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Abstract

Mass transfer in porous media resulting from dispersion occurs in a wide variety of 

applications such as water treatment, flow batteries, flow in aquifers, enhanced oil 

recovery, and packed-bed reactors. The underlying mechanisms of dispersion are the 

molecular diffusion superimposed on the advective transport induced by the fluid flow. 

Modeling dispersion in pore networks can be performed at a much lower computational 

cost compared to that in direct numerical simulations (DNS) such as finite element or the 

lattice Boltzmann methods, so it represents attractive option provided its accuracy is 

sufficient. The most common approach to model dispersion in network models is based on 

the first-order upwind scheme, despite its well-known limitations in terms of accuracy for 

certain flow and transport regimes. In this study, three novel pore-scale models for 

dispersion, which are more accurate than the existing ones, were derived and tested in pore 

network simulations. These models were adopted from the CFD literature and are based on 

a spatial discretization of the advection-diffusion equation using the hybrid and power-law 

finite difference schemes and the exact solution of the one-dimensional advection-diffusion 

equation. Finally, considering dispersion problems over arbitrary porous structures, 

consisting of stick-and-ball geometries, and different flow and mass transfer arrangements, 

the developed models were validated. Validation was carried-out through comparisons 

between results obtained with DNS, using a finite element solver, and those from pore 

network simulations. It is shown that under a wide range of dispersion regimes (up to the 

onset of the dispersion power-law regime), the relative error (with respect to DNS results) 

introduced by the power-law and exact solution-based models is consistently below 1%, 

whereas the use of the upwind scheme leads to more than 10% of relative error, depending 

on the dispersion regime. The newly developed dispersion models in this study were 

implemented as part of the open-source network modeling package ������	.

Keywords: pore-scale modeling, pore network modeling, porous media flow, dispersion, 

advection-diffusion, ������	



Nomenclature1

 pore/throat cross-sectional area ("2) %& network’s total number of pores

' pore concentration ((" ‒ 3) & pore pressure ((" ‒ 1, ‒ 2)

⟨'⟩ volume-averaged concentration ((" ‒ 3) /01 local longitudinal Péclet number

23 diameter of pore  3 (") /04 global longitudinal Péclet number

25 molecular diffusivity ("2, ‒ 1) /06 global traverse Péclet number

7∗ dispersion tensor ("2, ‒ 1) 9 flow rate ("3, ‒ 1)

2: Open-space diffusivity ("2, ‒ 1) ; time (,)

< relative error in pore concentration = velocity magnitude (", ‒ 1)

<> advection discretization error ? velocity vector (", ‒ 1)

4 pore/throat conductance @ pore coordination number

A conduit conductance B porosity

" pore/throat length (") C,E Weibull distribution parameters

5 mass flow rate  ((, ‒ 1) F viscosity ((" ‒ 1, ‒ 1)

%3 number of neighbor pores to pore 3

1. Introduction

Dispersion in porous media occurs in a wide variety of situations such as in electrochemical 

water treatment [1], flow batteries [2], contaminant transport in aquifers [3,4], carbon 

dioxide sequestration [5], enhanced oil recovery [6,7], reactive flow in packed-bed reactors 

[8], viscous fingering [9], drying and precipitation processes [10], and many more. The 

hydrodynamic dispersion, or dispersion for brevity, is a mixing process that occurs between 

1 The units in the above list are for 3D systems, whereas 2D systems some must be 

normalized per unit length, thus  has units of .9 "3/(,")= "2/,



two miscible fluids in contact which each other. Dispersion occurs in the presence of 

concentration and pressure gradients.  Concentration gradients give rise to diffusion of 

solute in the solvent, which can be described using Fick's first law of diffusion. In addition, 

pressure gradients result in an additional mixing of the solute as the solvent flows through 

the porous medium, also known as the convective mixing, characterized by a nonuniform 

velocity field due to the internal structural disorder [11].

Several approaches for modeling dispersion in porous media have been used in the 

literature among which one can cite, the continuum approach [12,13], the first-passage 

time and random walk simulation [14–19], the Lagrangian methods where the movement of 

solute particles is followed [20,21] and the probability propagation algorithm [22]. Note that 

while probabilistic models, such as the work of Levy and Berkowitz [23] based on Monte 

Carlo simulations, provide a convenient way for determining the dispersion coefficient for a 

given porous medium, they are not feasible for conducting proper transport simulations at 

pore-scale. This is because these methods operate based on averaging out the results 

obtained from hundreds if not thousands of individual probabilistic simulations. In the 

continuum approach, different averaging techniques, such as the ensemble averaging [24] 

and the volume averaging [12] methods have been used to derive macroscopic averaged 

equations. Plumb and Whitaker (1998) [12] derived a large-scale advection-dispersion 

equation from the volume averaging of the microscopic advection-diffusion equation under 

certain length-scale constraints [12]. The obtained equation, in terms of the volume-

averaged solute concentration , is given by⟨'⟩

B
∂⟨'⟩
∂; + ∇ ⋅ (B?⟨'⟩) = ∇ ⋅ (B7 ∗ ⋅ ∇⟨'⟩), (1)

where  is porosity,  is time,  is the fluid velocity vector and  is the dispersion B ; ? 7 ∗

coefficient tensor, which depends on the molecular diffusion and on the hydrodynamic 

transport at pore-scale. Accurate evaluation of this macroscopic tensor requires the solution 

of a pore-scale closure problem that resembles the advection-diffusion equation [12,25]. 

This task is feasible at low computational costs when a geometrical model of the pore space 

is available. However, it appears that the solution of the closure problem is not easier than 

numerically solving the pore-scale advection-diffusion problem itself when the microscopic 



disorder does not allow the extraction of a numerically manageable geometrical model of 

the porous medium [11]. For these reasons, the use of pore network models, popular for 

their low computational costs, has emerged as an alternative for those based on the 

continuum approach [26–31].

Deterministic discrete pore-scale models describing non-reactive dispersion in a network 

model are generally based on the one-dimensional (1D) advection-diffusion equation, which 

is given in the continuum form as follows

∂'
∂; + ∇ ⋅ (?') = ∇ ⋅ (25∇'), (2)

where  is the local concentration of the chemical species and  is the molecular diffusion ' 25

coefficient. Several models have been derived using Eq. (2) and the form of discrete 

conservation equations varies depending on the adopted discretization schemes. However, 

accurate models, valid over a wide range of dispersion regimes are still lacking in the 

literature. Recently, Yang et al. (2016) published an extensive comparison between different 

simulation methods considering pore-scale flow and solute transport problems. The 

methods used included the pore network modeling approach as well as various direct 

numerical simulation (DNS) methods [32]. Their results suggest that the network approach 

leads to more dispersive concentration profiles. This error may be attributed to the mixed-

cell assumption, which states that pores are considered as well-mixed entities in terms of all 

physical quantities. This behavior has recently been reported by Oostrom et al. (2016) in a 

study in which they compared the results from several pore-scale continuum and pore 

network models with micromodel experiments [33]. In addition to the mixed-cell 

assumption, the error could also be due to numerical considerations which include the 

treatment of the advective term. The pore-scale model presented in this study helps to 

remedy that issue and is a forward step toward truly predictive pore network modeling. The 

present study is focused on the pore-scale discretization used in the pore network modeling 

mixed-cell method, and a special attention is given to the accuracy of the commonly used 

upwind scheme. Moreover, novel models, that are theoretically more accurate than the 

existing ones, are proposed. The proposed models are valid over a wide range of dispersion 



regimes (diffusion, transition, and the onset of the power-law regimes) and their numerical 

implementation is as simple as the existing ones.

This paper is organized as follows. In Section 2, the background regarding dispersion 

modeling in pore networks is discussed with a focus on the most commonly used dispersion 

models in the mixed-cell method approach and their limitations. Then, in Section 3, the 

derivation of three novel and more accurate discrete pore-scale models, tailored for use in 

pore network models is presented. The first two models are based on a discretization of the 

one-dimensional advection-diffusion equation using the hybrid and power-law differencing 

schemes, respectively. The third and the most accurate one is based on the exact solution of 

the one-dimensional advection-diffusion problem. Subsequently, the dispersion problems 

considered in this work for the validation of the developed models are defined in Section 4. 

The detailed numerical implementation for solving these problems is also described in 

Section 4. The results of the simulations of different dispersion problems are presented in 

Section 5. The pore network results were compared with the most common approach in the 

literature that is based on the upwind discretization scheme. In addition, DNS using the 

finite element method were also carried-out and used as a reference for comparisons and 

error analysis.

2. Background

The pore network is a simplified representation of the real porous medium geometry, which 

consists of a set of pores interconnected by imaginary throats. Figure 1 illustrates a typical 

pore-throat-pore conduit in a pore network model.

Figure 1- Pore-throat-pore assembly as a single conduit in PNMs.

Idealized shapes are assigned to pores and throats for simplicity regarding the conservation 

equations to be considered. Most commonly, pores and throats are represented by spheres 

and cylinders, respectively. Whereas in the computational fluid dynamics (CFD) continuum 



approach conservation equations are commonly considered over discrete control volumes, 

pores and throats are used in pore network modeling to enforce conservation of physical 

quantities. It must be noted that, generally, only pores are considered for applying 

conservation equations.

In this work, the pore network modeling mixed-cell method is adopted. This approach offers 

simplicity and computational efficiency, thus enabling the pore-scale simulation of a 

substantially-sized domain. In this method, all the void volume of the porous medium is 

assigned to the pores and the throats are considered to have no volume. As a result, 

conservation equations are applied over the pores and perfect mixing of the solute in the 

pore is assumed. This assumption of perfect mixing is robust at low Péclet numbers (i.e., 

) where diffusion is dominant compared to advection. The Péclet number, defined /0 ≤ 1

later in this section, is the ratio of advective to diffusive driving forces. In some recent works 

[32,34] it was shown that, for Péclet numbers up to 257, the assumption of perfect mixing 

within pores has a negligible impact on longitudinal macroscopic dispersion in disordered 

sphere packs. In these studies [32,34], the Péclet number was defined as the ratio between 

the interstitial fluid velocity times the grain diameter, and the molecular diffusion. Hence, 

the use of the mixed-cell method for modeling dispersion can be extended for moderate to 

high  numbers in disordered porous media. However, for ordered porous structures, the /0

mixed-cell method should be reserved only for situations where diffusion is dominant, as 

confirmed by some micromodel experiments [33,35]. Moreover, the mixed-cell method 

ignores the impact of non-uniform velocity profiles in pores and throats on the dispersion. 

In a similarly way to the perfect mixing assumption, considering uniform velocity profiles 

was found to have a negligible effect on longitudinal dispersion in disordered media [32,34]. 

This aspect is explored in the present work below.

In pore network modeling based on the mixed-cell method, two discrete dispersion pore-

scale models are commonly used in the literature. These models both result from the 

discretization of the 1D form of the advection-diffusion equation (Eq. (2)) over individual 

throats in the network. The first one [36–39] is based on the central differencing 

discretization scheme for the diffusive flux, where the advective term is added as a 

correction term to the diffusive flux. The species conservation equation at steady-state for 

an arbitrary pore  is given under the following general form:3



%3

O = 1
(A63O + 93O)'3 ‒

%3

O = 1
(A63O + 93O)'O = 0     ,     3 = 1,2,…,%&, (3)

where  is the pore of interest,  the neighboring pores,  the number of neighbor pores, 3 O %3

 the total number of pores in the network,  the local concentration of species,  the %& ' A63O
diffusive conductance of the pore-throat-pore assembly or conduit, and  is the throat 93O
flow rate. The diffusive conductance  can be given, from the linear resistor theory for A63O
resistors in series [40], by:

A63O =
1
463

+
1
463O

+
1
46O

‒ 1

, (4)

with the pore diffusive conductance  being,43

463 =
 32:

"3
, (5)

such that  is the cross-section area of pore ,  its length (here, length of a pore is its  3 3 "3
radius), and  the open-space diffusion coefficient. The diffusive conductance of throat  2: 3O

and pore  are computed in the same manner. Assuming an incompressible flow of a O

Newtonian fluid under isothermal conditions, in the viscous-dominated regime, the mass 

conservation equation over each pore  of the network is given by3

%3

O = 1
Aℎ3O(&3 ‒ &O) = 0     ,     3 = 1,2,…,%&, (6)

where  is the pressure in pore  and  is the hydraulic conductance of the pore-throat-&3 3 Aℎ3O
pore assembly and is given by

Aℎ3O =
1
4ℎ3

+
1
4ℎ3O

+
1
4ℎO

‒ 1

, (7)



such that  is the hydraulic conductance of pore  and can be calculated using the Hagen-4ℎ3 3

Poiseuille model [41], by

4ℎ3 =
S

128F
64
3

"3
, (8)

where  is the fluid dynamic viscosity and  is the diameter of pore . The hydraulic F 63 3

conductance of throat  and pore  are computed in the same manner. The flow rate  can 3O O 93O
then be calculated using the following equation

93O = Aℎ3O(&3 ‒ &O). (9)

The diffusive term in the pore balance presented in Eq. (3) is based on the second-order 

central differencing discretization. The advective term, however, is included as a correction 

to the diffusive conductance, which is dubious since they do not share the same driving 

force. Although not based on a formal mathematical derivation, this discretization has 

extensively been used in the literature [36–39]. It is well-known that for advection-diffusion 

problems, the central differencing scheme is only stable for moderate Péclet numbers 

where  [42]. We define the local Péclet number for each pore-throat-pore |/03O| < 2

assembly as follows:

/03O =
93O
A63O

. (10)

On the other hand, advection-dominated dispersion, where , is encountered in |/0| ≥ 2

many situations. For this reason, different discretization schemes, with better stability and 

accuracy than central-differencing, have been used to describe dispersion in network 

models. Several models in which the discretization of the advective term is purely based on 

the finite differencing upwind scheme or certain variations of it have been proposed or used 

in the literature [26,43–50]. The species conservation equation resulting from an upwind 

discretization of the advective term of the advection-diffusion equation, can be given in the 

following general form



%3

O = 1
[A63O + max (93O,0)]'3 ‒

%3

O = 1
[A63O + max ( ‒ 93O,0)]'O = 0 (11)

This model overcomes the failure of those based on central differencing (Eq.(3)) in that it 

considers the flow direction. However, it is only first-order accurate and is not generally 

suitable for accurate dispersion modeling in pore networks as will be shown in Section 5. It 

is important to note that the false diffusion phenomenon, commonly encountered in CFD 

simulations, arising from the upwind scheme when the flow is not aligned with the 

computational grid is not encountered in network models as it is assumed that flow is 

parallel to the throats.

3. Models development

In this section, we present three novel pore-scale models that can more accurately describe 

dispersion in pore networks. The discretization schemes used to derive these models were 

adopted from the CFD literature. We demonstrate in Section 5 that these new models are 

more accurate than the commonly used one, which is based on the first-order upwind 

discretization scheme.

The generic mass balance equation for pore  in an arbitrary network model can be written 3

as

‒
%3

O = 1
53O = 0     ,     3 = 1,2,…,%&, (12)

where  is the mass flow rate from pore  to , and encompasses both the diffusive and 53O 3 O

advective fluxes. The definition of , further discussed in each of the following 53O

subsections, depends on the employed discretization scheme. Note that the pore mass 

balance is enforced within a volume bounded by an imaginary boundary that intersects the 

midpoints of adjacent throats to pore . Therefore,  needs to be evaluated at throats’ 3 53O

midpoints.

3.1. Hybrid scheme



First, we present the pore-scale dispersion model obtained from a derivation based on the 

hybrid differencing scheme [51]. The obtained pore-scale model is a piecewise combination 

of the discretizations based on the central and upwind differencing schemes, depending on 

the Péclet number. More specifically, for moderate Péclet numbers where , the |/03O| < 2

central differencing scheme is used. In this case, for each throat, the advective term is 

evaluated by averaging the concentrations of its adjacent pores to approximate the 

concentration at the throat midpoint, and hence ,  which is second-93O' = 93O('3 + 'O)/2

order accurate. The division by 2 implies that the throat midpoint is equidistance relative to 

its adjacent pores, which holds true only when a single pore size across the network is 

present. A more accurate discretization of the advective flux for  can be given |/03O| < 2

under the following form

93O' =
93O

(63 + 6O)/2 + 13O

6O + 13O
2 '3 +

63 + 13O
2 'O . (13)

In the preceding discretization, the concentration at the throat midpoint is approximated by 

a weighted average of those of the adjacent pores with pore diameter being the weight. 

Although the naïve implementation of the hybrid scheme, i.e. , is only 93O' = 93O('3 + 'O)/2

applicable to networks with a single pore-size, it can be relatively safely applied to a 

network with randomly and/or normally distributed pores sizes since errors introduced by 

the single pore size assumption would cancel out. For more complex pore-size distributions, 

such as Weibull and log normal, this might not be the case.

For advection-dominated dispersion where , the advective flux in the hybrid-based |/03O| > 2

pore-scale model is discretized using the upwind scheme, which is only first-order accurate, 

but accounts for flow orientation. On the other hand, the diffusive contribution is neglected 

as the flow rate is sufficiently large compared to the diffusive flux. The final discretized 

model is given by the following equation

%3

O = 1
max 93O, A63O +

93O
2 ,0 '3 ‒

%3

O = 1
max ‒ 93O, A63O ‒

93O
2 ,0 'O = 0. (14)



In equation (14), the maximum operator allows for both setting the discrete form of the 

transport equation depending on the Péclet number and for considering the flow direction 

since  can be either positive or negative. It can be shown that since , when 93O /03O = 93O A63O
, the coefficients in equation (14) reduce to  and to  for |/03O| > 2 max [93O,0] ‒ max [ ‒ 93O,0]

pore  and neighbor pores , respectively.3 O

3.2. Power-law scheme

Using the power-law finite differencing scheme [52], we carried out another derivation of a 

dispersion pore-scale model for the sake of comparison with other models. The power-law 

scheme is more accurate than the hybrid scheme as it approximates the concentration 

profile between adjacent pores with a fifth-order polynomial fit to the exact solution of the 

1D advection-diffusion problem [42]. Accordingly, the advective and diffusive fluxes can be 

calculated. In the pore-scale model obtained from this discretization, diffusion is ignored 

when the flow is highly advective (i.e., ) and the upwind scheme is used for the |/03O| > 10

discretization of the advective term. On the other hand, when , the mass/molar |/03O| < 10

flux  is evaluated using a polynomial expression. The final form of the discrete model can 53O

be given by the following equation

%3

O = 1
A63Omax 1 ‒

|/03O|
10

5

, 0 + max (93O,0) '3

‒
%3

O = 1
A63Omax 1 ‒

|/03O|
10

5

, 0 + max ( ‒ 93O,0) 'O = 0.

(15)

From equation (15), it can be verified that for , the coefficients for the center |/03O| > 10

pore , and those for neighbor pores  reduce to  and to , 3 O max [93O,0] ‒ max [ ‒ 93O,0]

respectively. Likewise, for , the fifth-order polynomial fit is used.|/03O| < 10

3.3. Exponential scheme

Whereas the power-law scheme is based on a fifth-order polynomial fit on the exact 

solution, the exponential scheme uses the exact solution of the 1D advection-diffusion 

problem and is, hence, theoretically more accurate. Indeed, it will be shown in Section 5 



that, for the considered dispersion problems, the model based on the exponential scheme is 

the most accurate; it is even appreciably more accurate than the power-law scheme as it 

considers the concentration profile reasonably well. Its derivation is outlined here 

considering first the 1D steady-state advection-diffusion equation for an arbitrary conduit in 

the network model, given by

25
62'
6a2 ‒ =3O

6'
6a = 0, (16)

with boundary conditions at both ends of the conduit being  and , and  '(0) = '3 '(13O) = 'O a

being the Cartesian coordinate. Eq. (16) can be solved to obtain the following expression for 

the concentration profile, :'(a)

'(a) =
'O ‒ '3

exp (/03O) ‒ 1exp /03O
a
13O

+
'3exp (/03O) ‒ 'O
exp (/03O) ‒ 1 , (17)

where  is the local Péclet number and as defined in Eq. (10), which for conduits with /03O
constant cross-sectional area reduces to . Subsequently, the mass flux from pore  =3O13O/25 3

to  can be calculated, as followsO

53O = ‒ 2
6'
6a + =3O'

a = 0
= =3O '3 +

'3 ‒ 'O
exp (/03O) ‒ 1 . (18)

Finally, substituting Eq. (18) in Eq. (12) gives the following discrete model

%3

O = 1
93O 1 +

1
exp (/03O) ‒ 1 '3 ‒

%3

O = 1
93O

1
exp (/03O) ‒ 1 'O = 0. (19)

Note that when the Péclet number approaches zero, both terms in Eq. (19) become 

numerically indeterminate, i.e. cannot be numerically evaluated. This is a numerical artifact 

and the respective terms do in fact have finite limits when the Péclet number approaches 

zero. To avoid such complication, the procedure outlined in Table 1 was used and is 

suggested for computer implementation of this pore-scale model.



Table 1- Pseudo-code for treating extremely small Péclet numbers in the exponential scheme
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4. Problem definition and implementation

4.1. Network generation

An in-depth analysis of the accuracy of the dispersion pore-scale models presented above 

was carried out considering two-dimensional (2D) networks, which are easier to visualize 

than three-dimensional (3D) networks. In addition, 2D simulations have a lower 

computational cost compared to the 3D ones especially for the finite element simulations as 

the pore space needs to be meshed with a sufficiently fine grid. However, to verify the 

general applicability of the conclusions drawn from the 2D simulations, a single 3D 

dispersion problem was also considered. Results from the 3D finite element simulation 

confirmed the conclusions obtained from 2D simulations and, for the sake of brevity, are 

not discussed further.

It must be mentioned that in the 2D networks, the pores and throats are assigned circular 

and rectangular shapes, respectively. For this reason, when computing the diffusive 

conductance in 2D simulations, the cross-section area in Eq. (5) needs to be replaced with 

the diameter. In addition, Eq. (8) was derived for computing the hydraulic conductance in a 

cylindrical conduit, which no longer applies in a 2D configuration. For simulations over 2D 

networks, Eq. (8) is reconsidered as follows

4ℎ3 =
63
3

12F"3
, (20)

assuming a flow between parallel plates [53].



Figure 2 shows representative 2D and 3D pore networks considered in the present study. 

For 2D and 3D configurations, the pore networks were constructed based on regular fully-

connected square (coordination number is ) and cubic ( ) lattices, respectively, @ = 4 @ = 6

with a uniform lattice spacing of . Boundary pores, through which boundary g = 1 F5

conditions were applied, were then added to the inlet and outlet faces, as shown on Figure 

2 (left). Cubic networks with randomly reduced coordination were also used to test the 

discretizations proposed here, but since similar trends were observed, for brevity those 

results are not reported. Finally, it is important to mention that although a network spacing 

of 1  was used throughout the entire study, the results are independent of the network’s F5

spacing since the imposed flow boundary conditions are dimensionless (i.e. the imposed 

Péclet number). A network spacing of 1  would have led to the exact same results, if the 5

same boundary conditions in terms of the inlet Péclet number have been used. The only 

relevant parameter that affects the flow field but is independent of the Péclet number is the 

network’s topology, which in cubic networks manifests itself in the number of pores of 

randomly varying size in each direction, and this aspect is extensively studied in this work.

Figure 2- Sample 2D square lattice (left) and 3D cubic lattice (right) network models used in this study. Colors 
show how big pores/throats are. Structural randomness is represented by employing the Weibull probability 
distribution for assigning pore/throat diameters (Eq. (21)).

Note that structural randomness is represented by employing the Weibull probability 

distribution for assigning pore diameters, given by the following formula



h(i,E,C) =
C
E
i
E

C ‒ 1

0 ‒ (i/E)C, (21)

where , , and  is an  by 1 random vector (uniform distribution) with entries C = 3 E = 0.4 i %&

in the range . Once pore diameters were generated, the throat diameter was chosen (0,1)

equal to  of the diameter of the smallest pore of the considered pore-throat-pore 60%

assembly.  Other geometrical properties were calculated by assuming spherical pores and 

cylindrical throats (unit-depth cylinders and parallel plates, respectively, in 2D).

Finally, as with any other modeling study, one needs to verify the simulation results. 

Typically, experimental data are used to for verification. In our case, if the experiments were 

to be performed on actual porous material with random internal structure, it would require 

using a network extraction algorithm to generate the pore network models. The network 

extraction step introduces another source of error, which undermines the accuracy of 

comparisons between the different proposed numerical models. Conversely, micromodels 

with controlled structure such as an ordered array of posts could be fabricated which 

eliminates the need for network extraction, but in turn makes the simulations unrealistic. 

Therefore, we chose to use DNS to produce our reference solutions. Since the geometry on 

which DNS was performed was digitally constructed directly using the pore/throat shape 

information from the pore network model, randomness could be maintained without the 

need to introduce the network extraction step.

4.2. Boundary value problem

The pore-scale problem under consideration is the dispersion of a dilute chemical species in 

a non-deformable, saturated, porous structure. The system is treated as being isothermal 

and operating in steady-state. The transport of chemical species is described by means of 

the microscopic advection-diffusion equation, given by Eq. (2), along with the associated 

boundary conditions described below. Using different discrete forms of the advection-

diffusion equation, the resulting linear systems of equations were numerically solved to 

obtain the concentration fields. The discrete forms used here consist of the ones developed 

and detailed in Section 3�����������������	
���
������
�������	
����
���
������
����
�����

�
������2. The incompressible single-phase flow of a Newtonian fluid associated with the 



dispersion problem was assumed to be within the Stokes flow regime. This flow was 

modeled using Eq. (6) and (8) for 3D networks and using Eq. (6) and (20) for 2D 

arrangements.

The porous structure was described using a network of pores as shown in Figure 3. Four 

boundaries were defined, colored with red (left), green (bottom and top), and blue (right) in 

this figure, to impose network-scale concentration and pressure gradients, respectively. 

Each of these boundaries consisted of a group of pores whose centers are coplanar. On this 

Figure 3,  is the local Péclet number computed using Eq. (10) and is imposed through the /01
conduits connected to the inlet pores.

Two dispersion configurations are reported on Figure 3, detailed in what follows, and used 

in the rest this work. For brevity, the co-current network scale flow and imposed 

concentration gradient and the cross-current network scale flow and imposed concentration 

gradient are referred to as the co-current and the cross-current configurations, respectively.

For the simulations in considering the co-current dispersion configuration, a fixed 

concentration drop, and a fixed inlet flow rate corresponding to a constant Péclet number 

both along the  direction, with the no-flux condition at the top and bottom pores, were a

chosen as boundary conditions.

Figure 3- View of an arbitrary square lattice network (2D) with four associated boundaries over which 
dispersion boundary conditions are applied.  is the local Péclet number computed using Eq. (10) and is /01

imposed through the conduits connected to the inlet pores.



These boundary conditions can be expressed by the following set of equations

'3 = 1     ,     93 = /01A63O  left pores3 ∈ (22)

'3 = 0.1     ,     &3 = 0  right pores3 ∈ (23)

where  is the volumetric flow rate entering the left boundary pores. Note that each 93
boundary pore has only one neighbor (see Figure 3) and therefore,  in Eq. (22) refers to A63O
the overall diffusive conductance associated with the left boundary throats. As mentioned 

above, to have precise control over the local Péclet number at the inlet, we imposed 

volumetric flow rates, rather than pressure, on the left boundary pores. To this end, Eq. (22) 

imposes the flow rates on each inlet pore such that all inlet conduits have the same fixed 

local Péclet number. Note that in network models, the no-flux condition imposed to certain 

boundary pores as shown on Figure 3 refers to an insulation condition. This condition is 

implicitly imposed and may be explained by the existence of throats with an infinite 

resistance connecting the insulated pores to the space surrounding the system considered 

for modeling.

For the simulations with cross-current configuration (Figure 3b), we kept the same 

boundary conditions for the flow problem, i.e. fixed flow rate at the left boundary pores 

followed by zero discharge pressure at the right boundary pores, with the no-flux condition 

imposed on the top and bottom boundary pores. As for the dispersion problem described 

above, we chose boundary conditions similar to those in the famous Graetz problem [54], 

i.e. a flow with a fixed concentration of a chemical species enters the network at the left 

boundary pores, and while traveling along the  direction toward the outlet at right a

boundary pores, diffuses sideways toward the top and bottom boundary pores, which 

themselves were kept at a different fixed concentration. These set of boundary conditions 

can be mathematically expressed by the following equations.

'3 = 1     ,     93 = /01A63O  left pores3 ∈ (24)

'3 = 0.1  top/bottom pores3 ∈ (25)
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3
= 0     ,     &3 = 0  right pores3 ∈ (26)

 Finally, an outflow condition was imposed on the outlet, whose implementation in network 

models will be explained next.

Outflow condition in network models

Consider the boundary pore  with  neighbors in a network model. The outflow boundary 3 %3

condition requires that the mass flux flowing outward from this pore has zero diffusive 

component. Therefore, for the dispersion problem, outflow condition requires that the total 

incoming mass flux to this pore, which comes from the neighbor pores and consists of both 

diffusive and advective terms, gets flushed out purely by advection. Therefore, in 

mathematical terms, the outflow condition for the dispersion problem requires 

‒
%3

O = 1
(56

3O + 5>
3O) = 93'3 (27)

where   and  are the diffusive and advective components, respectively, of the 56
3O 5>

3O

mass/molar flow rate from pore  to  and  is the net volumetric flow rate exiting pore  3 O 93 3

and can be calculated by summing all the incoming volumetric flow rates from neighbor 

pores. Depending on the choice discretization (upwind, hybrid, etc.), Eq. (27) can take 

different forms. Here, we report the one based on the exponential discretization scheme, 

which can be obtained by replacing the total mass flux term in the left-hand-side of Eq. (27) 

by the previously derived formula in Eq. (18). Finally, after simplification, the final 

discretized form of the outflow boundary condition can be given by the following equation.

%3

O = 1

'3 ‒ 'O
exp (/03O) ‒ 1 = 0 (28)

4.3. Numerical considerations

All the simulations presented in this work including those for network generation were 

performed using the open-source pore network modeling package, ������	 [55]. To solve 



the dispersion problem in a network model, throat volumetric flow rates, , are required. 93O
Thus, the flow problem must be solved first. This is achieved by solving the system of linear 

equations arising from writing Eq. (6), i.e. the conservation of mass, for every pore  of the 3

network model. Once the pressure field is obtained, Eq. (9) can be used to compute the 

throat volumetric flow rates. Note that the main assumption behind Eq. (6) is creeping flow, 

i.e. the Reynolds number below unity (the Reynolds number being , l03O = m(93O/ 3O)63O/F
where  is the diameter of the throat and  is the fluid’s density). To this end, the pressure 63O m

gradients imposed on the network were chosen to always yield creeping flows. For flows in 

the inertial regime [56,57], a correction term needs to be adopted. Once the flow problem is 

solved and  values are obtained, the dispersion problem can be solved. Similar to what 93O
was done for solving the flow problem, one needs to build a system of linear equations 

considering the species conservation equation for every pore  of the network, as described 3

by the generic form given by Eq. (12). Finally, for solving the resulting linear system of 

equations, we used the direct sparse solver of the open-source math library, /���0.

4.4. Direct numerical simulation (DNS)

The commercial finite element software, �	/�1�2�-�, was used to perform DNS of 

dispersion on geometries exactly corresponding to the considered network models. The 

obtained solutions were used as a reference for comparisons with the pore network 

modeling approach simulations using different pore-scale discretizations. For geometrical 

reconstruction of 3D the network models, pores and throats were assumed to be spheres 

and cylinders, respectively. In the 2D case, pores and throats were modeled as circles and 

rectangles, respectively. A combination of free triangular elements for the bulk and layered 

quadrilateral elements near the boundaries, as shown in Figure 4, were used for meshing 

the domain in the 2D case. Furthermore, quadratic basis functions were used for 

interelement interpolations.



Figure 4- A  by  square 2D network model, meshed using free triangular (bulk) and layered 10 10
quadrilateral elements (near solid boundaries) used for finite element simulations.

Mesh dependency analysis was also performed to assert that the results are independent of 

the mesh size/type. In 2D simulations, mesh independency was achieved when each pore 

on average was meshed with 200 to 500 triangular/quadrilateral elements of a quasi-

uniform size. The incompressible 31�������4���5 module in �	/�1 without the inertial and 

gravity terms was used to model the fluid flow, and the 36������������7�������/������5 

module was used to model the dispersion. Finally, the resulting systems of linear equations 

were solved using the ��879/� parallel direct solver. The simulations were run on a 

workstation equipped with an Intel® Xeon® E5-1650 v3 processor with 6 cores running at 

3.50 GHz and 16 GB DDR4 memory running at 2133 MHz. Figure 5 shows a representative 

concentration colormap obtained from finite element simulations of the cross-current 

configuration in a  by  ( , ) pore network model with boundary conditions 100 25 %a %@

specified as described in Figure 3b. The corresponding finite element model consists of 

almost two million 2D elements and the total runtime, including both mesh generation and 

solving, was about 2 hours. For comparison, the computational runtime for the equivalent 

pore network model was less than 1 second.



Figure 5- Concentration colormap obtained from finite element simulation of dispersion (using an advection-
diffusion solver) in a 2D  by  ( , ) square lattice network model for the cross-current configuration 100 25 %a %@
(see boundary conditions on Figure 3b). The model consists of  free triangular and quadrilateral ≈ 2 × 106

elements. Inlet (left boundary) local Péclet number was fixed at ./01 = 2

5. Results and discussion

First, we consider the co-current configuration in 2D network models and compare the 

accuracy of different discretizations with the results obtained from performing DNS on the 

reconstructed geometry equivalent to the network model. Next, we focus on the cross-

current configuration in the network model and repeat the simulations. Finally, a 3D 

configuration was considered (see Figure 2) to confirm that the conclusions drawn from the 

results are not limited to 2D networks.

5.1. Co-current dispersion configuration

To enforce the co-current dispersion configuration in the 2D network model, one simply 

needs to apply a fixed pressure and concentration drop in the same direction along the  a

axis, which can be done by setting the pressure and concentration at the boundary pores 

facing left and right. However, to have better control over parameters such as the local 

Péclet number, we imposed fixed volumetric flow rate, rather than pressure, at the left 

boundary pores and a fixed discharge pressure  at the right boundary pores. Since the & = 0

diffusive conductance of throats at inlet can be calculated prior to running simulations, 



imposing a fixed volumetric flow rate at the inlet – rather than a fixed pressure – directly 

translates to a fixed local Péclet number. In addition, the concentration boundary 

conditions,  and  were applied to the left and right boundary pores, ' = 1 0.1 5op/53

respectively. The reported error throughout this study are relative to the DNS results 

produced by the COMSOL simulations, and is defined as follows:

< =
'/% ‒ 'q<

'q<
(29)

where  and  refer to the solutions obtained from the pore network and finite element '/% 'q<
simulations, respectively. Note that the reported values for average error in this study were 

calculated without considering any weight factors. Alternatively, one could define a 

weighted average based on individual pore volume. Given that no spatial correlation was 

imposed on the pore size distribution, normalizing the error by the total number of pores, 

rather than by their volume as the weight factor, is sufficient for the present purposes.

Figure 6- Colormaps of concentration (top row) and local relative error (Eq. (29)) percent (bottom row) for 
different discretization schemes. Fixed local Péclet number of  at the left boundary. Network scale flow /01 = 1
and imposed concentration gradient are co-current along the  direction (see boundary conditions on Figure a
3a).

Typical results obtained from these simulations are presented in Figure 6. The top row in 

this figure shows the concentration colormap for a  by  ( ) square lattice 2D 10 10 %a,%@

network obtained using each of the discretization schemes with a constant local Péclet 

number of  imposed at the left boundary. For clarity, the local relative error with /01 = 1



respect to the finite element solution was also calculated and is shown in the bottom row of 

this figure. Based on the error colormap, the local relative error for the upwind scheme can 

be as high as , whereas that for the power-law and exponential schemes is well 20%

maintained below  all over the network. An in-depth analysis of the error as well as more 1%

discussions are presented in the following sections.

5.1.1. Effect of local Péclet regime

Figure 7 shows the average relative error observed when using each of the discretization 

schemes versus the local Péclet number, denoted by , for a  by  ( ) square /01 5 20 %a,%@

lattice 2D network. Results reported in Figure 7 were obtained considering the co-current 

configuration detailed on Figure 3a. Based on this figure, for all reported local Péclet 

numbers, the discretization schemes can be ranked in terms of decreasing accuracy as 

follows: exponential, power-law, hybrid, and upwind. This is consistent with the theoretical 

predictions. Furthermore, in all discretization schemes (see Section 5.3), the average error is 

initially negligible, increases until it peaks circa , and is followed by a decrease as the /01 ≈ 1

local Péclet number further increases.

Figure 7- Average relative error (Eq. (29)) for different discretizations (pore-scale models) against the local 
Péclet numbers  for a  by  ( ) square lattice 2D network. Network scale flow and imposed /01 5 20 %a,%@
concentration gradient are co-current along the  direction (see boundary conditions on Figure 3a).a

In this discussion, it is assumed that numerical errors such as the round-off error in pore 

network and finite element simulations are comparable and the main deviation observed 

between these simulations, in terms of concentration, is due to discretization errors. Also, 

the error introduced by the well-mixed cell assumption is neglected. The total discretization 

error  is the sum of the individual contributions of the discretized diffusion and advection <,



terms, denoted by  and , respectively. When the local Péclet number is relatively small, <2 < 
the diffusion term is dominant, and the advection error does not significantly contribute to 

the total error, i.e. . Therefore, the choice of the advection discretization scheme <, ≈ <2
should not matter much. Figure 7 supports this claim since at , for instance, the /01 = 0.1

difference between the most and the least accurate schemes is only . Furthermore, the 0.4%

diffusion flux in network models is approximated assuming that concentration varies linearly 

between neighbor pores. This assumption is valid especially in the low Péclet regime, where 

transport is close to pure-diffusion. Therefore, one expects the total error to be also 

negligible, which is again supported by the results shown in Figure 7, since at , the /01 = 0.1

most erroneous scheme is only  inaccurate compared to the reference solution. As the 0.6%

local Péclet number increases towards intermediate values, the magnitudes of the 

advection and diffusion terms become comparable. Accordingly, the share of the advection 

term in the total error becomes more noticeable and therefore, the total error is expected 

to increase. Furthermore, because of the same reason, the choice of the advection 

discretization scheme is likely to have a more pronounced impact. Figure 7 supports this 

claim, since at , there is almost a  difference between the most and the least /01 = 1 10%

accurate schemes in terms of relative error. Finally, at sufficiently high local Péclet numbers, 

the advection becomes the dominant term. In this range (Péclet much higher than unity), 

the upwind scheme (as well as all other schemes) becomes increasingly less inaccurate, 

hence diminishing the advection discretization error. Therefore, the total error is expected 

to decrease, which is confirmed by the results shown in Figure 7.

A more intuitive way to interpret the trend of the upwind error against the local Péclet 

number is to understand which terms are being approximated by means of the difference 

operators. For the sake of argument, we ignore that pores have volume and instead assume 

they are point-like entities that are connected via cylindrical throats of constant cross-

sectional area. Also, note that the mass balance in pore network models is typically written 

for an arbitrary control volume enclosing pore  of the network. Therefore, all the 3

incoming/outgoing fluxes need to be evaluated at the pore boundary. Since the pore 

concentration is what is solved for, there is no approximation involved in evaluating the 

advective term, i.e. , and the only approximation concerns evaluating the diffusive term, 93O'3
i.e. . For clarity, the concentration profile across a single throat based on the exact (6'/6a)3



solution of the 1D advection-diffusion equation for different Péclet numbers are plotted in 

Figure 8.

Figure 8- Normalized concentration profiles in a single throat at different Péclet numbers, based on the exact 
solution of the 1D advection-diffusion equation. Here  refers to the throats’ length."

Note that in the upwind scheme, irrespective of the Péclet number, the diffusive term is 

linearly approximated. As previously explained, at low Péclet numbers, the transport is 

diffusion-dominated and thus, the linear approximation is valid, leading to relative errors 

close to zero. As the local Péclet number increases, a thick concentration boundary layer is 

formed, forcing the linear profile to bend along the main flow direction (see Figure 8). 

Consequently, the linear approximation of  at the pore boundary, i.e. , 6'/6a a = 0

overpredicts the actual value of the derivative, causing the relative error to increase. 

However, as the local Péclet number further increases, the dispersion becomes more 

advective-dominated and the concentration gradient at the pore boundary approaches zero 

(see Figure 8). Therefore, how one approximates the derivative becomes less important as it 

does not contribute much to the total flux, causing the relative error to eventually decrease 

at high Péclet numbers. Extending this analysis from a single throat to a network, it can be 

inferred that the regions in the network where there is a strong concentration gradient 

suffers the most from the upwind assumption. In the sections that follow, this explanation is 

used to further highlight under which circumstances the upwind scheme is most inaccurate 

and when it yields relatively more accurate solutions.

5.1.2. Impact of network size



To examine how the discretization error behaves when the size of the network changes, we 

performed simulations comparable to the ones presented in Section 5.1.1 with the only 

difference being the network size along the main direction of the flow. The results of these 

simulations are presented in Figure 9 where the average relative error is plotted against the 

local Péclet number for three square lattice 2D networks of sizes  by , where %a 20 %a

.∈ [5, 10, 20]

Figure 9- Average relative error (Eq. (29)) for different discretizations (pore-scale models) against the local 
Péclet numbers  for  by  square lattice 2D networks . Network scale flow and /01 %a 20 (%a = 5, 10, 20)

imposed concentration gradient are co-current along the  direction (see boundary conditions on Figure 3a)a

Results reported on Figure 9 reveal the following trend. As the size of the network parallel 

to the main flow direction increases, the average error decreases. Furthermore, this 

decreasing trend is almost always independent of the local Péclet number. In fact, given a 

fixed , the average error monotonically decreases as the network gets longer along the /01
main flow direction.

To explore the underlying reason, consider two square lattice 2D networks that are  and 10

 pores long, respectively, in the  direction (see definition of directions in Figure 2). Also, 20 a

assume that the inlet flow rate in these networks is kept constant, corresponding to a local 

Péclet number of . Figure 10 shows the plane-averaged concentration profiles and /01 = 1

the relative error colormaps for the upwind scheme for these two networks.



Figure 10- Plane-averaged dimensionless concentration profiles along the y axis (top), and relative error (Eq. 
(29)) colormaps (bottom) for two square lattice 2D networks  made of (a)  and (b) and  10 × 10 20 × 10

pores. Local Péclet is constant at ./01 = 1

Based on the error colormaps in Figure 10, the relative error in both networks is negligible 

near the inlet, gradually increases with  and is followed by a marked increase near the i/"

outlet. Note that given a fixed flow rate, as the network size in the main flow direction is 

increased, despite the constant local Péclet, the physics of the dispersion approaches the 

advection-dominated regime (on network-scale as opposed to pore-scale, since the local 

Péclet number is still at 1). Therefore, one expects the high concentration gradient front to 

shrink in size, which is qualitatively supported by the graphs in Figure 10. From previous 

discussions, the main source of errors from the use of the first-order upwind scheme comes 

from the linear approximation of the concentration gradient. As the network gets longer, in 

terms of number of pores, in the main flow direction, the high concentration gradient front 

gets thinner and hence, the portion of the network that does not experience a large 

concentration gradient expands. As a result, the first-order upwind scheme is relatively 

accurate over an ever-increasing area of the network, and erroneous over a shrinking one. 

Thus, we can conclude that given a fixed local Péclet number (or a fixed flow rate and 

concentration gradient), as the network gets larger (in terms of number of pores) in the 

main flow direction, the average relative error is expected to decrease, hence explaining the 

decreasing trend observed in Figure 9. It must be highlighted, however, that the local 

relative error remains important at the high concentration gradient front.

Next, we performed several simulations on various 2D networks with different lengths and 

various local Péclet numbers, such that the product  remains constant. Then, we %a/01
plotted the plane-averaged concentration profiles along the  axis and grouped the data a



points that correspond to unique  values, which are shown in Figure 11. Table 2 is a %a/01
summary of the parameters used in these simulations.

Table 2- Summary of the parameters used in the simulations presented in Figure 11. See Eq. (30) for definition 
of ./04

#  rst uv rsw

1 0.1 5 0.5

2 0.05 10 0.5

3 0.025 20 0.5

4 1 5 5

5 0.5 10 5

6 0.25 20 5

7 10 5 50

8 5 10 50

9 2.5 20 50

Figure 11- Plane-averaged dimensionless concentration profiles (average over pores with the same  a
coordinate) along the  axis for various simulations grouped based on the global Péclet number. Square a

lattice 2D networks made of  by  pores (see Table 2 for details).%a 10

Note that  can be considered as a measure of the relative strength of advective and %a/01
diffusive driving forces along the main flow direction across the whole network, as opposed 

to  which is a measure of the relative strength of the two mechanisms across a single /01
throat (inlet throats in this case). Henceforth, for convenience  is referred to as the %a/01
global Péclet number in the  direction and is given bya

/04 = %a/01 (30)



The data shown in Figure 11 exposes yet another trend; the overall shape of the 

concentration profile is primarily determined by the value of , or the global Péclet /04
number, rather than the local Péclet. It is important to mention that this is valid while 

considering a constant pore to pore spacing when  is increased and that the impact of %a

other network configurations should be investigated in future works. This trend is important 

in that it can be used to determine whether the error introduced by the upwind scheme is 

within an acceptable range. As previously discussed, the more the dispersion approaches 

the advection-dominated regime, the less erroneous the upwind scheme becomes. Based 

on the results presented in Figure 11 for the co-current configuration, the concentration 

profile can be almost solely predicted by examining the global Péclet number.

To further illustrate this point, at a moderate local Péclet number of , the average /01 = 1

relative errors for different discretization schemes were plotted against the global Péclet 

number, which is shown in Figure 12.

Figure 12- Average relative error (Eq. (29)), in terms of concentration, of different discretization schemes at 
different global Péclet numbers (Eq. (30)). Local Péclet was kept constant at . Square lattice 2D /01 = 1

networks made of  by  pores (see Table 2 for details).%a 10

Based on Figure 12, although the local Péclet number is within the moderate regime, where 

the error is expected to be relatively high, the error varies from almost  at  to 10% /04 = 5

approximately  at . This confirms the above claim that the magnitude of the 2% /04 = 25

average error is rather controlled by the global Péclet number. Note that while it appears 

that for relatively large networks, the first-order upwind error is getting smaller on a global 

scale, it is worth restating that the local error is still significant. In other words, the only 



reason that the average error is decreasing is that a nonzero concentration gradient is 

virtually nonexistent throughout most of the network. It must be emphasized that for 

systems including chemical reactions, concentration gradients exist all over the network and 

hence, the upwind error becomes significant both locally and globally. Furthermore, in 

systems that involve cross-current dispersion configuration comparable the ones considered 

in this work, which are discussed in Section 5.2, we show that the upwind average error can 

be significant even in large networks and in the absence of chemical reactions.

5.1.3. Further analysis of upwind error

In this section, we further shed light on the dependence of the upwind scheme 

discretization error on the local and global Péclet numbers. For this, the analytical solution 

of the 1D advection-diffusion problem, as described by Eq. (17), was used to derive an 

approximate formula for the average error that is introduced by the upwind scheme. The 

derived average error is given by

<> =
Δ'
"

/01

1 + exp
/01

2
(31)

where  is the network-scale concentration drop along the  axis, imposed through the Δ' a

inlet and outlet boundary conditions. The derivation details are provided in the appendix 

(Section A.1). Based on Eq. (31), the discretization error not only depends on the local Péclet 

number, but also on the concentration gradient imposed through the network, which is 

characterized by . As the network gets larger along the main direction of the flow, Δ'/"a
inevitably the concentration gradient will decrease, hence decreasing the average 

discretization error, which explains the decreasing trend observed in Figure 9.

For the case of a network with fixed size and hence a fixed concentration gradient, it can be 

shown that Eq. (31) approaches zero at both extreme local Péclet numbers (i.e. either very 

low or very high values) and that a maximum exists at some intermediate point, which 

confirms the trend observed in Figure 7. Furthermore, based on the obtained expression for 

the average error (Eq. (31)), it can be deduced that for any arbitrary local Péclet number, if 

the global Péclet  is sufficiently large, i.e. the network length in the main flow direction /04



is sufficiently large, the average discretization error would be sufficiently small, which 

strengthens the points made regarding the results shown in Figure 12.

5.2. Cross-current dispersion configuration

As described in Section 4.2, we consider here the dispersion configuration described on 

Figure 3b. A flow field is enforced across the network with a main direction along the  axis. a

This is done by imposing a fixed flow rate at the left boundary pores, which corresponds to a 

certain local Péclet number. The flow exits the network at a discharge pressure of  & = 0 Pa

at the right boundary pores. For this dispersion problem (Figure 3b), there is no 

concentration gradient imposed along the main flow direction, rather the chemical species 

enter the network at a fixed concentration of , and diffuse sideways toward ' = 1 mol/m3

the top and bottom boundary pores where a fixed concentration of  is ' = 0.1 mol/m3

enforced. Finally, the outflow condition, i.e. zero concentration gradient, was enforced at 

the right boundary pores. Figure 13 shows typical concentration colormaps obtained from 

these simulations using the upwind and exponential schemes. The local relative error 

colormap of the upwind scheme compared to the FEM reference solution is also shown in 

this figure. In fact, one can observe that the upwind scheme underestimates the 

concentration front. Furthermore, moving from the network’s inlet toward the outlet, the 

upwind error is increasing on average. We mention that the relative error of the exponential 

scheme is perfectly negligible (below ) and is not included in Figure 13.0.5%

Figure 13- Concentration colormaps obtained from pore network simulation of dispersion on a  by  ( , 750 50 %a
) square lattice 2D network model using the exponential (a) and upwind (b) discretization schemes, as well %@



as the local relative error (Eq. (29)) colormap (c) for the upwind scheme, compared to the FEM reference 
solution. The error colormap for the exponential scheme is not shown as the local error is consistently below 
0.5%, and therefore the colormap does not contain valuable information. The inlet local Péclet number was 
fixed at . Dispersion boundary conditions described on Figure 3b./01 = 5

We performed several simulations on networks similar to the one on Figure 13 varying the 

network’s length by including different number of pores along the  direction, . The pore a %a

to pore spacing was kept constant. The results of these simulations are shown in Figure 14 

in form of dimensionless plane-averaged concentration against the dimensionless length of 

the network.

Figure 14- (a) Plane-averaged concentration against dimensionless network length, for upwind and 
exponential discretizations, computed for square lattice 2D networks with a size of . Inlet (%a,%@) = (%a, 50)
local Péclet number was fixed at  (boundary conditions described on Figure 3b). (b) Average relative /01 = 2 
error (Eq. (29)) across the network for each pair of simulations performed in (a).

Based on Figure 14b, irrespective of the network’s length, the exponential scheme has 

accurately predicted the concentration profile with an average relative error below . 1%

Conversely, the network simulations based on the upwind scheme have introduced average 

relative errors ranging from below 1% up to 10%, depending on the network length.

There are two important features in this figure, both seemingly contrary to what was 

observed in Section 5.1 for the case of a co-current dispersion configuration. First, based on 

Figure 14b, at network lengths similar to those used for the co-current configuration (ex. %a

), the upwind error is negligible. Second, as the network length increases, the upwind = 10

error also increases, whereas for the case of the co-current configuration, increasing the 

length of the network caused the average upwind error to rapidly drop to zero. Both of 

these opposite behaviors can be explained by looking at the local concentration gradients in 

each of the simulations.



When the network length is relatively small, i.e. , the network scale axial advective %a = 10

affects are dominant compared to the transverse diffusion and hence, the concentration 

profile is almost flat. Indeed, the constant concentration front imposed at the left boundary 

is advected to the whole. Therefore, different discretizations, particularly the upwind 

scheme, are not expected to yield different solutions as the source of errors, i.e. , is 6'/6a

close to zero throughout the entire domain. As the length of the network increases, the 

residence time of the mixture increases, allowing the transverse diffusion to spread out the 

concentration front. As a result, a nonzero concentration gradient is formed throughout the 

entire domain, which further grows as the length of the network increases. Under such 

circumstances, one expects the upwind error to increase, which is confirmed by the 

observations in Figure 14. Meanwhile, note that the concentration boundary layer gets 

pushed away toward the inlet, continually decreasing its thickness.

As the length of network further increases, although the local concentration gradients are 

expected to increase, their existence is only limited to the boundary layer, the thickness of 

which rapidly decreases by increasing the network length. Therefore, one expects the 

upwind error to eventually decrease as the network length gets large enough, which is not 

observed in Figure 14. However, this apparent contradiction is because the maximum 

network length chosen in Figure 14 is not large enough. To address this issue, we performed 

similar simulations under the same conditions on 2D networks that are up to 5000 pores 

long along the  direction. Figure 15 shows the plane-averaged relative error (%) for four a

networks that are 500, 1000, 2500, and 5000 pores long along the  axis, as well as the local a

relative error (%) colormap for each of the four networks. Based on this figure, when the 

network gets large enough along the main flow direction, the upwind error eventually 

decreases. From the error colormaps, it is apparent that as the network gets longer along 

the network scale flow direction, the boundary layer, in which most of the nonzero 

gradients occur, progressively gets thinner, which in turn causes the overall error to 

eventually decrease, which is consistent with what we found for the co-current 

configuration.



Figure 15- Plane-averaged relative error (%) along the  axis for networks of various lengths, for the cross-a
current configuration using the upwind scheme (top) and the local relative error (%)colormaps for each of the 
four networks (bottom). All networks are 2D square lattice with the size of  and the inlet (%a,%@) = (%a,50),
local Péclet number was fixed at ./01 = 2

However, one must be careful not to conflate this decreasing trend with the upwind scheme 

getting more accurate. The only reason that the upwind error on a global scale decreases by 

increasing the network size is that the concentration profile becomes uniform and hence, 

the choice of advection discretization scheme becomes irrelevant. In real life scenarios such 

as the presence of chemical reactions, the uniform concentration profile rarely occurs and 

hence, the use of the upwind-based network models should be avoided.

5.3. Statistical significance

Since pore size distribution in porous media is a rather stochastic parameter, one needs to 

verify if the apparent trend in the results is consistent in multiple realizations. Accordingly, 

all the results reported in this study are the average of 5 realizations and were obtained 

independently by varying the seed in the random number generator. We also performed 

single-factor ANOVA to test the statistical significance of the results, for instance, to test 

whether the trend observed in the relative error against the local Péclet is statistically 

significant for different discretizations. The results of these analyses are not included in this 

manuscript for brevity. However, the key finding was that the trends observed in upwind 



and hybrid scheme are highly likely to be significant with a p-value consistently less than 

, while those in power-law and exponential schemes are not likely to be significant 10 ‒ 5

with p-values consistently greater than  for the power-law and greater than  for the 0.1 0.5

exponential scheme. This outcome might be explained by the fact that the relative error 

introduced by the power-law and exponential schemes have been constantly below  and 1%

could fall within the accuracy of the finite element simulations used as the ground truth.

5.4. Taylor-Aris effect

The above analyses were all carried out ignoring the Taylor-Aris effect  [58,59]. it is, 

however, worth considering the impact of this effect on the accuracy the pore-scale 

discretizations in network models. The spread of the average solute concentration in the 

network’s throats occurs due to the combination of axial advection-diffusion and radial 

diffusion, which results from the radially non-uniform velocity profile. In this regard, the 

Taylor-Aris effect accounts for the contribution of the radial diffusion. This effect is built in 

the direct numerical simulations since the throat velocity profiles are explicitly solved for. 

However, since pore-averaged quantities are used in the network models, accounting for 

the Taylor-Aris effect requires correcting the effective diffusivity. The following formula can 

be used to calculate the effective diffusivity

2eff = 2: 1 +
/02

6

192 , (32)

where  is the open-space molecular diffusivity, and  is the Péclet number based on 2: /06
the pore/throat diameter and is a measure of the relative strength of axial advection to 

radial diffusivity. Note that, although related, the local Péclet number denoted by  must /01
not be confused with , as the former signifies the ratio of the axial advection to the axial /06
diffusivity. The Péclet number based on pore/throat diameter is defined by the following 

expression

/06 =
=6
2:

, (33)



where  is the average velocity and  is the diameter of the pore/throat for which  is = 6 /06
being calculated. For an arbitrary conduit  consisting of pore , throat and pore , since 3O 3 3O O

the flowrate  and the cross-sectional area of each of the three entities are known,  93O /06
can be calculated direction (e.g.  for pore ). Once  is determined for /036 = 493O/S632: 3 /06
each of the three entities, Eq. (32) is used to calculate the effective diffusivity . To 2eff

account for the Taylor-Aris effect, the values of diffusive conductance for all pores/throats 

in the network are updated, by replacing the open-space diffusivity  with the effective 2:

diffusivity .  Based on Eq. (32), the Taylor-Aris effect is more pronounced at relatively 2eff

large  values. Moreover, it has been widely reported that radial diffusion enhances the /06
axial dispersion when  is less than  and inhibits it at larger values [53]./06 192

Using a methodology similar to that presented in Sections 5.1 and 5.2, the relative errors, 

with respect to the finite element simulations, of power-law and exponential schemes are 

negligible. Therefore, it can be concluded that for the considered dispersion configurations 

and Péclet regimes, the Taylor-Aris effect is insignificant. To confirm this claim and 

investigate the Taylor-Aris effect at higher Péclet numbers, we performed dispersion 

simulations for the co-current configuration on a network of the size of  by  pores 25 25

using different discretization schemes with and without considering the correction term for 

diffusivity. Subsequently, the local relative error in concentration was calculated relative to 

the solution with corrected diffusivity. Hence, the error is defined at a given pore  by3

<, 3 =
', 3 ‒ '3
', 3

3 = 1,2,⋯,%&, (34)

where  and  are the concentrations obtained with and without considering the Taylor-', 3 '3
Aris effect, respectively.



Figure 16- Average relative error due to neglecting the Taylor-Aris correction term for diffusivity as a function 
of the local Péclet number for the co-current configuration. Comparisons are between pore network 
simulations with and without Taylor-Aris effect. Boundary conditions are the as those mentioned in Section 
4.2. Different discretization schemes were considered, and the network model was a 3D cubic network of the 
size .(%i,%a,%@) = (1, 25, 25)

Figure 16 shows the average relative error versus the local Péclet number for different 

discretization schemes. In terms of average relative error, values are always below . For 1%

the maximum relative error, whereas the upwind scheme shows an error of up to  at 20% /

, a negligible error of less than  is observed for all other discretizations schemes 01 = 103 2%

over the considered range of Péclet numbers. Note that the previous analyses in Sections 

5.1 and 5.2 were performed for Péclet numbers in the range of . Based on Figure |/01| ≤ 10

16, the average relative error as a result of neglecting the Taylor-Aris effect in this range of 

Péclet numbers is below  for all considered discretization schemes. Therefore, it can be 0.3%

concluded that the Taylor-Aris effect had a negligible effect in the Péclet regimes in this 

study.

For the hybrid discretization scheme, the quasi-zero error observed in Figure 16 for local 

Péclet numbers between  and  and higher can be explained by the fact that in this 1 5

discretization the diffusive contribution is numerically ignored starting from  (see |/0| > 2

Eq. (14)). As for the power-law and the exponential schemes, although the relative error is 

also negligible, the observed behavior is expected. In fact, the Taylor-Aris effect appears to 

be more important at local Péclet numbers less and larger than . Finally, Figure 16 192

shows that the relative error for the upwind scheme is monotonically increasing with the 

local Péclet number, which is unlike the trend for other pore-scale discretizations. This can 

be explained by the fact that in the upwind scheme, the advective contribution is decoupled 



from the changes in the effective diffusivity, since the advection is expressed in terms of the 

flow rate and not the Péclet number. Hence, for any variation in the local Péclet number, 

the Taylor-Aris effect will only impact the diffusive conductance. On the other hand, in 

discretizations where the advective flux is defined in terms of the Péclet number, a change 

in the local Péclet number, will impact the diffusive conductance which, in turn, will affect 

the Péclet number and finally the advective flux. Finally, note that in this figure, the 

reported values close to  can effectively be considered as  as they have reached 10 ‒ 14 % 0

the machine precision, i.e. .¡ ≈ 10 ‒ 16

6. Conclusions

Three different discretizations based on the well-known hybrid, power-law, and exponential 

schemes were adopted from the CFD literature and applied to model dispersion in pore 

networks. The accuracy of the proposed schemes was tested against DNS as well as the first-

order upwind discretization scheme which is widely used for dispersion modeling in the 

pore network modeling literature. The upwind scheme was shown to introduce up to  20%

local and  average relative error while those for two of the schemes developed in this 10%

study, namely the power-law and the exponential schemes, were consistently below  for 1%

various local and global Péclet numbers. The simulations performed in this study were 

focused on co-current and cross-current network scale flow and imposed concentration 

gradient configurations. In both cases, the maximum deviation between the first-order 

upwind scheme and the reference finite element solution occurs in the moderate local 

Péclet regime, i.e. ./01 ≈ 1

We report an important observation on the impact of the network size on the average 

relative error caused by using the upwind scheme. For the co-current configuration, it was 

found that the upwind error is significant only when the length of the network along the 

main flow direction is less than 20 pores. On the contrary, for the cross-current 

configuration, we found that the upwind error is considerable only when the network is 

relatively large along the flow direction. These two seemingly incompatible observations can 

be understood by noticing the relation between the upwind error and the extent to which 

the concentration profile has reached the fully developed state. Nevertheless, while it might 

seem that in certain cases, such as the co-current configuration in relatively large networks, 



the upwind error on a global scale is small, it must be emphasized that the local error was 

still found to be high, and the only reason for such low global error is that a nonzero 

concentration gradient is nonexistent throughout most of the network. In many practical 

situations, such as reactive systems, a nonzero concentration gradient is most likely to be 

present all over the simulation domain, hence signifying the unreliability of the upwind 

scheme for modeling dispersion. The findings of this study emphasize the inaccuracy of the 

upwind discretization scheme in modeling dispersion and propose a practical solution to this 

problem by introducing novel and accurate alternatives. Future work could include how 

transient simulations affect the results. An interesting test case is generating breakthrough 

curves in invasion simulations, and to investigate how the upwind scheme as well as the 

proposed discretizations perform in predicting the breakthrough time, etc. Also, evaluating 

the accuracy of the proposed dispersion models when applied to extracted networks, rather 

than those with idealized pore/throat shapes, remains for future work. All the introduced 

algorithms in this study have been implemented and tested in the open-source pore 

network modeling software, ������	, and are available for the public to use.
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A. Appendix

A.1. Upwind error in network models for the co-current configuration

The mass flux from pore  to  is given by the following expression.3 O

53O =‒ 2
6'
6a + =' (35)

Evaluating the given expression at the middle of the conduit  gives3O

53O = 2
Δ'3O
1 + ='5 (36)

where  is the concentration drop across the conduit, and  is the Δ'3O = '3 ‒ 'O '5
concentration at the midpoint. Assuming a positive flow rate from pore  to , the upwind 3 O

assumption dictates that . Using the analytical solution that was previously derived '5 = '3
in Section 2, the error introduced due to the upwind assumption is as follows:

<> = ='(1/2) ‒ ='3 =
=Δ'3O

1 + exp
/01

2
(37)

To obtain the average error in the entire network, rather than locally in each conduit, 

summing the local error along the  axis gives:a

<> =
1
%a a

<> =
=/%a

1 + exp
/01

2
a
Δ'3O =

=Δ'/%a

1 + exp
/01

2
(38)

where  is the total concentration drop along the  axis, imposed as boundary conditions. Δ' a

For more clarity, the diffusivity  can be grouped with the advection term to give the 2

following convenient form for the average error due to the upwind assumption.



<> =
Δ'
"a

/01

1 + exp
/01

2
(39)

where  is the length of the network along the  axis."a = %a1 a
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