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Discussion 5 - Solutions
Repeated Games & Evolutionary Game Theory

1 Practice Problems

Repeated Games

1. * Consider the following two-player game that is played repeatedly for T periods.

Notice that players can cooperate (C) and have a large payoff, but the profile (C,C) is

not a NE of the static game.

1

2

C W P

C 3, 3 2, 1 −2, 4

W 1, 2 1, 1 −1, 3

P 4,−2 3,−1 0, 0

(a) * Suppose T = 2. How many information sets will each player have?1

Each player has 10 information sets. One for the action they take at the beginning

of the game and 9 more for each possible combination of actions after the first

game. The 9 combinations come from the fact that each of the players have 3

actions available in each round.

(b) Suppose we want to sustain cooperation in the equilibrium path. Consider the

next 3 strategies and represent each of them with an automaton diagram:

i. * A grim trigger strategy where the player starts playing C and continues to

do so unless someone deviates to any other strategy. If a deviation occurs,

the player punishes forever.

Where D ∈ {W,P}, and initiated at SC .

1This shows that strategies can grow increasingly complicated really fast in dynamic games.
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ii. * A grim trigger strategy with a warning phase where the player plays C and

continues to do so unless someone deviates. If a deviation occurs, she warns

the other player (by playing W ). If the other player also plays W she goes

back to the cooperating state, otherwise she punishes forever.

Where D1 ∈ {W,P} and D2 ∈ {C,P}, and initiated at SC .

iii. A tit-for-tat strategy where the player starts playing C and imitates anything

that the other player does to her.

Initiated at SC .

(c) * Suppose all of these strategies can be sustained as a Nash Equilibrium (for some

value of δ). How are they similar, how are they different?

All three strategies are identical on the equilibrium path, but the strategies differ

off the equilibrium path. Thus, the value of deviating when the other player

follows each of these strategies can be very different.

(d) * Find the values of δ for which each of these strategies is a NE.

i. We need 3 ≥ (1− δ)4, thus δ ≥ 1
4
.

ii. We need 3 ≥ (1 − δ)4 + δ(1 − δ)1 + δ2(1 − δ)4 + δ3(1 − δ)1 + . . . , thus we

need (1 − δ)3 + δ(1 − δ)3 ≥ (1 − δ)4 + δ(1 − δ)1, which is equivalent to

δ ≥ 1
2
. Further we also need 3 ≥ (1− δ)4 + δ(1− δ)3, which is equiovalent to

δ ≥
√
13−1
12
≈ 0.22. Both inequalities are satisfied whenever δ ≥ 1

2
.

iii. If the other player is using the tit-for-tat strategy, you have available the

same deviations as when the other player uses the grim trigger strategy with

a warning, so we need δ ≥ 1
2
. It turns out that this condition is sufficient to

make any other possible deviation non-profitable.
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(e) * Find the values of δ for which each of these strategies is a SPNE.

In (d), we made sure that there is no profitable deviation from the equilibrium

path. Now, we need to make sure there is also no profitable deviation off the

equilibrium path:

i. If we are in §p, we need to make sure that playing always P is a best response.

However if the other player is plating P , regardless, there is no deviation that

gives a positive payoff, while playing always P gives a payoff of zero. No

further restrictions needed. That is, if it is a NE it is a SPNE.

ii. From above, we know there is not profitable deviation from Sp for any value

of δ. Remains to verify there is no profitable deviation from Sw. For that we

need (1− δ)1 + δ3 ≥ (1− δ)3 thus δ 2
5
. This is a less restrictive condition, so

being a NE (δ ≥ 1
2
) implies being a SPNE2.

iii. From previous analysis we know that we need δ ≥ 1
2
. Now we also need that

no profitable deviation exists out of the equilibrium path. For instance, if we

are in Sp following the strategy must give a larger payoff than doing a one-shot

deviation. If we consider deviating to C, we would need 0 ≥ −(1− δ)2 + δ3.

Thus δ ≤ 2
5
. However, there is no delta that is both greater than 1

2
and smaller

than 2
5
. We conclude that both players playing the tit-for-tat strategy is not

a SPNE.

(f) Compare your results for each strategy

The grim trigger strategy has the harshest punishment after a deviation, therefore

it is “easier” in some sense for this strategy to be both a NE and a SPNE; players

only need to be δ ≥ 1
4

patient. In contrast the grim trigger strategy with a warning

is more lenient after a deviation, so deviating is more tempting, and so to be a

NE or a SPNE players need to value more the long term peyoffs of cooperation,

instead of the short term payoffs of deviations. This is reflected in the fact that

now we need δ ≥ 1
2
. Finally the tit-for-tat strategy is the most forgiving one,

even after two deviations, there is always a way to go back to cooperation. We

see that, perhaps surprisingly, this leniency does not affect the conditions to be a

NE, but it drastically changes the conditions to be a SPNE. In fact there is no δ

for which this strategy is a SPNE.

2. Consider the following two-player game:

(a) Show that (A,A) is a NE if the game is played once.

See the table below

2There are other one-shot deviations you can consider, you will note, however that they are included in

the conditions for being a NE or they are less restrictive.
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1

2

A B C

A 1 , 1 5 , 1 1 , 0

B 1 , 5 4, 4 0, 0

C 0, 1 0, 0 0, 0

(b) Represent by an automaton the strategy that always plays A regardless of any

deviation.

(c) Show that the previous strategy is both a NE and a SPNE for any value of δ.

If the other player uses this strategy, since it is a NE of the static game, there is

no deviation that gives a higher payoff immediately, and since deviations do not

make the other player change her action in the future, there is also no deviation

that gives higher payoffs in future periods. Lastly, notice that there is only one

state, so every NE is also a SPNE.

(d) Consider the grim trigger strategy that starts playing B and continues to play B

unless there is any deviation. If a deviation occurs, the player punishes forever

by playing C.

i. Represent the strategy by an automaton diagram

Where D ∈ {A,C}, and initiated at SB.

ii. Find the values of δ for which both players playing this strategy is a NE.

We need 4 ≥ (1− δ)5 + δ1, thus δ ≥ 1
4
.

iii. Show that there are no values of δ for which both agents playing this strategy

is a SPNE

For this strategy to be a SPNE, on top of δ ≥ 1
4

we need players to be willing

to carry the punishment if they are in SP . Using the one-shot deviation
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principle, we need 0 ≥ (1− δ)1 so we need δ ≥ 1, but for infinitely repeated

games we assumed δ < 1. Thus it is not a SPNE.

(e) Answer questions (i)-(iii) for the grim trigger strategy that starts by playing B

and continues to play B unless there is any deviation. If a deviation occurs, the

player punishes forever by playing A.

Where D ∈ {A,C}, and initiated at SB. For a NE we need 4 ≥ (1−δ)5+δ1, thus

δ ≥ 1
4
. For a SPNE we need to make sure there is no profitable deviation from

SA, but for the same reasons as 2c, there is no profitable deviation since (A,A)

is a NE of the static game. This is an example of cooperative strategies that use

Nash reversion as the punishment strategy to induce cooperation. That is, we

cooperate and punish any deviation by reversing to a NE of the static game that

gives a lower payoff.

Evolutionary Game Theory

3. * Show that a strictly dominated strategy cannot be an ESS

A strictly dominated strategy cannot be part of a NE, so it cannot be an ESS.

4. * Can a weakly dominated strategy be an ESS if it is part of a Nash equilibrium?

No, if α∗ is a weakly dominated strategy, then there must exist another strategy, β,

that does as well against every strategy and does strictly better against some strategies.

Therefore u(α, β) ≤ u(β, β). Therefore it cannot be an ESS.

5. * Consider the following game played by plants. They can choose how tall to grow,

and thus how much sun to capture. Large and extra large plants block all the sun

to smaller plants, but medium plants help small plants to not be burned by the sun.

Finally, growing too tall is expensive for plants:

1

2

S M L XL

S 3, 3 8, 5 0, 3 0, 1

M 5, 8 5, 5 0, 3 0, 1

L 3, 0 3, 0 3, 3 0, 1

XL 1, 0 1, 0 1, 0 1, 1
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(a) * Find all the ESSs in pure strategies.

The ESS in pure strategies are the strategies in strict symmetric NE. Thus these

are {L,XL}.

(b) * Consider the mixed strategy NE that randomizes between L and XL. Using a

fitness diagram show that it is not an ESS.

Notice that small deviations from q get amplified. It is not an ESS.

(c) * Consider the mixed strategy NE that randomizes between S and M . Show that

it is an ESS.

Notice that small deviations from p get reversed to p. Thus, it is an ESS.

6. Construct a symmetric two-player game where each player has two strategies, and

there is a mixed strategy NE that is not an ESS.

There are many options, you simply need the a game whose fitness graph looks some-

thing like the graph below. The relevant part is that if the proportion of players playing

A increases (from the mixed equilibrium benchmark), then playing B should have a

larger payoff, and viceversa.
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7. For the game described in (2) assume it is repeated thrice and δ = 1, show that the

strategy in (e) is [not] an ESS against the strategies in (b) and (d).

Denote the strategy in (e) by GA, for grim trigger using A. Similarly, denote the

strategy in (d) by GC and the one in (b) by AA for always A. Then the payoff matrix

and its best responses are: Now, notice that (GA,GA) is a NE. However, the strategies

1

2

GA GC AA

GA 12 , 12 12 , 12 3 , 7

GC 12 , 12 12 , 12 1, 7

AA 7, 3 7, 1 3 , 3

that are a best response to GA are the mixtures of GA and GC. For any such mixture,

β, the strategy GA does not outperform it. Analogously, if we plot the fitness graph

between GA and GC, we would have two identical lines constant at 12. We conclude

that GA is not an ESS.

This example illustrates that GA is not globally evolutionary stable, since we found a

strategy, GC against which it is not stable. However, we can certainly say that GA is

evolutionary stable against AA, since it would, then, be a strict NE.
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