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Empirical Bayes Estimation of Undercount in the 
Decennial Census 

NOEL CRESSIE* 

On April 1, 1990, the decennial census for the United States will be conducted by the U.S. Bureau of the Census. By December 
31, 1990, the Census Bureau is specified by law to submit state population counts for the purpose of reapportionment of the 
U.S. House of Representatives, and by March 31, 1991, to submit small-area population counts for the purpose of redistricting. 
Census counts are used in a variety of other ways: for revenue-sharing formulas between different levels of government, for 
demographic projections, as a base for morbidity and mortality statistics, and so forth. Inaccurate census counts should be 
cause for concern for the whole nation. It is universally acknowledged that certain groups of people (e.g., young black males, 
illegal aliens, etc.) are harder to count than others. If the hard-to-count groups are distributed in equal proportions throughout 
the United States, there would be far less controversy over what to do about the uncounted people. As it is, many large 
American cities such as Chicago, Detroit, New York, and Los Angeles feel they are losing federal funds because their cities 
contain larger numbers of the groups that are less well counted. And certain states such as New York and California feel they 
are underrepresented in Congress, to the benefit of Midwestern states such as Indiana and Iowa. Census undercount is defined 
simply as the difference between the true count and the census count, expressed as a percentage of the true count. Small-area 
estimation of this undercount is considered here, using empirical Bayes methods based on a new and, it is argued, more realistic 
model than has been used before. Grouping of like subareas from areas such as states, counties, and so on into strata is a 
useful way of reducing the variance of undercount estimators. By modeling the subareas within a stratum to have a common 
mean and variances inversely proportional to their census counts, and by taking into account sampling of the areas (e.g., by 
dual-system estimation), empirical Bayes estimators that compromise between the (weighted) stratum average and the sample 
value can be constructed. The amount of compromise is shown to depend on the relative importance of stratum variance to 
sampling variance. These estimators are evaluated at the state level (51 states, including Washington, D.C.) and stratified on 
race/ethnicity (3 strata) using data from the 1980 postenumeration survey (PEP 3-8, for the noninstitutional population). 

KEY WORDS: Constrained empirical Bayes estimation; Demographic analysis; Dual-system estimation; Loss functions; Spatial 
dependence; Standardized sampling variance; Standardized stratum variance; Synthetic estimation. 

1. INTRODUCTION 
There are persuasive arguments for and against adjust- 

ment of the U.S. decennial census counts, although many 
of them are based on political rather than technical con- 
siderations. The decision whether to adjust depends cru- 
cially on the method of adjustment. Moreover, should 
adjustment take place using a synthetic-based or a regres- 
sion-based method, say, at which level should this occur, 
and how should aggregation and disaggregation proceed? 
To answer these questions sensibly, a model of undercount 
errors is needed that is level-consistent in the sense that 
it is preserved for areas at the national, state, county, and 
so forth, level. Such a model is proposed in this article; 
like subareas are identified with strata such that within a 
stratum the subareas' adjustment factors have a common 
stratum mean and have variances inversely proportional 
to their census counts. By considering small-area sampling 
(e.g., by dual-system estimation), empirical Bayes esti- 
mators that combine information from the stratum average 
and the sample value can be constructed. 

For discussion of some of the political and statistical 
issues surrounding undercount adjustment, see U.S. Bu- 
reau of the Census (1980), Barabba, Mason, and Mitroff 
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(1983), Ericksen and Kadane (1985), Freedman and Na- 
vidi (1986), Schirm and Preston (1987), and Bailar (1988). 
A few notable events in the history of census undercount 
are chronicled in Cressie (1988a). Looking to the future, 
the 1990 census will be the most expensive ever, with 
recent cost estimates at around $2.6 billion. Considerable 
planning has gone into making it the best ever, although 
the Census Bureau's Test of Adjustment and Related Op- 
erations (TARO) conducted in Los Angeles in 1986 (see 
Diffendal 1988; Hogan and Wolter 1988; Schenker 1988) 
indicates that there will still be a large differential under- 
count. 

A model-based approach to undercount estimation is 
presented in this article. Section 2 establishes the model 
and contrasts it to previously proposed models. Section 3 
develops a decision-theoretic framework from which em- 
pirical Bayes estimators result; the properties of these es- 
timators are given in Section 4. Section 5 implements the 
methods of Sections 2, 3, and 4 on the 1980 census and 
Post Enumeration Survey (PES) data. Further discussion 
of consequences and practical implementation of the 
model is given in Section 6. 

2. THE MIXTURE MODEL 

I shall now explain the source of random variation in 
my model. I consider the true population in any well- 
defined stratum of the United States to be unknown. After 
observing the corresponding census population, the un- 
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certainties about the true population are updated. In other 
words, all inference is performed conditional on the ob- 
served census counts. 

To control the variation of undercount and its esti- 
mators, it is sensible to divide the United States into strata, 
such that within each stratum the undercount mechanism 
is modeled as being homogeneous. Most often these strata 
are defined demographically according to age, race, and 
sex. Nevertheless, Tukey (1981) suggested that geographic 
and urban factors should be considered. Two such strati- 
fications of the United States were given by Isaki, Diffen- 
dal, and Schultz (1986). 

Suppose that there are j = 1, . . ., J strata and i = 
1, . .. , I areas [e.g., at the enumeration-district level I 
- 300,000, whereas at the state level I = 51, including 
the District of Columbia; for demographic stratification J 
= 30, say, whereas for the two stratifications of Isaki et 
al. (1986) J = 90 and J = 96]. Think of stratum j as fixed 
(e.g., stratum j might be the blacks in central cities in a 
standard metropolitan statistical area with population 
greater than or equal to 250,000, in the New England 
Census Division). Then, as i ranges from 1, . . . , I, a 
sequence of subareas is generated; the subarea indexed 
by ji refers to that part of the ith area that has stratum j 
in it. Only subareas with nonzero census counts are con- 
sidered. 

Define 

Yii true count in the jth stratum of area i, (2.1) 

Cjii census count in the jth stratum of area i, (2.2) 

and 

Fj Y)ji/C,ji i = 1,... , I, j = 1, . . . , J. (2.3) 

Although these equations are written as if every stratum 
appears in every area, it is possible that strata are nested 
within areas. Thus when a range of an index i or j is given, 
it only refers to areas or subareas for which Ej Cji > 0, or 
cji > ? 

Suppose for the moment that we know the ratios {Fji: j 
1, .. . , J} for the ith area. Then, from the census 

counts Cji the. true count Yi can be calculated: 
J 

Yi E FjiCji. (2.4) 
j=1 

The Fji are often called adjustment factors. The strata are 
constructed so that these adjustment factors {Fji: i = 
1, . . , I} are as homogeneous as possible within strata. 

2.1 The Mixing Distribution 

Statistical modeling of undercount is carried out here 
on the adjustment factors. One such model, which I call 
the synthetic model, is to assume the stratification has been 
done so well that intrastrata variation is 0; that is, Fji 
Fj (i = 1, . . . ,I; j = 1, .. ., J). Consequently, 

=iy- Fii (2.5) 
j=l 

is the total population of state i assuming the synthetic 
model; furthermore, there are only J factors {Fj: j 
1, . . , J} to estimate. 

This model is too simple, however. Generalizing it to 
allow for intrastrata variation results in a mixture model. 
Specifically, formulate the assumption of homogeneous 
strata (with respect to the undercount mechanism) as 

Fji - N(Fj , z2i) i = 1, . . ,I, j = 1, . . ,J, 

(2.6) 
where - means is distributed as, and N(p, .2) is a normal 
distribution with mean ,u and variance U2. The normality 
assumption is made for convenience and is relaxed later 
(see Sec. 3.1). All distributions in (2.6) are assumed in- 
dependent. 

Notice that zr = 0, for all i and j in (2.6), corresponds 
to the synthetic model. Here the {Fj} are fixed but un- 
known means to be estimated. The {zfr} will be modeled 
further; Section 2.2 shows that under very mild assump- 
tions 

z = zJ/Cjj, i= 1,... ,I, j=1,... ,J. (2.7) 

The quantity zJ = var(C,li 2Fji) is called the (standardized) 
stratum variance. 

2.2 Justification of (2.7) 

In this section I focus on one stratum within an area 
and drop the subscripts: Y is its true count and C is its 
census count. Suppose that erroneous enumerations have 
been accounted for and that pure undercount is left to be 
estimated (if not, the following argument becomes more 
complicated but the result is unchanged). Then, 

y 

C = E Il, (2.8) 
1=1 

where I, is an indicator variable equal to 1 if the lth person 
is counted and equal to 0 if the lth person is missed. The 
true count Y is an unknown parameter. Provided that a 
successful stratification has been effected, each I, could be 
modeled as a Bernoulli random variable with the same 
probability of success (1 - u), where u Pr(lth person 
is missed). Should the II's be independent, 

CIY -~ bin(Y, 1 - u)/Y, (2.9) 

a scaled binomial distribution with parameters Y and 1 - 
u. The 1I's are not in general mutually independent; local 
dependence (local relative to the size of the area) leads 
to extra-binomial variation, but this does not affect the 
argument that follows. Then, given Y = y, (2.9) yields 

(CIY) I Y = y : N(1 - u, aly), (2.10) 

where a = u(1 - u), and - denotes is approximately 
distributed as. Henceforth assume (2.10). The crucial part 
of the assumption is that the variance is inversely propor- 
tional to y, which can only fail if there is long-range de- 
pendence between the I1's in (2.8). 

The true population count Y is unknown. After ob- 
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serving C, uncertainties about the true count can be up- 
dated. In other words, inference is performed conditional 
on C. Let 7(y) be a prior for Y. Then, it is straightforward 
to obtain the posterior, 

p(y I C) oc exp{-4/2z - cz12}z-l/2ir*(z), (2.11) 
where z y(l - u)IC, k C(1 - u)la, and nr*(z) 
i(Cz(l -u)). 

Consider now the generalized inverse Gaussian distri- 
bution (Jorgensen 1982) with density 

f(z) = (VX')xY2 z-1exp(-X/2z - Vz/2)/2&(QV/)2), 
(2.12) 

where KA is the modified Bessel function of the third kind 
with index A. Its variance is var(Z) = q2{KAIAN)IKA(w) 
- KA+1(t)21KA(wt)2} where GO = (XV)112 and a = 
(Xy/I)112. The case where cO is large is of particular interest; 
Jorgensen (1982, p. 171) gave the asymptotic expansion 
KA(@) = (nI2)1"2cu-w"2e-0(1 + (u - 1)/8w + (i 1)(- 
- 9)/{21(8w0)2} + ...), where ,u = 4)2. It is then a straight- 
forward matter to obtain the asymptotic expansion var(Z) 
= q2(1/wo + 0(11W2)) for co large. 

Return now to (2.11) and formally put n*(z) 
= afzf-le-az/r(fl), a gamma density. Then, (2.11) 
X zg-312exp{- /2z - (b + 2a)z/2}, which from (2.12) is 
proportional to a generalized inverse Gaussian distribution 
with parameters w = (q2 + 2a4)1/2 and ?1 = (I/(4 + 
2a))12. Since + = C(1 - u)la, then for C large the pos- 
terior variance of Z -Y(1 - u)/C is 

al(1 - u) + O(1/C2) (2.13) 
C 

for any choice of parameters a and fi in ir*(z); recall that 
a = u(1 - u). 

The statistical interpretation of (2.13) is that the pos- 
terior variance of the adjustment factor F = YIC satisfies 

var(FI C)= u=(1 u) + 0(1/C2) (2.14) 

for C large, over a very large and flexible class of priors. 
Notice that this class includes the Jeffreys prior, i(y) X 
y- 1/2 That is, a robust Bayesian result for undercount has 
been established, namely (posterior) variances of adjust- 
ment factors are approximately inversely proportional to 
their corresponding census counts, provided census counts 
are large. 

Observe that r(y) = 7r*(y(1 - u)IC). Thus a 7r with 
a = 0 can be obtained from a 7r that does not depend on 
C. For a > 0, the C in the prior X must be interpreted as 
being based on previous censuses or intercensal surveys; 
assuming its difference from the current census is 0(1), 
result (2.14) remains unchanged. 

If the posterior modeling given previously is not ap- 
pealing, consider the more classical approach based on the 
distribution of C, given Y. From (2.9), or more generally 
assuming extra-binomial variation, var(F'1 I Y) = var(C/ 
Y| Y) X 1/Y. Then, by the 6method var(F I Y) blY, 

for some positive constant b. Since 1/ Y is unknown, stan- 
dard procedure is to estimate it from the data C : (1 Y) 
= (1 - u)/C. Finally, then, 

var(F I Y) - b(l - u)IC oc 11C. (2.15) 

When (2.9) holds, b(1 - u) = uI(J - u)2, showing agree- 
ment of (2.15) with (2.14). Thus regardless of the proposed 
source of variation, the variance of the adjustment factor 
should be modeled as being inversely proportional to its 
census count. 

2.3 Consequences of (2.7) and Comparisons 
With Other Models 

Apart from the mathematics that led to (2.14), there 
are further good reasons for weighting the variance by 
l/Cji. First, it is level-consistent in the sense that it is 
preserved for areas at the national, state, county, and so 
forth, level. That is, 

Fj,i&il N(F>, TrjC,i&i'), (2.16) 
where Fji&i> (FjiCji + Fji'CjQi)Cii&i and C,i&i'- Ci + 
Cit'. This is a very important property, which all of the 
current undercount models do not possess. It enables the 
modeler to escape from the geographical and historical 
accidents that divided up the country into the states, coun- 
ties, and so on, that we now see. For example, North 
Dakota and South Dakota are easily aggregated, and Cal- 
ifornia is easily disaggregated into Los Angeles and not 
Los Angeles under the level-consistent model. Notice that 
weighting inversely proportional to any variable B, for 
which Bije = Bj,i + Bji,, yields a level-consistent model. 
Section 2.2 justifies the choice of the census variable C to 
provide this weighting. 

This level consistency is not confined to combining 
areas; it also applies to combining strata. After the 1990 
census and PES, poststratification may cause the original 
strata to be modified; model (2.7) is unaffected by such 
modifications. 

Second, the model (2.7) is flexible enough to allow for 
notoriously hard-to-count areas. A special stratum could 
be broken out for, say, blacks in Harlem, New York City, 
and the obvious increase in variation incurred by having 
two strata where there was one before is automatically 
modeled by weighting inversely proportional to census 
counts. Third, from (2.7) the best linear unbiased esti- 
mator of FJ based on {Fji: i = 1, ...,I} is 4=1 Yjil 
C=i Ci, a common-sense estimator that is a ratio of ag- 

gregated counts over all I areas. 
Other proposed models of undercount have typically 

been regression models: 
J J P 

Ei- Fji Cji / Cji NJ f kZk,i, 
' 

, 
J=1 1 j=1 __ flk=1 

i = 1... II (2-17) 

(e.g., see Diffendal 1988; Ericksen and Kadane 1985; Er- 
icksen, Kadane, and Tukey 1989; National Academy of 
Sciences 1985, pp. 315-317). Examples of explanatory 
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variables used in (2.17) are percent minority in the ith 
area and crime rate in the ith area. Sometimes the un- 
dercounts {1 - F.i- } are modeled rather than the adjust- 
ment factors {F.j}, but the comments that follow apply to 
either model. 

As a basic model of the undercount mechanism, I find 
(2.17) unsatisfactory for two reasons: The mean may be 
inappropriate and the variance is inappropriate. 

First, the meanyk=l fkZk,i does not allow each stratum 
to have its own set of regression coefficients. For example, 
blacks, Hispanics, whites, and so on all have different 
undercount rates that are being confounded in the mean 
structure, and the constant error variance T2 is left to pick 
up that interrace variation. It was apparently the un- 
availability of suitable data that led to modeling the mean 
structure according to (2.17). 

Second, z2 should depend on the area i being considered. 
From (2.7), 

var(F.i) = var FjiCjilCi = (CjIC1)T;/1Ci (2.18) 

which is a weighted linear combination of stratum vari- 
ances divided by the total census count Ci in the ith small 
area. Freedman and Navidi (1986) criticized (2.17) as a 
model of reality, arguing that many of the model assump- 
tions are inappropriate. A problem they did not perceive, 
which I emphasize in (2.18), is the heteroscedasticity im- 
plied by working with rates. Not recognizing the hetero- 
scedasticity leads to inefficient undercount estimators, and 
incorrect mean squared errors. 

The model (2.6)-(2.7) can be easily modified to allow 
for regression: 

Pi 

Fi r- N _ fk,j zk, ji, / C,i (2.19) 
k=1 

The special case pj 1 and zj,ji 1 yields (2.6)-(2.7). 
The special case pj p and fk,j flk (k = 1, * * , p) 
(alternatively, the special case J = 1) implies the mean 
structure of (2.17). Although (2.17) may, through explan- 
atory variables, model the area-differential undercount 
reasonably well, it makes no attempt to capture the het- 
eroscedasticity caused by working with rates. 

I have not sought the generality of (2.19) because there 
is no consensus on the choice of explanatory variables Zk. 
Nevertheless, there is a consensus that undercount is dif- 
ferential according to race/ethnicity, age, and sex. A strat- 
ification based only on these factors would yield better 
estimators than no stratification at all. Taking geography, 
urbanicity, rental status, and so forth into account could 
either be achieved by breaking out more strata or by using 
a regression model like (2.19). By staying with (2.6)-(2.7), 
I am choosing to break out more strata, but either ap- 
proach is clearly trying to model the data in the same 
general way. 

2.4 The Data and the Model 
Of course, the {F, : i = 1, ... .,I; j= 1, ... .,J}are 

not available as data; if they were, Yi would be trivial to 

calculate. In reality, some sampling takes place, so Fji is 
observed imperfectly. The best way to think of it is that 
within stratum j of the ith area, a sample is taken for 
undercount (e.g., a postenumeration survey). Let the out- 
come be Xji (e.g., Xji is the ratio of the dual-system esti- 
mator to the census count, for the jth stratum in the ith 
area). Then, conditional on F>i, model 

Xji - N(Fjj, j1j)q i = 1, . ,I, j = 1, . .,J, 

(2.20) 

where F,i is an unknown mean parameter to be estimated, 
and cr is the sampling variance (e.g., calculated with re- 
gard to the postenumeration-survey sampling frame). All 
distributions in (2.20) are assumed independent. 

When sampling is pps (probability proportional to size) 
within strata, 

= ICJ, i 1,...,I, j = 1, ... ,J. (2.21) 
Such was the case for the 1980 PES; Section 6 discusses 
how to proceed when (2.21) does not necessarily hold. 
The general approach remains unchanged, but several of 
the formulas become more complicated. 

Call c? = var(Ci/2Xii j Fji) the (standardized) sampling 
variance. It should be noted that (2.20)-(2.21) is level- 
consistent in the same way that (2.6)-(2.7) is. 

Now think of (2.20)-(2.21) as a conditional distribution 
of X>i, given Fji, and (2.6)-(2.7) as the mixing (or prior) 
distribution of Fji To predict Fji, then, the posterior dis- 
tribution of F>i, given X)i, is needed. Section 3 gives the 
usual Bayes and constrained Bayes estimators, followed 
by their empirical versions. Notice that a Bayesian ter- 
minology is being used because the {Fj,} are assumed to 
be random variables whose collection is modeled accord- 
ing to (2.6)-(2.7). Finally, there are fixed but unknown 
parameters {F)}, {f2}, and {Ja} that need to be estimated. 

3. EMPIRICAL BAYES ESTIMATORS 

This section establishes the decision-theoretic frame- 
work from which Bayes and empirical Bayes estimators 
can be derived. To predict Fji from data Xji, the posterior 
distribution of Fji, given Xji, is needed. In general, it is 

(distribution of X;i IF) * (prior of F) (3.1) 
marginal of Xji 

which for the models (2.6), (2.7), (2.20), and (2.21) yields 
(e.g., see Lindley and Smith 1972) 

Fj; I X, - N (Fj + J2_ (X, - Fj) IC? 2a(A - 2 + a? i 

(3.2) 
fori = 1,...,Iandj= 1,...,J. 

Since the Bayes estimator depends on the loss function 
chosen, some discussion of suitable loss functions is 
needed. 

3.1 Loss Functions 
The term loss function is used in statistical decision the- 

ory (e.g., see Ferguson 1967) to quantify the loss incurred 
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from using I (based on data X) as a parameter estimator 
when the true value is 0. Adopting a more optimistic ter- 
minology, the Census Bureau decided in 1986 to use "mea- 
sure of improvement" instead of "loss function." 

For squared-error loss, the optimal (usual Bayes) esti- 
mator of Fji is simply E(Fji I Xj,), which from (3.2) is 

Fj.ba = F, + Dj(Xi,- Fj) (3.3) 

where 

Dj= + al) (3.4) 

To convert (3.3) into an empirical Bayes estimator, esti- 
mators have to be found for Fj and DJ (see Sec. 3.3). 

Although the normality assumptions in (2.6) and (2.20) 
were used to derive (3.3), more generally (3.3) can be 
shown to be "Bayes" for squared-error loss, when assum- 
ing simply the mean and variance structure of (2.6) and 
(2.20), and E(Fji I Xji) = aji + bjiXji. Goldstein (1975) 
gave an even more general result, of which this is a special 
case. For ease of exposition I continue to assume nor- 
mality, but recall that there is a nonparametric optimality 
for all of the estimators considered. 

Cressie (1988b) shows that 
J 

yuba E FjbaCj, i = 1,... ,I, (3.5) 
j=1 

is Bayes for the following general loss function: 

(yest - yz)2f (C)C (3.6) 
i= 1 

where Yist is a generic estimator of the true count Yi, and 
f(C1) is any positive function of Ci, the ith area's census 
count. 

In accordance with recommendation 7.2 of National 
Academy of Sciences (1985), choosing f (C) = 1 /Ci yields 
an area's contribution to the total loss that reflects the size 
of its population. Among the loss functions the Census 
Bureau uses, the one most like (3.6) with f(Ci) = 1/Ci, 
is 

l 

E (yest - Y1)2/ Y,; (3.7) 
i= 1 

it is "most like" in the sense that it too is a weighted sum 
of squares where each summand yields an area's contri- 
bution to the total loss that reflects the size of its popu- 
lation. Here, undercounts in more populous areas receive 
more weight, so using such loss functions reflects an em- 
phasis on national considerations. 

Cressie (1988b) shows that (3.5) is approximately Bayes 
for the flexible family of loss functions, 

1= 2 ' [(yes}~ -A J+ Y 
+ , {y;(t 1 + A[ys 1 ye 

LA = O, -+1. (3.8) 

The cases i~ = 0 and -1 are defined as the respective 
limits of 19 as 2A- 0, -1. Clearly, i. = 1 in (3.8) yields 
(3.7). 

The general conclusion to be made is that (3.3) and 
(3.5) perform well with respect to a variety of loss func- 
tions. This was confirmed in a study of artificial popula- 
tions carried out by Cressie and Dajani (1988). 

3.2 Usual and Constrained Bayes Estimators 

For many purposes such as point estimation of individ- 
ual areas' undercounts, the usual Bayes estimators given 
by (3.3) and (3.5) are appropriate (and indeed optimal) 
choices. Nevertheless, should a congressman ask the Cen- 
sus Bureau to estimate the proportion of small areas whose 
undercount exceeds 5%, say, it would be inappropriate to 
use {yyba i = 1, . . . I} (actually, its empirical version; 
see Sec. 3.3) to estimate this. The reason is that the en- 
semble properties (e.g., weighted finite-sample variance) 
of {Fjba i = 1. .. , I;J = 1, . J} do not estimate 
the corresponding ensemble properties of {Fji: i = 
1, . . . , I; j = 1, . . ., J} very well. This follows from 
the inequality var(O) ? var(E(O I X)); in other words, the 
posterior mean of the parameter has a smaller variance 
than that of the parameter itself. 

I constrain the estimators of {Fji: i = 1,... ,I} so that 
the first and second posterior moments of the (weighted) 
empirical distribution function of {F,l} match the first and 
second moments of the estimators' weighted empirical dis- 
tribution function. This is achieved by modifying the usual 
Bayes estimator, yielding a constrained Bayes estimator 
with the right ensemble properties. Louis (1984) presented 
the details for an equal-variance version of the model 
(2.6)-(2.20), but a straightforward modification of his ap- 
proach is possible for weighted variances. 

Cressie (1988a) derives the constrained Bayes estimator 
to be 

Fba =j + GJ (Xj, - c)) (3.9) 

obtained by solving for (i and Gj in 

4j + G(Xj. - 4)) = Fj + Dj(X. - FJ)), (3.10) 
and 

G? E Cj2 Cjh (Xji - Xj-)2 
h 

{(I l)Dj (/2 qh 1 Ci/C^ 

x (Xji - X).)2, (3.11) 

where 

X.= XjiCjt/Ch (3.12) 

Then, the ensemble properties of 
J 

ycba = ,, j, i = 1, . .. * I, (3.13) 
j=1 

more closely match those of {Yi: i = 1, . . . , I} than do 
the usual Bayes estimators (3.5). Section 3.3 shows that 
empirical versions of (3.9) and (3.13) can be used to di- 
agnose the adequacy of the model (2.6)-(2.7). Further 

This content downloaded from 130.130.37.84 on Tue, 4 Nov 2014 18:49:38 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1038 Journal of the American Statistical Association, December 1989 

discussion of the role of constrained Bayes estimation is 
given in Section 4.3. 

Using the loss function 

(y.st - (3.14) 

Cressie (1988a) has demonstrated that {yuba} is always su- 
perior to {yqba}, and that both are always superior to {Cl}. 
What happens when empirical versions of these Bayes 
estimators are used? 

3.3 Empirical Bayes Estimators 

To make (3.5) and (3.13) functions of the data only, 
estimators are needed for the unknown parameters Fj, 
z'j, and aJ (j = 1, . . , J). Fay and Herriot (1979) gave 
empirical Bayes estimators in a regression setting; the het- 
eroscedastic circumstances here warrant separate (but sim- 
ilar) considerations. For reasons given in Section 3.4, 
choose 

Fj= X1. = 2 I(Cji > O)Xj I(Cji > 0) (3.15) 
i i 

and 

>I(C >0)C( -1 

Tj = maxt ( I( )Cj1(X,, - X)2 - 

(3.16) 

aj is obtained from sampling considerations: It is known 
for dual-system estimation, and Schultz et al. (1986) de- 
termined it for their artificial populations by replicating 
probability-proportional-to-size sampling of 1,440 enu- 
meration districts (from the total of approximately 
300,000). 

The usual (e.g., see Morris 1983) and constrained (Louis 
1984) empirical Bayes estimators can now be constructed: 

Fjuieb = Xi. + bj(X - Xj.), (3.17) 

Fqeb = X. + bl5/2(X - Xj) (3.18) 
J 

Yueb= F jeb,C i=1 . . . I, (3.19) 
j=1 

and 
J 

yceb = E Fj$ebC1, i = 1, . .. , I, (3.20) 
j=1 

where 

D j I(%2 + &j). (3.21) 

Notice that when J2 = 0, the empirical Bayes estimators 
of the jth stratum adjustment factors all reduce to the 
estimator X>.. 

The presence of the weight {~I;l(i; + &j2)}1/2 in the con- 
strained empirical Bayes estimator (3.18) may look a little 
strange at first, but it is seen to yield an unbiased estimator 
of the stratum error {,i(F - Fj:i = 1,. ..,j I}. Sub- 
stitute F,c,eb and F,c.b for F1, and F. respectively, to obtain 

C1. (Fj- F))= C-2(Fjeb - Fjceb) 
= {tJI/(A + A2)}1/2 

X Cjl2(Xj, - X1.) Rj, (i = 1, . . . ,I). These residuals 
have the attractive property that 1 I(Cji > 0)R5Y/ 
( 1=1 I(C1i > 0) - 1) = IT. The ueb version of this mean 
sum of squares is negatively biased. A referee has pointed 
out that the weight DJ'2 offers some protection against 
extreme adjustments, similar to the relevance function 
suggested by Efron and Morris (1973, sec. 7). 

An earlier suggestion for empirical Bayes modeling of 
undercount came from Dempster and Tomberlin (1980), 
who proposed that the number of undercounted people 
in a subarea might be a binomial random variable (see 
Sec. 2.2). They defined a hierarchical Bayes model, 
but they did not consider the heteroscedastic variation. 
Ericksen and Kadane's (1985) regression model has 
already been discussed (in Sec. 2.3). Stroud (1987) 
introduced a covariate into a two-stage Bayesian 
model, but his assumptions of homoscedastic variation 
and equal sample sizes in each subarea are too restrictive 
for the problem considered in this article. Diffendal (1988) 
showed how (unweighted) regression-based empirical 
Bayes estimation was used to smooth (dual-system) 
estimated undercount rates for TARO in Los Angeles 
in 1986. 

When the synthetic model holds (i.e., zr; = 0), an es- 
timator of Fji results that does not depend on i: 

Fjsiye _=X (3.22) 

and 
J 

yse = lFjCsiyie=C Vysye syji ii, I...,i. (3.23) 
j=1 

Henceforth I call these synthetic estimators, although a 
referee has rightly pointed out that there is some ambiguity 
in using this term. Strictly speaking, when talking about 
synthetic estimation one should specify the maximum level 
of aggregation for which the estimator of Fji does not de- 
pend on i. Thus one could consider a state-level synthetic 
estimator applied at the county level. The estimator (3.22) 
is a national-level synthetic estimator applied at the small- 
area level i (i = 1, . . . , I). Cressie (1988b) discusses the 
performance of "eub-then-synthetic" estimator at disag- 
gregated levels. 

3.4 Properties of F,, ,, and &i 
Estimators Fj and IjC, given by (3.15) and (3.16), are 

based on the method of moments, except that (3.16) is 
constrained to be nonnegative. These estimators (actually 
unweighted versions) were used by Ghosh and Lahiri 
(1987) in finite-population empirical Bayes estimation. 
The estimator a, is exogenous to the problem posed here, 
since it depends on how sampling was carried out. 

In general, method-of-moments estimators are consis- 
tent and usually asymptotically unbiased. In this context, 
consider asymptotics that assume I -* o; then, Cressie 
(1986) shows Fj and T2 + 6j2 to be consistent. But how 
fast do the variances tend to 0? It is well known that 
statistical stability for sample means comes more quickly 
than it does for sample variances; thus T2 + &2 can be 
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unstable up to moderate values of 1= I(Cji > 0) (up to 
30, say). 

One way around this is to introduce a further mixing 
distribution into the problem, to wit, model the {Jr j = 

1,... , J} as being generated by, say, the reciprocal of a 
gamma distribution. Thus instead of estimating J param- 
ieters {T2: j = 1,... , J}, the problem can be reduced to 
estimating just two gamma parameters (e.g., see Hui and 
Berger 1983). Another possibility is to aggregate tempo- 
rarily some of the strata, to estimate the stratum variance. 
In other words, define disjoint groups of strata indexes, 
Al, .. ., AK, such that U{Ak: k = 1, ..., K} = {1, 2, 

J} and cJ2 = r;, = T2 whenever j and j' belong to 
the same Ak. In this way, Cressie and Dajani (1988) re- 
duce the number of stratum variance parameters from J = 
96 to K = 4. For the data analyzed in Section 5, since 
I=1 I(Cji > 0) = 51 for each of the three race strata it 
was not necessary to borrow strength in the ways just 
described. 

4. PROPERTIES OF THE EMPIRICAL 
BAYES ESTIMATORS 

The empirical Bayes estimators have an intuitively ap- 
pealing interpretation: From (3.17) and (3.18), they can 
all be written as FJeiE = (ojXF + (1 - co)Xj.. There have 
been previous suggestions (Dempster and Tomberlin 1980; 
Wolter 1986) to take a weighted sum of Xp. and Xji, but 
now an easily interpretable weighting, woj = D1 or = 

Di5'2, is available. The smaller the sampling variance rel- 
ative to the stratum variance, the more weight X)i gets. 
Just as intuitively reasonable, for large relative sampling 
variances little weight should be given to the observed 
value Xji, and there should be a borrowing of strength 
from other observations in the same stratum, emphasizing 
the importance of XA. 

4.1 Mean Squared Errors 

Consider the estimator 

FjS, = w1jX,i + (1 - w1)Xi (4.1) 

Then, for woj fixed and under the assumption of indepen- 
dence in (2.20) conditional bias and variance are 

E (Fjet I {FFj}) - Fji = (1 - oj)(Fji - F.) (4.2) 

and 

Var(Fjt I {FJI}) = {(w02IC1i) + (1 - W; Cj }j 
2 

(4.3) 

where Fj -= FjhCjh I Cjh. Hence MSE(Fjeist I {F}ji) is the 
sum of (4.3) with the square of (4.2). 

Although conditionally biased, notice that Fjest is (un- 
conditionally) unbiased for E(FjI) = Fj. The implication 
for census adjustment is that inevitably the estimator 
for a particular area will be biased, but that negative 
and positive biases cancel out when averaged over the 
nation. 

Let yest _FestCji, and yiet _ ?lyieStS Then, 

MSE(Yst {Fj1}) = (1 - j(Fj - F}) 

+ a {tw2C.Ct + (1 - N2) 
j=1 

X (CJ2I/ i)}a (4.4) 

Taking expectations in (4.4) with respect to the distribu- 
tion (2.6)-(2.7) gives 

MSE(Yqst) = E(Yest- Y)2 

= (1 t)j)2C (CC 
j=1 h. 

Jr 
+ E Ojw2C> + (1 - j2) 

j=l 

( / h ) 
. 

}45 

Notice that minimizing (4.5) with respect to {w,.} yields co 
= zI/(-j2 + aj) (j = 19 . . ., J) and the usual empirical 
Bayes estimator (3.19). This should not be surprising, 
since squared-error loss corresponds to MSE risk. 

These expressions for bias and MSE can be estimated 
by substituting the estimates Xj, for Fj, X;. for FJ., aQ 
for aj2, and VJ for <; For est = ueb, put wtj = Dj; for est 
= ceb, put w(t) = D1'2; and for est = sye, put coj = 0. 
Finally, estimators and MSE's are needed for the un- 

dercount, a nonlinear function of the true population. De- 
fine the undercount 

Uji (1 Cit i = 1 **,1,j-1,**J 

ui 9 (1 --i)' i = 1, . * * S I (4.6) 

and its estimators 

U 'qt 9 (1 - yes) i = L ... i,j=1... J 

( Ctt = 

Then, the (conditional) biases are 

E(U1St I {}) - 1 - 1 

__-(1 - w1)(Fj,. F.) _MSE(FJSt I {F>}) 
Fj,i Fj3i 

E(uqst I {FJ1}) - 1 - ; 

I 
- 

(1I (Li)Cji (F; F; ) MSE(Y1s | {Fj}) 
C,(Y,I/Ci)2 CTI(YlC~)3 

(4.8) 
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The (conditional) MSE's are 

MSE(u,st I {J*}) ~MSE(FPS I {F,}) 

MSE(uqst | {Fji}) M E(Yt :Ij Ji/}) (4.9) 

The approximations (4.8) and (4.9) are obtained using the 
6 method. 

From Expression (4.5), questions of sample design could 
be addressed. If MSE tolerance limits are set and knowl- 
edge of {T2 j = 1, . . ., J} is at hand, the sampling 
variances needed to stay within these tolerance limits can 
be calculated, and hence the size of the postenumeration 
survey can be predetermined. 

4.2 Adjustments at Different Levels 

First, consider aggregation. Let i&it denote the area 
obtained by combining the two areas i and i'. Then, it is 
easily shown that 

Yest, = yest + yest (4.10) 

for est = ueb, ceb, and sye. 
Second, consider synthetic disaggregation. Write i = 

il&i2 and define Fjeist Fjest _ F. Then, in obvious notation 
y =st yest + yest (4.11) 

for any estimator of {Fji j = 1, . . ., J}, including ueb, 
ceb, and sye. 

From the weighted squared-error loss function (3.6), 
define the risks 

est-riski E((Y'st - Y,)2f(Ci)) (4.12) 

and 

cen-riski E((Ci - Yi)2f(C)). (4.13) 

Then, Cressie (1988b) shows that 

ueb-riski cen-riski, 
f ] ~~~1/2 

if (ajAr2) ' {t CjhlCjii} j = 1, . . .,J, (4.14) 

syn-riski s cen-risk1, if (o2/Tc) <, j = 1, . . ., , 

(4.15) 

and 

ueb-riski syn-riski, (4.16) 

for i = 1, . . . ,I. Further inequalities are given for ceb- 
riski. Cressie (1988b) also shows that (4.14), (4.15), and 
(4.16) are preserved under disaggregation, and that for 
f(Ci) = 1/Ci differences between risks widen as disaggre- 
gation proceeds to lower levels. 

4.3 The Role of Constrained Empirical 
Bayes Estimation 

The crucial question to be answered on December 31, 
1990, is What are the best estimates of population at the 

state level? I recommend answering with {yyeb : i = 1, 

51}. But as statisticians we should not be surprised 
that if the question changes (causing a change in the loss 
function) then the estimates we would recommend might 
also change. 

The constrained empirical Bayes estimators were intro- 
duced for two reasons. It is argued in Section 3.2 that they 
are more appropriate for answering questions about the 
distribution of undercount across small areas. If condi- 
tional adjustment is used (i.e., only adjust if the under- 
count is sufficiently large), the adjustment should be based 
on constrained empirical Bayes estimation (see Cressie 
1988a, sec. 4). 

The second reason for computing constrained empirical 
Bayes estimators is that they are very useful in diagnosing 
how well the model (2.6)-(2.7) fits (see Sec. 3.2). This is 
demonstrated on the 1980 data in Section 5. 

5. 1980 CENSUS UNDERCOUNT 

The methods described in the preceding sections were 
applied to U.S. Census Bureau data obtained from their 
1980 Post Enumeration Program. These data are dual- 
system estimates of undercount and are given in Table 1 
for the 51 states (including Washington, D.C.) for each of 
the three strata: blacks (j = 1), nonblack Hispanics (j = 
2), and others (j = 3). Also given are their sampling 
errors, and (census counts)- '2. 

Since demographic analysis shows a differential (by 
race/ethnicity) national undercount, and since it is known 
that races are not evenly distributed throughout the states 
of the United States, it is pertinent to estimate the differ- 
ential undercount at the state level. The Census Bureau's 
dual-system estimators do this, but their standard errors 
are large. Empirical Bayes estimation offers more reliable 
estimators, but up to now it has not been used to estimate 
state-level differential undercount. 

In 1980, 12 series of dual-system estimates were calcu- 
lated. The series given in Table 1 is known as PEP 3-8; 
the 3 refers to census omissions being obtained from an 
April survey and to imputing missing data, and the 8 refers 
to erroneous enumerations being obtained from a separate 
survey that imputed missing data with the help of U.S. 
Post Office information. The figures given in Table 1 are 
for the noninstitutional population (e.g., Fay, Passel, and 
Robinson 1988). 

It was claimed in Sections 3 and 4 that the constrained 
empirical Bayes estimator (3.18) can be used to diagnose 
the appropriateness of the mixture model. Shown in Figure 
la is a normal probability plot of {Flfb - FJ.eb: i = 1, 
.. . , 51} for j = 2 (nonblack Hispanics); Figure lb shows 
a similar plot based on {F eb - Fyeb : i = 1,...,51}. 
Upon comparing the two, the bias in using ueb estimates 
is apparent. If Figure lb were used as a diagnostic of model 
fit, one might conclude that the estimate of stratum vari- 
ance was biased, when in fact the plot itself is the source 
of the bias. 

Concentrating on Figure la, there is an obvious outlier 
that corresponds to New York State (the outlier is not as 
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Table 1. Percentage of Undercount by Race at the State Level: Dual-System Estimates, Square Root MSE's, and Square Root 
Reciprocal Census Counts 

Blacks Nonblack Hispanics Others Total 

State DSE MSE112 C-112 x 1,000 DSE MSE112 C-12 x 1,000 DSE MSE112 C-112 x 1,000 DSE MSE112 C-112 X 1,000 

Maine 13.44 9.04 18.0855 4.61 1.35 14.3568 1.92 .91 .9524 1.97 .91 .9490 
New Hampshire -60.20 91.14 15.8747 -59.66 88.04 13.5566 -1.22 1.22 1.0529 -1.61 1.24 1.0474 
Vermont -.86 .02 29.8867 .07 3.17 17.5311 -1.13 .52 1.4127 -1.13 .51 1.4066 
Massachusetts -12.19 8.57 2.1413 -.95 12.14 2.7452 -.80 .64 .4339 -1.20 .67 .4202 
Rhode Island 10.69 6.23 6.0704 8.84 13.44 7.2999 .36 .82 1.0607 .88 .92 1.0343 
Connecticut .92 12.70 2.1637 -9.41 5.16 2.8990 -.99 .95 .6048 -1.15 1.32 .5711 
New York 9.10 2.31 .6505 10.96 2.71 .8049 -1.05 .49 .2728 1.63 .60 .2401 
New Jersey 9.04 4.29 1.0465 .21 5.22 1.4548 .06 .75 .4112 1.29 .88 .3701 
Pennsylvania 6.39 3.04 .9849 10.80 6.71 2.6416 -1.16 .53 .3076 -.28 .54 .2918 
Ohio 7.41 2.43 .9720 4.69 3.28 2.9945 .26 .53 .3242 1.06 .60 .3060 
Indiana -1.22 2.20 1.5655 -7.13 6.02 3.4581 -.49 .86 .4500 -.64 .82 .4292 
Illinois 8.77 2.67 .7777 -2.32 4.27 1.2701 1.02 .54 .3329 2.06 .60 .2975 
Michigan 6.32 3.56 .9210 1.24 2.35 2.5566 - .12 .47 .3574 .78 .57 .3304 
Wisconsin 13.44 2.75 2.3629 -8.62 12.33 4.0479 1.29 .56 .4767 1.71 .54 .4642 
Minnesota 2.35 4.58 4.3810 -2.03 5.01 5.6744 1.10 .61 .5044 1.10 .60 .4991 
Iowa 10.23 8.24 4.9475 1.91 .64 6.3281 -.89 1.06 .5975 -.68 1.10 .5906 
Missouri 3.97 3.90 1.4045 9.40 13.16 4.5717 .30 .79 .4820 .80 .76 .4536 
North Dakota -13.01 11.92 19.7829 1.79 .31 16.1106 .08 .32 1.2538 .05 .33 1.2476 
South Dakota 4.09 1.85 21.7402 1.64 .58 15.9386 .06 .54 1.2195 .08 .53 1.2140 
Nebraska 1.24 2.06 4.5931 .51 4.98 6.0499 .03 .63 .8242 .08 .60 .8041 
Kansas 1.73 3.04 2.8544 .34 1.00 4.0370 .49 .95 .6832 .56 .93 .6556 
Delaware 8.08 4.48 3.2541 -36.47 38.92 10.7685 -2.03 1.10 1.4346 -.62 1.10 1.3030 
Maryland 8.01 2.99 1.0296 15.73 9.89 4.1951 .26 .91 .5615 2.36 1.29 .4896 
District of Columbia 5.96 2.22 1.5008 -6.05 8.96 8.4955 -2.19 3.40 2.4069 3.61 1.69 1.2594 
Virginia -.92 1.70 1.0047 4.86 3.08 3.8071 .24 .92 .4861 .09 .72 .4347 
West Virginia -6.61 7.78 3.9685 -15.28 23.38 9.0849 -.31 1.30 .7333 -.58 1.35 .7188 
North Carolina 6.91 4.55 .8779 -.05 2.05 4.8683 -.62 1.12 .4728 1.17 1.09 .4147 
South Carolina 11.23 4.30 1.0330 -1.92 10.34 7.0234 3.49 2.90 .6850 5.95 2.59 .5690 
Georgia -.33 2.56 .8318 4.15 .79 4.7688 -.55 .93 .5053 -.45 .75 .4301 
Florida 6.57 2.41 .8695 3.13 5.02 1.0986 .25 .86 .3650 1.42 .82 .3218 
Kentucky -.99 3.50 1.9811 2.95 .65 6.3158 -1.65 .93 .5468 -1.57 .98 .5253 
Tennessee -1.32 1.97 1.1813 -15.60 14.13 6.1003 -3.14 1.60 .5128 -2.91 1.33 .4690 
Alabama -1.59 1.72 1.0071 4.06 1.08 7.0030 .03 1.06 .5923 - .35 .96 .5092 
Mississippi 5.47 2.10 1.0661 3.55 .78 8.5131 -1.73 1.07 .7896 .96 1.24 .6328 
Arkansas -1.44 7.02 1.6491 7.33 7.40 8.4474 -1.06 1.36 .7299 -1.06 1.29 .6654 
Louisiana 11.01 3.29 .9053 - .57 6.29 3.4514 -1.90 2.24 .5920 2.28 2.18 .4904 
Oklahoma 4.66 5.74 2.2320 1.71 2.76 4.2558 -.65 .92 .6053 -.23 1.01 .5788 
Texas 3.41 2.17 .7708 2.78 1.80 .5823 - -.98 .88 .3255 .37 .90 .2666 
Montana -8.57 28.35 23.8739 -2.35 1.32 10.0988 1.49 1.08 1.1422 1.42 1.08 1.1337 
Idaho -1.40 .09 19.3349 3.22 3.74 5.2504 1.17 .63 1.0560 1.24 .68 1.0338 
Wyoming 5.03 2.50 17.3623 10.81 9.47 6.4255 3.03 .92 1.5090 3.48 1.28 1.4638 
Colorado 3.31 6.46 3.1607 4.64 3.61 1.7296 -.43 .96 .6419 .32 .92 .5911 
New Mexico -5.64 13.39 6.4894 2.67 1.07 1.4545 2.31 1.23 1.1205 2.30 .92 .8795 
Arizona -.14 1.50 3.6832 2.77 3.10 1.5140 1.91 1.84 .6758 2.00 1.58 .6086 
Utah 7.16 7.12 10.5138 4.06 2.37 4.0987 .18 .75 .8503 .39 .77 .8300 
Nevada 5.91 6.07 4.4673 7.21 5.69 4.3422 1.96 1.31 1.2032 2.59 1.29 1.1223 
Washington 4.42 5.75 3.1090 4.26 7.93 2.9161 1.23 .95 .5087 1.40 .95 .4948 
Oregon -8.95 25.60 5.2470 -3.00 1.63 3.9281 .47 .68 .6320 .27 .75 .6196 
California 8.99 2.30 .7477 6.20 1.44 .4725 1.41 .50 .2414 2.98 .55 .2066 
Alaska .36 3.81 8.5941 6.70 6.70 10.4023 2.78 1.27 1.6318 2.80 1.20 1.5844 
Hawaii 1.90 .85 7.6134 -.52 2.43 3.7692 1.21 1.27 1.0711 1.09 1.23 1.0210 

NOTE: DSE denotes density dual-system estimates. 

obvious on the biased plot of Figure lb). In other words, 
the undercount rate for nonblack Hispanics in New York 
State (obviously virtually all of this is due to New York 
City) is even worse than the model would indicate. The 
consequences of this are twofold. An adjustment made 
according to the empirical Bayes estimates given in this 
article would move New York State's population in the 
right direction, but not far enough. (A 1987 court ruling 
upheld the Census Bureau's 1980 decision not to adjust 
New York State's counts, or any state's counts for that 
matter.) It would be conceptually easy to create a special 
stratum for New York State's nonblack Hispanics and 
reestimate parameters of the model, provided there 
was enough sample information on the new stratum. 
Thus the second consequence is that 1980 lessons can teach 
us about efficient design of the 1990 postenumeration 
survey. 

The ceb estimates also give an accurate picture of the 
differential proportion of the states' populations that are 
bigger than or equal to u (say). Shown in Figure 2 is 

T,e(u) - E F,f"CI (14eb - u) > F jebC 
i=l i=l 

-.02 u .12, j = 1, 2, 3, 

where the undercount estimte U4eb is defined by (4.7). 
Although ceb estimates have their place in assessment 

of census undercount, the ueb estimates result in smaller 
expected weighted squared-error loss (i.e., smaller risk). 
To compute ueb estimates of undercount given by (4.7), 
(3.17), and (3.19) [as well as their biases and standard 
errors, given by (4.8) and (4.9), respectively], the strata 
means, the standardized strata variances, and the stan- 
dardized sampling variances were estimated. From (3.15)- 
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Figure 1. Probability Plots Based on (a) ueb Estimates and (b) ceb Estimates for Nonblack Hispanics. 

(3.16), estimates for the three race/ethnicity strata are 

blacks: AI = 1.06076, ?j = 673.982, &j = 522.183 
nonblack Hispanics: t2 = 1.04667, f2 = 308.990, &2 = 246.585 

others: t3 = .999812, f2 = 242.134, &2 = 242.152. 

(5.1) 

To conserve space, the whole table of undercount es- 
timates is not presented; table 1 of Cressie (1988a) gives 
the appropriate numbers, to wit, percentage of undercount 
by race at the state level and total percentage of under- 
count at the state level (along with biases and standard 
errors). The states with the highest estimated undercount 
are South Carolina (4.05%), District of Columbia 
(3.90%), California (2.19%), and Louisiana (2.17%). The 
states with the lowest estimated undercount are Tennessee 
(- 1.02%), New Hampshire (- .80%), Kentucky 
(-.59%), and Vermont (-.55%). Although New York 
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Figure 2. Proportion of Population With ceb Estimated Undercount 
Larger Than u%: -, Blacks; - - -, Nonblack Hispanics; - - -, Others. 

State is estimated to have a 7.66% black undercount and 
an 8.19% nonblack Hispanic undercount, after averaging 
in the "others" the total estimated undercount is 1.49%. 
At a lower level of disaggregation than states, the differ- 
ential undercount typically gets larger, with the highest 
percentage of undercount seeming to occur in the most 
populous U.S. cities. 

When aggregated to the national level, the estimated 
undercount rate is .98%. When broken down by race/ 
ethnicity, however, these national-level estimates become 
5.73% for blacks, 4.46% for nonblack Hispanics, and 
-.02% for others. Figure 2 reinforces this striking differ- 
ence between strata. 

Does {y4eb i = 1, . . . , 51} improve over {Ci: i = 1, 
51} according to the Bayes risk defined by loss func- 

tion (3.14)? Cressie (1988b) gives (4.14) as a sufficient 
condition for ueb adjusted counts to be better than un- 
adjusted census counts. Substituting in the estimates given 
in (5.1), it is easy to verify that (4.14) is always satisfied, 
and hence the risk of using unadjusted census counts is 
larger. In conclusion, my undercount model implies that 
with respect to loss function (3.14), 1980 adjusted counts 
{yleb i = 1,... , 51} are more accurate than 1980 census 
counts. 

6. DISCUSSION 
This article has emphasized efficient modeling of un- 

dercount through appropriate stratification and hetero- 
scedastic modeling of variances. To gain even more effi- 
ciency, the "independence everywhere" assumption made 
throughout might be replaced with one of spatial depen- 
dence; subareas closer together are probably more de- 
pendent than those further apart. This comment applies 
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to various previous analyses of undercount as well (Cressie 
1987). It is not yet clear how to build a level-consistent 
model that incorporates spatial correlation; moreover, in 
past Post Enumeration Programs precise geographic in- 
formation has not been readily available. Since the plan 
in 1990 is to sample blocks (whose geographic information 
is contained in the Census Bureau's TIGER system), the 
data should allow a spatial analysis; ideally, these blocks 
would be sampled in a geographically regular pattern to 
allow accurate spatial prediction (kriging) of unsampled 
blocks over the whole nation. The worst sampling plan 
from a spatial point of view is cluster sampling. 

Although the 1980 PES was constructed in a way that 
is captured by the model (2.21), the 1990 program may 
be different. In other words, it may not be reasonable to 
assume that uj - var(Xji I Fji) is cr;/Cji (probability-pro- 
portional-to-size sampling). And the presence of nonsam- 
pling error (Mulry and Spencer 1988) may necessitate a 
more complicated model for crz. Nevertheless, once the 
{j2i: i = 1, ...,I; j = 1, ...,J} are specified, the 
general approach to constructing the empirical Bayes es- 
timators analogous to (3.17) through (3.20) remains un- 
changed. The algebraic details of Sections 3.3, 4.1, and 
4.2 become more complicated, however. For example, Dj, 
given by (3.21), must be replaced with Dji = VJI(vJ + 
C1U&2), where {Ij j = 1, .. . , n} are estimated by the 
method of moments based on a weighted sum of squared 
residuals, and Xj. must be replaced with {E= X1iC1i/(fj + 

Cji,i)}I{,=1 Cjil (Aj + C 
Although as many as 1,000 strata are planned for the 

1990 PES, both nested within and crossed with geographic 
factors, collapsing of unimportant strata is likely after the 
survey has been conducted. With the model proposed 
here, this collapsing is particularly easy to handle because 
of the level consistency of (2.6)-(2.7). Nevertheless, if 
blacks and nonblack Hispanics are put together in one 
stratum, say in the New England states, it is not possible 
to obtain dual-system (or ueb) estimates of black under- 
count separate from nonblack Hispanic undercount in 
those states. Regression models of the form (2.17) could 
be used, but their appropriateness has been questioned in 
Section 2.3. Since race/ethnicity is such a sensitive factor, 
in my opinion it would be wise to cross it with all other 
factors. 

It has been demonstrated that according to a weighted 
squared-error loss function the usual empirical Bayes es- 
timators of true population are preferred at any level of 
disaggregation, provided sampling variances are small 
compared to stratum variances. These model-based dis- 
aggregation results need to be tempered by the probably 
poor fit of the model at the lowest levels (e.g., blocks, 
enumeration districts). Presence of bias in (2.6) and (2.20), 
namely E(Fji) = Fj + bji and E(Xji I Fji) = Fji + dji, could 
cause a reversal in some of the risk inequalities given in 
Section 4. Cressie and Dajani (1988) demonstrate the dis- 
integration of assumptions at lower levels for artificial pop- 
ulations. That study and the present one show, however, 
that at the state level the model proposed here is appro- 
priate. Furthermore, the sufficient conditions (4.14) on 

sampling and stratum variances were satisfied in 1980, im- 
plying that adjusted counts based on state-level ueb esti- 
mators (3.17) have smaller risk than the unadjusted state- 
level census counts. 

[Received May 1987. Revised May 1989.] 
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