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Krig ing Nonstationary Data 
NOEL CRESSIE* 

Spatial data modeled to have come from a random function 
with a nonstationary mean are considered. The spatial 
prediction method known as kriging exploits second-order 
spatial correlation structure to obtain minimum variance 
predictions of certain average values of the random func- 
tion. But to do so, it must be assumed that either the mean 
function (the drift) is known up to a constant or the second- 
order structure (the variogram) is known exactly. Knowl- 
edge of the drift allows the (stationary) variogram to be 
estimated and leads to ordinary kriging. Knowledge of the 
variogram allows the drift to be estimated and leads to 
universal kriging. More usually, neither is known. This 
article shows how median polish of gridded spatial data 
provides a resistant and relatively bias-free way of kriging 
in the presence of drift, yet yields results as good as the 
mathematically optimal (but operationally difficult) uni- 
versal kriging. Comparisons are performed on two data 
sets. 

KEY WORDS: Covariogram; Drift; Resistance; Spatial 
statistics; Stationarity; Variogram. 

1. GEOSTATISTICS 

Geostatistics was developed to allow geological data spa- 
tially distributed throughout an ore body to be analyzed, 
the goal being ore-reserve prediction. Its chief proponent 
has been Matheron (1963, 1965, 1971, 1973), although 
Whittle (1963, chap. 4) presented some of the same ele- 
ments of the underlying model and the little-known work 
of Gandin (1963) in meteorology parallels much of the 
geostatistics methodology. The basic idea is that evalua- 
tions of ore grade at nearby points are (usually positively) 
correlated, so inferences about mean ore grade over a fixed 
block B, made from neighboring observations, should re- 
flect these spatial relationships. Kriging (here used as a 
noun; it is used as a verb in the title) is the technique 
developed by Matheron to do this [the name comes from 
Matheron's ascription of the idea to Krige (1951)]. Part of 
the reason why geostatistics has taken some time to become 
known is that much of the earlier work was written in 
French. Since the publication of David (1977) and Journel 
and Huijbregts (1978), texts written in English, its use is 
becoming considerably more widespread. Ripley (1981, 
chap. 4) has a discussion of the various techniques of 
smoothing and interpolation, including kriging. 

The presence of positive correlations, for good physical 
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reasons, is the source of the success geostatistics has en- 
joyed in the highly competitive and profit-minded mining 
industry. Potential applications abound, however; for ex- 
ample, in rainfall data (Ord and Rees 1979), in soil map- 
ping (Burgess and Webster 1980), and in regional ground- 
water geochemical data (Myers, Begovitch, Butz, and Kane 
1982). Although the data analyzed in this article are the 
results of ore-exploration drilling, the techniques have been 
successfully applied to tillage trials (Cressie and Horton 
1986; Hamlett, Horton, and Cressie, in press), crop yields 
(Cressie 1985a), and public health data (Cressie and Read 
1986). 

The basic model, called the intrinsic hypothesis by Math- 
eron, essentially assumes stationarity of differences. Let 
{Z,; t E D} be a real-valued stochastic process defined over 
a domain D of R2 or R3; Matheron calls {Zt} a regionalized 
variable. Note that the index t is a vector and is used 
throughout as an index over space. Then the intrinsic hy- 
pothesis is 

E(Zt+h - Zt) = 0, (1.1) 

var(Z,+h - Z,) = 2y(h), t, t + h E D. (1.2) 

The quantity 2y(h) is known as the variogram and depends 
only on the relative position of the two variables Zt+h, Zt. 
Its effective estimation and use in kriging (prediction) make 
up much of the practice of geostatistics (see Sec. 2). 

The implication of (1.1) is that E(Z,) = m, a constant, 
although basing prediction on (1.2) finesses the necessity 
for first estimating m before estimating the spatial rela- 
tionship expressed by 2y(h). A special case is when D C 
R and Zt is observed at equally spaced time points. Here 
many of the modeling and inference problems have already 
been solved by time series techniques (see, e.g., Fuller 
1976). Typically, second-order stationarity is assumed; that 
is, the covariance and correlation are functions of h only. 
Generalizations of smoothing, differencing, and autore- 
gressive moving average time series models to the spatial 
context have not been all that successful (Martin 1974; Ord 
1975). In space, the index t often varies continuously, and 
data may be at irregularly located {ti}. 

In general, define second-order stationarity to be (1.1) 
and 

C(h) = COV(Z,+h, Z,), t, t + h E D, (1.3) 

where C depends only on the relative position of the two 
variables Zt+h, Zt. But it is possible for (1.2) to hold when 
(1.3) does not (take, e.g., one-dimensional Brownian mo- 
tion, which does not have a stationary covariance function 
but for which a variogram is defined). When (1.3) holds, 

? 1986 American Statistical Association 
Journal of the American Statistical Association 
September 1986, Vol. 81, No. 395, Applications 

625 

This content downloaded from 130.130.37.84 on Wed, 06 May 2015 04:10:04 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


626 Journal of the American Statistical Association, September 1986 

2y(h) = 2(C(O) - C(h)). It is worth noting here that 
covariance functions and variograms must satisfy certain 
positive-definiteness conditions to avoid possibly negative 
prediction variances (Christakos 1984). 

In practice, I have found that the most often violated 
assumption is (1.1); in other words, it is highly unrealistic 
to assume constant mean. Data virtually never exhibit sta- 
tionarity. In this article I give robust/resistant techniques 
that deal with this nonstationarity. Other techniques are 
available depending on the goals of the data analyst. Apart 
from the various geostatistical techniques described in Sec- 
tion 2, spline interpolation and the NN method are worth 
mentioning. 

The objective of the spline method is to estimate globally 
a curve or surface, the smoothness of which is prespecified, 
from data that might or might not be "noisy" (DeBoor, 
1978; Wahba 1975). Here the smooth surface X, say, typ- 
ically belongs to a Sobolev space, has zero mean and co- 
variance E(X, * X,) = bR(s, t), where R(., -) is a known 
real-valued function of two variables and the noise is iid. 
Kriging, on the other hand, tries to predict locally the value 
of Z at a point t or averaged over a small region B. It 
assumes stationarity of Z for practical reasons, namely to 
produce a workable solution to the prediction problem. 
Setting the differing goals of the two techniques aside, it 
has been shown by Kimeldorf and Wahba (1971) that 
smoothing by splines is equivalent to kriging with a certain 
(generalized) covariance function. See Matheron (1980) 
and Watson (1984) for further comparisons. 

The NN (nearest neighbor) method (Wilkinson, Eckert, 
Hancock, and Mayo 1983) has been proposed for analyzing 
field experiments where treatment effects are superim- 
posed onto trend (assumed locally quadratic) plus inde- 
pendent error. In the mining context there are no treatment 
effects, so for the purposes of this article, the NN method 
would be applied to data that are "homogeneous." The 
locally-quadratic-trend-plus-independent-error assump- 
tion, however, is far too severe for mining data, and the 
NN method will not be considered further. 

After presenting the universal kriging solution to pre- 
diction in the presence of nonstationarity and showing how 
difficult it is to apply to data (Sec. 2), I develop an easy- 
to-use method called median polish kriging (Sec. 3). Sec- 
tion 4 compares the two methods on two data sets and 
shows little difference, endorsing the easy-to-use method. 
Conclusions are presented in Section 5. 

2. KRIGING 

2.1 Ordinary Kriging 

Suppose that the intrinsic hypothesis of (1.1) and (1.2) 
holds. Kriging, in its original form, is simply a minimum 
variance method of predicting certain average values of the 
random function {Zt; t E D} from a linear combination of 
observed values {Z7; i = 1, . . . , n}. With the stationary 
mean unknown in general, Matheron (1971) coined the 
term ordinary kriging to represent this "optimal" linear 
prediction procedure. 

Let B be a volume in D; then 

ZB lB Zt dt/IBI (2.1) 

is the average value of Z over B, where IBI denotes the 
volume of B. The data {ZJ} are used linearly to provide 
an ordinary kriging predictor (or estimator) of ZB, 

n 

ZB = iZt, (2.2) 
i=l 

where the weights {)i; i = 1, . . ., n} are chosen so that 
ZB is unbiased ()Ai = 1), and ZB is minimum variance 
among all linear unbiased predictors. In other words, choose 
{)A} to minimize the estimation error 

_E{(ZB- E )iZ,)2}, (2.3) 

subject to 

2 ii = 1. (2.4) 

Expanding (2.3) gives 

a2 = 2 , Aij(ti, B) - y(B, B) - ijy(ti - tj) 

where y(ti - tj) is given by (1.2), y(B, B) = fBfBY(u - 

v)du dv/1B12, and -(ti, B) = fBy(ti - v)dv/IBI. Differen- 
tiating with respect to {)A} [with a Lagrange multiplier ,u 
for condition (2.4)] results in the following linear system 
of equations: 

F(t x t)X = -y(t, B), (2.5) 

where 

A = (22 i nU 

-y (t, B) = (y(tl, B) ... y(tn, B) 1)I, 

R(t x 0ii= ,ti i= + 1,... ,n, j= 1,...,n 

=1, i=n + 1, j = 1,..., n 

=0, i=n + 1, = n + 1, 

and F(t x t) is a symmetric (n + 1) x (n + 1) matrix. 
Thus 

X = I-lY (2.6) 

provides the optimal coefficients in (2.2), and the minimum 
value of the estimation error U2, called the kriging vari- 
ance, is 

52= E JAi (ti, B) + ,u - -(B, B). (2.7) 

Equations (2.2), (2.6), and (2.7) define the kriging pre- 
dictor and variance for predicting ZB. If {Z,; t E D} can 
be written as Zt = Xt + Ut, where {U,; t E D} is an 
independent process of iid, zero-mean random variables, 
then provided IBI > 0, it can easily be seen that ZB = XB. 
Thus prediction of ZB is equivalent to prediction of XB and 
the equations are unchanged for IBI > 0. The case of point 
kriging, where B = {to} and IBI = 0, requires separate 
discussion. Think of the component {U,; t E D} as being 
made up of both measurement error and microscale struc- 
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ture. Strictly speaking, it is the latter that should be called 
the nugget effect; common usage, however, embodies both 
into the nugget effect. Therein lies confusion for those 
doing and defining kriging (Yakowitz and Szidarovsky 1985). 
Throughout this article I use kriging to refer to prediction 
of (integrals of) the Z process; for some purposes, how- 
ever, it may be required to predict a less noisy version of 
Zt0 (e.g., without the measurement error component). Then 
it is easy to see that when to is not one of the sample 
locations {ti; i = 1, . . . , n}, the optimal predictor is 
lizt,, where X is given by (2.6), and hence is unchanged. 
[The kriging variance (2.7) is reduced by the measurement 
error variance, however.] 

When B = {to} is one of the sample locations, say tl, 
then it is often touted that kriging is an exact interpolator. 
The way kriging is done in this article, it is, but it does not 
have to be. If a less noisy version of Zto is predicted, (2.6) 
does change slightly; the entry y(tl, {to}) in -y reflects the 
measurement error variance and is not zero, as it is when 
predicting Z,0. Exact interpolation is seen as both a good 
thing (by mining companies in joint ventures, who insist 
in their agreements that map contours of grade "honor" 
the data) and a bad thing (by, e.g., soil scientists who are 
looking for a smooth representation, over a large area, of 
a particular soil property that is sampled throughout the 
area). 

There are a number of further observations to make. 
Solution (2.6) does not depend on any observed data value 
and so can also be used to answer design questions, such 
as where to take one more observation to maximize the 
reduction in U2. Although a large-order matrix inversion 
is needed in (2.6), if the sampling pattern is regular and 
the ZB's of interest are regularly positioned throughout D, 
then the number of times different inversions are per- 
formed is small. Implicit in all of the above is that the 
variogram 2y(.) is known. In practice it is estimated, and 
there has been some recent research into how to do this 
efficiently but robustly (Armstrong and Delfiner 1980; 
Cressie 1979; Cressie and Hawkins 1980; Hawkins and 
Cressie 1984; Switzer 1984). What effect this estimation 
has on kriged values and kriging variances is at present 
unknown. Diamond and Armstrong's (1984) results, and 
the many successful applications of kriging in the mining 
industry, offer encouragement that there is only a "small- 
order" effect to worry about here. 

The best predictor (without assuming linearity) is 
E(ZBIZt1, .. , Zt,). To compute this it is necessary to 
know joint (n + 1)-dimensional distributions, which in 
practice is not feasible. When {Zt} is a Gaussian process, 
the best predictor is a linear predictor. In what is to follow, 
I will assume that an appropriate transformation has been 
made that converts the problem into Gaussian data (with 
possible additive outliers, here modeled as heavy-tailed 
contamination in the stationary error distribution); see (2.11) 
and Mancey and Howarth (1980). Of course, prediction is 
needed on the original scale, and bias and variance cor- 
rections must be made when untransforming (Dowd 1982). 
When such a transformation is not obvious, a number of 
approaches have been proposed: disjunctive kriging 

(Matheron 1976), the multigaussian approach (Verly 1983), 
indicator kriging (Journel 1983), probability kriging (Sul- 
livan 1984). The goal of this article is to study the more 
fundamental question of how to krige in the presence of 
trend-like nonstationarity. 

2.2 Current Ways of Handling Nonstationarity 

Suppose now that (1.1) of the intrinsic hypothesis is mod- 
ified so that there is nonstationarity in the mean. Let 

E(Z,) = d(t); (2.8) 

d(a) is called the drift. The harder problem of how to work 
with nonstationarity in the variogram is outside the scope 
of this article; Cressie (1985b) considered scaling the vari- 
ogram when nonstationarity is caused by a heterogeneous 
regionalized variable. There it is assumed that subregions 
of D can be found where at least (2.8) and (1.2) hold. 

Two ways of kriging in the presence of nonconstant drift 
have been proposed. The first assumes that d(a) can be 
represented as a polynomial of finite order, whereas the 
second postulates that a certain finite-order difference of 
Z's is (weakly) stationary. An extensive discussion and 
comparison is given in Cressie and Laslett (1986); the main 
issues, however, are set out here. 

The first method is called universal kriging (Matheron 
1969) and is a simple extension of ordinary kriging. The 
order k of the polynomial and the variogram y of the error 
must be known. Let B = {to} for simplicity, so an unbiased 
predictor Z,0 = T 1 )iZ, of Z,0, is desired. Suppose that 
fi is a polynomial of order 1(1 = 0, 1, . . ., k). Then the 
unbiasedness condition becomes 

n k 

E Eiizti = alf,(to), 
E(l 1=0 

and a set of sufficient conditions for this is 
n 

i)f1(ti) = fi(to) 1 = 0, 1, . . ., k. (2.9) 
i=l 

There are (k + 1) Lagrange multipliers go, l, ,k 

for each of these conditions, yielding essentially the same 
equation as (2.6), namely 

Au = rF!'YU, (2.10) 

where now 

Au = (Al ... 
An/1 .. 

I 

'+u = (Y(tl ) ...Y(tn +kto+O(1) j=.MO)n 

ru = A (t, tj), i = 1, ...,n, j= 1, ...,n, 

=fi-n-1(tj), 
i = n + 1, n + k + 1, j =1, ...,n, 

j= n + 1,. . . ,n + k + 1, 

and Fuis asymmetric (n + k + 1) x (n + k + 1) matrix. 
There are two problems associated with the solution; k 
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is never known and has to be guessed, and y is never known 
and has to be estimated from the residuals (= data - 
guessed drift). Matheron (1971) pointed out that such es- 
timators are biased, and unless the variogram of errors is 
known, say from a calculation in a direction where there 
is no perceived drift, universal kriging has serious opera- 
tional difficulties. It will be seen in Section 3 that a cog- 
nizance of the spatial nature of the data and a median- 
based analysis ameliorates the bias problem. 

The second method of kriging, that of intrinsic random 
functions of order k (Matheron 1973), has a more general 
model assumption than the first, but in practice it reduces 
to guessing an order k and estimating a generalized covari- 
ance function from kth-order differences (Delfiner 1976). 
Although this method is more pleasing mathematically, its 
usefulness has been limited because (a) it has not generally 
been possible to estimate the generalized covariance non- 
parametrically (as for the variogram), (b) there is no easy 
interpretability of the parameters of the generalized co- 
variance, (c) the order k of differences has to be guessed 
(usually k = 2 is used, in subregions of D), and (d) edge 
effects lead to a drastic reduction of those points that can 
be kriged this way. Nevertheless there is at least one geo- 
statistics package, BLUEPACK (Delfiner, Renard, and 
Chiles 1978), which fits parametric generalized covariances 
to data. It has a tendency to declare the spatial process to 
be white noise when a graphical analysis indicates other- 
wise, and its parameter estimation appears to be biased 
(Cressie and Laslett 1986). 

Section 3 introduces a resistant and relatively bias-free 
way of kriging in the presence of drift. 

2.3 Gaussianity, Contamination, and 
Robust Kriging 

Although it has already been stated that the most im- 
portant problem to deal with is nonstationarity, I want to 
make a brief aside here to mention how one might handle 
outliers in a stationary data set. Outliers are typically not 
removed by a single transformation that transforms "the 
bulk" of the data to have a marginal (at least) Gaussian 
distribution. 

These aberrant values may come from various sources. 
Hawkins and Cressie (1984) postulated a smooth under- 
lying stationary Gaussian distribution {X,; t E D}, but as- 
sumed that a noisy version of this is observed, as follows: 

Zt=Xt+ Ut, tED, (2.11) 

where {Ut; t E D} embody any measurement error plus 
any microscale variation. The contribution of {Uj is some- 
times called the nugget effect (Journel and Huijbregts 1978, 
p. 39); the {Ut} are assumed to have zero mean, to be 
independent of each other, and to have a contaminated 
Gaussian distribution. Hawkins and Cressie (1984) pro- 
posed a robust (to the contamination) kriging estimator 
that is not linear in a global sense. But locally, if all values 
in the kriging neighborhood are not "too different," then 
any predictor using those values would be linear in them. 
If, however, this cross-validation approach produces a value 
that is "too different" from its neighbors, then it is "brought 

in" to where it is not discordant with values in the kriging 
neighborhood. In the mining context, one would certainly 
not want to delete such points, since they may indicate that 
the company has "struck it rich." Robust kriging essentially 
formalizes what geostatisticians have in the past developed 
from common sense. The reason why I have briefly ex- 
plained the approach is because it was necessary, on the 
coal ash data in Section 4, to krige robustly because of the 
presence of outliers. 

Another way there may be departures from the Gaussian 
assumption is through small pockets of nonstationarity. 
Cressie (1984) presented data analytic tools to detect such 
pockets, but one would still like to construct an approach 
that is robust to them. 

3. MEDIAN POLISH KRIGING 

Anyone dealing with time series or spatial data knows 
that the decomposition of 
observable surface 

= large-scale variation + small-scale variation 

cannot be specified uniquely, so in practice it is difficult 
actually to assign contributions to the different sources. 
What is one person's nonstationarity (in mean) may be 
another person's random (correlated) variation. Watson 
(1972) included a nice discussion of the usual decomposi- 
tions and pointed out that most geological problems have 
a small-scale variation that should be modeled as a sta- 
tionary zero mean stochastic process, with nearby points 
showing strong positive correlation. 

The aim of kriging is to predict a value ZB from data 
{Zt; i = 1, . . , n}, exploiting the correlation between 
neighboring observations. We have seen in Section 2 two 
operationally unsatisfactory methods for dealing with the 
problem when {ZJ has nonconstant drift. The drift d(t) is 
thought of as the large-scale variation, and the stationary 
error is thought of as the small-scale variation. My working 
approach is to let the spatial positions of the data determine 
the scale of variation. It is very much in the spirit of ex- 
ploratory data analysis in that modeling decisions are based 
more on what is seen than on what might have been seen. 

A surface could be fit exactly through the observed points, 
but there would be little predictive power in this approach. 
I want to extract the "apparent" drift and try to model the 
rest through weak stationarity; then the repeatability of 
the stationary part throughout space gives the method its 
predictive power. The spline approach is similar in that it 
allows the grid size to determine the large-scale variability, 
together with added conditions about differentiability and 
smoothness. With the type of applications I have in mind, 
however, it is the small-scale variability that I want to 
model, to interpret, and subsequently to exploit in kriging. 

A data-analytic approach is taken; that is, I write 

data = fit + residual. (3.1) 

Then "residual" itself is analyzed as a fresh data set to give 

residual = new fit + new residual, (3.2) 

and so on. Questions about whether residuals are properly 
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representing the stationary error will be addressed subse- 
quently. 

Suppose that the spatial locations of the data are a subset 
of the points of a finite rectangular grid L. Not every point 
of L has to be the location of a datum, nor do the rows 
(or columns) have to contain equal numbers of observa- 
tions. Spatial data are configured like this often enough 
for the problem to be an important one to analyze. Cressie 
and Read (1986) solved the problem of irregularly located 
data by assigning each datum to the nearest node of an 
overlaid grid. 

Cressie (1984) suggested that the fit fii at location t = 

(i, j) be obtained by median polish (Emerson and Hoaglin 
1983; Tukey 1977) of the observed Z values. More specif- 
ically, 

f4 = a + ri + cj, 

Rij = Zij - fij, (3.3) 

where Rij is the residual from median polish, having the 
property that medi {Rij} = 0 = medj {Ri1}. And the row 
effects {ri} and column effects {c;} fitted by median polish 
are such that medi {ri} = 0 = med1 {c;}. 

This spatial analysis by rows and columns exploits "rep- 
lication" down columns and across rows to estimate the 
large-scale variation, something that is not possible for time 
series. With just r + c - 1 df, a flexible estimator of the 
mean surface is defined. The "median" part of the median 
polish algorithm gives resistance to outliers (in particular 

there is almost no leakage of outliers to other parts of the 
table) and relatively bias-free residuals. 

Median polish removal of trend is very grid-orientation 
dependent. Although experimenters often choose their grids 
in meaningful directions (e.g., where the geology dictates 
the exploration drilling), one should still check that the 
residuals do not contain "cross-product drift," or inter- 
action, in the terminology of contingency tables. The sim- 
plest departure from (3.3) is through one extra parameter 
g, which accounts for a quadratic term in the fit (Scheffe 
1959, p. 130); that is, fit = a + ri + cj + g.(i - ave(i)) 
(j - ave(j)), where g is estimated using (3.2). In both 
examples considered in Section 4, I found g to be zero. 

So, I propose a median polish of the gridded data, fol- 
lowed by a check for an interaction term, followed by the 
usual geostatistical analyses on the residuals (including ro- 
bust analyses; see Hawkins and Cressie 1984). When krig- 
ing at the point t, say, the predictor is simply obtained by 
adding the estimated large-scale variation (the fit) to a 
predictor of the small-scale variation obtained by ordinary 
(robust) kriging (see Sec. 2.1). 

I shall now indicate why in practice (see Sec. 4) good 
results are achieved with median polish followed by ordi- 
nary (robust) kriging. The large-scale variation estimation 
is median based, leading to resistant estimators and resid- 
uals where there is no "leakage" of outliers to other parts 
of the grid. Because there are no linear constraints such 
as meani{R}ij = 0 = meanj{Rij} on the residuals from 
median polish, it should follow that the variogram (or co- 
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S 

3 1 9.64 9.52 10 06 12 65 9 63 

2 9.29 6 75 8 96 e 27 8 14 

1 10 59 10 43 9 32 

Figure 1. Original Coal Ash Data With Locations Indexed by Row and Column Numbers. 
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ROW 
-0 20 0 00 3 29 0.00 051 0.00 

1 35 a 15 -1 32 -0 00 0 G0 -1 05 0.64 0.10 

0.10 0. 01 0 06 -0 20 0 56 0 00 -1 32 -0. 85 -0 00 -1 00 0. 12 

0. 01 -0. 40 0. 89 1. 74 0. 03 0 00 0 11 -0 41 -0 25 -0. 00 0. 00 -0. 71 

-0.00 2 38 -0.74 -1.06 -1.34 -1 22 0 00 -1 97 0 76 0 53 0 23 1 53 0.25 

0.90 -0.10 0.00 -1. so 0. 34 0 26 -0 03 0 07 0 25 -1. 69 -0. 49 0. 00 -0. 18 

0 27 -0. 46 0. 00 0.10 -0.00 0. 69 -0 64 -0. 78 0 59 -0. 41 0. 56 -0 17 0 00 -0. 33 

0. 53 -0. 67 -0. 14 -0.26 0.00 0. 53 0.42 -0. 88 0 16 0 51 -0 43 0. 04 

-0. 54 0.19 1. 77 -1.39 -0. 15 -1. 48 6 15 -O. 18 0 72 0 41 -0-14 

0.00 0. 35 -0. 18 -0. 75 -0. 00 0. 25 0. 00 -0. 36 -0 37 3 03 -0. 39 

2. 74 -0. 59 0. 92 -0.13 -0.50 0.09 1. 28 1 40 -0 88 -0 09 -0. 27 

-0. 09 1. 70 0.38 2 05 0. 65 -0.96 0.00 -t 15 -0 07 -1 24 0 09 -0. 76 

0.93 -0.23 -0.73 1. 43 -0. 20 0 92 0. 00 -0 31 1 73 0 00 0 60 -0. 39 

0.00 -0. 50 -0. 70 0 00 0. 71 -1. 39 0. 00 0 83 -1 07 1 92 0. 38 

0. 59 1. 06 -0 59 0.28 -0. 58 0.33 -1 03 -0 84 000 0. 20 

-0. 96 -2. 00 0.35 -0. 09 2. 35 0 09 1. 72 -0 72 -0 45 1 61 0. 20 

-0 20 0. 06 0. 23 -0. 25 -0 64 -1 53 0 63 0 04 000 0. 56 

-0. 9 -0. 45 6. 66 -0. 42 2 62 0 66 0 39 -0 63 0. 78 

0. 14 1. 01 1. 03 -1. 25 -0 29 -0. 04 0 04 -0 19 -0. 40 

0 89 0.44 -0. 65 0. 08 0. 08 -O 08 -0 17 -0 99 0. 01 

-0 39 -0 19 0 00 2 93 0 43 -0. 46 

0.32 0. 10 -0. 04 -0 38 0 00 -1. 52 

O. 00 O. 16 -1 30 0. 10 

0.76 0.95 0. 21 0. 67 0.35 0. 70 0. 36 -0.16 0. 16 -1. 03 -0. 82 -1. 25 -0. 91 -0. 34 -1.69 -0.42 9. 82 

COLUM ALL 

Figure 2. Results of Median Polish on Coal Ash Data. Residuals are shown in the main body of the figure. 

variogram) analysis of residuals is less biased. Cressie and 
Glonek (1984) showed that a median-based analysis of time 
series data reduces the bias. This, together with recognition 
of the spatial configuration of the data, ameliorates con- 
siderably the first-order bias problems that hinder universal 
kriging (see Cressie 1984). It is important that the residuals 
behave like (2.11) so that a robust, efficient estimator of 
the variogram can be calculated. The regularity of the grid 
means that most of the time the data configurations used 
for kriging unknown ZB or Z,o are balanced and remain 
the same throughout various parts of the domain. The final 
result is an accurate robust/resistant kriging estimator in 
the presence of nonstationarity. 

In summary, median polish kriging (MPK) proceeds as 
follows. An observation at spatial location t is given by 

Z= ft + Rt, (3.4) 

where ft is the drift estimated by interpolating planes be- 
tween the median polish fit given by (3.3) and Rt is a 
regionalized variable (estimating the error). Suppose that 
Zto is to be predicted (i.e., point kriging). Then MPK says 

x 

x x x IX 

x x x 

x 

Figure 3. Kriging Configuration Used for Coal Ash Data. 

to krige robustly [see (2.3)] to obtain a predictor R,0 of 
R,0 and to add this back to the estimated drift ft0, giving 
the predictor 

zto = fto + Rto (3.5) 

Because fBZt dt = fBft dt + fBRt dt, the identical approach 
of kriging to obtain a predictor RB for RB, and adding back, 
yields ZB the MPK predictor of ZB, the average value of 
Z in a block B. 

4. TWO SPATIAL DATA SETS 

4.1 Coal Ash 

Data on coal ash obtained from Gomez and Hazen (1970, 
tables 19 and 20) for the Robena Mine Property in Greene 
County, Pennsylvania, are analyzed from an exploratory 
point of view in Cressie (1984). The data (in %) and their 
spatial locations are repeated here in Figure 1; they are 
appropriately rotated so as to appear on a N-S, E-W grid 
(Cressie shows the original orientation); grid spacings are 
2,500 feet by 2,500 feet. A median polish was performed, 
and the table of residuals is given in Figure 2. A "plus- 
one-fit" was tried, and no interaction structure was found 
in these residuals; a stem-and-leaf plot (Tukey 1977) con- 
firmed an approximate Gaussian distribution apart from 
obvious and possible outliers. When the (robust) vario- 
gram estimator was computed it showed no correlation 
structure in either the N-S or the E-W directions; see 
Cressie [1985c, fig. 1(c)] and Cressie (1984, fig. 11). Using 
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7 
7 8 
8 112 
8 5566667799 
9 00000222222223444444 
9 5555556677777888888888999 (a) 

10 0000111111111111111222233444 
10 55668888888 
11 00 
11 

7 
7 8 
8 0023 
8 5666788 
9 0011112222223344 
9 555666667777888999999 (b) 

10 00000000000011112222222233334444 
10 5555556666777789 
11 002 
11 

-1 
-1 001 
-0 555555667778889 
-0 00000001111112222222233333333444444444 (c) 

0 000000001111111122222222233334444444 
0 5555578 
1 1 
1 

Figure 4. (a) Stem-and-Leaf Plot of Coal Ash Values Predicted From 
UK (mean = 9.75, variance = .48). (b) Stem-and-Leaf Plot of Coal Ash 
Values Predicted From MPK (mean = 9.86, variance = .54). (c) Stem- 
and-Leaf Plot of Difference Between UK and MPK Predictions (mean 
= -.10, variance, = .20). 

the fitting methods of Cressie (1985c), I obtained the semi- 
variogram model 

y(h) =O, h = O 

= .75, h $ 0, (4.1) 

for the error. The self-scaling of median polish leads to 
the conclusion that here all of the "interesting" variation 

is in the large-scale model, leaving nothing but white noise 
in the small-scale model. This does not always happen, as 
is shown in the second example, on iron ore. 

To demonstrate the predictive power of this robust/re- 
sistant approach to kriging in the presence of nonstation- 
arity, I deleted one point at a time and then predicted it 
via (a) median polish kriging (MPK) and (b) universal 
kriging (UK). The thorny problems of UK (see Sec. 2.2) 
can be avoided for this data set by noting that in the N-S 
direction there is essentially no drift in the originals and 
in the E-W direction there seems locally to be at most 
quadratic drift (Cressie 1984, fig. 4). Thus the semivario- 
gram fitted in the N-S direction in Cressie (1985c), namely 

y(h) = co + c5{(312)(hla5) - (112)(ha5)3}, 0 < h-< a, 

= co + cs, h?as (4.2) 

with co = .89, cs = .14, and aS = 4.31 grid spacings, is 
appropriate for the UK equations (2.10). Figure 3 shows 
the configuration of data points that were used for UK 
(and for MPK) of the central deleted point. 

I only predicted points for which Figure 3 could be re- 
alized, and the results given in Figure 4 were startling. UK 
can be thought of as the yardstick that, because there is 
no drift in the N-S direction, can be applied in this case. 
Figure 4(a) shows the stem-and-leaf plot of {Zt,UK}, and 
Figure 4(b) the stem-and-leaf plot of {Zt,MPK}. In terms of 
overall shape and sample mean and variance, there is very 
little difference between the two. Figure 4(c) shows a stem- 
and-leaf plot of {Zt,UK - Zt,MPK}, with tight cluster around 
0. Finally, it turns out that the kriging variances are vir- 
tually the same; C2 = 7.09 for UK, and C2 = 6.63 for 
MPK. The small difference is easily accounted for by the 
estimation variance of ft in (3.4). 

4.2 Iron Ore 

The original data have been modified slightly (for con- 
fidentiality reasons) by multiplying by and adding unspec- 
ified constants. Figure 5 shows the modified data (% Fe2O3) 

60.8 54.8 58.9 59.1 57.4 59.1 57.9 54.4 

57.8 58.1 57.8 56.1 58.7 58.7 57.3 58.1 51.5 54.2 

N 
55.1 59.6 53.2 58.4 55.9 58.6 56.1 58.5 56.9 56.3 56.6 54.3 52.5 54.3 51.3 

E 
54,3 51.9 52.0 56.7 57.8 50.3 58.2 58.3 59.0 58.9 59.7 52.9 52.8 57.1 

S 56.2 55.4 54.3 50.0 58.9 56.5 51.6 57.1 58.4 55.7 59.6 56.6 56.9 59.0 

45.6 46.9 53.5 52.1 53.5 55.7 52.2 47.2 54.1 57.6 58.7 58.6 59.1 56.1 56.7 55.0 56.4 

47.1 50.5 51.4 55.8 47.5 51.9 55.0 48.0 45.4 56.9 53.7 57.5 55.1 53.5 47.5 57.6 60.3 

50.4 54.0 51.3 47.8 52.6 50.5 51.2 52.1 53.5 56.7 51.5 56.2 56.8 59.7 

55.9 55.1 53.1 

Figure 5. Iron Ore Data. 
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Figure 6. Robust Estimated Variogram of Iron Ore Residuals From Median Polish, E-W Direction. Weighted least squares fit of the spherical 
variogram is given by the solid line. 

and their spatial locations; grid spacings are 50 meters by 
50 meters. A strong linear trend in grades emerged in the 
N-S direction, with nothing perceptible in the E-W direc- 
tion. A median polish gave residuals that appeared sta- 
tionary and Gaussian and whose variogram in the E-W 
direction was modeled with a spherical form given by (4.2) 
with co = 4.83, cs = 3.59, and aS = 8.73 grid spacings 
(Cressie 1985c); see Figure 6. Unlike the first example, 
this is not white noise; there is a large nugget effect su- 
perimposed onto positive correlation. After taking into 
account the N-S variogram, which showed roughly the 
same nugget effect co, roughly the same sill (the constant 
asymptote, which is equal to the stationary variance; see 
Journel and Huijbregts 1978, p. 37) co + cs, but half the 
range as, it was decided to use an anisotropic model. An 
equivalent way to do this is to double the scale in the N-S 
direction when computing kriging estimates (see Fig. 7) 
and use an isotropic model; here I used (4.4) with co = 
5.4, cs = 3.1, and as = 9, obtained from both E-W and 
N-S fits. This gives a representation for the iron ore data 
in terms of (3.4); most important, there is still small-scale 
correlation structure left in the residuals. 

The same UK versus MPK comparison as for coal ash 
was possible, since there is no drift in the E-W direction; 
the E-W variogram of the original data yielded the fit 
(Cressie 1985c) y(h) = 5.17 + 1.llh. Figure 7 shows the 
configuration of data points that were used in the UK 
equations (2.10) (and in MPK). 

I only predicted points for which Figure 7 could be re- 

alized; once again the results, given in Figure 8, were en- 
couraging. Figures 8(a) and 8(b) show the stem-and-leaf 
plots of {Zt,UK} and {Zt,UK}, respectively. Sample means, 
sample variances, and distribution shapes show very little 
difference. Figure 8(c) shows a stem-and-leaf plot of {Zt,UK 

- Zt,MPK}, with clustering around 0. Finally, it turns out 
that the kriging variances are almost the same; a' = 1.016 
for UK, and a' = .813 for MPK. The small difference can 
be accounted for by the estimation variance of f, in (3.4). 

5. CONCLUSIONS 

The mathematically sound approach of universal kriging 
runs into serious estimation problems when it is applied to 
data. In Section 4, I showed that median polish kriging 
(detailed in Sec. 3) is an alternative that can give nearly 
identical results, is operationally easy, and carries with it 
at every stage robust/resistant methods of estimation and 
prediction. 

I have purposely not confused the discussion with anal- 

x x x 

xx x x x 

X x x 

Figure 7. Kriging Configuration Used for Iron Ore Data. The scale in 
the N-S direction has been doubled to account for anisotropy. 
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50 55 
51 49 
52 22266 
53 125577 
54 1133 
55 147 (a) 
56 111266677799999 
57 1366688889 
58 113344447 
59 

50 669 
51 067 
52 568 
53 12349 
54 034666 (b) 
55 00599 
56 0114566778 
57 111112355679 
58 245789 
59 358 

-3 23 
-2 2389 
-1 00149 
-0 11122245556678999 

0 001156677799 (c) 
1 0112233456689 
2 2 
3 2 
4 5 

Figure 8. (a) Stem-and-Leaf Plot of Iron Ore Values Predicted From 
UK (mean = 55.76, variance = 5.42). (b) Stem-and-Leaf Plot of Iron 
Ore Values Predicted From MPK (mean = 55.67, variance = 5.79). (c) 
Stem-and-Leaf Plot of Differences Between UK and MPK Predictions 
(mean = .065, variance = 2.39). 

ysis of data for which the bulk was not approximately Gauss- 
ian (or could be transformed to Gaussianity). Nonlinear 
geostatistical methods and the controversy that surrounds 
them would divert attention from the main ideas in this 
article. 

I had good reason for presenting two examples. The first, 
a set of coal ash data, shows small-scale variation that can 
be modeled simply by white noise. The second example, 
a set of iron ore data, demonstrates that the small-scale 
variation in general does still possess spatial correlation. 
Data are given in the article, for those who wish to try 
their own spatial analyses. I attribute part of the lack of 
understanding of the geostatistical method to a cloak of 
confidentiality over source data for most published case 
studies. 

Kriging is a "sturdy" procedure, in that it really only 
needs a local stationarity for it to be an optimal predictor. 
The problem is that the local variogram can never be es- 
timated well from only a few points. I have tried to combine 
this sturdiness with a sturdy way of arriving at the local 
variability and the spatial relationship, namely median pol- 
ish kriging on gridded data. This method is accurate, con- 
ceptually simple, operationally easy, and resists the effects 
of unusual observations. 

[Received December 1983. Revised November 1985.] 
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