
DUALITY, TRACE, AND TRANSFER
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ABSTRACT. For any fibration of spaces whose fibres are finite complexes there
exists a stable map going the “wrong” way, called a transfer map. A nice way
to construct them, due to May and Sigurdsson, is to use traces in a homotopy
category of parametrized spectra. I’ll define dualizable objects and traces in sym-
metric monoidal categories (giving the usual examples), construct the homotopy
category of parametrized spectra, and explain how combining the two gives us
transfers. Following Ando, Blumberg, Gepner, Hopkins, and Rezk, this is easy —
except it requires using the word “∞-category”; I’ll circumvent this problem by
means of vague analogies.

The aim of this talk is to construct transfer maps τ( f ) : Σ∞
+X → Σ∞

+E for fi-
brations f : E → X whose fibres have finite integral homology. We’ll do this by
applying the theory of trace maps in symmetric monoidal categories to a homo-
topy category of parametrized spectra. This method is due to May and Sigurds-
son [MS06], though it is essentially a generalization in a more elegant setting of the
original construction of Becker and Gottlieb [BG76]. We’ll avoid the rather com-
plicated constructions May and Sigurdsson need to construct a model category of
parametrized spectra by taking equivalent, but much simpler approach of Ando,
Blumberg, Gepner, Hokins and Rezk [ABG+08, ABG10], but this does require a
detour into the land of ∞-categories.

In section 1 we define dualizable objects and traces in symmetric monoidal
categories, giving some of the usual examples (which I have shamelessly stolen
from [PS09]). Section 2 gives a very brief and vague introduction to ∞-categories
(mainly copying [Lur09], of course). Finally, in section 3 we define the Ando-
Blumberg-Gepner-Hopkins-Rezk ∞-categories of parametrized spectra, and con-
struct transfers.

1. DUALIZABLE OBJECTS AND TRACES
Let C be a symmetric monoidal category. Thus C is equipped with a “ten-

sor product” ⊗ with a unit I and associativity and symmetry isomorphisms we’ll
mostly leave implicit.

Definition 1.1. An object X of C is dualizable if there exists an object X∗, the dual
of X, and morphisms c : I → X ⊗ X∗ (coevaluation) and e : X∗ ⊗ X → I (evaluation)
such that the composites

X ∼= I ⊗ X c⊗1−−→ X⊗ X∗ ⊗ X 1⊗e−−→ X⊗ I ∼= X,

X∗ ∼= X∗ ⊗ I 1⊗c−−→ X∗ ⊗ X⊗ X∗ e⊗1−−→ I ⊗ X∗ ∼= X∗

are both identity morphisms.
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C is closed if there are internal hom objects Map(X, Y) for all X, Y ∈ C such that the
functor Map(X, –) is right adjoint to –⊗ X. In other words, HomC(Z, Map(X, Y))
is naturally isomorphic to HomC(Z⊗ X, Y). We abbreviate Map(X, I) to DX and
refer to it as the dual of X. This does not conflict with the previous terminology:

Proposition 1.2. Suppose C is a closed symmetric monoidal category.
(i) An object X ∈ C is dualizable if and only if the natural map X ⊗ DX →

Map(X, X) is an isomorphism, in which case its dual is necessarily DX.
(ii) If X is dualizable then for all Y ∈ C the natural map Y⊗DX → Map(X, Y) is

an isomorphism.

Proof. Suppose X ∈ C is dualizable with dual X∗ and evaluation and coevalution
morphisms e and c. If we consider c and e as natural transformations between
the functors giving by tensoring with the corresponding objects of C, then the
identities required of them are precisely those definining adjunction morphisms
between –⊗ X and –⊗ X∗. Thus –⊗ X is left adjoint to –⊗ X∗. But that means for
any objects Z and W in C we have natural isomorphisms

Hom(Z, W ⊗ X∗) ∼= Hom(Z⊗ X, W) ∼= Hom(Z, Map(X, W)).

By the Yoneda Lemma, this implies that W ⊗ X∗ ∼= Map(X, W); in particular, with
W = I, the dual X∗ is isomorphic to Map(X, I) = DX. �

Examples 1.3.
(i) (Vector spaces) Let Vectk be the category of vector spaces over a field k, with

the usual tensor product ⊗k. Then V ∈ Vectk is dualizable if and only if
it is finite-dimensional. If we pick a basis ei of V with dual basis e∗i then
the coevaluation map k → V ⊗ V∗ sends 1 ∈ k to ∑i ei ⊗ e∗i — it is easy to
check that this element is actually independent of the choice of basis. The
evaluation map V ⊗ V∗ → k is the usual evaluation map sending x ⊗ φ to
φ(x).

(ii) (Modules) Let ModR be the category of modules over a ring R. The dualiz-
able objects of ModR are precisely the finitely generated projective modules.

(iii) (Chain complexes) Let ChR be the category of chain complexes over R, with
the usual tensor product: (A⊗ B)n =

⊕
i+j=n Ai ⊗ Bj; note that the correct

symmetry isomorphism has signs. A chain complex over a ring R is dualiz-
able if and only if it is bounded and is a finitely generated projective module
in the finitely many degrees where it is non-zero.

(iv) (Derived category) Let DR be the derived category of chain complexes over
R, constructed by inverting the quasi-isomorphisms in ChR; the tensor prod-
uct on ChR descends to DR. The dualizable objects are the ones that are
quasi-isomorphic to dualizable objects in ChR.

(v) (Spectra) Let hSp be the homotopy category of spectra, with the smash prod-
uct. Then a spectrum is dualizable if and only if it is finite, i.e. it can be built
from finitely many cells. Equivalently, a spectrum is finite if and only if it
has finite Z-homology (i.e. finitely generated in each degree and 0 except in
finitely many degrees) — this was apparently proved by Freyd [Fre66].

Suppose X is a dualizable object of C with dual X∗. Then for any morphism
f : P⊗ X → Q⊗ X we can construct a morphism P→ Q as follows:

P ∼= P⊗ I 1⊗c−−→ P⊗ X⊗ X∗
f⊗1−−→ Q⊗ X⊗ X∗ ∼= Q⊗ X∗ ⊗ X 1⊗e−−→ Q⊗ I ∼= Q.
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This is called the trace of f ; we’ll denote it by tr( f ). Here are some of the usual
examples of traces:

Examples 1.4.
(i) Let V be a finite-dimensional k-vector space. Then the trace of idV is the

dimension of V (i.e. the map tr(idV) : k → k is multiplication by dim V).
More generally, if α : V → V is an endomorphism of V then tr(α) : k → k is
multiplication by the trace of α in the sense of linear algebra.

(ii) If A• is a dualizable object of ChR then the trace of idA• is the Euler char-
acteristic of A•, i.e. ∑i(−1)i dim Ai (the signs come from the symmetry iso-
morphism). (Similarly for an endomorphism of a chain complex we get its
“Lefschetz number”.) In the derived category we get the same thing (by the
usual argument the Euler characteristic can be computed in terms of homol-
ogy).

The key example for us will be the trace of the diagonal map of a dualizable
suspension spectrum: If X is a space, its suspension spectrum Σ∞

+X is dualizable
in hSp if and only if X has finite integral homology; this is true, for example, if
X has the homotopy type of a finite complex, or of a retract of a finite complex.
The diagonal map X → X × X gives a diagonal map of spectra ∆X : Σ∞

+X →
Σ∞
+(X× X) ∼= Σ∞

+X ∧ Σ∞
+X; this has a trace tr(∆X) : S→ Σ∞

+X. We’ll need a name
for this; let’s refer to it as the trace Tr(X) of X, just to be confusing.

Remark 1.5. If X is connected, the element of π0(Σ∞
+X) ∼= H0(X) ∼= Z correspond-

ing to Tr(X) is the Euler characteristic of X. More generally, π0(Σ∞
+X) ' Zr where

r is the number of components of X, and Tr(X) is the vector in Zr whose compo-
nents are the Euler characteristics of the corresponding connected components of
X.

2. BRIEF REVIEW OF ∞-CATEGORIES

An n-category (for 0 ≤ n ≤ ∞) is supposed to be a gadget that has objects,
(1-)morphisms between objects, 2-morphisms between 1-morphisms, and so on
up to n-morphisms between (n − 1)-morphisms, and an (n, k)-category is an n-
category where all the m-morphisms with m > k are invertible — up to higher
morphisms. They are annoying because in the correct type of n-category compo-
sition of morphisms is only associative up to a morphism of higher degree — this
leads to coherence relations that are impossible to write down even for relatively
small values of n.

We’re interseted in the particular case of (∞, 1)-categories, which we’ll refer to
as ∞-categories.

Examples 2.1.
(i) There should be an ∞-category S such that

• the objects of S are spaces,
• the 1-morphisms are continuous maps between spaces,
• the 2-morphisms are homotopies between continuous maps,
• the 3-morphisms are homotopies between homotopies,
• . . .

(ii) If X is a topological space, there should be an ∞-category Π∞(X) with ob-
jects the points of X, 1-morphisms paths between points of X, 2-morphisms
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homotopies between paths, etc. — in general the n-morphisms should cor-
respond to continuous maps In → X. This is the fundamental ∞-groupoid
of X. Since paths in a space are reversible, the 1-morphisms in Π∞(X) are
invertible (up to higher morphisms), so Π∞(X) should actually be an (∞, 0)-
category (or ∞-groupoid). In fact, in any reasonable theory of ∞-categories
every ∞-groupoid should be of this form.

(iii) Of course, every ordinary category should also be an ∞-category.

It is possible to construct a theory of ∞-categories using simplicial sets — this
is good because we already like simplicial sets. Let’s briefly review simplicial sets
and how they are related to both spaces and categories:

Let ∆ be the category whose objects are the linearly ordered sets [n] = {0, . . . , n}
for n = 0, 1, . . ., and with morphisms [n] → [m] given by order-preserving maps.
Then a simplicial set is a functor ∆op → Set; if X is a simplicial set we usually write
Xn for X([n]). The n-simplex ∆n is the simplicial set given by ∆n

m = Hom∆([m], [n]).
The ith horn Λn

i of ∆n is the simplicial set obtained by removing the interior and
the ith face from ∆n.

A Kan complex X is a simplicial set satisfying the following property: every map
Λn

i → X from a horn can be extended to a map ∆n → X. The Kan complexes turn
out to be a good model for spaces (in a precise model-categorical sense we won’t
go into here).

If C is an ordinary category, its nerve NC is the simplicial set with NCn =
Hom([n],C) (i.e. the set of functors from the ordered set [n], regarded as a cat-
egory, to C). We can characterize the simplicial sets that are nerves of categories by
the following property: every map Λn

i → X from an inner horn (i.e. 0 < i < n) has
a unique extension to a map ∆n → X.

Thus we have particular types of simplicial sets that correspond to spaces and
that correspond to categories, defined by remarkably similar conditions. What
happens if we take the intersection of the two conditions? We get a very good
theory of ∞-categories!

Definition 2.2. An ∞-category is a simplicial set X such that every map Λn
i → X

from an inner horn (i.e. 0 < i < n) has an extension to a map ∆n → X.

Analogues of all the important concepts of category theory can be defined for
these ∞-categories (see [Lur09,Lur06,Lur07a,Lur07b]), but they often require rather
a lot of technical work to set up. Let’s see how to define functor categories and
colimits for ∞-categories, but leave other concepts, like adjoint functors and sym-
metric monoidal structures, as vague analogies:

If X and Y are simplicial sets, there exists a simplicial set Map(X, Y) of maps
from X to Y, defined by Map(X, Y)n = HomSet∆(X×∆n, Y). If Y is an ∞-category,
it turns out that Map(X, Y) is also an ∞-category, for any simplicial set X.

Definition 2.3. If C and D are ∞-categories, the functor ∞-category Fun(C,D) is just
the simplicial mapping space Map(C,D).

Fact. Limits and colimits (and in particular equivalences) are computed pointwise;
this will be useful in the next section.

Definition 2.4. The join A ? B of two simplicial sets A and B is defined by

(A ? B)n := An q Bn q ä
i+j=n−1

Ai × Bj,
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with face and degeneracy maps induced from those of A and B. The left cone K/ of
a simplicial set K is then ∆0 ? K and the right cone K. is K ? ∆0. The vertices of K/

and K. coming from the vertex of ∆0 are referred to as cone points.

Definition 2.5. Let p : K → S be a map of simplicial sets. Then the simplicial set
S/p is defined by

(S/p)n = Homp(∆n ? K, S),
where Homp means the maps restricting to p on K. This simplicial set has the
universal property

Hom(Y, S/p) = Homp(Y ? K, S)
for all Y. If S is an ∞-category we call S/p an overcategory. Similarly, Sp/ is defined
by

(Sp/)n = Homp(K ? ∆n, S);
this satisfies the universal property

Hom(Y, Sp/) = Homp(K ? Y, S)

for all Y and is called an undercategory if S is an ∞-category.

Definition 2.6. Let C be an ∞-category. An object x ∈ X is final if the projection
C/x → C is a trivial fibration of simplicial sets. Similarly, x is initial if Cx/ → C is a
trivial fibration.

Definition 2.7. Let C be an ∞-category and p : S → C a map of simplicial sets. A
colimit for p is an initial object of Cp/ and a limit for p is a final object of C/p. We
may identify such objects with maps S. → C and S/ → C extending p, respectively.
Evaluating these at the cone points we get objects of C that we also refer to as the
colimit and limit of p, respectively.

If C is a simplicial category (i.e. a category enriched in simplicial sets) then one
can define a simplicial set NC, called its simplicial nerve. If the mapping spaces in
C are Kan complexes, then NC will be an ∞-category — this is a common way to
construction ∞-categories. In particular, if we have a simplicial model category C,
the “correct” ∞-category corresponding to it is NC◦ where C◦ is the subcategory
of fibrant-cofibrant objects. Using this procedure one can construct ∞-categories
of spaces, spectra, and so on.

3. ANDO-BLUMBERG-GEPNER-HOPKINS-REZK PARAMETRIZED SPECTRA AND
BECKER-GOTTLIEB-DOLD-MAY-SIGURDSSON TRANSFER MAPS

We are now ready to define ∞-categories of parametrized spectra. Follow-
ing Ando, Blumberg, Gepner, Hopkins and Rezk we define the ∞-category of
parametrized spectra over a space X to be SpX := Fun(X, Sp) (where Sp is an ∞-
category of spectra). We can think of a parametrized spectrum E : X → Sp as a
“bundle” of spectra over the space X, and the value Ex := E(x) at a point x ∈ X
as the “fibre” of E at x.

For any map of spaces f : X → Y, we obviously get a functor f ∗ : SpY → SpX by
composing with f . Since limits and colimits in functor categories are pointwise,
the functor f ∗ preserves limits and colimits. It therefore follows (by the adjoint
functor theorem for ∞-categories [Lur09, Corollary 5.5.2.9]) that f ∗ has a left ad-
joint f! and a right adjoint f∗ — these take a functor E : X → Sp to its left and right
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Kan extensions along f . The fibres of f!X and f∗X at a point y ∈ Y are colimx∈Fy Ex
and limx∈Fy Ex, respectively, where Fy is the homotopy fibre of f at y.

The smash product ∧ on Sp gives SpX a closed symmetric monoidal structure
∧X . Roughly speaking, E ∧X F has fibres (E ∧X F)x ' Ex ∧ Fx, and the internal
hom objects are similarly constructed fibrewise. The functors f ∗ are strong sym-
metric monoidal with respect to this product.

The ∞-category S/X of spaces over X is equivalent to the functor ∞-category
Fun(X, S) — the equivalence sends a map f : Y → X to the functor X → S that
sends a point x to the homotopy fibre of f at x. Composing with Σ∞

+ : S → Sp we
get a functor Σ∞

+X : S/X → SpX .
If f : Y → X is a map of spaces, then we can identify Σ∞

+X f with f!SY where SY
is the constant functor from Y to Sp with value the sphere spectrum S. We see that
( f!SY)x ' colimy∈ f−1(x) S ' Σ∞

+ f−1(x) ' (Σ∞
+X f )x.

Since we can check for equivalences in functor ∞-categories pointwise, we see
that f!SY is dualizable in SpY if and only if all the fibres of f are dualizable in Sp
— i.e. if and only if the fibres all have finite integral homology.

There is a natural diagonal map ∆ f : f!SY → f!SY ∧X f!SY — its adjoint SY →
f ∗( f!SY ∧X f!SY) ' f ∗ f!SY ∧Y f ∗ f!SY is given by tensoring two copies of the ad-
junction morphism SY → f ∗ f!SY. On fibres, this is given by the diagonal maps
Σ∞
+F → Σ∞

+F ∧ Σ∞
+F where F is a fibre of f .

If f has dualizable fibres, then ∆ f has a trace (in hSpX , so we’re only defining it
up to homotopy):

SX → f!SY ∧X D( f!SY)→ f!SY ∧X f!SY ∧X D( f!SY)→ f!SY.

Let’s call this the pretransfer t( f ) of the map f . On fibres, it’s just the trace in Sp of
the fibres of f .

To get the transfer in Sp we just apply the functor r! where r : X → ∗ is the map
from X to a point. This takes a parametrized spectrum E to the colimit colimx∈X Ex
in spectra, so in particular r!SX ' colimx∈X S ' Σ∞

+ colimx∈X ∗ ' Σ∞
+X and sim-

ilarly r! f!SY ' (r f )!SY ' Σ∞
+Y. Thus r!t( f ) is a map of spectra Σ∞

+X → Σ∞
+Y —

this is the transfer τ( f ) of f .

Remark 3.1. Here’s a slightly different way to think about the transfer: Consider
a fibration f : E → X whose fibres f−1(x) are dualizable. Let QX(E) → X be the
corresponding fibration whose fibre at x is Q+( f−1(x)) = Ω∞Σ∞

+ f−1(x). Then for
each fibre the trace map S→ Σ∞

+ f−1(x) gives us a map ∗ → Q+( f−1(x)) — it can
be shown that these fit together into a section X → QX(E) of the fibration (this is a
non-trivial step that we avoid when using parametrized spectra). But there’s a nat-
ural “assembly” map QX(E) → Q+(E): we have QX(E) = colimx∈X Q+( f−1(x))
and Q+(E) = Q+(colimx∈X f−1(x)). The composite X → QX(E) → Q+(E) is
adjoint to the transfer map Σ∞

+X → Σ∞
+E.
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