 0.2, and they are uncorrelated with
Qi,Uit , and Vit . As for parameters in the Monte Carlo simulation, set β1 = 2, β2 = 4,
δ =−0.5, ξ1 = 0.2, ξ2 = 0.1, ρ = 0.8, and ψ = 2. For an initial condition, set Yi0 = 0 for
all i.
(a) For fixed T , are either FE or FD consistent in this setting? Why or why not?
(b) At the beginning of your script, set the seed so that your numerical results can be

replicated.
(c) Write a function that generates a data set from the DGP. For reasons that will become

clear in the next part, your code should be flexible enough to generate a data set
given an arbitrary number of time periods T and an arbitrary number of individuals
N. The easiest way to do this is to let the function take two arguments to reflect
these variables. The output of this function should be a data frame with variables
Y,X1,X2,W, indiv, and time, where indiv is an individual id, and time indicates the
time period.
• Before moving onto the next part, debug this block of code. Try a couple of

values of T and N, compute some summary statistics on the data set, run some
regressions, etc. to make sure you generated the data generating process you
meant to generate.

4Recall that Xo
it1 = {Xi11,Xi21, . . . ,Xit1}
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• For the first differences estimator (see below), you will also want to generate
∆Y , ∆X1, ∆X2, and ∆W

(d) A Comparison of FE and FD. Use the function you wrote in (b) to compute B = 200
data sets from the DGP for each of the following cases (note that the total sample size
is held fixed at T ×N = 1000).
• T = 2, N = 500
• T = 5, N = 100
• T = 20, N = 50
• T = 100, N = 10

(i) On each data set, compute and store the row vector
(

β̂ FE
1(b) β̂ FE

2(b) δ̂ FE
(b)

)
of fixed effect estimates, and the row vector

(
β̂ FD

1(b) β̂ FD
2(b) δ̂ FD

(b)

)
of first

differences estimates. Store these separately in separate matrices for each case
above.

(ii) For each case, compute the average and standard deviation of each of the pa-
rameter estimates. For δ̂ , also produce a histogram of the 200 parameter esti-
mates for each of the four cases, separately for FE and for FD.

(e) Based on your answers in part (d), what practical conclusions do you draw regard-
ing fixed effects versus first differences when strict exogeneity does not hold (but
sequential exogeneity does)?

(2) Simulate a data set with T = 100, and N = 50. Use ∆X1it , ∆X2it , ∆Wit−1, ∆Wit−2, and
∆Wit−3 as a set of instruments for the specification in (8.8.1), and use two-step GMM to
estimate β1,β2, and δ . Using your estimate and standard error, can you reject that δ = 0.5
using conventional significance levels?5

(3) Consider the population regression model

Revenue = β0 +β1Views+U

and suppose that our data set is a random sample of size N from this population. For
convenience, let X′i = (1,Viewsi) and Yi = Revenuei denote observations on the explana-

tory and response variables and let X1 =


Views1
Views2

...
ViewsN

 and Y =


Revenue1
Revenue2

...
RevenueN

 denote

columns of data.
(a) In terms of the notation of this problem, write down the matrix-vector representation

of the OLS estimator β̂ OLS.
(i) What condition on the population is required for β̂ OLS to be unbiased for β?

What condition is required for β̂ OLS to be BLUE for β?
(b) Instead of using the entire sample of N observations, use the first ni observations.

Formally, take a subset of the observations Ai = {1,2, ...,ni}. Define β̂
OLS.Ai
1 to be the

OLS estimator that uses just the subset of ni observations. Let XAi
1 and YAi be defined

analogously on the subsample to the way X1 and Y are defined on the full sample.
(i) Relate XAi

1 and YAi to X1 and Y using matrix multiplication by a matrix R; That
is, XAi

1 = RX1. Hint: think about what must be the dimensions of R.
(ii) If the condition in (a) holds, is β̂

OLS.Ai
1 unbiased for β1? Justify your answer

with a short proof or counterexample.

5For this problem, make sure you install the gmm package, and read its help on how to use the gmm() function.
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(c) Suppose that we partition our sample N into T non-overlapping subsamples A1, ...,AT
that collectively contain all of the observations in the full sample. Is

β̃1 =
1
T

T

∑
i=1

β̂
OLS.Ai
1

unbiased for β1?
(d) Under the conditions in part (a), compare the variance of β̂ OLS

1 to the variance of β̃1.
(e) Suppose that observations are mean independent within each subsample, while at the

same time, observations are not mean independent across subsamples.
(i) Is β̂ OLS

1 unbiased for β1?
(ii) Is β̂

OLS.Ai
1 unbiased for β1?

(iii) Is β̃1 unbiased for β1?
(4) YouTubePanel.csv (available on Chalk) contains the data for this problem. The data con-

tain information on the characteristics and daily advertising performance of 98 YouTube
videos from September 1, 2012 through March 22, 2013. You should explore the data
before beginning this problem, but here is some additional explanation of the variables:

Date and videoid are time t and video indices i respectively. id is an alternative video
index.

Views, Minutes, Avg.duration, and Unique.cookies, are video-day level observations
on video viewership and attention. Note: Avg.duration = Minutes

Views and Unique.cookies is
the unique number of viewers on that day.

Total.earn, AFV.earn, YT.earn, and Transactions are video-day level observations on
advertising performance. We’ll focus on Total.earn, but the other variables break down
other categories.

instream and instream.new020512 are dummy variables for whether instream advertise-
ments (video ads before the YouTube video begins) were enabled before and after Feb 5,
2012, respectively.

vidviews, likes, dislikes, comments, startdate, and daysactive are video attributes as
of March 23, 2013 for video i.

Visits, and Visit.attn are day-level visitor traffic data (number of visits and average dura-
tion of visit, respectively) for an external website that links to and organizes links to these
videos.
(a) Explain precisely the difference between the three regression specifications (8.8.2),

(8.8.3) and (8.8.4):

Total.earnit = β0 +β1(Viewsit/1000)+Uit(8.8.2)
Total.earnit = β0 +β1(Viewsit/1000)+β2Minutesit +Uit(8.8.3)
Total.earnit = β0 +β1(Viewsit/1000)+β2Avg.durationit +Uit(8.8.4)

Run each of these regressions using the YouTubePanel.csv data, present the results in
a nicely formatted table, and interpret β̂1 carefully for each specification.

(b) Consider specification (8.8.5)

Total.earnit = γt +β1(Viewsit/1000)+Uit(8.8.5)
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where γt is a time fixed effect. Estimate the specification in (8.8.5), and compare your
estimate for β1 to the estimate you obtained from equation (8.8.2).

(i) Use the Frisch-Waugh Theorem to motivate a single linear regression specifi-
cation that will exactly recover the value of β̂ OLS

1 from (8.8.5), and show that
your procedure gives the same estimate for β̂ OLS

1 .
(ii) Interpret R2 from your Frisch-Waugh procedure. Does your Frisch-Waugh pro-

cedure provide the correct standard errors?
(iii) What does your Frisch-Waugh procedure tell you about how to interpret β1 in

this specification?
(c) Repeat each exercise in (b) for specification (8.8.6)

Total.earnit = γi +β1(Viewsit/1000)+Uit(8.8.6)

where γi is a video fixed effect.
(d) Between estimators. Consider specifications (8.8.7) and (8.8.8):

¯Total.earni = β0 +β1
¯(Viewsi/1000)+Ui(8.8.7)

¯Total.earnt = β0 +β1
¯(Viewst/1000)+Ut(8.8.8)

Notational note: Ȳi is the time-series mean Ȳi =
1
T ∑

T
t=1Yit , Ȳt is the cross-sectional

mean Ȳt =
1
N ∑

N
i=1Yit .

(i) How does the variation that identifies β1 in these specifications differ from the
variation that identifies β1 in (b) and (c)?

(ii) Use the YouTube data to compute estimates for β1 according to these specifi-
cations. When you do this in R, the tapply() function is handy to collapse
variables by a factor.

(e) Repeat each exercise in (b) for specification (8.8.9)

Total.earnit = γi + γt +β1(Viewsit/1000)+Uit(8.8.9)

where γi is a video fixed effect and γt is a time fixed effect.
(f) Consider the regression specifications (8.8.10) and (8.8.11):

Total.earnit = γt +β1Vit +β2instreamnew
i +Uit(8.8.10)

Total.earnit = γi +β1Vit +β2instreamnew
i +Uit(8.8.11)

where Vit ≡ (Viewsit/1000), γt are time fixed effects, and γi are video fixed effects.
(i) Discuss the interpretation and identification of β2 in each of these specifica-

tions.
(ii) Estimate β2 for every specification where it is identified. If the content owner

placed instream ads on videos that were abnormally profitable, explain how this
affects the causal interpretation of β2.6

(iii) Which specification do you prefer for estimating β2?
(g) Consider the regression specifications (8.8.12) and (8.8.13):

Total.earnit = γt +β1Vit +β2instreamnew
i +β3Vit instreamnew

i +Uit(8.8.12)
Total.earnit = γi +β1Vit +β2instreamnew

i +β3Vit instreamnew
i +Uit(8.8.13)

where Vit ≡ (Viewsit/1000), γt are time fixed effects, and γi are video fixed effects.
(i) Discuss the interpretation and identification of β3 in each of these specifica-

tions.

6This assumption about the content owner is hypothetical. Based on my knowledge of the data generating process,
the assignment of videos to instream advertisements was done randomly.
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(ii) Estimate β3 for every specification where it is identified. If the content owner
placed instream ads on videos that were abnormally profitable, explain how this
affects the causal interpretation of β3.7

(iii) Which specification do you prefer for estimating β3?
(h) Fama Macbeth. Partition the YouTube data into T cross-sectional data sets (one data

set for each time period). On each data set, estimate the regression:

Total.earnit = β
t
0 +β

t
1Vit +Uit(8.8.14)

(i) There are T = 201 time periods, and hence, 201 regressions to run. Run each of
these regressions, and produce the following summaries of these estimates: (A)
the mean, (B), the standard error of the mean, (C) a time plot and a histogram
of the coefficient estimates β̂ t

1.
(ii) In light of Problem 3, when is it advisable to use this method?

(i) A Different Partition. Partition the YouTube data into N time-series data sets (one
data set for each video). On each data set, estimate the regression:

Total.earnit = β
i
0 +β

i
1Vit +Uit(8.8.15)

(i) There are N = 98 time periods, and hence, 98 regressions to run. Run each of
these regressions, and produce the following summaries of these estimates: (A)
the mean, (B), the standard error of the mean, (C) a histogram of the coefficient
estimates β̂ i

1.
(ii) In light of Problem 3, when is it advisable to use this method?

7This assumption about the content owner is hypothetical. Based on my knowledge of the data generating process,
the assignment of videos to instream advertisements was done randomly.



CHAPTER 9

Standard Error Issues

This chapter introduces a number of issues with standard errors with particular emphasis on the
issues that arise in the context of panel data. The main issue that arises is that errors are assumed to
be independent from one another under standard methods when, in reality, errors may be correlated
within groups.

9.1. The Homoskedastic Baseline

Starting with OLS, recall the asymptotic normality result:

√
n
(

β̂
OLS−β

)
d−→ N (0,Σ)

where Σ = E [XX′]−1Var [XU ]E [XX′]−1. The term in the middle of this expression can be rewritten
using the definition of variancce of a vector and imposing the orthogonality conditions:

Var [XU ] = E
[
(XU−E [XU ]) (XU−E [XU ])′

]
= E

[
U2XX′

]
We can then use the homoskedasticity assumption: Var [U |X] = E

[
U2|X

]
= σ2

U , a constant, and
apply iterated expectations to simplify this expression.

Var [XU ] = E
[
E
[
U2|X

]
XX′

]
= σ

2
U E
[
XX′

]
and the resulting expression for Σ is simpler under homoskedasticity:

Σ = σ
2
U E
[
XX′

]−1(9.1.1)

than when we cannot invoke the homoskedasticity assumption:

Σr = E
[
XX′

]−1 E
[
XX′U2]E

[
XX′

]−1(9.1.2)

In practice, computer programs will compute the asymptotic variacne-covariance matrix of β̂ OLS,(
Σ̂

N

)
, using (9.1.1) as the default, but with heteroskedastic data, the right form of the covariance

matrix is given in (9.1.2).
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9.2. Robust Standard Errors: What is in the Sandwich?

Regardless of the choice of estimator (there are four options for robust standard errors), the robust
estimator for Σr has the form:

Σ̂r =

(
1
N
X′X

)−1
(

1
N

N

∑
i=1

XiX′iψ̂i

)(
1
N
X′X

)−1

(9.2.1)

By comparison of (9.1.2) and (9.2.1), it is straightforward to see which pieces of this sample expres-
sion converge in probability to their population counterparts. By the continuous mapping theorem,
any estimator of the middle term (the meat in the sandwich1 library) that converges in probability to
E
[
XX′U2

]
will mean that Σ̂r

P−→ Σr.

Note that the center term is expressed as a sum of vector outer products
( 1

N ∑
N
i=1 XiX′iψ̂i

)
. For

convenience, it can also be expressed as an inner product of matrices, giving the expression for Σ̂r:

Σ̂r =

(
1
N
X′X

)−1( 1
N
X′Ψ̂X

)(
1
N
X′X

)−1

(9.2.2)

The choice of estimator boils down to difference choices for ψ̂i. These sandwich estimators are
called HC0, HC1, HC2, and HC3:

HC0 : ψ̂i = Û2
i

HC1 : ψ̂i =
N

N− k
Û2

i

HC2 : ψ̂i =
1

1−hii
Û2

i

HC3 : ψ̂i =
1

(1−hii)
2Û2

i

where k is the number of parameters to be estimated in the regression model, N is the number of
observations, and hii is the leverage of the ith observation, which is just the ith diagonal element of
the projection matrix PX = X(X′X)−1X′. A little matrix arithmetic gives hii = X′i (X′X)

−1 Xi.

Estimates of the covariance matrix that do not assume homoskedasticity are available using Stata’s
robust command or R’s sandwich library,2 but it is worth asking why the robust standard errors are
not the default.

One misconception for this default choice is that OLS is BLUE under homoskedasticity. It is true
that OLS is BLUE under homoskedasticity, but that would be true whether or not we use robust
standard errors! The BLUE property applies to the estimator β̂ OLS, not its standard errors. To
be more precise (yet loose and conceptual at the same time), OLS is BLUE means that the OLS
estimator β̂ OLS has the lowest true variance among all estimators that are linear and unbiased for β .
How to estimate this true variance(-covariance matrix) is a distinct question.

1No joke. This expression is called a sandwich estimator. The term
( 1

N ∑
N
i=1 XiX′iψ̂

2
i
)

is called the meat and the two( 1
N X′X

)
terms are called bread.

2This is what underlies tonymisc’s summaryR command and the robust()-into-mtable() standard errors procedure.
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The real problem with using robust standard errors when the data are actually homoskedastic is that
the commonly-used estimators for Σ are biased downward in small samples.3 In other words, when
the asymptotic approximation is imprecise, you will tend to understate your standard errors by
using robust standard errors. Mostly Harmless Econometrics makes this point in Chapter 8, Section
8.1.4 You should read the derivation in that section in detail to make sure you understand what is
going on. The homework asks you to show this property of robust standard errors in a Monte Carlo
exercise.

9.3. Clustered Standard Errors

If the data have group structure (as is the case with panel data), the assumption of independence
across observations is not well founded. More generally, non-independence of errors in regression
is a serious problem because it makes the naive econometrician think that he has more information
than he actually has.

For illustration, take an extremely unrealistic example: a panel data set with 100 individuals across
100 time periods, but the time interval is one second.5 For concreteness, imagine that the “panel”
data set that we construct in this context is just a 100-replica of its cross-sectional data set. In this
case, the standard errors that we compute will be 10 times smaller on account of using the 100-
replica of our data set. On a philosophical level, we didn’t introduce new information to the data
set by replicating it 100 times. Thus, this additional precision in our estimator is artificial, and we
should correct for it when computing standard errors.

Of course, real-world data sets do not exhibit complete dependence within groups, but they do
exhibit some degree of non-independence. Computing clustered standard errors allows us to account
for this dependence.6

9.3.1. Moulton Factor Solution. For concreteness, consider the simple linear regression model:

Yig = β0 +β1Xig +Uig

where the covariance of different observations within group is given by Cov [Uig,U jg] = ρeσ2
g . The

easiest way to generate correlation within group is to give the error term an additive random effects
structure (just like how we constructed the random effects estimator in the panel data application).

Uig = Vg + εig

Given this structure, we can solve for

ρe =
σ2

V

σ2
V +σ2

ε

3They’re still consistent, but you will not always have a data set where N is close to ∞. Taken literally, you never will
have an infinite sample, but that’s not the point. Taken conceptually, sometimes you will work with small sample sizes
for which the asymptotic approximation that justifies the estimation of Σ is no good. In this context, it is worth knowing
how the estimator for Σ performs.

4Angrist and Pischke adopt a strange notational convention in this section where they define their estimators of
variance-covariance matrices to be pre-divided by N. Out of principle, I do not do this. In their notation, NΩ̂r

P−→ Ωr

while in my notation Σ̂r
P−→ Σr

5Of course, whether the error for individual i at t = 1 is independent from that same individual 100 seconds later
depends on the application, but in plenty of contexts, the data will not change in such a short time interval.

6Another alternative is to use GLS or MLE in a likelihood-based approach to modeling the correlation structure in
the errors. This can be an effective approach.
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where σ2
V is the variance of Vg and σ2

ε is the variance of εig. The derivation in the back of Chapter
8 of Angrist and Pischke shows that the ratio of the variance of β̂ OLS naive OLS to the variance of
this random effects error structure is given by:

m
(

β̂1

)
=

V
(

β̂1

)
Vc

(
β̂1

) = 1+(N−1)ρe

where m
(

β̂1

)
is called a Moulton factor after Brent Moulton who wrote an influential paper on

adjusting for clustering in standard error estimates.

In other words, the more correlated the errors are within groups, the more the conventional expres-
sion for the variance overstates the variance relative to the true cluster structure. Note that a special
case of this is complete dependence ρe = 1, which was the extremely unrealistic example I used
to motivate adjusting standard errors. If we can estimate ρe within our data set, this gives a way
to adjust our standard errors for clustering within groups – Just compute the Moulton factor, and
divide the OLS standard errors by that Moulton factor.

A more general formula for the Moulton factor is given by:

m
(

β̂1

)
= 1+

[
S2

ng

n̄
+ n̄−1

]
ρxρe

where S2
ng

is the variance of number of observations within groups, n̄ is the average number of
observations in each group, and ρx is the intraclass correlation of the regressor (which is allowed to
be correlated by group).

ρx =
∑g ∑ j ∑i6= j (xig− x̄)(x jg− x̄)

S2
xig ∑g ng (ng−1)

9.3.2. Clustering Standard Errors. The Moulton factor deflation approach is useful to pro-
vide intuition on the conditions under which within-group dependence will cause problems, but it
leads to complicated calculations in the context of multiple regression. The most common solution
to clustered standard errors is to compute cluster-robust standard errors using the sandwich form of
the variance covariance estimator.

Σ̂r =

(
1
N
X′X

)−1( 1
N
X′Ψ̂X

)(
1
N
X′X

)−1

Note that to impose the group structure on this estimator, we need for Ψ̂ to be a block diagonal
matrix with 0 in the off-diagonal elements and within group

Ψ̂g = aÛgÛ′g

= a


Û2

1g Û1gÛ2g . . . Û1gÛngg

Û1gÛ2g Û2
2g . . . Û2gÛngg

...
. . .

Û1gÛngg Û2gÛngg . . . Û2
ngg
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where a =
( G

G−1

)( N−1
N−K

)
is a degrees of freedom factor, and the overall matrix Ψ̂ is given by:

Ψ̂ =


Ψ̂1 0 . . . 0

0 Ψ̂2
...

...
. . . 0

0 . . . 0 Ψ̂G


In addition, we can partition X by group:

X =


X1
X2
...

XG


which allows us to express the meat part of the cluster-robust standard errors as a sum over groups,
and gives rise to our cluster-robust estimator of the variance covariance matrix:

Σ̂cl =

(
1
N
X′X

)−1
(

1
G

G

∑
g=1

X′gΨ̂gXg

)(
1
N
X′X

)−1

(9.3.1)

9.3.3. Asymptotics and the Number of Clusters. The cluster-robust estimator in (9.3.1) is
consistent as long as the meat term in this sandwich form of the estimator converges in probability
to E

[
XX′U2

]
. To make this asymptotic argument, the data need to have a large number of clusters.

In many practical settings, it is difficult to obtain a large enough number of clusters to justify the
asymptotic approximation. As a result, the cluster-robust estimator is particularly sensitive to small
sample bias.

In a setting with a small number of clusters, there are a number of options discussed by Angrist and
Pischke: (1) bias-reduced linearization, (2) using the t distribution with G−K degrees of freedom
instead of the normal distribution, (3) estimation using group means instead of disaggregated data,
(4) a block bootstrap technique (discussed in the next section), and (5) parametric corrections similar
to the Moulton factor correction. Nevertheless, there is no panacea. The primary message you
should take away from this discussion is that if there are not many clusters, it is time to be humble
about what conclusions you can draw from your estimates.

9.3.4. Clustering with Panel Data. In the panel data context, sometimes it is natural assume
some correlation of the errors within individual over time, but no correlation of errors across indi-
viduals within the same time period. In this case, clustering by individual is a good idea. If you
do not have a large number of individuals, the issue of too few clusters can become a problem. For
example, suppose that you are studying some policy of Federal Reserve banks, and you wish to
cluster by Federal Reserve area (only 12 in the United States). In this case, you should worry about
too few clusters, and do all that you can to mitigate the problem.

In other panel data applications, it can be argued that errors across individuals in the same time
period are correlated (due to a common unobserved shock), but that errors within individual are
uncorrelated over time. For example, if unobserved individual shocks are immediately capitalized
into stock returns (and individual shocks are uncorrelated over time), there should be no correlation
in the errors of stock return data over time. In this context, clustering by time period is a good idea
(but again, watch the number of clusters).
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A potentially more realistic assumption is that there are unobserved shocks that generate correlation
in the errors within time period as well as within individual. In this case, we would ideally like to
cluster the errors by both dimensions. To do this, Thompson (2011)7 showed that it is straightfor-
ward to compute the variance-covariance matrix in terms of one-way cluster covariance matrices
Σ̂time and Σ̂indiv as well as the usual heteroskedasticity robust (HAC) estimator Σ̂r:

Σ̂twoway = Σ̂time + Σ̂indiv− Σ̂r

As in the single-way clustering case, the asymptotic approximation depends on the number of clus-
ters G→ ∞. In the two-way case, we need the number of clusters in each dimension to be large.
Otherwise, the estimator exhibits a small sample bias downward.

9.4. Bootstrapped Standard Errors

When the above clustering methods are not well founded, bootstrapping can offer a way to obtain
valid standard errors in small samples.

9.4.1. The Basic Bootstrap. To illustrate the basic idea of the bootstrap, suppose that we com-
pute a statistic θ̂ from a sample

−→
X =

{
Xθ

i

}N
i=1 from the population random vector Xθ , where Xθ

here is general notation that can subsume the population regression model among other methods.8

To bootstrap a standard error for θ̂ :

(1) Generate a large number (B > 200) of bootstrap samples from the original sample
−→
X ={

Xθ
i

}N
i=1. A bootstrap sample is a sample (with replacement) of size N from the original

sample
−→
X , denote the bth bootstrap sample as

−→
Xb. The bootstrap sample will (very likely)

contain repeated observations from the original sample.
(2) Using each bootstrap sample b, compute the statistic θ̂b using the same formula you used

to compute the statistic θ̂ . Store each of these estimates,
{

θ̂b
}B

b=1.
(3) As an approximate standard error, compute the standard deviation of θ̂b across the B boot-

strapped samples.

This process is easy to implement, and the intuition for why it works is that we are using the
observed sample to approximate the population distribution from which the data are drawn. Tech-
nically, the assumption is that the empirical distribution of Xθ in the data closely approximate the
actual distribution Xθ in the population. To conceptualize this, put 1

N weight on each observation
in the data, and draw from that empirical distribution to obtain each bootstrap sample. The method
in (1)-(2) implements this idea, and Efron (1979) showed that this is a valid method to compute
standard errors.

In the regression context, the residual bootstrap is an alternative to resampling observations, which
resamples the residuals

{
Ûi
}N

i=1 instead of the observations. For each bootstrapped sample of resid-
uals, generate a vector of synthetic response values Y∗(b) = Ŷ+ Û(b) using the original data matrix

X. To obtain the bootstrap estimates β̂(b), regress Y∗(b) on X (stacked form notation). Resampling

7Thompson, S. B. (2011) "Simple formulas for standard errors that cluster by both firm and time" Journal of Finan-
cial Economics, vol. 99 > pp. 1-10.

8In this section, Xθ is a general random vector with arbitrary correlations between its component random variables.
The Xθ in this section is equivalent to the random vector (Y,X) from which we motivate the population regression
relationship.
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from residuals has the advantage that it holds the X matrix fixed, and hence, does not change the
characteristics of the regressors across bootstrap samples.

9.4.2. Variations on the Basic Bootstrap. The underlying assumption behind the validity of
the basic bootstrap is that the observations or errors are drawn iid from the population. Hence,
heteroskedasticity, time dependence, or cluster dependence more generally is not preserved in the
basic bootstrap. As a result of not preserving this feature in the bootstrap sample distribution, the
bootstrapped standard errors from a basic bootstrap in these settings do not adequately account for
clustering or heteroskedasticity.

To compute heteroskedasticity-consistent standard errors using bootstrap methodology, a popular
method is the wild bootstrap. This method resembles the residual bootstrap, but instead of just
resampling the residuals, the wild bootstrap also introduces a random perturbation that reverses the
sign of the bootstrap residual with probability 0.5. One way to implement this is to construct the
synthetic response values Y∗(b) = Ŷ+V′Û(b), where

Vi =

{
1 w.p. 0.5
−1 otherwise

where V =


V1
V2
...

VN

 is an iid vector containing the elements of a random sample of size N from Vi.

Alternatively, any Vi that is symmetric and is centered at zero will do, e.g. V ∼ N (0,1).

To deal with clustering, the alternative is the block bootstrap. If there are G clusters (within which
we are unwilling to assume that the errors are independent), the block bootstrap constructs each
bootstrap sample as a sample (with replacement) of the G blocks of data (or errors). In constructing
bootstrap samples in this way, observations show up in bootstrap samples with the observations in
their cluster. This preserves the clustering of errors in the original sample, and hence, the resulting
bootstrap sample distribution accounts for clustering.

9.5. Chapter Exercises

(1) Return to the YouTubePanel.csv data set you explored in Chapter 8, and consider the
regression specification (9.5.1):

Total.earnit = Qi +β1Vit +β2instreamnew
i +β3Vit instreamnew

i +Uit(9.5.1)

where Vit ≡ (Viewsit/1000), and Qi are unobserved video effects. Throughout this prob-
lem, suppose that instreamnew

i is uncorrelated with the unobserved video effects because
it was randomly assigned, but that Vit is correlated with Qi. In addition, assume that all
regressors satisfy strict exogeneity conditional on the unobserved effect.

(a) Discuss identification of β =

 β1
β2
β3

 under fixed effects, first differences, and ran-

dom effects.
(b) Estimate β (or whatever part of β can be estimated) using FE, FD and RE methods.

(i) Is β̂ RE consistent for β under the assumptions of this problem? Comment on
the differences between these estimates.



9.5. CHAPTER EXERCISES 176

(c) For the parameters you can estimate using fixed effects, compute clustered standard
errors (i) clustered by video, (ii) clustered by day, and (iii) clustered by day and video.

(i) Comment on the validity of the asymptotic approximation in the standard error
formula in each of these cases.

(ii) Does clustering the standard errors make a practical difference for inference?
(d) Using the orthogonality conditions E [instreamnew

i Uit ] = 0 and E [instreamnew
i Qi] = 0,

propose, justify, and implement a consistent two-step estimator for β2.
(i) To account for the estimation error introduced by the first step of this procedure,

compute bootstrap standard errors using the basic bootstrap.
(ii) To allow for clustering of standard errors by video, compute bootstrap standard

errors using a block bootstrap where each video is a block.
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