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I. Hamiltonian cycles



William Rowan Hamilton
(1805–1865)

The Icosian Game (1857)
Visit every vertex exactly once.



Hamiltonian Cycle is NP-complete



Theorem (1952). If every vertex in an n-vertex graph G 
has degree at least n/2 then G is Hamiltonian.
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→ implies Dirac’s theorem (add edges until G is complete)



Let G′ = G+ uv, where u and v are non-adjacent vertices of G
such that degG(u) + degG(v) ≥ n.

Theorem (1976). G is Hamiltonian iff G' is Hamiltonian.

John Adrian Bondy Václav Chvátal
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→ implies Dirac’s theorem (add edges until G is complete)



Let G′ = G+ uv, where u and v are non-adjacent vertices of G
such that degG(u) + degG(v) ≥ n.

Theorem (1976). G is Hamiltonian iff G' is Hamiltonian.

John Adrian Bondy Václav Chvátal
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II. Our results



If all vertices in an n-vertex graph G have degree 
at least n/2 - k then Hamiltonian Cycle on G can be solved 
in time  2O(k)poly(n).
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If all vertices in an n-vertex graph G have degree 
at least n/2 - k then Hamiltonian Cycle on G can be solved 
in time  2O(k)poly(n).

Construct 3k-vertex kernel G' in poly(n)-time.

Assuming the Exponential Time Hypothesis,
cannot improve to 2o(k)poly(n).
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Consider bipartite graph (C, S′), where
S′ is S with vertices doubled

Find a maximum matching

Remove all unmatched C-vertices

Intuition:
enough to study part of C that is
well-connected to S

At most 3k vertices remain

→ can solve Hamiltonian Cycle in 2O(k)

To prove:

G′ Hamiltonian iff G Hamiltonian
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Reduced graph (G′) Hamiltonian =⇒ Original graph (G) Hamiltonian
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Enough to fix path-cover of S
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Original graph (G) Hamiltonian =⇒ Reduced graph (G′) Hamiltonian

SC

Find pairs for path-endpoints in S

If not reachable via alternating path from deleted C-vertex,
then neighbors in C not deleted, use original cycle-edge(s)



Original graph (G) Hamiltonian =⇒ Reduced graph (G′) Hamiltonian

SC

Complete cycle via C



Let G be an n-vertex graph in
which all vertices have degree
at least n/2− k

Consider an arbitrary (S, T )-cut
such that |S| ≤ |T |

Observation:
if G Hamiltonian, then T can
be covered by |S| disjoint paths

Are path-covers of this kind extensible to Hamilton-cycles?

Only if S and T sufficiently well-connected
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2. Otherwise find in (poly-time) a required (S, T )-cut [Häggkvist]

3. Check whether T has a size-|S| path cover
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3. Check whether T has a size-|S| path cover



Algorithm:

1. If k > n/34, run classical 2O(n)–time algorithm (here 2O(k))

2. Otherwise find in (poly-time) a required (S, T )-cut [Häggkvist]
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Check whether n/2 + k vertices can be covered by n/2− k disjoint paths

Most paths must be singletons
→ must cover some 4k vertices by ≤ 2k paths

Näıvely: nO(k) time
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Sketch:

• Color vertices randomly with 4k colors

• Find a smallest set of paths that uses each color once
(standard DP over subsets of colors)

• If # paths ≤ 2k =⇒ Hamilton-Cycle
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