
Cressie, N., Zhang, J., and Craigmile, P. F. (2005).  

Geostatistical prediction of spatial extremes and 

their extent, in  Geostatistics for Environmental 

Applications, Proceedings of the Fifth Conference 

on Geostatistics for Environmental Applications, eds 

P. Renard, H. Demougeot-Renard, and R. 

Froidevaux.  Springer, Berlin, DE, 27-37. 

 



Geostatistical prediction of spatial extremes and 
their extent 

N. Cressie, J. Zhang and P.F. Craigmile 

Department of Statistics, The Ohio State University, Columbus, OH 43210 USA 

1 Introduction 

The motivating example in this paper involves a region whose soils have been 
contaminated by tetrachlorodibenzo-p-dioxin (TCDD). Remediation is required 
when TCDD concentrations are above predetermined levels. That is, for a geosta
tistical process {Z(s) : s E D c 1R1

} and a given threshold t, we are interested in 
spatial prediction of such nonlinear functionals as J(Z(A) ;::: t) based on data Z = 
(Z(s 1),. • .,Z(s11))', where Z(A) = ave{Z(s):s EA} and Ac D. 

The prediction of linear functionals of Z, such as Z(s0) at a known point s0 or 
Z(A) for a given block A, can be carried out via kriging (e.g., Matheron 1963, 
Joumel and Huijbregts 1978 - Chapter V, Cressie 1993b - Chapter 3). When pre
dicting nonlinear functionals of Z, the major thrust in geostatistics has been to use 
nonlinear predictors such as indicator kriging (Joumel 1983), indicator cokriging 
(Lajaunie 1990), and disjunctive kriging (Matheron 1976). While these methods 
are appropriate for nonlinear functionals like J(Z(s0) ;::: t), they do not generalize to 
the problem of predicting J(Z(A) ;::: t). Clearly, conditional simulation (e.g., 
Deutsch and Joumel 1992) can be used for inference, but we would like to show in 
this paper that a more analytic method based on loss functions targeted at spatial 
extremes goes beyond the usual inference from conditional simulation. This 
method is compared with two types ofkriging. 

The first kriging is ordinary or universal kriging (e.g., Joumel and Huijbregts 
1978). The second kriging is covariance matching constrained kriging (CMCK) 
due to Aldworth and Cressie (2003), where constraints are added to the kriging 
equations that force elements of the variance matrix of a vector of linear predictors 
to match those from the corresponding predictands. The CMCK predictor is unbi
ased, has approximate optimal mean squared prediction error, handles additive 
measurement error straightforwardly, and can predict nonlinear functionals of 
Z(A) just as easily as those of Z(s0). Its strength is its generality for handling many 
types of nonlinearity, but it has not been tested properly on highly nonlinear func
tionals like extrema and their spatial extent. Recently, Craigmile et al. (2004) have 
developed a method of tackling such functionals by directly building loss func
tions (namely, IWQSELs) that put more weight on values of Z that are spatially 
extreme according to a target value of a near (but less than) 1. 
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The IWQSEL predictors are described in Section 2, and Section 3 contains a 
brief summary of CMCK prediction. Section 4 gives details on the example con
cerning environmental characterization and remediation of TCDD contamination 
in soil. This is followed with a comparison of kriging and CMCK to IWQSEL 
prediction using the TCDD example. Conclusions and discussion are given in Sec
tion 5. 

2 Loss functions for extremes 

Suppose that the geostatistical process Z satisfies, 

Z(s) = µ(s) + 8(s); s ED, (1) 

where µ(s) = x(s)'P denotes a linear-trend component for fixed explanatory vari
ables, x(s) E JR", and p E JRP are regression parameters. We assume that the proc
ess {8(s): s E D} is a mean-zero, stationary spatial process with covariance func

tion C0(-) and spatial parameters, 9 E JR'I. Let r/J = (pi, 9')'. Recall that the data are 

Z = (Z(s1) , •• • ,Z(s,,))' observed at locations {s1, ••• , s,,}. 
The cumulative distribution function of Z(s) at some spatial location s is 

defined by F z(sJ(z) = Pr(Z(s) :Sz). As in Craigmile et al. (2004), we define the aver
aged cumulative distribution function (ACDF) over the region B c D to be 

F 8 (z) =-
1-f Fz(s) (z)ds, 

IBI B 

(2) 

where IBI denotes the d-dimensional volume of the region B. The inverse ACDF is 
then defined by F

8
-

1(p)=inf{z EIR : F
8

(z) :?: p} · Now we introduce the loss func-

tion for predicting the process ZO in B using Z O : 

(3) 

where 

wB(Z(s)) = f ~ w(p)J(Z(s) E (F;;1(p),F;;1 (p + dp)]), 
(4) 

IO is the indicator function, and the "importance function" w(-) : [0,1 ] ---+ [O,oo) is 
prespecified. Craigrnile et al. (2004, Sec. 2.3) give examples of possible choices 
for w(-), such as the sigmoid-type function defined by 

w(p) = l · pE[0,1], 
1 + e - C(p- a) ' 

(5) 

where C > 0 is a scale parameter and 1/2 < a < l is the target value for which we 
wish to predict high extremes and their extent. For a given ex, larger values of C 
put more weight on larger values of ZO in the loss function (3) . Thus, C controls 
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the amount of shrinkage in the predictor. A good choice of C can be obtained by 
minimizing the bias in estimating the inverse ACDF, F8-

1(a), for known rjJ; in 

practice, an estimate rjJ is plugged in. 

Upon minimizing the loss function (3) componentwise, Craigmile et al. 
(2004) show that the IWQSEL predictor of Z(·) at a location s*EB is given by 

~ * _ JR Ws(z)fz(s*)(z I Z)z dz_ E(w8 (Z(s*))Z(s*) \ Z) (6) 
z,,.q(s )- f -

h w8 (z)fz(s*J(z I Z) dz E(w8 (Z(s*)) I Z) 

where iz<,.i(z I Z) denotes the conditional density of Z(s*) given the data Z, some
times called the predictive density. Note that (6) is a special functional of this 
density and hence it could equally well be computed by conditional simulation. 

In practice, we need to approximate the integrals (2), (3), and (4). For a 
finite collection of points {s*j :j = 1, ... ,m} that cover B well, we can approximate 
the ACDF of the Z(-) process, F80, by 

(7) 

Under Gaussianity, these probabilities are obtained from the Gaussian cumulative 
distribution function. 

The expression (7) is then substituted into ( 4) to obtain w B 0 . Finally, to ap

proximate (6), let {z<1l(s*), ... , z<Cl(s*)} be a random sample of size ,(', from 
hs•i(z \ Z). Then we approximate z,,"(s*) by 

- * - L::=I Ws czul (s*)) zUl (s*) 
z""1 (s )- 1 · Lj=I ws (zui (s*)) 

(8) 

All the equations above simplify somewhat if the error process, 8(-), is Gaus
sian; in (7), the right-hand side is the average of Gaussian CDFs with parameter 
estimates plugged in, and the conditional distribution of Z(s*) given Z (from 
which we simulate) is Gaussian. 

3 Covariance matching constrained kriging (CMCK) 

The universal kriging (UK) block predictor of Z(A) is well known to be, 

Zuk (A)= x(A)'P + c(A)':2:-1 (Z- xj}), (9) 

where :2: = var(Z); c(A) = ( C(s1,A),. . .,C(s0 ,A))' and C(s,A) = (J A C0(s-u) du) I IA\; X 
= (x/s1)) is an n x p matrix of explanatory variables; x(A) = f Ax (u) du I \A\; and 

p is the best linear unbiased estimator of~' namelyp = (X':2:- 1xr1 X':2:- 1Z. 
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Now consider prediction of g(Z(A)), where g is a smooth nonlinear function 
and IAI > 0 or A is countable. Cressie (1993a) proposed the constrained kriging 
(CK) predictor z ck (A), which is an optimal linear predictor that is unbiased for 

Z(A) (as is Z
11
k (A)) and satisfies the extra constraint, var(Zck (A))= var(Z(A)). 

Cressie (1993a) showed that E(g(Zck (A)))"" E(g(Z(A))) . 

In the spirit of wanting the predictor's statistical properties to match those of 
the target quantity, Aldworth and Cressie (2003) extended this methodology to in
clude further constraints, where (some) covariances are matched in addition to the 
variance(s). This covariance-matching constrained kriging (CMCK) predictor 
zc,,, O includes z ck o as a special case. 

Consider the problem of predicting the M-dimensional vector, Z(A) = 
(Z(A 1), ••• ,Z(AM))', where A; c D; i = 1, ... ,Mand A= {A 1, ••• ,AM}. The CMCK 
predictor, given by Aldworth and Cressie (2003), is: 

(10) 

where XM = (x/A;)) is an M x p matrix, CM= (c(A 1) , ••• ,c(AM)) is an n x M matrix, 
and K is an M x M matrix defined as follows. Write P = var(Z(A))-var(X M~) and 

Q = var(Z
11
k )-var(X M~). Under the assumption that both of these M x M matrices 

are positive-definite, there exist nonsingular matrices P 1 and Q1 such that P=P' 1P 1 

and Q=Q' 1Q1• Then K = Q-1
1P 1• Notice that the two constraints, E(Zc,,, ) = E(Z(A)) 

and var(Zc,,, ) = var(Z(A)),are satisfied; the latter constraint involves covariances 

as well as variances. 
When the CMCK predictor is not defined (i.e., P or Q is not positive

definite ), the covariance constraints can b.e relaxed until it is defined. Cressie and 
Johannesson (2001) took the approach of including the (M - 1) nearest data loca
tions to prediction region A, and then predicting Z(A) using the implied M(M+ 1 )/2 
variance-covariance constraints. This is what we shall do in the next section on 
TCDD contamination. Also, in the next section, we shall detrend the data first and 
apply CMCK to the residual process RO with constant trend, namely E(R(-)) = ~0 . 

This amounts to puttingp = 1 and x(s) = 1 in the formulas above. 

4 TCDD contamination in soil 

4.1 Background 

In environmental-remediation problems, soil contamination at one location often 
leads to contamination at other locations because of the conductivity properties of 
soil. This has been demonstrated by many case studies such as for the TCDD (tet
rachlorodibenzo-p-dioxin) data, which were analyzed by Zirschky and Harris 
(1986) and Waller and Gotway (2004). 
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In 1971, a truck transporting dioxin-contaminated residues dumped an un
known quantity of waste in a rural area of Missouri in order to prevent citations 
for being overweight. Although the highest concentration occurred where the 
waste was dumped, contamination had spread to the shoulders of an adjacent state 
highway. In November 1983, The US Environmental Protection Agency (EPA) 
collected soil samples along transects and measured the TCDD concentration (in 
µg/kg) in each sample. Samples were composited along the transects. In our analy
sis, we consider only the data close to the dumping location, where the TCDD 
concentrations tend to be larger. (Recall that our goal is to estimate high extrema 
and their extent.) These data are based on 50-foot transects and there are no non
detects. 

Thus, we consider measurements of 31 samples of TCDD within a region of 
D, a 458 x 78 square-foot rectangle. The direction parallel to the highway and the 
transects is defined to be the x-direction, and the y-direction is then perpendicular 
to the highway. The x-coordinates of the data are the x-values of the start of each 
transect. A plot of the data and their spatial locations is shown in Fig. la, where 
the decimal point represents the (x,y) coordinate of the data 

4.2 Spatial Analysis 

The TCDD data appear to be lognormally distributed; see Fig. lb. Let {Z(s;): i = 

1, ... ,31} denote the observed log concentrations. Based on some exploratory plots 
and regression analysis, we considered the model, Z(s) = µ(s) + o(s); s ED, for 

the log-concentration process, where µ(s) = x(s)'l3, 13 = (p0, P1)', and x(s) = (1, /)' 
denotes a quadratic trend in the y-direction for s = (x, y). The ordinary least 
squares estimates of the regression coefficients are p

0 
= 2.6703 and p, = -0.0030. 

Recall that the x-axis runs along the center of the highway; then we conclude that 
the quadratic surface of log concentrations in they-direction is probably due to the 
drainage system along the highway, which is designed to let water run off the road 
quickly. See Fig. le. 

We then removed the trend component and analyzed the spatial process gener
ated by the residuals {R(s;) = Z(s;)-x(s;)'P: i = 1,. . .,31}. Histograms of the residu

als show that normality is a fairly good approximation (given the small sample 
size); see Fig. 2a. 
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Fig. 1. The top panel displays the spatial location and value of the log TCDD concentra
tions; the decimal point represents the (x,y) coordinate of the data. The bottom left panel 
shows a histogram of the log TCDD concentrations. The bottom right panel displays the 
estimated trend for the log TCDD concentrations. 

Directional empirical semivariograms of the residuals demonstrated that the resid
ual process is severely anisotropic. To make the empirical semivariograms look 
isotropic, we multiplied they-values by a factor of 7 (and the x-values were left 
unchanged). With this transformation, the data almost lie on a square coordinate 
system (the transformed y-values range between [-266, 280] and the x-values 
range between [-230, 228]). We then considered various semivariogram models 
for the residual process. Using the weighted-least-squares method (Cressie 1993b, 
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Fig. 2. The left panel displays a histogram of the residuals. The right panel shows the em
pirical semivariogram for the residuals; the solid line is the estimated spherical 
semivariogram y

0
(h). 

p. 99), we deemed that the spherical model fitted best. The general form for the 
covariance function derived from the isotropic spherical model is, 

Co (h) = {c0J(h = 0) + 0'
2 

(1 l.5(h/ r) + 0.5(h/ r)
3

); I h I< r 
O; otherwise, 

(11) 

where h denotes the Euclidean distance on the transformed coordinate system and 
the vector of spatial parameters is 0 = (c0,cr2,r)'. The estimate of the nugget effect, 
c0, was O; the estimate of the range, r, was 91.61; and the estimate of the partial 
sill, cr2

, was 0.36. Fig. 2b. shows the estimated semivariogram y
0
(h)· Notice that 

the estimated value 2
0 

= o implies a stronger spatial dependence than is apparent 

from the empirical semivariogram values, also shown in Fig. 2b. The estimated 
covariance function isC0(h) = c

0 
+ B2 

- y0(h). 

4.3 Comparison of prediction methods 

Based on the spatial analysis we carried out in Section 4.2, we now consider pre
diction of the log-concentration process. Our aim is to estimate the value and ex
tent of high extremes of the log TCDD concentration process in a region B. For 
this analysis, we let B = D, the rectangular region that encloses all the observed 
sites. We shall predict on a 2 x 2 ft. grid of points throughout D. We denote this 
discrete approximation to D by { s*i : j = 1,. . .,m = 9200}. 

As our standard we use the IWQSEL predictor calibrated to predict the 90t11 

percentile of the ACDF, which we shall compare to a CMCK predictor and an or
dinary kriging predictor. 
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We estimated the ACDF of Zin B using Eq. 7. In the sigmoid importance 
function, the target value was set at a = 0.9; then, for various values of C, we cal
culated the IWQSEL predictor (Eq. 6) based on a Monte-Carlo random sample of 
size l = 2000 from f zcs' ;J(z I Z), for each prediction location s*1, j = 1, ... , 

m=9200. For our statistical model, 

Z(s *) I Z ~ N(w(s *), r 2 (s *) ), (12) 

where (using the notation of Section 3), co(s*J) = x(s*1)'P + c(s*1)' I- 1(Z - Xp), and 
-r2(s*J) = c0 + cr2 

- c(s*J)' L-1c(s*1). For this dataset, the value of C in w(-) that 
minimized the bias in estimatingF; 1(0.9)was C=4.75. To calculate all these quan-

tities, we plugged in the parameter estimates, p and 0 . 
For the other two predictors, ordinary kriging plus trend, and CMCK plus 

trend, we first predicted the residual process R(-) using either ordinary kriging or 
CMCK and then we added the estimated trend component, ji.(-) = xO'P, to obtain 

predictions of the log-concentration process, Z(-). 
We start by comparing the extent of shrinkage in the prediction of high ex

treme values in the three predictors. For a range of proportions p , from 0.85 to 

0.99, we calculated the inverse ACDF, F; 1 (p) . Then for each predictor we cal

culated the proportion of prediction locations whose predicted values were smaller 
than this inverse ACDF. For example, for the CMCK predictor we calculated 
m- 1 L.;~J(Zc,,, (s *) ~ F; 1 (p)) , for each value of p . These numbers are summarized 

in Fig. 3, where a value above/below the 45° line indicates that the predictor un
derestimates/overestimates the inverse ACDF (i.e. , denotes overshrink
age/undershrinkage). Thus, the ordinary-kriging-based predictor overshrinks pre
diction of extremes, whereas the CMCK-based predictor undershrinks prediction 
of extremes. By design, using a sigmoid importance function with C = 4.75 and a 
= 0.9, the shrinkage at the 901

1i percentile of the inverse ACDF is just right for the 
IWQSEL predictor; and it experiences undershrinkage/overshrinkage for p be
low/above p =a= 0.9. 

We now use the three predictors to estimate the spatial extent of exceedances 
of the log-concentration process as follows. The exceedance set for the process 
Z(-) in the region B associated with an absolute threshold t E IR is defined by 
e8 (t)={sEB:Z(s) 2 t} , which we estimate by {s*

1
:Z(s *)2t} for some generic 

predictor Z(-); see Craigmile et al. (2004). The four panels of Fig. 4 display the 

exceedance sets obtained when we use ordinary kriging plus trend, the IWQSEL 
predictor, and CMCK plus trend with M=l (i .e. , zero neighbors and constraining 
only the variance of the predictor) and M=2 (i.e., one neighbor and constraining 
the variance and the covariance between nearest neighbors). In each case, we let 
the threshold be the 901

1i percentile of the inverse ACDF; that is, t = F; 1 (0.9) . 
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Fig. 3. Plots show the proportion of locations with predicted values smaller than the in
verse ACDF evaluated at proportion p for ordinary kriging plus trend, the IWQSEL predic
tor, and CMCK plus trend. The 45° line is shown for comparison. A predictor that predicts 
extremes well will be close to the 45° line, for large values of p. A predictor that 
over(under)shrinks when predicting extremes, will be above (below) the 45° line. 

The spatial pattern of exceedances are qualitatively similar; there are two re
gions of exceedance centered at around x :::; 100 feet and there is at most one re
gion of exceedance centered at x :::; -100 feet. Since the IWQSEL predictor is cali
brated at the 90t11 percentile of the inverse ACDF, and hence we expect neither 
undershrinkage nor overshrinkage at that level, we use it as a standard to compare 
the exceedance sets based on ordinary kriging plus trend and CMCK plus trend. 

Ordinary kriging underestimates the extent of the exceedance set because the 
predictor overshrinks prediction of the extreme values of the log-concentration 
process. For this predictor, 3.16% of the prediction locations are in the exceedance 
set, compared to 10.16% for the IWQSEL-based exceedance set. On the other 
hand, CMCK overestimates the extent of the exceedances; 13.18% (zero 
neighbors) or 17 .09% (one neighbor) of its prediction locations are in the ex
ceedance set. Comparing the points that are in the IWQSEL-based and CMCK
based exceedance sets, it is obvious that the exceedance set centered around the x
coordinate of x :::; 100 feet is wider for the CMCK predictor than for the IWQSEL 
predictor. 
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Fig. 4. The gray regions denote those locations with predicted values that exceed the 90th 
percentile of the inverse ACDF for ordinary kriging plus trend, the IWQSEL predictor, and 
CMCK plus trend. 

5 Discussion 

In this paper, we have calibrated the IWQSEL predictor to predict extreme values 
by choosing the importance function w(·) in the predictor to estimate the ath quan
tile of the inverse ACDF well. In terms of this standard, we have demonstrated 
that CMCK undershrinks the predictions of large values of the process, which 
leads to an overestimation of the spatial extent of the exceedances of the log
concentration process. In practice, overestimating the exceedance set (region of 
remediation) increases the cost of remediation. However, this tends not to be as 
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consequential as the environmental impact when one underestimates the ex
ceedance set, such as when ordinary (or universal) kriging is used. 
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