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Question 1

1.1 i)

We have L(SU(2)) = spanR{iσi|i = 1, 2, 3}. This implies

LC(SU(2)) = spanC{iσi|i = 1, 2, 3} = spanC{σi|i = 1, 2, 3} = L(SL(2;C)) (1.1)

since the three Pauli sigma matrices span the space of complex 2× 2 traceless matrices.

1.2 ii)

The real matrices in L(SL(2;C)) are

spanR{σ1, σ3, iσ2} = L(SL(2;R)). (1.2)

This is a real simple Lie algebra. It is not of compact type: The set

{exp(tσ1)|t ∈ R} (1.3)

is unbounded, whence noncompact (you can assume that Lie algebras of compact type exponentiate into compact Lie

groups). You can also check that it fails to be of compact type directly; you will find that the Killing form is not negative

definite.

Since L(SL(2;R)) and L(SU(2)) are both real forms of L(SL(2;C)), and the first fails to be of compact type while the

second is of compact type, we see that L(SL(2;C)) has two inequivalent real forms.

Question 2

The Lie algebra L(SO(m)) is (we only consider the complexification in this question)

L(SO(m)) = span{MT = −M |M ∈ Cm×m} . (2.1)

Let’s take m = 2n; m = 2n + 1 is near-identical and we will only point out how it differs from m = 2n. One Cartan

subalgebra of L(SO(2n)) is

CSA(L(SO(2n))) =




B1 0 · · · 0

0 B2 0 0
...

...
. . . 0

0 0 0 Bn


∣∣∣∣∣∣∣∣∣∣
Bi =

(
0 hi

−hi 0

)
, hi ∈ C, i = 1, 2 . . . n

 . (2.2)

These are block diagonal matrices where each block Bi is 2× 2 and is proportional to an SO(2) generator; physically, the

Cartan subalgebra consists of commuting rotations in orthogonal 2-planes, and the proof that this set of matrices is indeed
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a Cartan proves that we have found the maximal number of commuting rotations in SO(2n). The Cartan subalgebra for

m = 2n+ 1 is the same, except for an extra zero 1× 1 dimensional block at the bottom.

The Cartan subalgebra H of a complex semisimple Lie algebra L as defined in the lectures has the following three

properties

1. Abelian-ness: H is abelian.

2. Maximality: If X ∈ L and [X,B] = 0 ∀B ∈ H, then X ∈ H.

3. ad-diagonalisability: adB is diagonalisable for all B ∈ H.

For the preceding choice of Cartan subalgebra, 1. is manifest; we need to verify 2. and 3. To check that CSA(L(SO(2n)))

is maximal, first exhibit a basis of L(SO(2n)):

(Tij)
α
β = δαi δjβ − δiβδαj , (2.3)

I think we worked this basis out in a preceding sheet. The indices α, β are L(SO(2n)) matrix indices while the pair ij label

the basis element. This basis is simply the obvious basis of the space of all antisymmetric matrices given by specifying the

row and column ij above the main diagonal (i.e. with j > i) where the matrix element is nonzero and equal to 1. Note

that we need to select j > i to avoid redundancy, since Tji = −Tij , and Tjj = 0.

In this notation a basis for the proposed Cartan subalgebra is

HI = T(2I−1)(2I), I = 1, 2, . . . n . (2.4)

The basis of the Cartan subalgebra of L(SO(2n+ 1)) is exactly the same in this notation.

The L(SO(2n)) (or L(SO(2n+ 1))) commutation relations are

[Tij , Tk`] = δjkTi` + δi`Tjk − δj`Tik − δikTj` . (2.5)

We can now verify maximality directly. Let X ∈ L(SO(2n)). Then it can be expanded in this basis as

X = XijTij , Xij = −Xji ∈ C . (2.6)

Now calculate

[X,HI ] = Xij [Tij , T(2I−1),(2I)] (2.7)

= 2Xi(2I−1)Ti(2I) − 2Xi(2I)Ti(2I−1 . (2.8)

We now notice that if we set [X,HI ] = 0 ∀I = 1, 2 . . . n we obtain the following relations on the coefficients Xij :

Xi(2I−1) = 0 ∀i = 1, 2, 3, . . . 2n, I = 1, 2, . . . n, i 6= 2I (2.9)

Xi(2I) = 0 ∀i = 1, 2, 3, . . . 2n, I = 1, 2, . . . n, i 6= 2I − 1 . (2.10)

But we see that the only nonzero coefficients are those for which X is in the Cartan subalgebra! This proves maximality.

Evidently, the same argument goes through for m = 2n+ 1 as well.

Aside. There are two ways to prove ad-diagonalisability. The most enlightening one is to use the following theorem

(Fulton and Harris, page 129, theorem 9.20):

Theorem 1. Let L be a complex, semisimple Lie algebra. Then for any X ∈ L there exists a decomposition into XS and
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XN so that

X = XS +XN (2.11)

XS , XN ∈ L (2.12)

[XS , XN ] = 0 (2.13)

ρ(XS) = ρ(X)S , ρ(XN ) = ρ(X)N . (2.14)

In the last line, ρ is a representation of L and ρ(X)S and ρ(X)N denote the decomposition of the matrix ρ(X) into its

commuting diagonalisable and nilpotent parts.

In other words, the theorem tells us that one can split any X in a complex semisimple Lie algebra L into a “diagonal-

isable” and “nilpotent” parts, even if L is not realised as an algebra of matrices, and that these properties are preserved

in any representation.

This theorem applies to CSA(L(SO(2n))) in the following way. Notice that the matrices in CSA(L(SO(2n))) as given

are diagonalisable: each diagonal block has two distinct eigenvalues ±ihi. Therefore, the image of CSA(L(SO(2n))) under

the ad representation is diagonalisable. This theorem is not part of the course, however. End aside.

The elementary way to prove that the elements of the Cartan subalgebra CSA(L(SO(2n))) are ad-diagonalisable is of

course to exhibit a basis of ad-eigenvectors (aka, step operators). You can verify that such a basis is

F±IJ = T(2I−1)(2J−1) − T(2I)(2J) ±i(T(2I−1)(2J) + T(2I)(2J−1)) , I, J = 1, 2, . . . n, I < J (2.15)

G±IJ = T(2I−1)(2J) − T(2I)(2J−1) ±i(T(2I−1)(2J−1) + T(2I)(2J)) , I, J = 1, 2, . . . n, I < J . (2.16)

For L(SO(2n+ 1)) an additional set is given by

E±I = T(2I−1)(2n+1) ± iT(2I)(2n+1) , I = 1, 2, . . . n . (2.17)

Mercifully, Nick Dorey didn’t ask for the corresponding roots in generality so I do not have to list them here. You can

have fun calculating them.

Let’s consider the low rank cases of LC(SO(3)) and LC(SO(4)) in a bit more detail.

• LC(SO(3)): This is m = 2 × 1 + 1 so the Cartan is spanned by the single matrix H = T12. Our general formulas give

a single set of step operators E± = T13 ± iT23, and we calculate

[H,E±] = ±iE± . (2.18)

These are the two roots of LC(SO(3)) (up to the normalisation of the Cartan). There is a single simple root, and thus

the Dynkin diagram is a single point.

• LC(SO(4)): This is m = 2× 2 so the Cartan is spanned by two matrices H1 = T12 and H2 = T34. We have two sets of

step operators

F± = T13 − T24 ±i(T14 + T23) (2.19)

G± = T14 − T23 ±i(T13 + T24) (2.20)

Combining the two Cartan matrices into the vector ~H = (H1, H2) we can express the roots as

[ ~H,F±] = ±i(1, 1)F± (2.21)

[ ~H,G±] = ±i(1,−1)G± . (2.22)

If you go ahead and calculate the Killing form, you will find that there are two pairs of roots which are orthogonal to
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each other. Each pair then corresponds to an LC(SO(3)) factor (I assume you have shown SO(4) ∼= (SU(2)× SU(2)) /Z2,

which implies the Lie algebra relation L(SO(4)) ∼= L(SU(2))⊕L(SU(2)) = L(SO(3))⊕L(SO(3))) and the Dynkin diagram

is given by two disconnected points (corresponding to each of the simple roots in the L(SO(3)) factors).

Question 3

Let α be a root of a simple complex Lie algebra of finite dimension. We will show that the only colinear root is −α.

Consider the α-string through α:

Sα,α = {` ∈ C|α+ `α ∈ Φ} (3.1)

This is the set of all complex numbers ` so that α+`α is a root. Consider also the subalgebra S = LC(SU(2)) corresponding

to the root α. This has generators e±α and hα satisfying

[hα, e±α] = (±2)e±α (3.2)

[e+α, e−α] = hα . (3.3)

Now the statement that α + `α is a root means that there exists a corresponding step operator eα+`α with eigenvalue

(2 + 2`) under hα:

[hα, eα+`α] = (2 + 2`)eα+`α . (3.4)

Notice however that the step operators of Sα,α span a representation of S (a copy of LC(SU(2))) with weight 2+2`. We thus

know from the representation theory of LC(SU(2)) that ` ∈ Z; otherwise there cannot exist a highest weight in (the space

of step operators corresponding to) Sα,α. The space of step operators of Sα,α is then infinite-dimensional, a contradiction.

We already know that α,−α are roots. The corresponding step operators span an irreducible representation of S; this

is simply the adjoint representation1.

We now prove that these are the only multiples of α that are roots. We have already shown that the only possible

multiples of α that can be roots are

kα , k ∈ Z . (3.5)

Now let e.g. 2α be a root. The associated step operator must lie in an irreducible representation of S under the adjoint

action. We know how the step operators of S act: The lowering operators will produce a string

2α→ α→ 0→ −α→ −2α→ . . . (3.6)

We now have two linearly independent step operators corresponding to the root α: One is the one in S, which we started

with. The second is the one in the S irrep that also includes 2α. This contradicts the assumption made in the course that

the space of step operators associated to every (nonzero) root is one-dimensional. This proves the result. Note that the

assumption I just mentioned which was made during the lectures can be proved directly (and in a non-circular manner).

Question 4

The constraint
2(α, β)

|α|2
∈ Z (4.1)

for any pair of roots α, β was proven in the course to arise from L(SU(2)) representation theory. This constraint places

very strong restrictions on the angles and relative lengths of any two roots: Consider swapping α and β around and

multiplying the constraints together. This gives

4
(α, β)2

|α|2|β|2
= 4 cos2 ϕαβ ∈ Z . (4.2)

1Properly speaking, one needs to add hα to the set of step operators for this to be true. This is a “root” of length zero.
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Therefore

cosϕαβ = ±
√
n

2
, n = 0, 1, 2, 3, 4 . (4.3)

Note that I have implicitly used the facts 1) that the inner product is real and 2) that it is Euclidean (positive definite).

We have five cases to consider depending on the value of this cosine:

• n = 0: The roots are orthogonal and we can say nothing.

• n = 1: The roots are not orthogonal and have equal lengths. This follows from the two constraints

2(α, β)

|α|2
= ±|β|
|α|
∈ Z (4.4)

and
2(β, α)

|β|2
= ±|α|
|β|
∈ Z . (4.5)

which can only be satisfied when the ratio |α|/|β| = 1.

• n = 2: The roots are not orthogonal and have ratio (of largest to smallest root)

√
2 . (4.6)

Argument is as for case 1.

• n = 3: The roots are not orthogonal and have ratio (of largest to smallest root)

√
3 . (4.7)

Argument is as for case 1.

• n = 4: In this case cos2 ϕαβ = 1 so the roots are colinear. By Question 3 we know that they must have the same length.

Now consider any three simple roots α1,2,3, and form the “Cartan-type” matrix

AijCartan−type ≡ 2
(αi, αj)

|α2
i |

. (4.8)

This is distinct from the Cartan matrix in that we only consider three simple roots at a time; it is therefore 3×3. Like the

full Cartan matrix, ACartan−type can be written as a product of matrices DS where Dii = 2/|αi|2 and Sij = (αi, αj); this

implies that it has positive determinant (the crucial point here is that restricting a Euclidean inner product to a subspace

always gives a Euclidean (or positive definite) on said subspace; in this case, the subspace spanned by the three simple

roots). It also satisfies the properties AijCartan−type = 0 ⇐⇒ AjiCartan−type = 0, and AijCartan−typeA
ji
Cartan−type < 4 and

AijCartan−type < 0 if i 6= j (see Question 5). The only property that ACartan−type fails to share with the full Cartan matrix

is, in the case where the Lie algebra is simple, that of irreducibility.

It follows that detACartan−type > 0. This constraint along with the AijCartan−type = 0 ⇐⇒ AjiCartan−type = 0,

Aij = −1,−2,−3, AijCartan−typeA
ji
Cartan−type < 4 (both for i 6= j) and Aii = 2 (no sum) imply that either a)ACartan−type is

reducible (block-diagonal; one of the three nodes is disconnected from the other two in the Dynkin diagram), or b)

• a pair of non-diagonal entries are both equal to −1 (so that two of the three simple roots have equal lengths), and

• not all off-diagonal elements of ACartan−type are nonzero, and finally

• |ACartan−type|ij < 3 for all i 6= j.

You can show this via direct calculation of the determinant; it is a 3 × 3 one so it’s doable (see Question 5 ii) where I

actually do the calculation). In terms of the Dynkin diagram, this shows three things:

1. That of any three nodes that form a connected string, two of them have the same length;
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2. if there exists a pair of nodes connected with a triple edge, then that pair is disconnected from all other nodes (otherwise,

we could find a third node and form an ACartan−type which is of negative, or zero determinant); and

3. there are no cycles in a Dynkin diagram (otherwise, we would have all off-diagonal elements be nonzero).

This proves that of any three connected, simple roots, two of them have the same length. This does not quite prove

the statement for all simple roots however. A remedy is the following. Let α, β, β′, γ be simple roots, where β and β′

are connected by a single edge in the Dynkin diagram (therefore, they are of equal length). You can then check that the

nonsimple root β′′ defined as

β′′ ≡ β + β′ (4.9)

has the same length as β or β′, and that there exist relations of the form

2
(α, β)

|β|2
= 2

(α, β′′)

|β′′|2
, if (α, β) 6= 0 =⇒ (α, β′) = 0 . (4.10)

2
(γ, β′)

|β′|2
= 2

(γ, β′′)

|β′′|2
, if (γ, β′) 6= 0 . (4.11)

that imply that the Cartan-type matrix associated to α, β′′, γ can be obtained from the Dynkin subdiagram of α, β, β′, γ

by collapsing β and β′ together into a single node β′′, connected to α, γ the same way. This is shown by considering the

constraints placed on the Cartan-type matrices of α, β, β′ and β, β′, γ taking into account that β, β′ are connected by a

single edge. This argument can be iterated; it shows that the sum of simple roots pairwise connected by simple edges is

a root of the same length as any term in the sum.

We can finally prove the result for simple roots. We know that for a simple Lie algebra, the Dynkin diagram is con-

nected. Let α, β, γ be simple roots of three different lengths, ordered by length. If they are connected to each other in the

Dynkin diagram, we have reached a contradiction. If they are not, then without loss of generality we can assume that β is

separated from γ by a single connected string of nodes with single edges only. We can “collapse” those connected strings

with single edges; as argued above, the Cartan-type matrix of α, β′′, γ (where β′′ is the collapsed node) is identical to the

Cartan-type matrix formed from the corresponding collapsed Dynkin subdiagram. Thus we have reduced the problem to

the previous case (of three connected simple roots of unequal lengths).

The result for all roots follows e.g. using Weyl reflections on simple roots (which are length-preserving) to obtain all

roots. Unfortunately a shorter proof doesn’t appear to exist (or if it does, I am not capable of writing it down...).

Question 5

5.1 i)

(See also Question 4) Take

AjiAij = 4 cosϕij , i 6= j , no sum . (5.1)

If this equals 4, then αi and αj are colinear. Therefore they cannot both be simple; this contradicts the assumption that

the Cartan matrix is associated to simple, nonidentical roots only.

5.2 ii)

The determinant of A is

detA = 8− 2(``′ + nn′ +mm′) + `m′n+ `′mn′ . (5.2)

All terms except 8 are nonpositive since the off-diagonal elements `,m, n, `′, . . . can only take the values 0,−1,−2,−3.

detA clearly decreases every time any of `,m, n, `′, . . . increase in magnitude. Therefore, to verify that not all off-diagonal

elements can be nonzero we need only consider the case where they all equal −1:

detA|`,m,n,`′···=−1 = 0 . (5.3)

In terms of the Dynkin diagram, this proves that there can be no cycles.
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Therefore we can set one (and therefore two) off-diagonal elements to zero. If we set m = m′ = 0 then A becomes

A =

2 ` 0

`′ 2 n

0 n′ 2

 =⇒ detA = 8− 2(``′ + nn′) . (5.4)

The remaining off-diagonal elements must be nonzero; otherwise we have a disconnected Dynkin diagram, that corresponds

to a Lie algebra which is not simple. It is now easy to see that if there exists a triple edge (e.g ` = −3 =⇒ `′ = −1))

or two double edges (e.g. ` = n = −2, `′ = n′ = −1) then detA ≤ 0; these possibilities are therefore forbidden. The

remaining possibilities are (the node labelling corresponds to setting ` = `′ = −1 in this Cartan matrix)

A3 :
α1 α2 α3

(all = −1) (5.5)

B3 :
α1 α2 α3

⇒ (n = −1, n′ = −2) (5.6)

C3 :
α1 α2 α3

⇐ (n = −1, n′ = −1) (5.7)

We have thus classified all rank 3 simple complex Lie algebras. Permuting α1,2,3 amongst themselves then gives all

possible Cartan matrices, including ones with m 6= 0; these possibilities do not give any new Lie algebras however.

Question 6

The complexified L(SU(3)) is L(SL(3;C)). L(SL(3;C)) has the following basis of step operators and Cartan generators:

eα =

0 1 0

0 0 0

0 0 0

 , e−α = (eα)T (6.1)

eβ =

0 0 0

0 0 1

0 0 0

 , e−β = (eβ)T (6.2)

eγ =

0 0 1

0 0 0

0 0 0

 , . . . (6.3)

hα =
1

2
diag (1,−1, 0) (6.4)

hβ =
1

2
diag (0, 1,−1) (6.5)

hγ =
1

2
diag (1, 0,−1) (6.6)

with commutation relations

[eα, e−α] = 2hα (6.7)

[hα, e±α] = ±e±α (6.8)

etc.

To calculate the roots, we need a basis in the Cartan subalgebra that is orthonormal with respect to the Killing form.

As you will see in sheet 4, when we are dealing with a simple complex Lie algebra in fact we only need consider any

ad-invariant bilinear form on the Lie algebra in place of the Killing form, as any two bilinear forms that share this invari-
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ance property are proportional to each other 2. In particular we can write down a basis of the Cartan subalgebra that is

orthonormal with respect to the trace form

B(X,Y ) ≡ Tr(X,Y ) ∀X,Y ∈ L . (6.9)

You can check directly that this is ad-invariant; the proof is identical to the one for the Killing form. We will use the basis

h1 ≡ hα (6.10)

h2 ≡
1√
3

(hβ + hγ) . (6.11)

In this basis for the Cartan subalgebra the roots take the values

α = (1, 0) (6.12)

β = (−1

2
,

√
3

2
) (6.13)

γ = (
1

2
,

√
3

2
) (6.14)

Along with their negatives, they form the famously hexagonal root diagram.

α, β, γ can be taken to be positive. Then α, β are simple, and form an angle 2π/3 with cosine

cosϕαβ = −1

2
. (6.15)

This corresponds to a single edge. If we label α1 = α, α2 = β then the Dynkin diagram is

A2 :
α1 α2

. (6.16)

with Cartan matrix

A =

(
2 −1

−1 2

)
. (6.17)

Question 7

B2 is LC(SO(5)), with Dynkin diagram

B2 :
α1 α2

⇒ (7.1)

so

A =

(
2 −1

−2 2

)
. (7.2)

Now to draw the root system: Say |α2| = 1 (this choice is arbitrary), then |α1| =
√

2 (from Question 4), and

− 2 = A21 = 2|α1||α2| cosϕ12 =⇒ cosϕ12 = −
√

2

2
. (7.3)

We can now draw the simple roots. In this case, note that |α1| is equal to the length of the diagonal of a square of length

2Proof sketch: take two ad-invariant forms and use them to construct a linear map L → L which commutes with all matrices in the adjoint
representation. Then use Schur’s lemma.
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|α2| = 1, which helps with the actual drawing.

However since I cannot be bothered to draw more than one root diagram per question, I will write down all the positive

roots, then draw the result. To work out the positive roots starting from the simple ones, consider an α2-string through

α1. This has length (see the lectures)

`21 = 1−A21 = 3 . (7.4)

So we know that there exist exactly 3 roots along the line colinear to α2 emanating from α1. We also know that α1 − α2

is not a root (see the lectures). Therefore, the roots on this line are

α1, α1 + α2, α1 + 2α2 . (7.5)

The roots we just found are positive. I will now use a shortcut to prove that the roots we just found, along with α2,

are all the positive roots. Consider an arbitrary complex simple Lie algebra L, and a Cartan-Weyl basis for it, so that

L =
∑
α∈Φ+

{eα, e−α} ⊕H . (7.6)

where Φ+ are the positive roots and H is the Cartan subalgebra. This is the root space decomposition. Then

dimL = 2|Φ+|+ dimH = 2|Φ+|+ rank L (7.7)

where |Φ+| is the number of positive roots. This expresses the fact that for every positive root we have a pair of step

operators in the Lie algebra, and that they along with the Cartan generators span the Lie algebra. Therefore

|Φ+| = 1

2
(dimL− rank L) . (7.8)

For the case L = LC(SO(5)) we have

|Φ+| = 1

2
(10− 2) = 4 . (7.9)

We have found four positive roots; we are done.

If you would rather not use this questionably legal (in the context of the problem statement) shortcut, you can consider

all possible strings of roots through other roots to arrive at the same result. The root diagram follows.
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.

Figure 1: The B2 root diagram. The simple roots are in red, and the positive roots are the ones drawn with arrowheads.

Question 8

This question is about determining the full Lie algebra commutation relations from the root diagram. The root diagram

of A2 is famously hexagonal. I will not draw it because it’s famous. There are two simple roots α and β and the positive

roots are α, β, θ = α + β. The positive roots can all be obtained from α by successive rotations by 60◦. Keep the root

diagram in mind through the question to figure out whether brackets of the form [eα1 , eα2 ] are nonvanishing.

In the Cartan-Weyl basis,

[hα1 , eα2 ] = 2
(α1, α2)

|α1|2
eα2 (8.1)

[eα1 , eα2 ] = nα1,α2
eα1+α2 if α1 + α2 ∈ Φ & α1 + α2 6= 0 (8.2)

[eα, e−α] = hα if α ∈ Φ+ . (8.3)

These equations define the normalisation constants nα1,α2
.

We can fix the normalisation constants by considering

[eθ, e−θ] = hθ = hα + hβ . (8.4)
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We will calculate this in three different ways.

1. First write

[eθ, e−θ] =
1

nα,β
[[eα, eβ ], e−θ] (8.5)

= − 1

nα,β

(
[[e−θ, eα], eβ ] + [[eβ , e−θ], eα]

)
(Jacobi) (8.6)

= − 1

nα,β

(
n−θ,α[e−β , eβ ] + nβ,−θ[e

−α, eα]
) (

using [e−θ, eα] = n−θ,αe
−β) (8.7)

=
n−θ,α
nα,β

hβ +
nβ,−θ
nα,β

hα , (8.8)

=⇒ n−θ,α = nβ,−θ = nα,β . (8.9)

2. Now expand the second term:

[eθ, e−θ] =
1

n−α,−β
[eθ, [e−α, e−β ]] (8.10)

= . . .

=
n−β,θ
n−α,−β

hα +
nθ,−α
n−α,−β

hβ (8.11)

=⇒ n−β,θ = nθ,−α = n−α,−β . (8.12)

3. Finally expand both:

[eθ, e−θ] =
1

n−α,−βnα,β
[[eα, eβ ], [e−α, e−β ]] (8.13)

= . . . (8.14)

=⇒ nα,β = n−α,−β . (8.15)

We have fixed everything in terms of a single constant, which we can take to be nα,β ; this can be fixed by rescaling eθ.

Question 9

Let’s collect some definitions and results from the lectures. The fundamental weights wi are defined by

2
(αi, wj)

|αi|2
= δij ⇐⇒ αi = Aijwj (sum) , i, j = 1, 2 . . . rank L (9.1)

where the αi here are the simple roots. It was shown in the lectures that any weight (of any representation) is a linear

combination of wi with integer coefficients.

A highest weight Λ is a weight that satisfies

R(eα)vΛ = 0 , ∀α ∈ Φ+ (9.2)

where R is an irreducible representation, Φ+ is a set of positive roots, and vΛ is a vector in the weight space associated

to Λ, VΛ. The definition of highest-weights then depends on a choice of positive roots. It is a known theorem that every

finite-dimensional representation of a finite dimensional complex Lie algebra L has a unique highest-weight vector (defined

up to multiplication by a constant in C, and up to a choice of positive roots). A highest-weight can be labelled by the

coefficients Λi appearing in

Λ = Λiwi (9.3)

the Λi are the Dynkin labels; by the theorem just mentioned, they specify a representation uniquely.
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Finally, denote the set of roots of (irreducible) representation R by SR. The following lemma is indispensable in

determining the full weight diagram, starting from the highest weight:

Lemma 1. If λ = λiwi ∈ SR, then

λ−miαi ∈ SR , (no sum) ∀mi, λ
i : 0 ≤ mi ≤ λi ,mi ∈ Z . (9.4)

This expresses the fact that weights lie on complete LC(SU(2)) strings with respect to every LC(SU(2)) subalgebra corre-

sponding to each positive root, or—what amounts to the same thing—that the weight diagram SR is symmetric under all

Weyl reflections.

The lemma is proved in a similar fashion to the proof that roots must lie on complete LC(SU(2)) strings.

We can now deal with the case at hand. The fundamental weights of A2 are given by

αi = Aijwj (9.5)

which implies

w1 =
2α1 + α2

3
(9.6)

w2 =
α1 + 2α2

3
(9.7)

and (what is more useful)

α1 = 2w1 − w2 (9.8)

α2 = −w1 + 2w2 (9.9)

The representation with Λ = (2, 0) has

Λ = 2w1 . (9.10)

The lemma implies that both Λ − α1,Λ − 2α1 lie on the weight diagram of this same representation, because the

coefficient of w1 is 2 ≥ 0. We have

Λ− α1 = w2 (9.11)

Λ− 2α1 = −2w1 + 2w2 . (9.12)

Now use the lemma again. Λ − α1 = w2 = 1w2, therefore Λ − α1 − α2 ∈ SR. By the same reasoning, Λ− 2α1 − α2,Λ −
2α1 − 2α2 ∈ SR. They have

Λ− α1 − α2 = w1 − w2 (9.13)

Λ− 2α1 − α2 = −w1 (9.14)

Λ− 2α1 − 2α2 = −2w2 . (9.15)

The procedure has visibly terminated; there are no more positive coefficients. To finish, we have to determine the

multiplicity of each weight space actually, I just realised we are not asked to do this, but I have sketched this in class

already so I will write that up anyway. The multiplicity of the weight space Vλ is its dimensionality. The highest weight

weight space VΛ is dimension one, by the theorem I mentioned earlier. For the rest of the weights, the argument is

reminiscent of the one used for Question 3.

Consider the string of weights

Λ,Λ− α1,Λ− 2α1 . (9.16)

12



These form an LC(SU(2)) string under α1, therefore the minimum dimensionality of both VΛ−α1
and VΛ−2α1

is one; label

the weight vectors in this LC(SU(2)) string under α1 by vΛ−α1
, vΛ−2α1

respectively. Now let e.g. dimVΛ−α1
> 1. Then

there exists a weight vector v′Λ−α1
∈ VΛ−α1

which is orthogonal to vΛ−α1
.

The rest of the argument is very similar to that of Question 3. v′Λ−α1
must lie on an unbroken LC(SU(2)) string under

α1. This string must have length one; otherwise the weight vector

R(eα1)v′Λ−α1
(9.17)

would be linearly independent from vΛ but lies in the same weight space VΛ; this is a contradiction. Therefore

R(eα1)v′Λ−α1
= 0 . (9.18)

However, we also have

R(eα2)v′Λ−α1
= 0 (9.19)

because we know there is no weight vector of weight Λ − α1 + α2. The two conditions combined imply that v′Λ−α1
is a

highest-weight vector, linearly independent from vΛ; this is another contradiction. Therefore

dimVΛ−α1
= 1 . (9.20)

The same argument goes through mutatis mutandis for the rest of the weight spaces. They are all 1-dimensional and we

have

dim(2, 0) = 6 . (9.21)
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