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In this article. the spatial statistic known as the K function is adapted for temporal processes and 
patterns. The (optimal) K-function estimator is used in a testing procadurc to determine whether 
behavior patterns of exposed rats versus control rats are diflerent SpcciTically, the temporal analogue 
to the K function is given and an approximately optimal estimator is developed. Next, a testing 
procedure, to determine whether a group of point patterns is generated from complete temporal 
randomness, is given. Finally, a testing procedure, to compare pairwise two groups of point patterns 
to each other, is given. The testing procedures are illustrated with rat-behavior data from both 
a control-control experiment as well as an exposed-control experiment, where in the latter case 
a difference in behavior is known to exist. 
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1. Introduction 

The K function, sometimes caIIed the reduced second moment measure, gives 
a quantification of the spatial dependence between different regions of 
a stationary point process. K functions have generally been used for regions that 
are of two or higher dimensions. They can, however, be quite useful in one 
dimension. With a minor modification in definition, the K function can also be 
used in the (unidirectional) time dimension to characterize temporal dependence 
in a temporal point process. 
The spatial K function, with intensity 1, is defined theoretically in 

d-dimensional space (d 2 1) as: 

K ( h )  = 1-l E (number of extra events within distance h 
of a randomly chosen event) 
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352 A” CANNON, NOEL CRESS=: Spatial K Functions 

(e.g., DIGGLE, 1983, p. 47). The unidirectional, temporal K function is defined as: 

K ( t )  = ,I-’ E (number of extra events occurring within time t 
after an arbitrary event) (1) 

In this article we give both an estimator of the K function suitable for the 
temporal case, as well as a method for analyzing one or two groups, each 
consisting of several estimates. We begin (in Section2) by finding the temporal 
analogue to an initial, well known, ddimensional K-function estimator due to 
Om= and STOYAN (1981). Following the approach of STEM (1993), we then show 
how to improve on the initial estimator in the temporal case and give the 
(approximately) optimal estimator. In Section 3 we give a method for comparing 
the K-function estimates from one sample of data to the null hypothesis of 
complete temporal randomness. We illustrate this method with rat-behavior data 
that is expected to follow this null hypothesis. Section4 gives a method for 
analyzing the difference between two samples of estimates that are paired. In this 
case, we do not necessarily assume complete temporal randomness for either of 
the two samples. Again we illustrate the use of this method with rat-behavior 
data; the two samples consist of a control group and an exposed group. Section 5 
contains some final discussion. 

2. Properties of the Temporal K Function 

To find appropriate estimators for the K function, we first obtain several general 
distributional results. Where a specific distribution is needed, we use the case of 
complete temporal randomness (CTR) as the basis for our results. The CTR 
model was chosen because it is the natural null hypothesis from which one 
determines departures of either a clustered or regular nature. In Sections 3 and 4, 
CTR arises naturally in the application presented, where it indicates a lack of 
pattern in the initiation of various behaviors. 

The exact K function for a stationary temporal point process can be calculated 
as follows. First, let N(du) denote the number of events occumng in the time 
span du, located at u:  u 2 0, and consider the following probability: 

Pr (there is an event in the time span d y  located at u I an event at 0). 

This probability can be rewritten as: 

Pr (N(du) > 0, N(d0)  > 0) 
lim 

do-0 Pr(N(dO)>O) 

A CTR point process is a Poisson process with parameter A. That is, the 
number of events occurring in disjoint regions are independent and follow 
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a Poisson distribution. .As  a consequence, if N(du) denotes the number 
of events occurring in the infinitesimal time span du located at u, then 
Pr(N(d0) > 0) = I d u  + o(du) N(du)  > 0) = ( M u +  o(du)) 
(Idu+o(du)).  Therefore, under CTR, (2) becomes: 1du. The K function in (1) 
is defined to be a constant times the expected value of the 'number of events 
happening within time t after an event. This expectation can be rewritten 
as 

and Pr(N(du) > 0, 

t 

Pr (there is an event in the time span du, located at u J an event at 0) du. 
0 

Combining equation (1) and equation (2), for a Poisson process, 

t 

K ( t ) = l - ' l A d u = t ,  for t > O .  
0 

(3) 

To make inferences about a process, we use data in the form of an observed 
point pattern to estimate a K function. Several estimators for the spatial 
K function are available; some have analogues in time. Time analogues of 
K-function estimators are all based on counting the number of pairs of events 
located in a time interval less than or equal to t and then averaging this count 
over the number of points in the observation region. The presence of boundaries 
(or edges) that limit the observation region means that not all ranges of time are 
available for consideration. The main difference among estimators is the way that 
they correct for the edges of the region. One two-dimensional estimator due to 
RIPLEY (1976) uses a weight equal to the conditional probability that an event is 
observed given that it is a distance h away from the current reference event. 
Unfortunately, there is no natural analogue to this in the temporal case so we 
look elsewhere for temporal K-function estimators. 

2.1 An Initial Temporal K-function Estimator 

Consider now the two-dimensional estimator suggested by OHSER and ST~YAN 
(1981). Their edge correction is achieved using a weight that is based on the 
conditional probability of observing a pair of events (si ,  sj) given that they are 
a distance Isi-sjl apart. In the temporal case, the analogue to Ohser and 
Stoyan's edge correction is the conditional probability of observing a pair of 
events ( t i ,  ti), where ti> t i ,  given that they are a time lag t j -  ti apart. This 
probability is 

T - (ti - t i )  
T 
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Thus, the temporal analogue to Ohser and Stoyan's two-dimensional estimator 
of the K function is: 

where the summation is over {(t i:  ti) : t j>  ti  and ti:  ti E [0, TI}. 
To calculate the variance of thls K-function eshmator, we rewrite (4) as 

where 

These two expressions for the K function are equivalent, the difference being that 
the summand #,(-,-) in (5) is symmetric (i.e., +*(ti, ti)= &(ti, ti)). The 
multiplication by 1/2 corrects for counting each pair of events twice. 
To compute the expectation (under stationarity) and the variance (under the 

more speclfc case of CTR) of k(t), define 

Now, under stationarity, 

where a2 is the second factorial moment measure (e.g., DALEY and VERE-JONES, 
1972, sec. 3.1) for the process, and A = [O, T] denotes the observation region. 
Further calculations are given in Section 2.2. 

Under CTR, a2 = A' v2,  where A is the rate of the Poisson process and v2 is the 
Lebesgue measure in R2, which leads to E(B) = 2 A2 t and 

var (B)  = 4A3 S ,  + 2 A2 S, ,  (8) 

where 
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s, 5 J (4t(ti, tj))2 dt id t j .  
A2 

For +,(-,.) given by equation (6), R ( t )  is unbiased for any stationary process. 

Now because R ( t ) = - B ,  we have that var(R(t))=-var(B) and hence, 

under CTR, 

1 1 
2 #I2 4 i4 

4(T-t) log(T;t) +-+-log(&). 4t 1 
a L #IZ 

var (2 ( t ) )  = 

Figure 1 shows a plot of this variance as a function of t. The plot shows the 
variance increasing with t, which is true in general because 

20, for t<T. 
a - 4 1 
at L - var(K(t)) = - log 

To obtain an estimator that can be used with equal confidence across all values 
of t under consideration, we shall attempt to find a function g such that the 
variance of g ( R ( t ) )  is approximately constant across time. An application of the 
6-method (e.g., BISHOP, FEINBERG, and HOLLAND, 1975, p. 491) to var(h(R(t))) 
suggests the use of h ( y )  = (y)’” as a first-order, variance-stabilizing trans- 
formation. For the data sets discussed in Sections3 and 4, we found that 
although this transformation does not completely stabilize the variance, much 
improvement occurs. 

t -  

Fig. 1 : Variance of temporal K-function estimator, given by (1 1). Units of variance are t2 ,  
and units oft are seconds. 
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2.2 Improving K-function Estimators using Stein's Approach 

STEIN (1993) uses the following theorem to improve an existing ddimensional 
K-function estimator. 

Theorem 1 (STEIN, 1993). Suppose X,, ..., X, are i.i.d. and uniformly distributed 
on A C Rd. For a given function 4( -, -), 

varn ( c 4 (xi, Xj) - ~ g ( x j )  - a-1 Z~I) 
i + j  j=X 

is minimized by 

and the minimizing variance is 

where 

s = j 4(xtY)dXdY, 
A2 

2 

sx = J  [I 4(x, Y )  dY] dx, 
A A  

S , E  j 4(x, YI2 dXdY, 

I ,  = j g(x) dx, 

A' 

A 

and a = v,,(A). 0 

Note that S, and S, are defined, for the temporal case, in (9) and (lo), 
respectively. CANNON (1994, Section 2.10) shows that the same result is true for 
the temporal case as for the ddimensional case. This allows us to construct 
a temporal analogue to Stein's estimator that is (approximately) unbiased, 
assuming only that the point process is stationary, and that has an 
approximately minimum variance under CTR for fixed n. 

To estimate K ( t ) ,  we need an appropriate +(-,-) which should be symmetric so 
that the variance calculation in (13) holds. STEIN (1993) suggests dividing an 
unbiased estimator for A 2 a K ( t )  by (an estimator for) A2a. Note that for any 
stationary isotropic process in Rd there is a nondecreasing function R(-) on 
[0, 00) such that 
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where wd is the surface area of the ddimensional unit sphere (OHSER, 1983). 
OHSER (1983, Lemma 2.1) also shows that in general, for ddimensional space, 

m 

(15) 

where S2 is the set of unit vectors on Rd, and 6 ( y )  is the ddimensional uniform 
density on S2. To ensure that A2u I? ( 0 )  is an unbiased estimator for any stationary 
isotropic process, we need to find a function &-;) that satisfies the constraint 
formed by combining (14) and (15) in the following manner: . 

m 

= A 2 u K ( t ) = A 2 u o d ~  f ' - ' Z ( r < r ) R ( r ) d r .  (16) 
0 

We now reduce the constraint (16) to the temporal case. For d = l ,  eq. (14) 

reduces to K ( t )  = R(r)  dr. This is, however, the onedimensional case rather 

than the temporal case. Since K ( t )  is an expected value of occurrences close to an 
event x, and since the process is stationary and isotropic, equal numbers of 
events are expected to occur behind and in front of the event in question, 
implying that the temporal K function should be equal to one half of the 

one-dimensional K function. Thus, for the temporal case, K ( t )  = - R(r)  dr and 

eq. (15) reduces to 

t 

0 

1 '  

2 0  

" 1  
+ A 2  j I 4(x, x - r )  Z ( x - r  E A )  d x  R(r)  d r .  (17) 

In the temporal case, u = T, so from (16) and (17) the constraint that #(.,-) must 
satisfy in the temporal case is 

O A  

1 
- I [#(x, x + r )  I ( x + r  E A)+c$(x, x - r )  Z(x-r E A)]  d x = Z ( r < t ) .  (18) 
T A  

Finding the optimal function g as defined in (12) under the constraint given in 
(18) is difficult so we use an approximation that has an exact solution. Suppose 
that the +(-;) used in the estimator (16) is uniformly bounded as A=[O,  T ]  
grows and that $ (x, y) = 0 for Ix - yl> M, where M is a fixed constant that does 
not depend on A (we can take M = t); then S, S,, and S, are all O(T).  The 
expression for the variance, given by eq. (13) can then be written as: 
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which allows us to concentrate on minimizing S, subject to (18). The left hand 
side of the constraint in (18) can be rewritten as follows: 

where f(r) is the marginal density of ( X ,  - X,l .  Using (19), the constraint shown 
in eq. (18) becomes 

(20) 
Z[r<t] 
2 T f M  * 

EC4(X17 X,)I IX,-X,l=rl= 

Constraint (20) fixes E[#(X,, X2)], so it is equivalent to minimize 

But, if 4(-,-) satisfies (20), then 

is fixed. The first term in (21) is always nonnegative and so is 
This term equals zero if and only if 4(Xl, X,) is measurable 

minimized at 0. 
with respect to 

IX, - X,l. So, the solution to the problem of finding the optimal 4( a ,  - )  is-to find 
a symmetric function that satisfies the following conditions: 

1. 4(x, y) is uniformly bounded as T increases; 

2. #(x, y)=O, for I x - y l > t ;  

3. 4(x, y) is measurable with respect to Ix - yl ;  

4. +(x, y) satisfies (18). 

By satisfying these four conditions, an (approximately) optimal solution is found. 

2.3 Improving the Initial Estimator 

We start with the following function based on the temporal analogue to OHSER 
and STOYAN'S estimator for the K function (1981), discussed in Section 2.1. Define 
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This function satisfies the conditions laid out in Section 2.2. 
The first step in constructing the new estimator of the K function is to find the 

function go(x, 4) referred to in eq. (12) of Theorem 1. Recall that X ,  and X ,  are 
independent and uniformly distributed on the region of interest A = [0, 17. Since 
X I ,  X, are independent we have that 

1 
f ( x2  I x, = x ) = T I ( o I x 2 s  T ) ,  

from which 

for t < x < T - t  
1 X + I  1 

dx2+ I dx, 9 ={ x- t  i 2(T-x+x2)  ~ ( T + x - x , )  

for T - t c x < T .  
1 T 

dx2 9 

1 
2(T - x + x,) dx2 + s 2(T+x-x,)  

Therefore. 

(n - 1 )  [2log(T) - log( T -  t )  - log( T -  x )] ,  for 0 < x  < t 
(-1) [2log(T)-2log(T-t)], for t < x < T - t  (23) 

(n - 1) [2 log (T )  - log (T  - t )  - log(x)-J, for T- t<x<T.  

The final piece needed is 

Theorem 1 suggests as the estimator of the K function: 

A 1 
K ( r ) = -  A2 [ t ( * t ,  c 4(ti, t j 1 - z  t i  C ~ O ( ~ ~ ) - T - ~ ~ ~ ~ I ] *  

which is unbiased for all stationary point processes. However, in most situations, 
1 is unknown and must be estimated by 1 = (n/T). Thus, we propose 
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STEIN (1993) shows from simulations that the bias of this estimator is much 
smaller for the homogeneous Poisson process than for the Poisson cluster 
process. 

Using the c#J( - , - )  defined in (22), and the results (23) and (24) we finally have 

- (n - 1) [ 2 n  log(T) - n log(T - t )  - log (T- t i )  
O-=ri<r  

Also, under CTR and conditional on n, 

1 2 ( T - t )  2 t T + t 2  
var,(R(t))= 2 T 2 ( n - 1 )  n3 [(T- ) l o g ( L ) +  T-t  TZ 1. (26) 

This variance is increasing in t as can be readily seen in Figure 2. 
To find a transformation of the K-function estimator that has (at least 

relatively) constant variance under CTR, we again apply the 6-method. As before, 
this gives the square-root transformation. Assuming CTR, the variance for 

t -  

Fig. 2: Variance of improved temporal K-function estimator, given by (26). The variance is 
in units of t2 and units oft an seconds. 
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k(t)1’2, while not constant, increases at a much slower rate than the variance for 
I? (t), and is represented approximately by 

var (IZ(t)l’*) * ‘ 2 ( n ; ” [ ( T -  1 2(T- t )  )log(L)+ 2tT+ T 2  tZ  1. (27) 
2 t n  T - t  

We illustrate in Figure 3 that the (approximate) variance for z(t)l’z, as given by 
(27), is indeed much more stable than that of k(t); cf. Figure 2. 

Fig. 3: Variance of transformed temporal K-function estimator, l?(r)’I2, given by (27). 
Units of the variance are t .  units oft are seconds. 

3. An Example of the Use of Temporal K Functions 

3.1 Preliminary explanation of the data set 

The following application is an example where temporal K functions offer 
different, and possibly more important, information than traditional statistical 
approaches. Stated simply, the problem is to find possible physiological/ 
neurological side effects of drugs (e.g., MULLENIX, KERNAN, TASSMARI and 
SCHUNIOR, 1989), but in the early stages of testing it is unknown what type of 
side effect might occur in any particular experiment. This has led to an 
exploratory stage where the researchers look for behavioral changes, believing 
that such changes point to the occurrence of some type of physiological/ 
neurological change. 

Experiments were run by separating rats into two groups, a control group and 
an exposed group, and at some relevant point in time observing the rats in pairs, 
one control and one exposed, for 15 minutes in a novel environment. The pairing 
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is not done because of similarities between rats but, rather, to help control for 
environmental differences across observation times. The actions for each rat, for 
each second of the time period, are recorded by a computer pattern recognition 
program leading to an observational vector of length 900, each unit of which 
represents the value of a categorical variable, “body position,” corresponding to 
the rat’s act at the beginning of that second. The possible values for this variable 
are: stand, sit, walk, rear, and lying down. Originally, researchers looked at 
statistics representing the total time the rat spent performing each act (or body 
position). They then added a statistic that represented the number of times that 
each act was initiated. 

W m m  (1971) showed that some types of behaviors, such as hyperactivity in 
children, will not be discovered using only these measures. Hyperactivity has 
traditionally been seen as a state of increased motor activity, but this sense of 
increase comes from the behavior occurring in a different pattern than normal. 
The temporal K function is useful in helping to identify differences in the patterns 
of events. In this article we demonstrate the use of the temporal K function by 
analyzing the act “stand” in various groups of rats. We start in Section 3.2 by 
analyzing the K-function estimates of just one group and we show that the null 
hypothesis of CTR is an appropriate model for a control group. We go on in 
Section 4 to give a technique for using the K function to detect differences 
between two groups of rats. 

For this analysis, the events of interest are the initiations of the act stand, The 
duration of time that the rat stood continuously is not of interest here. Thus we 
concentrate on patterns of stand initiations. To do this, the original data vector 
was first recoded with 0’s and l’s, where 1 represented the act stand, 0 anything 
else. We then eliminated excess “stand times” by deleting all 1’s occurring 
consecutively just after the initial 1’s. The time periods deleted could not possibly 
contain an initiation since, to initiate an act, the rat must first have been doing 
something else immediately preceding the initiation. The final data vector is 
a string of 0’s and 1’s with the 1’s occumng as singletons. Using this technique, 
the original data vector can be transformed to allow analysis of initiations for 
any particular act. 

3.2 Analysis 

Each rat has its own estimated K function, which can be calculated using eq. (25). 
As pointed out in Section 2.3, this estimator has a rapidly increasing variance as 
t increases. Instead of using R(t) ,  it is better to use the square-root 
transformation. For this application, the null hypothesis is lack of pattern in the 
initiations, or CTR. Under CTR, we have shown in Section 2 that K ( t )  = t ,  which 
leads to [K( t ) ]”2  = t1lz-  It is common, instead of using the K function or its 
square root, to use the function 
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Under CTR, L(t) = 0 for all t, which means that departures from CTR are easily 
interpretable and seen graphically. Using the L-function estimate based on 
substituting eq. (25) into eq. (28), departures from CTR are often consistently 
positive or consistently negative: A positive departure implies that the events are 
more clustered, while a negative departure implies that the events occur in 
a more regular fashion. In reality, the L-function estimate will have a small bias 
because the K-function estimate has a small bias (STEIN, 1993) and because of the 
nonlinear square-root transformation, but this bias should be minor. 
In preparation for testing the null hypothesis of CTR for control rats, 

K-function estimates were calculated using eq. (25) for each of 20 rats that were 
observed as controls with no treatment whatsoever. These K-function estimates 
were then transformed into L-function estimates using eq. (28). Under CTR, eq. 
(27) gives the variance of the L-function estimator. However, 1 must be estimated, 
here by n/T,  and since each rat had a different total time after the original data 
vector was recoded, each L-function estimate will have a different estimated 
variance. For comparison purposes, the 20 L-function estimates were 
standardized by dividing each estimate by its estimated standard deviation (given 
by eq. (27)) at every time point. 

Before proceeding with the more formal statistical analysis, we provide 
a graphical analysis. Figure 4 shows the 20 standardized L-function estimates for 

I I I I L 
0 M 40 60 CXI X X I  

t 

Fig. 4: Standardized L-function estimates for 20 control rats Each solid line represents 
one rat. The dashed horizontal line is the L function under CTR. Units on the horizontal 
axis are in seconds and units on the vertical axis aft in (seconds)’’*. 
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this group of control rats, as well as the theoretical value (namely zero) for the 
L function under CTR. It should be noted that the L-function estimates appear 
to be close to the h e  at zero but there are several L functions that are quite 
positive. These are indicative of a possibly troublesome component of error 
caused by rat-to-rat variability. 

We now address the question of how to judge analytically whether CTR is an 
appropriate model for the control rats. We use a signed-area measure between 
each estimate and the hypothesized L function at 0. This area is computed as 
follows: the area where the estimate lies above 0 is positive, the area where the 
estimate lies below 0 is negative, and the two areas are then summed. Under 
CTR, the L-function estimates should hover around 0, and, therefore, the average 
signed area should be close to 0. 

It was hoped that the distribution of the average of the 20 areas would be 
something close to normal so that the normal distribution could be used in the 
test of the null hypothesis that the average area is zero. To judge the normality of 
the distribution of the average signed area, 5000 bootstrap samples of size 20 
were chosen with replacement from the original sample, and the 5000 average 
signed areas were calculated. From the histogram in Figure 5(a), the distribution 
appears to be slightly right skewed but the normal probability plot in Figure 5(b) 
confirms that the distribution of the averages is approximately normal. 

t 

-50 0 50 100 150 

7- 
-3 0 50 100 150 

Fig. 5: Two figures for a sample of 20 control rats The histogram in (a) shows the bootstrapped 
distribution of the average area between the standardized Lfunction estimates and CTR, while the 
normal probability plot in (b) compares this distribution to the normal distribution. 
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To test whether the pattern of stand initiations in control rats follows CTR, 
a standard one-sample hypothesis test was performed on the set of 20 areas, 
where the standard deviation of.the bootstrapped means was used as an estimate 
of the true standard deviation of the average area. The usual t-statistic with the 
sample standard deviation in the denominator is not acceptable in this case 
because of the occasional rat with an unusual L function. In the presence of 
outliers, the t-statistic will not have the usual tdistribution but often a skewed 
distribution, and therefore cannot be used as easily. By using the standard 
deviation based on the bootstrapped sample, we get a much more stable estimate 
for the true parameter than the sample standard deviation, alrowing the z-score 
to be approximately normally distributed (HALL, 1988). The z-score for the test 
was 1.018 with a p-value of .3087. The results suggest that the mean of the 
average signed area between. the L-function estimates and CTR’s L function is 
zero and, therefore, that a CTR model is appropriate. 

4. Comparing Two Sets of K Functions 

In Section 3, we gave a method for comparing a sample of L-function estimates 
to a hypothesized value. We also established that CTR seems to be a reasonable 
assumption when describing the events of stand initiations in a group of control 
rats. However, most often the researchers wish to judge the effects of a specific 
treatment on the behavior of the rats. Therefore, an exposed (to treatment) group 
and a control group of rats are compared and the control groups have, 
themselves, had some sort of treatment (i. e. injected with saline solution when the 
“treated” rats were injected with the drug of interest). The result is that the 
control rats may not be exhibiting truly normal behavior. If normal behavior and 
CTR are equated, we might expect to see some departure from CTR, even among 
control groups. So, for this type of experiment, a method is needed to compare 
estimates from the control group with those from the exposed group. We now 
provide a method that can be used when the data are paired; that is, one control 
observation is paired with one treated observation. 

There are two possible approaches to comparing two sets of (standardized) 
L-function estimates. The first would be to compute some sort of area between 
each pair of estimates. The average signed area would be zero under the null 
hypothesis of no difference, so a test based on the average signed area would be 
easy to use and interpret. However, there are cases where this approach would 
not pick up potentially interesting differences. For example, one of the pair of 
rats could have a very stable L function while the other rat’s L function might 
oscillate above and below the stable estimate. A test based on the average 
absolute area is difficult to implement, because it is unclear what the mean value 
is under the null hypothesis of no difference. 
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Fig. 6 :  Two pairs of standardized L-function estimates from rat behavior data Plot (a) shows the 
Lfunction estimates from a typical pair of rats in a controlcontrol experiment. Plot (b) shows the 
L-function estimates from a typical pair of rats from an exposedcontrol experiment. Units on the 
axes arc the same as for Figure 4. 
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Fig. 7: Two plots of standardized L-function estimates. Plot (a) shows the estimates for 20 control 
rats; plot (b) shows the estimates for 20 exposed rats. Units on the axes are the same as for Figure 4. 
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The second approach (and the one we take) is to compute areas between each 
of the rats’ standardized L-function estimate and a third entity (for this example, 
the L function of a CTR process), compute the difference in area for each of the 
pairs and average these differences across pairs. In an attempt to pick up any 
type of difference, we use two types of areas separately, both the positive (the area 
where the estimate lies above the CTR process’ L function) and the negative (the 
area where the estimate lies below the CTR process’ L function). We chose these 
areas rather than the signed and absolute areas because of their interpretation. 
Generally, L functions that are positive represent events that are more clustered, 
while L functions that are negative represent events that are more regular. It 
should be noted that the signed and absolute areas are simply linear functions of 
the positive and negative areas. The method results in two test statistics, the 
average difference between positive areas and the average difference between 
negative areas. The test of no difference between control and treatment rats is 
then based on two-sided paired comparisons of the two types of areas. 

We shall use two different data sets in this section, a controlcontrol data set, 
and an exposed-control data set. First, the data used in Section 3 is actually one 
half of a control-control data set; recall that a z-score of 1.018 and a p-value of 
.3087 were obtained. For interest, the hypothesis test from Section 3 was also 
applied to the second half of the data set with the resulting z-score of .2711 and 
p-value of .7863. This indicates that both groups of the control-control can be 
modeled by CTR, as expected. The second data set comes from an experiment 
where each of the 20 pairs of rats consisted of one rat injected with 1 mg/kg of 
d-amphetamine, a drug known to cause behavioral differences, and the other rat 
injected with an equal amount of saline solution. The hope is to detect 
a difference due to the d-amphetamine while controlling for the effects of the 
injection. 

Figure 6 gives an idea of how much difference can be expected in the standardized 
L-function estimates from a control-control pair as opposed to an exposed-control 
pair. Figure 6(a) is a plot of the standardized L-function estimates of a typical pair of 
rats in a controlcontrol experiment, whereas Figure 6(b) shows a typical pair of rats 
in an exposed-control experiment. It is clear that while some difference can be 
expected between two control rats, this difference is not nearly as large as the 
Werence found between an exposed and a control rat. Figures 7(a) and (b) show the 
two samples separately. These two figures indicate that the exposed rats have events 
that tend to be more clustered than the control rats. 

We now illustrate the method of analysis proposed in this section. As in 
Section 3, we used a bootstrap approach to find the distribution of the two 
average differences in areas. We did this for both statistics, in both data sets, 
using 5000 bootstrap samples. We start by examining the controlcontrol results. 
Figures 8(a) and (b) give the histograms for the average Merence in the positive 
area and average difference in the negative area, respectively, while Figures 8(c) 
and (d) give the normal probability plots for these same distributions. All four 
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plots indicate that the two average aerences are, at least approximately, 
normally distributed. This means that the usual two-sided, paired-comparison 
hypothesis test using the normal distribution is acceptable; the standard 
deviation of the 5000 bootstrapped values is used as the estimate of the true 
standard deyiation. 

40 -20 0 10 20 

a-rm 

c 
0 

30 -10 0 10 20 

average negative area quantiles 
(4 

Fig 8: Four figures comparing 20 pairs of control rats. The histogram in (a) shows the bootstrapped 
distribution of the average difference in positive area between the standardized L-function estimates 
and C T R ' s  L function, and the histogram in (b) shows the bootstrapped distribution of the average 
difference in negative area between the standardid L-function estimates and C T R s  L function. Plots 
(c) and (d) give the corresponding normal probability plots. 



369 

Figures 9(a), (b), (c), and (d) give the same plots as those in Figure 8 but for the 
bootstrapped distribution based on the exposedcontrol data set. Although the 
average difference in positive area shows a little skewness to the right, the normal 
plot is not far from a straight line, again indicating that the tests described above 
can be used. 

Biom. J. 37 (1995) 3 

Fig. 9: Four figures comparing 20 pairs of rats, one in each pair is treated. the other control. The 
histogram in (a) shows the bootstrapped distribution of the average difference in positive area 
between the standardized L-function estimates and C T R s  L function. and the histogram in (b) shows 
the bootstrapped distribution of the average dilierencc in negative area between the standardized 
L-function estimates and C T R s  L function. Plots (c) and (d) give the corresponding normal 
probability plots. 
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For the two data sets under consideration, the tests gave the following results: 
The controlcontrol experiment has z-score for the mean positive area given by 
z = .3906 with a pvalue of .6961, and for the mean negative area z = .9376 with 
a p-value of .3485. Some care must be taken because of multiple testing on 
a single data set, so we use Bonferroni’s inequality to provide a conservative 
testing procedure. To test the null hypothesis of no difference at a=.O5, we 
compare the p-values to .025. Clearly, in the case of the controlcontrol data set, 
there are no detectable differences. 

The exposedcontrol set has z-score for the mean positive area given by z = 2.012 
with p = -0442, and for the mean negative area z = - 3.668 with p = .0002. Again we 
use the Bonferroni inequality and compare the pvalues to .025, in order to provide 
an overall significance level of at most a=.O5. For this set of data, we find 
a statistical difference in the average difference in negative area The differences were 
computed as exposed urea-control urea, so with a negative z-score for the merence 
in negative area, the control rats had more negative area than the exposed rats. In 
other words, the exposed rats had events of stand initiations that were more 
clustered. We also note that the pvalue for the d8erence in positive area, though not 
statistically significant at a = .05, is not far from being significant. The Bonferroni 
inequality guarantees that significance in any one of the tests results in an overall 
sigmficance, and hence we declare the exposed rats’ stand initiations to be 
significantly more clustered than those of the control rats. 

These two data sets indicate that the tests based on differences of L functions 
(and subsequent bootstrapping), have low error rates. Not only are we able to 
detect differences between L-function estimates of exposed and control groups of 
subjects, we are also able to interpret the types of departures observed. 

5. Discussion 

In this article, we have adapted the K function (and L function) to a onedimensional 
setting, in which there already exist many classical statistical methods for the analysis 
of point processes (e.g,, Cox and L m ,  1966; SNYDER, 1975; and KARR, 1986). We 
now discuss the advantages of our approach over the more classical methods. Most 
are based on analyzing the length of times between points in the process (interamval 
times), usually by fitting them to a distributional model or testing their fit to such 
a model. The usual model fitted is a Poisson process, which results in an exponential 
model for the interamval times. The problem with this approach is that it does not 
take into consideration the patterns at different scales; its concern is only with the 
small-scale properties of the point process and it has difficulty detecting structure of 
a global nature. On the other hand, the K function, K( t ) ;  t 10, is able to distinguish 
between patterns of the process at many different scales t.  

There is one statistic, offered by Cox and LEWIS (1966), that does alleviate the 
problem of only looking at the small scale. If N(t)=number of points in [0, t ] ,  
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then the variance-time curve is defined as V(t)rvar(N(t)); tho. In fact, from 
Section 4.5 of Cox and LEWIS (1966), we obtain 

t o  

V ( t ) = I t - 1 2 t 2 + 2  j jLPr(event in(u,u+du](event atO)du 
0 0  

t 

= 1 t - L 2 t 2 + 2 A 2  K ( ~ ) d u .  
0 

Hence 
1 1 

K ( t ) = - - + t + -  v ' ( t )  
2 1  212 , 

and so, in principle, knowledge of the variance-time curve is equivalent to 
knowledge of the K function. Because much is known about estimation of K ( t ) ,  
as well as hypothesis testing based on these estimators, the need for obtaining 
analogous results for V ( t )  is not so impelling. 
In general, the classical methods presented by Cox and LEWIS (1966) have tests 

associated with them which assume the data come from one realization of a point 
process and a hypothesized theoretical distribution of this point process. Some of 
the tests, notably the Kolmogorov-Smirnoff test, based on the interarrival times 
have been adapted somewhat to test the null hypothesis that two realizations of 
a point process follow the same distribution, by using the empirical cumulative 
distribution function (CDF) for the second process in place of the hypothesized 
CDF (LINDGREN, 1976, p. 494). KARR (1986) discusses estimation of a point 
process based on several sample realizations of that point process. Nevertheless, 
it would appear that none of the classical methods is currently able to do all that 
we have developed for the K function in Sections 3 and 4. 
In Section 3 we developed a method of analysis using L-function estimates to 

compare one group of subjects to the null hypothesis of complete temporal 
randomness (CTR). We computed the signed area between each L-function 
estimate and the L function of CTR. We then tested the null hypothesis that the 
true average area is zero. We concluded that the normal behavior of rats, as 
measured by the pattern of the initiations of the act "stand," can be modeled 
adequately by CTR. 

In Section 4, we gave a method of analysis for comparing two groups of 
subjects to each other. This analysis consisted of computing both the positive and 
the negative area between each subject and the L function of CTR. Then, the 
difference in area (for each type of area) between each pair of subjects was 
computed and hypothesis tests were performed to test the null hypothesis of no 
average difference in area. We showed that, in a control-control experiment, this 
method finds no difference and in an exposed-control experiment where 
a difference is expected, one is found. 

It should be noted that the data sets we were using have samples of size 20. In 
looking at the average difference in areas, the central limit theorem is probably 
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having an effect. We have no reason to believe that the differences are themselves 
normally distributed. In fact, as noted in Section 3, we expect some outliers 
indicating non-normal data. So, before using these methods on smaller samples, 
some diagnostics should be performed. At the least, bootstrapping, as described 
in Section 3, should be done to assess the possibility of normality for the average 
difference. For the case of only one subject, approximate confidence bounds 
around the L-function estimate can be constructed using the variance function 
given by eq. (27). 

The examples used in Sections 3 and 4 illustrate a situation where researchers 
have known that traditional forms of analysis do not capture differences very well. It 
has been shown (WENDER, 1971) that some types of behavior are characterized by 
a change in the pattern of act initiations. A K-function analysis will pick up such 
differences between two groups of subjects (or between one group of subjects and 
complete temporal randomness). In fact, researchers in this field began doing a type 
of analysis using K functions several years ago. CRESSIE (1991) discusses a similar 
experimental situation but using monkeys and gives a temporal analogue to 
a different K-function estimator. KERNAN, MULLMX, KENT, HOPPER, and CRESSIE 
(1988) go one step further. These researchers used a temporal analogue of an 
estimator of the K function from DIGGLE (1983) and tested for difierences between 
two groups of rats. First, they found an average K-function estimate for each of the 
two groups. Then, to judge if those two averages were daerent, they picked eight 
values of t along the positive axis, calculated a test statistic at each of the eight 
points, and finally judged the two averages to be different if three or more points in 
a row showed a difference in the same direction. KERNAN and MEEKER (1992) used 
the same type of analysis in combination with several other types of more traditional 
analyses to get a broader view of the data and a more definitive answer to the 
question of whether any type of difference exists between the behaviors of the two 
groups of rats. 

We feel that we have improved on the analysis using the K function found in 
KERNAN et aI. (1988) and KERNAN and MEEKER (1992) in two ways. First, we have 
found an estimator that is not only better suited to the temporal case, but is also 
an approximate best estimator. Second, we have improved on the method of 
analysis by finding a way to incorporate all 40 K-function estimates, for all t, in 
our testing procedure. 

Finally, we note several areas for further research. KERNAN et al. (1988) used 
not only the K function but also a form of the cross K function as a way of 
looking for independence between the patterns of two acts. The derivation of an 
approximate best estimator for the cross K function would most likely follow 
similarly to that presented in Section 2, and likewise for the method of analysis 
presented in Sections 3 and 4. We leave the verification to future work. We also 
note that, while the experiment described in this article is well-suited for this type 
of analysis, potentially any experiment with an event process occurring over time 
could benefit from such a K-function analysis. 
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