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Abstract

We study the effect of rigid and flexible bid caps on contestants’ aggregate costs

and aggregate bids in all-pay contests with a large number of heterogeneous contestants

and prizes.

We show that rigid caps always decrease aggregate costs, whereas flexible caps have

essentially no effect on aggregate costs. Rigid caps decrease aggregate bids when costs

are linear or concave, but increase aggregate bids under some conditions when costs

are convex. Flexible caps always decrease aggregate bids.

1 Introduction

Contests are a commonly-used allocation mechanism, and appear in a variety of settings.

Some contests, such as lobbying and political campaigns, typically involve a small number of

contestants and prizes. Other contests, such as sales competitions in large firms, competitions

for research grants in disciplines such as economics, and competitions for college admissions,

involve a large number of contestants and prizes.
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This paper studies the effect of bid caps in large contests.1 Bid caps are a contest

design tool that limits contestants’ bids, effort, or investments. Bid caps are used to limit

lobbying expenditures, restrict the technology used in some sports competitions, and bound

the salaries in professional sports leagues (see Che and Gale (1998) and Gavious et al.

(2002)). In a sales competition, they may limit the length of the contest or the number

of potential clients each contestant is allowed to approach. In a college admissions setting,

they may limit the number of advanced placement classes a student is allowed to take or the

number of hours a student can spend in private schools preparing for a standardized test.2

We model contests as variants of all-pay auctions with multiple prizes. Players choose

bids simultaneously and pay the associated costs, which may be nonlinear in the bids. The

prizes may be heterogeneous, and are awarded according to the rank order of players’ bids.

Players may be asymmetric in their marginal costs of bidding or prize valuations, and there

may be complete or incomplete information about these parameters. A direct equilibrium

analysis of such contests is intractable, but the methods developed in Olszewski and Siegel

(2016) allow us to approximate the equilibria when the number of players and prizes is large.

This allows us to conduct the analysis in a tractable framework, whose qualitative results

apply to contests with sufficiently many players and prizes.

We consider both rigid and flexible bid caps. A rigid bid cap specifies a maximal bid,

which cannot be exceeded at any cost; a flexible cap allows for all bids but increases their

cost, and can make high bids very costly. Depending on the setting, one may be interested

in the effect of a cap on aggregate bids or aggregate costs. For example, a manager designing

a sales contest may aim to increase total sales, which corresponds to increasing contestants’

aggregate bids. Increasing aggregate bids also corresponds to increasing the performance

of runners in marathons or students in math olympiads.3 In a grant competition, on the

1Some sports events (e.g., large marathons) or high-school competitions (e.g., math olympiads) can also

be included as examples of large contests to which our analysis applies, provided that contestants perceive

the number of opponents with whom they directly compete as large.

2The Korean government mandated a 10 p.m. closing time for the popular private “cram schools” that

prepare high-school students for Korean College Scholastic Ability Test used to determine college admissions.

3Our analysis would also apply if instead of considering all players we focused on a fraction of the players

with the highest bids.
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other hand, if the effort invested in the preparation of a grant application is largely viewed

as distractive from research activities, and therefore wasteful, then reducing aggregate costs

might be an appropriate goal. It might similarly be desirable to lower the costs associated

with preparing for standardized tests used for college admissions when such preparation is

wasteful (in the sense that the time and effort spent preparing could be used more produc-

tively elsewhere). We study the effect of bid caps both on aggregate bids and on aggregate

costs.

Our main results are as follows. In large contests, rigid caps always decrease aggregate

costs, regardless of players’ type distributions, the prize structure, or the curvature of players’

cost function, whereas flexible caps have essentially no effect on aggregate costs. Rigid caps

also decrease aggregate bids when costs are linear or concave, but increase aggregate bids

under some conditions when costs are convex. Flexible caps always decrease aggregate bids.

These results assume that all players face the same cap. We also consider the effect of

flexible caps that differ across players in a contest model that has identical prizes but allows

for greater heterogeneity in players’ costs. Flexible caps that reduce the asymmetry in

players’ costs, termed “equalizing shifts” by Che and Gale (2006), increase aggregate costs.

In contrast, all flexible caps decrease aggregate bids. Beyond these results, we also explain

why the effects of flexible caps on aggregate bids and costs can be so different from the effects

of rigid caps, even though the former can be used to approximate the latter. This difference

is driven by the fact that players who choose different bids without a cap continue to do so

with a flexible cap, but choose the same bid with a low rigid cap.

Our results contribute to a small literature on bid caps in contests. Che and Gale (1998)

showed that rigid caps that are not too low always weakly, and sometime strictly, increase

aggregate bids in two-player asymmetric all-pay auctions with complete information and

linear costs. Szech (2015) showed that changing the tie-breaking rule can further increase

aggregate bids. In contrast, Gavious et al. (2002) showed that bid caps of any magnitude

always weakly, and sometimes strictly, decrease aggregate bids in symmetric all-pay auctions

with incomplete information when costs are weakly concave, but may increase aggregate

bids when costs are convex. Kaplan and Wettstein (2006) showed in a symmetric two-player

model that flexible caps do not affect aggregate costs and always decrease aggregate bids,
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but Che and Gale (2006) argued that cost-equalizing shifts increase aggregate costs when

players’ costs are heterogeneous. In the context of college admissions, Olszewski and Siegel

(2018a) showed that in large contests the effect of a policy that pools together a fraction of

the highest bidders is similar to that of a bid cap; moreover, with convex costs such policies

may not only increase aggregate bids, but may also be Pareto improving.

The departure of our results from those of Che and Gale (1998) arises to a large extent

because in a small contest even a small decrease in a bid cap can have a substantial effect on

the aggregate bids, and a flexible cap can substantially affect the equilibrium allocation of

the prize. But when there are many contestants, a small change in a bid cap leads to a small

change in aggregate bids, and a flexible cap cannot substantially change the equilibrium

prize allocation. This also hints at why the results of Gavious et al. (2002) are in line with

ours. They assumed that players are ex-ante symmetric, and studied symmetric equilibria.

In such equilibria, a small change in a bid cap also leads to a small change in aggregate bids,

very similarly to what happens in the equilibria of sufficiently large contests with possibly

asymmetric players. We elaborate on this in Section 4.4

The rest of the paper is organized as follows. Section 2 introduces the contest model.

Section 3 discusses the approximation approach to studying large contests. Section 4 inves-

tigates the effect of bid caps on aggregate costs. Section 5 investigates the effect bids caps

on aggregate bids. The appendix contains proofs not given in the main text, except for the

proofs of Theorem 2 and Corollary 2, which are very similar to the proofs of the main results

of Olszewski and Siegel (2016) and Corollary 1 in Olszewski and Siegel (2018b), respectively,

and are omitted.

4There is also an analogy between our analysis and the work of Fibich et al. (2012), who derive some results

for “heterogeneous models” studied in various areas of research by studying more tractable “homogeneous

models,” obtained by what the authors call the averaging principle.

However, the analogy is at the level of general ideas. We apply some kind of limit averaging principle

in order to use tools from mechanism design, while they estimate the size of departure from the results for

homogeneous models caused by introducing heterogeneity.
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2 Asymmetric contests

In the contests we consider,  (possibly asymmetric) players compete for  (possibly hetero-

geneous) prizes of known values. The prizes are denoted by 0 ≤ 1 ≤ 2 ≤ · · · ≤  ≤ 1.
Prizes of value 0 are “no prize,” so it is without loss of generality to have the same number

of prizes as players. Player ’s privately-known type  ∈ [0 1] is distributed according to
a cdf  

 that does not have an atom at 0, and these distributions are commonly known

and independent across players, but need not be identical.5 In the special case of complete

information, each cdf corresponds to a Dirac measure. Each player chooses a bid  (which

can be interpreted as effort or performance), the player with the highest bid obtains the

highest prize, , the player with the second-highest bid obtains the second-highest prize,

−1, and so on. Ties are resolved by a fair lottery. The utility of a player of type  from

bidding  ≥ 0 and obtaining prize  is

 ()− (), (1)

where  (0) = (0) = 0 and  and  are continuous and strictly increasing. Notice that (1)

can accommodate private information about costs by dividing each player’s utility by  to

obtain  ()− () . Since we are interested in what happens in contests with many players
and prizes, we study some limits of sequences of contests when  diverges to infinity. We

refer to a contest with  players and  prizes as the “-th contest.”

A (rigid) bid cap is an exogenously specified bid  . If the bid cap is introduced, no

player can bid more than  . The cap is binding if it is lower than some equilibrium bid of

the unconstrained contest. A flexible bid cap is a continuous and strictly increasing function

 with  (0) = 0 and  () ≥  (). If the flexible cap  is introduced, all bids are allowed,

but the cost of bidding increases from  to . The flexible cap is binding if  ()   () for

some equilibrium bid  of the unconstrained contest. Every contest, with or without a cap,

has at least one mixed-strategy Bayesian Nash equilibrium.6

5All probability measures are defined on the -algebra of Borel sets.

6This follows from Corollary 5.2 in Reny (1999) by restricting each players’ set of bids to [0  (1)], since

the mixed extension of the resulting contest is payoff secure and reciprocally upper semicontinuous (RUSC).

Payoff security can be seen by increasing a player’s bid slightly if possible (and maintaining the same bid
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3 The approximation approach to studying large con-

tests

As pointed out in the introduction, the analysis of asymmetric contests of the kind described

in Section 2 is difficult or impossible. To overcome this problem, we will use the approxima-

tion approach to studying the equilibria of large contests, developed in Olszewski and Siegel

(2016). We now describe this approach, which allows us to approximate the equilibrium

outcomes of large contests by considering the single-agent mechanism that implements a

particular allocation of a continuum of prizes to a continuum of types.

3.1 Limit distributions

We first formalize a requirement that the contests in the sequence be “sufficiently similar” as

the number of players  grows large. Let   = (
P

=1 

 )  be the average type distribution

in the -th contest, so   () is the expected percentile ranking (up to 1) of a player of type

 given the distribution of players’ types. Denote by the empirical prize distribution in the

-th contest, which assigns a mass of 1 to each prize  (recall that there is no uncertainty

about the prizes). We require that  converge in weak∗-topology to a continuous and

strictly increasing distribution  , and  converge to some (not necessarily continuous)

distribution .7 Notice that the restriction on  does not imply a similar restriction on

distributions 
 of players’ types, so these distributions may have gaps and atoms.8 In

addition, although we impose no restrictions on distribution , our results become vacuous

when this distribution places probability 1 on prize 0. This is the case, for example, when

otherwise). RUSC follows from the fact that whenever one player strictly prefers winning a particular tie

(relative to not winning it), so do all other tying players (this relies on players’ types being positive with

probability 1).

7Convergence in weak∗-topology can be defined as convergence of cdf s at points at which the limit cdf is

continuous (see Billingsley, 1995).

8The restriction on  precludes a non-vanishing limit fraction of players that have an atom at a particular

type, as is the case when there is a non-vanishing fraction of identical players in a contest with complete

information.
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there is a fixed number  of positive prices, which is independent of , and all other − 

prizes are zero.

The convergence of   and  to limit distributions  and  accommodates as a special,

extreme case sequences of complete-information contests with asymmetric players, in which

each player ’s type distribution 
 in the -th contest is a Dirac measure. A simple way

to see this is to first choose the desired limit distributions  and  and then set player ’s

deterministic type in the -th contest to be  = −1 () and prize  in the -th contest

to be  = −1 (), where

−1() = inf{ ∈ [0 1] :  () ≥ } for 0 ≤  ≤ 1.

Then, the -th contest is one of complete information,  converges to  , and  converges

to . For example, letting  and  be the uniform distributions on [0 1], we have that in

the -th contest player ’s type is  =  and prize  is  = . Another special, extreme

case is ex-ante symmetric players, with 
 =   for some distributions  that converge to

 .

3.2 Assortative allocation and transfers

As will be stated in the next subsection, the equilibrium outcomes of large contests are

approximated by a particular single-agent mechanism that allocates a mass of prizes distrib-

uted according to  to a mass of agent types distributed according to  . The mechanism

implements the assortative allocation of prizes to agent types, which assigns to each type

 prize  () = −1 ( ()). That is, the location in the prize distribution of the prize

assigned to type  is the same as the location of type  in the type distribution. It is well

known (see, for example, Myerson (1981)) that the unique incentive-compatible mechanism

that implements the assortative allocation and gives type  = 0 a utility of 0 specifies for

every type  bid

 () = −1
µ

¡
 ()

¢− Z 

0


¡
 ()

¢


¶
(2)

at cost


¡
 ()

¢
= 

¡
 ()

¢− Z 

0


¡
 ()

¢
. (3)
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The aggregate bids and costs in the mechanism that implements the assortative allocation

are Z 1

0

 ()  () (4)

and Z 1

0


¡
 ()

¢
 (), (5)

respectively.

3.3 Approximation results for contests without a bid cap

Corollary 2 in Olszewski and Siegel (2016), which we state as Theorem 1 below, shows that

the equilibria of large contests are approximated by the unique mechanism that implements

the assortative allocation and gives type  = 0 a utility of 0. The intuition is that, given

players’ equilibrium strategies, with a large number of players the law of large numbers

implies that each bid leads to an almost deterministic rank-order quantile (in the distribution

of bids) and thus to an almost deterministic prize. In the limit we obtain an “inverse tariff”

that maps bids to prizes. Utility (1) implies that higher types choose higher bids from any

tariff, so the mechanism induced by the inverse tariff implements the assortative allocation.

Any player can bid 0 and obtain the lowest prize, so the utility of type 0 is 0.

Theorem 1 For any   0 there is an  such that for all  ≥  , in any equilibrium of

the -th contest without a bid cap each of a fraction of at least 1−  of the players  obtains

with probability at least 1 −  a prize that differs by at most  from  ( ), and bids with

probability at least 1−  within  of  ( ).

Theorem 1 implies that aggregate bids and aggregate costs in large contests without a

bid cap can be approximated by (4) and (5). More precisely, we define the average bid as the

aggregate bids in an equilibrium of the -th contest divided by , and similarly the average

cost. We then have the following corollary of Theorem 1, which appears as Corollary 1 in

Olszewski and Siegel (2018b).9

9Corollary 1 in Olszewski and Siegel (2018b) only deals with the average bid, but the result for the average

bid immediately implies the one for the average cost.
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Corollary 1 For any   0 there is an  such that for all  ≥  , in any equilibrium of

the -th contest without a bid cap the average bid is within  of (4) and the average cost is

within  of (5).

3.4 Approximation results for contests with a bid cap

Approximation results similar to Theorem 1 and Corollary 1 also hold when a bid cap is

imposed. To formulate the results, we say that a bid cap  is binding in the limit if  

 (1), i.e., the cap is lower than the highest bid in the approximating mechanism without the

cap.10 For any such bid cap  , the approximating mechanism with the cap is characterized

by a type ∗ such that lower types bid and obtain a prize as in the approximating mechanism

without the cap and higher types bid the cap and obtain a random prize from the highest

fraction 1−  (∗) of prizes. That is, (i) types   ∗ bid  () and obtain  (), and (ii)

types   ∗ bid  and obtain the prize (0) for a randomly chosen 0  ∗ distributed

according to  contingent on 0  ∗. Type ∗ is indifferent between these outcomes, so

∗
R 1
∗ (

()) ()

1−  (∗)
− () =

Z ∗

0


¡
 ()

¢
, (6)

as the left-hand side is the utility type ∗ obtains from (ii), and by (3) the right-hand side is

the utility type ∗ obtains from (i). A minor modification of the proof from Olszewski and

Siegel (2016) shows that this mechanism approximates the equilibria of large contests.

Theorem 2 Given a bid cap  that is binding in the limit, for any   0 there is an 

such that for all  ≥  , in any equilibrium of the -th contest with bid cap  ,

(A) each of a fraction of at least 1 −  of the players  with type   ∗ bids with

probability at least 1− within  of  ( ), and obtains with probability at least 1− a prize

that differs by at most  from  ( );

(B) each of a fraction of at least 1 −  of the players  with type   ∗ bids  with

probability at least 1 − , and obtains a lottery that involves at least the top 1 −  (∗ + )

fraction of the prizes, but no more than the top 1 −  (∗ − ) fraction of the prizes. The

certainty equivalent of the lottery is within  of the certainty equivalent of the lottery that

10A cap that is not binding in the limit has no effect on the equilibria of large contests.
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awards prize () for a randomly chosen   ∗ distributed according to  contingent on

  ∗.

We denote by () the approximating limit bid of type  when a bid cap is imposed,

i.e., () = () for   ∗ and () = for  ≥ ∗. We then obtain the equivalent of

Corollary 1.

Corollary 2 For any   0 there is an  such that for all  ≥  , in any equilibrium of

the -th contest with a bid cap  that is binding in the limit, the average bid is within  of

(4) and the average cost is within  of (5), both with  instead of .

Finally, for contests with a flexible bid cap  the approximation results coincide with

those for contests without a bid cap by replacing the cost function  with .

4 The effect of a bid cap on aggregate costs

Consider a bid cap  that is binding in the limit, and recall that () = () for   ∗

and () = for  ≥ ∗, where ∗ is determined by (6). In the approximating mechanism

without the cap, types close to 1 bid more than  , and types close to ∗ bid less than

 . That is, there is a type  in (∗ 1) such that  ()   for types  in
¡
∗ 

¢
and  () ≥  for types    . This follows from the fact that  is nondecreasing,

 (∗)   , and  (1)   .11 Thus, the effect of the bid cap on the limit aggregate costs

depends on the relative magnitudes of the decrease in the costs of types higher than  and

the increase in the costs of types in
¡
∗ 

¢
. Corollaries 1 and 2 show that the sign ofZ 1

∗
( ()− ¡()¢) () = Z 

∗
( ()− ¡()¢) ()+Z 1


( ()− ¡()¢) ()

(7)

determines whether the cap increases or decreases aggregate costs in large contests.

11The inequality  (1)   holds because the cap is binding. The inequality  (∗)   is equivalent

to ( (∗))  (), and the latter inequality follows from substituting the expression for
R ∗
0


¡
 ()

¢


from (2) into (6).
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Our main result in this section is that a cap always decreases aggregate costs in large

contests, regardless of players’ type distributions, the prize distribution, or the curvature of

players’ cost function.

Theorem 3 For any bid cap  , the aggregate costs of the limit bids with the cap are lower

than without the cap, and are strictly lower if the cap is binding in the limit. That is, (7) is

nonpositive, and is strictly negative if the cap is binding in the limit. Thus, a binding cap

decreases aggregate costs in any equilibrium of a sufficiently large contest.

The following example illustrates Theorem 3. It describes the limit of all-pay auctions in

which half the players obtain a prize and the prizes are identical. Players have linear costs,

so aggregate bids equal aggregate costs.

Example 1 Suppose the limit distribution  is uniform and there is a limit mass 12 of

identical prizes. That is, the limit distribution  has an atom of size 12 at 0 and an atom of

size 12 at 1. Let  (1) = 1 and () =  for all . Suppose first no bid cap is imposed. Then,

in the limit mechanism, each type   12 obtains a prize, and no type   12 obtains a

prize. The former types bid 12, and the latter types bid 0. The aggregate costs are 14. For

the cap of 14, we have that ∗ = 13 (by (6)). Types   13 bid 14, types   13 bid 0,

and the aggregate costs are (23)(14)  14

In Example 1, ∗ = 13 and  = 12. The cap of 14 causes types in (13 12) to

increase their bid from 0 to 14 and types higher than 12 to decrease their bid from 12

to 14. The overall effect is to decrease the aggregate costs by (12) (14) − (16) (14) =
112, from 14 to 16. Theorem 3 shows that such a decrease always occurs, for any type

distribution, prize distribution, and cost function, provided that the cap is binding in the

limit.

Theorem 3 contrasts with the finding of Che and Gale (1998) that bid caps may increase

aggregate expenditures in two-player all-pay auctions with complete information.12 To gain

some intuition for why the results are so different for small and large contests, we recall Che

and Gale’s (1998) result in the context of an example.

12Note that our results hold for large contests with both complete and incomplete information and for all

equilibria.
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Example 2 Consider an all-pay auction with two players and one prize. Suppose player

1 values the prize at 2 and player 2 values the prize at 8. Without a bid cap, the unique

equilibrium of this all-pay auction has the following form: player 1 bids  = 0 with probability

34, and with the remaining probability randomizes uniformly over the interval (0 2). Player

2 randomizes uniformly over the interval (0 2). The resulting expected aggregate costs are

54.

In this setting, a bid cap   1 has no effect on the expected aggregate costs. If, for

example  = 32, then the equilibrium has the following form: player 1 bids  = 0 with

probability 34, randomizes uniformly on the interval (0 1) with probability 18, and bids

32 with the remaining probability of 18. Player 2 randomizes uniformly on the interval

(0 1) with probability 12, and bids 32 with the remaining probability of 12. The expected

aggregate costs in this equilibrium are still 54. In contrast, for all caps  between 0 and

1, in equilibrium both players bid  =  with probability 1, so the aggregate costs are 2 .

Thus, the expected aggregate costs increase for  ∈ (58 1).

The intuition behind the example is as follows. When a binding bid cap  is imposed,

players shift to the mass their strategies previously assigned to bids higher than . This

makes bid  attractive compared to bids close to but lower than  , because by bidding

 a player now has a higher chance of winning. Thus, players also shift to  the mass

their strategies assigned to bids close to but lower than  . This in turn makes bid  less

attractive. The shift of mass from bids lower than continues until the excess attractiveness

of bidding , due to the mass assigned to bids higher than being shifted to , is entirely

exhausted. If   1, the cost increase from the shift in mass from the lower bids is equal

to the cost decrease from the shift in mass from the higher bids. But for   1, things are

different. Then, even if the entire mass assigned to bids between 0 and  is shifted to  ,

the mass shifted to of bids higher than makes bidding still relatively attractive. As

a result, the atom at bid 0 of the player with the low valuation is shifted in its entirety to ,

and this discrete shift generates a discrete increase in aggregate costs. Thus, an arbitrarily

small decrease of the cap from   1 to   1 generates a discontinuous increase in

aggregate costs.

Now, suppose that with a large number of players an arbitrarily small decrease in the
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binding cap causes a nonnegligible fraction of players to increase the probability with which

they bid the cap by shifting a nonnegligible probability from bids lower than the cap. This

increase in the bidding mass at the cap makes the prize obtained by bidding the cap weakly

worse than before the cap was decreased. If the prize is strictly worse, then the players who

shifted their bidding probabilities should have done so before the cap was decreased, because

the cap was only slightly higher but the resulting prize was discretely better. If the prize is

the same as before the cap was decreased, this means that the same prize could be obtained

by beating a smaller fraction of players, so players who were bidding the cap before it was

decreased could have profitably lowered their bids.

The shifts in players’ strategies in response to changes in bid caps are continuous also in

symmetric equilibria of contests with any number (not necessarily large) of ex-ante symmetric

players. To see why, note that if a slight decrease in the cap led to a substantial increase in the

mass of types who bid at the cap, then the prize obtained by bidding the cap after the slight

decrease would be strictly worse than before the decrease. This is because symmetry implies

that the same mass of types is shifted to bidding at the cap for all players. Thus, these types

of each player should have shifted their bids to the cap before the cap was decreased.

Gavious et al. (2002) considered aggregate bids in the symmetric equilibrium of single-

prize contests with incomplete information and ex-ante identical players, and their results,

which hold for contests with any number of players, are consistent with the ones we obtain for

large contests, and differ from the results of Che and Gale (1998). The previous paragraph

provides some intuition for their result, and suggests (but does not prove formally) that their

result may hold true even in settings with multiple prizes. In addition, the intuitions for

our result and those of Gavious et al. (2002) clearly exhibit some similarities. However, the

two intuitions also suggest some differences: (a) Our result does not claim that the cost of

every player decreases with the cap, but rather that the fraction of players for whom the cost

does not decrease becomes negligible as the number of players grows large.13 (b) Ex-ante

symmetry among players, which is important for the results of Gavious et al. (2002), plays

no role in our results, since the players in our setting can have asymmetric type distributions.

Moreover, the intuition above suggests that our results might also hold true in settings in

13We in fact conjecture that the cost may increase for some players.
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which different players have different beliefs about the distribution of types of other players,

provided that the methods developed in Olszewski and Siegel (2016) apply to such settings.

Remark 1 One might also conjecture that the expenditure-increasing effect of bid caps un-

covered by Che and Gale (1998) is related to the risk players take due to the uncertainty of

the contest outcome combined with the sunk nature of the bids. According to this conjecture,

the effect disappears in large contests since the uncertainty becomes negligible as the contest

grows large. But the effect is also not present in the symmetric contests of Gavious et al.

(2002), in which bids are sunk and the outcome is uncertain. This suggests that uncertainty

and sunk bids are not the drivers of the effect. Our analysis supports this position. Indeed,

any uncertainty about the distribution of prizes does not affect our results, since in such a

case players’ payoffs depend on the expected prizes (or, when the prize valuation function 

is nonlinear, on the certainty equivalents of the relevant lotteries over prizes). In addition,

Theorem 3 would hold true (and its proof would require only minor changes) in the case

when players face uncertainty about the distribution of their opponents’ types, provided that

the methods developed in Olszewski and Siegel (2016) apply to this setting.

4.1 Flexible caps

Recall that imposing a flexible cap means replacing the cost function  with a higher cost

function , so Theorem 1 and Corollary 1 apply when a flexible cap is imposed. Since (3)

is independent of the cost function, we immediately obtain the following result.

Theorem 4 A flexible bid cap does not change each type’s limit bidding cost. Therefore, the

effect of a flexible cap on the average cost in a sufficiently large contest is negligible.

The intuition for this result is analogous to that given by Kaplan and Wettstein (2006)

in the two-player model. It is the cost of a bid, not the bid itself, that matters for a player’s

payoff. Since there is a one-to-one correspondence between bids and their costs, one may

interpret a contest as a game in which players choose not bids but costs. When we replace

the original cost function  with the flexible cap , the structure of equilibria (in both the
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finite and the limit case) does not change. Players choose the same costs in both cases.14

The result is illustrated by the following example.

Example 3 Revisit Example 1, but instead of a rigid cap consider a family of flexible caps

, with () =  for   14 and () = − (14)(−1) for   14, where  ≥ 4. Types
  12 obtain a prize and types   12 do not obtain a prize. The former bid 0 and the

latter bid −1 (12). For all  the aggregate costs are 14, as in the contest without a cap.

What is interesting about Example 3 is that when  diverges to infinity, the family of

flexible caps converges the the (rigid) cap of 14, and the bid −1 (12) converges to the

cap 14. But while the aggregate costs are constant in , and are equal to those in the

contest without a cap, the aggregate costs when the cap 14 is imposed are strictly lower

than the aggregate costs without a cap, as shown in Example 1. This discontinuous decrease

arises because the rigid cap imposes an upper bound of 14 on costs, so the maximal costs

incurred in equilibrium drop from 12 to 14. As discussed immediately after Example 1,

this decrease more than offsets the increase in costs incurred by low types that increase their

bids to 14. Theorems 3 and 4 show that such a drop in aggregate costs occurs for any cost

function, binding bid cap, and flexible cap, and that the magnitude of the drop is the same

for all flexible caps.

4.2 Flexible caps with heterogeneous costs

Our baseline utility function  ()− () implies that all players have the same cost of bid-

ding. Che and Gale (2006) considered players with heterogeneous bidding costs, and demon-

strated the possibility of increasing aggregate expenditures by imposing a different flexible

bid cap for each player. They considered a two-player model with complete information,

where 1  2  0 are players’ valuations for the prize and 1 ≤ 2 are players’ continuous

and strictly increasing cost functions, with  (0) = 0. They defined a pair (1 2) of flexible

14More precisely, fixing a contest, there is a one-to-one cost-preserving mapping between the equilibria of

the contest without any cap and the equilibria of the contest with a flexible bid cap. What our approach

adds is to show that in large contests these costs are nearly identical across all equilibria.
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caps to be an “equalizing shift” of costs if

1(
−1
2 ()) ≥ 1(

−1
2 ()) (8)

for all  ≤ 2, and showed that imposing an equalizing shift increases aggregate costs. The

intuition behind this result is that if a flexible bid cap raises the cost of player 1 by more

than the cost of player 2, the competition between the players becomes more equal, which

leads to more aggressive bidding.

To study the effect of flexible bid caps in large contests in which players have heteroge-

neous costs, we can use still Olszewski and Siegel’s (2016) approximation result, because it

applies to general utility functions (  ) that satisfy a single-crossing condition. This con-

dition is satisfied, for example, by (  ) =  ( )− ( ), where  increases in  (for all

  0) and , and  increases in  and decreases in  (for all   0), with  ( 0) = ( 0) = 0

for all . The limit approximating mechanism still implements the assortative allocation,

but is no longer described in closed form. In particular, (2) must be replaced with

(  ())−
Z 

0


¡
  ()

¢


 = 
¡
  ()

¢− Z 

0


¡
  ()

¢


,

and this integral equation implicitly determines (  ()) and  ().

Obtaining general results about the effect of a flexible bid cap  ( ) on aggregate costs

or aggregate bids requires strong assumptions. For example, the integral formula easily

implies that aggregate costs increase if

0 ≥ min


 ( )


≥ max



 ( )



for all .15 Without making such assumptions, some insights can be obtained when the limit

prize distribution consists of a mass   1 of identical prizes (so  has an atom of size 1−

at 0 and an atom of size  at 1).16 Without a cap, in the limit mechanism each type in the

mass  of the highest types obtains a prize by bidding  that makes type  = −1 (1− )

indifferent between obtaining a prize at that bid and obtaining no prize by bidding 0. That

15We are grateful to the associate editor for suggesting this result.

16This important special case can be thought of as the large contest counterpart to Che and Gale’s (2006)

two-player contest with one prize, by setting  = 12.
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is, the bid  satisfies


¡
−1 (1− )  1

¢
= (−1 (1− )  ). (9)

With a flexible cap ( ) that satisfies the same conditions as  ( ), the allocation in

the limit mechanism is the same, and the payment  of any type that obtains a prize

is determined by (9) with  replaced by . In particular, the cost of type −1 (1− )

does not change. If the cap is an “equalizing shift” of costs in the relevant range,17 then

( ) ≥ ( ) for all  ≥ −1 (1− ), so aggregate costs increase. This confirms Che

and Gale’s (2006) insight for aggregate costs, but, as we point out in Section 5.3 below, the

effect on aggregate bids can be different than in the setting of Che and Gale (2006).

5 The effect of a bid cap on aggregate bids

Consider a bid cap  that is binding in the limit. Similarly to the beginning of Section 4,

Corollaries 1 and 2 show that the sign ofZ 1

∗
( − ()) () =

Z 

∗
( − ()) () +

Z 1


( − ()) () (10)

determines whether the cap increases or decreases aggregate bids in large contests, where

type  in (∗ 1) is such that  ()   for types  in
¡
∗ 

¢
and  () ≥ for types

   .

5.1 Linear (or concave) bidding cost

The following result, which is a corollary of Theorem 3, shows that a cap decreases aggregate

bids in large contests, regardless of players’ type distributions and the prize distribution,

whenever players’ cost function is linear or concave.

17This equalizing shift means that

(−1(0 )) ≥ ( −1(0 ))

for all   0 = −1 (1− ) and  = 
¡
−1 (1− )  1

¢
, where −1 and −1 are the inverse functions with

respect to the second argument of  and .
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Corollary 3 A bid cap weakly decreases the limit aggregate bids when the cost function  is

weakly concave. The decrease is strict if the cap is binding in the limit. Thus, a binding cap

reduces aggregate bids in any equilibrium of a sufficiently large contest.

This result mirrors the findings of Gavious et al. (2002) for the symmetric equilibrium

of single-prize contests with ex-ante symmetric players and incomplete information.

5.2 Convex bidding cost

As demonstrated by Gavious et al. (2002) in a symmetric single-prize setting, when the

bidding cost is convex, some bid caps increase aggregate bids. Before discussing conditions

under which this happens in large contests, we demonstrate this possibility by an example.

Example 4 Revisit Example 1, but now suppose that () =  for  ≤ 14 and () = 4−34
for   14. This function is convex. Without a cap, each type   12 obtains a prize and

no type   12 obtains a prize. The former types bid 516, which costs them (516) = 12,

and the latter types bid 0. For the cap of 14, we have that ∗ = 13 (by (6)). Types   13

bid 14, types   13 bid 0, and the average bid is (23)(14)  (12)(516).

It is instructive to compare Example 4 to Example 1. The cost function in Example 1 is

linear, so aggregate costs equal aggregate bids. In Example 1, the bid cap of 14 decreases

aggregate bids, whereas in Example 4 the same bid cap increases aggregate bids. To see

why, note first that with the cap of 14 the aggregate bids are (23)(14) = 16 in both

examples, because the approximating mechanisms are the same both examples. Without the

cap, the higher marginal cost for bids higher than 14 in Example 4 (compared to Example

1) decreases from 12 to 516 the bid that separates types   12, which do not obtain a

prize, from types   12, which obtain a prize. Consequently, aggregate bids without the

cap are lower in Example 4 than in Example 1, and this reverses the effect of imposing the

cap on aggregate bids in Example 4 relative to Example 1.

A necessary and sufficient condition for a bid cap to strictly increase the limit aggregate

bids is that (10) is strictly positive. This condition is, however, difficult to interpret. We

now provide some sufficient conditions that are easier to interpret, first for contests with
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identical prizes and then for contests with a general prize structure. Consider the special

case in which the limit prize distribution consists of a mass   1 of identical prizes (so

 has an atom of size 1 −  at 0 and an atom of size  at 1).18 In this case, (6) and the

condition that (10) is strictly positive can be simplified as follows.

Proposition 1 If the distribution of prizes consists of a mass   1 of identical prizes, then

a bid cap  that is binding in the limit strictly increases the limit aggregate bids if and only

if

(1−  (∗))  −1
¡
−1 (1− )

¢
, (11)

where
∗

1−  (∗)
=  () . (12)

This result makes it possible to determine the exact range of caps  that increase the

aggregate bids for specific parameter values. For example, if  is uniform,  = 14, and

() = 2, then by (12) we have ∗ = 42(1 + 42). By plugging this into (11), we obtain

a quadratic inequality, which is satisfied by caps  in (
2
√
36

2
√
32). Proposition 1 also

allows us to derive more specific sufficient conditions, which are easier to interpret.

Proposition 2 For any convex cost  and any bid cap   0 that is binding in the limit,

if the mass of identical prizes   0 is small enough, then the limit aggregate bids with the

cap  strictly exceed those without the cap. In this case, the cap increases aggregate bids in

any equilibrium of a sufficiently large contest.

The next result allows for a general prize distribution  and generalizes the observation

made in Example 4.

Proposition 3 Suppose that a bid cap  is binding in the limit and the cost function is

convex. Fixing the value of () for  ≤  , if the right-derivative of the cost function at 

is sufficiently large, then the limit aggregate bids with the cap  strictly exceed those without

18This important special case can be thought of as the large contest counterpart of the single-prize contests

with  players of Gavious et al. (2002), by setting  = 1.
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the cap. In this case, the cap increases aggregate bids in any equilibrium of a sufficiently

large contest.

Remark 2 Gavious et al. (2002) showed that in a symmetric single-prize contest, if the

bidding cost is convex, then a binding cap increases aggregate bids if (a) the number of

players is sufficiently large, or (b) the cost function is sufficiently convex. Propositions 2

and 3 imply analogous results for asymmetric large contests with heterogeneous prizes.

5.3 Flexible caps

We say that a flexible cap  is binding in the limit if 
¡
()

¢
 

¡
()

¢
for some type .

We now show that a flexible bid cap that is binding in the limit always decreases aggregate

bids in large contests, regardless of players’ type distributions, the prize distribution, or the

curvature of players’ cost function. For the result, let () denote the limit bid of type 

under a flexible bid cap . The bids () are determined by equation (2), with  replaced

by . In addition, (()) = (()) for every , since the right-hand side of (3) is

independent of the cost function. Since () ≥ () for all , it follows that () ≤ () for

every type , with a strict inequality for a positive measure of types if the cap is binding in

the limit (by continuity of  and ). In conjunction with Corollary 1 we obtain the following

result.

Theorem 5 A flexible bid cap decreases the limit bid of each type , and therefore the limit

aggregate bids. If the flexible cap is binding in the limit, the decrease in the aggregate bids is

strict. Thus, a binding flexible cap strictly decreases aggregate bids in any equilibrium of a

sufficiently large contest.

The result is illustrated by the following example.

Example 5 Revisit Example 4, but instead of a rigid cap consider a family of flexible caps

, with () =  for   14 and () =  − (14)( − 1) for   14, where  ≥ 4, as
in Example 3. Types   12 obtain a prize and types   12 do not obtain a prize. The

former bid 0 and the latter bid −1 (12). The aggregate bids decrease as  increases.
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What is interesting about Example 5 is that when  diverges to infinity, the family of

flexible caps converges the the (rigid) cap of 14, and the bid −1 (12) converges to the

cap 14. But while the aggregate bids decrease in , and are lower than the aggregate bids

without a cap, the aggregate bids when the cap 14 is imposed are strictly higher than those

without a cap, as shown in Example 4. This discontinuous increase arises because the rigid

cap imposes an upper bound on costs that makes high types choose the bid corresponding

to this upper bound. This creates an opportunity for lower types to pool with the high

types by increasing their bids by a relatively small amount, thus gaining a chance to obtain

one of the prizes obtained by the high types in the contest without a cap. The increase

in aggregate bids generated by the higher bids of these lower types more than offsets the

decrease in aggregate bids caused by the bound imposed on the bids of the high types.

5.4 Flexible caps with heterogeneous costs

It is instructive to consider the difference between the effect of flexible bid caps on aggregate

bids in the setting of Che and Gale (2006) and in large contests. Che and Gale (2006) only

considered the effect on aggregate costs, but it easy to see that in their setting flexible caps

may increase or decrease aggregate bids. For example, using the notation of Section 4.2,

aggregate bids increase when 1()  1() = 2() = 2() for all , and decrease when

1 = 2, 1, and 2 are all linear functions and 1 = 2 is much steeper than 1 and 2.
19

To see the effect of flexible caps in large contests, as in Section 4.2 we will focus on the

case in which the limit prize distribution consists of a mass   1 of identical prizes (so 

has an atom of size 1 −  at 0 and an atom of size  at 1). Without a cap, in the limit

mechanism each type in the mass  of the highest types obtains a prize and bids , which

is implicitly defined by (9). With a flexible cap ( )  ( ), the allocation is the same,

and the payment  of any type that obtains a prize is determined by (9) with  replaced by

. Thus, the bid of each type, and therefore the aggregate bids, are lower with the cap. We

therefore conclude that a binding flexible cap always lowers aggregate bids in large contests

19The equalities can be replaced with approximate equalities in order to satisfy all the properties assumed

by Gale and Che (2006).
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with identical prizes, regardless of whether the cap is an equalizing shift, and unlike in the

setting of Che and Gale (2006), in which the the qualitative effect varies across flexible caps.

6 Appendix

Proof of Theorem 3. By (7) it suffices to show that

1Z
∗

() () ≤
1Z

∗

(()) (), (13)

where type ∗ is defined by (6), and that the inequality is strict if  is binding in the limit.

By rearranging (6) we obtain

(1−  (∗))() = ∗
Z 1

∗
(()) ()− (1−  (∗))

Z ∗

0


¡
 ()

¢
. (14)

Since

(1−  (∗))() =

1Z
∗

() (),

the equality (14) shows that (13) is equivalent to

∗
Z 1

∗
(()) ()− (1−  (∗))

Z ∗

0


¡
 ()

¢
 ≤

1Z
∗

(()) (). (15)

Since

(1−  (∗))
Z ∗

0


¡
 ()

¢
 =

1Z
∗

∙Z ∗

0


¡
 ()

¢


¸
 (),

to show (15) it suffices to show that

∗(())−
Z ∗

0


¡
 ()

¢
 ≤ (())

for every   ∗. By substituting (2), this inequality is equivalent to

∗(())−
Z ∗

0


¡
 ()

¢
 ≤ 

¡
 ()

¢− Z 

0


¡
 ()

¢
,

which simplifies to Z 

∗

¡
 ()

¢
 ≤ (− ∗)

¡
 ()

¢
.
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This inequality holds for every   ∗, since  is nondecreasing, and is strict for an interval

of types   ∗ when the cap is binding in the limit,20 which completes the proof.

Proof of Corollary 3. By (10), it suffices to show that

1Z
∗

 () ≤
1Z

∗

() (),

with a strict inequality if the cap is binding in the limit.

Consider the random variable that takes value (()) when   ∗ and value ()

when  ≤ ∗. By Jensen’s inequality applied to this random variable,

−1

⎛⎝ 1Z
∗

(()) () +

∗Z
0

() ()

⎞⎠ ≤ 1Z
∗

−1((())) () +

∗Z
0

−1(()) ().

By Theorem 3,

−1

⎛⎝ 1Z
∗

() () +

∗Z
0

() ()

⎞⎠ ≤ −1

⎛⎝ 1Z
∗

(()) () +

∗Z
0

() ()

⎞⎠ ,
with a strict inequality if the cap is binding in the limit. Thus,

1Z
∗

 () = −1

⎛⎝ 1Z
∗

() () +

∗Z
0

() ()

⎞⎠− ∗Z
0

 ()

cannot exceed, and if the cap is binding in the limit is strictly less than,

1Z
∗

−1((())) () +

∗Z
0

−1(()) ()−
∗Z
0

 () =

1Z
∗

() ().

Proof of Proposition 1. Without the cap, types   −1(1 − ) bid 0 and obtain

no prize, and types   −1(1 − ) bid −1 (−1 (1− )) and obtain a prize.21 Thus, the

20If  () were the same for all  ∈ (∗ 1], then with no cap type ∗ would be indifferent between bidding
 (∗) and bidding  =  () for  ∈ (∗ 1]. So, with a binding cap   , type ∗ cannot indifferent

between bidding  (∗) and  (i.e., (6) would be violated).

21Type  = −1 (1− ) is the type that is indifferent between bidding 0 and obtaining no prize, and

obtaining the prize by bidding −1
¡
−1 (1− )

¢
.
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aggregate bids without the cap are −1 (−1 (1− )). For a cap   −1 (−1 (1− )),

types lower than ∗ (determined by (12)) bid 0 and obtain no prize, and types higher than

∗ bid  and obtain a prize with probability [1−  (∗)]. Thus, the aggregate bids are

higher with the cap than without it and only if (11) is satisfied.

Proof of Proposition 2. By substituting ∗ () for 1− (∗) (from (12)), condition
(11) is equivalent to

∗




 ()



( )


, (16)

where  = −1 (−1 (1− )) is the bid of the types that obtain prizes in the limit mechanism

without cap, and  =  ( ) = −1 (1− ) is the type that is indifferent between bidding 

and obtaining a prize, and bidding 0 and obtaining no prize.

Since (12) implies that ∗ → 1 as  → 0, (16) holds for sufficiently small   0 if it holds

for  = 0 and ∗ = 1, that is, if and only if

( )




 ()


(17)

for  = −1 (1). The left-hand side is the average slope of  on [0 −1 (1)], and the right-hand

side is the average slope of  on [0 ]. Since   −1 (1) (no type bids more than −1 (1)

and  is binding in the limit) and  is convex, (17) holds.

Proof of Proposition 3. Denote by 0 () the right-derivative of the cost function

at  . It suffices to show that (10) is strictly positive when 0() is large enough. If

0() → ∞, then (2) and the convexity of  imply that  () →  for all    , where

 is the lowest type that bids  without the cap. Then, the second component of the

summation in (10) tends to 0, but the first component, which is positive, stays unaltered

(since  does not change). Thus, the cap decreases the aggregate bids of types higher than

 by less than it increases the aggregate bids of types between ∗ and  , so (10) is strictly

positive.
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