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15 | OSCILLATIONS

Figure 15.1 (a) The Comcast Building in Philadelphia, Pennsylvania, looming high above the skyline, is approximately 305
meters (1000 feet) tall. At this height, the top floors can oscillate back and forth due to seismic activity and fluctuating winds. (b)
Shown above is a schematic drawing of a tuned, liquid-column mass damper, installed at the top of the Comcast, consisting of a
300,000-gallon reservoir of water to reduce oscillations.

Chapter Outline

15.1 Simple Harmonic Motion

15.2 Energy in Simple Harmonic Motion

15.3 Comparing Simple Harmonic Motion and Circular Motion

15.4 Pendulums

15.5 Damped Oscillations

15.6 Forced Oscillations

Introduction
We begin the study of oscillations with simple systems of pendulums and springs. Although these systems may seem
quite basic, the concepts involved have many real-life applications. For example, the Comcast Building in Philadelphia,
Pennsylvania, stands approximately 305 meters (1000 feet) tall. As buildings are built taller, they can act as inverted,
physical pendulums, with the top floors oscillating due to seismic activity and fluctuating winds. In the Comcast Building,
a tuned-mass damper is used to reduce the oscillations. Installed at the top of the building is a tuned, liquid-column mass
damper, consisting of a 300,000-gallon reservoir of water. This U-shaped tank allows the water to oscillate freely at a
frequency that matches the natural frequency of the building. Damping is provided by tuning the turbulence levels in the
moving water using baffles.
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15.1 | Simple Harmonic Motion

Learning Objectives

By the end of this section, you will be able to:

• Define the terms period and frequency

• List the characteristics of simple harmonic motion

• Explain the concept of phase shift

• Write the equations of motion for the system of a mass and spring undergoing simple harmonic
motion

• Describe the motion of a mass oscillating on a vertical spring

When you pluck a guitar string, the resulting sound has a steady tone and lasts a long time (Figure 15.2). The string
vibrates around an equilibrium position, and one oscillation is completed when the string starts from the initial position,
travels to one of the extreme positions, then to the other extreme position, and returns to its initial position. We define
periodic motion to be any motion that repeats itself at regular time intervals, such as exhibited by the guitar string or
by a child swinging on a swing. In this section, we study the basic characteristics of oscillations and their mathematical
description.

Figure 15.2 When a guitar string is plucked, the string
oscillates up and down in periodic motion. The vibrating string
causes the surrounding air molecules to oscillate, producing
sound waves. (credit: Yutaka Tsutano)

Period and Frequency in Oscillations
In the absence of friction, the time to complete one oscillation remains constant and is called the period (T). Its units are
usually seconds, but may be any convenient unit of time. The word ‘period’ refers to the time for some event whether
repetitive or not, but in this chapter, we shall deal primarily in periodic motion, which is by definition repetitive.

A concept closely related to period is the frequency of an event. Frequency (f) is defined to be the number of events per
unit time. For periodic motion, frequency is the number of oscillations per unit time. The relationship between frequency
and period is

(15.1)f = 1
T .

The SI unit for frequency is the hertz (Hz) and is defined as one cycle per second:

1 Hz = 1cycle
sec or 1 Hz = 1

s = 1 s−1.
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A cycle is one complete oscillation.

Example 15.1

Determining the Frequency of Medical Ultrasound

Ultrasound machines are used by medical professionals to make images for examining internal organs of the
body. An ultrasound machine emits high-frequency sound waves, which reflect off the organs, and a computer
receives the waves, using them to create a picture. We can use the formulas presented in this module to determine
the frequency, based on what we know about oscillations. Consider a medical imaging device that produces
ultrasound by oscillating with a period of 0.400 µs . What is the frequency of this oscillation?

Strategy

The period (T) is given and we are asked to find frequency (f).

Solution

Substitute 0.400 µs for T in f = 1
T :

f = 1
T = 1

0.400 × 10−6 s
.

Solve to find

f = 2.50 × 106 Hz.

Significance

This frequency of sound is much higher than the highest frequency that humans can hear (the range of human
hearing is 20 Hz to 20,000 Hz); therefore, it is called ultrasound. Appropriate oscillations at this frequency
generate ultrasound used for noninvasive medical diagnoses, such as observations of a fetus in the womb.

Characteristics of Simple Harmonic Motion
A very common type of periodic motion is called simple harmonic motion (SHM). A system that oscillates with SHM is
called a simple harmonic oscillator.

Simple Harmonic Motion

In simple harmonic motion, the acceleration of the system, and therefore the net force, is proportional to the
displacement and acts in the opposite direction of the displacement.

A good example of SHM is an object with mass m attached to a spring on a frictionless surface, as shown in Figure 15.3.
The object oscillates around the equilibrium position, and the net force on the object is equal to the force provided by the
spring. This force obeys Hooke’s law Fs = −kx, as discussed in a previous chapter.

If the net force can be described by Hooke’s law and there is no damping (slowing down due to friction or other
nonconservative forces), then a simple harmonic oscillator oscillates with equal displacement on either side of the
equilibrium position, as shown for an object on a spring in Figure 15.3. The maximum displacement from equilibrium is
called the amplitude (A). The units for amplitude and displacement are the same but depend on the type of oscillation. For
the object on the spring, the units of amplitude and displacement are meters.
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Figure 15.3 An object attached to a spring sliding on a frictionless surface is an
uncomplicated simple harmonic oscillator. In the above set of figures, a mass is attached to a
spring and placed on a frictionless table. The other end of the spring is attached to the wall. The
position of the mass, when the spring is neither stretched nor compressed, is marked as x = 0
and is the equilibrium position. (a) The mass is displaced to a position x = A and released from

rest. (b) The mass accelerates as it moves in the negative x-direction, reaching a maximum
negative velocity at x = 0 . (c) The mass continues to move in the negative x-direction, slowing

until it comes to a stop at x = −A . (d) The mass now begins to accelerate in the positive

x-direction, reaching a positive maximum velocity at x = 0 . (e) The mass then continues to

move in the positive direction until it stops at x = A . The mass continues in SHM that has an

amplitude A and a period T. The object’s maximum speed occurs as it passes through
equilibrium. The stiffer the spring is, the smaller the period T. The greater the mass of the object
is, the greater the period T.

What is so significant about SHM? For one thing, the period T and frequency f of a simple harmonic oscillator are
independent of amplitude. The string of a guitar, for example, oscillates with the same frequency whether plucked gently or
hard.

Two important factors do affect the period of a simple harmonic oscillator. The period is related to how stiff the system is.
A very stiff object has a large force constant (k), which causes the system to have a smaller period. For example, you can
adjust a diving board’s stiffness—the stiffer it is, the faster it vibrates, and the shorter its period. Period also depends on the
mass of the oscillating system. The more massive the system is, the longer the period. For example, a heavy person on a
diving board bounces up and down more slowly than a light one. In fact, the mass m and the force constant k are the only
factors that affect the period and frequency of SHM. To derive an equation for the period and the frequency, we must first
define and analyze the equations of motion. Note that the force constant is sometimes referred to as the spring constant.

Equations of SHM
Consider a block attached to a spring on a frictionless table (Figure 15.4). The equilibrium position (the position where
the spring is neither stretched nor compressed) is marked as x = 0 . At the equilibrium position, the net force is zero.
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Figure 15.4 A block is attached to a spring and placed on a
frictionless table. The equilibrium position, where the spring is
neither extended nor compressed, is marked as x = 0.

Work is done on the block to pull it out to a position of x = + A, and it is then released from rest. The maximum

x-position (A) is called the amplitude of the motion. The block begins to oscillate in SHM between x = + A and x = −A,
where A is the amplitude of the motion and T is the period of the oscillation. The period is the time for one oscillation.
Figure 15.5 shows the motion of the block as it completes one and a half oscillations after release. Figure 15.6 shows
a plot of the position of the block versus time. When the position is plotted versus time, it is clear that the data can be
modeled by a cosine function with an amplitude A and a period T. The cosine function cosθ repeats every multiple of 2π,

whereas the motion of the block repeats every period T. However, the function cos⎛
⎝
2π
T t⎞⎠ repeats every integer multiple of

the period. The maximum of the cosine function is one, so it is necessary to multiply the cosine function by the amplitude
A.

(15.2)x(t) = Acos⎛
⎝
2π
T t⎞⎠ = Acos(ωt).

Recall from the chapter on rotation that the angular frequency equals ω = dθ
dt . In this case, the period is constant, so the

angular frequency is defined as 2π divided by the period, ω = 2π
T .
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Figure 15.5 A block is attached to one end of a spring and placed on a frictionless table. The other end of the spring is
anchored to the wall. The equilibrium position, where the net force equals zero, is marked as x = 0 m. Work is done on the

block, pulling it out to x = + A , and the block is released from rest. The block oscillates between x = + A and x = −A .

The force is also shown as a vector.

Figure 15.6 A graph of the position of the block shown in
Figure 15.5 as a function of time. The position can be modeled
as a periodic function, such as a cosine or sine function.

The equation for the position as a function of time x(t) = Acos(ωt) is good for modeling data, where the position of the

block at the initial time t = 0.00 s is at the amplitude A and the initial velocity is zero. Often when taking experimental

data, the position of the mass at the initial time t = 0.00 s is not equal to the amplitude and the initial velocity is not zero.

Consider 10 seconds of data collected by a student in lab, shown in Figure 15.7.
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Figure 15.7 Data collected by a student in lab indicate the
position of a block attached to a spring, measured with a sonic
range finder. The data are collected starting at time t = 0.00s,
but the initial position is near position
x ≈ − 0.80 cm ≠ 3.00 cm , so the initial position does not

equal the amplitude x0 = + A . The velocity is the time

derivative of the position, which is the slope at a point on the
graph of position versus time. The velocity is not v = 0.00 m/s
at time t = 0.00 s , as evident by the slope of the graph of

position versus time, which is not zero at the initial time.

The data in Figure 15.7 can still be modeled with a periodic function, like a cosine function, but the function is shifted to
the right. This shift is known as a phase shift and is usually represented by the Greek letter phi (ϕ) . The equation of the

position as a function of time for a block on a spring becomes

x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠.

This is the generalized equation for SHM where t is the time measured in seconds, ω is the angular frequency with units

of inverse seconds, A is the amplitude measured in meters or centimeters, and ϕ is the phase shift measured in radians

(Figure 15.8). It should be noted that because sine and cosine functions differ only by a phase shift, this motion could be
modeled using either the cosine or sine function.

Figure 15.8 (a) A cosine function. (b) A cosine function
shifted to the right by an angle ϕ . The angle ϕ is known as the

phase shift of the function.

The velocity of the mass on a spring, oscillating in SHM, can be found by taking the derivative of the position equation:

v(t) = dx
dt = d

dt
⎛
⎝Acos⎛

⎝ωt + ϕ⎞
⎠
⎞
⎠ = −Aωsin(ωt + φ) = −vmax sin⎛

⎝ωt + ϕ⎞
⎠.

Because the sine function oscillates between –1 and +1, the maximum velocity is the amplitude times the angular
frequency, vmax = Aω . The maximum velocity occurs at the equilibrium position (x = 0) when the mass is moving

toward x = + A . The maximum velocity in the negative direction is attained at the equilibrium position (x = 0) when

the mass is moving toward x = −A and is equal to −vmax .
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The acceleration of the mass on the spring can be found by taking the time derivative of the velocity:

a(t) = dv
dt = d

dt
⎛
⎝−Aωsin⎛

⎝ωt + ϕ⎞
⎠
⎞
⎠ = −Aω2 cos(ωt + φ) = −amax cos⎛

⎝ωt + ϕ⎞
⎠.

The maximum acceleration is amax = Aω2 . The maximum acceleration occurs at the position (x = −A) , and the

acceleration at the position (x = −A) and is equal to −amax .

Summary of Equations of Motion for SHM
In summary, the oscillatory motion of a block on a spring can be modeled with the following equations of motion:

(15.3)x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠

(15.4)v(t) = −vmax sin⎛
⎝ωt + ϕ⎞

⎠

(15.5)a(t) = −amax cos⎛
⎝ωt + ϕ⎞

⎠

(15.6)xmax = A
(15.7)vmax = Aω
(15.8)amax = Aω2.

Here, A is the amplitude of the motion, T is the period, ϕ is the phase shift, and ω = 2π
T = 2π f is the angular frequency

of the motion of the block.

Example 15.2

Determining the Equations of Motion for a Block and a Spring

A 2.00-kg block is placed on a frictionless surface. A spring with a force constant of k = 32.00 N/m is attached

to the block, and the opposite end of the spring is attached to the wall. The spring can be compressed or extended.
The equilibrium position is marked as x = 0.00 m.

Work is done on the block, pulling it out to x = + 0.02 m. The block is released from rest and oscillates between

x = + 0.02 m and x = −0.02 m. The period of the motion is 1.57 s. Determine the equations of motion.

Strategy

We first find the angular frequency. The phase shift is zero, ϕ = 0.00 rad, because the block is released from

rest at x = A = + 0.02 m. Once the angular frequency is found, we can determine the maximum velocity and

maximum acceleration.

Solution

The angular frequency can be found and used to find the maximum velocity and maximum acceleration:

ω = 2π
1.57 s = 4.00 s−1;

vmax = Aω = 0.02m⎛
⎝4.00 s−1⎞

⎠ = 0.08 m/s;

amax = Aω2 = 0.02 m⎛
⎝4.00 s−1⎞

⎠
2

= 0.32 m/s2.

All that is left is to fill in the equations of motion:

x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠ = (0.02 m)cos⎛
⎝4.00 s−1 t⎞

⎠;

v(t) = −vmax sin⎛
⎝ωt + ϕ⎞

⎠ = (−0.08 m/s)sin⎛
⎝4.00 s−1 t⎞

⎠;

a(t) = −amax cos⎛
⎝ωt + ϕ⎞

⎠ = ⎛
⎝−0.32 m/s2⎞

⎠cos⎛
⎝4.00 s−1 t⎞

⎠.
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Significance

The position, velocity, and acceleration can be found for any time. It is important to remember that when using
these equations, your calculator must be in radians mode.

The Period and Frequency of a Mass on a Spring
One interesting characteristic of the SHM of an object attached to a spring is that the angular frequency, and therefore the
period and frequency of the motion, depend on only the mass and the force constant, and not on other factors such as the

amplitude of the motion. We can use the equations of motion and Newton’s second law ( F→ net = m a→ ) to find equations

for the angular frequency, frequency, and period.

Consider the block on a spring on a frictionless surface. There are three forces on the mass: the weight, the normal force,
and the force due to the spring. The only two forces that act perpendicular to the surface are the weight and the normal
force, which have equal magnitudes and opposite directions, and thus sum to zero. The only force that acts parallel to the
surface is the force due to the spring, so the net force must be equal to the force of the spring:

Fx = −kx;

ma = −kx;

md2 x
dt2 = −kx;

d2 x
dt2 = − k

mx.

Substituting the equations of motion for x and a gives us

−Aω2 cos⎛
⎝ωt + ϕ⎞

⎠ = − k
mAcos⎛

⎝ωt + ϕ⎞
⎠.

Cancelling out like terms and solving for the angular frequency yields

(15.9)ω = k
m.

The angular frequency depends only on the force constant and the mass, and not the amplitude. The angular frequency is
defined as ω = 2π/T , which yields an equation for the period of the motion:

(15.10)T = 2π m
k .

The period also depends only on the mass and the force constant. The greater the mass, the longer the period. The stiffer the
spring, the shorter the period. The frequency is

(15.11)f = 1
T = 1

2π
k
m.

Vertical Motion and a Horizontal Spring
When a spring is hung vertically and a block is attached and set in motion, the block oscillates in SHM. In this case, there is
no normal force, and the net effect of the force of gravity is to change the equilibrium position. Consider Figure 15.9. Two
forces act on the block: the weight and the force of the spring. The weight is constant and the force of the spring changes as
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the length of the spring changes.

Figure 15.9 A spring is hung from the ceiling. When a block is
attached, the block is at the equilibrium position where the weight
of the block is equal to the force of the spring. (a) The spring is
hung from the ceiling and the equilibrium position is marked as
yo . (b) A mass is attached to the spring and a new equilibrium

position is reached ( y1 = yo − Δy ) when the force provided by

the spring equals the weight of the mass. (c) The free-body
diagram of the mass shows the two forces acting on the mass: the
weight and the force of the spring.

When the block reaches the equilibrium position, as seen in Figure 15.9, the force of the spring equals the weight of the
block, Fnet = Fs − mg = 0 , where

−k⎛
⎝−Δy⎞

⎠ = mg.

From the figure, the change in the position is Δy = y0 − y1 and since −k⎛
⎝−Δy⎞

⎠ = mg , we have

k(y0 − y1) − mg = 0.

If the block is displaced and released, it will oscillate around the new equilibrium position. As shown in Figure 15.10, if
the position of the block is recorded as a function of time, the recording is a periodic function.

If the block is displaced to a position y, the net force becomes Fnet = k(y − y0) − mg = 0 . But we found that at the

equilibrium position, mg = kΔy = ky0 − ky1 . Substituting for the weight in the equation yields

Fnet = ky − ky0 − ⎛
⎝ky0 − ky1

⎞
⎠ = −k(y − y1).

Recall that y1 is just the equilibrium position and any position can be set to be the point y = 0.00m. So let’s set y1 to

y = 0.00 m. The net force then becomes

Fnet = −ky;

md2 y
dt2 = −ky.

This is just what we found previously for a horizontally sliding mass on a spring. The constant force of gravity only
served to shift the equilibrium location of the mass. Therefore, the solution should be the same form as for a block on a
horizontal spring, y(t) = Acos⎛

⎝ωt + ϕ⎞
⎠. The equations for the velocity and the acceleration also have the same form as for
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the horizontal case. Note that the inclusion of the phase shift means that the motion can actually be modeled using either a
cosine or a sine function, since these two functions only differ by a phase shift.

Figure 15.10 Graphs of y(t), v(t), and a(t) versus t for the motion of an
object on a vertical spring. The net force on the object can be described
by Hooke’s law, so the object undergoes SHM. Note that the initial
position has the vertical displacement at its maximum value A; v is
initially zero and then negative as the object moves down; the initial
acceleration is negative, back toward the equilibrium position and
becomes zero at that point.
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15.2 | Energy in Simple Harmonic Motion

Learning Objectives

By the end of this section, you will be able to:

• Describe the energy conservation of the system of a mass and a spring

• Explain the concepts of stable and unstable equilibrium points

To produce a deformation in an object, we must do work. That is, whether you pluck a guitar string or compress a car’s
shock absorber, a force must be exerted through a distance. If the only result is deformation, and no work goes into thermal,
sound, or kinetic energy, then all the work is initially stored in the deformed object as some form of potential energy.

Consider the example of a block attached to a spring on a frictionless table, oscillating in SHM. The force of the spring is a
conservative force (which you studied in the chapter on potential energy and conservation of energy), and we can define a
potential energy for it. This potential energy is the energy stored in the spring when the spring is extended or compressed.
In this case, the block oscillates in one dimension with the force of the spring acting parallel to the motion:

W = ∫
xi

x f

Fx dx = ∫
xi

x f

−kxdx = ⎡
⎣−

1
2kx2⎤

⎦xi

x f
= −⎡

⎣
1
2kx f

2 − 1
2kxi

2⎤
⎦ = −⎡

⎣U f − Ui
⎤
⎦ = −ΔU.

When considering the energy stored in a spring, the equilibrium position, marked as xi = 0.00 m, is the position at which

the energy stored in the spring is equal to zero. When the spring is stretched or compressed a distance x, the potential energy
stored in the spring is

U = 1
2kx2.

Energy and the Simple Harmonic Oscillator
To study the energy of a simple harmonic oscillator, we need to consider all the forms of energy. Consider the example
of a block attached to a spring, placed on a frictionless surface, oscillating in SHM. The potential energy stored in the
deformation of the spring is

U = 1
2kx2.

In a simple harmonic oscillator, the energy oscillates between kinetic energy of the mass K = 1
2mv2 and potential energy

U = 1
2kx2 stored in the spring. In the SHM of the mass and spring system, there are no dissipative forces, so the total

energy is the sum of the potential energy and kinetic energy. In this section, we consider the conservation of energy of the
system. The concepts examined are valid for all simple harmonic oscillators, including those where the gravitational force
plays a role.

Consider Figure 15.11, which shows an oscillating block attached to a spring. In the case of undamped SHM, the energy
oscillates back and forth between kinetic and potential, going completely from one form of energy to the other as the system
oscillates. So for the simple example of an object on a frictionless surface attached to a spring, the motion starts with all
of the energy stored in the spring as elastic potential energy. As the object starts to move, the elastic potential energy is
converted into kinetic energy, becoming entirely kinetic energy at the equilibrium position. The energy is then converted
back into elastic potential energy by the spring as it is stretched or compressed. The velocity becomes zero when the kinetic
energy is completely converted, and this cycle then repeats. Understanding the conservation of energy in these cycles will
provide extra insight here and in later applications of SHM, such as alternating circuits.
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Figure 15.11 The transformation of energy in SHM for an object attached to a spring on a
frictionless surface. (a) When the mass is at the position x = + A , all the energy is stored as

potential energy in the spring U = 1
2kA2 . The kinetic energy is equal to zero because the

velocity of the mass is zero. (b) As the mass moves toward x = −A , the mass crosses the

position x = 0 . At this point, the spring is neither extended nor compressed, so the potential

energy stored in the spring is zero. At x = 0 , the total energy is all kinetic energy where

K = 1
2m(−vmax)2 . (c) The mass continues to move until it reaches x = −A where the mass

stops and starts moving toward x = + A . At the position x = −A , the total energy is stored as

potential energy in the compressed U = 1
2k(−A)2 and the kinetic energy is zero. (d) As the

mass passes through the position x = 0 , the kinetic energy is K = 1
2mvmax

2 and the potential

energy stored in the spring is zero. (e) The mass returns to the position x = + A , where K = 0

and U = 1
2kA2 .

Consider Figure 15.11, which shows the energy at specific points on the periodic motion. While staying constant, the
energy oscillates between the kinetic energy of the block and the potential energy stored in the spring:

ETotal = U + K = 1
2kx2 + 1

2mv2.

The motion of the block on a spring in SHM is defined by the position x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠ with a velocity of

v(t) = −Aωsin⎛
⎝ωt + ϕ⎞

⎠ . Using these equations, the trigonometric identity cos2 θ + sin2 θ = 1 and ω = k
m , we can find

the total energy of the system:
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ETotal = 1
2kA2 cos2 ⎛

⎝ωt + ϕ⎞
⎠ + 1

2mA2 ω2 sin2 ⎛
⎝ωt + ϕ⎞

⎠

= 1
2kA2 cos2 ⎛

⎝ωt + ϕ⎞
⎠ + 1

2mA2 ⎛
⎝

k
m

⎞
⎠sin2 ⎛

⎝ωt + ϕ⎞
⎠

= 1
2kA2 cos2 ⎛

⎝ωt + ϕ⎞
⎠ + 1

2kA2 sin2 ⎛
⎝ωt + ϕ⎞

⎠

= 1
2kA2 ⎛

⎝cos2 ⎛
⎝ωt + ϕ⎞

⎠ + sin2 ⎛
⎝ωt + ϕ⎞

⎠
⎞
⎠

= 1
2kA2.

The total energy of the system of a block and a spring is equal to the sum of the potential energy stored in the spring plus

the kinetic energy of the block and is proportional to the square of the amplitude ETotal = (1/2)kA2. The total energy of

the system is constant.

A closer look at the energy of the system shows that the kinetic energy oscillates like a sine-squared function, while
the potential energy oscillates like a cosine-squared function. However, the total energy for the system is constant and
is proportional to the amplitude squared. Figure 15.12 shows a plot of the potential, kinetic, and total energies of the
block and spring system as a function of time. Also plotted are the position and velocity as a function of time. Before time
t = 0.0 s, the block is attached to the spring and placed at the equilibrium position. Work is done on the block by applying

an external force, pulling it out to a position of x = + A . The system now has potential energy stored in the spring. At

time t = 0.00 s, the position of the block is equal to the amplitude, the potential energy stored in the spring is equal to

U = 1
2kA2 , and the force on the block is maximum and points in the negative x-direction ⎛

⎝FS = −kA⎞
⎠ . The velocity and

kinetic energy of the block are zero at time t = 0.00 s. At time t = 0.00 s, the block is released from rest.

Figure 15.12 Graph of the kinetic energy, potential energy, and total energy of a block oscillating on a spring in SHM.
Also shown are the graphs of position versus time and velocity versus time. The total energy remains constant, but the
energy oscillates between kinetic energy and potential energy. When the kinetic energy is maximum, the potential energy is
zero. This occurs when the velocity is maximum and the mass is at the equilibrium position. The potential energy is
maximum when the speed is zero. The total energy is the sum of the kinetic energy plus the potential energy and it is
constant.

Oscillations About an Equilibrium Position
We have just considered the energy of SHM as a function of time. Another interesting view of the simple harmonic oscillator
is to consider the energy as a function of position. Figure 15.13 shows a graph of the energy versus position of a system
undergoing SHM.
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Figure 15.13 A graph of the kinetic energy (red), potential energy
(blue), and total energy (green) of a simple harmonic oscillator. The force

is equal to F = − dU
dx . The equilibrium position is shown as a black dot

and is the point where the force is equal to zero. The force is positive when
x < 0 , negative when x > 0 , and equal to zero when x = 0 .

The potential energy curve in Figure 15.13 resembles a bowl. When a marble is placed in a bowl, it settles to the
equilibrium position at the lowest point of the bowl (x = 0) . This happens because a restoring force points toward the

equilibrium point. This equilibrium point is sometimes referred to as a fixed point. When the marble is disturbed to a
different position (x = + A) , the marble oscillates around the equilibrium position. Looking back at the graph of potential

energy, the force can be found by looking at the slope of the potential energy graph ⎛
⎝F = − dU

dx
⎞
⎠ . Since the force on either

side of the fixed point points back toward the equilibrium point, the equilibrium point is called a stable equilibrium point.
The points x = A and x = −A are called the turning points. (See Potential Energy and Conservation of Energy.)

Stability is an important concept. If an equilibrium point is stable, a slight disturbance of an object that is initially at the
stable equilibrium point will cause the object to oscillate around that point. The stable equilibrium point occurs because the
force on either side is directed toward it. For an unstable equilibrium point, if the object is disturbed slightly, it does not
return to the equilibrium point.

Consider the marble in the bowl example. If the bowl is right-side up, the marble, if disturbed slightly, will oscillate around
the stable equilibrium point. If the bowl is turned upside down, the marble can be balanced on the top, at the equilibrium
point where the net force is zero. However, if the marble is disturbed slightly, it will not return to the equilibrium point, but
will instead roll off the bowl. The reason is that the force on either side of the equilibrium point is directed away from that
point. This point is an unstable equilibrium point.

Figure 15.14 shows three conditions. The first is a stable equilibrium point (a), the second is an unstable equilibrium point
(b), and the last is also an unstable equilibrium point (c), because the force on only one side points toward the equilibrium
point.
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Figure 15.14 Examples of equilibrium points. (a) Stable equilibrium point; (b) unstable equilibrium point;
(c) unstable equilibrium point (sometimes referred to as a half-stable equilibrium point).

The process of determining whether an equilibrium point is stable or unstable can be formalized. Consider the potential
energy curves shown in Figure 15.15. The force can be found by analyzing the slope of the graph. The force is

F = − dU
dx . In (a), the fixed point is at x = 0.00 m. When x < 0.00 m, the force is positive. When x > 0.00 m, the

force is negative. This is a stable point. In (b), the fixed point is at x = 0.00 m. When x < 0.00 m, the force is negative.

When x > 0.00 m, the force is also negative. This is an unstable point.

Figure 15.15 Two examples of a potential energy function. The force at a position is equal to the negative of the
slope of the graph at that position. (a) A potential energy function with a stable equilibrium point. (b) A potential
energy function with an unstable equilibrium point. This point is sometimes called half-stable because the force on
one side points toward the fixed point.

A practical application of the concept of stable equilibrium points is the force between two neutral atoms in a molecule. If
two molecules are in close proximity, separated by a few atomic diameters, they can experience an attractive force. If the
molecules move close enough so that the electron shells of the other electrons overlap, the force between the molecules
becomes repulsive. The attractive force between the two atoms may cause the atoms to form a molecule. The force between
the two molecules is not a linear force and cannot be modeled simply as two masses separated by a spring, but the atoms of
the molecule can oscillate around an equilibrium point when displaced a small amount from the equilibrium position. The
atoms oscillate due the attractive force and repulsive force between the two atoms.

Consider one example of the interaction between two atoms known as the van Der Waals interaction. It is beyond the scope
of this chapter to discuss in depth the interactions of the two atoms, but the oscillations of the atoms can be examined by
considering one example of a model of the potential energy of the system. One suggestion to model the potential energy of
this molecule is with the Lennard-Jones 6-12 potential:
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U(x) = 4ε⎡
⎣

⎛
⎝
σ
x

⎞
⎠
12

− ⎛
⎝
σ
x

⎞
⎠
6⎤
⎦.

A graph of this function is shown in Figure 15.16. The two parameters ε and σ are found experimentally.

Figure 15.16 The Lennard-Jones potential energy function for a system of two
neutral atoms. If the energy is below some maximum energy, the system oscillates
near the equilibrium position between the two turning points.

From the graph, you can see that there is a potential energy well, which has some similarities to the potential energy well
of the potential energy function of the simple harmonic oscillator discussed in Figure 15.13. The Lennard-Jones potential
has a stable equilibrium point where the potential energy is minimum and the force on either side of the equilibrium point
points toward equilibrium point. Note that unlike the simple harmonic oscillator, the potential well of the Lennard-Jones
potential is not symmetric. This is due to the fact that the force between the atoms is not a Hooke’s law force and is not
linear. The atoms can still oscillate around the equilibrium position xmin because when x < xmin , the force is positive;

when x > xmin , the force is negative. Notice that as x approaches zero, the slope is quite steep and negative, which means

that the force is large and positive. This suggests that it takes a large force to try to push the atoms close together. As x
becomes increasingly large, the slope becomes less steep and the force is smaller and negative. This suggests that if given a
large enough energy, the atoms can be separated.

If you are interested in this interaction, find the force between the molecules by taking the derivative of the potential energy
function. You will see immediately that the force does not resemble a Hooke’s law force (F = −kx) , but if you are familiar

with the binomial theorem:

(1 + x)n = 1 + nx + n(n − 1)
2! x2 + n(n − 1)(n − 2)

3! x3 + ⋯ ,

the force can be approximated by a Hooke’s law force.

Velocity and Energy Conservation
Getting back to the system of a block and a spring in Figure 15.11, once the block is released from rest, it begins
to move in the negative direction toward the equilibrium position. The potential energy decreases and the magnitude of
the velocity and the kinetic energy increase. At time t = T /4 , the block reaches the equilibrium position x = 0.00 m,
where the force on the block and the potential energy are zero. At the equilibrium position, the block reaches a negative
velocity with a magnitude equal to the maximum velocity v = −Aω . The kinetic energy is maximum and equal to

K = 1
2mv2 = 1

2mA2 ω2 = 1
2kA2. At this point, the force on the block is zero, but momentum carries the block, and it

continues in the negative direction toward x = −A . As the block continues to move, the force on it acts in the positive

direction and the magnitude of the velocity and kinetic energy decrease. The potential energy increases as the spring
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15.1

15.2

compresses. At time t = T /2 , the block reaches x = −A . Here the velocity and kinetic energy are equal to zero. The force

on the block is F = + kA and the potential energy stored in the spring is U = 1
2kA2 . During the oscillations, the total

energy is constant and equal to the sum of the potential energy and the kinetic energy of the system,

(15.12)ETotal = 1
2kx2 + 1

2mv2 = 1
2kA2.

The equation for the energy associated with SHM can be solved to find the magnitude of the velocity at any position:

(15.13)|v| = k
m

⎛
⎝A2 − x2⎞

⎠.

The energy in a simple harmonic oscillator is proportional to the square of the amplitude. When considering many forms of
oscillations, you will find the energy proportional to the amplitude squared.

Check Your Understanding Why would it hurt more if you snapped your hand with a ruler than with a
loose spring, even if the displacement of each system is equal?

Check Your Understanding Identify one way you could decrease the maximum velocity of a simple
harmonic oscillator.

15.3 | Comparing Simple Harmonic Motion and Circular

Motion

Learning Objectives

By the end of this section, you will be able to:

• Describe how the sine and cosine functions relate to the concepts of circular motion

• Describe the connection between simple harmonic motion and circular motion

An easy way to model SHM is by considering uniform circular motion. Figure 15.17 shows one way of using this method.
A peg (a cylinder of wood) is attached to a vertical disk, rotating with a constant angular frequency. Figure 15.18 shows
a side view of the disk and peg. If a lamp is placed above the disk and peg, the peg produces a shadow. Let the disk have a
radius of r = A and define the position of the shadow that coincides with the center line of the disk to be x = 0.00 m . As

the disk rotates at a constant rate, the shadow oscillates between x = + A and x = −A . Now imagine a block on a spring

beneath the floor as shown in Figure 15.18.
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Figure 15.17 SHM can be modeled as rotational motion by
looking at the shadow of a peg on a wheel rotating at a constant
angular frequency.
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Figure 15.18 Light shines down on the disk so that the peg makes a
shadow. If the disk rotates at just the right angular frequency, the shadow
follows the motion of the block on a spring. If there is no energy dissipated
due to nonconservative forces, the block and the shadow will oscillate back
and forth in unison. In this figure, four snapshots are taken at four different
times. (a) The wheel starts at θ = 0o and the shadow of the peg is at

x = + A , representing the mass at position x = + A . (b) As the disk

rotates through an angle θ = ωt , the shadow of the peg is between

x = + A and x = 0 . (c) The disk continues to rotate until θ = 900 , at

which the shadow follows the mass to x = 0 . (d) The disk continues to

rotate, the shadow follows the position of the mass.

If the disk turns at the proper angular frequency, the shadow follows along with the block. The position of the shadow can
be modeled with the equation
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(15.14)x(t) = Acos(ωt).

Recall that the block attached to the spring does not move at a constant velocity. How often does the wheel have to turn
to have the peg’s shadow always on the block? The disk must turn at a constant angular frequency equal to 2π times the

frequency of oscillation ⎛
⎝ω = 2π f ⎞

⎠ .

Figure 15.19 shows the basic relationship between uniform circular motion and SHM. The peg lies at the tip of the radius,
a distance A from the center of the disk. The x-axis is defined by a line drawn parallel to the ground, cutting the disk in
half. The y-axis (not shown) is defined by a line perpendicular to the ground, cutting the disk into a left half and a right
half. The center of the disk is the point ⎛

⎝x = 0, y = 0⎞
⎠. The projection of the position of the peg onto the fixed x-axis gives

the position of the shadow, which undergoes SHM analogous to the system of the block and spring. At the time shown in
the figure, the projection has position x and moves to the left with velocity v. The tangential velocity of the peg around the
circle equals v–max of the block on the spring. The x-component of the velocity is equal to the velocity of the block on the

spring.

Figure 15.19 A peg moving on a circular path with a constant
angular velocity ω is undergoing uniform circular motion. Its

projection on the x-axis undergoes SHM. Also shown is the
velocity of the peg around the circle, vmax , and its projection,

which is v. Note that these velocities form a similar triangle to
the displacement triangle.

We can use Figure 15.19 to analyze the velocity of the shadow as the disk rotates. The peg moves in a circle with a speed
of vmax = Aω . The shadow moves with a velocity equal to the component of the peg’s velocity that is parallel to the

surface where the shadow is being produced:

(15.15)v = −vmax sin(ωt).

It follows that the acceleration is
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(15.16)a = −amax cos(ωt).

Check Your Understanding Identify an object that undergoes uniform circular motion. Describe how
you could trace the SHM of this object.

15.4 | Pendulums

Learning Objectives

By the end of this section, you will be able to:

• State the forces that act on a simple pendulum

• Determine the angular frequency, frequency, and period of a simple pendulum in terms of the
length of the pendulum and the acceleration due to gravity

• Define the period for a physical pendulum

• Define the period for a torsional pendulum

Pendulums are in common usage. Grandfather clocks use a pendulum to keep time and a pendulum can be used to measure
the acceleration due to gravity. For small displacements, a pendulum is a simple harmonic oscillator.

The Simple Pendulum
A simple pendulum is defined to have a point mass, also known as the pendulum bob, which is suspended from a string
of length L with negligible mass (Figure 15.20). Here, the only forces acting on the bob are the force of gravity (i.e., the
weight of the bob) and tension from the string. The mass of the string is assumed to be negligible as compared to the mass
of the bob.

Figure 15.20 A simple pendulum has a small-diameter bob
and a string that has a very small mass but is strong enough not
to stretch appreciably. The linear displacement from equilibrium
is s, the length of the arc. Also shown are the forces on the bob,
which result in a net force of −mgsin θ toward the equilibrium

position—that is, a restoring force.

Consider the torque on the pendulum. The force providing the restoring torque is the component of the weight of the
pendulum bob that acts along the arc length. The torque is the length of the string L times the component of the net force
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that is perpendicular to the radius of the arc. The minus sign indicates the torque acts in the opposite direction of the angular
displacement:

τ = −L⎛
⎝mg sin θ⎞

⎠;
Iα = −L⎛

⎝mg sin θ⎞
⎠;

Id2 θ
dt2 = −L⎛

⎝mg sin θ⎞
⎠;

mL2 d2 θ
dt2 = −L⎛

⎝mg sin θ⎞
⎠;

d2 θ
dt2 = − g

Lsin θ.

The solution to this differential equation involves advanced calculus, and is beyond the scope of this text. But note that
for small angles (less than 15 degrees), sin θ and θ differ by less than 1%, so we can use the small angle approximation

sin θ ≈ θ. The angle θ describes the position of the pendulum. Using the small angle approximation gives an approximate

solution for small angles,

(15.17)d2 θ
dt2 = − g

Lθ.

Because this equation has the same form as the equation for SHM, the solution is easy to find. The angular frequency is

(15.18)ω = g
L

and the period is

(15.19)T = 2π L
g .

The period of a simple pendulum depends on its length and the acceleration due to gravity. The period is completely
independent of other factors, such as mass and the maximum displacement. As with simple harmonic oscillators, the period
T for a pendulum is nearly independent of amplitude, especially if θ is less than about 15°. Even simple pendulum clocks

can be finely adjusted and remain accurate.

Note the dependence of T on g. If the length of a pendulum is precisely known, it can actually be used to measure the
acceleration due to gravity, as in the following example.

Example 15.3

Measuring Acceleration due to Gravity by the Period of a Pendulum

What is the acceleration due to gravity in a region where a simple pendulum having a length 75.000 cm has a
period of 1.7357 s?

Strategy

We are asked to find g given the period T and the length L of a pendulum. We can solve T = 2π L
g for g,

assuming only that the angle of deflection is less than 15° .
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Solution

1. Square T = 2π L
g and solve for g:

g = 4π2 L
T 2.

2. Substitute known values into the new equation:

g = 4π2 0.75000 m
(1.7357 s)2.

3. Calculate to find g:

g = 9.8281 m/s2.

Significance

This method for determining g can be very accurate, which is why length and period are given to five digits in
this example. For the precision of the approximation sin θ ≈ θ to be better than the precision of the pendulum

length and period, the maximum displacement angle should be kept below about 0.5° .

Check Your Understanding An engineer builds two simple pendulums. Both are suspended from
small wires secured to the ceiling of a room. Each pendulum hovers 2 cm above the floor. Pendulum 1 has a bob
with a mass of 10 kg. Pendulum 2 has a bob with a mass of 100 kg. Describe how the motion of the pendulums
will differ if the bobs are both displaced by 12° .

Physical Pendulum
Any object can oscillate like a pendulum. Consider a coffee mug hanging on a hook in the pantry. If the mug gets knocked,
it oscillates back and forth like a pendulum until the oscillations die out. We have described a simple pendulum as a point
mass and a string. A physical pendulum is any object whose oscillations are similar to those of the simple pendulum, but
cannot be modeled as a point mass on a string, and the mass distribution must be included into the equation of motion.

As for the simple pendulum, the restoring force of the physical pendulum is the force of gravity. With the simple pendulum,
the force of gravity acts on the center of the pendulum bob. In the case of the physical pendulum, the force of gravity acts
on the center of mass (CM) of an object. The object oscillates about a point O. Consider an object of a generic shape as
shown in Figure 15.21.
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Figure 15.21 A physical pendulum is any object that
oscillates as a pendulum, but cannot be modeled as a point mass
on a string. The force of gravity acts on the center of mass (CM)
and provides the restoring force that causes the object to
oscillate. The minus sign on the component of the weight that
provides the restoring force is present because the force acts in
the opposite direction of the increasing angle θ .

When a physical pendulum is hanging from a point but is free to rotate, it rotates because of the torque applied at the CM,
produced by the component of the object’s weight that acts tangent to the motion of the CM. Taking the counterclockwise
direction to be positive, the component of the gravitational force that acts tangent to the motion is −mg sin θ . The minus

sign is the result of the restoring force acting in the opposite direction of the increasing angle. Recall that the torque is

equal to τ→ = r→ × F→ . The magnitude of the torque is equal to the length of the radius arm times the tangential

component of the force applied, |τ| = rFsin θ . Here, the length L of the radius arm is the distance between the point of

rotation and the CM. To analyze the motion, start with the net torque. Like the simple pendulum, consider only small angles
so that sin θ ≈ θ . Recall from Fixed-Axis Rotation on rotation that the net torque is equal to the moment of inertia

I = ∫ r2 dm times the angular acceleration α, where α = d2 θ
dt2 :

Iα = τnet = L(−mg)sin θ.

Using the small angle approximation and rearranging:

Iα = −L(mg)θ;
Id2 θ

dt2 = −L(mg)θ;

d2 θ
dt2 = −⎛

⎝
mgL

I
⎞
⎠θ.

Once again, the equation says that the second time derivative of the position (in this case, the angle) equals minus a constant
⎛
⎝−mgL

I
⎞
⎠ times the position. The solution is

θ(t) = Θcos⎛
⎝ωt + ϕ⎞

⎠,

where Θ is the maximum angular displacement. The angular frequency is

(15.20)
ω = mgL

I .
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The period is therefore

(15.21)T = 2π I
mgL.

Note that for a simple pendulum, the moment of inertia is I = ∫ r2 dm = mL2 and the period reduces to T = 2π L
g .

Example 15.4

Reducing the Swaying of a Skyscraper

In extreme conditions, skyscrapers can sway up to two meters with a frequency of up to 20.00 Hz due to high
winds or seismic activity. Several companies have developed physical pendulums that are placed on the top of the
skyscrapers. As the skyscraper sways to the right, the pendulum swings to the left, reducing the sway. Assuming
the oscillations have a frequency of 0.50 Hz, design a pendulum that consists of a long beam, of constant density,
with a mass of 100 metric tons and a pivot point at one end of the beam. What should be the length of the beam?

Strategy

We are asked to find the length of the physical pendulum with a known mass. We first need to find the moment
of inertia of the beam. We can then use the equation for the period of a physical pendulum to find the length.

Solution
1. Find the moment of inertia for the CM:

2. Use the parallel axis theorem to find the moment of inertia about the point of rotation:

I = ICM + L
4

2
M = 1

12ML2 + 1
4ML2 = 1

3ML2.

3. The period of a physical pendulum has a period of T = 2π I
mgL . Use the moment of inertia to solve for
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the length L:

T = 2π I
MgL = 2π

1
3ML2

MgL = 2π L
3g;

L = 3g⎛
⎝

T
2π

⎞
⎠

2
= 3⎛

⎝9.8m
s2

⎞
⎠

⎛
⎝
2 s
2π

⎞
⎠

2
= 2.98 m.

Significance

There are many ways to reduce the oscillations, including modifying the shape of the skyscrapers, using multiple
physical pendulums, and using tuned-mass dampers.

Torsional Pendulum
A torsional pendulum consists of a rigid body suspended by a light wire or spring (Figure 15.22). When the body is
twisted some small maximum angle (Θ) and released from rest, the body oscillates between (θ = + Θ) and (θ = − Θ) .

The restoring torque is supplied by the shearing of the string or wire.

Figure 15.22 A torsional pendulum consists of a rigid body
suspended by a string or wire. The rigid body oscillates between
θ = + Θ and θ = −Θ .

The restoring torque can be modeled as being proportional to the angle:

τ = −κθ.

The variable kappa (κ) is known as the torsion constant of the wire or string. The minus sign shows that the restoring

torque acts in the opposite direction to increasing angular displacement. The net torque is equal to the moment of inertia
times the angular acceleration:

Id2 θ
dt2 = −κθ;

d2 θ
dt2 = − κ

I θ.

This equation says that the second time derivative of the position (in this case, the angle) equals a negative constant times

the position. This looks very similar to the equation of motion for the SHM d2 x
dt2 = − k

mx , where the period was found to

be T = 2π m
k . Therefore, the period of the torsional pendulum can be found using

(15.22)T = 2π I
κ .
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The units for the torsion constant are [κ] = N-m = ⎛
⎝kgm

s2
⎞
⎠m = kg m2

s2 and the units for the moment of inertial are

[I] = kg-m2, which show that the unit for the period is the second.

Example 15.5

Measuring the Torsion Constant of a String

A rod has a length of l = 0.30 m and a mass of 4.00 kg. A string is attached to the CM of the rod and the system

is hung from the ceiling (Figure 15.23). The rod is displaced 10 degrees from the equilibrium position and
released from rest. The rod oscillates with a period of 0.5 s. What is the torsion constant κ ?

Figure 15.23 (a) A rod suspended by a string from the ceiling. (b) Finding the rod’s moment of
inertia.

Strategy

We are asked to find the torsion constant of the string. We first need to find the moment of inertia.

Solution
1. Find the moment of inertia for the CM:

ICM = ∫ x2dm = ∫
−L/2

+L/2
x2 λdx = λ⎡

⎣
x3

3
⎤
⎦−L/2

+L/2
= λ2L3

24 = ⎛
⎝
M
L

⎞
⎠
2L3

24 = 1
12ML2.

2. Calculate the torsion constant using the equation for the period:

T = 2π I
κ ;

κ = I⎛
⎝
2π
T

⎞
⎠
2

= ⎛
⎝

1
12ML2⎞

⎠
⎛
⎝
2π
T

⎞
⎠
2
;

= ⎛
⎝

1
12

⎛
⎝4.00 kg⎞

⎠(0.30 m)2⎞
⎠
⎛
⎝

2π
0.50 s

⎞
⎠

2
= 4.73 N · m.

Significance

Like the force constant of the system of a block and a spring, the larger the torsion constant, the shorter the period.
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15.5 | Damped Oscillations

Learning Objectives

By the end of this section, you will be able to:

• Describe the motion of damped harmonic motion

• Write the equations of motion for damped harmonic oscillations

• Describe the motion of driven, or forced, damped harmonic motion

• Write the equations of motion for forced, damped harmonic motion

In the real world, oscillations seldom follow true SHM. Friction of some sort usually acts to dampen the motion so it dies
away, or needs more force to continue. In this section, we examine some examples of damped harmonic motion and see
how to modify the equations of motion to describe this more general case.

A guitar string stops oscillating a few seconds after being plucked. To keep swinging on a playground swing, you must
keep pushing (Figure 15.24). Although we can often make friction and other nonconservative forces small or negligible,
completely undamped motion is rare. In fact, we may even want to damp oscillations, such as with car shock absorbers.

Figure 15.24 To counteract dampening forces, you need to
keep pumping a swing. (credit: Bob Mical)

Figure 15.25 shows a mass m attached to a spring with a force constant k. The mass is raised to a position A0 , the initial

amplitude, and then released. The mass oscillates around the equilibrium position in a fluid with viscosity but the amplitude
decreases for each oscillation. For a system that has a small amount of damping, the period and frequency are constant and
are nearly the same as for SHM, but the amplitude gradually decreases as shown. This occurs because the non-conservative
damping force removes energy from the system, usually in the form of thermal energy.
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Figure 15.25 For a mass on a spring oscillating in a viscous fluid, the
period remains constant, but the amplitudes of the oscillations decrease due
to the damping caused by the fluid.

Consider the forces acting on the mass. Note that the only contribution of the weight is to change the equilibrium position,
as discussed earlier in the chapter. Therefore, the net force is equal to the force of the spring and the damping force ⎛

⎝FD
⎞
⎠ . If

the magnitude of the velocity is small, meaning the mass oscillates slowly, the damping force is proportional to the velocity
and acts against the direction of motion ⎛

⎝FD = −bv⎞
⎠ . The net force on the mass is therefore

ma = −bv − kx.

Writing this as a differential equation in x, we obtain

(15.23)md2 x
dt2 + bdx

dt + kx = 0.

To determine the solution to this equation, consider the plot of position versus time shown in Figure 15.26. The curve

resembles a cosine curve oscillating in the envelope of an exponential function A0 e−αt where α = b
2m . The solution is

(15.24)
x(t) = A0 e

− b
2mt

cos⎛
⎝ωt + ϕ⎞

⎠.

It is left as an exercise to prove that this is, in fact, the solution. To prove that it is the right solution, take the first and second
derivatives with respect to time and substitute them into Equation 15.23. It is found that Equation 15.24 is the solution
if

ω = k
m − ⎛

⎝
b

2m
⎞
⎠

2
.

Recall that the angular frequency of a mass undergoing SHM is equal to the square root of the force constant divided by the
mass. This is often referred to as the natural angular frequency, which is represented as

(15.25)ω0 = k
m.
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The angular frequency for damped harmonic motion becomes

(15.26)
ω = ω0

2 − ⎛
⎝

b
2m

⎞
⎠

2
.

Figure 15.26 Position versus time for the mass oscillating on a spring in a viscous fluid.
Notice that the curve appears to be a cosine function inside an exponential envelope.

Recall that when we began this description of damped harmonic motion, we stated that the damping must be small. Two
questions come to mind. Why must the damping be small? And how small is small? If you gradually increase the amount
of damping in a system, the period and frequency begin to be affected, because damping opposes and hence slows the back
and forth motion. (The net force is smaller in both directions.) If there is very large damping, the system does not even
oscillate—it slowly moves toward equilibrium. The angular frequency is equal to

ω = k
m − ⎛

⎝
b

2m
⎞
⎠

2
.

As b increases, k
m − ⎛

⎝
b

2m
⎞
⎠

2
becomes smaller and eventually reaches zero when b = 4mk . If b becomes any larger,

k
m − ⎛

⎝
b

2m
⎞
⎠

2
becomes a negative number and k

m − ⎛
⎝

b
2m

⎞
⎠

2
is a complex number.

Figure 15.27 shows the displacement of a harmonic oscillator for different amounts of damping. When the damping
constant is small, b < 4mk , the system oscillates while the amplitude of the motion decays exponentially. This system

is said to be underdamped, as in curve (a). Many systems are underdamped, and oscillate while the amplitude decreases
exponentially, such as the mass oscillating on a spring. The damping may be quite small, but eventually the mass comes
to rest. If the damping constant is b = 4mk , the system is said to be critically damped, as in curve (b). An example

of a critically damped system is the shock absorbers in a car. It is advantageous to have the oscillations decay as fast
as possible. Here, the system does not oscillate, but asymptotically approaches the equilibrium condition as quickly as
possible. Curve (c) in Figure 15.27 represents an overdamped system where b > 4mk. An overdamped system will

approach equilibrium over a longer period of time.
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Figure 15.27 The position versus time for three systems consisting of a mass and a spring in a

viscous fluid. (a) If the damping is small ⎛
⎝b < 4mk⎞

⎠ , the mass oscillates, slowly losing amplitude as

the energy is dissipated by the non-conservative force(s). The limiting case is (b) where the damping is
⎛
⎝b = 4mk⎞

⎠ . (c) If the damping is very large ⎛
⎝b > 4mk⎞

⎠ , the mass does not oscillate when displaced,

but attempts to return to the equilibrium position.

Critical damping is often desired, because such a system returns to equilibrium rapidly and remains at equilibrium as well.
In addition, a constant force applied to a critically damped system moves the system to a new equilibrium position in the
shortest time possible without overshooting or oscillating about the new position.

Check Your Understanding Why are completely undamped harmonic oscillators so rare?

15.6 | Forced Oscillations

Learning Objectives

By the end of this section, you will be able to:

• Define forced oscillations

• List the equations of motion associated with forced oscillations

• Explain the concept of resonance and its impact on the amplitude of an oscillator

• List the characteristics of a system oscillating in resonance

Sit in front of a piano sometime and sing a loud brief note at it with the dampers off its strings (Figure 15.28). It will
sing the same note back at you—the strings, having the same frequencies as your voice, are resonating in response to the
forces from the sound waves that you sent to them. This is a good example of the fact that objects—in this case, piano
strings—can be forced to oscillate, and oscillate most easily at their natural frequency. In this section, we briefly explore
applying a periodic driving force acting on a simple harmonic oscillator. The driving force puts energy into the system at a
certain frequency, not necessarily the same as the natural frequency of the system. Recall that the natural frequency is the
frequency at which a system would oscillate if there were no driving and no damping force.
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Figure 15.28 You can cause the strings in a piano to vibrate
simply by producing sound waves from your voice. (credit: Matt
Billings)

Most of us have played with toys involving an object supported on an elastic band, something like the paddle ball suspended
from a finger in Figure 15.29. Imagine the finger in the figure is your finger. At first, you hold your finger steady, and
the ball bounces up and down with a small amount of damping. If you move your finger up and down slowly, the ball
follows along without bouncing much on its own. As you increase the frequency at which you move your finger up and
down, the ball responds by oscillating with increasing amplitude. When you drive the ball at its natural frequency, the ball’s
oscillations increase in amplitude with each oscillation for as long as you drive it. The phenomenon of driving a system
with a frequency equal to its natural frequency is called resonance. A system being driven at its natural frequency is said
to resonate. As the driving frequency gets progressively higher than the resonant or natural frequency, the amplitude of the
oscillations becomes smaller until the oscillations nearly disappear, and your finger simply moves up and down with little
effect on the ball.

Figure 15.29 The paddle ball on its rubber band moves in response to the finger
supporting it. If the finger moves with the natural frequency f0 of the ball on the

rubber band, then a resonance is achieved, and the amplitude of the ball’s oscillations
increases dramatically. At higher and lower driving frequencies, energy is transferred
to the ball less efficiently, and it responds with lower-amplitude oscillations.

Consider a simple experiment. Attach a mass m to a spring in a viscous fluid, similar to the apparatus discussed in the
damped harmonic oscillator. This time, instead of fixing the free end of the spring, attach the free end to a disk that is driven
by a variable-speed motor. The motor turns with an angular driving frequency of ω . The rotating disk provides energy

to the system by the work done by the driving force ⎛
⎝Fd = F0 sin(ωt)⎞

⎠ . The experimental apparatus is shown in Figure

15.30.
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Figure 15.30 Forced, damped harmonic motion produced by
driving a spring and mass with a disk driven by a variable-speed
motor.

Using Newton’s second law ( F→ net = m a→ ), we can analyze the motion of the mass. The resulting equation is similar

to the force equation for the damped harmonic oscillator, with the addition of the driving force:

(15.27)−kx − bdx
dt + F0 sin(ωt) = md2 x

dt2 .

When an oscillator is forced with a periodic driving force, the motion may seem chaotic. The motions of the oscillator is
known as transients. After the transients die out, the oscillator reaches a steady state, where the motion is periodic. After
some time, the steady state solution to this differential equation is

(15.28)x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠.

Once again, it is left as an exercise to prove that this equation is a solution. Taking the first and second time derivative of
x(t) and substituting them into the force equation shows that x(t) = Asin⎛

⎝ωt + ϕ⎞
⎠ is a solution as long as the amplitude is

equal to

(15.29)A = F0

m2 ⎛
⎝ω2 − ω0

2⎞
⎠
2

+ b2 ω2

where ω0 = k
m is the natural angular frequency of the system of the mass and spring. Recall that the angular frequency,

and therefore the frequency, of the motor can be adjusted. Looking at the denominator of the equation for the amplitude,
when the driving frequency is much smaller, or much larger, than the natural frequency, the square of the difference of the

two angular frequencies ⎛
⎝ω2 − ω0

2⎞
⎠
2

is positive and large, making the denominator large, and the result is a small amplitude
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for the oscillations of the mass. As the frequency of the driving force approaches the natural frequency of the system, the
denominator becomes small and the amplitude of the oscillations becomes large. The maximum amplitude results when the

frequency of the driving force equals the natural frequency of the system
⎛
⎝Amax = F0

bω
⎞
⎠ .

Figure 15.31 shows a graph of the amplitude of a damped harmonic oscillator as a function of the frequency of the periodic
force driving it. Each of the three curves on the graph represents a different amount of damping. All three curves peak at the
point where the frequency of the driving force equals the natural frequency of the harmonic oscillator. The highest peak, or
greatest response, is for the least amount of damping, because less energy is removed by the damping force. Note that since
the amplitude grows as the damping decreases, taking this to the limit where there is no damping (b = 0) , the amplitude

becomes infinite.

Note that a small-amplitude driving force can produce a large-amplitude response. This phenomenon is known as resonance.
A common example of resonance is a parent pushing a small child on a swing. When the child wants to go higher, the parent
does not move back and then, getting a running start, slam into the child, applying a great force in a short interval. Instead,
the parent applies small pushes to the child at just the right frequency, and the amplitude of the child’s swings increases.

Figure 15.31 Amplitude of a harmonic oscillator as a
function of the frequency of the driving force. The curves
represent the same oscillator with the same natural frequency
but with different amounts of damping. Resonance occurs when
the driving frequency equals the natural frequency, and the
greatest response is for the least amount of damping. The
narrowest response is also for the least damping.

It is interesting to note that the widths of the resonance curves shown in Figure 15.31 depend on damping: the less the
damping, the narrower the resonance. The consequence is that if you want a driven oscillator to resonate at a very specific
frequency, you need as little damping as possible. For instance, a radio has a circuit that is used to choose a particular radio
station. In this case, the forced damped oscillator consists of a resistor, capacitor, and inductor, which will be discussed later
in this course. The circuit is “tuned” to pick a particular radio station. Here it is desirable to have the resonance curve be
very narrow, to pick out the exact frequency of the radio station chosen. The narrowness of the graph, and the ability to pick
out a certain frequency, is known as the quality of the system. The quality is defined as the spread of the angular frequency,

or equivalently, the spread in the frequency, at half the maximum amplitude, divided by the natural frequency
⎛
⎝Q = Δω

ω0
⎞
⎠

as shown in Figure 15.32. For a small damping, the quality is approximately equal to Q ≈ 2b
m .
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Figure 15.32 The quality of a system is defined as the spread in the
frequencies at half the amplitude divided by the natural frequency.

These features of driven harmonic oscillators apply to a huge variety of systems. For instance, magnetic resonance imaging
(MRI) is a widely used medical diagnostic tool in which atomic nuclei (mostly hydrogen nuclei or protons) are made to
resonate by incoming radio waves (on the order of 100 MHz). In all of these cases, the efficiency of energy transfer from the
driving force into the oscillator is best at resonance. Figure 15.33 shows a photograph of a famous example (the Tacoma
Narrows bridge) of the destructive effects of a driven harmonic oscillation. The Millennium bridge in London was closed
for a short period of time for the same reason while inspections were carried out. Observations lead to modifications being
made to the bridge prior to the reopening.

Figure 15.33 In 1940, the Tacoma Narrows bridge in the state of Washington collapsed.
Moderately high, variable cross-winds (much slower than hurricane force winds) drove the
bridge into oscillations at its resonant frequency. Damping decreased when support cables broke
loose and started to slip over the towers, allowing increasingly greater amplitudes until the
structure failed. (credit: "PRI's Studio 360"/Flickr)

Check Your Understanding A famous magic trick involves a performer singing a note toward a crystal
glass until the glass shatters. Explain why the trick works in terms of resonance and natural frequency.
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amplitude (A)

critically damped

elastic potential energy

equilibrium position

force constant (k)

frequency (f)

natural angular frequency

oscillation

overdamped

period (T)

periodic motion

phase shift

physical pendulum

resonance

restoring force

simple harmonic motion (SHM)

simple harmonic oscillator

simple pendulum

stable equilibrium point

torsional pendulum

underdamped

CHAPTER 15 REVIEW

KEY TERMS
maximum displacement from the equilibrium position of an object oscillating around the equilibrium

position

condition in which the damping of an oscillator causes it to return as quickly as possible to its
equilibrium position without oscillating back and forth about this position

potential energy stored as a result of deformation of an elastic object, such as the stretching of
a spring

position where the spring is neither stretched nor compressed

characteristic of a spring which is defined as the ratio of the force applied to the spring to the
displacement caused by the force

number of events per unit of time

angular frequency of a system oscillating in SHM

single fluctuation of a quantity, or repeated and regular fluctuations of a quantity, between two extreme
values around an equilibrium or average value

condition in which damping of an oscillator causes it to return to equilibrium without oscillating; oscillator
moves more slowly toward equilibrium than in the critically damped system

time taken to complete one oscillation

motion that repeats itself at regular time intervals

angle, in radians, that is used in a cosine or sine function to shift the function left or right, used to match up
the function with the initial conditions of data

any extended object that swings like a pendulum

large amplitude oscillations in a system produced by a small amplitude driving force, which has a frequency
equal to the natural frequency

force acting in opposition to the force caused by a deformation

oscillatory motion in a system where the restoring force is proportional to the
displacement, which acts in the direction opposite to the displacement

a device that oscillates in SHM where the restoring force is proportional to the
displacement and acts in the direction opposite to the displacement

point mass, called a pendulum bob, attached to a near massless string

point where the net force on a system is zero, but a small displacement of the mass will cause
a restoring force that points toward the equilibrium point

any suspended object that oscillates by twisting its suspension

condition in which damping of an oscillator causes the amplitude of oscillations of a damped harmonic
oscillator to decrease over time, eventually approaching zero

KEY EQUATIONS

Relationship between frequency and period f = 1
T

Position in SHM with ϕ = 0.00 x(t) = Acos(ωt)

General position in SHM x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠
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General velocity in SHM v(t) = −Aωsin⎛
⎝ωt + ϕ⎞

⎠

General acceleration in SHM a(t) = −Aω2 cos⎛
⎝ωt + ϕ⎞

⎠

Maximum displacement (amplitude) of SHM xmax = A

Maximum velocity of SHM |vmax| = Aω

Maximum acceleration of SHM |amax| = Aω2

Angular frequency of a mass-spring system in SHM ω = k
m

Period of a mass-spring system in SHM T = 2π m
k

Frequency of a mass-spring system in SHM f = 1
2π

k
m

Energy in a mass-spring system in SHM ETotal = 1
2kx2 + 1

2mv2 = 1
2kA2

The velocity of the mass in a spring-mass
system in SHM

v = ± k
m

⎛
⎝A2 − x2⎞

⎠

The x-component of the radius of a rotating disk x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠

The x-component of the velocity of the edge of a rotating disk v(t) = −vmax sin⎛
⎝ωt + ϕ⎞

⎠

The x-component of the acceleration of the
edge of a rotating disk

a(t) = −amax cos⎛
⎝ωt + ϕ⎞

⎠

Force equation for a simple pendulum
d2 θ
dt2 = − g

Lθ

Angular frequency for a simple pendulum ω = g
L

Period of a simple pendulum T = 2π L
g

Angular frequency of a physical pendulum ω = mgL
I

Period of a physical pendulum T = 2π I
mgL

Period of a torsional pendulum T = 2π I
κ

Newton’s second law for harmonic motion md2 x
dt2 + bdx

dt + kx = 0

Solution for underdamped harmonic motion x(t) = A0 e
− b

2mt
cos⎛

⎝ωt + ϕ⎞
⎠

Natural angular frequency of a
mass-spring system

ω0 = k
m

Angular frequency of underdamped
harmonic motion ω = ω0

2 − ⎛
⎝

b
2m

⎞
⎠

2
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Newton’s second law for forced,
damped oscillation

−kx − bdx
dt + Fo sin(ωt) = md2 x

dt2

Solution to Newton’s second law for forced,
damped oscillations

x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠

Amplitude of system undergoing forced,
damped oscillations

A = Fo

m2 ⎛
⎝ω2 − ωo

2⎞
⎠
2

+ b2 ω2

SUMMARY

15.1 Simple Harmonic Motion

• Periodic motion is a repeating oscillation. The time for one oscillation is the period T and the number of oscillations

per unit time is the frequency f. These quantities are related by f = 1
T .

• Simple harmonic motion (SHM) is oscillatory motion for a system where the restoring force is proportional to the
displacement and acts in the direction opposite to the displacement.

• Maximum displacement is the amplitude A. The angular frequency ω , period T, and frequency f of a simple

harmonic oscillator are given by ω = k
m , T = 2π m

k , and f = 1
2π

k
m , where m is the mass of the system and k

is the force constant.

• Displacement as a function of time in SHM is given by x(t) = A cos⎛
⎝
2π
T t + ϕ⎞

⎠ = Acos⎛
⎝ωt + ϕ⎞

⎠ .

• The velocity is given by v(t) = −Aωsin⎛
⎝ωt + ϕ⎞

⎠ = −vmax sin⎛
⎝ωt + ϕ⎞

⎠, where vmax = Aω = A k
m .

• The acceleration is a(t) = −Aω2 cos⎛
⎝ωt + ϕ⎞

⎠ = −amax cos⎛
⎝ωt + ϕ⎞

⎠ , where amax = Aω2 = A k
m .

15.2 Energy in Simple Harmonic Motion

• The simplest type of oscillations are related to systems that can be described by Hooke’s law, F = −kx, where F is
the restoring force, x is the displacement from equilibrium or deformation, and k is the force constant of the system.

• Elastic potential energy U stored in the deformation of a system that can be described by Hooke’s law is given by

U = 1
2kx2.

• Energy in the simple harmonic oscillator is shared between elastic potential energy and kinetic energy, with the total
being constant:

ETotal = 1
2mv2 + 1

2kx2 = 1
2kA2 = constant.

• The magnitude of the velocity as a function of position for the simple harmonic oscillator can be found by using

|v| = k
m

⎛
⎝A2 − x2⎞

⎠.

15.3 Comparing Simple Harmonic Motion and Circular Motion

• A projection of uniform circular motion undergoes simple harmonic oscillation.

• Consider a circle with a radius A, moving at a constant angular speed ω . A point on the edge of the circle moves

at a constant tangential speed of vmax = Aω . The projection of the radius onto the x-axis is x(t) = Acos⎛
⎝ωt + ϕ⎞

⎠ ,

where ⎛
⎝ϕ⎞

⎠ is the phase shift. The x-component of the tangential velocity is v(t) = −Aωsin⎛
⎝ωt + ϕ⎞

⎠ .

Chapter 15 | Oscillations 781



15.4 Pendulums

• A mass m suspended by a wire of length L and negligible mass is a simple pendulum and undergoes SHM for

amplitudes less than about 15° . The period of a simple pendulum is T = 2π L
g , where L is the length of the string

and g is the acceleration due to gravity.

• The period of a physical pendulum T = 2π I
mgL can be found if the moment of inertia is known. The length

between the point of rotation and the center of mass is L.

• The period of a torsional pendulum T = 2π I
κ can be found if the moment of inertia and torsion constant are

known.

15.5 Damped Oscillations

• Damped harmonic oscillators have non-conservative forces that dissipate their energy.

• Critical damping returns the system to equilibrium as fast as possible without overshooting.

• An underdamped system will oscillate through the equilibrium position.

• An overdamped system moves more slowly toward equilibrium than one that is critically damped.

15.6 Forced Oscillations

• A system’s natural frequency is the frequency at which the system oscillates if not affected by driving or damping
forces.

• A periodic force driving a harmonic oscillator at its natural frequency produces resonance. The system is said to
resonate.

• The less damping a system has, the higher the amplitude of the forced oscillations near resonance. The more
damping a system has, the broader response it has to varying driving frequencies.

CONCEPTUAL QUESTIONS

15.1 Simple Harmonic Motion

1. What conditions must be met to produce SHM?

2. (a) If frequency is not constant for some oscillation, can
the oscillation be SHM? (b) Can you think of any examples
of harmonic motion where the frequency may depend on
the amplitude?

3. Give an example of a simple harmonic oscillator,
specifically noting how its frequency is independent of
amplitude.

4. Explain why you expect an object made of a stiff
material to vibrate at a higher frequency than a similar
object made of a more pliable material.

5. As you pass a freight truck with a trailer on a highway,
you notice that its trailer is bouncing up and down slowly.
Is it more likely that the trailer is heavily loaded or nearly
empty? Explain your answer.

6. Some people modify cars to be much closer to the

ground than when manufactured. Should they install stiffer
springs? Explain your answer.

15.2 Energy in Simple Harmonic Motion

7. Describe a system in which elastic potential energy is
stored.

8. Explain in terms of energy how dissipative forces such
as friction reduce the amplitude of a harmonic oscillator.
Also explain how a driving mechanism can compensate. (A
pendulum clock is such a system.)

9. The temperature of the atmosphere oscillates from a
maximum near noontime and a minimum near sunrise.
Would you consider the atmosphere to be in stable or
unstable equilibrium?

15.3 Comparing Simple Harmonic Motion and

Circular Motion

10. Can this analogy of SHM to circular motion be carried
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out with an object oscillating on a spring vertically hung
from the ceiling? Why or why not? If given the choice,
would you prefer to use a sine function or a cosine function
to model the motion?

11. If the maximum speed of the mass attached to a spring,
oscillating on a frictionless table, was increased, what
characteristics of the rotating disk would need to be
changed?

15.4 Pendulums

12. Pendulum clocks are made to run at the correct rate by
adjusting the pendulum’s length. Suppose you move from
one city to another where the acceleration due to gravity
is slightly greater, taking your pendulum clock with you,
will you have to lengthen or shorten the pendulum to keep
the correct time, other factors remaining constant? Explain
your answer.

13. A pendulum clock works by measuring the period of
a pendulum. In the springtime the clock runs with perfect
time, but in the summer and winter the length of the
pendulum changes. When most materials are heated, they
expand. Does the clock run too fast or too slow in the
summer? What about the winter?

14. With the use of a phase shift, the position of an object
may be modeled as a cosine or sine function. If given
the option, which function would you choose? Assuming
that the phase shift is zero, what are the initial conditions
of function; that is, the initial position, velocity, and
acceleration, when using a sine function? How about when
a cosine function is used?

15.5 Damped Oscillations

15. Give an example of a damped harmonic oscillator.
(They are more common than undamped or simple
harmonic oscillators.)

16. How would a car bounce after a bump under each of
these conditions?

(a) overdamping

(b) underdamping

(c) critical damping

17. Most harmonic oscillators are damped and, if
undriven, eventually come to a stop. Why?

15.6 Forced Oscillations

18. Why are soldiers in general ordered to “route step”
(walk out of step) across a bridge?

19. Do you think there is any harmonic motion in the
physical world that is not damped harmonic motion? Try to
make a list of five examples of undamped harmonic motion
and damped harmonic motion. Which list was easier to
make?

20. Some engineers use sound to diagnose performance
problems with car engines. Occasionally, a part of the
engine is designed that resonates at the frequency of the
engine. The unwanted oscillations can cause noise that
irritates the driver or could lead to the part failing
prematurely. In one case, a part was located that had a
length L made of a material with a mass M. What can be
done to correct this problem?

PROBLEMS

15.1 Simple Harmonic Motion

21. Prove that using x(t) = Asin⎛
⎝ωt + ϕ⎞

⎠ will produce the

same results for the period for the oscillations of a mass
and a spring. Why do you think the cosine function was
chosen?

22. What is the period of 60.0 Hz of electrical power?

23. If your heart rate is 150 beats per minute during
strenuous exercise, what is the time per beat in units of
seconds?

24. Find the frequency of a tuning fork that takes

2.50 × 10−3 s to complete one oscillation.

25. A stroboscope is set to flash every 8.00 × 10−5 s .

What is the frequency of the flashes?

26. A tire has a tread pattern with a crevice every 2.00 cm.
Each crevice makes a single vibration as the tire moves.
What is the frequency of these vibrations if the car moves
at 30.0 m/s?

27. Each piston of an engine makes a sharp sound every
other revolution of the engine. (a) How fast is a race car
going if its eight-cylinder engine emits a sound of
frequency 750 Hz, given that the engine makes 2000
revolutions per kilometer? (b) At how many revolutions per
minute is the engine rotating?

28. A type of cuckoo clock keeps time by having a mass
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bouncing on a spring, usually something cute like a cherub
in a chair. What force constant is needed to produce a
period of 0.500 s for a 0.0150-kg mass?

29. A mass m0 is attached to a spring and hung vertically.

The mass is raised a short distance in the vertical direction
and released. The mass oscillates with a frequency f0 . If

the mass is replaced with a mass nine times as large, and
the experiment was repeated, what would be the frequency
of the oscillations in terms of f0 ?

30. A 0.500-kg mass suspended from a spring oscillates
with a period of 1.50 s. How much mass must be added to
the object to change the period to 2.00 s?

31. By how much leeway (both percentage and mass)
would you have in the selection of the mass of the object in
the previous problem if you did not wish the new period to
be greater than 2.01 s or less than 1.99 s?

15.2 Energy in Simple Harmonic Motion

32. Fish are hung on a spring scale to determine their
mass. (a) What is the force constant of the spring in such a
scale if it the spring stretches 8.00 cm for a 10.0 kg load?
(b) What is the mass of a fish that stretches the spring 5.50
cm? (c) How far apart are the half-kilogram marks on the
scale?

33. It is weigh-in time for the local under-85-kg rugby
team. The bathroom scale used to assess eligibility can
be described by Hooke’s law and is depressed 0.75 cm
by its maximum load of 120 kg. (a) What is the spring’s
effective force constant? (b) A player stands on the scales
and depresses it by 0.48 cm. Is he eligible to play on this
under-85-kg team?

34. One type of BB gun uses a spring-driven plunger to
blow the BB from its barrel. (a) Calculate the force constant
of its plunger’s spring if you must compress it 0.150 m to
drive the 0.0500-kg plunger to a top speed of 20.0 m/s. (b)
What force must be exerted to compress the spring?

35. When an 80.0-kg man stands on a pogo stick, the
spring is compressed 0.120 m. (a) What is the force
constant of the spring? (b) Will the spring be compressed
more when he hops down the road?

36. A spring has a length of 0.200 m when a 0.300-kg
mass hangs from it, and a length of 0.750 m when a 1.95-kg
mass hangs from it. (a) What is the force constant of the
spring? (b) What is the unloaded length of the spring?

37. The length of nylon rope from which a mountain
climber is suspended has an effective force constant of

1.40 × 104 N/m . (a) What is the frequency at which he

bounces, given his mass plus and the mass of his equipment
are 90.0 kg? (b) How much would this rope stretch to break
the climber’s fall if he free-falls 2.00 m before the rope runs
out of slack? (Hint: Use conservation of energy.) (c) Repeat
both parts of this problem in the situation where twice this
length of nylon rope is used.

15.3 Comparing Simple Harmonic Motion and

Circular Motion

38. The motion of a mass on a spring hung vertically,
where the mass oscillates up and down, can also be
modeled using the rotating disk. Instead of the lights being
placed horizontally along the top and pointing down, place
the lights vertically and have the lights shine on the side of
the rotating disk. A shadow will be produced on a nearby
wall, and will move up and down. Write the equations of
motion for the shadow taking the position at t = 0.0 s
to be y = 0.0 m with the mass moving in the positive

y-direction.

39. (a) A novelty clock has a 0.0100-kg-mass object
bouncing on a spring that has a force constant of 1.25 N/
m. What is the maximum velocity of the object if the object
bounces 3.00 cm above and below its equilibrium position?
(b) How many joules of kinetic energy does the object have
at its maximum velocity?

40. Reciprocating motion uses the rotation of a motor to
produce linear motion up and down or back and forth. This
is how a reciprocating saw operates, as shown below.

If the motor rotates at 60 Hz and has a radius of 3.0 cm,
estimate the maximum speed of the saw blade as it moves
up and down. This design is known as a scotch yoke.

41. A student stands on the edge of a merry-go-round
which rotates five times a minute and has a radius of two
meters one evening as the sun is setting. The student
produces a shadow on the nearby building. (a) Write an
equation for the position of the shadow. (b) Write an
equation for the velocity of the shadow.

15.4 Pendulums

42. What is the length of a pendulum that has a period of
0.500 s?

43. Some people think a pendulum with a period of 1.00
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s can be driven with “mental energy” or psycho kinetically,
because its period is the same as an average heartbeat. True
or not, what is the length of such a pendulum?

44. What is the period of a 1.00-m-long pendulum?

45. How long does it take a child on a swing to complete
one swing if her center of gravity is 4.00 m below the
pivot?

46. The pendulum on a cuckoo clock is 5.00-cm long.
What is its frequency?

47. Two parakeets sit on a swing with their combined
CMs 10.0 cm below the pivot. At what frequency do they
swing?

48. (a) A pendulum that has a period of 3.00000 s and
that is located where the acceleration due to gravity is

9.79 m/s2 is moved to a location where the acceleration

due to gravity is 9.82 m/s2 . What is its new period? (b)

Explain why so many digits are needed in the value for the
period, based on the relation between the period and the
acceleration due to gravity.

49. A pendulum with a period of 2.00000 s in one location

( g = 9.80m/s2 ) is moved to a new location where the

period is now 1.99796 s. What is the acceleration due to
gravity at its new location?

50. (a) What is the effect on the period of a pendulum if
you double its length? (b) What is the effect on the period
of a pendulum if you decrease its length by 5.00%?

15.5 Damped Oscillations

51. The amplitude of a lightly damped oscillator decreases

by 3.0% during each cycle. What percentage of the

mechanical energy of the oscillator is lost in each cycle?

15.6 Forced Oscillations

52. How much energy must the shock absorbers of a
1200-kg car dissipate in order to damp a bounce that
initially has a velocity of 0.800 m/s at the equilibrium
position? Assume the car returns to its original vertical
position.

53. If a car has a suspension system with a force constant

of 5.00 × 104 N/m , how much energy must the car’s

shocks remove to dampen an oscillation starting with a
maximum displacement of 0.0750 m?

54. (a) How much will a spring that has a force constant
of 40.0 N/m be stretched by an object with a mass of 0.500
kg when hung motionless from the spring? (b) Calculate the
decrease in gravitational potential energy of the 0.500-kg
object when it descends this distance. (c) Part of this
gravitational energy goes into the spring. Calculate the
energy stored in the spring by this stretch, and compare it
with the gravitational potential energy. Explain where the
rest of the energy might go.

55. Suppose you have a 0.750-kg object on a horizontal
surface connected to a spring that has a force constant of
150 N/m. There is simple friction between the object and
surface with a static coefficient of friction µs = 0.100 .

(a) How far can the spring be stretched without moving
the mass? (b) If the object is set into oscillation with an
amplitude twice the distance found in part (a), and the
kinetic coefficient of friction is µk = 0.0850 , what total

distance does it travel before stopping? Assume it starts at
the maximum amplitude.

ADDITIONAL PROBLEMS

56. Suppose you attach an object with mass m to a vertical
spring originally at rest, and let it bounce up and down.
You release the object from rest at the spring’s original rest
length, the length of the spring in equilibrium, without the
mass attached. The amplitude of the motion is the distance
between the equilibrium position of the spring without the
mass attached and the equilibrium position of the spring
with the mass attached. (a) Show that the spring exerts an
upward force of 2.00mg on the object at its lowest point.
(b) If the spring has a force constant of 10.0 N/m, is hung
horizontally, and the position of the free end of the spring
is marked as y = 0.00 m , where is the new equilibrium

position if a 0.25-kg-mass object is hung from the spring?

(c) If the spring has a force constant of 10.0 M/m and
a 0.25-kg-mass object is set in motion as described, find
the amplitude of the oscillations. (d) Find the maximum
velocity.

57. A diver on a diving board is undergoing SHM. Her
mass is 55.0 kg and the period of her motion is 0.800 s.
The next diver is a male whose period of simple harmonic
oscillation is 1.05 s. What is his mass if the mass of the
board is negligible?

58. Suppose a diving board with no one on it bounces up
and down in a SHM with a frequency of 4.00 Hz. The board
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has an effective mass of 10.0 kg. What is the frequency of
the SHM of a 75.0-kg diver on the board?

59. The device pictured in the following figure entertains
infants while keeping them from wandering. The child
bounces in a harness suspended from a door frame by a
spring. (a) If the spring stretches 0.250 m while supporting
an 8.0-kg child, what is its force constant? (b) What is the
time for one complete bounce of this child? (c) What is the
child’s maximum velocity if the amplitude of her bounce is
0.200 m?

Figure 15.34 (credit: Lisa Doehnert)

60. A mass is placed on a frictionless, horizontal table.
A spring (k = 100 N/m) , which can be stretched or

compressed, is placed on the table. A 5.00-kg mass is
attached to one end of the spring, the other end is anchored
to the wall. The equilibrium position is marked at zero. A
student moves the mass out to x = 4.0cm and releases it

from rest. The mass oscillates in SHM. (a) Determine the
equations of motion. (b) Find the position, velocity, and
acceleration of the mass at time t = 3.00 s.

61. Find the ratio of the new/old periods of a pendulum
if the pendulum were transported from Earth to the Moon,

where the acceleration due to gravity is 1.63 m/s2 .

62. At what rate will a pendulum clock run on the Moon,

where the acceleration due to gravity is 1.63 m/s2 , if it

keeps time accurately on Earth? That is, find the time (in
hours) it takes the clock’s hour hand to make one revolution
on the Moon.

63. If a pendulum-driven clock gains 5.00 s/day, what
fractional change in pendulum length must be made for it
to keep perfect time?

64. A 2.00-kg object hangs, at rest, on a 1.00-m-long
string attached to the ceiling. A 100-g mass is fired with a
speed of 20 m/s at the 2.00-kg mass, and the 100.00-g mass
collides perfectly elastically with the 2.00-kg mass. Write
an equation for the motion of the hanging mass after the
collision. Assume air resistance is negligible.

65. A 2.00-kg object hangs, at rest, on a 1.00-m-long
string attached to the ceiling. A 100-g object is fired with a
speed of 20 m/s at the 2.00-kg object, and the two objects
collide and stick together in a totally inelastic collision.
Write an equation for the motion of the system after the
collision. Assume air resistance is negligible.

66. Assume that a pendulum used to drive a grandfather
clock has a length L0 = 1.00 m and a mass M at

temperature T = 20.00°C. It can be modeled as a physical

pendulum as a rod oscillating around one end. By what
percentage will the period change if the temperature
increases by 10°C? Assume the length of the rod changes

linearly with temperature, where L = L0 (1 + αΔT) and

the rod is made of brass ⎛
⎝α = 18 × 10−6 °C−1⎞

⎠.

67. A 2.00-kg block lies at rest on a frictionless table. A
spring, with a spring constant of 100 N/m is attached to
the wall and to the block. A second block of 0.50 kg is
placed on top of the first block. The 2.00-kg block is gently
pulled to a position x = + A and released from rest. There

is a coefficient of friction of 0.45 between the two blocks.
(a) What is the period of the oscillations? (b) What is the
largest amplitude of motion that will allow the blocks to
oscillate without the 0.50-kg block sliding off?

CHALLENGE PROBLEMS

68. A suspension bridge oscillates with an effective force

constant of 1.00 × 108 N/m . (a) How much energy is

needed to make it oscillate with an amplitude of 0.100 m?
(b) If soldiers march across the bridge with a cadence equal

to the bridge’s natural frequency and impart 1.00 × 104 J
of energy each second, how long does it take for the
bridge’s oscillations to go from 0.100 m to 0.500 m
amplitude.

69. Near the top of the Citigroup Center building in New

York City, there is an object with mass of 4.00 × 105 kg
on springs that have adjustable force constants. Its function
is to dampen wind-driven oscillations of the building by
oscillating at the same frequency as the building is being
driven—the driving force is transferred to the object, which
oscillates instead of the entire building. (a) What effective
force constant should the springs have to make the object
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oscillate with a period of 2.00 s? (b) What energy is stored
in the springs for a 2.00-m displacement from equilibrium?

70. Parcels of air (small volumes of air) in a stable
atmosphere (where the temperature increases with height)
can oscillate up and down, due to the restoring force
provided by the buoyancy of the air parcel. The frequency
of the oscillations are a measure of the stability of the
atmosphere. Assuming that the acceleration of an air parcel

can be modeled as ∂2z′
∂ t2 = g

ρo
∂ ρ(z)

∂z z′ , prove that

z′ = z0 ′ et −N 2
is a solution, where N is known as the

Brunt-Väisälä frequency. Note that in a stable atmosphere,
the density decreases with height and parcel oscillates up
and down.

71. Consider the van der Waals potential

U(r) = Uo
⎡

⎣
⎢⎛
⎝
Ro
r

⎞
⎠

12
− 2⎛

⎝
Ro
r

⎞
⎠

6⎤

⎦
⎥ , used to model the

potential energy function of two molecules, where the
minimum potential is at r = Ro . Find the force as a

function of r. Consider a small displacement r = Ro + r′
and use the binomial theorem:

(1 + x)n = 1 + nx + n(n − 1)
2! x2 + n(n − 1)(n − 2)

3! x3 + ⋯

,

to show that the force does approximate a Hooke’s law
force.

72. Suppose the length of a clock’s pendulum is changed
by 1.000%, exactly at noon one day. What time will the
clock read 24.00 hours later, assuming it the pendulum
has kept perfect time before the change? Note that there
are two answers, and perform the calculation to four-digit
precision.

73. (a) The springs of a pickup truck act like a single

spring with a force constant of 1.30 × 105 N/m . By how

much will the truck be depressed by its maximum load of
1000 kg? (b) If the pickup truck has four identical springs,
what is the force constant of each?
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16 | WAVES

Figure 16.1 From the world of renewable energy sources comes the electric power-generating buoy. Although there are many
versions, this one converts the up-and-down motion, as well as side-to-side motion, of the buoy into rotational motion in order to
turn an electric generator, which stores the energy in batteries.

Chapter Outline

16.1 Traveling Waves

16.2 Mathematics of Waves

16.3 Wave Speed on a Stretched String

16.4 Energy and Power of a Wave

16.5 Interference of Waves

16.6 Standing Waves and Resonance

Introduction
In this chapter, we study the physics of wave motion. We concentrate on mechanical waves, which are disturbances that
move through a medium such as air or water. Like simple harmonic motion studied in the preceding chapter, the energy
transferred through the medium is proportional to the amplitude squared. Surface water waves in the ocean are transverse
waves in which the energy of the wave travels horizontally while the water oscillates up and down due to some restoring
force. In the picture above, a buoy is used to convert the awesome power of ocean waves into electricity. The up-and-down
motion of the buoy generated as the waves pass is converted into rotational motion that turns a rotor in an electric generator.
The generator charges batteries, which are in turn used to provide a consistent energy source for the end user. This model
was successfully tested by the US Navy in a project to provide power to coastal security networks and was able to provide
an average power of 350 W. The buoy survived the difficult ocean environment, including operation off the New Jersey
coast through Hurricane Irene in 2011.

The concepts presented in this chapter will be the foundation for many interesting topics, from the transmission of
information to the concepts of quantum mechanics.
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16.1 | Traveling Waves

Learning Objectives

By the end of this section, you will be able to:

• Describe the basic characteristics of wave motion

• Define the terms wavelength, amplitude, period, frequency, and wave speed

• Explain the difference between longitudinal and transverse waves, and give examples of each
type

• List the different types of waves

We saw in Oscillations that oscillatory motion is an important type of behavior that can be used to model a wide
range of physical phenomena. Oscillatory motion is also important because oscillations can generate waves, which are of
fundamental importance in physics. Many of the terms and equations we studied in the chapter on oscillations apply equally
well to wave motion (Figure 16.2).

Figure 16.2 An ocean wave is probably the first picture that comes to mind when you hear the
word “wave.” Although this breaking wave, and ocean waves in general, have apparent
similarities to the basic wave characteristics we will discuss, the mechanisms driving ocean
waves are highly complex and beyond the scope of this chapter. It may seem natural, and even
advantageous, to apply the concepts in this chapter to ocean waves, but ocean waves are
nonlinear, and the simple models presented in this chapter do not fully explain them. (credit:
Steve Jurvetson)

Types of Waves
A wave is a disturbance that propagates, or moves from the place it was created. There are three basic types of waves:
mechanical waves, electromagnetic waves, and matter waves.

Basic mechanical waves are governed by Newton’s laws and require a medium. A medium is the substance a mechanical
waves propagates through, and the medium produces an elastic restoring force when it is deformed. Mechanical waves
transfer energy and momentum, without transferring mass. Some examples of mechanical waves are water waves, sound
waves, and seismic waves. The medium for water waves is water; for sound waves, the medium is usually air. (Sound
waves can travel in other media as well; we will look at that in more detail in Sound.) For surface water waves, the
disturbance occurs on the surface of the water, perhaps created by a rock thrown into a pond or by a swimmer splashing
the surface repeatedly. For sound waves, the disturbance is a change in air pressure, perhaps created by the oscillating cone
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inside a speaker or a vibrating tuning fork. In both cases, the disturbance is the oscillation of the molecules of the fluid.
In mechanical waves, energy and momentum transfer with the motion of the wave, whereas the mass oscillates around an
equilibrium point. (We discuss this in Energy and Power of a Wave.) Earthquakes generate seismic waves from several
types of disturbances, including the disturbance of Earth’s surface and pressure disturbances under the surface. Seismic
waves travel through the solids and liquids that form Earth. In this chapter, we focus on mechanical waves.

Electromagnetic waves are associated with oscillations in electric and magnetic fields and do not require a medium.
Examples include gamma rays, X-rays, ultraviolet waves, visible light, infrared waves, microwaves, and radio waves.

Electromagnetic waves can travel through a vacuum at the speed of light, v = c = 2.99792458 × 108 m/s. For example,

light from distant stars travels through the vacuum of space and reaches Earth. Electromagnetic waves have some
characteristics that are similar to mechanical waves; they are covered in more detail in Electromagnetic Waves
(http://cnx.org/content/m58495/latest/) .

Matter waves are a central part of the branch of physics known as quantum mechanics. These waves are associated with
protons, electrons, neutrons, and other fundamental particles found in nature. The theory that all types of matter have wave-
like properties was first proposed by Louis de Broglie in 1924. Matter waves are discussed in Photons and Matter
Waves (http://cnx.org/content/m58757/latest/) .

Mechanical Waves
Mechanical waves exhibit characteristics common to all waves, such as amplitude, wavelength, period, frequency, and
energy. All wave characteristics can be described by a small set of underlying principles.

The simplest mechanical waves repeat themselves for several cycles and are associated with simple harmonic motion. These
simple harmonic waves can be modeled using some combination of sine and cosine functions. For example, consider the
simplified surface water wave that moves across the surface of water as illustrated in Figure 16.3. Unlike complex ocean
waves, in surface water waves, the medium, in this case water, moves vertically, oscillating up and down, whereas the
disturbance of the wave moves horizontally through the medium. In Figure 16.3, the waves causes a seagull to move up
and down in simple harmonic motion as the wave crests and troughs (peaks and valleys) pass under the bird. The crest is
the highest point of the wave, and the trough is the lowest part of the wave. The time for one complete oscillation of the
up-and-down motion is the wave’s period T. The wave’s frequency is the number of waves that pass through a point per
unit time and is equal to f = 1/T . The period can be expressed using any convenient unit of time but is usually measured

in seconds; frequency is usually measured in hertz (Hz), where 1 Hz = 1 s−1.

The length of the wave is called the wavelength and is represented by the Greek letter lambda (λ) , which is measured in

any convenient unit of length, such as a centimeter or meter. The wavelength can be measured between any two similar
points along the medium that have the same height and the same slope. In Figure 16.3, the wavelength is shown measured
between two crests. As stated above, the period of the wave is equal to the time for one oscillation, but it is also equal to the
time for one wavelength to pass through a point along the wave’s path.

The amplitude of the wave (A) is a measure of the maximum displacement of the medium from its equilibrium position. In
the figure, the equilibrium position is indicated by the dotted line, which is the height of the water if there were no waves
moving through it. In this case, the wave is symmetrical, the crest of the wave is a distance +A above the equilibrium

position, and the trough is a distance −A below the equilibrium position. The units for the amplitude can be centimeters or

meters, or any convenient unit of distance.
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Figure 16.3 An idealized surface water wave passes under a seagull that bobs up and down in
simple harmonic motion. The wave has a wavelength λ , which is the distance between adjacent

identical parts of the wave. The amplitude A of the wave is the maximum displacement of the wave
from the equilibrium position, which is indicated by the dotted line. In this example, the medium
moves up and down, whereas the disturbance of the surface propagates parallel to the surface at a
speed v.

The water wave in the figure moves through the medium with a propagation velocity v→ . The magnitude of the wave

velocity is the distance the wave travels in a given time, which is one wavelength in the time of one period, and the wave
speed is the magnitude of wave velocity. In equation form, this is

(16.1)v = λ
T = λ f .

This fundamental relationship holds for all types of waves. For water waves, v is the speed of a surface wave; for sound, v
is the speed of sound; and for visible light, v is the speed of light.

Transverse and Longitudinal Waves
We have seen that a simple mechanical wave consists of a periodic disturbance that propagates from one place to another
through a medium. In Figure 16.4(a), the wave propagates in the horizontal direction, whereas the medium is disturbed
in the vertical direction. Such a wave is called a transverse wave. In a transverse wave, the wave may propagate in any
direction, but the disturbance of the medium is perpendicular to the direction of propagation. In contrast, in a longitudinal
wave or compressional wave, the disturbance is parallel to the direction of propagation. Figure 16.4(b) shows an example
of a longitudinal wave. The size of the disturbance is its amplitude A and is completely independent of the speed of
propagation v.

Figure 16.4 (a) In a transverse wave, the medium oscillates perpendicular to the wave velocity. Here, the spring moves
vertically up and down, while the wave propagates horizontally to the right. (b) In a longitudinal wave, the medium oscillates
parallel to the propagation of the wave. In this case, the spring oscillates back and forth, while the wave propagates to the right.
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A simple graphical representation of a section of the spring shown in Figure 16.4(b) is shown in Figure 16.5. Figure
16.5(a) shows the equilibrium position of the spring before any waves move down it. A point on the spring is marked with
a blue dot. Figure 16.5(b) through (g) show snapshots of the spring taken one-quarter of a period apart, sometime after
the end of` the spring is oscillated back and forth in the x-direction at a constant frequency. The disturbance of the wave is
seen as the compressions and the expansions of the spring. Note that the blue dot oscillates around its equilibrium position a
distance A, as the longitudinal wave moves in the positive x-direction with a constant speed. The distance A is the amplitude
of the wave. The y-position of the dot does not change as the wave moves through the spring. The wavelength of the wave
is measured in part (d). The wavelength depends on the speed of the wave and the frequency of the driving force.

Figure 16.5 (a) This is a simple, graphical representation of a section of the stretched spring shown in
Figure 16.4(b), representing the spring’s equilibrium position before any waves are induced on the spring.
A point on the spring is marked by a blue dot. (b–g) Longitudinal waves are created by oscillating the end of
the spring (not shown) back and forth along the x-axis. The longitudinal wave, with a wavelength λ , moves

along the spring in the +x-direction with a wave speed v. For convenience, the wavelength is measured in
(d). Note that the point on the spring that was marked with the blue dot moves back and forth a distance A
from the equilibrium position, oscillating around the equilibrium position of the point.

Waves may be transverse, longitudinal, or a combination of the two. Examples of transverse waves are the waves on stringed
instruments or surface waves on water, such as ripples moving on a pond. Sound waves in air and water are longitudinal.
With sound waves, the disturbances are periodic variations in pressure that are transmitted in fluids. Fluids do not have
appreciable shear strength, and for this reason, the sound waves in them are longitudinal waves. Sound in solids can have
both longitudinal and transverse components, such as those in a seismic wave. Earthquakes generate seismic waves under
Earth’s surface with both longitudinal and transverse components (called compressional or P-waves and shear or S-waves,
respectively). The components of seismic waves have important individual characteristics—they propagate at different
speeds, for example. Earthquakes also have surface waves that are similar to surface waves on water. Ocean waves also
have both transverse and longitudinal components.
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16.1

Example 16.1

Wave on a String

A student takes a 30.00-m-long string and attaches one end to the wall in the physics lab. The student then holds
the free end of the rope, keeping the tension constant in the rope. The student then begins to send waves down the
string by moving the end of the string up and down with a frequency of 2.00 Hz. The maximum displacement of
the end of the string is 20.00 cm. The first wave hits the lab wall 6.00 s after it was created. (a) What is the speed
of the wave? (b) What is the period of the wave? (c) What is the wavelength of the wave?

Strategy
a. The speed of the wave can be derived by dividing the distance traveled by the time.

b. The period of the wave is the inverse of the frequency of the driving force.

c. The wavelength can be found from the speed and the period v = λ/T .

Solution
a. The first wave traveled 30.00 m in 6.00 s:

v = 30.00 m
6.00 s = 5.00m

s .

b. The period is equal to the inverse of the frequency:

T = 1
f = 1

2.00 s−1 = 0.50 s.

c. The wavelength is equal to the velocity times the period:

λ = vT = 5.00m
s (0.50 s) = 2.50 m.

Significance

The frequency of the wave produced by an oscillating driving force is equal to the frequency of the driving force.

Check Your Understanding When a guitar string is plucked, the guitar string oscillates as a result of
waves moving through the string. The vibrations of the string cause the air molecules to oscillate, forming
sound waves. The frequency of the sound waves is equal to the frequency of the vibrating string. Is the
wavelength of the sound wave always equal to the wavelength of the waves on the string?

Example 16.2

Characteristics of a Wave

A transverse mechanical wave propagates in the positive x-direction through a spring (as shown in Figure
16.4(a)) with a constant wave speed, and the medium oscillates between +A and −A around an equilibrium

position. The graph in Figure 16.6 shows the height of the spring (y) versus the position (x), where the
x-axis points in the direction of propagation. The figure shows the height of the spring versus the x-position
at t = 0.00 s as a dotted line and the wave at t = 3.00 s as a solid line. (a) Determine the wavelength and

amplitude of the wave. (b) Find the propagation velocity of the wave. (c) Calculate the period and frequency of
the wave.
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Figure 16.6 A transverse wave shown at two instants of time.

Strategy
a. The amplitude and wavelength can be determined from the graph.

b. Since the velocity is constant, the velocity of the wave can be found by dividing the distance traveled by
the wave by the time it took the wave to travel the distance.

c. The period can be found from v = λ
T and the frequency from f = 1

T .

Solution
a. Read the wavelength from the graph, looking at the purple arrow in Figure 16.7. Read the amplitude by

looking at the green arrow. The wavelength is λ = 8.00 cm and the amplitude is A = 6.00 cm.

Figure 16.7 Characteristics of the wave marked on a graph of its displacement.

b. The distance the wave traveled from time t = 0.00 s to time t = 3.00 s can be seen in the graph.

Consider the red arrow, which shows the distance the crest has moved in 3 s. The distance is
8.00 cm − 2.00 cm = 6.00 cm. The velocity is

v = Δx
Δt = 8.00 cm − 2.00 cm

3.00 s − 0.00 s = 2.00 cm/s.

c. The period is T = λ
v = 8.00 cm

2.00 cm/s = 4.00 s and the frequency is f = 1
T = 1

4.00 s = 0.25 Hz.

Significance

Note that the wavelength can be found using any two successive identical points that repeat, having the same
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height and slope. You should choose two points that are most convenient. The displacement can also be found
using any convenient point.

Check Your Understanding The propagation velocity of a transverse or longitudinal mechanical wave
may be constant as the wave disturbance moves through the medium. Consider a transverse mechanical wave:
Is the velocity of the medium also constant?

16.2 | Mathematics of Waves

Learning Objectives

By the end of this section, you will be able to:

• Model a wave, moving with a constant wave velocity, with a mathematical expression

• Calculate the velocity and acceleration of the medium

• Show how the velocity of the medium differs from the wave velocity (propagation velocity)

In the previous section, we described periodic waves by their characteristics of wavelength, period, amplitude, and wave
speed of the wave. Waves can also be described by the motion of the particles of the medium through which the waves
move. The position of particles of the medium can be mathematically modeled as wave functions, which can be used to
find the position, velocity, and acceleration of the particles of the medium of the wave at any time.

Pulses
A pulse can be described as wave consisting of a single disturbance that moves through the medium with a constant
amplitude. The pulse moves as a pattern that maintains its shape as it propagates with a constant wave speed. Because the
wave speed is constant, the distance the pulse moves in a time Δt is equal to Δx = vΔt (Figure 16.8).

Figure 16.8 The pulse at time t = 0 is centered on x = 0 with

amplitude A. The pulse moves as a pattern with a constant shape, with
a constant maximum value A. The velocity is constant and the pulse
moves a distance Δx = vΔt in a time Δt. The distance traveled is

measured with any convenient point on the pulse. In this figure, the
crest is used.

Modeling a One-Dimensional Sinusoidal Wave using a Wave
Function
Consider a string kept at a constant tension FT where one end is fixed and the free end is oscillated between y = +A and
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y = −A by a mechanical device at a constant frequency. Figure 16.9 shows snapshots of the wave at an interval of an

eighth of a period, beginning after one period (t = T).

Figure 16.9 Snapshots of a transverse wave moving through a string under tension, beginning at

time t = T and taken at intervals of 1
8T . Colored dots are used to highlight points on the string.

Points that are a wavelength apart in the x-direction are highlighted with the same color dots.

Notice that each select point on the string (marked by colored dots) oscillates up and down in simple harmonic motion,
between y = + A and y = −A, with a period T. The wave on the string is sinusoidal and is translating in the positive

x-direction as time progresses.

At this point, it is useful to recall from your study of algebra that if f(x) is some function, then f (x − d) is the same function

translated in the positive x-direction by a distance d. The function f (x + d) is the same function translated in the negative

x-direction by a distance d. We want to define a wave function that will give the y-position of each segment of the string for
every position x along the string for every time t.

Looking at the first snapshot in Figure 16.9, the y-position of the string between x = 0 and x = λ can be modeled as a

sine function. This wave propagates down the string one wavelength in one period, as seen in the last snapshot. The wave
therefore moves with a constant wave speed of v = λ/T .

Recall that a sine function is a function of the angle θ , oscillating between +1 and −1 , and repeating every 2π radians

(Figure 16.10). However, the y-position of the medium, or the wave function, oscillates between +A and −A , and

repeats every wavelength λ .
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Figure 16.10 A sine function oscillates between +1 and −1 every 2π radians.

To construct our model of the wave using a periodic function, consider the ratio of the angle and the position,

θ
x = 2π

λ ,

θ = 2π
λ x.

Using θ = 2π
λ x and multiplying the sine function by the amplitude A, we can now model the y-position of the string as a

function of the position x:

y(x) = A sin⎛
⎝
2π
λ x⎞

⎠.

The wave on the string travels in the positive x-direction with a constant velocity v, and moves a distance vt in a time t. The
wave function can now be defined by

y(x, t) = A sin⎛
⎝
2π
λ (x − vt)⎞⎠.

It is often convenient to rewrite this wave function in a more compact form. Multiplying through by the ratio 2π
λ leads to

the equation

y(x, t) = A sin⎛
⎝
2π
λ x − 2π

λ vt⎞⎠.

The value 2π
λ is defined as the wave number. The symbol for the wave number is k and has units of inverse meters,

m−1 :

(16.2)k ≡ 2π
λ

Recall from Oscillations that the angular frequency is defined as ω ≡ 2π
T . The second term of the wave function becomes

2π
λ vt = 2π

λ
⎛
⎝
λ
T

⎞
⎠t = 2π

T t = ωt.

The wave function for a simple harmonic wave on a string reduces to

y(x, t) = A sin(kx ∓ ωt),

where A is the amplitude, k = 2π
λ is the wave number, ω = 2π

T is the angular frequency, the minus sign is for waves

moving in the positive x-direction, and the plus sign is for waves moving in the negative x-direction. The velocity of the
wave is equal to
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(16.3)v = λ
T = λ

T
⎛
⎝
2π
2π

⎞
⎠ = ω

k .

Think back to our discussion of a mass on a spring, when the position of the mass was modeled as x(t) = A cos⎛
⎝ωt + ϕ⎞

⎠.
The angle ϕ is a phase shift, added to allow for the fact that the mass may have initial conditions other than x = +A and

v = 0. For similar reasons, the initial phase is added to the wave function. The wave function modeling a sinusoidal wave,

allowing for an initial phase shift ϕ, is

(16.4)y(x, t) = A sin⎛
⎝kx ∓ ωt + ϕ⎞

⎠

The value

(16.5)⎛
⎝kx ∓ ωt + ϕ⎞

⎠

is known as the phase of the wave, where ϕ is the initial phase of the wave function. Whether the temporal term ωt is

negative or positive depends on the direction of the wave. First consider the minus sign for a wave with an initial phase
equal to zero ⎛

⎝ϕ = 0⎞
⎠. The phase of the wave would be (kx − ωt). Consider following a point on a wave, such as a

crest. A crest will occur when sin (kx − ωt) = 1.00 , that is, when kx − ωt = nπ + π
2, for any integral value of n. For

instance, one particular crest occurs at kx − ωt = π
2. As the wave moves, time increases and x must also increase to keep

the phase equal to π
2. Therefore, the minus sign is for a wave moving in the positive x-direction. Using the plus sign,

kx + ωt = π
2. As time increases, x must decrease to keep the phase equal to π

2. The plus sign is used for waves moving in

the negative x-direction. In summary, y(x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ models a wave moving in the positive x-direction and

y(x, t) = A sin⎛
⎝kx + ωt + ϕ⎞

⎠ models a wave moving in the negative x-direction.

Equation 16.4 is known as a simple harmonic wave function. A wave function is any function such that
f (x, t) = f (x − vt). Later in this chapter, we will see that it is a solution to the linear wave equation. Note that

y(x, t) = A cos⎛
⎝kx + ωt + ϕ′⎞

⎠ works equally well because it corresponds to a different phase shift ϕ′ = ϕ − π
2.

Problem-Solving Strategy: Finding the Characteristics of a Sinusoidal Wave

1. To find the amplitude, wavelength, period, and frequency of a sinusoidal wave, write down the wave function
in the form y(x, t) = A sin⎛

⎝kx − ωt + ϕ⎞
⎠.

2. The amplitude can be read straight from the equation and is equal to A.

3. The period of the wave can be derived from the angular frequency ⎛
⎝T = 2π

ω
⎞
⎠.

4. The frequency can be found using f = 1
T .

5. The wavelength can be found using the wave number ⎛
⎝λ = 2π

k
⎞
⎠.
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Example 16.3

Characteristics of a Traveling Wave on a String

A transverse wave on a taut string is modeled with the wave function

y(x, t) = A sin(kx − wt) = 0.2 m sin⎛
⎝6.28 m−1 x − 1.57 s−1 t⎞

⎠.

Find the amplitude, wavelength, period, and speed of the wave.

Strategy

All these characteristics of the wave can be found from the constants included in the equation or from simple
combinations of these constants.

Solution
1. The amplitude, wave number, and angular frequency can be read directly from the wave equation:

y(x, t) = A sin(kx − wt) = 0.2 m sin⎛
⎝6.28 m−1 x − 1.57 s−1 t⎞

⎠.

(A = 0.2 m; k = 6.28 m−1; ω = 1.57 s−1)
2. The wave number can be used to find the wavelength:

k = 2π
λ .

λ = 2π
k = 2π

6.28 m−1 = 1.0 m.

3. The period of the wave can be found using the angular frequency:

ω = 2π
T .

T = 2π
ω = 2π

1.57 s−1 = 4 s.

4. The speed of the wave can be found using the wave number and the angular frequency. The direction of
the wave can be determined by considering the sign of kx ∓ ωt : A negative sign suggests that the wave

is moving in the positive x-direction:

|v| = ω
k = 1.57 s−1

6.28 m−1 = 0.25 m/s.

Significance

All of the characteristics of the wave are contained in the wave function. Note that the wave speed is the speed
of the wave in the direction parallel to the motion of the wave. Plotting the height of the medium y versus the
position x for two times t = 0.00 s and t = 0.80 s can provide a graphical visualization of the wave (Figure

16.11).
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16.3

Figure 16.11 A graph of height of the wave y as a function of position x for snapshots of the wave at two times. The
dotted line represents the wave at time t = 0.00 s and the solid line represents the wave at t = 0.80 s. Since the

wave velocity is constant, the distance the wave travels is the wave velocity times the time interval. The black dots
indicate the points used to measure the displacement of the wave. The medium moves up and down, whereas the wave
moves to the right.

There is a second velocity to the motion. In this example, the wave is transverse, moving horizontally as the
medium oscillates up and down perpendicular to the direction of motion. The graph in Figure 16.12 shows the
motion of the medium at point x = 0.60 m as a function of time. Notice that the medium of the wave oscillates

up and down between y = + 0.20 m and y = −0.20 m every period of 4.0 seconds.

Figure 16.12 A graph of height of the wave y as a function of time t for the position x = 0.6 m. The medium

oscillates between y = + 0.20 m and y = −0.20 m every period. The period represented picks two convenient

points in the oscillations to measure the period. The period can be measured between any two adjacent points with
the same amplitude and the same velocity, (∂ y/∂ t). The velocity can be found by looking at the slope tangent to the

point on a y-versus-t plot. Notice that at times t = 3.00 s and t = 7.00s, the heights and the velocities are the

same and the period of the oscillation is 4.00 s.

Check Your Understanding The wave function above is derived using a sine function. Can a cosine
function be used instead?

Velocity and Acceleration of the Medium
As seen in Example 16.4, the wave speed is constant and represents the speed of the wave as it propagates through
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the medium, not the speed of the particles that make up the medium. The particles of the medium oscillate around an
equilibrium position as the wave propagates through the medium. In the case of the transverse wave propagating in the
x-direction, the particles oscillate up and down in the y-direction, perpendicular to the motion of the wave. The velocity
of the particles of the medium is not constant, which means there is an acceleration. The velocity of the medium, which
is perpendicular to the wave velocity in a transverse wave, can be found by taking the partial derivative of the position
equation with respect to time. The partial derivative is found by taking the derivative of the function, treating all variables
as constants, except for the variable in question. In the case of the partial derivative with respect to time t, the position x is
treated as a constant. Although this may sound strange if you haven’t seen it before, the object of this exercise is to find the
transverse velocity at a point, so in this sense, the x-position is not changing. We have

y(x, t) = A sin(kx − ωt + ϕ)

vy(x, t) = ∂ y(x, t)
∂ t = ∂

∂ t
⎛
⎝A sin(kx − ωt + ϕ)⎞

⎠

= −Aω cos(kx − ωt + ϕ)
= −vy max cos(kx − ωt + ϕ).

The magnitude of the maximum velocity of the medium is |vymax| = Aω . This may look familiar from the Oscillations

and a mass on a spring.

We can find the acceleration of the medium by taking the partial derivative of the velocity equation with respect to time,

ay (x, t) =
∂vy
∂ t = ∂

∂ t
⎛
⎝−Aω cos⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠

= −Aω2 sin⎛
⎝kx − ωt + ϕ⎞

⎠

= −ay max sin⎛
⎝kx − ωt + ϕ⎞

⎠.

The magnitude of the maximum acceleration is |aymax| = Aω2. The particles of the medium, or the mass elements,

oscillate in simple harmonic motion for a mechanical wave.

The Linear Wave Equation
We have just determined the velocity of the medium at a position x by taking the partial derivative, with respect to time, of
the position y. For a transverse wave, this velocity is perpendicular to the direction of propagation of the wave. We found
the acceleration by taking the partial derivative, with respect to time, of the velocity, which is the second time derivative of
the position:

ay (x, t) = ∂2 y(x, t)
∂ t2 = ∂2

∂ t2
⎛
⎝A sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠ = −Aω2 sin⎛

⎝kx − ωt + ϕ⎞
⎠.

Now consider the partial derivatives with respect to the other variable, the position x, holding the time constant. The first
derivative is the slope of the wave at a point x at a time t,

slope = ∂ y(x, t)
∂ x = ∂

∂ x
⎛
⎝A sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠ = Ak cos⎛

⎝kx − ωt + ϕ⎞
⎠.

The second partial derivative expresses how the slope of the wave changes with respect to position—in other words, the
curvature of the wave, where

curvature = ∂2 y(x, t)
∂ x2 = ∂2

∂2 x
⎛
⎝A sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠ = −Ak2 sin⎛

⎝kx − ωt + ϕ⎞
⎠.

The ratio of the acceleration and the curvature leads to a very important relationship in physics known as the linear wave
equation. Taking the ratio and using the equation v = ω/k yields the linear wave equation (also known simply as the wave

equation or the equation of a vibrating string),
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∂2 y(x, t)
∂ t2

∂2 y(x, t)
∂ x2

= −Aω2 sin⎛
⎝kx − ωt + ϕ⎞

⎠

−Ak2 sin⎛
⎝kx − ωt + ϕ⎞

⎠

= ω2

k2 = v2,

(16.6)∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2 .

Equation 16.6 is the linear wave equation, which is one of the most important equations in physics and engineering. We
derived it here for a transverse wave, but it is equally important when investigating longitudinal waves. This relationship
was also derived using a sinusoidal wave, but it successfully describes any wave or pulse that has the form
y(x, t) = f (x ∓ vt). These waves result due to a linear restoring force of the medium—thus, the name linear wave

equation. Any wave function that satisfies this equation is a linear wave function.

An interesting aspect of the linear wave equation is that if two wave functions are individually solutions to the linear wave
equation, then the sum of the two linear wave functions is also a solution to the wave equation. Consider two transverse
waves that propagate along the x-axis, occupying the same medium. Assume that the individual waves can be modeled with
the wave functions y1 (x, t) = f (x ∓ vt) and y2 (x, t) = g(x ∓ vt), which are solutions to the linear wave equations and

are therefore linear wave functions. The sum of the wave functions is the wave function

y1 (x, t) + y2 (x, t) = f (x ∓ vt) + g(x ∓ vt).

Consider the linear wave equation:

∂2 ⎛
⎝ f + g⎞

⎠

∂ x2 = 1
v2

∂2 ⎛
⎝ f + g⎞

⎠

∂ t2

∂2 f
∂ x2 + ∂2g

∂ x2 = 1
v2

⎡

⎣
⎢ ∂2 f

∂ t2 + ∂2g
∂ t2

⎤

⎦
⎥ .

This has shown that if two linear wave functions are added algebraically, the resulting wave function is also linear. This
wave function models the displacement of the medium of the resulting wave at each position along the x-axis. If two linear
waves occupy the same medium, they are said to interfere. If these waves can be modeled with a linear wave function,
these wave functions add to form the wave equation of the wave resulting from the interference of the individual waves.
The displacement of the medium at every point of the resulting wave is the algebraic sum of the displacements due to the
individual waves.

Taking this analysis a step further, if wave functions y1 (x, t) = f (x ∓ vt) and y2 (x, t) = g(x ∓ vt) are solutions to the

linear wave equation, then Ay1 (x, t) + By2 (x, y), where A and B are constants, is also a solution to the linear wave

equation. This property is known as the principle of superposition. Interference and superposition are covered in more detail
in Interference of Waves.

Example 16.4

Interference of Waves on a String

Consider a very long string held taut by two students, one on each end. Student A oscillates the end of the string
producing a wave modeled with the wave function y1 (x, t) = A sin(kx − ωt) and student B oscillates the string

producing at twice the frequency, moving in the opposite direction. Both waves move at the same speed v = ω
k .

The two waves interfere to form a resulting wave whose wave function is yR (x, t) = y1 (x, t) + y2 (x, t). Find
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the velocity of the resulting wave using the linear wave equation
∂2 y(x, t)

∂ x2 = 1
v2

∂2 y(x, t)
∂ t2 .

Strategy

First, write the wave function for the wave created by the second student. Note that the angular frequency of
the second wave is twice the frequency of the first wave (2ω) , and since the velocity of the two waves are the

same, the wave number of the second wave is twice that of the first wave (2k). Next, write the wave equation

for the resulting wave function, which is the sum of the two individual wave functions. Then find the second
partial derivative with respect to position and the second partial derivative with respect to time. Use the linear
wave equation to find the velocity of the resulting wave.

Solution
1. Write the wave function of the second wave: y2 (x, t) = A sin(2kx + 2ωt).

2. Write the resulting wave function:

yR (x, t) = y1 (x, t) + y(x, t) = A sin(kx − ωt) + A sin(2kx + 2ωt).
3. Find the partial derivatives:

∂ yR (x, t)
∂ x = −Ak cos(kx − ωt) + 2Ak cos(2kx + 2ωt),

∂2 yR (x, t)
∂2 x

= −Ak2 sin(kx − ωt) − 4Ak2 sin(2kx + 2ωt),

∂ yR (x, t)
∂ t = −Aω cos(kx − ωt) + 2Aω cos(2kx + 2ωt),

∂2 yR (x, t)
∂2 t

= −Aω2 sin(kx − ωt) − 4Aω2 sin(2kx + 2ωt).

4. Use the wave equation to find the velocity of the resulting wave:

∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2 ,

−Ak2 sin(kx − ωt) − 4Ak2 sin(2kx + 2ωt) = 1
v2

⎛
⎝−Aω2 sin(kx − ωt) − 4Aω2 sin(2kx + 2ωt)⎞

⎠,

k2 ⎛
⎝−A sin(kx − ωt) − 4A sin(2kx + 2ωt)⎞

⎠ = ω2

v2
⎛
⎝−A sin(kx − ωt) − 4A sin(2kx + 2ωt)⎞

⎠,

k2 = ω2

v2 , |v| = ω
k .

Significance

The speed of the resulting wave is equal to the speed of the original waves ⎛
⎝v = ω

k
⎞
⎠. We will show in the next

section that the speed of a simple harmonic wave on a string depends on the tension in the string and the mass per
length of the string. For this reason, it is not surprising that the component waves as well as the resultant wave all
travel at the same speed.

Check Your Understanding The wave equation
∂2 y(x, t)

∂ x2 = 1
v2

∂2 y(x, t)
∂ t2 works for any wave of the

form y(x, t) = f (x ∓ vt). In the previous section, we stated that a cosine function could also be used to model a

simple harmonic mechanical wave. Check if the wave

y(x, t) = 0.50 m cos⎛
⎝0.20π m−1 x − 4.00π s−1 t + π

10
⎞
⎠

is a solution to the wave equation.

804 Chapter 16 | Waves

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10



Any disturbance that complies with the wave equation can propagate as a wave moving along the x-axis with a wave speed
v. It works equally well for waves on a string, sound waves, and electromagnetic waves. This equation is extremely useful.
For example, it can be used to show that electromagnetic waves move at the speed of light.

16.3 | Wave Speed on a Stretched String

Learning Objectives

By the end of this section, you will be able to:

• Determine the factors that affect the speed of a wave on a string

• Write a mathematical expression for the speed of a wave on a string and generalize these
concepts for other media

The speed of a wave depends on the characteristics of the medium. For example, in the case of a guitar, the strings vibrate
to produce the sound. The speed of the waves on the strings, and the wavelength, determine the frequency of the sound
produced. The strings on a guitar have different thickness but may be made of similar material. They have different linear
densities, where the linear density is defined as the mass per length,

(16.7)µ = mass of string
length of string = m

l .

In this chapter, we consider only string with a constant linear density. If the linear density is constant, then the mass (Δm)
of a small length of string (Δx) is Δm = µΔx. For example, if the string has a length of 2.00 m and a mass of 0.06 kg, then

the linear density is µ = 0.06 kg
2.00 m = 0.03kg

m . If a 1.00-mm section is cut from the string, the mass of the 1.00-mm length

is Δm = µΔx = ⎛
⎝0.03kg

m
⎞
⎠0.001 m = 3.00 × 10−5 kg. The guitar also has a method to change the tension of the strings.

The tension of the strings is adjusted by turning spindles, called the tuning pegs, around which the strings are wrapped. For
the guitar, the linear density of the string and the tension in the string determine the speed of the waves in the string and the
frequency of the sound produced is proportional to the wave speed.

Wave Speed on a String under Tension
To see how the speed of a wave on a string depends on the tension and the linear density, consider a pulse sent down a taut
string (Figure 16.13). When the taut string is at rest at the equilibrium position, the tension in the string FT is constant.

Consider a small element of the string with a mass equal to Δm = µΔx. The mass element is at rest and in equilibrium and

the force of tension of either side of the mass element is equal and opposite.

Figure 16.13 Mass element of a string kept taut with a
tension FT . The mass element is in static equilibrium, and the

force of tension acting on either side of the mass element is
equal in magnitude and opposite in direction.

If you pluck a string under tension, a transverse wave moves in the positive x-direction, as shown in Figure 16.14. The
mass element is small but is enlarged in the figure to make it visible. The small mass element oscillates perpendicular to the
wave motion as a result of the restoring force provided by the string and does not move in the x-direction. The tension FT

in the string, which acts in the positive and negative x-direction, is approximately constant and is independent of position
and time.
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Figure 16.14 A string under tension is plucked, causing a pulse to
move along the string in the positive x-direction.

Assume that the inclination of the displaced string with respect to the horizontal axis is small. The net force on the element
of the string, acting parallel to the string, is the sum of the tension in the string and the restoring force. The x-components
of the force of tension cancel, so the net force is equal to the sum of the y-components of the force. The magnitude of the
x-component of the force is equal to the horizontal force of tension of the string FT as shown in Figure 16.14. To obtain

the y-components of the force, note that tan θ1 = −F1
FT

and tan θ2 = F2
FT

. The tan θ is equal to the slope of a function at

a point, which is equal to the partial derivative of y with respect to x at that point. Therefore,
F1
FT

is equal to the negative

slope of the string at x1 and
F2
FT

is equal to the slope of the string at x2 :

F1
FT

= −⎛
⎝
∂ y
∂ x

⎞
⎠x1 and F2

FT
= −⎛

⎝
∂ y
∂ x

⎞
⎠x2.

The net force is on the small mass element can be written as

Fnet = F1 + F2 = FT
⎡
⎣
⎛
⎝
∂ y
∂ x

⎞
⎠x2 − ⎛

⎝
∂ y
∂ x

⎞
⎠x1

⎤
⎦.

Using Newton’s second law, the net force is equal to the mass times the acceleration. The linear density of the string µ is

the mass per length of the string, and the mass of the portion of the string is µΔx ,

FT
⎡
⎣
⎛
⎝
∂ y
∂ x

⎞
⎠x2 − ⎛

⎝
∂ y
∂ x

⎞
⎠x1

⎤
⎦ = Δma,

FT
⎡
⎣
⎛
⎝
∂ y
∂ x

⎞
⎠x2 − ⎛

⎝
∂ y
∂ x

⎞
⎠x1

⎤
⎦ = µΔx∂2 y

∂ t2 .

Dividing by FT Δx and taking the limit as Δx approaches zero,

⎡
⎣
⎛
⎝
∂ y
∂ x

⎞
⎠x2 − ⎛

⎝
∂ y
∂ x

⎞
⎠x1

⎤
⎦

Δx = µ
FT

∂2 y
∂ t2

lim
Δx → 0

⎡
⎣
⎛
⎝
∂ y
∂ x

⎞
⎠x2 − ⎛

⎝
∂ y
∂ x

⎞
⎠x1

⎤
⎦

Δx = µ
FT

∂2 y
∂ t2

∂2 y
∂ x2 = µ

FT

∂2 y
∂ t2 .

Recall that the linear wave equation is
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∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2 .

Therefore,

1
v2 = µ

FT
.

Solving for v, we see that the speed of the wave on a string depends on the tension and the linear density.

Speed of a Wave on a String Under Tension

The speed of a pulse or wave on a string under tension can be found with the equation

(16.8)
|v| = FT

µ

where FT is the tension in the string and µ is the mass per length of the string.

Example 16.5

The Wave Speed of a Guitar Spring

On a six-string guitar, the high E string has a linear density of µHigh E = 3.09 × 10−4 kg/m and the low E string

has a linear density of µLow E = 5.78 × 10−3 kg/m. (a) If the high E string is plucked, producing a wave in the

string, what is the speed of the wave if the tension of the string is 56.40 N? (b) The linear density of the low E
string is approximately 20 times greater than that of the high E string. For waves to travel through the low E string
at the same wave speed as the high E, would the tension need to be larger or smaller than the high E string? What
would be the approximate tension? (c) Calculate the tension of the low E string needed for the same wave speed.

Strategy

a. The speed of the wave can be found from the linear density and the tension v = FT
µ .

b. From the equation v = FT
µ , if the linear density is increased by a factor of almost 20, the tension would

need to be increased by a factor of 20.

c. Knowing the velocity and the linear density, the velocity equation can be solved for the force of tension

FT = µv2.

Solution
a. Use the velocity equation to find the speed:

v = FT
µ = 56.40 N

3.09 × 10−4 kg/m
= 427.23 m/s.

b. The tension would need to be increased by a factor of approximately 20. The tension would be slightly
less than 1128 N.

c. Use the velocity equation to find the actual tension:

FT = µv2 = 5.78 × 10−3 kg/m(427.23 m/s)2 = 1055.00 N.

This solution is within 7% of the approximation.

Significance

The standard notes of the six string (high E, B, G, D, A, low E) are tuned to vibrate at the fundamental frequencies
(329.63 Hz, 246.94Hz, 196.00Hz, 146.83Hz, 110.00Hz, and 82.41Hz) when plucked. The frequencies depend
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on the speed of the waves on the string and the wavelength of the waves. The six strings have different linear
densities and are “tuned” by changing the tensions in the strings. We will see in Interference of Waves that
the wavelength depends on the length of the strings and the boundary conditions. To play notes other than the
fundamental notes, the lengths of the strings are changed by pressing down on the strings.

Check Your Understanding The wave speed of a wave on a string depends on the tension and the
linear mass density. If the tension is doubled, what happens to the speed of the waves on the string?

Speed of Compression Waves in a Fluid
The speed of a wave on a string depends on the square root of the tension divided by the mass per length, the linear density.
In general, the speed of a wave through a medium depends on the elastic property of the medium and the inertial property
of the medium.

|v| = elastic property
inertial property

The elastic property describes the tendency of the particles of the medium to return to their initial position when perturbed.
The inertial property describes the tendency of the particle to resist changes in velocity.

The speed of a longitudinal wave through a liquid or gas depends on the density of the fluid and the bulk modulus of the
fluid,

(16.9)v = Β
ρ .

Here the bulk modulus is defined as Β = − ΔP
ΔV
V0

, where ΔP is the change in the pressure and the denominator is the ratio

of the change in volume to the initial volume, and ρ ≡ m
V is the mass per unit volume. For example, sound is a mechanical

wave that travels through a fluid or a solid. The speed of sound in air with an atmospheric pressure of 1.013 × 105 Pa
and a temperature of 20°C is vs ≈ 343.00 m/s. Because the density depends on temperature, the speed of sound in air

depends on the temperature of the air. This will be discussed in detail in Sound.

16.4 | Energy and Power of a Wave

Learning Objectives

By the end of this section, you will be able to:

• Explain how energy travels with a pulse or wave

• Describe, using a mathematical expression, how the energy in a wave depends on the
amplitude of the wave

All waves carry energy, and sometimes this can be directly observed. Earthquakes can shake whole cities to the ground,
performing the work of thousands of wrecking balls (Figure 16.15). Loud sounds can pulverize nerve cells in the inner
ear, causing permanent hearing loss. Ultrasound is used for deep-heat treatment of muscle strains. A laser beam can burn
away a malignancy. Water waves chew up beaches.
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Figure 16.15 The destructive effect of an earthquake is observable evidence of the energy
carried in these waves. The Richter scale rating of earthquakes is a logarithmic scale related to
both their amplitude and the energy they carry.

In this section, we examine the quantitative expression of energy in waves. This will be of fundamental importance in later
discussions of waves, from sound to light to quantum mechanics.

Energy in Waves
The amount of energy in a wave is related to its amplitude and its frequency. Large-amplitude earthquakes produce large
ground displacements. Loud sounds have high-pressure amplitudes and come from larger-amplitude source vibrations than
soft sounds. Large ocean breakers churn up the shore more than small ones. Consider the example of the seagull and the
water wave earlier in the chapter (Figure 16.3). Work is done on the seagull by the wave as the seagull is moved up,
changing its potential energy. The larger the amplitude, the higher the seagull is lifted by the wave and the larger the change
in potential energy.

The energy of the wave depends on both the amplitude and the frequency. If the energy of each wavelength is considered to
be a discrete packet of energy, a high-frequency wave will deliver more of these packets per unit time than a low-frequency
wave. We will see that the average rate of energy transfer in mechanical waves is proportional to both the square of the
amplitude and the square of the frequency. If two mechanical waves have equal amplitudes, but one wave has a frequency
equal to twice the frequency of the other, the higher-frequency wave will have a rate of energy transfer a factor of four
times as great as the rate of energy transfer of the lower-frequency wave. It should be noted that although the rate of energy
transport is proportional to both the square of the amplitude and square of the frequency in mechanical waves, the rate of
energy transfer in electromagnetic waves is proportional to the square of the amplitude, but independent of the frequency.

Power in Waves
Consider a sinusoidal wave on a string that is produced by a string vibrator, as shown in Figure 16.16. The string vibrator
is a device that vibrates a rod up and down. A string of uniform linear mass density is attached to the rod, and the rod
oscillates the string, producing a sinusoidal wave. The rod does work on the string, producing energy that propagates along
the string. Consider a mass element of the string with a mass Δm , as seen in Figure 16.16. As the energy propagates along

the string, each mass element of the string is driven up and down at the same frequency as the wave. Each mass element

of the string can be modeled as a simple harmonic oscillator. Since the string has a constant linear density µ = Δm
Δx , each

mass element of the string has the mass Δm = µΔx.
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Figure 16.16 A string vibrator is a device that vibrates a rod. A string is
attached to the rod, and the rod does work on the string, driving the string up
and down. This produces a sinusoidal wave in the string, which moves with a
wave velocity v. The wave speed depends on the tension in the string and the
linear mass density of the string. A section of the string with mass Δm
oscillates at the same frequency as the wave.

The total mechanical energy of the wave is the sum of its kinetic energy and potential energy. The kinetic energy

K = 1
2mv2 of each mass element of the string of length Δx is ΔK = 1

2(Δm)vy
2, as the mass element oscillates

perpendicular to the direction of the motion of the wave. Using the constant linear mass density, the kinetic energy of each
mass element of the string with length Δx is

ΔK = 1
2

⎛
⎝µΔx⎞

⎠vy
2.

A differential equation can be formed by letting the length of the mass element of the string approach zero,

dK = lim
Δx → 0

1
2

⎛
⎝µΔx⎞

⎠vy
2 = 1

2
⎛
⎝µdx⎞

⎠vy
2.

Since the wave is a sinusoidal wave with an angular frequency ω, the position of each mass element may be modeled as

y(x, t) = A sin(kx − ωt). Each mass element of the string oscillates with a velocity vy = ∂ y(x, t)
∂ t = −Aω cos(kx − ωt).

The kinetic energy of each mass element of the string becomes

dK = 1
2

⎛
⎝µdx⎞

⎠
⎛
⎝−Aω cos(kx − ωt)⎞

⎠
2,

= 1
2

⎛
⎝µdx⎞

⎠A2 ω2 cos2 (kx − ωt).

The wave can be very long, consisting of many wavelengths. To standardize the energy, consider the kinetic energy
associated with a wavelength of the wave. This kinetic energy can be integrated over the wavelength to find the energy
associated with each wavelength of the wave:

dK = 1
2

⎛
⎝µdx⎞

⎠A2 ω2 cos2 (kx),

∫
0

Kλ
dK = ⌠

⌡
0

λ
1
2µA2ω2 cos2 (kx)dx = 1

2µA2 ω2 ∫
0

λ
cos2 (kx)dx,

Kλ = 1
2µA2 ω2 ⎡

⎣
1
2x + 1

4ksin(2kx)⎤⎦0

λ
= 1

2µA2 ω2 ⎡
⎣
1
2λ + 1

4ksin(2kλ) − 1
4ksin(0)⎤⎦,

Kλ = 1
4µA2 ω2 λ.

There is also potential energy associated with the wave. Much like the mass oscillating on a spring, there is a conservative
restoring force that, when the mass element is displaced from the equilibrium position, drives the mass element back to
the equilibrium position. The potential energy of the mass element can be found by considering the linear restoring force
of the string, In Oscillations, we saw that the potential energy stored in a spring with a linear restoring force is equal to

U = 1
2ks x2, where the equilibrium position is defined as x = 0.00 m. When a mass attached to the spring oscillates in

simple harmonic motion, the angular frequency is equal to ω = ks
m . As each mass element oscillates in simple harmonic

motion, the spring constant is equal to ks = Δmω2. The potential energy of the mass element is equal to

ΔU = 1
2ks x2 = 1

2Δmω2 x2.
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Note that ks is the spring constant and not the wave number k = 2π
λ . This equation can be used to find the energy over a

wavelength. Integrating over the wavelength, we can compute the potential energy over a wavelength:

dU = 1
2ks x2 = 1

2µω2 x2 dx,

Uλ = 1
2µω2 A2 ∫

0

λ
cos2 (kx)dx = 1

4µA2 ω2 λ.

The potential energy associated with a wavelength of the wave is equal to the kinetic energy associated with a wavelength.

The total energy associated with a wavelength is the sum of the potential energy and the kinetic energy:

Eλ = Uλ + Kλ,
Eλ = 1

4µA2 ω2 λ + 1
4µA2 ω2 λ = 1

2µA2 ω2 λ.

The time-averaged power of a sinusoidal mechanical wave, which is the average rate of energy transfer associated with a
wave as it passes a point, can be found by taking the total energy associated with the wave divided by the time it takes to
transfer the energy. If the velocity of the sinusoidal wave is constant, the time for one wavelength to pass by a point is equal
to the period of the wave, which is also constant. For a sinusoidal mechanical wave, the time-averaged power is therefore
the energy associated with a wavelength divided by the period of the wave. The wavelength of the wave divided by the
period is equal to the velocity of the wave,

(16.10)Pave = Eλ
T = 1

2µA2 ω2 λ
T = 1

2µA2 ω2 v.

Note that this equation for the time-averaged power of a sinusoidal mechanical wave shows that the power is proportional
to the square of the amplitude of the wave and to the square of the angular frequency of the wave. Recall that the angular
frequency is equal to ω = 2π f , so the power of a mechanical wave is equal to the square of the amplitude and the square

of the frequency of the wave.

Example 16.6

Power Supplied by a String Vibrator

Consider a two-meter-long string with a mass of 70.00 g attached to a string vibrator as illustrated in Figure
16.16. The tension in the string is 90.0 N. When the string vibrator is turned on, it oscillates with a frequency
of 60 Hz and produces a sinusoidal wave on the string with an amplitude of 4.00 cm and a constant wave speed.
What is the time-averaged power supplied to the wave by the string vibrator?

Strategy

The power supplied to the wave should equal the time-averaged power of the wave on the string. We know the
mass of the string (ms) , the length of the string (Ls) , and the tension ⎛

⎝FT
⎞
⎠ in the string. The speed of the wave

on the string can be derived from the linear mass density and the tension. The string oscillates with the same
frequency as the string vibrator, from which we can find the angular frequency.

Solution
1. Begin with the equation of the time-averaged power of a sinusoidal wave on a string:

P = 1
2µA2 ω2 v.

The amplitude is given, so we need to calculate the linear mass density of the string, the angular frequency
of the wave on the string, and the speed of the wave on the string.

2. We need to calculate the linear density to find the wave speed:
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16.6

µ = ms
Ls

= 0.070 kg
2.00 m = 0.035 kg/m.

3. The wave speed can be found using the linear mass density and the tension of the string:

v = FT
µ = 90.00 N

0.035 kg/m = 50.71 m/s.

4. The angular frequency can be found from the frequency:

ω = 2π f = 2π⎛
⎝60 s−1⎞

⎠ = 376.80 s−1.

5. Calculate the time-averaged power:

P = 1
2µA2 ω2 v = 1

2
⎛
⎝0.035kg

m
⎞
⎠(0.040 m)2 ⎛

⎝376.80 s−1⎞
⎠
2 ⎛

⎝50.71m
s

⎞
⎠ = 201.59 W.

Significance

The time-averaged power of a sinusoidal wave is proportional to the square of the amplitude of the wave and
the square of the angular frequency of the wave. This is true for most mechanical waves. If either the angular
frequency or the amplitude of the wave were doubled, the power would increase by a factor of four. The time-
averaged power of the wave on a string is also proportional to the speed of the sinusoidal wave on the string. If
the speed were doubled, by increasing the tension by a factor of four, the power would also be doubled.

Check Your Understanding Is the time-averaged power of a sinusoidal wave on a string proportional
to the linear density of the string?

The equations for the energy of the wave and the time-averaged power were derived for a sinusoidal wave on a string.
In general, the energy of a mechanical wave and the power are proportional to the amplitude squared and to the angular
frequency squared (and therefore the frequency squared).

Another important characteristic of waves is the intensity of the waves. Waves can also be concentrated or spread out. Waves
from an earthquake, for example, spread out over a larger area as they move away from a source, so they do less damage
the farther they get from the source. Changing the area the waves cover has important effects. All these pertinent factors are
included in the definition of intensity (I) as power per unit area:

(16.11)I = P
A,

where P is the power carried by the wave through area A. The definition of intensity is valid for any energy in transit,
including that carried by waves. The SI unit for intensity is watts per square meter (W/m2). Many waves are spherical waves
that move out from a source as a sphere. For example, a sound speaker mounted on a post above the ground may produce
sound waves that move away from the source as a spherical wave. Sound waves are discussed in more detail in the next
chapter, but in general, the farther you are from the speaker, the less intense the sound you hear. As a spherical wave moves

out from a source, the surface area of the wave increases as the radius increases ⎛
⎝A = 4πr2⎞

⎠. The intensity for a spherical

wave is therefore

(16.12)I = P
4πr2.

If there are no dissipative forces, the energy will remain constant as the spherical wave moves away from the source, but
the intensity will decrease as the surface area increases.

In the case of the two-dimensional circular wave, the wave moves out, increasing the circumference of the wave as the
radius of the circle increases. If you toss a pebble in a pond, the surface ripple moves out as a circular wave. As the ripple
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moves away from the source, the amplitude decreases. The energy of the wave spreads around a larger circumference and

the amplitude decreases proportional to 1
r , which is also the same in the case of a spherical wave, since intensity is

proportional to the amplitude squared.

16.5 | Interference of Waves

Learning Objectives

By the end of this section, you will be able to:

• Explain how mechanical waves are reflected and transmitted at the boundaries of a medium

• Define the terms interference and superposition

• Find the resultant wave of two identical sinusoidal waves that differ only by a phase shift

Up to now, we have been studying mechanical waves that propagate continuously through a medium, but we have not
discussed what happens when waves encounter the boundary of the medium or what happens when a wave encounters
another wave propagating through the same medium. Waves do interact with boundaries of the medium, and all or part of
the wave can be reflected. For example, when you stand some distance from a rigid cliff face and yell, you can hear the
sound waves reflect off the rigid surface as an echo. Waves can also interact with other waves propagating in the same
medium. If you throw two rocks into a pond some distance from one another, the circular ripples that result from the two
stones seem to pass through one another as they propagate out from where the stones entered the water. This phenomenon is
known as interference. In this section, we examine what happens to waves encountering a boundary of a medium or another
wave propagating in the same medium. We will see that their behavior is quite different from the behavior of particles and
rigid bodies. Later, when we study modern physics, we will see that only at the scale of atoms do we see similarities in the
properties of waves and particles.

Reflection and Transmission
When a wave propagates through a medium, it reflects when it encounters the boundary of the medium. The wave before
hitting the boundary is known as the incident wave. The wave after encountering the boundary is known as the reflected
wave. How the wave is reflected at the boundary of the medium depends on the boundary conditions; waves will react
differently if the boundary of the medium is fixed in place or free to move (Figure 16.17). A fixed boundary condition
exists when the medium at a boundary is fixed in place so it cannot move. A free boundary condition exists when the
medium at the boundary is free to move.
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Figure 16.17 (a) One end of a string is fixed so that it cannot move. A wave propagating on
the string, encountering this fixed boundary condition, is reflected 180°(π rad) out of phase

with respect to the incident wave. (b) One end of a string is tied to a solid ring of negligible mass
on a frictionless lab pole, where the ring is free to move. A wave propagating on the string,
encountering this free boundary condition, is reflected in phase 0°(0 rad) with respect to the

wave.

Part (a) of the Figure 16.17 shows a fixed boundary condition. Here, one end of the string is fixed to a wall so the end
of the string is fixed in place and the medium (the string) at the boundary cannot move. When the wave is reflected, the
amplitude of the reflected way is exactly the same as the amplitude of the incident wave, but the reflected wave is reflected
180°(π rad) out of phase with respect to the incident wave. The phase change can be explained using Newton’s third

law: Recall that Newton’s third law states that when object A exerts a force on object B, then object B exerts an equal and
opposite force on object A. As the incident wave encounters the wall, the string exerts an upward force on the wall and the
wall reacts by exerting an equal and opposite force on the string. The reflection at a fixed boundary is inverted. Note that
the figure shows a crest of the incident wave reflected as a trough. If the incident wave were a trough, the reflected wave
would be a crest.

Part (b) of the figure shows a free boundary condition. Here, one end of the string is tied to a solid ring of negligible mass
on a frictionless pole, so the end of the string is free to move up and down. As the incident wave encounters the boundary of
the medium, it is also reflected. In the case of a free boundary condition, the reflected wave is in phase with respect to the
incident wave. In this case, the wave encounters the free boundary applying an upward force on the ring, accelerating the
ring up. The ring travels up to the maximum height equal to the amplitude of the wave and then accelerates down towards
the equilibrium position due to the tension in the string. The figure shows the crest of an incident wave being reflected in
phase with respect to the incident wave as a crest. If the incident wave were a trough, the reflected wave would also be a
trough. The amplitude of the reflected wave would be equal to the amplitude of the incident wave.

In some situations, the boundary of the medium is neither fixed nor free. Consider Figure 16.18(a), where a low-linear
mass density string is attached to a string of a higher linear mass density. In this case, the reflected wave is out of phase with
respect to the incident wave. There is also a transmitted wave that is in phase with respect to the incident wave. Both the
incident and the reflected waves have amplitudes less than the amplitude of the incident wave. If the tension is the same in
both strings, the wave speed is higher in the string with the lower linear mass density.
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Figure 16.18 Waves traveling along two types of strings: a thick string with a high linear density and a thin
string with a low linear density. Both strings are under the same tension, so a wave moves faster on the low-
density string than on the high-density string. (a) A wave moving from a low-speed to a high-speed medium
results in a reflected wave that is 180°(π rad) out of phase with respect to the incident pulse (or wave) and a

transmitted wave that is in phase with the incident wave. (b) When a wave moves from a low-speed medium to a
high-speed medium, both the reflected and transmitted wave are in phase with respect to the incident wave.

Part (b) of the figure shows a high-linear mass density string is attached to a string of a lower linear density. In this case, the
reflected wave is in phase with respect to the incident wave. There is also a transmitted wave that is in phase with respect to
the incident wave. Both the incident and the reflected waves have amplitudes less than the amplitude of the incident wave.
Here you may notice that if the tension is the same in both strings, the wave speed is higher in the string with the lower
linear mass density.

Superposition and Interference
Most waves do not look very simple. Complex waves are more interesting, even beautiful, but they look formidable. Most
interesting mechanical waves consist of a combination of two or more traveling waves propagating in the same medium.
The principle of superposition can be used to analyze the combination of waves.

Consider two simple pulses of the same amplitude moving toward one another in the same medium, as shown in Figure
16.19. Eventually, the waves overlap, producing a wave that has twice the amplitude, and then continue on unaffected by
the encounter. The pulses are said to interfere, and this phenomenon is known as interference.
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Figure 16.19 Two pulses moving toward one another
experience interference. The term interference refers to what
happens when two waves overlap.

To analyze the interference of two or more waves, we use the principle of superposition. For mechanical waves, the principle
of superposition states that if two or more traveling waves combine at the same point, the resulting position of the mass
element of the medium, at that point, is the algebraic sum of the position due to the individual waves. This property is
exhibited by many waves observed, such as waves on a string, sound waves, and surface water waves. Electromagnetic
waves also obey the superposition principle, but the electric and magnetic fields of the combined wave are added instead of
the displacement of the medium. Waves that obey the superposition principle are linear waves; waves that do not obey the
superposition principle are said to be nonlinear waves. In this chapter, we deal with linear waves, in particular, sinusoidal
waves.

The superposition principle can be understood by considering the linear wave equation. In Mathematics of a Wave, we
defined a linear wave as a wave whose mathematical representation obeys the linear wave equation. For a transverse wave
on a string with an elastic restoring force, the linear wave equation is

∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2 .

Any wave function y(x, t) = y(x ∓ vt), where the argument of the function is linear (x ∓ vt) is a solution to the linear

wave equation and is a linear wave function. If wave functions y1 (x, t) and y2 (x, t) are solutions to the linear wave

equation, the sum of the two functions y1 (x, t) + y2 (x, t) is also a solution to the linear wave equation. Mechanical waves

that obey superposition are normally restricted to waves with amplitudes that are small with respect to their wavelengths. If
the amplitude is too large, the medium is distorted past the region where the restoring force of the medium is linear.

Waves can interfere constructively or destructively. Figure 16.20 shows two identical sinusoidal waves that arrive at
the same point exactly in phase. Figure 16.20(a) and (b) show the two individual waves, Figure 16.20(c) shows the
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resultant wave that results from the algebraic sum of the two linear waves. The crests of the two waves are precisely aligned,
as are the troughs. This superposition produces constructive interference. Because the disturbances add, constructive
interference produces a wave that has twice the amplitude of the individual waves, but has the same wavelength.

Figure 16.21 shows two identical waves that arrive exactly 180° out of phase, producing destructive interference.

Figure 16.21(a) and (b) show the individual waves, and Figure 16.21(c) shows the superposition of the two waves.
Because the troughs of one wave add the crest of the other wave, the resulting amplitude is zero for destructive
interference—the waves completely cancel.

Figure 16.20 Constructive interference of two identical waves produces a wave with twice the
amplitude, but the same wavelength.
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Figure 16.21 Destructive interference of two identical waves, one with a phase shift of
180°(π rad) , produces zero amplitude, or complete cancellation.

When linear waves interfere, the resultant wave is just the algebraic sum of the individual waves as stated in the principle
of superposition. Figure 16.22 shows two waves (red and blue) and the resultant wave (black). The resultant wave is the
algebraic sum of the two individual waves.
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Figure 16.22 When two linear waves in the same medium interfere, the height of resulting wave is the
sum of the heights of the individual waves, taken point by point. This plot shows two waves (red and blue)
added together, along with the resulting wave (black). These graphs represent the height of the wave at
each point. The waves may be any linear wave, including ripples on a pond, disturbances on a string,
sound, or electromagnetic waves.

The superposition of most waves produces a combination of constructive and destructive interference, and can vary from
place to place and time to time. Sound from a stereo, for example, can be loud in one spot and quiet in another. Varying
loudness means the sound waves add partially constructively and partially destructively at different locations. A stereo has
at least two speakers creating sound waves, and waves can reflect from walls. All these waves interfere, and the resulting
wave is the superposition of the waves.

We have shown several examples of the superposition of waves that are similar. Figure 16.23 illustrates an example of the
superposition of two dissimilar waves. Here again, the disturbances add, producing a resultant wave.
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Figure 16.23 Superposition of nonidentical waves exhibits
both constructive and destructive interference.

At times, when two or more mechanical waves interfere, the pattern produced by the resulting wave can be rich in
complexity, some without any readily discernable patterns. For example, plotting the sound wave of your favorite music can
look quite complex and is the superposition of the individual sound waves from many instruments; it is the complexity that
makes the music interesting and worth listening to. At other times, waves can interfere and produce interesting phenomena,
which are complex in their appearance and yet beautiful in simplicity of the physical principle of superposition, which
formed the resulting wave. One example is the phenomenon known as standing waves, produced by two identical waves
moving in different directions. We will look more closely at this phenomenon in the next section.

Try this simulation (https://openstaxcollege.org/l/21waveinterfer) to make waves with a dripping faucet,
audio speaker, or laser! Add a second source or a pair of slits to create an interference pattern. You can observe one
source or two sources. Using two sources, you can observe the interference patterns that result from varying the
frequencies and the amplitudes of the sources.

Superposition of Sinusoidal Waves that Differ by a Phase Shift
Many examples in physics consist of two sinusoidal waves that are identical in amplitude, wave number, and angular
frequency, but differ by a phase shift:

y1 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠,
y2 (x, t) = A sin(kx − ωt).

When these two waves exist in the same medium, the resultant wave resulting from the superposition of the two individual
waves is the sum of the two individual waves:

yR (x, t) = y1 (x, t) + y2 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ + A sin(kx − ωt).

The resultant wave can be better understood by using the trigonometric identity:

sin u + sin v = 2 sin⎛
⎝
u + v

2
⎞
⎠cos⎛

⎝
u − v

2
⎞
⎠,

where u = kx − ωt + ϕ and v = kx − ωt . The resulting wave becomes

yR (x, t) = y1 (x, t) + y2 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ + A sin(kx − ωt)

= 2A sin⎛
⎝

⎛
⎝kx − ωt + ϕ⎞

⎠ + (kx − ωt)
2

⎞
⎠cos⎛

⎝
⎛
⎝kx − ωt + ϕ⎞

⎠ − (kx − ωt)
2

⎞
⎠

= 2A sin⎛
⎝kx − ωt + ϕ

2
⎞
⎠cos⎛

⎝
ϕ
2

⎞
⎠.

This equation is usually written as
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(16.13)yR (x, t) = ⎡
⎣2A cos⎛

⎝
ϕ
2

⎞
⎠
⎤
⎦sin⎛

⎝kx − ωt + ϕ
2

⎞
⎠.

The resultant wave has the same wave number and angular frequency, an amplitude of AR = ⎡
⎣2A cos⎛

⎝
ϕ
2

⎞
⎠
⎤
⎦, and a phase

shift equal to half the original phase shift. Examples of waves that differ only in a phase shift are shown in Figure 16.24.
The red and blue waves each have the same amplitude, wave number, and angular frequency, and differ only in a phase
shift. They therefore have the same period, wavelength, and frequency. The green wave is the result of the superposition
of the two waves. When the two waves have a phase difference of zero, the waves are in phase, and the resultant wave
has the same wave number and angular frequency, and an amplitude equal to twice the individual amplitudes (part (a)).
This is constructive interference. If the phase difference is 180°, the waves interfere in destructive interference (part (c)).

The resultant wave has an amplitude of zero. Any other phase difference results in a wave with the same wave number
and angular frequency as the two incident waves but with a phase shift of ϕ/2 and an amplitude equal to 2A cos(ϕ/2).
Examples are shown in parts (b) and (d).
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Figure 16.24 Superposition of two waves with identical amplitudes, wavelengths, and
frequency, but that differ in a phase shift. The red wave is defined by the wave function
y1 (x, t) = A sin(kx − ωt) and the blue wave is defined by the wave function

y2 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ . The black line shows the result of adding the two

waves. The phase difference between the two waves are (a) 0.00 rad, (b) π/2 rad, (c)

π rad, and (d) 3π/2 rad .

16.6 | Standing Waves and Resonance

Learning Objectives

By the end of this section, you will be able to:

• Describe standing waves and explain how they are produced

• Describe the modes of a standing wave on a string

• Provide examples of standing waves beyond the waves on a string

Throughout this chapter, we have been studying traveling waves, or waves that transport energy from one place to another.
Under certain conditions, waves can bounce back and forth through a particular region, effectively becoming stationary.
These are called standing waves.
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Another related effect is known as resonance. In Oscillations, we defined resonance as a phenomenon in which a small-
amplitude driving force could produce large-amplitude motion. Think of a child on a swing, which can be modeled as a
physical pendulum. Relatively small-amplitude pushes by a parent can produce large-amplitude swings. Sometimes this
resonance is good—for example, when producing music with a stringed instrument. At other times, the effects can be
devastating, such as the collapse of a building during an earthquake. In the case of standing waves, the relatively large
amplitude standing waves are produced by the superposition of smaller amplitude component waves.

Standing Waves
Sometimes waves do not seem to move; rather, they just vibrate in place. You can see unmoving waves on the surface of
a glass of milk in a refrigerator, for example. Vibrations from the refrigerator motor create waves on the milk that oscillate
up and down but do not seem to move across the surface. Figure 16.25 shows an experiment you can try at home. Take a
bowl of milk and place it on a common box fan. Vibrations from the fan will produce circular standing waves in the milk.
The waves are visible in the photo due to the reflection from a lamp. These waves are formed by the superposition of two
or more traveling waves, such as illustrated in Figure 16.26 for two identical waves moving in opposite directions. The
waves move through each other with their disturbances adding as they go by. If the two waves have the same amplitude and
wavelength, then they alternate between constructive and destructive interference. The resultant looks like a wave standing
in place and, thus, is called a standing wave.

Figure 16.25 Standing waves are formed on the surface of a
bowl of milk sitting on a box fan. The vibrations from the fan
causes the surface of the milk of oscillate. The waves are visible
due to the reflection of light from a lamp. (credit: David
Chelton)
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Figure 16.26 Time snapshots of two sine waves. The red wave is moving in the −x-direction and
the blue wave is moving in the +x-direction. The resulting wave is shown in black. Consider the
resultant wave at the points x = 0 m, 3 m, 6 m, 9 m, 12 m, 15 m and notice that the resultant

wave always equals zero at these points, no matter what the time is. These points are known as fixed
points (nodes). In between each two nodes is an antinode, a place where the medium oscillates with
an amplitude equal to the sum of the amplitudes of the individual waves.

Consider two identical waves that move in opposite directions. The first wave has a wave function of
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y1 (x, t) = A sin(kx − ωt) and the second wave has a wave function y2 (x, t) = A sin(kx + ωt) . The waves interfere and

form a resultant wave

y(x, t) = y1 (x, t) + y2 (x, t),
y(x, t) = A sin(kx − ωt) + A sin(kx + ωt).

This can be simplified using the trigonometric identity

sin⎛
⎝α ± β⎞

⎠ = sin α cos β ± cos α sin β,

where α = kx and β = ωt , giving us

y(x, t) = A⎡
⎣sin(kx)cos(ωt) − cos(kx)sin(ωt) + sin(kx)cos(ωt) − cos(kx)sin(ωt)⎤

⎦,

which simplifies to

(16.14)y(x, t) = ⎡
⎣2A sin(kx)⎤

⎦cos(ωt).

Notice that the resultant wave is a sine wave that is a function only of position, multiplied by a cosine function that is a
function only of time. Graphs of y(x,t) as a function of x for various times are shown in Figure 16.26. The red wave moves
in the negative x-direction, the blue wave moves in the positive x-direction, and the black wave is the sum of the two waves.
As the red and blue waves move through each other, they move in and out of constructive interference and destructive
interference.

Initially, at time t = 0, the two waves are in phase, and the result is a wave that is twice the amplitude of the individual

waves. The waves are also in phase at the time t = T
2 . In fact, the waves are in phase at any integer multiple of half of a

period:

t = nT
2 where n = 0, 1, 2, 3.... (in phase).

At other times, the two waves are 180°(π radians) out of phase, and the resulting wave is equal to zero. This happens at

t = 1
4T , 3

4T , 5
4T ,..., n

4T where n = 1, 3, 5.... (out of phase).

Notice that some x-positions of the resultant wave are always zero no matter what the phase relationship is. These positions
are called nodes. Where do the nodes occur? Consider the solution to the sum of the two waves

y(x, t) = ⎡
⎣2A sin(kx)⎤

⎦cos(ωt).

Finding the positions where the sine function equals zero provides the positions of the nodes.

sin(kx) = 0
kx = 0, π, 2π, 3π,...

2π
λ x = 0, π, 2π, 3π,...

x = 0, λ
2, λ, 3λ

2 ,... = nλ
2 n = 0, 1, 2, 3,....

There are also positions where y oscillates between y = ±A . These are the antinodes. We can find them by considering

which values of x result in sin(kx) = ±1 .

sin(kx) = ±1

kx = π
2, 3π

2 , 5π
2 ,...

2π
λ x = π

2, 3π
2 , 5π

2 ,...

x = λ
4, 3λ

4 , 5λ
4 ,... = nλ

4 n = 1, 3, 5,....
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What results is a standing wave as shown in Figure 16.27, which shows snapshots of the resulting wave of two identical
waves moving in opposite directions. The resulting wave appears to be a sine wave with nodes at integer multiples of half
wavelengths. The antinodes oscillate between y = ±2A due to the cosine term, cos(ωt) , which oscillates between ±1 .

The resultant wave appears to be standing still, with no apparent movement in the x-direction, although it is composed of
one wave function moving in the positive, whereas the second wave is moving in the negative x-direction. Figure 16.27
shows various snapshots of the resulting wave. The nodes are marked with red dots while the antinodes are marked with
blue dots.

Figure 16.27 When two identical waves are moving in opposite directions, the
resultant wave is a standing wave. Nodes appear at integer multiples of half wavelengths.
Antinodes appear at odd multiples of quarter wavelengths, where they oscillate between
y = ±A. The nodes are marked with red dots and the antinodes are marked with blue

dots.

A common example of standing waves are the waves produced by stringed musical instruments. When the string is plucked,
pulses travel along the string in opposite directions. The ends of the strings are fixed in place, so nodes appear at the ends
of the strings—the boundary conditions of the system, regulating the resonant frequencies in the strings. The resonance
produced on a string instrument can be modeled in a physics lab using the apparatus shown in Figure 16.28.

Figure 16.28 A lab setup for creating standing waves on a string. The string has a node on
each end and a constant linear density. The length between the fixed boundary conditions is
L. The hanging mass provides the tension in the string, and the speed of the waves on the
string is proportional to the square root of the tension divided by the linear mass density.

The lab setup shows a string attached to a string vibrator, which oscillates the string with an adjustable frequency f. The
other end of the string passes over a frictionless pulley and is tied to a hanging mass. The magnitude of the tension in the
string is equal to the weight of the hanging mass. The string has a constant linear density (mass per length) µ and the speed

at which a wave travels down the string equals v = FT
µ = mg

µ Equation 16.7. The symmetrical boundary conditions

(a node at each end) dictate the possible frequencies that can excite standing waves. Starting from a frequency of zero and
slowly increasing the frequency, the first mode n = 1 appears as shown in Figure 16.29. The first mode, also called the
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fundamental mode or the first harmonic, shows half of a wavelength has formed, so the wavelength is equal to twice the
length between the nodes λ1 = 2L . The fundamental frequency, or first harmonic frequency, that drives this mode is

f1 = v
λ1

= v
2L,

where the speed of the wave is v = FT
µ . Keeping the tension constant and increasing the frequency leads to the second

harmonic or the n = 2 mode. This mode is a full wavelength λ2 = L and the frequency is twice the fundamental

frequency:

f2 = v
λ2

= v
L = 2 f1.

Figure 16.29 Standing waves created on a string of length L. A node occurs at each
end of the string. The nodes are boundary conditions that limit the possible frequencies
that excite standing waves. (Note that the amplitudes of the oscillations have been kept
constant for visualization. The standing wave patterns possible on the string are known as
the normal modes. Conducting this experiment in the lab would result in a decrease in
amplitude as the frequency increases.)

The next two modes, or the third and fourth harmonics, have wavelengths of λ3 = 2
3L and λ4 = 2

4L, driven by

frequencies of f3 = 3v
2L = 3 f1 and f4 = 4v

2L = 4 f1. All frequencies above the frequency f1 are known as the overtones.

The equations for the wavelength and the frequency can be summarized as:

(16.15)λn = 2
nL n = 1, 2, 3, 4, 5...

(16.16)fn = n v
2L = n f1 n = 1, 2, 3, 4, 5...

The standing wave patterns that are possible for a string, the first four of which are shown in Figure 16.29, are known
as the normal modes, with frequencies known as the normal frequencies. In summary, the first frequency to produce a
normal mode is called the fundamental frequency (or first harmonic). Any frequencies above the fundamental frequency are
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overtones. The second frequency of the n = 2 normal mode of the string is the first overtone (or second harmonic). The

frequency of the n = 3 normal mode is the second overtone (or third harmonic) and so on.

The solutions shown as Equation 16.15 and Equation 16.16 are for a string with the boundary condition of a node
on each end. When the boundary condition on either side is the same, the system is said to have symmetric boundary
conditions. Equation 16.15 and Equation 16.16 are good for any symmetric boundary conditions, that is, nodes at both
ends or antinodes at both ends.

Example 16.7

Standing Waves on a String

Consider a string of L = 2.00 m. attached to an adjustable-frequency string vibrator as shown in Figure 16.30.

The waves produced by the vibrator travel down the string and are reflected by the fixed boundary condition at
the pulley. The string, which has a linear mass density of µ = 0.006 kg/m, is passed over a frictionless pulley of

a negligible mass, and the tension is provided by a 2.00-kg hanging mass. (a) What is the velocity of the waves
on the string? (b) Draw a sketch of the first three normal modes of the standing waves that can be produced on
the string and label each with the wavelength. (c) List the frequencies that the string vibrator must be tuned to in
order to produce the first three normal modes of the standing waves.

Figure 16.30 A string attached to an adjustable-frequency string vibrator.

Strategy

a. The velocity of the wave can be found using v = FT
µ . The tension is provided by the weight of the

hanging mass.

b. The standing waves will depend on the boundary conditions. There must be a node at each end. The
first mode will be one half of a wave. The second can be found by adding a half wavelength. That is
the shortest length that will result in a node at the boundaries. For example, adding one quarter of a
wavelength will result in an antinode at the boundary and is not a mode which would satisfy the boundary
conditions. This is shown in Figure 16.31.

c. Since the wave speed velocity is the wavelength times the frequency, the frequency is wave speed divided
by the wavelength.

Figure 16.31 (a) The figure represents the second mode of the string
that satisfies the boundary conditions of a node at each end of the string.
(b)This figure could not possibly be a normal mode on the string because
it does not satisfy the boundary conditions. There is a node on one end,
but an antinode on the other.
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16.7

Solution
a. Begin with the velocity of a wave on a string. The tension is equal to the weight of the hanging mass. The

linear mass density and mass of the hanging mass are given:

v = FT
µ = mg

µ = 2 kg⎛
⎝9.8m

s
⎞
⎠

0.006kg
m

= 57.15 m/s.

b. The first normal mode that has a node on each end is a half wavelength. The next two modes are found
by adding a half of a wavelength.

c. The frequencies of the first three modes are found by using f = vw
λ .

f1 = vw
λ1

= 57.15 m/s
4.00 m = 14.29 Hz

f2 = vw
λ2

= 57.15 m/s
2.00 m = 28.58 Hz

f3 = vw
λ3

= 57.15 m/s
1.333 m = 42.87 Hz

Significance

The three standing modes in this example were produced by maintaining the tension in the string and adjusting
the driving frequency. Keeping the tension in the string constant results in a constant velocity. The same modes
could have been produced by keeping the frequency constant and adjusting the speed of the wave in the string (by
changing the hanging mass.)

Visit this simulation (https://openstaxcollege.org/l/21normalmodes) to play with a 1D or 2D system of
coupled mass-spring oscillators. Vary the number of masses, set the initial conditions, and watch the system evolve.
See the spectrum of normal modes for arbitrary motion. See longitudinal or transverse modes in the 1D system.

Check Your Understanding The equations for the wavelengths and the frequencies of the modes of a
wave produced on a string:

λn = 2
nL n = 1, 2, 3, 4, 5... and

fn = n v
2L = n f1 n = 1, 2, 3, 4, 5...

were derived by considering a wave on a string where there were symmetric boundary conditions of a node
at each end. These modes resulted from two sinusoidal waves with identical characteristics except they were
moving in opposite directions, confined to a region L with nodes required at both ends. Will the same equations
work if there were symmetric boundary conditions with antinodes at each end? What would the normal modes
look like for a medium that was free to oscillate on each end? Don’t worry for now if you cannot imagine such
a medium, just consider two sinusoidal wave functions in a region of length L, with antinodes on each end.
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The free boundary conditions shown in the last Check Your Understanding may seem hard to visualize. How can there be
a system that is free to oscillate on each end? In Figure 16.32 are shown two possible configuration of a metallic rods
(shown in red) attached to two supports (shown in blue). In part (a), the rod is supported at the ends, and there are fixed
boundary conditions at both ends. Given the proper frequency, the rod can be driven into resonance with a wavelength equal
to length of the rod, with nodes at each end. In part (b), the rod is supported at positions one quarter of the length from
each end of the rod, and there are free boundary conditions at both ends. Given the proper frequency, this rod can also be
driven into resonance with a wavelength equal to the length of the rod, but there are antinodes at each end. If you are having
trouble visualizing the wavelength in this figure, remember that the wavelength may be measured between any two nearest
identical points and consider Figure 16.33.

Figure 16.32 (a) A metallic rod of length L (red) supported by two
supports (blue) on each end. When driven at the proper frequency, the
rod can resonate with a wavelength equal to the length of the rod with a
node on each end. (b) The same metallic rod of length L (red) supported
by two supports (blue) at a position a quarter of the length of the rod
from each end. When driven at the proper frequency, the rod can
resonate with a wavelength equal to the length of the rod with an
antinode on each end.

Figure 16.33 A wavelength may be measure between the
nearest two repeating points. On the wave on a string, this means
the same height and slope. (a) The wavelength is measured
between the two nearest points where the height is zero and the
slope is maximum and positive. (b) The wavelength is measured
between two identical points where the height is maximum and
the slope is zero.

Note that the study of standing waves can become quite complex. In Figure 16.32(a), the n = 2 mode of the standing

wave is shown, and it results in a wavelength equal to L. In this configuration, the n = 1 mode would also have been

possible with a standing wave equal to 2L. Is it possible to get the n = 1 mode for the configuration shown in part (b)?

The answer is no. In this configuration, there are additional conditions set beyond the boundary conditions. Since the rod is
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mounted at a point one quarter of the length from each side, a node must exist there, and this limits the possible modes of
standing waves that can be created. We leave it as an exercise for the reader to consider if other modes of standing waves
are possible. It should be noted that when a system is driven at a frequency that does not cause the system to resonate,
vibrations may still occur, but the amplitude of the vibrations will be much smaller than the amplitude at resonance.

A field of mechanical engineering uses the sound produced by the vibrating parts of complex mechanical systems to
troubleshoot problems with the systems. Suppose a part in an automobile is resonating at the frequency of the car’s
engine, causing unwanted vibrations in the automobile. This may cause the engine to fail prematurely. The engineers use
microphones to record the sound produced by the engine, then use a technique called Fourier analysis to find frequencies of
sound produced with large amplitudes and then look at the parts list of the automobile to find a part that would resonate at
that frequency. The solution may be as simple as changing the composition of the material used or changing the length of
the part in question.

There are other numerous examples of resonance in standing waves in the physical world. The air in a tube, such as found
in a musical instrument like a flute, can be forced into resonance and produce a pleasant sound, as we discuss in Sound.

At other times, resonance can cause serious problems. A closer look at earthquakes provides evidence for conditions
appropriate for resonance, standing waves, and constructive and destructive interference. A building may vibrate for several
seconds with a driving frequency matching that of the natural frequency of vibration of the building—producing a resonance
resulting in one building collapsing while neighboring buildings do not. Often, buildings of a certain height are devastated
while other taller buildings remain intact. The building height matches the condition for setting up a standing wave for
that particular height. The span of the roof is also important. Often it is seen that gymnasiums, supermarkets, and churches
suffer damage when individual homes suffer far less damage. The roofs with large surface areas supported only at the edges
resonate at the frequencies of the earthquakes, causing them to collapse. As the earthquake waves travel along the surface
of Earth and reflect off denser rocks, constructive interference occurs at certain points. Often areas closer to the epicenter
are not damaged, while areas farther away are damaged.
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antinode

constructive interference

destructive interference

fixed boundary condition

free boundary condition

fundamental frequency

intensity (I)

interference

linear wave equation

longitudinal wave

mechanical wave

node

normal mode

overtone

pulse

standing wave

superposition

transverse wave

wave

wave function

wave number

wave speed

wave velocity

wavelength

CHAPTER 16 REVIEW

KEY TERMS
location of maximum amplitude in standing waves

when two waves arrive at the same point exactly in phase; that is, the crests of the two
waves are precisely aligned, as are the troughs

when two identical waves arrive at the same point exactly out of phase; that is, precisely
aligned crest to trough

when the medium at a boundary is fixed in place so it cannot move

exists when the medium at the boundary is free to move

lowest frequency that will produce a standing wave

power per unit area

overlap of two or more waves at the same point and time

equation describing waves that result from a linear restoring force of the medium; any function
that is a solution to the wave equation describes a wave moving in the positive x-direction or the negative x-direction
with a constant wave speed v

wave in which the disturbance is parallel to the direction of propagation

wave that is governed by Newton’s laws and requires a medium

point where the string does not move; more generally, nodes are where the wave disturbance is zero in a standing
wave

possible standing wave pattern for a standing wave on a string

frequency that produces standing waves and is higher than the fundamental frequency

single disturbance that moves through a medium, transferring energy but not mass

wave that can bounce back and forth through a particular region, effectively becoming stationary

phenomenon that occurs when two or more waves arrive at the same point

wave in which the disturbance is perpendicular to the direction of propagation

disturbance that moves from its source and carries energy

mathematical model of the position of particles of the medium

2π
λ

magnitude of the wave velocity

velocity at which the disturbance moves; also called the propagation velocity

distance between adjacent identical parts of a wave

KEY EQUATIONS
Wave speed v = λ

T = λ f

Linear mass density µ = mass of the string
length of the string

Speed of a wave or pulse on a string under
tension |v| = FT

µ
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Speed of a compression wave in a fluid v = Β
ρ

Resultant wave from superposition of two
sinusoidal waves that are identical except for a
phase shift

yR (x, t) = ⎡
⎣2A cos⎛

⎝
ϕ
2

⎞
⎠
⎤
⎦sin⎛

⎝kx − ωt + ϕ
2

⎞
⎠

Wave number k ≡ 2π
λ

Wave speed v = ω
k

A periodic wave y(x, t) = A sin⎛
⎝kx ∓ ωt + ϕ⎞

⎠

Phase of a wave kx ∓ ωt + ϕ

The linear wave equation ∂2 y(x, t)
∂ x2 = 1

vw
2

∂2 y(x, t)
∂ t2

Power averaged over a wavelength Pave = Eλ
T = 1

2µA2 ω2 λ
T = 1

2µA2 ω2 v

Intensity I = P
A

Intensity for a spherical wave I = P
4πr2

Equation of a standing wave y(x, t) = ⎡
⎣2A sin(kx)⎤

⎦cos(ωt)

Wavelength for symmetric boundary
conditions

λn = 2
nL, n = 1, 2, 3, 4, 5...

Frequency for symmetric boundary conditions fn = n v
2L = n f1, n = 1, 2, 3, 4, 5...

SUMMARY

16.1 Traveling Waves

• A wave is a disturbance that moves from the point of origin with a wave velocity v.

• A wave has a wavelength λ , which is the distance between adjacent identical parts of the wave. Wave velocity and

wavelength are related to the wave’s frequency and period by v = λ
T = λ f .

• Mechanical waves are disturbances that move through a medium and are governed by Newton’s laws.

• Electromagnetic waves are disturbances in the electric and magnetic fields, and do not require a medium.

• Matter waves are a central part of quantum mechanics and are associated with protons, electrons, neutrons, and
other fundamental particles found in nature.

• A transverse wave has a disturbance perpendicular to the wave’s direction of propagation, whereas a longitudinal
wave has a disturbance parallel to its direction of propagation.

16.2 Mathematics of Waves

• A wave is an oscillation (of a physical quantity) that travels through a medium, accompanied by a transfer of energy.
Energy transfers from one point to another in the direction of the wave motion. The particles of the medium oscillate
up and down, back and forth, or both up and down and back and forth, around an equilibrium position.

• A snapshot of a sinusoidal wave at time t = 0.00 s can be modeled as a function of position. Two examples of such
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functions are y(x) = A sin⎛
⎝kx + ϕ⎞

⎠ and y(x) = A cos⎛
⎝kx + ϕ⎞

⎠.

• Given a function of a wave that is a snapshot of the wave, and is only a function of the position x, the motion of the
pulse or wave moving at a constant velocity can be modeled with the function, replacing x with x ∓ vt . The minus

sign is for motion in the positive direction and the plus sign for the negative direction.

• The wave function is given by y(x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ where k = 2π/λ is defined as the wave number,

ω = 2π/T is the angular frequency, and ϕ is the phase shift.

• The wave moves with a constant velocity vw , where the particles of the medium oscillate about an equilibrium

position. The constant velocity of a wave can be found by v = λ
T = ω

k .

16.3 Wave Speed on a Stretched String

• The speed of a wave on a string depends on the linear density of the string and the tension in the string. The linear
density is mass per unit length of the string.

• In general, the speed of a wave depends on the square root of the ratio of the elastic property to the inertial property
of the medium.

• The speed of a wave through a fluid is equal to the square root of the ratio of the bulk modulus of the fluid to the
density of the fluid.

• The speed of sound through air at T = 20°C is approximately vs = 343.00 m/s.

16.4 Energy and Power of a Wave

• The energy and power of a wave are proportional to the square of the amplitude of the wave and the square of the
angular frequency of the wave.

• The time-averaged power of a sinusoidal wave on a string is found by Pave = 1
2µA2 ω2 v, where µ is the linear

mass density of the string, A is the amplitude of the wave, ω is the angular frequency of the wave, and v is the

speed of the wave.

• Intensity is defined as the power divided by the area. In a spherical wave, the area is A = 4πr2 and the intensity is

I = P
4πr2. As the wave moves out from a source, the energy is conserved, but the intensity decreases as the area

increases.

16.5 Interference of Waves

• Superposition is the combination of two waves at the same location.

• Constructive interference occurs from the superposition of two identical waves that are in phase.

• Destructive interference occurs from the superposition of two identical waves that are 180°(π radians) out of

phase.

• The wave that results from the superposition of two sine waves that differ only by a phase shift is a wave with an
amplitude that depends on the value of the phase difference.

16.6 Standing Waves and Resonance

• A standing wave is the superposition of two waves which produces a wave that varies in amplitude but does not
propagate.

• Nodes are points of no motion in standing waves.

• An antinode is the location of maximum amplitude of a standing wave.

• Normal modes of a wave on a string are the possible standing wave patterns. The lowest frequency that will produce
a standing wave is known as the fundamental frequency. The higher frequencies which produce standing waves are
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called overtones.

CONCEPTUAL QUESTIONS

16.1 Traveling Waves

1. Give one example of a transverse wave and one
example of a longitudinal wave, being careful to note the
relative directions of the disturbance and wave propagation
in each.

2. A sinusoidal transverse wave has a wavelength of 2.80
m. It takes 0.10 s for a portion of the string at a position
x to move from a maximum position of y = 0.03 m to

the equilibrium position y = 0. What are the period,

frequency, and wave speed of the wave?

3. What is the difference between propagation speed and
the frequency of a mechanical wave? Does one or both
affect wavelength? If so, how?

4. Consider a stretched spring, such as a slinky. The
stretched spring can support longitudinal waves and
transverse waves. How can you produce transverse waves
on the spring? How can you produce longitudinal waves on
the spring?

5. Consider a wave produced on a stretched spring by
holding one end and shaking it up and down. Does the
wavelength depend on the distance you move your hand up
and down?

6. A sinusoidal, transverse wave is produced on a
stretched spring, having a period T. Each section of the
spring moves perpendicular to the direction of propagation
of the wave, in simple harmonic motion with an amplitude
A. Does each section oscillate with the same period as
the wave or a different period? If the amplitude of the
transverse wave were doubled but the period stays the
same, would your answer be the same?

7. An electromagnetic wave, such as light, does not
require a medium. Can you think of an example that would
support this claim?

16.2 Mathematics of Waves

8. If you were to shake the end of a taut spring up and
down 10 times a second, what would be the frequency and
the period of the sinusoidal wave produced on the spring?

9. If you shake the end of a stretched spring up and down
with a frequency f, you can produce a sinusoidal, transverse
wave propagating down the spring. Does the wave number
depend on the frequency you are shaking the spring?

10. Does the vertical speed of a segment of a horizontal
taut string through which a sinusoidal, transverse wave is
propagating depend on the wave speed of the transverse
wave?

11. In this section, we have considered waves that move at
a constant wave speed. Does the medium accelerate?

12. If you drop a pebble in a pond you may notice that
several concentric ripples are produced, not just a single
ripple. Why do you think that is?

16.3 Wave Speed on a Stretched String

13. If the tension in a string were increased by a factor of
four, by what factor would the wave speed of a wave on the
string increase?

14. Does a sound wave move faster in seawater or fresh
water, if both the sea water and fresh water are at the same
temperature and the sound wave moves near the surface?
⎛
⎝ρw ≈ 1000 kg

m3, ρs ≈ 1030 kg
m3, Bw = 2.15 × 109 Pa,

Bs = 2.34 × 109 Pa⎞
⎠

15. Guitars have strings of different linear mass density. If
the lowest density string and the highest density string are
under the same tension, which string would support waves
with the higher wave speed?

16. Shown below are three waves that were sent down a
string at different times. The tension in the string remains
constant. (a) Rank the waves from the smallest wavelength
to the largest wavelength. (b) Rank the waves from the
lowest frequency to the highest frequency.

17. Electrical power lines connected by two utility poles
are sometimes heard to hum when driven into oscillation
by the wind. The speed of the waves on the power lines
depend on the tension. What provides the tension in the
power lines?
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18. Two strings, one with a low mass density and one
with a high linear density are spliced together. The higher
density end is tied to a lab post and a student holds the
free end of the low-mass density string. The student gives
the string a flip and sends a pulse down the strings. If the
tension is the same in both strings, does the pulse travel at
the same wave velocity in both strings? If not, where does
it travel faster, in the low density string or the high density
string?

16.4 Energy and Power of a Wave

19. Consider a string with under tension with a constant
linear mass density. A sinusoidal wave with an angular
frequency and amplitude produced by some external
driving force. If the frequency of the driving force is
decreased to half of the original frequency, how is the time-
averaged power of the wave affected? If the amplitude of
the driving force is decreased by half, how is the time-
averaged power affected? Explain your answer.

20. Circular water waves decrease in amplitude as they
move away from where a rock is dropped. Explain why.

21. In a transverse wave on a string, the motion of the
string is perpendicular to the motion of the wave. If this is
so, how is possible to move energy along the length of the
string?

22. The energy from the sun warms the portion of the earth
facing the sun during the daylight hours. Why are the North
and South Poles cold while the equator is quite warm?

23. The intensity of a spherical waves decreases as the
wave moves away from the source. If the intensity of the
wave at the source is I0, how far from the source will the

intensity decrease by a factor of nine?

16.5 Interference of Waves

24. An incident sinusoidal wave is sent along a string that
is fixed to the wall with a wave speed of v. The wave
reflects off the end of the string. Describe the reflected
wave.

25. A string of a length of 2.00 m with a linear mass
density of µ = 0.006 kg/m is attached to the end of a

2.00-m-long string with a linear mass density of
µ = 0.012 kg/m. The free end of the higher-density string

is fixed to the wall, and a student holds the free end of
the low-density string, keeping the tension constant in both
strings. The student sends a pulse down the string. Describe
what happens at the interface between the two strings.

26. A long, tight spring is held by two students, one

student holding each end. Each student gives the end a flip
sending one wavelength of a sinusoidal wave down the
spring in opposite directions. When the waves meet in the
middle, what does the wave look like?

27. Many of the topics discussed in this chapter are useful
beyond the topics of mechanical waves. It is hard to
conceive of a mechanical wave with sharp corners, but
you could encounter such a wave form in your digital
electronics class, as shown below. This could be a signal
from a device known as an analog to digital converter,
in which a continuous voltage signal is converted into a
discrete signal or a digital recording of sound. What is the
result of the superposition of the two signals?

28. A string of a constant linear mass density is held taut
by two students, each holding one end. The tension in the
string is constant. The students each send waves down the
string by wiggling the string. (a) Is it possible for the waves
to have different wave speeds? (b) Is it possible for the
waves to have different frequencies? (c) Is it possible for
the waves to have different wavelengths?

16.6 Standing Waves and Resonance

29. A truck manufacturer finds that a strut in the engine is
failing prematurely. A sound engineer determines that the
strut resonates at the frequency of the engine and suspects
that this could be the problem. What are two possible
characteristics of the strut can be modified to correct the
problem?

30. Why do roofs of gymnasiums and churches seem to
fail more than family homes when an earthquake occurs?
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31. Wine glasses can be set into resonance by moistening
your finger and rubbing it around the rim of the glass.
Why?

32. Air conditioning units are sometimes placed on the
roof of homes in the city. Occasionally, the air conditioners
cause an undesirable hum throughout the upper floors of
the homes. Why does this happen? What can be done to
reduce the hum?

33. Consider a standing wave modeled as

y(x, t) = 4.00 cm sin⎛
⎝3 m−1 x⎞

⎠cos⎛
⎝4 s−1 t⎞

⎠. Is there a

node or an antinode at x = 0.00 m? What about a

standing wave modeled as

y(x, t) = 4.00 cm sin⎛
⎝3 m−1 x + π

2
⎞
⎠cos⎛

⎝4 s−1 t⎞
⎠? Is there

a node or an antinode at the x = 0.00 m position?

PROBLEMS

16.1 Traveling Waves

34. Storms in the South Pacific can create waves that
travel all the way to the California coast, 12,000 km away.
How long does it take them to travel this distance if they
travel at 15.0 m/s?

35. Waves on a swimming pool propagate at 0.75 m/s. You
splash the water at one end of the pool and observe the
wave go to the opposite end, reflect, and return in 30.00 s.
How far away is the other end of the pool?

36. Wind gusts create ripples on the ocean that have a
wavelength of 5.00 cm and propagate at 2.00 m/s. What is
their frequency?

37. How many times a minute does a boat bob up and
down on ocean waves that have a wavelength of 40.0 m and
a propagation speed of 5.00 m/s?

38. Scouts at a camp shake the rope bridge they have
just crossed and observe the wave crests to be 8.00 m
apart. If they shake the bridge twice per second, what is the
propagation speed of the waves?

39. What is the wavelength of the waves you create in a
swimming pool if you splash your hand at a rate of 2.00 Hz
and the waves propagate at a wave speed of 0.800 m/s?

40. What is the wavelength of an earthquake that shakes
you with a frequency of 10.0 Hz and gets to another city
84.0 km away in 12.0 s?

41. Radio waves transmitted through empty space at the

speed of light ⎛
⎝v = c = 3.00 × 108 m/s⎞

⎠ by the Voyager

spacecraft have a wavelength of 0.120 m. What is their
frequency?

42. Your ear is capable of differentiating sounds that arrive
at each ear just 0.34 ms apart, which is useful in
determining where low frequency sound is originating
from. (a) Suppose a low-frequency sound source is placed

to the right of a person, whose ears are approximately 18
cm apart, and the speed of sound generated is 340 m/s. How
long is the interval between when the sound arrives at the
right ear and the sound arrives at the left ear? (b) Assume
the same person was scuba diving and a low-frequency
sound source was to the right of the scuba diver. How long
is the interval between when the sound arrives at the right
ear and the sound arrives at the left ear, if the speed of
sound in water is 1500 m/s? (c) What is significant about
the time interval of the two situations?

43. (a) Seismographs measure the arrival times of
earthquakes with a precision of 0.100 s. To get the distance
to the epicenter of the quake, geologists compare the arrival
times of S- and P-waves, which travel at different speeds. If
S- and P-waves travel at 4.00 and 7.20 km/s, respectively,
in the region considered, how precisely can the distance to
the source of the earthquake be determined? (b) Seismic
waves from underground detonations of nuclear bombs can
be used to locate the test site and detect violations of test
bans. Discuss whether your answer to (a) implies a serious
limit to such detection. (Note also that the uncertainty is
greater if there is an uncertainty in the propagation speeds
of the S- and P-waves.)

44. A Girl Scout is taking a 10.00-km hike to earn a merit
badge. While on the hike, she sees a cliff some distance
away. She wishes to estimate the time required to walk
to the cliff. She knows that the speed of sound is
approximately 343 meters per second. She yells and finds
that the echo returns after approximately 2.00 seconds. If
she can hike 1.00 km in 10 minutes, how long would it take
her to reach the cliff?

45. A quality assurance engineer at a frying pan company
is asked to qualify a new line of nonstick-coated frying
pans. The coating needs to be 1.00 mm thick. One method
to test the thickness is for the engineer to pick a percentage
of the pans manufactured, strip off the coating, and measure
the thickness using a micrometer. This method is a
destructive testing method. Instead, the engineer decides
that every frying pan will be tested using a nondestructive
method. An ultrasonic transducer is used that produces
sound waves with a frequency of f = 25 kHz. The sound
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waves are sent through the coating and are reflected by the
interface between the coating and the metal pan, and the
time is recorded. The wavelength of the ultrasonic waves in
the coating is 0.076 m. What should be the time recorded if
the coating is the correct thickness (1.00 mm)?

16.2 Mathematics of Waves

46. A pulse can be described as a single wave disturbance
that moves through a medium. Consider a pulse that is
defined at time t = 0.00 s by the equation

y(x) = 6.00 m3

x2 + 2.00 m2 centered around x = 0.00 m. The

pulse moves with a velocity of v = 3.00 m/s in the

positive x-direction. (a) What is the amplitude of the pulse?
(b) What is the equation of the pulse as a function of
position and time? (c) Where is the pulse centered at time
t = 5.00 s ?

47. A transverse wave on a string is modeled with the
wave function

y(x, t) = (0.20 cm)sin⎛
⎝2.00 m−1 x − 3.00 s−1 t + π

16
⎞
⎠.

What is the height of the string with respect to the
equilibrium position at a position x = 4.00 m and a time

t = 10.00 s?

48. Consider the wave function

y(x, t) = (3.00 cm)sin⎛
⎝0.4 m−1 x + 2.00 s−1 t + π

10
⎞
⎠.

What are the period, wavelength, speed, and initial phase
shift of the wave modeled by the wave function?

49. A pulse is defined as

y(x, t) = e
−2.77 ⎛

⎝
2.00(x − 2.00 m/s(t))

5.00 m
⎞
⎠
2

. Use a spreadsheet,

or other computer program, to plot the pulse as the height of
medium y as a function of position x. Plot the pulse at times
t = 0.00 s and t = 3.00 s on the same graph. Where is the

pulse centered at time t = 3.00 s ? Use your spreadsheet to

check your answer.

50. A wave is modeled at time t = 0.00 s with a wave

function that depends on position. The equation is

y(x) = (0.30 m)sin⎛
⎝6.28 m−1 x⎞

⎠ . The wave travels a

distance of 4.00 meters in 0.50 s in the positive x-direction.
Write an equation for the wave as a function of position and
time.

51. A wave is modeled with the function

y(x, t) = (0.25 m)cos⎛
⎝0.30 m−1 x − 0.90 s−1 t + π

3
⎞
⎠.

Find the (a) amplitude, (b) wave number, (c) angular

frequency, (d) wave speed, (e) phase shift, (f) wavelength,
and (g) period of the wave.

52. A surface ocean wave has an amplitude of 0.60 m and
the distance from trough to trough is 8.00 m. It moves at a
constant wave speed of 1.50 m/s propagating in the positive
x-direction. At t = 0, the water displacement at x = 0
is zero, and vy is positive. (a) Assuming the wave can be

modeled as a sine wave, write a wave function to model
the wave. (b) Use a spreadsheet to plot the wave function at
times t = 0.00 s and t = 2.00 s on the same graph. Verify

that the wave moves 3.00 m in those 2.00 s.

53. A wave is modeled by the wave function

y(x, t) = (0.30 m)sin⎡
⎣

2π
4.50 m

⎛
⎝x − 18.00m

s t⎞
⎠
⎤
⎦. What are

the amplitude, wavelength, wave speed, period, and
frequency of the wave?

54. A transverse wave on a string is described with the
wave function

y(x, t) = (0.50 cm)sin⎛
⎝1.57 m−1 x − 6.28 s−1 t⎞

⎠ . (a)

What is the wave velocity of the wave? (b) What is the
magnitude of the maximum velocity of the string
perpendicular to the direction of the motion?

55. A swimmer in the ocean observes one day that the
ocean surface waves are periodic and resemble a sine wave.
The swimmer estimates that the vertical distance between
the crest and the trough of each wave is approximately 0.45
m, and the distance between each crest is approximately
1.8 m. The swimmer counts that 12 waves pass every two
minutes. Determine the simple harmonic wave function
that would describes these waves.

56. Consider a wave described by the wave function

y(x, t) = 0.3 m sin⎛
⎝2.00 m−1 x − 628.00 s−1 t⎞

⎠. (a) How

many crests pass by an observer at a fixed location in 2.00
minutes? (b) How far has the wave traveled in that time?

57. Consider two waves defined by the wave functions

y1 (x, t) = 0.50 m sin⎛
⎝

2π
3.00 mx + 2π

4.00 st⎞⎠ and

y2 (x, t) = 0.50 m sin⎛
⎝

2π
6.00 mx − 2π

4.00 st⎞⎠. What are the

similarities and differences between the two waves?

58. Consider two waves defined by the wave functions

y1 (x, t) = 0.20 m sin⎛
⎝

2π
6.00 mx − 2π

4.00 st⎞⎠ and

y2 (x, t) = 0.20 m cos⎛
⎝

2π
6.00 mx − 2π

4.00 st⎞⎠. What are the

similarities and differences between the two waves?
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59. The speed of a transverse wave on a string is 300.00
m/s, its wavelength is 0.50 m, and the amplitude is 20.00
cm. How much time is required for a particle on the string
to move through a distance of 5.00 km?

16.3 Wave Speed on a Stretched String

60. Transverse waves are sent along a 5.00-m-long string
with a speed of 30.00 m/s. The string is under a tension of
10.00 N. What is the mass of the string?

61. A copper wire has a density of ρ = 8920 kg/m3, a

radius of 1.20 mm, and a length L. The wire is held under
a tension of 10.00 N. Transverse waves are sent down the
wire. (a) What is the linear mass density of the wire? (b)
What is the speed of the waves through the wire?

62. A piano wire has a linear mass density of

µ = 4.95 × 10−3 kg/m. Under what tension must the

string be kept to produce waves with a wave speed of
500.00 m/s?

63. A string with a linear mass density of
µ = 0.0060 kg/m is tied to the ceiling. A 20-kg mass is

tied to the free end of the string. The string is plucked,
sending a pulse down the string. Estimate the speed of the
pulse as it moves down the string.

64. A cord has a linear mass density of µ = 0.0075 kg/m
and a length of three meters. The cord is plucked and it
takes 0.20 s for the pulse to reach the end of the string.
What is the tension of the string?

65. A string is 3.00 m long with a mass of 5.00 g. The
string is held taut with a tension of 500.00 N applied to the
string. A pulse is sent down the string. How long does it
take the pulse to travel the 3.00 m of the string?

66. Two strings are attached to poles, however the first
string is twice as long as the second. If both strings have the
same tension and mu, what is the ratio of the speed of the
pulse of the wave from the first string to the second string?

67. Two strings are attached to poles, however the first
string is twice the linear mass density mu of the second. If
both strings have the same tension, what is the ratio of the
speed of the pulse of the wave from the first string to the
second string?

68. Transverse waves travel through a string where the
tension equals 7.00 N with a speed of 20.00 m/s. What
tension would be required for a wave speed of 25.00 m/s?

69. Two strings are attached between two poles separated

by a distance of 2.00 m as shown below, both under the
same tension of 600.00 N. String 1 has a linear density of
µ1 = 0.0025 kg/m and string 2 has a linear mass density

of µ2 = 0.0035 kg/m. Transverse wave pulses are

generated simultaneously at opposite ends of the strings.
How much time passes before the pulses pass one another?

70. Two strings are attached between two poles separated
by a distance of 2.00 meters as shown in the preceding
figure, both strings have a linear density of
µ1 = 0.0025 kg/m, the tension in string 1 is 600.00 N

and the tension in string 2 is 700.00 N. Transverse wave
pulses are generated simultaneously at opposite ends of the
strings. How much time passes before the pulses pass one
another?

71. The note E4 is played on a piano and has a frequency

of f = 393.88. If the linear mass density of this string

of the piano is µ = 0.012 kg/m and the string is under a

tension of 1000.00 N, what is the speed of the wave on the
string and the wavelength of the wave?

72. Two transverse waves travel through a taut string.
The speed of each wave is v = 30.00 m/s. A plot of the

vertical position as a function of the horizontal position
is shown below for the time t = 0.00 s. (a) What is the

wavelength of each wave? (b) What is the frequency of
each wave? (c) What is the maximum vertical speed of each
string?

73. A sinusoidal wave travels down a taut, horizontal
string with a linear mass density of µ = 0.060 kg/m . The

maximum vertical speed of the wave is
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vy max = 0.30 cm/s. The wave is modeled with the wave

equation y(x, t) = A sin⎛
⎝6.00 m−1 x − 24.00 s−1 t⎞

⎠. (a)

What is the amplitude of the wave? (b) What is the tension
in the string?

74. The speed of a transverse wave on a string is
v = 60.00 m/s and the tension in the string is

FT = 100.00 N . What must the tension be to increase the

speed of the wave to v = 120.00 m/s?

16.4 Energy and Power of a Wave

75. A string of length 5 m and a mass of 90 g is held
under a tension of 100 N. A wave travels down the string
that is modeled as

y(x, t) = 0.01 m sin⎛
⎝0.40 m−1 x − 1170.12 s−1⎞

⎠. What is

the power over one wavelength?

76. Ultrasound of intensity 1.50 × 102 W/m2 is

produced by the rectangular head of a medical imaging
device measuring 3.00 cm by 5.00 cm. What is its power
output?

77. The low-frequency speaker of a stereo set has a

surface area of A = 0.05 m2 and produces 1 W of

acoustical power. (a) What is the intensity at the speaker?
(b) If the speaker projects sound uniformly in all directions,
at what distance from the speaker is the intensity

0.1 W/m2 ?

78. To increase the intensity of a wave by a factor of 50,
by what factor should the amplitude be increased?

79. A device called an insolation meter is used to measure

the intensity of sunlight. It has an area of 100 cm2 and

registers 6.50 W. What is the intensity in W/m2 ?

80. Energy from the Sun arrives at the top of Earth’s

atmosphere with an intensity of 1400 W/m2 . How long

does it take for 1.80 × 109 J to arrive on an area of

1.00 m2 ?

81. Suppose you have a device that extracts energy from
ocean breakers in direct proportion to their intensity. If the
device produces 10.0 kW of power on a day when the
breakers are 1.20 m high, how much will it produce when
they are 0.600 m high?

82. A photovoltaic array of (solar cells) is 10.0%
efficient in gathering solar energy and converting it to

electricity. If the average intensity of sunlight on one day is

70.00 W/m2 , what area should your array have to gather

energy at the rate of 100 W? (b) What is the maximum cost
of the array if it must pay for itself in two years of operation
averaging 10.0 hours per day? Assume that it earns money
at the rate of 9.00 cents per kilowatt-hour.

83. A microphone receiving a pure sound tone feeds an
oscilloscope, producing a wave on its screen. If the sound

intensity is originally 2.00 × 10−5 W/m2 , but is turned

up until the amplitude increases by 30.0% , what is the new

intensity?

84. A string with a mass of 0.30 kg has a length of 4.00 m.
If the tension in the string is 50.00 N, and a sinusoidal wave
with an amplitude of 2.00 cm is induced on the string, what
must the frequency be for an average power of 100.00 W?

85. The power versus time for a point on a string
⎛
⎝µ = 0.05 kg/m⎞

⎠ in which a sinusoidal traveling wave is

induced is shown in the preceding figure. The wave is
modeled with the wave equation

y(x, t) = A sin⎛
⎝20.93 m−1 x − ωt⎞

⎠ . What is the frequency

and amplitude of the wave?

86. A string is under tension FT1 . Energy is transmitted

by a wave on the string at rate P1 by a wave of frequency

f1 . What is the ratio of the new energy transmission rate

P2 to P1 if the tension is doubled?

87. A 250-Hz tuning fork is struck and the intensity at the
source is I1 at a distance of one meter from the source.

(a) What is the intensity at a distance of 4.00 m from the
source? (b) How far from the tuning fork is the intensity a
tenth of the intensity at the source?

88. A sound speaker is rated at a voltage of
P = 120.00 V and a current of I = 10.00 A. Electrical

power consumption is P = IV . To test the speaker, a

signal of a sine wave is applied to the speaker. Assuming
that the sound wave moves as a spherical wave and that all
of the energy applied to the speaker is converted to sound
energy, how far from the speaker is the intensity equal to

3.82 W/m2?

89. The energy of a ripple on a pond is proportional to the
amplitude squared. If the amplitude of the ripple is 0.1 cm
at a distance from the source of 6.00 meters, what was the
amplitude at a distance of 2.00 meters from the source?
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16.5 Interference of Waves

90. Consider two sinusoidal waves traveling along a
string, modeled as

y1 (x, t) = 0.3 m sin⎛
⎝4 m−1 x + 3 s−1 t⎞

⎠ and

y2 (x, t) = 0.6 m sin⎛
⎝8 m−1 x − 6 s−1 t⎞

⎠. What is the

height of the resultant wave formed by the interference
of the two waves at the position x = 0.5 m at time

t = 0.2 s?

91. Consider two sinusoidal sine waves traveling along
a string, modeled as

y1 (x, t) = 0.3 m sin⎛
⎝4 m−1 x + 3 s−1 t + π

3
⎞
⎠ and

y2 (x, t) = 0.6 m sin⎛
⎝8 m−1 x − 6 s−1 t⎞

⎠. What is the

height of the resultant wave formed by the interference
of the two waves at the position x = 1.0 m at time

t = 3.0 s?

92. Consider two sinusoidal sine waves traveling along
a string, modeled as

y1 (x, t) = 0.3 m sin⎛
⎝4 m−1 x − 3 s−1 t⎞

⎠ and

y2 (x, t) = 0.3 m sin⎛
⎝4 m−1 x + 3 s−1 t⎞

⎠. What is the

wave function of the resulting wave? [Hint: Use the trig
identity sin(u ± v) = sin u cos v ± cos u sin v

93. Two sinusoidal waves are moving through a medium
in the same direction, both having amplitudes of 3.00 cm, a
wavelength of 5.20 m, and a period of 6.52 s, but one has
a phase shift of an angle ϕ . What is the phase shift if the

resultant wave has an amplitude of 5.00 cm? [Hint: Use the

trig identity sin u + sin v = 2 sin⎛
⎝
u + v

2
⎞
⎠cos⎛

⎝
u − v

2
⎞
⎠

94. Two sinusoidal waves are moving through a medium
in the positive x-direction, both having amplitudes of 6.00
cm, a wavelength of 4.3 m, and a period of 6.00 s, but
one has a phase shift of an angle ϕ = 0.50 rad. What is

the height of the resultant wave at a time t = 3.15 s and a

position x = 0.45 m ?

95. Two sinusoidal waves are moving through a medium
in the positive x-direction, both having amplitudes of 7.00

cm, a wave number of k = 3.00 m−1, an angular

frequency of ω = 2.50 s−1, and a period of 6.00 s, but

one has a phase shift of an angle ϕ = π
12 rad. What is

the height of the resultant wave at a time t = 2.00 s and a

position x = 0.53 m?

96. Consider two waves y1 (x, t) and y2 (x, t) that are

identical except for a phase shift propagating in the same
medium. (a)What is the phase shift, in radians, if the
amplitude of the resulting wave is 1.75 times the amplitude
of the individual waves? (b) What is the phase shift in
degrees? (c) What is the phase shift as a percentage of the
individual wavelength?

97. Two sinusoidal waves, which are identical except for
a phase shift, travel along in the same direction. The wave
equation of the resultant wave is

yR (x, t) = 0.70 m sin⎛
⎝3.00 m−1 x − 6.28 s−1 t + π/16 rad⎞

⎠.

What are the angular frequency, wave number, amplitude,
and phase shift of the individual waves?

98. Two sinusoidal waves, which are identical except for
a phase shift, travel along in the same direction. The wave
equation of the resultant wave is

yR (x, t) = 0.35 cm sin⎛
⎝6.28 m−1 x − 1.57 s−1 t + π

4
⎞
⎠.

What are the period, wavelength, amplitude, and phase
shift of the individual waves?

99. Consider two wave functions,

y1 (x, t) = 4.00 m sin⎛
⎝π m−1 x − π s−1 t⎞

⎠ and

y2 (x, t) = 4.00 m sin⎛
⎝π m−1 x − π s−1 t + π

3
⎞
⎠. (a) Using

a spreadsheet, plot the two wave functions and the wave
that results from the superposition of the two wave
functions as a function of position (0.00 ≤ x ≤ 6.00 m)
for the time t = 0.00 s. (b) What are the wavelength and

amplitude of the two original waves? (c) What are the
wavelength and amplitude of the resulting wave?

100. Consider two wave functions,

y2 (x, t) = 2.00 m sin⎛
⎝
π
2m−1 x − π

3s−1 t⎞⎠ and

y2 (x, t) = 2.00 m sin⎛
⎝
π
2m−1 x − π

3s−1 t + π
6

⎞
⎠. (a) Verify

that yR = 2A cos⎛
⎝
ϕ
2

⎞
⎠sin⎛

⎝kx − ωt + ϕ
2

⎞
⎠ is the solution for

the wave that results from a superposition of the two waves.
Make a column for x, y1 , y2 , y1 + y2 , and

yR = 2A cos⎛
⎝
ϕ
2

⎞
⎠sin⎛

⎝kx − ωt + ϕ
2

⎞
⎠. Plot four waves as a

function of position where the range of x is from 0 to 12 m.

101. Consider two wave functions that differ only by a
phase shift, y1 (x, t) = A cos(kx − ωt) and

y2 (x, t) = A cos⎛
⎝kx − ωt + ϕ⎞

⎠. Use the trigonometric

identities cos u + cos v = 2 cos⎛
⎝
u − v

2
⎞
⎠cos⎛

⎝
u + v

2
⎞
⎠ and

cos(−θ) = cos(θ) to find a wave equation for the wave
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resulting from the superposition of the two waves. Does the
resulting wave function come as a surprise to you?

16.6 Standing Waves and Resonance

102. A wave traveling on a Slinky® that is stretched to
4 m takes 2.4 s to travel the length of the Slinky and back
again. (a) What is the speed of the wave? (b) Using the
same Slinky stretched to the same length, a standing wave
is created which consists of three antinodes and four nodes.
At what frequency must the Slinky be oscillating?

103. A 2-m long string is stretched between two supports
with a tension that produces a wave speed equal to
vw = 50.00 m/s. What are the wavelength and frequency

of the first three modes that resonate on the string?

104. Consider the experimental setup shown below. The
length of the string between the string vibrator and the
pulley is L = 1.00 m. The linear density of the string is

µ = 0.006 kg/m. The string vibrator can oscillate at any

frequency. The hanging mass is 2.00 kg. (a)What are the
wavelength and frequency of n = 6 mode? (b) The string

oscillates the air around the string. What is the wavelength
of the sound if the speed of the sound is vs = 343.00 m/s?

105. A cable with a linear density of µ = 0.2 kg/m is

hung from telephone poles. The tension in the cable is
500.00 N. The distance between poles is 20 meters. The
wind blows across the line, causing the cable resonate.
A standing waves pattern is produced that has 4.5
wavelengths between the two poles. The air temperature is
T = 20°C. What are the frequency and wavelength of the

hum?

106. Consider a rod of length L, mounted in the center
to a support. A node must exist where the rod is mounted
on a support, as shown below. Draw the first two normal
modes of the rod as it is driven into resonance. Label the
wavelength and the frequency required to drive the rod into
resonance.

107. Consider two wave functions

y(x, t) = 0.30 cm sin⎛
⎝3 m−1 x − 4 s−1 t⎞

⎠ and

y(x, t) = 0.30 cm sin⎛
⎝3 m−1 x + 4 s−1 t⎞

⎠ . Write a wave

function for the resulting standing wave.

108. A 2.40-m wire has a mass of 7.50 g and is under a
tension of 160 N. The wire is held rigidly at both ends and
set into oscillation. (a) What is the speed of waves on the
wire? The string is driven into resonance by a frequency
that produces a standing wave with a wavelength equal to
1.20 m. (b) What is the frequency used to drive the string
into resonance?

109. A string with a linear mass density of 0.0062 kg/m
and a length of 3.00 m is set into the n = 100 mode of

resonance. The tension in the string is 20.00 N. What is the
wavelength and frequency of the wave?

110. A string with a linear mass density of 0.0075 kg/
m and a length of 6.00 m is set into the n = 4 mode of

resonance by driving with a frequency of 100.00 Hz. What
is the tension in the string?

111. Two sinusoidal waves with identical wavelengths and
amplitudes travel in opposite directions along a string
producing a standing wave. The linear mass density of the
string is µ = 0.075 kg/m and the tension in the string

is FT = 5.00 N. The time interval between instances of

total destructive interference is Δt = 0.13 s. What is the

wavelength of the waves?

112. A string, fixed on both ends, is 5.00 m long and
has a mass of 0.15 kg. The tension if the string is 90 N.
The string is vibrating to produce a standing wave at the
fundamental frequency of the string. (a) What is the speed
of the waves on the string? (b) What is the wavelength of
the standing wave produced? (c) What is the period of the
standing wave?

113. A string is fixed at both end. The mass of the string
is 0.0090 kg and the length is 3.00 m. The string is under
a tension of 200.00 N. The string is driven by a variable
frequency source to produce standing waves on the string.
Find the wavelengths and frequency of the first four modes
of standing waves.
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114. The frequencies of two successive modes of standing
waves on a string are 258.36 Hz and 301.42 Hz. What is
the next frequency above 100.00 Hz that would produce a
standing wave?

115. A string is fixed at both ends to supports 3.50 m
apart and has a linear mass density of µ = 0.005 kg/m.
The string is under a tension of 90.00 N. A standing wave
is produced on the string with six nodes and five antinodes.

What are the wave speed, wavelength, frequency, and
period of the standing wave?

116. Sine waves are sent down a 1.5-m-long string fixed at
both ends. The waves reflect back in the opposite direction.
The amplitude of the wave is 4.00 cm. The propagation
velocity of the waves is 175 m/s. The n = 6 resonance

mode of the string is produced. Write an equation for the
resulting standing wave.

ADDITIONAL PROBLEMS

117. Ultrasound equipment used in the medical profession
uses sound waves of a frequency above the range of human
hearing. If the frequency of the sound produced by the
ultrasound machine is f = 30 kHz, what is the

wavelength of the ultrasound in bone, if the speed of sound
in bone is v = 3000 m/s?

118. Shown below is the plot of a wave function that
models a wave at time t = 0.00 s and t = 2.00 s . The

dotted line is the wave function at time t = 0.00 s and the

solid line is the function at time t = 2.00 s . Estimate the

amplitude, wavelength, velocity, and period of the wave.

119. The speed of light in air is approximately

v = 3.00 × 108 m/s and the speed of light in glass is

v = 2.00 × 108 m/s . A red laser with a wavelength of

λ = 633.00 nm shines light incident of the glass, and

some of the red light is transmitted to the glass. The
frequency of the light is the same for the air and the glass.
(a) What is the frequency of the light? (b) What is the
wavelength of the light in the glass?

120. A radio station broadcasts radio waves at a frequency
of 101.7 MHz. The radio waves move through the air at
approximately the speed of light in a vacuum. What is the
wavelength of the radio waves?

121. A sunbather stands waist deep in the ocean and
observes that six crests of periodic surface waves pass each
minute. The crests are 16.00 meters apart. What is the
wavelength, frequency, period, and speed of the waves?

122. A tuning fork vibrates producing sound at a
frequency of 512 Hz. The speed of sound of sound in air is
v = 343.00 m/s if the air is at a temperature of 20.00°C .

What is the wavelength of the sound?

123. A motorboat is traveling across a lake at a speed
of vb = 15.00 m/s. The boat bounces up and down every

0.50 s as it travels in the same direction as a wave. It
bounces up and down every 0.30 s as it travels in a direction
opposite the direction of the waves. What is the speed and
wavelength of the wave?

124. Use the linear wave equation to show that the wave
speed of a wave modeled with the wave function

y(x, t) = 0.20 m sin⎛
⎝3.00 m−1 x + 6.00 s−1 t⎞

⎠ is

v = 2.00 m/s. What are the wavelength and the speed of

the wave?

125. Given the wave functions
y1 (x, t) = A sin(kx − ωt) and

y2 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠ with ϕ ≠ π
2 , show that

y1 (x, t) + y2 (x, t) is a solution to the linear wave

equation with a wave velocity of v = ω
k .

126. A transverse wave on a string is modeled with the
wave function

y(x, t) = 0.10 m sin⎛
⎝0.15 m−1 x + 1.50 s−1 t + 0.20⎞

⎠ . (a)

Find the wave velocity. (b) Find the position in the
y-direction, the velocity perpendicular to the motion of the
wave, and the acceleration perpendicular to the motion of
the wave, of a small segment of the string centered at
x = 0.40 m at time t = 5.00 s.

127. A sinusoidal wave travels down a taut, horizontal
string with a linear mass density of µ = 0.060 kg/m. The

magnitude of maximum vertical acceleration of the wave

is ay max = 0.90 cm/s2 and the amplitude of the wave is
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0.40 m. The string is under a tension of FT = 600.00 N
. The wave moves in the negative x-direction. Write an
equation to model the wave.

128. A transverse wave on a string ⎛
⎝µ = 0.0030 kg/m⎞

⎠

is described with the equation

y(x, t) = 0.30 m sin⎛
⎝

2π
4.00 m

⎛
⎝x − 16.00m

s t⎞
⎠
⎞
⎠. What is the

tension under which the string is held taut?

129. A transverse wave on a horizontal string
⎛
⎝µ = 0.0060 kg/m⎞

⎠ is described with the equation

y(x, t) = 0.30 m sin⎛
⎝

2π
4.00 m(x − vw t)⎞⎠. The string is

under a tension of 300.00 N. What are the wave speed,
wave number, and angular frequency of the wave?

130. A student holds an inexpensive sonic range finder
and uses the range finder to find the distance to the wall.
The sonic range finder emits a sound wave. The sound
wave reflects off the wall and returns to the range finder.
The round trip takes 0.012 s. The range finder was
calibrated for use at room temperature T = 20°C , but the

temperature in the room is actually T = 23°C. Assuming

that the timing mechanism is perfect, what percentage of
error can the student expect due to the calibration?

131. A wave on a string is driven by a string vibrator,
which oscillates at a frequency of 100.00 Hz and an
amplitude of 1.00 cm. The string vibrator operates at a
voltage of 12.00 V and a current of 0.20 A. The power
consumed by the string vibrator is P = IV . Assume that

the string vibrator is 90% efficient at converting electrical

energy into the energy associated with the vibrations of the
string. The string is 3.00 m long, and is under a tension of
60.00 N. What is the linear mass density of the string?

132. A traveling wave on a string is modeled by the
wave equation

y(x, t) = 3.00 cm sin⎛
⎝8.00 m−1 x + 100.00 s−1 t⎞

⎠. The

string is under a tension of 50.00 N and has a linear mass
density of µ = 0.008 kg/m. What is the average power

transferred by the wave on the string?

133. A transverse wave on a string has a wavelength of
5.0 m, a period of 0.02 s, and an amplitude of 1.5 cm. The
average power transferred by the wave is 5.00 W. What is
the tension in the string?

134. (a) What is the intensity of a laser beam used to burn
away cancerous tissue that, when 90.0% absorbed, puts

500 J of energy into a circular spot 2.00 mm in diameter
in 4.00 s? (b) Discuss how this intensity compares to the
average intensity of sunlight (about) and the implications

that would have if the laser beam entered your eye. Note
how your answer depends on the time duration of the
exposure.

135. Consider two periodic wave functions,
y1 (x, t) = A sin(kx − ωt) and

y2 (x, t) = A sin⎛
⎝kx − ωt + ϕ⎞

⎠. (a) For what values of ϕ
will the wave that results from a superposition of the wave
functions have an amplitude of 2A? (b) For what values of
ϕ will the wave that results from a superposition of the

wave functions have an amplitude of zero?

136. Consider two periodic wave functions,
y1 (x, t) = A sin(kx − ωt) and

y2 (x, t) = A cos⎛
⎝kx − ωt + ϕ⎞

⎠ . (a) For what values of ϕ
will the wave that results from a superposition of the wave
functions have an amplitude of 2A? (b) For what values of
ϕ will the wave that results from a superposition of the

wave functions have an amplitude of zero?

137. A trough with dimensions 10.00 meters by 0.10
meters by 0.10 meters is partially filled with water. Small-
amplitude surface water waves are produced from both
ends of the trough by paddles oscillating in simple
harmonic motion. The height of the water waves are
modeled with two sinusoidal wave equations,

y1 (x, t) = 0.3 m sin⎛
⎝4 m−1 x − 3 s−1 t⎞

⎠ and

y2 (x, t) = 0.3 m cos⎛
⎝4 m−1 x + 3 s−1 t − π

2
⎞
⎠. What is the

wave function of the resulting wave after the waves reach
one another and before they reach the end of the trough
(i.e., assume that there are only two waves in the trough
and ignore reflections)? Use a spreadsheet to check your
results. (Hint: Use the trig identities
sin(u ± v) = sin u cos v ± cos u sin v and

cos(u ± v) = cos u cos v ∓ sin u sin v)

138. A seismograph records the S- and P-waves from an
earthquake 20.00 s apart. If they traveled the same path
at constant wave speeds of vS = 4.00 km/s and

vP = 7.50 km/s, how far away is the epicenter of the

earthquake?

139. Consider what is shown below. A 20.00-kg mass
rests on a frictionless ramp inclined at 45° . A string with

a linear mass density of µ = 0.025 kg/m is attached to the

20.00-kg mass. The string passes over a frictionless pulley
of negligible mass and is attached to a hanging mass (m).
The system is in static equilibrium. A wave is induced on
the string and travels up the ramp. (a) What is the mass of
the hanging mass (m)? (b) At what wave speed does the
wave travel up the string?
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140. Consider the superposition of three wave functions

y(x, t) = 3.00 cm sin⎛
⎝2 m−1 x − 3 s−1 t⎞

⎠,

y(x, t) = 3.00 cm sin⎛
⎝6 m−1 x + 3 s−1 t⎞

⎠, and

y(x, t) = 3.00 cm sin⎛
⎝2 m−1 x − 4 s−1 t⎞

⎠. What is the

height of the resulting wave at position x = 3.00 m at time

t = 10.0 s?

141. A string has a mass of 150 g and a length of 3.4
m. One end of the string is fixed to a lab stand and the
other is attached to a spring with a spring constant of
ks = 100 N/m. The free end of the spring is attached to

another lab pole. The tension in the string is maintained
by the spring. The lab poles are separated by a distance
that stretches the spring 2.00 cm. The string is plucked and
a pulse travels along the string. What is the propagation
speed of the pulse?

142. A standing wave is produced on a string under a
tension of 70.0 N by two sinusoidal transverse waves that
are identical, but moving in opposite directions. The string
is fixed at x = 0.00 m and x = 10.00 m. Nodes appear at

x = 0.00 m, 2.00 m, 4.00 m, 6.00 m, 8.00 m, and 10.00

m. The amplitude of the standing wave is 3.00 cm. It takes
0.10 s for the antinodes to make one complete oscillation.
(a) What are the wave functions of the two sine waves that
produce the standing wave? (b) What are the maximum
velocity and acceleration of the string, perpendicular to
the direction of motion of the transverse waves, at the
antinodes?

143. A string with a length of 4 m is held under a constant
tension. The string has a linear mass density of
µ = 0.006 kg/m. Two resonant frequencies of the string

are 400 Hz and 480 Hz. There are no resonant frequencies
between the two frequencies. (a) What are the wavelengths
of the two resonant modes? (b) What is the tension in the
string?

CHALLENGE PROBLEMS

144. A copper wire has a radius of 200 µm and a length

of 5.0 m. The wire is placed under a tension of 3000 N
and the wire stretches by a small amount. The wire is
plucked and a pulse travels down the wire. What is the
propagation speed of the pulse? (Assume the temperature

does not change:
⎛
⎝ρ = 8.96 g

cm3, Y = 1.1 × 1011 N
m

⎞
⎠.)

145. A pulse moving along the x axis can be modeled

as the wave function y(x, t) = 4.00 me
−⎛

⎝
x + (2.00 m/s)t

1.00 m
⎞
⎠
2

.
(a)What are the direction and propagation speed of the
pulse? (b) How far has the wave moved in 3.00 s? (c)
Plot the pulse using a spreadsheet at time t = 0.00 s and

t = 3.00 s to verify your answer in part (b).

146. A string with a linear mass density of
µ = 0.0085 kg/m is fixed at both ends. A 5.0-kg mass is

hung from the string, as shown below. If a pulse is sent
along section A, what is the wave speed in section A and the
wave speed in section B?

147. Consider two wave functions
y1 (x, t) = A sin(kx − ωt) and

y2 (x, t) = A sin⎛
⎝kx + ωt + ϕ⎞

⎠ . What is the wave function

resulting from the interference of the two wave? (Hint:

sin⎛
⎝α ± β⎞

⎠ = sin α cos β ± cos α sin β and ϕ = ϕ
2 + ϕ

2 .)
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148. The wave function that models a standing wave is

given as yR (x, t) = 6.00 cm sin⎛
⎝3.00 m−1 x + 1.20 rad⎞

⎠

cos⎛
⎝6.00 s−1 t + 1.20 rad⎞

⎠ . What are two wave functions

that interfere to form this wave function? Plot the two wave
functions and the sum of the sum of the two wave functions
at t = 1.00 s to verify your answer.

149. Consider two wave functions
y1 (x, t) = A sin(kx − ωt) and

y2 (x, t) = A sin⎛
⎝kx + ωt + ϕ⎞

⎠ . The resultant wave form

when you add the two functions is

yR = 2A sin⎛
⎝kx + ϕ

2
⎞
⎠cos⎛

⎝ωt + ϕ
2

⎞
⎠. Consider the case

where A = 0.03 m−1, k = 1.26 m−1, ω = π s−1 , and

ϕ = π
10 . (a) Where are the first three nodes of the standing

wave function starting at zero and moving in the positive
x direction? (b) Using a spreadsheet, plot the two wave
functions and the resulting function at time t = 1.00 s to

verify your answer.
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17 | SOUND

Figure 17.1 Hearing is an important human sense that can detect frequencies of sound, ranging between 20 Hz and 20 kHz.
However, other species have very different ranges of hearing. Bats, for example, emit clicks in ultrasound, using frequencies
beyond 20 kHz. They can detect nearby insects by hearing the echo of these ultrasonic clicks. Ultrasound is important in several
human applications, including probing the interior structures of human bodies, Earth, and the Sun. Ultrasound is also useful in
industry for nondestructive testing. (credit: modification of work by Angell Williams)

Chapter Outline

17.1 Sound Waves

17.2 Speed of Sound

17.3 Sound Intensity

17.4 Normal Modes of a Standing Sound Wave

17.5 Sources of Musical Sound

17.6 Beats

17.7 The Doppler Effect

17.8 Shock Waves

Introduction
Sound is an example of a mechanical wave, specifically, a pressure wave: Sound waves travel through the air and other
media as oscillations of molecules. Normal human hearing encompasses an impressive range of frequencies from 20 Hz to
20 kHz. Sounds below 20 Hz are called infrasound, whereas those above 20 kHz are called ultrasound. Some animals, like
the bat shown in Figure 17.1, can hear sounds in the ultrasonic range.

Many of the concepts covered in Waves also have applications in the study of sound. For example, when a sound wave
encounters an interface between two media with different wave speeds, reflection and transmission of the wave occur.

Ultrasound has many uses in science, engineering, and medicine. Ultrasound is used for nondestructive testing in
engineering, such as testing the thickness of coating on metal. In medicine, sound waves are far less destructive than X-rays
and can be used to image the fetus in a mother’s womb without danger to the fetus or the mother. Later in this chapter, we
discuss the Doppler effect, which can be used to determine the velocity of blood in the arteries or wind speed in weather
systems.
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17.1 | Sound Waves

Learning Objectives

By the end of this section, you will be able to:

• Explain the difference between sound and hearing

• Describe sound as a wave

• List the equations used to model sound waves

• Describe compression and rarefactions as they relate to sound

The physical phenomenon of sound is a disturbance of matter that is transmitted from its source outward. Hearing is the
perception of sound, just as seeing is the perception of visible light. On the atomic scale, sound is a disturbance of atoms
that is far more ordered than their thermal motions. In many instances, sound is a periodic wave, and the atoms undergo
simple harmonic motion. Thus, sound waves can induce oscillations and resonance effects (Figure 17.2).

Figure 17.2 This glass has been shattered by a high-intensity sound wave of the same
frequency as the resonant frequency of the glass. (credit: “||read||”/Flickr)

This video (https://openstaxcollege.org/l/21waveswineglas) shows waves on the surface of a wine glass,
being driven by sound waves from a speaker. As the frequency of the sound wave approaches the resonant
frequency of the wine glass, the amplitude and frequency of the waves on the wine glass increase. When the
resonant frequency is reached, the glass shatters.

A speaker produces a sound wave by oscillating a cone, causing vibrations of air molecules. In Figure 17.3, a speaker
vibrates at a constant frequency and amplitude, producing vibrations in the surrounding air molecules. As the speaker
oscillates back and forth, it transfers energy to the air, mostly as thermal energy. But a small part of the speaker’s
energy goes into compressing and expanding the surrounding air, creating slightly higher and lower local pressures. These
compressions (high-pressure regions) and rarefactions (low-pressure regions) move out as longitudinal pressure waves
having the same frequency as the speaker—they are the disturbance that is a sound wave. (Sound waves in air and most
fluids are longitudinal, because fluids have almost no shear strength. In solids, sound waves can be both transverse and
longitudinal.)
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Figure 17.3(a) shows the compressions and rarefactions, and also shows a graph of gauge pressure versus distance from
a speaker. As the speaker moves in the positive x-direction, it pushes air molecules, displacing them from their equilibrium
positions. As the speaker moves in the negative x-direction, the air molecules move back toward their equilibrium positions
due to a restoring force. The air molecules oscillate in simple harmonic motion about their equilibrium positions, as shown
in part (b). Note that sound waves in air are longitudinal, and in the figure, the wave propagates in the positive x-direction
and the molecules oscillate parallel to the direction in which the wave propagates.

Figure 17.3 (a) A vibrating cone of a speaker, moving in the positive x-direction, compresses the air in front of it and
expands the air behind it. As the speaker oscillates, it creates another compression and rarefaction as those on the right move
away from the speaker. After many vibrations, a series of compressions and rarefactions moves out from the speaker as a
sound wave. The red graph shows the gauge pressure of the air versus the distance from the speaker. Pressures vary only
slightly from atmospheric pressure for ordinary sounds. Note that gauge pressure is modeled with a sine function, where the
crests of the function line up with the compressions and the troughs line up with the rarefactions. (b) Sound waves can also be
modeled using the displacement of the air molecules. The blue graph shows the displacement of the air molecules versus the
position from the speaker and is modeled with a cosine function. Notice that the displacement is zero for the molecules in
their equilibrium position and are centered at the compressions and rarefactions. Compressions are formed when molecules on
either side of the equilibrium molecules are displaced toward the equilibrium position. Rarefactions are formed when the
molecules are displaced away from the equilibrium position.

Models Describing Sound

Sound can be modeled as a pressure wave by considering the change in pressure from average pressure,

(17.1)ΔP = ΔPmax sin⎛
⎝kx ∓ ωt + ϕ⎞

⎠.

This equation is similar to the periodic wave equations seen in Waves, where ΔP is the change in pressure, ΔPmax

is the maximum change in pressure, k = 2π
λ is the wave number, ω = 2π

T = 2π f is the angular frequency, and ϕ is

the initial phase. The wave speed can be determined from v = ω
k = λ

T . Sound waves can also be modeled in terms of

the displacement of the air molecules. The displacement of the air molecules can be modeled using a cosine function:

(17.2)s(x, t) = smax cos⎛
⎝kx ∓ ωt + ϕ⎞

⎠.

In this equation, s is the displacement and smax is the maximum displacement.

Not shown in the figure is the amplitude of a sound wave as it decreases with distance from its source, because the energy
of the wave is spread over a larger and larger area. The intensity decreases as it moves away from the speaker, as discussed
in Waves. The energy is also absorbed by objects and converted into thermal energy by the viscosity of the air. In addition,
during each compression, a little heat transfers to the air; during each rarefaction, even less heat transfers from the air,
and these heat transfers reduce the organized disturbance into random thermal motions. Whether the heat transfer from
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compression to rarefaction is significant depends on how far apart they are—that is, it depends on wavelength. Wavelength,
frequency, amplitude, and speed of propagation are important characteristics for sound, as they are for all waves.

17.2 | Speed of Sound

Learning Objectives

By the end of this section, you will be able to:

• Explain the relationship between wavelength and frequency of sound

• Determine the speed of sound in different media

• Derive the equation for the speed of sound in air

• Determine the speed of sound in air for a given temperature

Sound, like all waves, travels at a certain speed and has the properties of frequency and wavelength. You can observe direct
evidence of the speed of sound while watching a fireworks display (Figure 17.4). You see the flash of an explosion well
before you hear its sound and possibly feel the pressure wave, implying both that sound travels at a finite speed and that it
is much slower than light.

Figure 17.4 When a firework shell explodes, we perceive the light energy before the sound
energy because sound travels more slowly than light does.

The difference between the speed of light and the speed of sound can also be experienced during an electrical storm. The
flash of lighting is often seen before the clap of thunder. You may have heard that if you count the number of seconds
between the flash and the sound, you can estimate the distance to the source. Every five seconds converts to about one mile.
The velocity of any wave is related to its frequency and wavelength by

(17.3)v = f λ,

where v is the speed of the wave, f is its frequency, and λ is its wavelength. Recall from Waves that the wavelength is the

length of the wave as measured between sequential identical points. For example, for a surface water wave or sinusoidal
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wave on a string, the wavelength can be measured between any two convenient sequential points with the same height and
slope, such as between two sequential crests or two sequential troughs. Similarly, the wavelength of a sound wave is the
distance between sequential identical parts of a wave—for example, between sequential compressions (Figure 17.5). The
frequency is the same as that of the source and is the number of waves that pass a point per unit time.

Figure 17.5 A sound wave emanates from a source, such as a tuning fork, vibrating at a frequency f. It propagates at
speed v and has a wavelength λ .

Speed of Sound in Various Media
Table 17.1 shows that the speed of sound varies greatly in different media. The speed of sound in a medium depends on
how quickly vibrational energy can be transferred through the medium. For this reason, the derivation of the speed of sound
in a medium depends on the medium and on the state of the medium. In general, the equation for the speed of a mechanical
wave in a medium depends on the square root of the restoring force, or the elastic property, divided by the inertial property,

v = elastic property
inertial property.

Also, sound waves satisfy the wave equation derived in Waves,

∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2 .

Recall from Waves that the speed of a wave on a string is equal to v = FT
µ , where the restoring force is the tension in

the string FT and the linear density µ is the inertial property. In a fluid, the speed of sound depends on the bulk modulus

and the density,

(17.4)v = B
ρ .

The speed of sound in a solid the depends on the Young’s modulus of the medium and the density,

(17.5)v = Y
ρ .

In an ideal gas (see The Kinetic Theory of Gases (http://cnx.org/content/m58390/latest/) ), the equation for the
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speed of sound is

(17.6)
v = γRTK

M ,

where γ is the adiabatic index, R = 8.31 J/mol · K is the gas constant, TK is the absolute temperature in kelvins, and

M is the molecular mass. In general, the more rigid (or less compressible) the medium, the faster the speed of sound. This
observation is analogous to the fact that the frequency of simple harmonic motion is directly proportional to the stiffness of
the oscillating object as measured by k, the spring constant. The greater the density of a medium, the slower the speed of
sound. This observation is analogous to the fact that the frequency of a simple harmonic motion is inversely proportional to
m, the mass of the oscillating object. The speed of sound in air is low, because air is easily compressible. Because liquids
and solids are relatively rigid and very difficult to compress, the speed of sound in such media is generally greater than in
gases.

Medium v (m/s)

Gases at 0°C

Air 331

Carbon dioxide 259

Oxygen 316

Helium 965

Hydrogen 1290

Liquids at 20°C

Ethanol 1160

Mercury 1450

Water, fresh 1480

Sea Water 1540

Human tissue 1540

Solids (longitudinal or bulk)

Vulcanized rubber 54

Polyethylene 920

Marble 3810

Glass, Pyrex 5640

Lead 1960

Aluminum 5120

Steel 5960

Table 17.1 Speed of Sound in
Various Media

Because the speed of sound depends on the density of the material, and the density depends on the temperature, there is
a relationship between the temperature in a given medium and the speed of sound in the medium. For air at sea level, the
speed of sound is given by
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(17.7)
v = 331m

s 1 + TC
273°C = 331m

s
TK

273 K

where the temperature in the first equation (denoted as TC ) is in degrees Celsius and the temperature in the second

equation (denoted as TK ) is in kelvins. The speed of sound in gases is related to the average speed of particles in the gas,

vrms = 3kB T
m , where kB is the Boltzmann constant (1.38 × 10−23 J/K) and m is the mass of each (identical) particle

in the gas. Note that v refers to the speed of the coherent propagation of a disturbance (the wave), whereas vrms describes

the speeds of particles in random directions. Thus, it is reasonable that the speed of sound in air and other gases should
depend on the square root of temperature. While not negligible, this is not a strong dependence. At 0°C , the speed of sound

is 331 m/s, whereas at 20.0°C , it is 343 m/s, less than a 4% increase. Figure 17.6 shows how a bat uses the speed of

sound to sense distances.

Figure 17.6 A bat uses sound echoes to find its way about and to catch prey. The time for the
echo to return is directly proportional to the distance.

Derivation of the Speed of Sound in Air
As stated earlier, the speed of sound in a medium depends on the medium and the state of the medium. The derivation of the
equation for the speed of sound in air starts with the mass flow rate and continuity equation discussed in Fluid Mechanics.

Consider fluid flow through a pipe with cross-sectional area A (Figure 17.7). The mass in a small volume of length x of
the pipe is equal to the density times the volume, or m = ρV = ρAx. The mass flow rate is

dm
dt = d

dt
⎛
⎝ρV ⎞

⎠ = d
dt

⎛
⎝ρAx⎞

⎠ = ρAdx
dt = ρAv.

The continuity equation from Fluid Mechanics states that the mass flow rate into a volume has to equal the mass flow
rate out of the volume, ρin Ain vin = ρout Aout vout.
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Figure 17.7 The mass of a fluid in a volume is equal to the
density times the volume, m = ρV = ρAx. The mass flow rate

is the time derivative of the mass.

Now consider a sound wave moving through a parcel of air. A parcel of air is a small volume of air with imaginary
boundaries (Figure 17.8). The density, temperature, and velocity on one side of the volume of the fluid are given as
ρ, T , v, and on the other side are ρ + dρ, T + dT , v + dv.

Figure 17.8 A sound wave moves through a volume of fluid.
The density, temperature, and velocity of the fluid change from
one side to the other.

The continuity equation states that the mass flow rate entering the volume is equal to the mass flow rate leaving the volume,
so

ρAv = ⎛
⎝ρ + dρ⎞

⎠A(v + dv).

This equation can be simplified, noting that the area cancels and considering that the multiplication of two infinitesimals is
approximately equal to zero: dρ(dv) ≈ 0,

ρv = ⎛
⎝ρ + dρ⎞

⎠(v + dv)
ρv = ρv + ρ(dv) + ⎛

⎝dρ⎞
⎠v + ⎛

⎝dρ⎞
⎠(dv)

0 = ρ(dv) + ⎛
⎝dρ⎞

⎠v
ρ dv = −vdρ.

The net force on the volume of fluid (Figure 17.9) equals the sum of the forces on the left face and the right face:

Fnet = p dy dz − ⎛
⎝p + dp⎞

⎠dy dz
= p dy dz − pdy dz − dp dy dz
= −dp dy dz

ma = −dp dy dz.
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Figure 17.9 A sound wave moves through a volume of fluid.
The force on each face can be found by the pressure times the
area.

The acceleration is the force divided by the mass and the mass is equal to the density times the volume,
m = ρV = ρ dx dy dz. We have

ma = −dp dy dz

a = −dp dy dz
m = − dp dy dz

ρ dx dy dz = − dp
⎛
⎝ρ dx⎞

⎠

dv
dt = − dp

⎛
⎝ρ dx⎞

⎠

dv = − dp
⎛
⎝ρ dx⎞

⎠
dt = − dp

ρ
1
v

ρv dv = −dp.

From the continuity equation ρ dv = −vdρ , we obtain

ρvdv = −dp
⎛
⎝−vdρ⎞

⎠v = −dp

v = dp
dρ .

Consider a sound wave moving through air. During the process of compression and expansion of the gas, no heat is added or
removed from the system. A process where heat is not added or removed from the system is known as an adiabatic system.
Adiabatic processes are covered in detail in The First Law of Thermodynamics (http://cnx.org/content/m58721/
latest/) , but for now it is sufficient to say that for an adiabatic process, pV γ = constant, where p is the pressure, V is the

volume, and gamma (γ) is a constant that depends on the gas. For air, γ = 1.40 . The density equals the number of moles

times the molar mass divided by the volume, so the volume is equal to V = nM
ρ . The number of moles and the molar mass

are constant and can be absorbed into the constant p⎛
⎝
1
ρ

⎞
⎠
γ

= constant. Taking the natural logarithm of both sides yields

ln p − γ ln ρ = constant. Differentiating with respect to the density, the equation becomes

ln p − γ ln ρ = constant
d

dρ
⎛
⎝ln p − γ ln ρ⎞

⎠ = d
dρ(constant)

1
p

dp
dρ − γ

ρ = 0

dp
dρ = γp

ρ .

If the air can be considered an ideal gas, we can use the ideal gas law:

pV = nRT = m
MRT

p = m
V

RT
M = ρRT

M .
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Here M is the molar mass of air:

dp
dρ = γp

ρ =
γ⎛

⎝ρRT
M

⎞
⎠

ρ = γRT
M .

Since the speed of sound is equal to v = dp
dρ , the speed is equal to

v = γ RT
M .

Note that the velocity is faster at higher temperatures and slower for heavier gases. For air, γ = 1.4, M = 0.02897 kg
mol,

and R = 8.31 J
mol · K. If the temperature is TC = 20°C(T = 293 K), the speed of sound is v = 343 m/s.

The equation for the speed of sound in air v = γRT
M can be simplified to give the equation for the speed of sound in air as

a function of absolute temperature:

v = γRT
M

= γRT
M

⎛
⎝
273 K
273 K

⎞
⎠ = (273 K)γR

M
T

273 K

≈ 331m
s

T
273 K.

One of the more important properties of sound is that its speed is nearly independent of the frequency. This independence
is certainly true in open air for sounds in the audible range. If this independence were not true, you would certainly notice
it for music played by a marching band in a football stadium, for example. Suppose that high-frequency sounds traveled
faster—then the farther you were from the band, the more the sound from the low-pitch instruments would lag that from
the high-pitch ones. But the music from all instruments arrives in cadence independent of distance, so all frequencies must
travel at nearly the same speed. Recall that

v = f λ.

In a given medium under fixed conditions, v is constant, so there is a relationship between f and λ; the higher the frequency,

the smaller the wavelength (Figure 17.10).
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Figure 17.10 Because they travel at the same speed in a given
medium, low-frequency sounds must have a greater wavelength than
high-frequency sounds. Here, the lower-frequency sounds are
emitted by the large speaker, called a woofer, whereas the higher-
frequency sounds are emitted by the small speaker, called a tweeter.
(credit: modification of work by Jane Whitney)

Example 17.1

Calculating Wavelengths

Calculate the wavelengths of sounds at the extremes of the audible range, 20 and 20,000 Hz, in 30.0°C air.

(Assume that the frequency values are accurate to two significant figures.)

Strategy

To find wavelength from frequency, we can use v = f λ.

Solution
1. Identify knowns. The value for v is given by

v = (331 m/s) T
273 K.

2. Convert the temperature into kelvins and then enter the temperature into the equation

v = (331 m/s) 303 K
273 K = 348.7 m/s.

3. Solve the relationship between speed and wavelength for λ:

λ = v
f .

4. Enter the speed and the minimum frequency to give the maximum wavelength:

λmax = 348.7 m/s
20 Hz = 17 m.

5. Enter the speed and the maximum frequency to give the minimum wavelength:
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λmin = 348.7 m/s
20,000 Hz = 0.017 m = 1.7 cm.

Significance

Because the product of f multiplied by λ equals a constant, the smaller f is, the larger λ must be, and vice versa.

The speed of sound can change when sound travels from one medium to another, but the frequency usually remains the
same. This is similar to the frequency of a wave on a string being equal to the frequency of the force oscillating the string.
If v changes and f remains the same, then the wavelength λ must change. That is, because v = f λ , the higher the speed of

a sound, the greater its wavelength for a given frequency.

Check Your Understanding Imagine you observe two firework shells explode. You hear the explosion
of one as soon as you see it. However, you see the other shell for several milliseconds before you hear the
explosion. Explain why this is so.

Although sound waves in a fluid are longitudinal, sound waves in a solid travel both as longitudinal waves and transverse
waves. Seismic waves, which are essentially sound waves in Earth’s crust produced by earthquakes, are an interesting
example of how the speed of sound depends on the rigidity of the medium. Earthquakes produce both longitudinal and
transverse waves, and these travel at different speeds. The bulk modulus of granite is greater than its shear modulus. For
that reason, the speed of longitudinal or pressure waves (P-waves) in earthquakes in granite is significantly higher than the
speed of transverse or shear waves (S-waves). Both types of earthquake waves travel slower in less rigid material, such as
sediments. P-waves have speeds of 4 to 7 km/s, and S-waves range in speed from 2 to 5 km/s, both being faster in more rigid
material. The P-wave gets progressively farther ahead of the S-wave as they travel through Earth’s crust. The time between
the P- and S-waves is routinely used to determine the distance to their source, the epicenter of the earthquake. Because S-
waves do not pass through the liquid core, two shadow regions are produced (Figure 17.11).

Figure 17.11 Earthquakes produce both longitudinal waves (P-waves) and
transverse waves (S-waves), and these travel at different speeds. Both waves
travel at different speeds in the different regions of Earth, but in general, P-
waves travel faster than S-waves. S-waves cannot be supported by the liquid
core, producing shadow regions.

As sound waves move away from a speaker, or away from the epicenter of an earthquake, their power per unit area
decreases. This is why the sound is very loud near a speaker and becomes less loud as you move away from the speaker.
This also explains why there can be an extreme amount of damage at the epicenter of an earthquake but only tremors are
felt in areas far from the epicenter. The power per unit area is known as the intensity, and in the next section, we will discuss
how the intensity depends on the distance from the source.

858 Chapter 17 | Sound

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10



17.3 | Sound Intensity

Learning Objectives

By the end of this section, you will be able to:

• Define the term intensity

• Explain the concept of sound intensity level

• Describe how the human ear translates sound

In a quiet forest, you can sometimes hear a single leaf fall to the ground. But when a passing motorist has his stereo turned
up, you cannot even hear what the person next to you in your car is saying (Figure 17.12). We are all very familiar with the
loudness of sounds and are aware that loudness is related to how energetically the source is vibrating. High noise exposure
is hazardous to hearing, which is why it is important for people working in industrial settings to wear ear protection. The
relevant physical quantity is sound intensity, a concept that is valid for all sounds whether or not they are in the audible
range.

Figure 17.12 Noise on crowded roadways, like this one in Delhi, makes it hard to hear others
unless they shout. (credit: “Lingaraj G J”/Flickr)

In Waves, we defined intensity as the power per unit area carried by a wave. Power is the rate at which energy is transferred
by the wave. In equation form, intensity I is

(17.8)I = P
A,

where P is the power through an area A. The SI unit for I is W/m2. If we assume that the sound wave is spherical, and that

no energy is lost to thermal processes, the energy of the sound wave is spread over a larger area as distance increases, so the

intensity decreases. The area of a sphere is A = 4πr2. As the wave spreads out from r1 to r2, the energy also spreads

out over a larger area:

P1 = P2

I1 4πr1
2 = I2 4πr2

2;
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(17.9)
I2 = I1

⎛
⎝
r1
r2

⎞
⎠

2
.

The intensity decreases as the wave moves out from the source. In an inverse square relationship, such as the intensity, when
you double the distance, the intensity decreases to one quarter,

I2 = I1
⎛
⎝
r1
r2

⎞
⎠

2
= I1

⎛
⎝

r1
2r1

⎞
⎠

2
= 1

4I1.

Generally, when considering the intensity of a sound wave, we take the intensity to be the time-averaged value of the power,
denoted by 〈 P 〉 , divided by the area,

(17.10)I = 〈 P 〉
A .

The intensity of a sound wave is proportional to the change in the pressure squared and inversely proportional to the density
and the speed. Consider a parcel of a medium initially undisturbed and then influenced by a sound wave at time t, as shown
in Figure 17.13.

Figure 17.13 An undisturbed parcel of a medium with a
volume V = AΔx shown in blue. A sound wave moves

through the medium at time t, and the parcel is displaced and
expands, as shown by dotted lines. The change in volume is
ΔV = AΔs = A(s2 − s1) , where s1 is the displacement of

the leading edge of the parcel and s2 is the displacement of the

trailing edge of the parcel. In the figure, s2 > s1 and the parcel

expands, but the parcel can either expand or compress
(s2 < s1) , depending on which part of the sound wave

(compression or rarefaction) is moving through the parcel.

As the sound wave moves through the parcel, the parcel is displaced and may expand or contract. If s2 > s1 , the volume

has increased and the pressure decreases. If s2 < s1, the volume has decreased and the pressure increases. The change in

the volume is

ΔV = AΔs = A(s2 − s1) = A⎛
⎝s(x + Δx, t) − s(x, t)⎞

⎠.

The fractional change in the volume is the change in volume divided by the original volume:

dV
V = lim

Δx → 0
A⎡

⎣s(x + Δx, t) − s(x, t)⎤
⎦

AΔx = ∂s(x, t)
∂ x .

The fractional change in volume is related to the pressure fluctuation by the bulk modulus β = − Δp(x, t)
dV /V . Recall that
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the minus sign is required because the volume is inversely related to the pressure. (We use lowercase p for pressure to

distinguish it from power, denoted by P.) The change in pressure is therefore Δp(x, t) = −βdV
V = −β∂s(x, t)

∂ x . If the

sound wave is sinusoidal, then the displacement as shown in Equation 17.2 is s(x, t) = smax cos⎛
⎝kx ∓ ωt + ϕ⎞

⎠ and the

pressure is found to be

Δp(x, t) = −βdV
V = −β∂s(x, t)

∂ x = βksmax sin⎛
⎝kx − ωt + ϕ⎞

⎠ = Δpmax sin⎛
⎝kx − ωt + ϕ⎞

⎠.

The intensity of the sound wave is the power per unit area, and the power is the force times the velocity, I = P
A = Fv

A = pv.

Here, the velocity is the velocity of the oscillations of the medium, and not the velocity of the sound wave. The velocity of
the medium is the time rate of change in the displacement:

v(x, t) = ∂
∂ ys(x, t) = ∂

∂ y
⎛
⎝smax cos⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠ = smax ω sin⎛

⎝kx − ωt + ϕ⎞
⎠.

Thus, the intensity becomes

I = Δp(x, t)v(x, t)
= βksmax sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎡
⎣smax ω sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎤
⎦

= βkωsmax
2 sin2 ⎛

⎝kx − ωt + ϕ⎞
⎠.

To find the time-averaged intensity over one period T = 2π
ω for a position x, we integrate over the period, I = βkωsmax

2

2 .

Using Δpmax = βksmax, v = β
ρ, and v = ω

k , we obtain

I = βkωsmax
2

2 = β2 k2 ωsmax
2

2βk = ω⎛
⎝Δpmax

⎞
⎠
2

2⎛
⎝ρv2⎞

⎠k
= v⎛

⎝Δpmax
⎞
⎠
2

2⎛
⎝ρv2⎞

⎠
=

⎛
⎝Δpmax

⎞
⎠
2

2ρv .

That is, the intensity of a sound wave is related to its amplitude squared by

(17.11)
I = (Δpmax)2

2ρv .

Here, Δpmax is the pressure variation or pressure amplitude in units of pascals (Pa) or N/m2 . The energy (as kinetic

energy 1
2mv2 ) of an oscillating element of air due to a traveling sound wave is proportional to its amplitude squared. In

this equation, ρ is the density of the material in which the sound wave travels, in units of kg/m3, and v is the speed of

sound in the medium, in units of m/s. The pressure variation is proportional to the amplitude of the oscillation, so I varies

as ⎛
⎝Δp⎞

⎠
2. This relationship is consistent with the fact that the sound wave is produced by some vibration; the greater its

pressure amplitude, the more the air is compressed in the sound it creates.

Human Hearing and Sound Intensity Levels
As stated earlier in this chapter, hearing is the perception of sound. The hearing mechanism involves some interesting
physics. The sound wave that impinges upon our ear is a pressure wave. The ear is a transducer that converts sound waves
into electrical nerve impulses in a manner much more sophisticated than, but analogous to, a microphone. Figure 17.14
shows the anatomy of the ear.
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Figure 17.14 The anatomy of the human ear.

The outer ear, or ear canal, carries sound to the recessed, protected eardrum. The air column in the ear canal resonates and
is partially responsible for the sensitivity of the ear to sounds in the 2000–5000-Hz range. The middle ear converts sound
into mechanical vibrations and applies these vibrations to the cochlea.

Watch this video (https://openstaxcollege.org/l/21humanear) for a more detailed discussion of the
workings of the human ear.

The range of intensities that the human ear can hear depends on the frequency of the sound, but, in general, the range is

quite large. The minimum threshold intensity that can be heard is I0 = 10−12 W/m2. Pain is experienced at intensities of

Ipain = 1 W/m2. Measurements of sound intensity (in units of W/m2 ) are very cumbersome due to this large range in

values. For this reason, as well as for other reasons, the concept of sound intensity level was proposed.

The sound intensity level β of a sound, measured in decibels, having an intensity I in watts per meter squared, is defined

as

(17.12)β(dB) = 10 log10
⎛
⎝

I
I0

⎞
⎠,

where I0 = 10−12 W/m2 is a reference intensity, corresponding to the threshold intensity of sound that a person with

normal hearing can perceive at a frequency of 1.00 kHz. It is more common to consider sound intensity levels in dB than

in W/m2. How human ears perceive sound can be more accurately described by the logarithm of the intensity rather than

directly by the intensity. Because β is defined in terms of a ratio, it is a unitless quantity, telling you the level of the sound

relative to a fixed standard ( 10−12 W/m2 ). The units of decibels (dB) are used to indicate this ratio is multiplied by 10 in

its definition. The bel, upon which the decibel is based, is named for Alexander Graham Bell, the inventor of the telephone.

The decibel level of a sound having the threshold intensity of 10−12 W/m2 is β = 0 dB, because log10 1 = 0. Table

17.2 gives levels in decibels and intensities in watts per meter squared for some familiar sounds. The ear is sensitive to as
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little as a trillionth of a watt per meter squared—even more impressive when you realize that the area of the eardrum is only

about 1 cm2, so that only 10−16 W falls on it at the threshold of hearing. Air molecules in a sound wave of this intensity

vibrate over a distance of less than one molecular diameter, and the gauge pressures involved are less than 10−9 atm.

Sound intensity level β
(dB)

Intensity I
⎛
⎝W/m2⎞

⎠

Example/effect

0 1 × 10−12 Threshold of hearing at 1000 Hz

10 1 × 10−11 Rustle of leaves

20 1 × 10−10 Whisper at 1-m distance

30 1 × 10−9 Quiet home

40 1 × 10−8 Average home

50 1 × 10−7 Average office, soft music

60 1 × 10−6 Normal conversation

70 1 × 10−5 Noisy office, busy traffic

80 1 × 10−4 Loud radio, classroom lecture

90 1 × 10−3 Inside a heavy truck; damage from prolonged
exposure[1]

100 1 × 10−2 Noisy factory, siren at 30 m; damage from 8 h per day
exposure

110 1 × 10−1 Damage from 30 min per day exposure

120 1 Loud rock concert; pneumatic chipper at 2 m;
threshold of pain

140 1 × 102 Jet airplane at 30 m; severe pain, damage in seconds

160 1 × 104 Bursting of eardrums

Table 17.2 Sound Intensity Levels and Intensities [1] Several government agencies and health-related
professional associations recommend that 85 dB not be exceeded for 8-hour daily exposures in the absence of
hearing protection.

An observation readily verified by examining Table 17.2 or by using Equation 17.12 is that each factor of 10 in intensity
corresponds to 10 dB. For example, a 90-dB sound compared with a 60-dB sound is 30 dB greater, or three factors of 10

(that is, 103 times) as intense. Another example is that if one sound is 107 as intense as another, it is 70 dB higher (Table

17.3).

1. Several government agencies and health-related professional associations recommend that 85 dB not be
exceeded for 8-hour daily exposures in the absence of hearing protection.
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I2 /I1 β2 − β1

2.0 3.0 dB

5.0 7.0 dB

10.0 10.0 dB

100.0 20.0 dB

1000.0 30.0 dB

Table 17.3 Ratios of
Intensities and
Corresponding
Differences in Sound
Intensity Levels

Example 17.2

Calculating Sound Intensity Levels

Calculate the sound intensity level in decibels for a sound wave traveling in air at 0°C and having a pressure

amplitude of 0.656 Pa.

Strategy

We are given Δp , so we can calculate I using the equation I = (Δp)2

2ρvw
. Using I, we can calculate β straight

from its definition in β(dB) = 10 log10
⎛
⎝

I
I0

⎞
⎠.

Solution
1. Identify knowns:

Sound travels at 331 m/s in air at 0°C.
Air has a density of 1.29 kg/m3 at atmospheric pressure and 0°C.

2. Enter these values and the pressure amplitude into I = (Δp)2

2ρv .

I = (Δp)2

2ρv = (0.656 Pa)2

2(1.29 kg/m3)(331 m/s)
= 5.04 × 10−4 W/m2.

3. Enter the value for I and the known value for I0 into β(dB) = 10 log10(I/I0). Calculate to find the

sound intensity level in decibels:

10 log10(5.04 × 108) = 10(8.70)dB = 87 dB.

Significance

This 87-dB sound has an intensity five times as great as an 80-dB sound. So a factor of five in intensity
corresponds to a difference of 7 dB in sound intensity level. This value is true for any intensities differing by a
factor of five.

Example 17.3

Changing Intensity Levels of a Sound

Show that if one sound is twice as intense as another, it has a sound level about 3 dB higher.
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17.2

Strategy

We are given that the ratio of two intensities is 2 to 1, and are then asked to find the difference in their sound
levels in decibels. We can solve this problem by using of the properties of logarithms.

Solution
1. Identify knowns:

The ratio of the two intensities is 2 to 1, or

I2
I1

= 2.00.

We wish to show that the difference in sound levels is about 3 dB. That is, we want to show:

β2 − β1 = 3 dB.

Note that

log10 b − log10 a = log10
⎛
⎝
b
a

⎞
⎠.

2. Use the definition of β to obtain

β2 − β1 = 10 log10
⎛
⎝

I2
I1

⎞
⎠ = 10 log10 2.00 = 10(0.301) dB.

Thus,

β2 − β1 = 3.01 dB.

Significance

This means that the two sound intensity levels differ by 3.01 dB, or about 3 dB, as advertised. Note that because
only the ratio I2 /I1 is given (and not the actual intensities), this result is true for any intensities that differ by a

factor of two. For example, a 56.0-dB sound is twice as intense as a 53.0-dB sound, a 97.0-dB sound is half as
intense as a 100-dB sound, and so on.

Check Your Understanding Identify common sounds at the levels of 10 dB, 50 dB, and 100 dB.

Another decibel scale is also in use, called the sound pressure level, based on the ratio of the pressure amplitude to a
reference pressure. This scale is used particularly in applications where sound travels in water. It is beyond the scope of this
text to treat this scale because it is not commonly used for sounds in air, but it is important to note that very different decibel
levels may be encountered when sound pressure levels are quoted.

Hearing and Pitch
The human ear has a tremendous range and sensitivity. It can give us a wealth of simple information—such as pitch,
loudness, and direction.

The perception of frequency is called pitch. Typically, humans have excellent relative pitch and can discriminate between
two sounds if their frequencies differ by 0.3% or more. For example, 500.0 and 501.5 Hz are noticeably different. Musical
notes are sounds of a particular frequency that can be produced by most instruments and in Western music have particular
names, such as A-sharp, C, or E-flat.

The perception of intensity is called loudness. At a given frequency, it is possible to discern differences of about 1 dB, and
a change of 3 dB is easily noticed. But loudness is not related to intensity alone. Frequency has a major effect on how loud
a sound seems. Sounds near the high- and low-frequency extremes of the hearing range seem even less loud, because the
ear is less sensitive at those frequencies. When a violin plays middle C, there is no mistaking it for a piano playing the same
note. The reason is that each instrument produces a distinctive set of frequencies and intensities. We call our perception of
these combinations of frequencies and intensities tone quality or, more commonly, the timbre of the sound. Timbre is the
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shape of the wave that arises from the many reflections, resonances, and superposition in an instrument.

A unit called a phon is used to express loudness numerically. Phons differ from decibels because the phon is a unit of
loudness perception, whereas the decibel is a unit of physical intensity. Figure 17.15 shows the relationship of loudness
to intensity (or intensity level) and frequency for persons with normal hearing. The curved lines are equal-loudness curves.
Each curve is labeled with its loudness in phons. Any sound along a given curve is perceived as equally loud by the
average person. The curves were determined by having large numbers of people compare the loudness of sounds at different
frequencies and sound intensity levels. At a frequency of 1000 Hz, phons are taken to be numerically equal to decibels.

Figure 17.15 The relationship of loudness in phons to intensity level (in decibels) and
intensity (in watts per meter squared) for persons with normal hearing. The curved lines are
equal-loudness curves—all sounds on a given curve are perceived as equally loud. Phons and
decibels are defined to be the same at 1000 Hz.

Example 17.4

Measuring Loudness

(a) What is the loudness in phons of a 100-Hz sound that has an intensity level of 80 dB? (b) What is the intensity
level in decibels of a 4000-Hz sound having a loudness of 70 phons? (c) At what intensity level will an 8000-Hz
sound have the same loudness as a 200-Hz sound at 60 dB?

Strategy

The graph in Figure 17.15 should be referenced to solve this example. To find the loudness of a given sound,
you must know its frequency and intensity level, locate that point on the square grid, and then interpolate between
loudness curves to get the loudness in phons. Once that point is located, the intensity level can be determined
from the vertical axis.

Solution
1. Identify knowns: The square grid of the graph relating phons and decibels is a plot of intensity level

versus frequency—both physical quantities: 100 Hz at 80 dB lies halfway between the curves marked 70
and 80 phons.
Find the loudness: 75 phons.

2. Identify knowns: Values are given to be 4000 Hz at 70 phons.
Follow the 70-phon curve until it reaches 4000 Hz. At that point, it is below the 70 dB line at about 67
dB.
Find the intensity level: 67 dB.
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17.3

3. Locate the point for a 200 Hz and 60 dB sound.
Find the loudness: This point lies just slightly above the 50-phon curve, and so its loudness is 51 phons.
Look for the 51-phon level is at 8000 Hz: 63 dB.

Significance

These answers, like all information extracted from Figure 17.15, have uncertainties of several phons or several
decibels, partly due to difficulties in interpolation, but mostly related to uncertainties in the equal-loudness curves.

Check Your Understanding Describe how amplitude is related to the loudness of a sound.

In this section, we discussed the characteristics of sound and how we hear, but how are the sounds we hear produced?
Interesting sources of sound are musical instruments and the human voice, and we will discuss these sources. But before we
can understand how musical instruments produce sound, we need to look at the basic mechanisms behind these instruments.
The theories behind the mechanisms used by musical instruments involve interference, superposition, and standing waves,
which we discuss in the next section.

17.4 | Normal Modes of a Standing Sound Wave

Learning Objectives

By the end of this section, you will be able to:

• Explain the mechanism behind sound-reducing headphones

• Describe resonance in a tube closed at one end and open at the other end

• Describe resonance in a tube open at both ends

Interference is the hallmark of waves, all of which exhibit constructive and destructive interference exactly analogous to
that seen for water waves. In fact, one way to prove something “is a wave” is to observe interference effects. Since sound is
a wave, we expect it to exhibit interference.

Interference of Sound Waves
In Waves, we discussed the interference of wave functions that differ only in a phase shift. We found that the wave function
resulting from the superposition of y1 (x, t) = A sin⎛

⎝kx − ωt + ϕ⎞
⎠ and y2 (x, t) = A sin(kx − ωt) is

y(x, t) = ⎡
⎣2A cos⎛

⎝
ϕ
2

⎞
⎠
⎤
⎦sin⎛

⎝kx − ωt + ϕ
2

⎞
⎠.

One way for two identical waves that are initially in phase to become out of phase with one another is to have the waves
travel different distances; that is, they have different path lengths. Sound waves provide an excellent example of a phase
shift due to a path difference. As we have discussed, sound waves can basically be modeled as longitudinal waves, where
the molecules of the medium oscillate around an equilibrium position, or as pressure waves.

When the waves leave the speakers, they move out as spherical waves (Figure 17.16). The waves interfere; constructive
inference is produced by the combination of two crests or two troughs, as shown. Destructive interference is produced by
the combination of a trough and a crest.
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Figure 17.16 When sound waves are produced by a speaker, they travel at the
speed of sound and move out as spherical waves. Here, two speakers produce the
same steady tone (frequency). The result is points of high-intensity sound
(highlighted), which result from two crests (compression) or two troughs
(rarefaction) overlapping. Destructive interference results from a crest and trough
overlapping. The points where there is constructive interference in the figure
occur because the two waves are in phase at those points. Points of destructive
interference (Figure 17.17) are the result of the two waves being out of phase.
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Figure 17.17 Two speakers being driven by a single signal generator. The sound waves
produced by the speakers are in phase and are of a single frequency. The sound waves interfere
with each other. When two crests or two troughs coincide, there is constructive interference,
marked by the red and blue dots. When a trough and a crest coincide, destructive interference
occurs, marked by black dots. The phase difference is due to the path lengths traveled by the
individual waves. Two identical waves travel two different path lengths to a point P. (a) The
difference in the path lengths is one wavelength, resulting in total constructive interference and
a resulting amplitude equal to twice the original amplitude. (b) The difference in the path
lengths is less than one wavelength but greater than one half a wavelength, resulting in an
amplitude greater than zero and less than twice the original amplitude. (c) The difference in the
path lengths is one half of a wavelength, resulting in total destructive interference and a
resulting amplitude of zero.

The phase difference at each point is due to the different path lengths traveled by each wave. When the difference in the
path lengths is an integer multiple of a wavelength,
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Δr = |r2 − r1| = nλ, where n = 0, 1, 2, 3,…,

the waves are in phase and there is constructive interference. When the difference in path lengths is an odd multiple of a
half wavelength,

Δr = |r2 − r1| = nλ
2, where n = 1, 3, 5,…,

the waves are 180°(π rad) out of phase and the result is destructive interference. These points can be located with a sound-

level intensity meter.

Example 17.5

Interference of Sound Waves

Two speakers are separated by 5.00 m and are being driven by a signal generator at an unknown frequency. A
student with a sound-level meter walks out 6.00 m and down 2.00 m, and finds the first minimum intensity,
as shown below. What is the frequency supplied by the signal generator? Assume the wave speed of sound is
v = 343.00 m/s.

Strategy

The wave velocity is equal to v = λ
T = λ f . The frequency is then f = v

λ. A minimum intensity indicates

destructive interference and the first such point occurs where there is path difference of Δr = λ/2, which can

be found from the geometry.

Solution
1. Find the path length to the minimum point from each speaker.

r1 = (6.00 m)2 + (2.00 m)2 = 6.32 m, r2 = (6.00 m)2 + (3.00 m)2 = 6.71 m

2. Use the difference in the path length to find the wavelength.

Δr = |r2 − r1| = |6.71 m − 6.32 m| = 0.39 m

λ = 2Δr = 2(0.39 m) = 0.78 m

3. Find the frequency.
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17.4

17.5

f = v
λ = 343.00 m/s

0.78 m = 439.74 Hz

Significance

If point P were a point of maximum intensity, then the path length would be an integer multiple of the wavelength.

Check Your Understanding If you walk around two speakers playing music, how come you do not
notice places where the music is very loud or very soft, that is, where there is constructive and destructive
interference?

The concept of a phase shift due to a difference in path length is very important. You will use this concept again
in Interference (http://cnx.org/content/m58536/latest/) and Photons and Matter Waves (http://cnx.org/
content/m58757/latest/) , where we discuss how Thomas Young used this method in his famous double-slit experiment
to provide evidence that light has wavelike properties.

Noise Reduction through Destructive Interference
Figure 17.18 shows a clever use of sound interference to cancel noise. Larger-scale applications of active noise reduction
by destructive interference have been proposed for entire passenger compartments in commercial aircraft. To obtain
destructive interference, a fast electronic analysis is performed, and a second sound is introduced 180° out of phase with

the original sound, with its maxima and minima exactly reversed from the incoming noise. Sound waves in fluids are
pressure waves and are consistent with Pascal’s principle; that is, pressures from two different sources add and subtract
like simple numbers. Therefore, positive and negative gauge pressures add to a much smaller pressure, producing a lower-
intensity sound. Although completely destructive interference is possible only under the simplest conditions, it is possible
to reduce noise levels by 30 dB or more using this technique.

Figure 17.18 Headphones designed to cancel noise with
destructive interference create a sound wave exactly opposite to
the incoming sound. These headphones can be more effective
than the simple passive attenuation used in most ear protection.
Such headphones were used on the record-setting, around-the-
world nonstop flight of the Voyager aircraft in 1986 to protect
the pilots’ hearing from engine noise.

Check Your Understanding Describe how noise-canceling headphones differ from standard
headphones used to block outside sounds.

Where else can we observe sound interference? All sound resonances, such as in musical instruments, are due to
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constructive and destructive interference. Only the resonant frequencies interfere constructively to form standing waves,
whereas others interfere destructively and are absent.

Resonance in a Tube Closed at one End
As we discussed in Waves, standing waves are formed by two waves moving in opposite directions. When two identical
sinusoidal waves move in opposite directions, the waves may be modeled as

y1 (x, t) = A sin(kx − ωt) and y2 (x, t) = A sin(kx + ωt).

When these two waves interfere, the resultant wave is a standing wave:

yR (x, t) = ⎡
⎣2A sin(kx)⎤

⎦cos(ωt).

Resonance can be produced due to the boundary conditions imposed on a wave. In Waves, we showed that resonance
could be produced in a string under tension that had symmetrical boundary conditions, specifically, a node at each end. We
defined a node as a fixed point where the string did not move. We found that the symmetrical boundary conditions resulted
in some frequencies resonating and producing standing waves, while other frequencies interfere destructively. Sound waves
can resonate in a hollow tube, and the frequencies of the sound waves that resonate depend on the boundary conditions.

Suppose we have a tube that is closed at one end and open at the other. If we hold a vibrating tuning fork near the open
end of the tube, an incident sound wave travels through the tube and reflects off the closed end. The reflected sound has the
same frequency and wavelength as the incident sound wave, but is traveling in the opposite direction. At the closed end of
the tube, the molecules of air have very little freedom to oscillate, and a node arises. At the open end, the molecules are free
to move, and at the right frequency, an antinode occurs. Unlike the symmetrical boundary conditions for the standing waves
on the string, the boundary conditions for a tube open at one end and closed at the other end are anti-symmetrical: a node at
the closed end and an antinode at the open end.

If the tuning fork has just the right frequency, the air column in the tube resonates loudly, but at most frequencies it
vibrates very little. This observation just means that the air column has only certain natural frequencies. Consider the lowest
frequency that will cause the tube to resonate, producing a loud sound. There will be a node at the closed end and an
antinode at the open end, as shown in Figure 17.19.

Figure 17.19 Resonance of air in a tube closed at one end,
caused by a tuning fork that vibrates at the lowest frequency that
can produce resonance (the fundamental frequency). A node
exists at the closed end and an antinode at the open end.

The standing wave formed in the tube has an antinode at the open end and a node at the closed end. The distance from a node
to an antinode is one-fourth of a wavelength, and this equals the length of the tube; thus, λ1 = 4L. This same resonance

can be produced by a vibration introduced at or near the closed end of the tube (Figure 17.20). It is best to consider this a
natural vibration of the air column, independently of how it is induced.
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Figure 17.20 The same standing wave is created in the tube by a vibration
introduced near its closed end.

Given that maximum air displacements are possible at the open end and none at the closed end, other shorter wavelengths
can resonate in the tube, such as the one shown in Figure 17.21. Here the standing wave has three-fourths of its wavelength

in the tube, or 3
4λ3 = L, so that λ3 = 4

3L. Continuing this process reveals a whole series of shorter-wavelength and

higher-frequency sounds that resonate in the tube. We use specific terms for the resonances in any system. The lowest
resonant frequency is called the fundamental, while all higher resonant frequencies are called overtones. The resonant
frequencies that are integral multiples of the fundamental are collectively called harmonics. The fundamental is the first
harmonic, the second harmonic is twice the frequency of the first harmonic, and so on. Some of these harmonics may not
exist for a given scenario. Figure 17.22 shows the fundamental and the first three overtones (or the first, third, fifth, and
seventh harmonics) in a tube closed at one end.

Figure 17.21 Another resonance for a tube closed at one end.
This standing wave has maximum air displacement at the open
end and none at the closed end. The wavelength is shorter, with
three-fourths λ′ equaling the length of the tube, so that

λ′ = 4L/3 . This higher-frequency vibration is the first

overtone.

Figure 17.22 The fundamental and three lowest overtones for a tube closed at one end. All have maximum air
displacements at the open end and none at the closed end.

The relationship for the resonant wavelengths of a tube closed at one end is
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(17.13)λn = 4
nL n = 1, 3, 5, ...

Now let us look for a pattern in the resonant frequencies for a simple tube that is closed at one end. The fundamental has
λ = 4L, and frequency is related to wavelength and the speed of sound as given by

v = f λ.

Solving for f in this equation gives

f = v
λ = v

4L,

where v is the speed of sound in air. Similarly, the first overtone has λ = 4L/3 (see Figure 17.22), so that

f3 = 3 v
4L = 3 f1.

Because f3 = 3 f1, we call the first overtone the third harmonic. Continuing this process, we see a pattern that can be

generalized in a single expression. The resonant frequencies of a tube closed at one end are

(17.14)fn = n v
4L, n = 1, 3, 5, ...,

where f1 is the fundamental, f3 is the first overtone, and so on. It is interesting that the resonant frequencies depend on

the speed of sound and, hence, on temperature. This dependence poses a noticeable problem for organs in old unheated
cathedrals, and it is also the reason why musicians commonly bring their wind instruments to room temperature before
playing them.

Resonance in a Tube Open at Both Ends
Another source of standing waves is a tube that is open at both ends. In this case, the boundary conditions are symmetrical:
an antinode at each end. The resonances of tubes open at both ends can be analyzed in a very similar fashion to those for
tubes closed at one end. The air columns in tubes open at both ends have maximum air displacements at both ends (Figure
17.23). Standing waves form as shown.

Figure 17.23 The resonant frequencies of a tube open at both ends, including the fundamental and the first three overtones.
In all cases, the maximum air displacements occur at both ends of the tube, giving it different natural frequencies than a tube
closed at one end.

The relationship for the resonant wavelengths of a tube open at both ends is

(17.15)λn = 2
nL, n = 1, 2, 3,....

Based on the fact that a tube open at both ends has maximum air displacements at both ends, and using Figure 17.23 as a
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17.6

17.7

guide, we can see that the resonant frequencies of a tube open at both ends are

(17.16)fn = n v
2L, n = 1, 2, 3...,

where f1 is the fundamental, f2 is the first overtone, f3 is the second overtone, and so on. Note that a tube open at both

ends has a fundamental frequency twice what it would have if closed at one end. It also has a different spectrum of overtones
than a tube closed at one end.

Note that a tube open at both ends has symmetrical boundary conditions, similar to the string fixed at both ends discussed in
Waves. The relationships for the wavelengths and frequencies of a stringed instrument are the same as given in Equation

17.15 and Equation 17.16. The speed of the wave on the string (from Waves) is v = FT
µ . The air around the string

vibrates at the same frequency as the string, producing sound of the same frequency. The sound wave moves at the speed of
sound and the wavelength can be found using v = λ f .

Check Your Understanding How is it possible to use a standing wave’s node and antinode to
determine the length of a closed-end tube?

This video (https://openstaxcollege.org/l/21soundwaves) lets you visualize sound waves.

Check Your Understanding You observe two musical instruments that you cannot identify. One plays
high-pitched sounds and the other plays low-pitched sounds. How could you determine which is which without
hearing either of them play?

17.5 | Sources of Musical Sound

Learning Objectives

By the end of this section, you will be able to:

• Describe the resonant frequencies in instruments that can be modeled as a tube with
symmetrical boundary conditions

• Describe the resonant frequencies in instruments that can be modeled as a tube with anti-
symmetrical boundary conditions

Some musical instruments, such as woodwinds, brass, and pipe organs, can be modeled as tubes with symmetrical boundary
conditions, that is, either open at both ends or closed at both ends (Figure 17.24). Other instruments can be modeled
as tubes with anti-symmetrical boundary conditions, such as a tube with one end open and the other end closed (Figure
17.25).
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Figure 17.24 Some musical instruments can be modeled as a pipe open at both ends.

Figure 17.25 Some musical instruments can be modeled as a pipe closed at one end.

Resonant frequencies are produced by longitudinal waves that travel down the tubes and interfere with the reflected waves
traveling in the opposite direction. A pipe organ is manufactured with various tubes of fixed lengths to produce different
frequencies. The waves are the result of compressed air allowed to expand in the tubes. Even in open tubes, some reflection
occurs due to the constraints of the sides of the tubes and the atmospheric pressure outside the open tube.

The antinodes do not occur at the opening of the tube, but rather depend on the radius of the tube. The waves do not fully
expand until they are outside the open end of a tube, and for a thin-walled tube, an end correction should be added. This
end correction is approximately 0.6 times the radius of the tube and should be added to the length of the tube.

Players of instruments such as the flute or oboe vary the length of the tube by opening and closing finger holes. On a
trombone, you change the tube length by using a sliding tube. Bugles have a fixed length and can produce only a limited
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range of frequencies.

The fundamental and overtones can be present simultaneously in a variety of combinations. For example, middle C on a
trumpet sounds distinctively different from middle C on a clarinet, although both instruments are modified versions of a
tube closed at one end. The fundamental frequency is the same (and usually the most intense), but the overtones and their
mix of intensities are different and subject to shading by the musician. This mix is what gives various musical instruments
(and human voices) their distinctive characteristics, whether they have air columns, strings, sounding boxes, or drumheads.
In fact, much of our speech is determined by shaping the cavity formed by the throat and mouth, and positioning the tongue
to adjust the fundamental and combination of overtones. For example, simple resonant cavities can be made to resonate with
the sound of the vowels (Figure 17.26). In boys at puberty, the larynx grows and the shape of the resonant cavity changes,
giving rise to the difference in predominant frequencies in speech between men and women.

Figure 17.26 The throat and mouth form an air column closed at one end that
resonates in response to vibrations in the voice box. The spectrum of overtones and
their intensities vary with mouth shaping and tongue position to form different
sounds. The voice box can be replaced with a mechanical vibrator, and
understandable speech is still possible. Variations in basic shapes make different
voices recognizable.

Example 17.6

Finding the Length of a Tube with a 128-Hz Fundamental

(a) What length should a tube closed at one end have on a day when the air temperature is

22.0°C if its fundamental frequency is to be 128 Hz (C below middle C)?

(b) What is the frequency of its fourth overtone?

Strategy

The length L can be found from the relationship fn = n v
4L , but we first need to find the speed of sound v.
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Solution
a. Identify knowns: The fundamental frequency is 128 Hz, and the air temperature is 22.0°C .

Use fn = n v
4L to find the fundamental frequency ( n = 1 ),

f1 = v
4L.

Solve this equation for length,

L = v
4 f1

.

Find the speed of sound using v = (331 m/s) T
273 K ,

v = (331 m/s) 295 K
273 K = 344 m/s.

Enter the values of the speed of sound and frequency into the expression for L.

L = v
4 f1

= 344 m/s
4(128 Hz) = 0.672 m

b. Identify knowns: The first overtone has n = 3 , the second overtone has n = 5 , the third overtone has

n = 7 , and the fourth overtone has n = 9 .

Enter the value for the fourth overtone into fn = n v
4L,

f9 = 9 v
4L = 9 f1 = 1.15 kHz.

Significance

Many wind instruments are modified tubes that have finger holes, valves, and other devices for changing the
length of the resonating air column and hence, the frequency of the note played. Horns producing very low
frequencies require tubes so long that they are coiled into loops. An example is the tuba. Whether an overtone
occurs in a simple tube or a musical instrument depends on how it is stimulated to vibrate and the details of its
shape. The trombone, for example, does not produce its fundamental frequency and only makes overtones.

If you have two tubes with the same fundamental frequency, but one is open at both ends and the other is closed at one
end, they would sound different when played because they have different overtones. Middle C, for example, would sound
richer played on an open tube, because it has even multiples of the fundamental as well as odd. A closed tube has only odd
multiples.

Resonance
Resonance occurs in many different systems, including strings, air columns, and atoms. As we discussed in earlier chapters,
resonance is the driven or forced oscillation of a system at its natural frequency. At resonance, energy is transferred rapidly
to the oscillating system, and the amplitude of its oscillations grows until the system can no longer be described by Hooke’s
law. An example of this is the distorted sound intentionally produced in certain types of rock music.

Wind instruments use resonance in air columns to amplify tones made by lips or vibrating reeds. Other instruments also use
air resonance in clever ways to amplify sound. Figure 17.27 shows a violin and a guitar, both of which have sounding
boxes but with different shapes, resulting in different overtone structures. The vibrating string creates a sound that resonates
in the sounding box, greatly amplifying the sound and creating overtones that give the instrument its characteristic timbre.
The more complex the shape of the sounding box, the greater its ability to resonate over a wide range of frequencies. The
marimba, like the one shown in Figure 17.28, uses pots or gourds below the wooden slats to amplify their tones. The
resonance of the pot can be adjusted by adding water.
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Figure 17.27 String instruments such as (a) violins and (b) guitars use resonance in their sounding boxes to amplify and enrich
the sound created by their vibrating strings. The bridge and supports couple the string vibrations to the sounding boxes and air
within. (credit a: modification of work by Feliciano Guimarães; credit b: modification of work by Steve Snodgrass)

Figure 17.28 Resonance has been used in musical instruments since prehistoric times. This
marimba uses gourds as resonance chambers to amplify its sound. (credit: “APC Events”/Flickr)

We have emphasized sound applications in our discussions of resonance and standing waves, but these ideas apply to any
system that has wave characteristics. Vibrating strings, for example, are actually resonating and have fundamentals and
overtones similar to those for air columns. More subtle are the resonances in atoms due to the wave character of their
electrons. Their orbitals can be viewed as standing waves, which have a fundamental (ground state) and overtones (excited
states). It is fascinating that wave characteristics apply to such a wide range of physical systems.
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17.6 | Beats

Learning Objectives

By the end of this section, you will be able to:

• Determine the beat frequency produced by two sound waves that differ in frequency

• Describe how beats are produced by musical instruments

The study of music provides many examples of the superposition of waves and the constructive and destructive interference
that occurs. Very few examples of music being performed consist of a single source playing a single frequency for an
extended period of time. You will probably agree that a single frequency of sound for an extended period might be boring
to the point of irritation, similar to the unwanted drone of an aircraft engine or a loud fan. Music is pleasant and interesting
due to mixing the changing frequencies of various instruments and voices.

An interesting phenomenon that occurs due to the constructive and destructive interference of two or more frequencies of
sound is the phenomenon of beats. If two sounds differ in frequencies, the sound waves can be modeled as

y1 = A cos⎛
⎝k1 x − 2π f1 t⎞

⎠ and y2 = A cos⎛
⎝k2 x − 2π f2 t⎞

⎠.

Using the trigonometric identity cos u + cos v = 2 cos⎛
⎝
u + v

2
⎞
⎠cos⎛

⎝
u − v

2
⎞
⎠ and considering the point in space as

x = 0.0 m, we find the resulting sound at a point in space, from the superposition of the two sound waves, is equal to

Figure 17.29:

y(t) = 2A cos⎛
⎝2π favg t⎞

⎠cos⎛⎝2π⎛
⎝

| f2 − f1|
2

⎞
⎠t⎞⎠,

where the beat frequency is

(17.17)fbeat = | f2 − f1|.
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Figure 17.29 Beats produced by the constructive and destructive interference of two sound waves that differ in frequency.

These beats can be used by piano tuners to tune a piano. A tuning fork is struck and a note is played on the piano. As the
piano tuner tunes the string, the beats have a lower frequency as the frequency of the note played approaches the frequency
of the tuning fork.

Example 17.7

Find the Beat Frequency Between Two Tuning Forks

What is the beat frequency produced when a tuning fork of a frequency of 256 Hz and a tuning fork of a frequency
of 512 Hz are struck simultaneously?

Strategy

The beat frequency is the difference of the two frequencies.

Solution

We use fbeat = | f2 − f1| :

| f2 − f1| = (512 − 256) Hz = 256 Hz.

Significance

The beat frequency is the absolute value of the difference between the two frequencies. A negative frequency
would not make sense.

Check Your Understanding What would happen if more than two frequencies interacted? Consider
three frequencies.
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The study of the superposition of various waves has many interesting applications beyond the study of sound. In later
chapters, we will discuss the wave properties of particles. The particles can be modeled as a “wave packet” that results from
the superposition of various waves, where the particle moves at the “group velocity” of the wave packet.

17.7 | The Doppler Effect

Learning Objectives

By the end of this section, you will be able to:

• Explain the change in observed frequency as a moving source of sound approaches or departs
from a stationary observer

• Explain the change in observed frequency as an observer moves toward or away from a
stationary source of sound

The characteristic sound of a motorcycle buzzing by is an example of the Doppler effect. Specifically, if you are standing
on a street corner and observe an ambulance with a siren sounding passing at a constant speed, you notice two characteristic
changes in the sound of the siren. First, the sound increases in loudness as the ambulance approaches and decreases in
loudness as it moves away, which is expected. But in addition, the high-pitched siren shifts dramatically to a lower-pitched
sound. As the ambulance passes, the frequency of the sound heard by a stationary observer changes from a constant high
frequency to a constant lower frequency, even though the siren is producing a constant source frequency. The closer the
ambulance brushes by, the more abrupt the shift. Also, the faster the ambulance moves, the greater the shift. We also hear
this characteristic shift in frequency for passing cars, airplanes, and trains.

The Doppler effect is an alteration in the observed frequency of a sound due to motion of either the source or the observer.
Although less familiar, this effect is easily noticed for a stationary source and moving observer. For example, if you ride a
train past a stationary warning horn, you will hear the horn’s frequency shift from high to low as you pass by. The actual
change in frequency due to relative motion of source and observer is called a Doppler shift. The Doppler effect and Doppler
shift are named for the Austrian physicist and mathematician Christian Johann Doppler (1803–1853), who did experiments
with both moving sources and moving observers. Doppler, for example, had musicians play on a moving open train car and
also play standing next to the train tracks as a train passed by. Their music was observed both on and off the train, and
changes in frequency were measured.

What causes the Doppler shift? Figure 17.30 illustrates sound waves emitted by stationary and moving sources in a
stationary air mass. Each disturbance spreads out spherically from the point at which the sound is emitted. If the source is
stationary, then all of the spheres representing the air compressions in the sound wave are centered on the same point, and
the stationary observers on either side hear the same wavelength and frequency as emitted by the source (case a). If the
source is moving, the situation is different. Each compression of the air moves out in a sphere from the point at which it
was emitted, but the point of emission moves. This moving emission point causes the air compressions to be closer together
on one side and farther apart on the other. Thus, the wavelength is shorter in the direction the source is moving (on the
right in case b), and longer in the opposite direction (on the left in case b). Finally, if the observers move, as in case (c),
the frequency at which they receive the compressions changes. The observer moving toward the source receives them at a
higher frequency, and the person moving away from the source receives them at a lower frequency.
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Figure 17.30 Sounds emitted by a source spread out in spherical waves. (a) When the source, observers, and air are stationary,
the wavelength and frequency are the same in all directions and to all observers. (b) Sounds emitted by a source moving to the
right spread out from the points at which they were emitted. The wavelength is reduced, and consequently, the frequency is
increased in the direction of motion, so that the observer on the right hears a higher-pitched sound. The opposite is true for the
observer on the left, where the wavelength is increased and the frequency is reduced. (c) The same effect is produced when the
observers move relative to the source. Motion toward the source increases frequency as the observer on the right passes through
more wave crests than she would if stationary. Motion away from the source decreases frequency as the observer on the left
passes through fewer wave crests than he would if stationary.

We know that wavelength and frequency are related by v = f λ, where v is the fixed speed of sound. The sound moves

in a medium and has the same speed v in that medium whether the source is moving or not. Thus, f multiplied by λ is a

constant. Because the observer on the right in case (b) receives a shorter wavelength, the frequency she receives must be
higher. Similarly, the observer on the left receives a longer wavelength, and hence he hears a lower frequency. The same
thing happens in case (c). A higher frequency is received by the observer moving toward the source, and a lower frequency
is received by an observer moving away from the source. In general, then, relative motion of source and observer toward
one another increases the received frequency. Relative motion apart decreases frequency. The greater the relative speed, the
greater the effect.

The Doppler effect occurs not only for sound, but for any wave when there is relative motion between the observer and
the source. Doppler shifts occur in the frequency of sound, light, and water waves, for example. Doppler shifts can be used
to determine velocity, such as when ultrasound is reflected from blood in a medical diagnostic. The relative velocities of
stars and galaxies is determined by the shift in the frequencies of light received from them and has implied much about the
origins of the universe. Modern physics has been profoundly affected by observations of Doppler shifts.

Derivation of the Observed Frequency due to the Doppler Shift
Consider two stationary observers X and Y in Figure 17.31, located on either side of a stationary source. Each observer
hears the same frequency, and that frequency is the frequency produced by the stationary source.
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Figure 17.31 A stationary source sends out sound waves at a constant frequency
fs, with a constant wavelength λs, at the speed of sound v. Two stationary

observers X and Y, on either side of the source, observe a frequency fo = fs , with a

wavelength λo = λs.

Now consider a stationary observer X with a source moving away from the observer with a constant speed vs < v (Figure

17.32). At time t = 0 , the source sends out a sound wave, indicated in black. This wave moves out at the speed of sound v.

The position of the sound wave at each time interval of period Ts is shown as dotted lines. After one period, the source has

moved Δx = vs Ts and emits a second sound wave, which moves out at the speed of sound. The source continues to move

and produce sound waves, as indicated by the circles numbered 3 and 4. Notice that as the waves move out, they remained
centered at their respective point of origin.

Figure 17.32 A source moving at a constant speed vs away from an observer X. The moving source sends out sound waves at

a constant frequency fs, with a constant wavelength λs , at the speed of sound v. Snapshots of the source at an interval of Ts
are shown as the source moves away from the stationary observer X. The solid lines represent the position of the sound waves
after four periods from the initial time. The dotted lines are used to show the positions of the waves at each time period. The
observer hears a wavelength of λo = λs + Δx = λs + vs Ts .

Using the fact that the wavelength is equal to the speed times the period, and the period is the inverse of the frequency, we
can derive the observed frequency:

λo = λs + Δx
vTo = vTs + vs Ts

v
fo

= v
fs

= vs
fs

= v + vs
fs

fo = fs
⎛
⎝

v
v + vs

⎞
⎠.
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As the source moves away from the observer, the observed frequency is lower than the source frequency.

Now consider a source moving at a constant velocity vs, moving toward a stationary observer Y, also shown in Figure

17.32. The wavelength is observed by Y as λo = λs − Δx = λs − vs Ts. Once again, using the fact that the wavelength is

equal to the speed times the period, and the period is the inverse of the frequency, we can derive the observed frequency:

λo = λs − Δx
vTo = vTs − vs Ts

v
fo

= v
fs

− vs
fs

= v − vs
fs

fo = fs
⎛
⎝

v
v − vs

⎞
⎠.

When a source is moving and the observer is stationary, the observed frequency is

(17.18)fo = fs
⎛
⎝

v
v ∓ vs

⎞
⎠ '

where fo is the frequency observed by the stationary observer, fs is the frequency produced by the moving source, v is

the speed of sound, vs is the constant speed of the source, and the top sign is for the source approaching the observer and

the bottom sign is for the source departing from the observer.

What happens if the observer is moving and the source is stationary? If the observer moves toward the stationary source,
the observed frequency is higher than the source frequency. If the observer is moving away from the stationary source, the
observed frequency is lower than the source frequency. Consider observer X in Figure 17.33 as the observer moves toward
a stationary source with a speed vo . The source emits a tone with a constant frequency fs and constant period Ts. The

observer hears the first wave emitted by the source. If the observer were stationary, the time for one wavelength of sound
to pass should be equal to the period of the source Ts. Since the observer is moving toward the source, the time for one

wavelength to pass is less than Ts and is equal to the observed period To = Ts − Δt. At time t = 0, the observer starts

at the beginning of a wavelength and moves toward the second wavelength as the wavelength moves out from the source.
The wavelength is equal to the distance the observer traveled plus the distance the sound wave traveled until it is met by the
observer:

λs = vTo + vo To
vTs = (v + vo)To

v⎛
⎝

1
fs

⎞
⎠ = (v + vo)⎛⎝

1
fo

⎞
⎠

fo = fs
⎛
⎝
v + vo

v
⎞
⎠.
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Figure 17.33 A stationary source emits a sound wave with a
constant frequency fs , with a constant wavelength λs moving

at the speed of sound v. Observer X moves toward the source
with a constant speed vo , and the figure shows the initial and

final position of observer X. Observer X observes a frequency
higher than the source frequency. The solid lines show the
position of the waves at t = 0 . The dotted lines show the

position of the waves at t = To .

If the observer is moving away from the source (Figure 17.34), the observed frequency can be found:

λs = vTo − vo To
vTs = (v − vo)To

v⎛
⎝

1
fs

⎞
⎠ = (v − vo)⎛⎝

1
fo

⎞
⎠

fo = fs
⎛
⎝
v − vo

v
⎞
⎠.

Figure 17.34 A stationary source emits a sound wave with a
constant frequency fs , with a constant wavelength λs moving

at the speed of sound v. Observer Y moves away from the source
with a constant speed vo , and the figure shows initial and final

position of the observer Y. Observer Y observes a frequency
lower than the source frequency. The solid lines show the
position of the waves at t = 0 . The dotted lines show the

position of the waves at t = To .
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The equations for an observer moving toward or away from a stationary source can be combined into one equation:

(17.19)fo = fs
⎛
⎝
v ± vo

v
⎞
⎠,

where fo is the observed frequency, fs is the source frequency, vw is the speed of sound, vo is the speed of the observer,

the top sign is for the observer approaching the source and the bottom sign is for the observer departing from the source.

Equation 17.18 and Equation 17.19 can be summarized in one equation (the top sign is for approaching) and is further
illustrated in Table 17.4:

(17.20)fo = fs
⎛
⎝
v ± vo
v ∓ vs

⎞
⎠,

Doppler shift

fo = fs
⎛
⎝
v ± vo
v ∓ vs

⎞
⎠

Stationary
observer

Observer moving
towards source

Observer moving away
from source

Stationary source fo = fs fo = fs
⎛
⎝
v + vo

v
⎞
⎠ fo = fs

⎛
⎝
v − vo

v
⎞
⎠

Source moving towards
observer

fo = fs
⎛
⎝

v
v − vs

⎞
⎠ fo = fs

⎛
⎝
v + vo
v − vs

⎞
⎠ fo = fs

⎛
⎝
v − vo
v − vs

⎞
⎠

Source moving away
from observer

fo = fs
⎛
⎝

v
v + vs

⎞
⎠ fo = fs

⎛
⎝
v + vo
v + vs

⎞
⎠ fo = fs

⎛
⎝
v − vo
v + vs

⎞
⎠

Table 17.4

where fo is the observed frequency, fs is the source frequency, vw is the speed of sound, vo is the speed of the observer,

vs is the speed of the source, the top sign is for approaching and the bottom sign is for departing.

The Doppler effect involves motion and a video (https://openstaxcollege.org/l/21doppler) will help
visualize the effects of a moving observer or source. This video shows a moving source and a stationary observer,
and a moving observer and a stationary source. It also discusses the Doppler effect and its application to light.

Example 17.8

Calculating a Doppler Shift

Suppose a train that has a 150-Hz horn is moving at 35.0 m/s in still air on a day when the speed of sound is 340
m/s.

(a) What frequencies are observed by a stationary person at the side of the tracks as the train approaches and after
it passes?

(b) What frequency is observed by the train’s engineer traveling on the train?

Strategy

To find the observed frequency in (a), we must use fobs = fs
⎛
⎝

v
v ∓ vs

⎞
⎠ because the source is moving. The minus

sign is used for the approaching train, and the plus sign for the receding train. In (b), there are two Doppler
shifts—one for a moving source and the other for a moving observer.
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17.9

Solution

a. Enter known values into fo = fs
⎛
⎝

v
v − vs

⎞
⎠ :

fo = fs
⎛
⎝

v
v − vs

⎞
⎠ = (150 Hz)⎛⎝

340 m/s
340 m/s − 35.0 m/s

⎞
⎠.

Calculate the frequency observed by a stationary person as the train approaches:

fo = (150 Hz)(1.11) = 167 Hz.

Use the same equation with the plus sign to find the frequency heard by a stationary person as the train
recedes:

fo = fs
⎛
⎝

v
v + vs

⎞
⎠ = (150 Hz)⎛⎝

340 m/s
340 m/s + 35.0 m/s

⎞
⎠.

Calculate the second frequency:

fo = (150 Hz)(0.907) = 136 Hz.

b. Identify knowns:

◦ It seems reasonable that the engineer would receive the same frequency as emitted by the horn,
because the relative velocity between them is zero.

◦ Relative to the medium (air), the speeds are vs = vo = 35.0 m/s.

◦ The first Doppler shift is for the moving observer; the second is for the moving source.

Use the following equation:

fo = ⎡
⎣ fs

⎛
⎝
v ± vo

v
⎞
⎠
⎤
⎦
⎛
⎝

v
v ∓ vs

⎞
⎠.

The quantity in the square brackets is the Doppler-shifted frequency due to a moving observer. The factor
on the right is the effect of the moving source.
Because the train engineer is moving in the direction toward the horn, we must use the plus sign for vobs;
however, because the horn is also moving in the direction away from the engineer, we also use the plus
sign for vs. But the train is carrying both the engineer and the horn at the same velocity, so vs = vo. As

a result, everything but fs cancels, yielding

fo = fs.

Significance

For the case where the source and the observer are not moving together, the numbers calculated are valid when
the source (in this case, the train) is far enough away that the motion is nearly along the line joining source and
observer. In both cases, the shift is significant and easily noticed. Note that the shift is 17.0 Hz for motion toward
and 14.0 Hz for motion away. The shifts are not symmetric.

For the engineer riding in the train, we may expect that there is no change in frequency because the source and
observer move together. This matches your experience. For example, there is no Doppler shift in the frequency of
conversations between driver and passenger on a motorcycle. People talking when a wind moves the air between
them also observe no Doppler shift in their conversation. The crucial point is that source and observer are not
moving relative to each other.

Check Your Understanding Describe a situation in your life when you might rely on the Doppler shift
to help you either while driving a car or walking near traffic.
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The Doppler effect and the Doppler shift have many important applications in science and engineering. For example, the
Doppler shift in ultrasound can be used to measure blood velocity, and police use the Doppler shift in radar (a microwave) to
measure car velocities. In meteorology, the Doppler shift is used to track the motion of storm clouds; such “Doppler Radar”
can give the velocity and direction of rain or snow in weather fronts. In astronomy, we can examine the light emitted from
distant galaxies and determine their speed relative to ours. As galaxies move away from us, their light is shifted to a lower
frequency, and so to a longer wavelength—the so-called red shift. Such information from galaxies far, far away has allowed
us to estimate the age of the universe (from the Big Bang) as about 14 billion years.

17.8 | Shock Waves

Learning Objectives

By the end of this section, you will be able to:

• Explain the mechanism behind sonic booms

• Describe the difference between sonic booms and shock waves

• Describe a bow wake

When discussing the Doppler effect of a moving source and a stationary observer, the only cases we considered were cases
where the source was moving at speeds that were less than the speed of sound. Recall that the observed frequency for a

moving source approaching a stationary observer is fo = fs
⎛
⎝

v
v − vs

⎞
⎠. As the source approaches the speed of sound, the

observed frequency increases. According to the equation, if the source moves at the speed of sound, the denominator is
equal to zero, implying the observed frequency is infinite. If the source moves at speeds greater than the speed of sound, the
observed frequency is negative.

What could this mean? What happens when a source approaches the speed of sound? It was once argued by some scientists
that such a large pressure wave would result from the constructive interference of the sound waves, that it would be
impossible for a plane to exceed the speed of sound because the pressures would be great enough to destroy the airplane.
But now planes routinely fly faster than the speed of sound. On July 28, 1976, Captain Eldon W. Joersz and Major George
T. Morgan flew a Lockheed SR-71 Blackbird #61-7958 at 3529.60 km/h (2193.20 mi/h), which is Mach 2.85. The Mach
number is the speed of the source divided by the speed of sound:

(17.21)M = vs
v .

You will see that interesting phenomena occur when a source approaches and exceeds the speed of sound.

Doppler Effect and High Velocity
What happens to the sound produced by a moving source, such as a jet airplane, that approaches or even exceeds the speed
of sound? The answer to this question applies not only to sound but to all other waves as well. Suppose a jet plane is coming
nearly straight at you, emitting a sound of frequency fs. The greater the plane’s speed vs, the greater the Doppler shift

and the greater the value observed for fo (Figure 17.35).
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Figure 17.35 Because of the Doppler shift, as a moving source approaches a stationary observer, the observed frequency is
higher than the source frequency. The faster the source is moving, the higher the observed frequency. In this figure, the source in
(b) is moving faster than the source in (a). Shown are four time steps, the first three shown as dotted lines. (c) If a source moves
at the speed of sound, each successive wave interfere with the previous one and the observer observes them all at the same
instant.

Now, as vs approaches the speed of sound, fo approaches infinity, because the denominator in fo = fs
⎛
⎝

v
v ∓ vs

⎞
⎠

approaches zero. At the speed of sound, this result means that in front of the source, each successive wave interferes with
the previous one because the source moves forward at the speed of sound. The observer gets them all at the same instant, so
the frequency is infinite [part (c) of the figure].

Shock Waves and Sonic Booms
If the source exceeds the speed of sound, no sound is received by the observer until the source has passed, so that the
sounds from the approaching source are mixed with those from it when receding. This mixing appears messy, but something
interesting happens—a shock wave is created (Figure 17.36).

Figure 17.36 Sound waves from a source that moves faster than the speed of sound spread spherically from
the point where they are emitted, but the source moves ahead of each wave. Constructive interference along the
lines shown (actually a cone in three dimensions) creates a shock wave called a sonic boom. The faster the
speed of the source, the smaller the angle θ .
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Constructive interference along the lines shown (a cone in three dimensions) from similar sound waves arriving there
simultaneously. This superposition forms a disturbance called a shock wave, a constructive interference of sound created
by an object moving faster than sound. Inside the cone, the interference is mostly destructive, so the sound intensity there
is much less than on the shock wave. The angle of the shock wave can be found from the geometry. In time t the source has

moved vs t and the sound wave has moved a distance vt and the angle can be found using sin θ = vt
vs t = v

vs
. Note that the

Mach number is defined as
vs
v so the sine of the angle equals the inverse of the Mach number,

(17.22)sin θ = v
ws

= 1
M .

You may have heard of the common term ‘ sonic boom.’ A common misconception is that the sonic boom occurs as the
plane breaks the sound barrier; that is, accelerates to a speed higher than the speed of sound. Actually, the sonic boom occurs
as the shock wave sweeps along the ground.

An aircraft creates two shock waves, one from its nose and one from its tail (Figure 17.37). During television coverage
of space shuttle landings, two distinct booms could often be heard. These were separated by exactly the time it would take
the shuttle to pass by a point. Observers on the ground often do not see the aircraft creating the sonic boom, because it has
passed by before the shock wave reaches them, as seen in the figure. If the aircraft flies close by at low altitude, pressures
in the sonic boom can be destructive and break windows as well as rattle nerves. Because of how destructive sonic booms
can be, supersonic flights are banned over populated areas.

Figure 17.37 Two sonic booms experienced by observers, created by the nose and tail of an
aircraft as the shock wave sweeps along the ground, are observed on the ground after the plane
has passed by.
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Shock waves are one example of a broader phenomenon called bow wakes. A bow wake, such as the one in Figure 17.38,
is created when the wave source moves faster than the wave propagation speed. Water waves spread out in circles from
the point where created, and the bow wake is the familiar V-shaped wake, trailing the source. A more exotic bow wake
is created when a subatomic particle travels through a medium faster than the speed of light travels in that medium. (In a

vacuum, the maximum speed of light is c = 3.00 × 108 m/s; in the medium of water, the speed of light is closer to 0.75c.)

If the particle creates light in its passage, that light spreads on a cone with an angle indicative of the speed of the particle, as
illustrated in Figure 17.39. Such a bow wake is called Cerenkov radiation and is commonly observed in particle physics.

Figure 17.38 Bow wake created by a duck. Constructive
interference produces the rather structured wake, whereas
relatively little wave action occurs inside the wake, where
interference is mostly destructive. (credit: Horia Varlan)

Figure 17.39 The blue glow in this research reactor pool is
Cerenkov radiation caused by subatomic particles traveling
faster than the speed of light in water. (credit: Idaho National
Laboratory)
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beat frequency

beats

bow wake

Doppler effect

Doppler shift

fundamental

harmonics

hearing

loudness

notes

overtones

phon

pitch

shock wave

sonic boom

sound

sound intensity level

sound pressure level

timbre

transducer

CHAPTER 17 REVIEW

KEY TERMS
frequency of beats produced by sound waves that differ in frequency

constructive and destructive interference of two or more frequencies of sound

v-shaped disturbance created when the wave source moves faster than the wave propagation speed

alteration in the observed frequency of a sound due to motion of either the source or the observer

actual change in frequency due to relative motion of source and observer

the lowest-frequency resonance

the term used to refer collectively to the fundamental and its overtones

perception of sound

perception of sound intensity

basic unit of music with specific names, combined to generate tunes

all resonant frequencies higher than the fundamental

numerical unit of loudness

perception of the frequency of a sound

wave front that is produced when a sound source moves faster than the speed of sound

loud noise that occurs as a shock wave as it sweeps along the ground

traveling pressure wave that may be periodic; the wave can be modeled as a pressure wave or as an oscillation of
molecules

unitless quantity telling you the level of the sound relative to a fixed standard

ratio of the pressure amplitude to a reference pressure

number and relative intensity of multiple sound frequencies

device that converts energy of a signal into measurable energy form, for example, a microphone converts
sound waves into an electrical signal

KEY EQUATIONS
Pressure of a sound wave ΔP = ΔPmax sin⎛

⎝kx ∓ ωt + ϕ⎞
⎠

Displacement of the oscillating molecules of a
sound wave

s(x, t) = smax cos⎛
⎝kx ∓ ωt + ϕ⎞

⎠

Velocity of a wave v = f λ

Speed of sound in a fluid
v = β

ρ

Speed of sound in a solid v = Y
ρ

Speed of sound in an ideal gas
v = γRT

M

Speed of sound in air as a function of temperature
v = 331m

s
TK

273 K = 331m
s 1 + TC

273°C
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Decrease in intensity as a spherical wave expands
I2 = I1

⎛
⎝
r1
r2

⎞
⎠

2

Intensity averaged over a period I = 〈 P 〉
A

Intensity of sound
I =

⎛
⎝Δpmax

⎞
⎠
2

2ρv

Sound intensity level β(dB) = 10 log10
⎛
⎝

I
I0

⎞
⎠

Resonant wavelengths of a tube closed at one end λn = 4
nL, n = 1, 3, 5,…

Resonant frequencies of a tube closed at one end fn = n v
4L, n = 1, 3, 5,…

Resonant wavelengths of a tube open at both ends λn = 2
nL, n = 1, 2, 3,…

Resonant frequencies of a tube open at both ends fn = n v
2L, n = 1, 2, 3,…

Beat frequency produced by two waves that
differ in frequency

fbeat = | f2 − f1|

Observed frequency for a stationary observer
and a moving source

fo = fs
⎛
⎝

v
v ∓ vs

⎞
⎠

Observed frequency for a moving observer
and a stationary source

fo = fs
⎛
⎝
v ± vo

v
⎞
⎠

Doppler shift for the observed frequency fo = fs
⎛
⎝
v ± vo
v ∓ vs

⎞
⎠

Mach number M = vs
v

Sine of angle formed by shock wave sin θ = v
vs

= 1
M

SUMMARY

17.1 Sound Waves

• Sound is a disturbance of matter (a pressure wave) that is transmitted from its source outward. Hearing is the
perception of sound.

• Sound can be modeled in terms of pressure or in terms of displacement of molecules.

• The human ear is sensitive to frequencies between 20 Hz and 20 kHz.

17.2 Speed of Sound

• The speed of sound depends on the medium and the state of the medium.

• In a fluid, because the absence of shear forces, sound waves are longitudinal. A solid can support both longitudinal
and transverse sound waves.

• In air, the speed of sound is related to air temperature T by v = 331m
s

TK
273 K = 331m

s 1 + TC
273°C.

• v is the same for all frequencies and wavelengths of sound in air.

894 Chapter 17 | Sound

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10



17.3 Sound Intensity

• Intensity I = P/A is the same for a sound wave as was defined for all waves, where P is the power crossing area A.

The SI unit for I is watts per meter squared. The intensity of a sound wave is also related to the pressure amplitude
Δp:

I = (Δp)2

2 ρv ,

where ρ is the density of the medium in which the sound wave travels and vw is the speed of sound in the medium.

• Sound intensity level in units of decibels (dB) is

β(dB) = 10 log10
⎛
⎝

I
I0

⎞
⎠,

where I0 = 10−12 W/m2 is the threshold intensity of hearing.

• The perception of frequency is pitch. The perception of intensity is loudness and loudness has units of phons.

17.4 Normal Modes of a Standing Sound Wave

• Unwanted sound can be reduced using destructive interference.

• Sound has the same properties of interference and resonance as defined for all waves.

• In air columns, the lowest-frequency resonance is called the fundamental, whereas all higher resonant frequencies
are called overtones. Collectively, they are called harmonics.

17.5 Sources of Musical Sound

• Some musical instruments can be modeled as pipes that have symmetrical boundary conditions: open at both ends
or closed at both ends. Other musical instruments can be modeled as pipes that have anti-symmetrical boundary
conditions: closed at one end and open at the other.

• Some instruments, such as the pipe organ, have several tubes with different lengths. Instruments such as the flute
vary the length of the tube by closing the holes along the tube. The trombone varies the length of the tube using a
sliding bar.

• String instruments produce sound using a vibrating string with nodes at each end. The air around the string oscillates
at the frequency of the string. The relationship for the frequencies for the string is the same as for the symmetrical
boundary conditions of the pipe, with the length of the pipe replaced by the length of the string and the velocity

replaced by v = FT
µ .

17.6 Beats

• When two sound waves that differ in frequency interfere, beats are created with a beat frequency that is equal to the
absolute value of the difference in the frequencies.

17.7 The Doppler Effect

• The Doppler effect is an alteration in the observed frequency of a sound due to motion of either the source or the
observer.

• The actual change in frequency is called the Doppler shift.

17.8 Shock Waves

• The Mach number is the velocity of a source divided by the speed of sound, M = vs
v .
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• When a sound source moves faster than the speed of sound, a shock wave is produced as the sound waves interfere.

• A sonic boom is the intense sound that occurs as the shock wave moves along the ground.

• The angle the shock wave produces can be found as sin θ = v
vs

= 1
M .

• A bow wake is produced when an object moves faster than the speed of a mechanical wave in the medium, such as
a boat moving through the water.

CONCEPTUAL QUESTIONS

17.1 Sound Waves

1. What is the difference between sound and hearing?

2. You will learn that light is an electromagnetic wave
that can travel through a vacuum. Can sound waves travel
through a vacuum?

3. Sound waves can be modeled as a change in pressure.
Why is the change in pressure used and not the actual
pressure?

17.2 Speed of Sound

4. How do sound vibrations of atoms differ from thermal
motion?

5. When sound passes from one medium to another where
its propagation speed is different, does its frequency or
wavelength change? Explain your answer briefly.

6. A popular party trick is to inhale helium and speak in a
high-frequency, funny voice. Explain this phenomenon.

7. You may have used a sonic range finder in lab to
measure the distance of an object using a clicking sound
from a sound transducer. What is the principle used in this
device?

8. The sonic range finder discussed in the preceding
question often needs to be calibrated. During the
calibration, the software asks for the room temperature.
Why do you suppose the room temperature is required?

17.3 Sound Intensity

9. Six members of a synchronized swim team wear
earplugs to protect themselves against water pressure at
depths, but they can still hear the music and perform the
combinations in the water perfectly. One day, they were
asked to leave the pool so the dive team could practice a
few dives, and they tried to practice on a mat, but seemed
to have a lot more difficulty. Why might this be?

10. A community is concerned about a plan to bring train

service to their downtown from the town’s outskirts. The
current sound intensity level, even though the rail yard is
blocks away, is 70 dB downtown. The mayor assures the
public that there will be a difference of only 30 dB in
sound in the downtown area. Should the townspeople be
concerned? Why?

17.4 Normal Modes of a Standing Sound Wave

11. You are given two wind instruments of identical
length. One is open at both ends, whereas the other is closed
at one end. Which is able to produce the lowest frequency?

12. What is the difference between an overtone and a
harmonic? Are all harmonics overtones? Are all overtones
harmonics?

13. Two identical columns, open at both ends, are in
separate rooms. In room A, the temperature is T = 20°C
and in room B, the temperature is T = 25°C . A speaker

is attached to the end of each tube, causing the tubes to
resonate at the fundamental frequency. Is the frequency the
same for both tubes? Which has the higher frequency?

17.5 Sources of Musical Sound

14. How does an unamplified guitar produce sounds so
much more intense than those of a plucked string held taut
by a simple stick?

15. Consider three pipes of the same length (L). Pipe
A is open at both ends, pipe B is closed at both ends,
and pipe C has one open end and one closed end. If the
velocity of sound is the same in each of the three tubes, in
which of the tubes could the lowest fundamental frequency
be produced? In which of the tubes could the highest
fundamental frequency be produced?

16. Pipe A has a length L and is open at both ends. Pipe B
has a length L/2 and has one open end and one closed end.
Assume the speed of sound to be the same in both tubes.
Which of the harmonics in each tube would be equal?

17. A string is tied between two lab posts a distance L
apart. The tension in the string and the linear mass density
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is such that the speed of a wave on the string is
v = 343 m/s. A tube with symmetric boundary conditions

has a length L and the speed of sound in the tube is
v = 343 m/s. What could be said about the frequencies

of the harmonics in the string and the tube? What if the
velocity in the string were v = 686 m/s ?

17.6 Beats

18. Two speakers are attached to variable-frequency signal
generator. Speaker A produces a constant-frequency sound
wave of 1.00 kHz, and speaker B produces a tone of 1.10
kHz. The beat frequency is 0.10 kHz. If the frequency
of each speaker is doubled, what is the beat frequency
produced?

19. The label has been scratched off a tuning fork and you
need to know its frequency. From its size, you suspect that
it is somewhere around 250 Hz. You find a 250-Hz tuning
fork and a 270-Hz tuning fork. When you strike the 250-Hz
fork and the fork of unknown frequency, a beat frequency
of 5 Hz is produced. When you strike the unknown with
the 270-Hz fork, the beat frequency is 15 Hz. What is
the unknown frequency? Could you have deduced the
frequency using just the 250-Hz fork?

20. Referring to the preceding question, if you had only
the 250-Hz fork, could you come up with a solution to the
problem of finding the unknown frequency?

21. A “showy” custom-built car has two brass horns that
are supposed to produce the same frequency but actually
emit 263.8 and 264.5 Hz. What beat frequency is
produced?

17.7 The Doppler Effect

22. Is the Doppler shift real or just a sensory illusion?

23. Three stationary observers observe the Doppler shift
from a source moving at a constant velocity. The observers
are stationed as shown below. Which observer will observe

the highest frequency? Which observer will observe the
lowest frequency? What can be said about the frequency
observed by observer 3?

24. Shown below is a stationary source and moving
observers. Describe the frequencies observed by the
observers for this configuration.

25. Prior to 1980, conventional radar was used by weather
forecasters. In the 1960s, weather forecasters began to
experiment with Doppler radar. What do you think is the
advantage of using Doppler radar?

17.8 Shock Waves

26. What is the difference between a sonic boom and a
shock wave?

27. Due to efficiency considerations related to its bow
wake, the supersonic transport aircraft must maintain a
cruising speed that is a constant ratio to the speed of sound
(a constant Mach number). If the aircraft flies from warm
air into colder air, should it increase or decrease its speed?
Explain your answer.

28. When you hear a sonic boom, you often cannot see the
plane that made it. Why is that?

PROBLEMS

17.1 Sound Waves

29. Consider a sound wave modeled with the equation

s(x, t) = 4.00 nm cos⎛
⎝3.66 m−1 x − 1256 s−1 t⎞

⎠. What is

the maximum displacement, the wavelength, the frequency,
and the speed of the sound wave?

30. Consider a sound wave moving through the air
modeled with the equation

s(x, t) = 6.00 nm cos⎛
⎝54.93 m−1 x − 18.84 × 103 s−1 t⎞

⎠.

What is the shortest time required for an air molecule to
move between 3.00 nm and –3.00 nm?

31. Consider a diagnostic ultrasound of frequency 5.00
MHz that is used to examine an irregularity in soft tissue.
(a) What is the wavelength in air of such a sound wave if
the speed of sound is 343 m/s? (b) If the speed of sound in
tissue is 1800 m/s, what is the wavelength of this wave in

Chapter 17 | Sound 897



tissue?

32. A sound wave is modeled as

ΔP = 1.80 Pa sin⎛
⎝55.41 m−1 x − 18,840 s−1 t⎞

⎠. What is

the maximum change in pressure, the wavelength, the
frequency, and the speed of the sound wave?

33. A sound wave is modeled with the wave function

ΔP = 1.20 Pa sin⎛
⎝kx − 6.28 × 104 s−1 t⎞

⎠ and the sound

wave travels in air at a speed of v = 343.00 m/s. (a) What

is the wave number of the sound wave? (b) What is the
value for ΔP(3.00 m, 20.00 s) ?

34. The displacement of the air molecules in sound wave
is modeled with the wave function

s(x, t) = 5.00 nm cos⎛
⎝91.54 m−1 x − 3.14 × 104 s−1 t⎞

⎠ .

(a) What is the wave speed of the sound wave? (b) What is
the maximum speed of the air molecules as they oscillate in
simple harmonic motion? (c) What is the magnitude of the
maximum acceleration of the air molecules as they oscillate
in simple harmonic motion?

35. A speaker is placed at the opening of a long horizontal
tube. The speaker oscillates at a frequency f, creating a
sound wave that moves down the tube. The wave moves
through the tube at a speed of v = 340.00 m/s. The sound

wave is modeled with the wave function
s(x, t) = smax cos⎛

⎝kx − ωt + ϕ⎞
⎠. At time t = 0.00 s , an

air molecule at x = 3.5 m is at the maximum displacement

of 7.00 nm. At the same time, another molecule at
x = 3.7 m has a displacement of 3.00 nm. What is the

frequency at which the speaker is oscillating?

36. A 250-Hz tuning fork is struck and begins to vibrate.
A sound-level meter is located 34.00 m away. It takes
the sound Δt = 0.10 s to reach the meter. The maximum

displacement of the tuning fork is 1.00 mm. Write a wave
function for the sound.

37. A sound wave produced by an ultrasonic transducer,
moving in air, is modeled with the wave equation

s(x, t) = 4.50 nm cos⎛
⎝9.15 × 104 m−1 x − 2π(5.00 MHz)t⎞

⎠.

The transducer is to be used in nondestructive testing to test
for fractures in steel beams. The speed of sound in the steel
beam is v = 5950 m/s. Find the wave function for the

sound wave in the steel beam.

38. Porpoises emit sound waves that they use for
navigation. If the wavelength of the sound wave emitted
is 4.5 cm, and the speed of sound in the water is
v = 1530 m/s, what is the period of the sound?

39. Bats use sound waves to catch insects. Bats can detect
frequencies up to 100 kHz. If the sound waves travel
through air at a speed of v = 343 m/s, what is the

wavelength of the sound waves?

40. A bat sends of a sound wave 100 kHz and the sound
waves travel through air at a speed of v = 343 m/s. (a) If

the maximum pressure difference is 1.30 Pa, what is a wave
function that would model the sound wave, assuming the
wave is sinusoidal? (Assume the phase shift is zero.) (b)
What are the period and wavelength of the sound wave?

41. Consider the graph shown below of a compression
wave. Shown are snapshots of the wave function for
t = 0.000 s (blue) and t = 0.005 s (orange). What are the

wavelength, maximum displacement, velocity, and period
of the compression wave?

42. Consider the graph in the preceding problem of a
compression wave. Shown are snapshots of the wave
function for t = 0.000 s (blue) and t = 0.005 s (orange).

Given that the displacement of the molecule at time
t = 0.00 s and position x = 0.00 m is

s(0.00 m, 0.00 s) = 1.08 mm, derive a wave function to

model the compression wave.

43. A guitar string oscillates at a frequency of 100 Hz
and produces a sound wave. (a) What do you think the
frequency of the sound wave is that the vibrating string
produces? (b) If the speed of the sound wave is
v = 343 m/s, , what is the wavelength of the sound wave?

17.2 Speed of Sound

44. When poked by a spear, an operatic soprano lets out
a 1200-Hz shriek. What is its wavelength if the speed of
sound is 345 m/s?

45. What frequency sound has a 0.10-m wavelength when
the speed of sound is 340 m/s?

46. Calculate the speed of sound on a day when a 1500-Hz
frequency has a wavelength of 0.221 m.

47. (a) What is the speed of sound in a medium where
a 100-kHz frequency produces a 5.96-cm wavelength? (b)
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Which substance in Table 17.1 is this likely to be?

48. Show that the speed of sound in 20.0°C air is

343 m/s, as claimed in the text.

49. Air temperature in the Sahara Desert can reach
56.0°C (about 134°F ). What is the speed of sound in air

at that temperature?

50. Dolphins make sounds in air and water. What is the
ratio of the wavelength of a sound in air to its wavelength
in seawater? Assume air temperature is 20.0°C.

51. A sonar echo returns to a submarine 1.20 s after being
emitted. What is the distance to the object creating the
echo? (Assume that the submarine is in the ocean, not in
fresh water.)

52. (a) If a submarine’s sonar can measure echo times with
a precision of 0.0100 s, what is the smallest difference in
distances it can detect? (Assume that the submarine is in
the ocean, not in fresh water.) (b) Discuss the limits this
time resolution imposes on the ability of the sonar system
to detect the size and shape of the object creating the echo.

53. Ultrasonic sound waves are often used in methods of
nondestructive testing. For example, this method can be
used to find structural faults in a steel I-beams used in
building. Consider a 10.00 meter long, steel I-beam with
a cross-section shown below. The weight of the I-beam is
3846.50 N. What would be the speed of sound through in
the I-beam? ⎛

⎝Ysteel = 200 GPa, βsteel = 159 GPa⎞
⎠ .

54. A physicist at a fireworks display times the lag
between seeing an explosion and hearing its sound, and
finds it to be 0.400 s. (a) How far away is the explosion if
air temperature is 24.0°C and if you neglect the time taken

for light to reach the physicist? (b) Calculate the distance to
the explosion taking the speed of light into account. Note
that this distance is negligibly greater.

55. During a 4th of July celebration, an M80 firework
explodes on the ground, producing a bright flash and a
loud bang. The air temperature of the night air is
TF = 90.00°F. Two observers see the flash and hear the

bang. The first observer notes the time between the flash
and the bang as 1.00 second. The second observer notes the
difference as 3.00 seconds. The line of sight between the
two observers meet at a right angle as shown below. What
is the distance Δx between the two observers?

56. The density of a sample of water is

ρ = 998.00 kg/m3 and the bulk modulus is

β = 2.15 GPa. What is the speed of sound through the

sample?

57. Suppose a bat uses sound echoes to locate its insect
prey, 3.00 m away. (See Figure 17.6.) (a) Calculate the
echo times for temperatures of 5.00°C and 35.0°C. (b)

What percent uncertainty does this cause for the bat in
locating the insect? (c) Discuss the significance of this
uncertainty and whether it could cause difficulties for the
bat. (In practice, the bat continues to use sound as it closes
in, eliminating most of any difficulties imposed by this and
other effects, such as motion of the prey.)

17.3 Sound Intensity

58. What is the intensity in watts per meter squared of a
85.0-dB sound?

59. The warning tag on a lawn mower states that it
produces noise at a level of 91.0 dB. What is this in watts
per meter squared?

60. A sound wave traveling in air has a pressure amplitude
of 0.5 Pa. What is the intensity of the wave?

61. What intensity level does the sound in the preceding
problem correspond to?
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62. What sound intensity level in dB is produced by

earphones that create an intensity of 4.00 × 10−2 W/m2 ?

63. What is the decibel level of a sound that is twice as
intense as a 90.0-dB sound? (b) What is the decibel level of
a sound that is one-fifth as intense as a 90.0-dB sound?

64. What is the intensity of a sound that has a level 7.00

dB lower than a 4.00 × 10−9 -W/m2 sound? (b) What

is the intensity of a sound that is 3.00 dB higher than a

4.00 × 10−9 -W/m2 sound?

65. People with good hearing can perceive sounds as low
as −8.00 dB at a frequency of 3000 Hz. What is the
intensity of this sound in watts per meter squared?

66. If a large housefly 3.0 m away from you makes a noise
of 40.0 dB, what is the noise level of 1000 flies at that
distance, assuming interference has a negligible effect?

67. Ten cars in a circle at a boom box competition produce
a 120-dB sound intensity level at the center of the circle.
What is the average sound intensity level produced there
by each stereo, assuming interference effects can be
neglected?

68. The amplitude of a sound wave is measured in terms
of its maximum gauge pressure. By what factor does the
amplitude of a sound wave increase if the sound intensity
level goes up by 40.0 dB?

69. If a sound intensity level of 0 dB at 1000 Hz
corresponds to a maximum gauge pressure (sound

amplitude) of 10−9 atm , what is the maximum gauge

pressure in a 60-dB sound? What is the maximum gauge
pressure in a 120-dB sound?

70. An 8-hour exposure to a sound intensity level of 90.0
dB may cause hearing damage. What energy in joules falls
on a 0.800-cm-diameter eardrum so exposed?

71. Sound is more effectively transmitted into a
stethoscope by direct contact rather than through the air,
and it is further intensified by being concentrated on the
smaller area of the eardrum. It is reasonable to assume
that sound is transmitted into a stethoscope 100 times as
effectively compared with transmission though the air.
What, then, is the gain in decibels produced by a

stethoscope that has a sound gathering area of 15.0 cm2 ,

and concentrates the sound onto two eardrums with a total

area of 0.900 cm2 with an efficiency of 40.0% ?

72. Loudspeakers can produce intense sounds with
surprisingly small energy input in spite of their low

efficiencies. Calculate the power input needed to produce
a 90.0-dB sound intensity level for a 12.0-cm-diameter
speaker that has an efficiency of 1.00% . (This value is the

sound intensity level right at the speaker.)

73. The factor of 10-12 in the range of intensities to which
the ear can respond, from threshold to that causing damage
after brief exposure, is truly remarkable. If you could
measure distances over the same range with a single
instrument and the smallest distance you could measure
was 1 mm, what would the largest be?

74. What are the closest frequencies to 500 Hz that an
average person can clearly distinguish as being different
in frequency from 500 Hz? The sounds are not present
simultaneously.

75. Can you tell that your roommate turned up the sound
on the TV if its average sound intensity level goes from 70
to 73 dB?

76. If a woman needs an amplification of 5.0 × 105

times the threshold intensity to enable her to hear at all
frequencies, what is her overall hearing loss in dB? Note
that smaller amplification is appropriate for more intense
sounds to avoid further damage to her hearing from levels
above 90 dB.

77. A person has a hearing threshold 10 dB above normal
at 100 Hz and 50 dB above normal at 4000 Hz. How much
more intense must a 100-Hz tone be than a 4000-Hz tone if
they are both barely audible to this person?

17.4 Normal Modes of a Standing Sound Wave

78. (a) What is the fundamental frequency of a 0.672-m-
long tube, open at both ends, on a day when the speed of
sound is 344 m/s? (b) What is the frequency of its second
harmonic?

79. What is the length of a tube that has a fundamental
frequency of 176 Hz and a first overtone of 352 Hz if the
speed of sound is 343 m/s?

80. The ear canal resonates like a tube closed at one
end. (See [link]Figure 17_03_HumEar[/link].) If ear canals
range in length from 1.80 to 2.60 cm in an average
population, what is the range of fundamental resonant
frequencies? Take air temperature to be 37.0°C, which is

the same as body temperature.

81. Calculate the first overtone in an ear canal, which
resonates like a 2.40-cm-long tube closed at one end, by
taking air temperature to be 37.0°C . Is the ear particularly

sensitive to such a frequency? (The resonances of the ear
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canal are complicated by its nonuniform shape, which we
shall ignore.)

82. A crude approximation of voice production is to
consider the breathing passages and mouth to be a
resonating tube closed at one end. (a) What is the
fundamental frequency if the tube is 0.240 m long, by
taking air temperature to be 37.0°C ? (b) What would

this frequency become if the person replaced the air with
helium? Assume the same temperature dependence for
helium as for air.

83. A 4.0-m-long pipe, open at one end and closed at
one end, is in a room where the temperature is T = 22°C.
A speaker capable of producing variable frequencies is
placed at the open end and is used to cause the tube to
resonate. (a) What is the wavelength and the frequency of
the fundamental frequency? (b) What is the frequency and
wavelength of the first overtone?

84. A 4.0-m-long pipe, open at both ends, is placed in
a room where the temperature is T = 25°C. A speaker

capable of producing variable frequencies is placed at the
open end and is used to cause the tube to resonate. (a) What
are the wavelength and the frequency of the fundamental
frequency? (b) What are the frequency and wavelength of
the first overtone?

85. A nylon guitar string is fixed between two lab posts
2.00 m apart. The string has a linear mass density of
µ = 7.20 g/m and is placed under a tension of 160.00 N.

The string is placed next to a tube, open at both ends, of
length L. The string is plucked and the tube resonates at the
n = 3 mode. The speed of sound is 343 m/s. What is the

length of the tube?

86. A 512-Hz tuning fork is struck and placed next to a
tube with a movable piston, creating a tube with a variable
length. The piston is slid down the pipe and resonance is
reached when the piston is 115.50 cm from the open end.
The next resonance is reached when the piston is 82.50 cm
from the open end. (a) What is the speed of sound in the
tube? (b) How far from the open end will the piston cause
the next mode of resonance?

87. Students in a physics lab are asked to find the length
of an air column in a tube closed at one end that has
a fundamental frequency of 256 Hz. They hold the tube
vertically and fill it with water to the top, then lower the
water while a 256-Hz tuning fork is rung and listen for
the first resonance. (a) What is the air temperature if the
resonance occurs for a length of 0.336 m? (b) At what
length will they observe the second resonance (first
overtone)?

17.5 Sources of Musical Sound

88. If a wind instrument, such as a tuba, has a fundamental
frequency of 32.0 Hz, what are its first three overtones? It
is closed at one end. (The overtones of a real tuba are more
complex than this example, because it is a tapered tube.)

89. What are the first three overtones of a bassoon that
has a fundamental frequency of 90.0 Hz? It is open at both
ends. (The overtones of a real bassoon are more complex
than this example, because its double reed makes it act
more like a tube closed at one end.)

90. How long must a flute be in order to have a
fundamental frequency of 262 Hz (this frequency
corresponds to middle C on the evenly tempered chromatic
scale) on a day when air temperature is 20.0°C ? It is open

at both ends.

91. What length should an oboe have to produce a
fundamental frequency of 110 Hz on a day when the speed
of sound is 343 m/s? It is open at both ends.

92. (a) Find the length of an organ pipe closed at one end
that produces a fundamental frequency of 256 Hz when
air temperature is 18.0°C . (b) What is its fundamental

frequency at 25.0°C ?

93. An organ pipe (L = 3.00 m) is closed at both ends.

Compute the wavelengths and frequencies of the first three
modes of resonance. Assume the speed of sound is
v = 343.00 m/s.

94. An organ pipe (L = 3.00 m) is closed at one end.

Compute the wavelengths and frequencies of the first three
modes of resonance. Assume the speed of sound is
v = 343.00 m/s.

95. A sound wave of a frequency of 2.00 kHz is produced
by a string oscillating in the n = 6 mode. The linear mass

density of the string is µ = 0.0065 kg/m and the length of

the string is 1.50 m. What is the tension in the string?

96. Consider the sound created by resonating the tube
shown below. The air temperature is TC = 30.00°C . What

are the wavelength, wave speed, and frequency of the
sound produced?
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97. A student holds an 80.00-cm lab pole one quarter of
the length from the end of the pole. The lab pole is made of
aluminum. The student strikes the lab pole with a hammer.
The pole resonates at the lowest possible frequency. What
is that frequency?

98. A string on the violin has a length of 24.00 cm and a
mass of 0.860 g. The fundamental frequency of the string is
1.00 kHz. (a) What is the speed of the wave on the string?
(b) What is the tension in the string?

99. By what fraction will the frequencies produced by a
wind instrument change when air temperature goes from
10.0°C to 30.0°C ? That is, find the ratio of the

frequencies at those temperatures.

17.6 Beats

100. What beat frequencies are present: (a) If the musical
notes A and C are played together (frequencies of 220 and
264 Hz)? (b) If D and F are played together (frequencies of
297 and 352 Hz)? (c) If all four are played together?

101. What beat frequencies result if a piano hammer hits
three strings that emit frequencies of 127.8, 128.1, and
128.3 Hz?

102. A piano tuner hears a beat every 2.00 s when
listening to a 264.0-Hz tuning fork and a single piano
string. What are the two possible frequencies of the string?

103. Two identical strings, of identical lengths of 2.00 m
and linear mass density of µ = 0.0065 kg/m, are fixed on

both ends. String A is under a tension of 120.00 N. String
B is under a tension of 130.00 N. They are each plucked
and produce sound at the n = 10 mode. What is the beat

frequency?

104. A piano tuner uses a 512-Hz tuning fork to tune a
piano. He strikes the fork and hits a key on the piano and
hears a beat frequency of 5 Hz. He tightens the string of
the piano, and repeats the procedure. Once again he hears a
beat frequency of 5 Hz. What happened?

105. A string with a linear mass density of
µ = 0.0062 kg/m is stretched between two posts 1.30 m

apart. The tension in the string is 150.00 N. The string
oscillates and produces a sound wave. A 1024-Hz tuning
fork is struck and the beat frequency between the two
sources is 52.83 Hz. What are the possible frequency and
wavelength of the wave on the string?

106. A car has two horns, one emitting a frequency of 199
Hz and the other emitting a frequency of 203 Hz. What beat
frequency do they produce?

107. The middle C hammer of a piano hits two strings,
producing beats of 1.50 Hz. One of the strings is tuned to
260.00 Hz. What frequencies could the other string have?

108. Two tuning forks having frequencies of 460 and 464
Hz are struck simultaneously. What average frequency will
you hear, and what will the beat frequency be?

109. Twin jet engines on an airplane are producing an
average sound frequency of 4100 Hz with a beat frequency
of 0.500 Hz. What are their individual frequencies?

110. Three adjacent keys on a piano (F, F-sharp, and G)
are struck simultaneously, producing frequencies of 349,
370, and 392 Hz. What beat frequencies are produced by
this discordant combination?

17.7 The Doppler Effect

111. (a) What frequency is received by a person watching
an oncoming ambulance moving at 110 km/h and emitting
a steady 800-Hz sound from its siren? The speed of sound
on this day is 345 m/s. (b) What frequency does she receive
after the ambulance has passed?

112. (a) At an air show a jet flies directly toward the stands
at a speed of 1200 km/h, emitting a frequency of 3500
Hz, on a day when the speed of sound is 342 m/s. What
frequency is received by the observers? (b) What frequency
do they receive as the plane flies directly away from them?

113. What frequency is received by a mouse just before
being dispatched by a hawk flying at it at 25.0 m/s and
emitting a screech of frequency 3500 Hz? Take the speed of
sound to be 331 m/s.

114. A spectator at a parade receives an 888-Hz tone from
an oncoming trumpeter who is playing an 880-Hz note.
At what speed is the musician approaching if the speed of
sound is 338 m/s?

115. A commuter train blows its 200-Hz horn as it
approaches a crossing. The speed of sound is 335 m/s. (a)
An observer waiting at the crossing receives a frequency of
208 Hz. What is the speed of the train? (b) What frequency
does the observer receive as the train moves away?

116. Can you perceive the shift in frequency produced
when you pull a tuning fork toward you at 10.0 m/s on a
day when the speed of sound is 344 m/s? To answer this
question, calculate the factor by which the frequency shifts
and see if it is greater than 0.300%.

117. Two eagles fly directly toward one another, the first
at 15.0 m/s and the second at 20.0 m/s. Both screech, the
first one emitting a frequency of 3200 Hz and the second
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one emitting a frequency of 3800 Hz. What frequencies do
they receive if the speed of sound is 330 m/s?

118. Student A runs down the hallway of the school at
a speed of vo = 5.00 m/s, carrying a ringing 1024.00-Hz

tuning fork toward a concrete wall. The speed of sound is
v = 343.00 m/s. Student B stands at rest at the wall. (a)

What is the frequency heard by student B? (b) What is the
beat frequency heard by student A?

119. An ambulance with a siren ⎛
⎝ f = 1.00kHz⎞

⎠ blaring is

approaching an accident scene. The ambulance is moving
at 70.00 mph. A nurse is approaching the scene from the
opposite direction, running at vo = 7.00 m/s. What

frequency does the nurse observe? Assume the speed of
sound is v = 343.00 m/s.

120. The frequency of the siren of an ambulance is 900
Hz and is approaching you. You are standing on a corner
and observe a frequency of 960 Hz. What is the speed
of the ambulance (in mph) if the speed of sound is
v = 340.00 m/s?

121. What is the minimum speed at which a source must
travel toward you for you to be able to hear that its
frequency is Doppler shifted? That is, what speed produces
a shift of 0.300% on a day when the speed of sound is 331

m/s?

17.8 Shock Waves

122. An airplane is flying at Mach 1.50 at an altitude
of 7500.00 meters, where the speed of sound is
v = 343.00 m/s. How far away from a stationary observer

will the plane be when the observer hears the sonic boom?

123. A jet flying at an altitude of 8.50 km has a speed of
Mach 2.00, where the speed of sound is v = 340.00 m/s.
How long after the jet is directly overhead, will a stationary
observer hear a sonic boom?

124. The shock wave off the front of a fighter jet has an
angle of θ = 70.00° . The jet is flying at 1200 km/h. What

is the speed of sound?

125. A plane is flying at Mach 1.2, and an observer on
the ground hears the sonic boom 15.00 seconds after the
plane is directly overhead. What is the altitude of the plane?
Assume the speed of sound is vw = 343.00 m/s.

126. A bullet is fired and moves at a speed of 1342 mph.
Assume the speed of sound is v = 340.00 m/s. What is the

angle of the shock wave produced?

127. A speaker is placed at the opening of a long
horizontal tube. The speaker oscillates at a frequency of f,
creating a sound wave that moves down the tube. The wave
moves through the tube at a speed of v = 340.00 m/s.
The sound wave is modeled with the wave function
s(x, t) = smax cos⎛

⎝kx − ωt + ϕ⎞
⎠ . At time t = 0.00 s , an

air molecule at x = 2.3 m is at the maximum displacement

of 6.34 nm. At the same time, another molecule at
x = 2.7 m has a displacement of 2.30 nm. What is the

wave function of the sound wave, that is, find the wave
number, angular frequency, and the initial phase shift?

128. An airplane moves at Mach 1.2 and produces a shock
wave. (a) What is the speed of the plane in meters per
second? (b) What is the angle that the shock wave moves?

ADDITIONAL PROBLEMS

129. A 0.80-m-long tube is opened at both ends. The
air temperature is 26°C. The air in the tube is oscillated

using a speaker attached to a signal generator. What are the
wavelengths and frequencies of first two modes of sound
waves that resonate in the tube?

130. A tube filled with water has a valve at the bottom
to allow the water to flow out of the tube. As the water
is emptied from the tube, the length L of the air column
changes. A 1024-Hz tuning fork is placed at the opening of
the tube. Water is removed from the tube until the n = 5
mode of a sound wave resonates. What is the length of
the air column if the temperature of the air in the room is
18°C?
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131. Consider the following figure. The length of the
string between the string vibrator and the pulley is
L = 1.00 m. The linear density of the string is

µ = 0.006 kg/m. The string vibrator can oscillate at any

frequency. The hanging mass is 2.00 kg. (a)What are the
wavelength and frequency of n = 6 mode? (b) The string

oscillates the air around the string. What is the wavelength
of the sound if the speed of the sound is vs = 343.00 m/s
?

132. Early Doppler shift experiments were conducted
using a band playing music on a train. A trumpet player on
a moving railroad flatcar plays a 320-Hz note. The sound
waves heard by a stationary observer on a train platform
hears a frequency of 350 Hz. What is the flatcar’s speed in
mph? The temperature of the air is TC = 22°C .

133. Two cars move toward one another, both sounding
their horns ⎛

⎝ fs = 800 Hz⎞
⎠ . Car A is moving at 65 mph and

Car B is at 75 mph. What is the beat frequency heard by
each driver? The air temperature is TC = 22.00°C .

134. Student A runs after Student B. Student A carries
a tuning fork ringing at 1024 Hz, and student B carries
a tuning fork ringing at 1000 Hz. Student A is running
at a speed of vA = 5.00 m/s and Student B is running at

vB = 6.00 m/s. What is the beat frequency heard by each

student? The speed of sound is v = 343.00 m/s.

135. Suppose that the sound level from a source is 75
dB and then drops to 52 dB, with a frequency of 600 Hz.
Determine the (a) initial and (b) final sound intensities and
the (c) initial and (d) final sound wave amplitudes. The
air temperature is TC = 24.00°C and the air density is

ρ = 1.184 kg/m3.

136. The Doppler shift for a Doppler radar is found by

f = fR
⎛
⎝

1 + v
c

1 − v
c

⎞
⎠ , where fR is the frequency of the radar,

f is the frequency observed by the radar, c is the speed
of light, and v is the speed of the target. What is the beat
frequency observed at the radar, assuming the speed of the
target is much slower than the speed of light?

137. A stationary observer hears a frequency of 1000.00
Hz as a source approaches and a frequency of 850.00 Hz as
a source departs. The source moves at a constant velocity
of 75 mph. What is the temperature of the air?

138. A flute plays a note with a frequency of 600 Hz. The
flute can be modeled as a pipe open at both ends, where
the flute player changes the length with his finger positions.
What is the length of the tube if this is the fundamental
frequency?

CHALLENGE PROBLEMS

139. Two sound speakers are separated by a distance d, each sounding a frequency f. An observer stands at one
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speaker and walks in a straight line a distance x,
perpendicular to the the two speakers, until he comes to the
first maximum intensity of sound. The speed of sound is v.
How far is he from the speaker?

140. Consider the beats shown below. This is a graph
of the gauge pressure versus time for the position
x = 0.00 m. The wave moves with a speed of

v = 343.00 m/s. (a) How many beats are there per

second? (b) How many times does the wave oscillate per
second? (c) Write a wave function for the gauge pressure as
a function of time.

141. Two speakers producing the same frequency of sound
are a distance of d apart. Consider an arc along a circle of
radius R, centered at the midpoint of the speakers, as shown
below. (a) At what angles will there be maxima? (b) At
what angle will there be minima?

142. A string has a length of 1.5 m, a linear mass density
µ = 0.008 kg/m, , and a tension of 120 N. If the air

temperature is T = 22°C, what should the length of a pipe

open at both ends for it to have the same frequency for the
n = 3 mode?

143. A string
⎛
⎝µ = 0.006kg

m , L = 1.50 m⎞
⎠ is fixed at

both ends and is under a tension of 155 N. It oscillates in the
n = 10 mode and produces sound. A tuning fork is ringing

nearby, producing a beat frequency of 23.76 Hz. (a) What is
the frequency of the sound from the string? (b) What is the
frequency of the tuning fork if the tuning fork frequency is
lower? (c) What should be the tension of the string for the
beat frequency to be zero?

144. A string has a linear mass density µ , a length L, and

a tension of FT , and oscillates in a mode n at a frequency

f. Find the ratio of
Δ f

f for a small change in tension.

145. A string has a linear mass density µ = 0.007 kg/m,
a length L = 0.70 m, a tension of FT = 110 N, and

oscillates in a mode n = 3 . (a) What is the frequency of

the oscillations? (b) Use the result in the preceding problem
to find the change in the frequency when the tension is
increased by 1.00% .

146. A speaker powered by a signal generator is used
to study resonance in a tube. The signal generator can
be adjusted from a frequency of 1000 Hz to 1800 Hz.
First, a 0.75-m-long tube, open at both ends, is studied.
The temperature in the room is TF = 85.00°F. (a) Which

normal modes of the pipe can be studied? What are the
frequencies and wavelengths? Next a cap is place on one
end of the 0.75-meter-long pipe. (b) Which normal modes
of the pipe can be studied? What are the frequencies and
wavelengths?

147. A string on the violin has a length of 23.00 cm and
a mass of 0.900 grams. The tension in the string 850.00
N. The temperature in the room is TC = 24.00°C. The

string is plucked and oscillates in the n = 9 mode. (a)

What is the speed of the wave on the string? (b) What is
the wavelength of the sounding wave produced? (c) What
is the frequency of the oscillating string? (d) What is the
frequency of the sound produced? (e) What is the
wavelength of the sound produced?
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127. a. 71.8 m/s; b. 257 m/s
129. a. 150 cm3 /s ; b. 33.3 cm3 /s ; c. 25.0 cm3 /s ; d. 0.0100 cm3 /s ; e. 0.0300 cm3 /s
131. a. 1.20 × 105 N/m2 ; b. The flow rate in the main increases by 90%. c. There are approximately 38 more users in the

afternoon.

CHAPTER 15

CHECK YOUR UNDERSTANDING

15.1. The ruler is a stiffer system, which carries greater force for the same amount of displacement. The ruler snaps your hand
with greater force, which hurts more.
15.2. You could increase the mass of the object that is oscillating. Other options would be to reduce the amplitude, or use a less
stiff spring.
15.3. A ketchup bottle sits on a lazy Susan in the center of the dinner table. You set it rotating in uniform circular motion. A set of
lights shine on the bottle, producing a shadow on the wall.
15.4. The movement of the pendulums will not differ at all because the mass of the bob has no effect on the motion of a simple
pendulum. The pendulums are only affected by the period (which is related to the pendulum’s length) and by the acceleration due
to gravity.
15.5. Friction often comes into play whenever an object is moving. Friction causes damping in a harmonic oscillator.
15.6. The performer must be singing a note that corresponds to the natural frequency of the glass. As the sound wave is directed
at the glass, the glass responds by resonating at the same frequency as the sound wave. With enough energy introduced into the
system, the glass begins to vibrate and eventually shatters.

CONCEPTUAL QUESTIONS

1. The restoring force must be proportional to the displacement and act opposite to the direction of motion with no drag forces or
friction. The frequency of oscillation does not depend on the amplitude.
3. Examples: Mass attached to a spring on a frictionless table, a mass hanging from a string, a simple pendulum with a small
amplitude of motion. All of these examples have frequencies of oscillation that are independent of amplitude.
5. Since the frequency is proportional to the square root of the force constant and inversely proportional to the square root of the
mass, it is likely that the truck is heavily loaded, since the force constant would be the same whether the truck is empty or heavily
loaded.
7. In a car, elastic potential energy is stored when the shock is extended or compressed. In some running shoes elastic potential
energy is stored in the compression of the material of the soles of the running shoes. In pole vaulting, elastic potential energy is
stored in the bending of the pole.
9. The overall system is stable. There may be times when the stability is interrupted by a storm, but the driving force provided by
the sun bring the atmosphere back into a stable pattern.
11. The maximum speed is equal to vmax = Aω and the angular frequency is independent of the amplitude, so the amplitude

would be affected. The radius of the circle represents the amplitude of the circle, so make the amplitude larger.

13. The period of the pendulum is T = 2π L/g. In summer, the length increases, and the period increases. If the period should

be one second, but period is longer than one second in the summer, it will oscillate fewer than 60 times a minute and clock will
run slow. In the winter it will run fast.
15. A car shock absorber.
17. The second law of thermodynamics states that perpetual motion machines are impossible. Eventually the ordered motion of
the system decreases and returns to equilibrium.
19. All harmonic motion is damped harmonic motion, but the damping may be negligible. This is due to friction and drag forces.
It is easy to come up with five examples of damped motion: (1) A mass oscillating on a hanging on a spring (it eventually comes
to rest). (2) Shock absorbers in a car (thankfully they also come to rest). (3) A pendulum is a grandfather clock (weights are added
to add energy to the oscillations). (4) A child on a swing (eventually comes to rest unless energy is added by pushing the child).
(5) A marble rolling in a bowl (eventually comes to rest). As for the undamped motion, even a mass on a spring in a vacuum will
eventually come to rest due to internal forces in the spring. Damping may be negligible, but cannot be eliminated.

PROBLEMS

21. Proof
23. 0.400 s/beat
25. 12,500 Hz

27. a. 340 km/hr; b. 11.3 × 103 rev/min

29. f = 1
3 f0

31. 0.009 kg; 2%

33. a. 1.57 × 105 N/m ; b. 77 kg, yes, he is eligible to play
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35. a. 6.53 × 103 N/m ; b. yes, when the man is at his lowest point in his hopping the spring will be compressed the most

37. a. 1.99 Hz; b. 50.2 cm; c. 0.710 m
39. a. 0.335 m/s; b. 5.61 × 10−4 J

41. a. x(t) = 2 mcos⎛
⎝0.52s−1 t⎞

⎠ ; b. v(t) = (−1.05 m/s)sin⎛
⎝0.52s−1 t⎞

⎠

43. 24.8 cm
45. 4.01 s
47. 1.58 s
49. 9.82002 m/s2

51. 9%
53. 141 J

55. a. 4.90 × 10−3 m ; b. 1.15 × 10−2 m

ADDITIONAL PROBLEMS

57. 94.7 kg
59. a. 314 N/m; b. 1.00 s; c. 1.25 m/s
61. ratio of 2.45
63. The length must increase by 0.0116%.

65. θ = (0.31 rad)sin⎛
⎝3.13 s−1 t⎞

⎠

67. a. 0.99 s; b. 0.11 m

CHALLENGE PROBLEMS

69. a. 3.95 × 106 N/m ; b. 7.90 × 106 J
71. F ≈ − constant r′
73. a. 7.54 cm; b. 3.25 × 104 N/m

CHAPTER 16

CHECK YOUR UNDERSTANDING

16.1. The wavelength of the waves depends on the frequency and the velocity of the wave. The frequency of the sound wave is
equal to the frequency of the wave on the string. The wavelengths of the sound waves and the waves on the string are equal only
if the velocities of the waves are the same, which is not always the case. If the speed of the sound wave is different from the speed
of the wave on the string, the wavelengths are different. This velocity of sound waves will be discussed in Sound.
16.2. In a transverse wave, the wave may move at a constant propagation velocity through the medium, but the medium oscillates
perpendicular to the motion of the wave. If the wave moves in the positive x-direction, the medium oscillates up and down in the
y-direction. The velocity of the medium is therefore not constant, but the medium’s velocity and acceleration are similar to that of
the simple harmonic motion of a mass on a spring.
16.3. Yes, a cosine function is equal to a sine function with a phase shift, and either function can be used in a wave function.
Which function is more convenient to use depends on the initial conditions. In Figure 16.11 , the wave has an initial height of
y⎛

⎝0.00, 0.00⎞
⎠ = 0 and then the wave height increases to the maximum height at the crest. If the initial height at the initial time

was equal to the amplitude of the wave y⎛
⎝0.00, 0.00⎞

⎠ = +A, then it might be more convenient to model the wave with a cosine

function.
16.4. This wave, with amplitude A = 0.5 m, wavelength λ = 10.00 m, period T = 0.50 s, is a solution to the wave

equation with a wave velocity v = 20.00 m/s.
16.5. Since the speed of a wave on a taunt string is proportional to the square root of the tension divided by the linear density, the
wave speed would increase by 2.
16.6. At first glance, the time-averaged power of a sinusoidal wave on a string may look proportional to the linear density of the

string because P = 1
2µA2 ω2 v; however, the speed of the wave depends on the linear density. Replacing the wave speed with

FT
µ shows that the power is proportional to the square root of tension and proportional to the square root of the linear mass

density:

P = 1
2µA2 ω2 v = 1

2µA2 ω2 FT
µ = 1

2A2 ω2 µFT.

16.7. Yes, the equations would work equally well for symmetric boundary conditions of a medium free to oscillate on each end
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where there was an antinode on each end. The normal modes of the first three modes are shown below. The dotted line shows the
equilibrium position of the medium.

Note that the first mode is two quarters, or one half, of a wavelength. The second mode is one quarter of a wavelength, followed
by one half of a wavelength, followed by one quarter of a wavelength, or one full wavelength. The third mode is one and a half
wavelengths. These are the same result as the string with a node on each end. The equations for symmetrical boundary conditions
work equally well for fixed boundary conditions and free boundary conditions. These results will be revisited in the next chapter
when discussing sound wave in an open tube.

CONCEPTUAL QUESTIONS

1. A wave on a guitar string is an example of a transverse wave. The disturbance of the string moves perpendicular to the
propagation of the wave. The sound produced by the string is a longitudinal wave where the disturbance of the air moves parallel
to the propagation of the wave.
3. Propagation speed is the speed of the wave propagating through the medium. If the wave speed is constant, the speed can

be found by v = λ
T = λ f . The frequency is the number of wave that pass a point per unit time. The wavelength is directly

proportional to the wave speed and inversely proportional to the frequency.
5. No, the distance you move your hand up and down will determine the amplitude of the wave. The wavelength will depend on
the frequency you move your hand up and down, and the speed of the wave through the spring.
7. Light from the Sun and stars reach Earth through empty space where there is no medium present.

9. The wavelength is equal to the velocity of the wave times the frequency and the wave number is equal to k = 2π
λ , so yes, the

wave number will depend on the frequency and also depend on the velocity of the wave propagating through the spring.
11. The medium moves in simple harmonic motion as the wave propagates through the medium, continuously changing speed,
therefore it accelerates. The acceleration of the medium is due to the restoring force of the medium, which acts in the opposite
direction of the displacement.
13. The wave speed is proportional to the square root of the tension, so the speed is doubled.
15. Since the speed of a wave on a string is inversely proportional to the square root of the linear mass density, the speed would be
higher in the low linear mass density of the string.
17. The tension in the wire is due to the weight of the electrical power cable.

19. The time averaged power is P = Eλ
T = 1

2µA2 ω2 λ
T = 1

2µA2 ω2 v. If the frequency or amplitude is halved, the power

decreases by a factor of 4.
21. As a portion on the string moves vertically, it exerts a force on the neighboring portion of the string, doing work on the portion
and transferring the energy.

23. The intensity of a spherical wave is I = P
4πr2, if no energy is dissipated the intensity will decrease by a factor of nine at

three meters.
25. At the interface, the incident pulse produces a reflected pulse and a transmitted pulse. The reflected pulse would be out of
phase with respect to the incident pulse, and would move at the same propagation speed as the incident pulse, but would move
in the opposite direction. The transmitted pulse would travel in the same direction as the incident pulse, but at half the speed.
The transmitted pulse would be in phase with the incident pulse. Both the reflected pulse and the transmitted pulse would have
amplitudes less than the amplitude of the incident pulse.
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27.
29. It may be as easy as changing the length and/or the density a small amount so that the parts do not resonate at the frequency of
the motor.
31. Energy is supplied to the glass by the work done by the force of your finger on the glass. When supplied at the right frequency,
standing waves form. The glass resonates and the vibrations produce sound.

33. For the equation y(x, t) = 4.00 cm sin⎛
⎝3 m−1 x⎞

⎠cos⎛
⎝4 s−1 t⎞

⎠, there is a node because when x = 0.00 m ,

sin⎛
⎝3 m−1 (0.00 m)⎞

⎠ = 0.00, so y(0.00 m, t) = 0.00 m for all time. For the equation

y(x, t) = 4.00 cm sin⎛
⎝3 m−1 x + π

2
⎞
⎠cos⎛

⎝4 s−1 t⎞
⎠, there is an antinode because when x = 0.00 m ,

sin⎛
⎝3 m−1 (0.00 m) + π

2
⎞
⎠ = + 1.00 , so y(0.00 m, t) oscillates between +A and −A as the cosine term oscillates between +1

and -1.

PROBLEMS

35. 2d = vt ⇒ d = 11.25 m

37.
v = f λ, so that f = 0.125 Hz, so that

N = 7.50 times
39. v = f λ ⇒ λ = 0.400 m

41. v = f λ ⇒ f = 2.50 × 109 Hz
43. a. The P-waves outrun the S-waves by a speed of v = 3.20 km/s; therefore, Δd = 0.320 km. b. Since the uncertainty in the

distance is less than a kilometer, our answer to part (a) does not seem to limit the detection of nuclear bomb detonations. However,
if the velocities are uncertain, then the uncertainty in the distance would increase and could then make it difficult to identify the
source of the seismic waves.

45.
v = 1900 m/s

Δt = 1.05 µ s
47. y(x, t) = −0.037 cm

49.
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The pulse will move Δx = 6.00 m .

51. a. A = 0.25 m; b. k = 0.30 m−1; c. ω = 0.90 s−1; d. v = 3.0 m/s; e. ϕ = π/3 rad; f. λ = 20.93 m ; g.

T = 6.98 s
53. A = 0.30 m, λ = 4.50 m, v = 18.00 m/s, f = 4.00 Hz, T = 0.25 s

55. y(x, t) = 0.23 m sin⎛
⎝3.49 m−1 x − 0.63 s−1 t⎞

⎠

57. They have the same angular frequency, frequency, and period. They are traveling in opposite directions and y2 (x, t) has

twice the wavelength as y1 (x, t) and is moving at half the wave speed.

59. Each particle of the medium moves a distance of 4A each period. The period can be found by dividing the velocity by the
wavelength: t = 10.42 s
61. a. µ = 0.040 kg/m; b. v = 15.75 m/s
63. v = 180 m/s
65. v = 547.723 m/s, Δt = 5.48 ms
67. 0.707
69. v1 t + v2 t = 2.00 m, t = 1.69 ms
71. v = 288.68 m/s, λ = 0.73 m
73. a. A = 0.0125 cm; b. FT = 0.96 N

75. v = 74.54 m/s, Pλ = 91.85 W

77. a. I = 20.0 W/m2; b.
I = P

A, A = 10.0 m2

A = 4πr2, r = 0.892 m

79. I = 650 W/m2

81.
P ∝ E ∝ I ∝ X2 ⇒ P2

P1
= ⎛

⎝
X2
X1

⎞
⎠

2

P2 = 2.50 kW

83.

I ∝ X2 ⇒ I1
I2

= ⎛
⎝

X1
X2

⎞
⎠

2
⇒

I2 = 3.38 × 10−5 W/m2

85. f = 100.00 Hz, A = 1.10 cm

87. a. I2 = 0.063I1 ; b. I1 4πr1
2 = I2 4πr2

2

r2 = 3.16 m

89. 2πr1 A1
2 = 2πr2 A2

2, A1 = ⎛
⎝
r2
r1

⎞
⎠

1/2
A1 = 0.17 m

91. y(x, t) = 0.63 m

93. AR = 2A cos⎛
⎝
ϕ
2

⎞
⎠, ϕ = 1.17 rad

95. yR = 1.90 cm

97.

ω = 6.28 s−1, k = 3.00 m−1, ϕ = π
8 rad,

AR = 2A cos⎛
⎝
ϕ
2

⎞
⎠, A = 0.37 m

99. a.
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;
b. λ = 2.0 m, A = 4 m ; c. λR = 2.0 m, AR = 6.93 m

101. yR (x, t) = 2A cos⎛
⎝
ϕ
2

⎞
⎠cos⎛

⎝kx − ωt + ϕ
2

⎞
⎠; The result is not surprising because cos(θ) = sin⎛

⎝θ + π
2

⎞
⎠.

103.

λn = 2.00
n L, fn = v

λn

λ1 = 4.00 m, f1 = 12.5 Hz
λ2 = 2.00 m, f2 = 25.00 Hz
λ3 = 1.33 m, f3 = 37.59 Hz

105.
v = 158.11 m/s, λ = 4.44 m, f = 35.61 Hz
λs = 9.63 m

107. y(x, t) = ⎡
⎣0.60 cm sin⎛

⎝3 m−1 x⎞
⎠
⎤
⎦cos⎛

⎝4 s−1 t⎞
⎠

109.

λ100 = 0.06 m

v = 56.8 m/s, fn = n f1, n = 1, 2, 3, 4, 5...

f100 = 947 Hz

111. T = 2Δt, v = λ
T , λ = 2.12 m

113.
λ1 = 6.00 m, λ2 = 3.00 m, λ3 = 2.00 m, λ4 = 1.50 m
v = 258.20 m/s = λ f
f1 = 43.03 Hz, f2 = 86.07 Hz, f3 = 129.10 Hz, f4 = 172.13 Hz

115. v = 134.16 ms, λ = 1.4 m, f = 95.83 Hz, T = 0.0104 s

ADDITIONAL PROBLEMS

117. λ = 0.10 m
119. a. f = 4.74 × 1014 Hz; b. λ = 422 nm
121. λ = 16.00 m, f = 0.10 Hz, T = 10.00 s, v = 1.6 m/s
123. λ = (vb + v)tb, v = 3.75 m/s, λ = 3.00 m
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125.

∂2 (y1 + y2)
∂ t2 = −Aω2 sin(kx − ωt) − Aω2 sin⎛

⎝kx − ωt + ϕ⎞
⎠

∂2 (y1 + y2)
∂ x2 = −Ak2 sin(kx − ωt) − Ak2 sin⎛

⎝kx − ωt + ϕ⎞
⎠

∂2 y(x, t)
∂ x2 = 1

v2
∂2 y(x, t)

∂ t2

−Aω2 sin(kx − ωt) − Aω2 sin⎛
⎝kx − ωt + ϕ⎞

⎠ = ⎛
⎝

1
v2

⎞
⎠

⎛
⎝−Ak2 sin(kx − ωt) − Ak2 sin⎛

⎝kx − ωt + ϕ⎞
⎠
⎞
⎠

v = ω
k

127. y(x, t) = 0.40 m sin⎛
⎝0.015 m−1 x + 1.5 s−1 t⎞

⎠

129. v = 223.61 m/s, k = 1.57 m−1, ω = 142.43 s−1

131.
P = 1

2A2 ⎛
⎝2π f ⎞

⎠
2 µFT

µ = 2.00 × 10−4 kg/m

133. P = 1
2µA2 ω2 λ

T , µ = 0.0018 kg/m

135. a. AR = 2A cos⎛
⎝
ϕ
2

⎞
⎠, cos⎛

⎝
ϕ
2

⎞
⎠ = 1, ϕ = 0, 2π, 4π,... ; b. AR = 2A cos⎛

⎝
ϕ
2

⎞
⎠, cos⎛

⎝
ϕ
2

⎞
⎠ = 0, ϕ = 0, π, 3π, 5π...

137. yR (x, t) = 0.6 m sin⎛
⎝4 m−1 x⎞

⎠cos⎛
⎝3 s−1 t⎞

⎠

139. a.

(1)FT − 20.00 kg⎛
⎝9.80 m/s2⎞

⎠cos 45° = 0

(2)m⎛
⎝9.80 m/s2⎞

⎠ − FT = 0
m = 14.14 kg

; b. FT = 138.57 N
v = 67.96 m/s

141. FT = 12 N, v = 16.49 m/s

143. a.
fn = nv

2L, v = 2L fn + 1
n + 1 , n + 1

n = 2L fn + 1
2L fn

, 1 + 1
n = 1.2, n = 5

λn = 2
nL, λ5 = 1.6 m, λ6 = 1.33 m

; b. FT = 245.76 N

CHALLENGE PROBLEMS

145. a. Moves in the negative x direction at a propagation speed of v = 2.00 m/s . b. Δx = −6.00 m; c.
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147.

sin(kx − ωt) = sin⎛
⎝kx + ϕ

2
⎞
⎠cos⎛

⎝ωt + ϕ
2

⎞
⎠ − cos⎛

⎝kx + ϕ
2

⎞
⎠sin⎛

⎝ωt + ϕ
2

⎞
⎠

sin⎛
⎝kx − ωt + ϕ⎞

⎠ = sin⎛
⎝kx + ϕ

2
⎞
⎠cos⎛

⎝ωt + ϕ
2

⎞
⎠ + cos⎛

⎝kx + ϕ
2

⎞
⎠sin⎛

⎝ωt + ϕ
2

⎞
⎠

sin(kx − ωt) + sin⎛
⎝kx + ωt + ϕ⎞

⎠ = 2 sin⎛
⎝kx + ϕ

2
⎞
⎠cos⎛

⎝ωt + ϕ
2

⎞
⎠

yR = 2 A sin⎛
⎝kx + ϕ

2
⎞
⎠cos⎛

⎝ωt + ϕ
2

⎞
⎠

149.
sin⎛

⎝kx + ϕ
2

⎞
⎠ = 0, kx + ϕ

2 = 0, π, 2π, 1.26 m−1 x + π
20 = π, 2π, 3π

x = 2.37 m, 4.86 m, 7.35 m
;

CHAPTER 17

CHECK YOUR UNDERSTANDING

17.1. Sound and light both travel at definite speeds, and the speed of sound is slower than the speed of light. The first shell is
probably very close by, so the speed difference is not noticeable. The second shell is farther away, so the light arrives at your eyes
noticeably sooner than the sound wave arrives at your ears.
17.2. 10 dB: rustle of leaves; 50 dB: average office; 100 dB: noisy factory
17.3. Amplitude is directly proportional to the experience of loudness. As amplitude increases, loudness increases.
17.4. In the example, the two speakers were producing sound at a single frequency. Music has various frequencies and
wavelengths.
17.5. Regular headphones only block sound waves with a physical barrier. Noise-canceling headphones use destructive
interference to reduce the loudness of outside sounds.
17.6. When the tube resonates at its natural frequency, the wave’s node is located at the closed end of the tube, and the antinode
is located at the open end. The length of the tube is equal to one-fourth of the wavelength of this wave. Thus, if we know the
wavelength of the wave, we can determine the length of the tube.
17.7. Compare their sizes. High-pitch instruments are generally smaller than low-pitch instruments because they generate a smaller
wavelength.
17.8. An easy way to understand this event is to use a graph, as shown below. It appears that beats are produced, but with a more
complex pattern of interference.

17.9. If I am driving and I hear Doppler shift in an ambulance siren, I would be able to tell when it was getting closer and also if
it has passed by. This would help me to know whether I needed to pull over and let the ambulance through.
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CONCEPTUAL QUESTIONS

1. Sound is a disturbance of matter (a pressure wave) that is transmitted from its source outward. Hearing is the human perception
of sound.
3. Consider a sound wave moving through air. The pressure of the air is the equilibrium condition, it is the change in pressure that
produces the sound wave.
5. The frequency does not change as the sound wave moves from one medium to another. Since the speed changes and the
frequency does not, the wavelength must change. This is similar to the driving force of a harmonic oscillator or a wave on the
string.
7. The transducer sends out a sound wave, which reflects off the object in question and measures the time it takes for the sound
wave to return. Since the speed of sound is constant, the distance to the object can found by multiplying the velocity of sound by
half the time interval measured.
9. The ear plugs reduce the intensity of the sound both in water and on land, but Navy researchers have found that sound under
water is heard through vibrations mastoid, which is the bone behind the ear.
11. The fundamental wavelength of a tube open at each end is 2L, where the wavelength of a tube open at one end and closed at
one end is 4L. The tube open at one end has the lower fundamental frequency, assuming the speed of sound is the same in both
tubes.
13. The wavelength in each is twice the length of the tube. The frequency depends on the wavelength and the speed of the sound
waves. The frequency in room B is higher because the speed of sound is higher where the temperature is higher.
15. When resonating at the fundamental frequency, the wavelength for pipe C is 4L, and for pipes A and B is 2L. The frequency is
equal to f = v/λ. Pipe C has the lowest frequency and pipes A and B have equal frequencies, higher than the one in pipe C.

17. Since the boundary conditions are both symmetric, the frequencies are fn = nv
2L. Since the speed is the same in each, the

frequencies are the same. If the wave speed were doubled in the string, the frequencies in the string would be twice the frequencies
in the tube.
19. The frequency of the unknown fork is 255 Hz. No, if only the 250 Hz fork is used, listening to the beat frequency could only
limit the possible frequencies to 245 Hz or 255 Hz.
21. The beat frequency is 0.7 Hz.
23. Observer 1 will observe the highest frequency. Observer 2 will observe the lowest frequency. Observer 3 will hear a higher
frequency than the source frequency, but lower than the frequency observed by observer 1, as the source approaches and a lower
frequency than the source frequency, but higher than the frequency observed by observer 1, as the source moves away from
observer 3.
25. Doppler radar can not only detect the distance to a storm, but also the speed and direction at which the storm is traveling.

27. The speed of sound decreases as the temperature decreases. The Mach number is equal to M = vs
v , so the plane should slow

down.

PROBLEMS

29. smax = 4.00 nm, λ = 1.72 m, f = 200 Hz, v = 343.17 m/s
31. a. λ = 68.60 µm; b. λ = 360.00 µm

33. a. k = 183.09m−1;
b. ΔP = −1.11 Pa

35.

s1 = 7.00 nm, s2 = 3.00 nm, kx1 + ϕ = 0 rad

kx2 + ϕ = 1.128 rad
k(x2 − x1) = 1.128 rad, k = 5.64 m−1

λ = 1.11 m, f = 306.31 Hz

37.
k = 5.28 × 103 m
s(x, t) = 4.50 nm cos⎛

⎝5.28 × 103 m−1 x − 2π(5.00 MHz)t⎞
⎠

39. λ = 3.43 mm
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41.

λ = 6.00 m
smax = 2.00 mm

v = 600 m/s

T = 0.01 s
43. (a) f = 100 Hz, (b) λ = 3.43 m
45. f = 3400 Hz
47. a. v = 5.96 × 103 m/s ; b. steel (from value in Table 17.1)

49. v = 363 m
s

51. Δx = 924 m

53.

V = 0.05 m3

m = 392.5 kg
ρ = 7850 kg/m3

v = 5047.54 m/s

55.
TC = 35°C, v = 351.58 m/s
Δx1 = 35.16 m, Δx2 = 52.74 m
Δx = 63.39 m

57. a. t5.00°C = 0.0180 s, t35.0°C = 0.0171 s ; b. % uncertainty = 5.00% ; c. This uncertainty could definitely cause

difficulties for the bat, if it didn’t continue to use sound as it closed in on its prey. A 5% uncertainty could be the difference between
catching the prey around the neck or around the chest, which means that it could miss grabbing its prey.

59. 1.26 × 10−3 W/m2

61. 85 dB
63. a. 93 dB; b. 83 dB

65. 1.58 × 10−13 W/m2

67. A decrease of a factor of 10 in intensity corresponds to a reduction of 10 dB in sound level: 120 dB − 10 dB = 110 dB.
69. We know that 60 dB corresponds to a factor of 106 increase in intensity. Therefore,

I ∝ X2 ⇒ I2
I1

= ⎛
⎝

X2
X1

⎞
⎠

2
, so that X2 = 10−6 atm.

120 dB corresponds to a factor of 1012 increase ⇒ 10−9 atm(1012)1/2 = 10−3 atm.
71. 28.2 dB

73. 1 × 106 km
75. 73 dB − 70 dB = 3 dB; Such a change in sound level is easily noticed.

77. 2.5; The 100-Hz tone must be 2.5 times more intense than the 4000-Hz sound to be audible by this person.
79. 0.974 m
81. 11.0 kHz; The ear is not particularly sensitive to this frequency, so we don’t hear overtones due to the ear canal.
83. a. v = 344.08 m/s, λ1 = 16.00 m, f1 = 21.51 Hz;

b. λ3 = 5.33 m, f3 = 64.56 Hz

85.
vstring = 149.07 m/s, λ3 = 1.33 m, f3 = 112.08 Hz

λ1 = v
f1

, L = 1.53 m

87. a. 22.0°C ; b. 1.01 m

89.
fir t overtone = 180 Hz;
second overtone = 270 Hz;
third overtone = 360 Hz
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91. 1.56 m
93. The pipe has symmetrical boundary conditions;

λn = 2
nL, fn = nv

2L, n = 1, 2, 3

λ1 = 6.00 m, λ2 = 3.00 m, λ3 = 2.00 m
f1 = 57.17 Hz, f2 = 114.33 Hz, f3 = 171.50 Hz

95.
λ6 = 0.5 m
v = 1000 m/s
FT = 6500 N

97. f = 6.40 kHz
99. 1.03 or 3%

101.

fB = | f1 − f2|
|128.3 Hz − 128.1 Hz| = 0.2 Hz;
|128.3 Hz − 127.8 Hz| = 0.5 Hz;
|128.1 Hz − 127.8 Hz| = 0.3 Hz

103.

vA = 135.87 m/s, vB = 141.42 m/s,

λA = λB = 0.40 m
Δ f = 15.00 Hz

105.

v = 155.54 m/s,
fstring = 971.17 Hz, n = 16.23
fstring = 1076.83 Hz, n = 18.00

The frequency is 1076.83 Hz and the wavelength is 0.14 m.

107. f2 = f1 ± fB = 260.00 Hz ± 1.50 Hz,
so that f2 = 261.50 Hz or f2 = 258.50 Hz

109.

face = f1 + f2
2 ; fB = f1 − f2(assume f1 > f2)

face = ( fB + f2) + f2
2 ⇒

f2 = 4099.750 Hz
f1 = 4100.250 Hz

111. a. 878 Hz; b. 735 Hz

113. 3.79 × 103 Hz
115. a. 12.9 m/s; b. 193 Hz

117. The first eagle hears 4.23 × 103 Hz. The second eagle hears 3.56 × 103 Hz.

119.
vs = 31.29 m/s
fo = 1.12 kHz

121. An audible shift occurs when
fobs
fs

≥ 1.003 ;
fobs = fs

v
v − vs

⇒ fobs
fs

= v
v − vs

⇒

vs = 0.990 m/s
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123.

θ = 30.02°
vs = 680.00 m/s
tan θ = y

vs t , t = 21.65 s

125.
sin θ = 1

M , θ = 56.47°

y = 9.31 km

127.

s1 = 6.34 nm
s2 = 2.30 nm

kx1 + ϕ = 0 rad
kx2 + ϕ = 1.20 rad
k(x2 − x1) = 1.20 rad
k = 3.00 m−1

ω = 1019.62 s−1

s1 = smax cos⎛
⎝kx1 − ϕ⎞

⎠

ϕ = 5.66 rad
s(x, t) = 6.30 nmcos⎛

⎝3.00 m−1 x − 1019.62 s−1 t + 5.66⎞
⎠

ADDITIONAL PROBLEMS

129. vs = 346.40 m/s ;

λn = 2
nL fn = vs

λn

λ1 = 1.60 m f1 = 216.50 Hz
λ2 = 0.80 m f1 = 433.00 Hz

131. a.

λ6 = 0.40 m

v = 57.15m
s

f6 = 142.89 Hz

; b. λs = 2.40 m

133.

v = 344.08m
s

vA = 29.05m
s , vB = 33.52 m/s

fA = 961.18 Hz,
fB = 958.89 Hz
fA, beat = 161.18 Hz, fB, beat = 158.89 Hz

135. v = 345.24m
s ; a. I = 31.62µW

m2 ; b. I = 0.16µW
m2 ; c. smax = 104.39 µm ; d. smax = 7.43 µm

137.
fA
fD

= v + vs
v − vs

, (v − vs)
fA
fD

= v + vs, v = 347.39m
s

TC = 27.70°
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CHALLENGE PROBLEMS

139.

x2 + d2 − x = λ, x2 + d2 = (λ + x)2

x2 + d2 = λ2 + 2xλ + x2, d2 = λ2 + 2xλ

x =
d2 − ⎛

⎝
v
f
⎞
⎠

2

2 v
f

141. a. For maxima
Δr = d sin θ
d sin θ = nλ n = 0, ± 1, ± 2...., θ = sin−1 ⎛

⎝n
λ
d

⎞
⎠ n = 0, ± 1, ± 2....

b. For minima,

Δr = d sin θ
d sin θ = ⎛

⎝n + 1
2

⎞
⎠λ n = 0, ± 1, ± 2....

θ = sin−1 ⎛
⎝
⎛
⎝n + 1

2
⎞
⎠
λ
d

⎞
⎠ n = 0, ± 1, ± 2....

143. a. vstring = 160.73m
s , fstring = 535.77 Hz ; b. ffork = 512 Hz ; c. ffork =

n FT
µ

2L , FT = 141.56 N

145. a. f = 268.62 Hz ; b. Δ f ≈ 1
2

ΔFT
FT

f = 1.34 Hz

147. a. v = 466.07m
s ; b. λ9 = 51.11 mm ; c. f9 = 9.12 kHz ;

d. fsound = 9.12 kHz ; e. λair = 37.86 mm
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3 | INTERFERENCE

Figure 3.1 Soap bubbles are blown from clear fluid into very thin films. The colors we see are not due to any pigmentation but
are the result of light interference, which enhances specific wavelengths for a given thickness of the film.

Chapter Outline

3.1 Young's Double-Slit Interference

3.2 Mathematics of Interference

3.3 Multiple-Slit Interference

3.4 Interference in Thin Films

3.5 The Michelson Interferometer

Introduction
The most certain indication of a wave is interference. This wave characteristic is most prominent when the wave interacts
with an object that is not large compared with the wavelength. Interference is observed for water waves, sound waves, light
waves, and, in fact, all types of waves.

If you have ever looked at the reds, blues, and greens in a sunlit soap bubble and wondered how straw-colored soapy water
could produce them, you have hit upon one of the many phenomena that can only be explained by the wave character of light
(see Figure 3.1). The same is true for the colors seen in an oil slick or in the light reflected from a DVD disc. These and
other interesting phenomena cannot be explained fully by geometric optics. In these cases, light interacts with objects and
exhibits wave characteristics. The branch of optics that considers the behavior of light when it exhibits wave characteristics
is called wave optics (sometimes called physical optics). It is the topic of this chapter.

3.1 | Young's Double-Slit Interference

Learning Objectives

By the end of this section, you will be able to:

• Explain the phenomenon of interference

• Define constructive and destructive interference for a double slit

The Dutch physicist Christiaan Huygens (1629–1695) thought that light was a wave, but Isaac Newton did not. Newton
thought that there were other explanations for color, and for the interference and diffraction effects that were observable at
the time. Owing to Newton’s tremendous reputation, his view generally prevailed; the fact that Huygens’s principle worked
was not considered direct evidence proving that light is a wave. The acceptance of the wave character of light came many
years later in 1801, when the English physicist and physician Thomas Young (1773–1829) demonstrated optical interference
with his now-classic double-slit experiment.

If there were not one but two sources of waves, the waves could be made to interfere, as in the case of waves on
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water (Figure 3.2). If light is an electromagnetic wave, it must therefore exhibit interference effects under appropriate
circumstances. In Young’s experiment, sunlight was passed through a pinhole on a board. The emerging beam fell on two
pinholes on a second board. The light emanating from the two pinholes then fell on a screen where a pattern of bright and
dark spots was observed. This pattern, called fringes, can only be explained through interference, a wave phenomenon.

Figure 3.2 Photograph of an interference pattern produced by
circular water waves in a ripple tank. Two thin plungers are
vibrated up and down in phase at the surface of the water.
Circular water waves are produced by and emanate from each
plunger. The points where the water is calm (corresponding to
destructive interference) are clearly visible.

We can analyze double-slit interference with the help of Figure 3.3, which depicts an apparatus analogous to Young’s.
Light from a monochromatic source falls on a slit S0 . The light emanating from S0 is incident on two other slits S1 and

S2 that are equidistant from S0 . A pattern of interference fringes on the screen is then produced by the light emanating

from S1 and S2 . All slits are assumed to be so narrow that they can be considered secondary point sources for Huygens’

wavelets (The Nature of Light). Slits S1 and S2 are a distance d apart ( d ≤ 1 mm ), and the distance between the

screen and the slits is D( ≈ 1 m) , which is much greater than d.
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Figure 3.3 The double-slit interference experiment using monochromatic light and narrow slits.
Fringes produced by interfering Huygens wavelets from slits S1 and S2 are observed on the screen.

Since S0 is assumed to be a point source of monochromatic light, the secondary Huygens wavelets leaving S1 and S2

always maintain a constant phase difference (zero in this case because S1 and S2 are equidistant from S0 ) and have

the same frequency. The sources S1 and S2 are then said to be coherent. By coherent waves, we mean the waves are in

phase or have a definite phase relationship. The term incoherent means the waves have random phase relationships, which
would be the case if S1 and S2 were illuminated by two independent light sources, rather than a single source S0 . Two

independent light sources (which may be two separate areas within the same lamp or the Sun) would generally not emit
their light in unison, that is, not coherently. Also, because S1 and S2 are the same distance from S0 , the amplitudes of

the two Huygens wavelets are equal.

Young used sunlight, where each wavelength forms its own pattern, making the effect more difficult to see. In the following
discussion, we illustrate the double-slit experiment with monochromatic light (single λ ) to clarify the effect. Figure 3.4

shows the pure constructive and destructive interference of two waves having the same wavelength and amplitude.

Figure 3.4 The amplitudes of waves add. (a) Pure constructive interference is obtained when identical waves are in phase. (b)
Pure destructive interference occurs when identical waves are exactly out of phase, or shifted by half a wavelength.
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When light passes through narrow slits, the slits act as sources of coherent waves and light spreads out as semicircular
waves, as shown in Figure 3.5(a). Pure constructive interference occurs where the waves are crest to crest or trough to
trough. Pure destructive interference occurs where they are crest to trough. The light must fall on a screen and be scattered
into our eyes for us to see the pattern. An analogous pattern for water waves is shown in Figure 3.2. Note that regions of
constructive and destructive interference move out from the slits at well-defined angles to the original beam. These angles
depend on wavelength and the distance between the slits, as we shall see below.

Figure 3.5 Double slits produce two coherent sources of waves that interfere. (a) Light
spreads out (diffracts) from each slit, because the slits are narrow. These waves overlap and
interfere constructively (bright lines) and destructively (dark regions). We can only see this
if the light falls onto a screen and is scattered into our eyes. (b) When light that has passed
through double slits falls on a screen, we see a pattern such as this.

To understand the double-slit interference pattern, consider how two waves travel from the slits to the screen (Figure 3.6).
Each slit is a different distance from a given point on the screen. Thus, different numbers of wavelengths fit into each path.
Waves start out from the slits in phase (crest to crest), but they may end up out of phase (crest to trough) at the screen if
the paths differ in length by half a wavelength, interfering destructively. If the paths differ by a whole wavelength, then the
waves arrive in phase (crest to crest) at the screen, interfering constructively. More generally, if the path length difference
Δl between the two waves is any half-integral number of wavelengths [(1 / 2) λ , (3 / 2) λ , (5 / 2) λ , etc.], then destructive

interference occurs. Similarly, if the path length difference is any integral number of wavelengths ( λ , 2 λ , 3 λ , etc.), then

constructive interference occurs. These conditions can be expressed as equations:

(3.1)Δl = mλ, for m = 0, ±1, ±2, ±3 … (constructive interference)
(3.2)Δl = (m + 1

2)λ, for m = 0, ±1, ±2, ±3 … (destructive interference)
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Figure 3.6 Waves follow different paths from the slits to a
common point P on a screen. Destructive interference occurs
where one path is a half wavelength longer than the other—the
waves start in phase but arrive out of phase. Constructive
interference occurs where one path is a whole wavelength longer
than the other—the waves start out and arrive in phase.

3.2 | Mathematics of Interference

Learning Objectives

By the end of this section, you will be able to:

• Determine the angles for bright and dark fringes for double slit interference

• Calculate the positions of bright fringes on a screen

Figure 3.7(a) shows how to determine the path length difference Δl for waves traveling from two slits to a common point

on a screen. If the screen is a large distance away compared with the distance between the slits, then the angle θ between

the path and a line from the slits to the screen [part (b)] is nearly the same for each path. In other words, r1 and r2 are

essentially parallel. The lengths of r1 and r2 differ by Δl , as indicated by the two dashed lines in the figure. Simple

trigonometry shows

(3.3)Δl = d sin θ

where d is the distance between the slits. Combining this result with Equation 3.1, we obtain constructive interference for
a double slit when the path length difference is an integral multiple of the wavelength, or

(3.4)d sin θ = mλ, for m = 0, ±1, ±2, ±3,… (constructive interference).

Similarly, to obtain destructive interference for a double slit, the path length difference must be a half-integral multiple of
the wavelength, or

(3.5)d sin θ = (m + 1
2)λ, for m = 0, ±1, ±2, ±3,… (destructive interference)

where λ is the wavelength of the light, d is the distance between slits, and θ is the angle from the original direction of the

beam as discussed above. We call m the order of the interference. For example, m = 4 is fourth-order interference.
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Figure 3.7 (a) To reach P, the light waves from S1 and S2 must travel different distances. (b) The path difference

between the two rays is Δl .

The equations for double-slit interference imply that a series of bright and dark lines are formed. For vertical slits, the light
spreads out horizontally on either side of the incident beam into a pattern called interference fringes (Figure 3.8). The
closer the slits are, the more the bright fringes spread apart. We can see this by examining the equation

d sin θ = mλ, for m = 0, ±1, ±2, ±3… . For fixed λ and m, the smaller d is, the larger θ must be, since sin θ = mλ/d .

This is consistent with our contention that wave effects are most noticeable when the object the wave encounters (here, slits
a distance d apart) is small. Small d gives large θ , hence, a large effect.

Referring back to part (a) of the figure, θ is typically small enough that sin θ ≈ tan θ ≈ ym/D , where ym is the distance

from the central maximum to the mth bright fringe and D is the distance between the slit and the screen. Equation 3.4 may
then be written as

dym
D = mλ

or

(3.6)ym = mλD
d .
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Figure 3.8 The interference pattern for a double slit has an intensity that falls off with angle. The image shows
multiple bright and dark lines, or fringes, formed by light passing through a double slit.

Example 3.1

Finding a Wavelength from an Interference Pattern

Suppose you pass light from a He-Ne laser through two slits separated by 0.0100 mm and find that the third bright
line on a screen is formed at an angle of 10.95° relative to the incident beam. What is the wavelength of the

light?

Strategy

The phenomenon is two-slit interference as illustrated in Figure 3.8 and the third bright line is due to third-
order constructive interference, which means that m = 3 . We are given d = 0.0100 mm and θ = 10.95° . The

wavelength can thus be found using the equation d sin θ = mλ for constructive interference.

Solution

Solving d sin θ = mλ for the wavelength λ gives

λ = d sin θ
m .

Substituting known values yields

λ = (0.0100 mm)(sin 10.95°)
3 = 6.33 × 10−4 mm = 633 nm.

Significance

To three digits, this is the wavelength of light emitted by the common He-Ne laser. Not by coincidence, this red
color is similar to that emitted by neon lights. More important, however, is the fact that interference patterns can
be used to measure wavelength. Young did this for visible wavelengths. This analytical techinque is still widely
used to measure electromagnetic spectra. For a given order, the angle for constructive interference increases with
λ , so that spectra (measurements of intensity versus wavelength) can be obtained.
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3.1

Example 3.2

Calculating the Highest Order Possible

Interference patterns do not have an infinite number of lines, since there is a limit to how big m can be. What is
the highest-order constructive interference possible with the system described in the preceding example?

Strategy

The equation d sin θ = mλ (for m = 0, ±1, ±2, ±3… ) describes constructive interference from two slits. For

fixed values of d and λ , the larger m is, the larger sin θ is. However, the maximum value that sin θ can have is

1, for an angle of 90° . (Larger angles imply that light goes backward and does not reach the screen at all.) Let us

find what value of m corresponds to this maximum diffraction angle.

Solution

Solving the equation d sin θ = mλ for m gives

m = d sin θ
λ .

Taking sin θ = 1 and substituting the values of d and λ from the preceding example gives

m = (0.0100 mm)(1)
633 nm ≈ 15.8.

Therefore, the largest integer m can be is 15, or m = 15 .

Significance

The number of fringes depends on the wavelength and slit separation. The number of fringes is very large for large
slit separations. However, recall (see The Propagation of Light and the introduction for this chapter) that wave
interference is only prominent when the wave interacts with objects that are not large compared to the wavelength.
Therefore, if the slit separation and the sizes of the slits become much greater than the wavelength, the intensity
pattern of light on the screen changes, so there are simply two bright lines cast by the slits, as expected, when
light behaves like rays. We also note that the fringes get fainter farther away from the center. Consequently, not
all 15 fringes may be observable.

Check Your Understanding In the system used in the preceding examples, at what angles are the first
and the second bright fringes formed?

3.3 | Multiple-Slit Interference

Learning Objectives

By the end of this section, you will be able to:

• Describe the locations and intensities of secondary maxima for multiple-slit interference

Analyzing the interference of light passing through two slits lays out the theoretical framework of interference and
gives us a historical insight into Thomas Young’s experiments. However, much of the modern-day application of slit
interference uses not just two slits but many, approaching infinity for practical purposes. The key optical element is called
a diffraction grating, an important tool in optical analysis, which we discuss in detail in Diffraction. Here, we start the
analysis of multiple-slit interference by taking the results from our analysis of the double slit ( N = 2 ) and extending it to

configurations with three, four, and much larger numbers of slits.

Figure 3.9 shows the simplest case of multiple-slit interference, with three slits, or N = 3 . The spacing between slits is d,

and the path length difference between adjacent slits is d sin θ , same as the case for the double slit. What is new is that the

path length difference for the first and the third slits is 2d sin θ . The condition for constructive interference is the same as
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for the double slit, that is

d sin θ = mλ.

When this condition is met, 2d sin θ is automatically a multiple of λ , so all three rays combine constructively, and the

bright fringes that occur here are called principal maxima. But what happens when the path length difference between
adjacent slits is only λ/2 ? We can think of the first and second rays as interfering destructively, but the third ray remains

unaltered. Instead of obtaining a dark fringe, or a minimum, as we did for the double slit, we see a secondary maximum
with intensity lower than the principal maxima.

Figure 3.9 Interference with three slits. Different pairs of
emerging rays can combine constructively or destructively at the
same time, leading to secondary maxima.

In general, for N slits, these secondary maxima occur whenever an unpaired ray is present that does not go away due to
destructive interference. This occurs at (N − 2) evenly spaced positions between the principal maxima. The amplitude of

the electromagnetic wave is correspondingly diminished to 1/N of the wave at the principal maxima, and the light intensity,

being proportional to the square of the wave amplitude, is diminished to 1/N 2 of the intensity compared to the principal

maxima. As Figure 3.10 shows, a dark fringe is located between every maximum (principal or secondary). As N grows
larger and the number of bright and dark fringes increase, the widths of the maxima become narrower due to the closely
located neighboring dark fringes. Because the total amount of light energy remains unaltered, narrower maxima require that
each maximum reaches a correspondingly higher intensity.

Chapter 3 | Interference 125



Figure 3.10 Interference fringe patterns for two, three and four slits. As the number of slits increases, more secondary
maxima appear, but the principal maxima become brighter and narrower. (a) Graph and (b) photographs of fringe patterns.

3.4 | Interference in Thin Films

Learning Objectives

By the end of this section, you will be able to:

• Describe the phase changes that occur upon reflection

• Describe fringes established by reflected rays of a common source

• Explain the appearance of colors in thin films

The bright colors seen in an oil slick floating on water or in a sunlit soap bubble are caused by interference. The brightest
colors are those that interfere constructively. This interference is between light reflected from different surfaces of a thin
film; thus, the effect is known as thin-film interference.

As we noted before, interference effects are most prominent when light interacts with something having a size similar to
its wavelength. A thin film is one having a thickness t smaller than a few times the wavelength of light, λ . Since color is

associated indirectly with λ and because all interference depends in some way on the ratio of λ to the size of the object

involved, we should expect to see different colors for different thicknesses of a film, as in Figure 3.11.

Figure 3.11 These soap bubbles exhibit brilliant colors when
exposed to sunlight. (credit: Scott Robinson)
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What causes thin-film interference? Figure 3.12 shows how light reflected from the top and bottom surfaces of a film
can interfere. Incident light is only partially reflected from the top surface of the film (ray 1). The remainder enters the
film and is itself partially reflected from the bottom surface. Part of the light reflected from the bottom surface can emerge
from the top of the film (ray 2) and interfere with light reflected from the top (ray 1). The ray that enters the film travels a
greater distance, so it may be in or out of phase with the ray reflected from the top. However, consider for a moment, again,
the bubbles in Figure 3.11. The bubbles are darkest where they are thinnest. Furthermore, if you observe a soap bubble
carefully, you will note it gets dark at the point where it breaks. For very thin films, the difference in path lengths of rays 1
and 2 in Figure 3.12 is negligible, so why should they interfere destructively and not constructively? The answer is that a
phase change can occur upon reflection, as discussed next.

Figure 3.12 Light striking a thin film is partially reflected
(ray 1) and partially refracted at the top surface. The refracted
ray is partially reflected at the bottom surface and emerges as
ray 2. These rays interfere in a way that depends on the
thickness of the film and the indices of refraction of the various
media.

Changes in Phase due to Reflection
We saw earlier (Waves (http://cnx.org/content/m58367/latest/) ) that reflection of mechanical waves can involve a
180° phase change. For example, a traveling wave on a string is inverted (i.e., a 180° phase change) upon reflection at

a boundary to which a heavier string is tied. However, if the second string is lighter (or more precisely, of a lower linear
density), no inversion occurs. Light waves produce the same effect, but the deciding parameter for light is the index of
refraction. Light waves undergo a 180° or π radians phase change upon reflection at an interface beyond which is a

medium of higher index of refraction. No phase change takes place when reflecting from a medium of lower refractive index
(Figure 3.13). Because of the periodic nature of waves, this phase change or inversion is equivalent to ±λ/2 in distance

travelled, or path length. Both the path length and refractive indices are important factors in thin-film interference.
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Figure 3.13 Reflection at an interface for light traveling from a
medium with index of refraction n1 to a medium with index of

refraction n2 , n1 < n2 , causes the phase of the wave to change

by π radians.

If the film in Figure 3.12 is a soap bubble (essentially water with air on both sides), then a phase shift of λ/2 occurs for

ray 1 but not for ray 2. Thus, when the film is very thin and the path length difference between the two rays is negligible,
they are exactly out of phase, and destructive interference occurs at all wavelengths. Thus, the soap bubble is dark here.
The thickness of the film relative to the wavelength of light is the other crucial factor in thin-film interference. Ray 2 in
Figure 3.12 travels a greater distance than ray 1. For light incident perpendicular to the surface, ray 2 travels a distance
approximately 2t farther than ray 1. When this distance is an integral or half-integral multiple of the wavelength in the
medium (λn = λ/n , where λ is the wavelength in vacuum and n is the index of refraction), constructive or destructive

interference occurs, depending also on whether there is a phase change in either ray.

Example 3.3

Calculating the Thickness of a Nonreflective Lens Coating

Sophisticated cameras use a series of several lenses. Light can reflect from the surfaces of these various lenses
and degrade image clarity. To limit these reflections, lenses are coated with a thin layer of magnesium fluoride,
which causes destructive thin-film interference. What is the thinnest this film can be, if its index of refraction
is 1.38 and it is designed to limit the reflection of 550-nm light, normally the most intense visible wavelength?
Assume the index of refraction of the glass is 1.52.

Strategy

Refer to Figure 3.12 and use n1 = 1.00 for air, n2 = 1.38 , and n3 = 1.52 . Both ray 1 and ray 2 have a λ/2
shift upon reflection. Thus, to obtain destructive interference, ray 2 needs to travel a half wavelength farther than
ray 1. For rays incident perpendicularly, the path length difference is 2t.

Solution

To obtain destructive interference here,

2t = λn2
2

where λn2 is the wavelength in the film and is given by λn2 = λ/n2 . Thus,

2t = λ/n2
2 .

Solving for t and entering known values yields
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t = λ/n2
4 = (500 nm)/1.38

4 = 90.6 nm.

Significance

Films such as the one in this example are most effective in producing destructive interference when the thinnest
layer is used, since light over a broader range of incident angles is reduced in intensity. These films are called
nonreflective coatings; this is only an approximately correct description, though, since other wavelengths are only
partially cancelled. Nonreflective coatings are also used in car windows and sunglasses.

Combining Path Length Difference with Phase Change
Thin-film interference is most constructive or most destructive when the path length difference for the two rays is an integral
or half-integral wavelength. That is, for rays incident perpendicularly,

2t = λn, 2λn, 3λn ,… or 2t = λn/2, 3λn/2, 5λn/2,….

To know whether interference is constructive or destructive, you must also determine if there is a phase change upon
reflection. Thin-film interference thus depends on film thickness, the wavelength of light, and the refractive indices. For
white light incident on a film that varies in thickness, you can observe rainbow colors of constructive interference for
various wavelengths as the thickness varies.

Example 3.4

Soap Bubbles

(a) What are the three smallest thicknesses of a soap bubble that produce constructive interference for red light
with a wavelength of 650 nm? The index of refraction of soap is taken to be the same as that of water. (b) What
three smallest thicknesses give destructive interference?

Strategy

Use Figure 3.12 to visualize the bubble, which acts as a thin film between two layers of air. Thus
n1 = n3 = 1.00 for air, and n2 = 1.333 for soap (equivalent to water). There is a λ/2 shift for ray 1 reflected

from the top surface of the bubble and no shift for ray 2 reflected from the bottom surface. To get constructive
interference, then, the path length difference (2t) must be a half-integral multiple of the wavelength—the first
three being λn /2, 3λn /2 , and 5λn /2 . To get destructive interference, the path length difference must be an

integral multiple of the wavelength—the first three being 0, λn , and 2λn .

Solution

a. Constructive interference occurs here when

2tc = λn
2 , 3λn

2 , 5λn
2 , … .

Thus, the smallest constructive thickness tc is

tc = λn
4 = λ/n

4 = (650 nm)/1.333
4 = 122 nm.

The next thickness that gives constructive interference is tc′ = 3λn /4 , so that

tc′ = 366 nm.

Finally, the third thickness producing constructive interference is tc′ = 5λn /4 , so that

tc′ = 610 nm.

b. For destructive interference, the path length difference here is an integral multiple of the wavelength. The first
occurs for zero thickness, since there is a phase change at the top surface, that is,
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3.2

td = 0,

the very thin (or negligibly thin) case discussed above. The first non-zero thickness producing destructive
interference is

2td′ = λn.

Substituting known values gives

td′ = λ
2 = λ/n

2 = (650 nm)/1.333
2 = 244 nm.

Finally, the third destructive thickness is 2td
″ = 2λn , so that

td″ = λn = λ
n = 650 nm

1.333 = 488 nm.

Significance

If the bubble were illuminated with pure red light, we would see bright and dark bands at very uniform increases
in thickness. First would be a dark band at 0 thickness, then bright at 122 nm thickness, then dark at 244 nm,
bright at 366 nm, dark at 488 nm, and bright at 610 nm. If the bubble varied smoothly in thickness, like a smooth
wedge, then the bands would be evenly spaced.

Check Your Understanding Going further with Example 3.4, what are the next two thicknesses of
soap bubble that would lead to (a) constructive interference, and (b) destructive interference?

Another example of thin-film interference can be seen when microscope slides are separated (see Figure 3.14). The slides
are very flat, so that the wedge of air between them increases in thickness very uniformly. A phase change occurs at the
second surface but not the first, so a dark band forms where the slides touch. The rainbow colors of constructive interference
repeat, going from violet to red again and again as the distance between the slides increases. As the layer of air increases, the
bands become more difficult to see, because slight changes in incident angle have greater effects on path length differences.
If monochromatic light instead of white light is used, then bright and dark bands are obtained rather than repeating rainbow
colors.
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Figure 3.14 (a) The rainbow-color bands are produced by thin-film interference in the
air between the two glass slides. (b) Schematic of the paths taken by rays in the wedge of
air between the slides. (c) If the air wedge is illuminated with monochromatic light, bright
and dark bands are obtained rather than repeating rainbow colors.

An important application of thin-film interference is found in the manufacturing of optical instruments. A lens or mirror
can be compared with a master as it is being ground, allowing it to be shaped to an accuracy of less than a wavelength over
its entire surface. Figure 3.15 illustrates the phenomenon called Newton’s rings, which occurs when the plane surfaces
of two lenses are placed together. (The circular bands are called Newton’s rings because Isaac Newton described them and
their use in detail. Newton did not discover them; Robert Hooke did, and Newton did not believe they were due to the wave
character of light.) Each successive ring of a given color indicates an increase of only half a wavelength in the distance
between the lens and the blank, so that great precision can be obtained. Once the lens is perfect, no rings appear.
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Figure 3.15 “Newton’s rings” interference fringes are produced when two plano-convex
lenses are placed together with their plane surfaces in contact. The rings are created by
interference between the light reflected off the two surfaces as a result of a slight gap between
them, indicating that these surfaces are not precisely plane but are slightly convex. (credit: Ulf
Seifert)

Thin-film interference has many other applications, both in nature and in manufacturing. The wings of certain moths
and butterflies have nearly iridescent colors due to thin-film interference. In addition to pigmentation, the wing’s color
is affected greatly by constructive interference of certain wavelengths reflected from its film-coated surface. Some car
manufacturers offer special paint jobs that use thin-film interference to produce colors that change with angle. This
expensive option is based on variation of thin-film path length differences with angle. Security features on credit cards,
banknotes, driving licenses, and similar items prone to forgery use thin-film interference, diffraction gratings, or holograms.
As early as 1998, Australia led the way with dollar bills printed on polymer with a diffraction grating security feature,
making the currency difficult to forge. Other countries, such as Canada, New Zealand, and Taiwan, are using similar
technologies, while US currency includes a thin-film interference effect.

3.5 | The Michelson Interferometer

Learning Objectives

By the end of this section, you will be able to:

• Explain changes in fringes observed with a Michelson interferometer caused by mirror
movements

• Explain changes in fringes observed with a Michelson interferometer caused by changes in
medium

The Michelson interferometer (invented by the American physicist Albert A. Michelson, 1852–1931) is a precision
instrument that produces interference fringes by splitting a light beam into two parts and then recombining them after they
have traveled different optical paths. Figure 3.16 depicts the interferometer and the path of a light beam from a single point
on the extended source S, which is a ground-glass plate that diffuses the light from a monochromatic lamp of wavelength
λ0 . The beam strikes the half-silvered mirror M, where half of it is reflected to the side and half passes through the mirror.

The reflected light travels to the movable plane mirror M1 , where it is reflected back through M to the observer. The

transmitted half of the original beam is reflected back by the stationary mirror M2 and then toward the observer by M.
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Figure 3.16 (a) The Michelson interferometer. The extended light source is a ground-glass plate that diffuses the light from a
laser. (b) A planar view of the interferometer.

Because both beams originate from the same point on the source, they are coherent and therefore interfere. Notice from the
figure that one beam passes through M three times and the other only once. To ensure that both beams traverse the same
thickness of glass, a compensator plate C of transparent glass is placed in the arm containing M2 . This plate is a duplicate

of M (without the silvering) and is usually cut from the same piece of glass used to produce M. With the compensator in
place, any phase difference between the two beams is due solely to the difference in the distances they travel.

The path difference of the two beams when they recombine is 2d1 − 2d2 , where d1 is the distance between M and M1 ,

and d2 is the distance between M and M2 . Suppose this path difference is an integer number of wavelengths mλ0 . Then,

constructive interference occurs and a bright image of the point on the source is seen at the observer. Now the light from
any other point on the source whose two beams have this same path difference also undergoes constructive interference and
produces a bright image. The collection of these point images is a bright fringe corresponding to a path difference of mλ0

(Figure 3.17). When M1 is moved a distance Δd = λ0 /2 , this path difference changes by λ0 , and each fringe moves to

the position previously occupied by an adjacent fringe. Consequently, by counting the number of fringes m passing a given
point as M1 is moved, an observer can measure minute displacements that are accurate to a fraction of a wavelength, as

shown by the relation

(3.7)Δd = mλ0
2 .

Figure 3.17 Fringes produced with a Michelson
interferometer. (credit: “SILLAGESvideos”/YouTube)
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Example 3.5

Precise Distance Measurements by Michelson Interferometer

A red laser light of wavelength 630 nm is used in a Michelson interferometer. While keeping the mirror M1

fixed, mirror M2 is moved. The fringes are found to move past a fixed cross-hair in the viewer. Find the distance

the mirror M2 is moved for a single fringe to move past the reference line.

Strategy

Refer to Figure 3.16 for the geometry. We use the result of the Michelson interferometer interference condition
to find the distance moved, Δd .

Solution

For a 630-nm red laser light, and for each fringe crossing (m = 1) , the distance traveled by M2 if you keep M1

fixed is

Δd = mλ0
2 = 1 × 630 nm

2 = 315 nm = 0.315 µm.

Significance

An important application of this measurement is the definition of the standard meter. As mentioned in Units
and Measurement (http://cnx.org/content/m58268/latest/) , the length of the standard meter was once
defined as the mirror displacement in a Michelson interferometer corresponding to 1,650,763.73 wavelengths of
the particular fringe of krypton-86 in a gas discharge tube.

Example 3.6

Measuring the Refractive Index of a Gas

In one arm of a Michelson interferometer, a glass chamber is placed with attachments for evacuating the inside
and putting gases in it. The space inside the container is 2 cm wide. Initially, the container is empty. As gas is
slowly let into the chamber, you observe that dark fringes move past a reference line in the field of observation.
By the time the chamber is filled to the desired pressure, you have counted 122 fringes move past the reference
line. The wavelength of the light used is 632.8 nm. What is the refractive index of this gas?

Strategy

The m = 122 fringes observed compose the difference between the number of wavelengths that fit within the

empty chamber (vacuum) and the number of wavelengths that fit within the same chamber when it is gas-filled.
The wavelength in the filled chamber is shorter by a factor of n, the index of refraction.
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3.3

Solution

The ray travels a distance t = 2 cm to the right through the glass chamber and another distance t to the left upon

reflection. The total travel is L = 2t . When empty, the number of wavelengths that fit in this chamber is

N0 = L
λ0

= 2t
λ0

where λ0 = 632.8 nm is the wavelength in vacuum of the light used. In any other medium, the wavelength is

λ = λ0 /n and the number of wavelengths that fit in the gas-filled chamber is

N = L
λ = 2t

λ0/n.

The number of fringes observed in the transition is

m = N − N0,

= 2t
λ0/n − 2t

λ0
,

= 2t
λ0

(n − 1).

Solving for (n − 1) gives

n − 1 = m⎛
⎝
λ0
2t

⎞
⎠ = 122

⎛

⎝
⎜632.8 × 10−9 m

2(2 × 10−2 m)

⎞

⎠
⎟ = 0.0019

and n = 1.0019 .

Significance

The indices of refraction for gases are so close to that of vacuum, that we normally consider them equal to 1. The
difference between 1 and 1.0019 is so small that measuring it requires a correspondingly sensitive technique such
as interferometry. We cannot, for example, hope to measure this value using techniques based simply on Snell’s
law.

Check Your Understanding Although m, the number of fringes observed, is an integer, which is often
regarded as having zero uncertainty, in practical terms, it is all too easy to lose track when counting fringes. In
Example 3.6, if you estimate that you might have missed as many as five fringes when you reported
m = 122 fringes, (a) is the value for the index of refraction worked out in Example 3.6 too large or too

small? (b) By how much?

Problem-Solving Strategy: Wave Optics

Step 1. Examine the situation to determine that interference is involved. Identify whether slits, thin films, or
interferometers are considered in the problem.

Step 2. If slits are involved, note that diffraction gratings and double slits produce very similar interference patterns,
but that gratings have narrower (sharper) maxima. Single-slit patterns are characterized by a large central maximum
and smaller maxima to the sides.

Step 3. If thin-film interference or an interferometer is involved, take note of the path length difference between the two
rays that interfere. Be certain to use the wavelength in the medium involved, since it differs from the wavelength in
vacuum. Note also that there is an additional λ/2 phase shift when light reflects from a medium with a greater index

of refraction.

Step 4. Identify exactly what needs to be determined in the problem (identify the unknowns). A written list is useful.
Draw a diagram of the situation. Labeling the diagram is useful.

Step 5. Make a list of what is given or can be inferred from the problem as stated (identify the knowns).
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Step 6. Solve the appropriate equation for the quantity to be determined (the unknown) and enter the knowns. Slits,
gratings, and the Rayleigh limit involve equations.

Step 7. For thin-film interference, you have constructive interference for a total shift that is an integral number of
wavelengths. You have destructive interference for a total shift of a half-integral number of wavelengths. Always keep
in mind that crest to crest is constructive whereas crest to trough is destructive.

Step 8. Check to see if the answer is reasonable: Does it make sense? Angles in interference patterns cannot be greater
than 90° , for example.
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coherent waves

fringes

incoherent

interferometer

monochromatic

Newton’s rings

order

principal maximum

secondary maximum

thin-film interference

CHAPTER 3 REVIEW

KEY TERMS
waves are in phase or have a definite phase relationship

bright and dark patterns of interference

waves have random phase relationships

instrument that uses interference of waves to make measurements

light composed of one wavelength only

circular interference pattern created by interference between the light reflected off two surfaces as a
result of a slight gap between them

integer m used in the equations for constructive and destructive interference for a double slit

brightest interference fringes seen with multiple slits

bright interference fringes of intensity lower than the principal maxima

interference between light reflected from different surfaces of a thin film

KEY EQUATIONS
Constructive interference Δl = mλ, for m = 0, ±1, ±2, ±3…

Destructive interference Δl = (m + 1
2)λ, for m = 0, ±1, ±2, ±3…

Path length difference for waves from two slits to a
common point on a screen

Δl = d sin θ

Constructive interference d sin θ = mλ, for m = 0, ±1, ±2, ±3,…

Destructive interference d sin θ = (m + 1
2)λ, for m = 0,±1, ±2, ±3, …

Distance from central maximum to the mth bright fringe ym = mλD
d

Displacement measured by a Michelson interferometer Δd = mλ0
2

SUMMARY

3.1 Young's Double-Slit Interference

• Young’s double-slit experiment gave definitive proof of the wave character of light.

• An interference pattern is obtained by the superposition of light from two slits.

3.2 Mathematics of Interference

• In double-slit diffraction, constructive interference occurs when d sin θ = mλ(for m = 0, ±1, ±2, ±3…) , where

d is the distance between the slits, θ is the angle relative to the incident direction, and m is the order of the

interference.

• Destructive interference occurs when d sin θ = (m + 1
2)λ for m = 0, ±1, ±2, ±3,… .
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3.3 Multiple-Slit Interference

• Interference from multiple slits ( N > 2 ) produces principal as well as secondary maxima.

• As the number of slits is increased, the intensity of the principal maxima increases and the width decreases.

3.4 Interference in Thin Films

• When light reflects from a medium having an index of refraction greater than that of the medium in which it is
traveling, a 180° phase change (or a λ/2 shift) occurs.

• Thin-film interference occurs between the light reflected from the top and bottom surfaces of a film. In addition to
the path length difference, there can be a phase change.

3.5 The Michelson Interferometer

• When the mirror in one arm of the interferometer moves a distance of λ/2 each fringe in the interference pattern

moves to the position previously occupied by the adjacent fringe.

CONCEPTUAL QUESTIONS

3.1 Young's Double-Slit Interference

1. Young’s double-slit experiment breaks a single light
beam into two sources. Would the same pattern be obtained
for two independent sources of light, such as the headlights
of a distant car? Explain.

2. Is it possible to create a experimental setup in which
there is only destructive interference? Explain.

3. Why won’t two small sodium lamps, held close
together, produce an interference pattern on a distant
screen? What if the sodium lamps were replaced by two
laser pointers held close together?

3.2 Mathematics of Interference

4. Suppose you use the same double slit to perform
Young’s double-slit experiment in air and then repeat the
experiment in water. Do the angles to the same parts of the
interference pattern get larger or smaller? Does the color of
the light change? Explain.

5. Why is monochromatic light used in the double slit
experiment? What would happen if white light were used?

3.4 Interference in Thin Films

6. What effect does increasing the wedge angle have on
the spacing of interference fringes? If the wedge angle is
too large, fringes are not observed. Why?

7. How is the difference in paths taken by two originally
in-phase light waves related to whether they interfere
constructively or destructively? How can this be affected

by reflection? By refraction?

8. Is there a phase change in the light reflected from either
surface of a contact lens floating on a person’s tear layer?
The index of refraction of the lens is about 1.5, and its top
surface is dry.

9. In placing a sample on a microscope slide, a glass cover
is placed over a water drop on the glass slide. Light incident
from above can reflect from the top and bottom of the glass
cover and from the glass slide below the water drop. At
which surfaces will there be a phase change in the reflected
light?

10. Answer the above question if the fluid between the
two pieces of crown glass is carbon disulfide.

11. While contemplating the food value of a slice of ham,
you notice a rainbow of color reflected from its moist
surface. Explain its origin.

12. An inventor notices that a soap bubble is dark at its
thinnest and realizes that destructive interference is taking
place for all wavelengths. How could she use this
knowledge to make a nonreflective coating for lenses that
is effective at all wavelengths? That is, what limits would
there be on the index of refraction and thickness of the
coating? How might this be impractical?

13. A nonreflective coating like the one described in
Example 3.3 works ideally for a single wavelength and
for perpendicular incidence. What happens for other
wavelengths and other incident directions? Be specific.

14. Why is it much more difficult to see interference
fringes for light reflected from a thick piece of glass than
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from a thin film? Would it be easier if monochromatic light
were used? 3.5 The Michelson Interferometer

15. Describe how a Michelson interferometer can be used
to measure the index of refraction of a gas (including air).

PROBLEMS

3.2 Mathematics of Interference

16. At what angle is the first-order maximum for 450-nm
wavelength blue light falling on double slits separated by
0.0500 mm?

17. Calculate the angle for the third-order maximum of
580-nm wavelength yellow light falling on double slits
separated by 0.100 mm.

18. What is the separation between two slits for which
610-nm orange light has its first maximum at an angle of
30.0° ?

19. Find the distance between two slits that produces the
first minimum for 410-nm violet light at an angle of 45.0°.

20. Calculate the wavelength of light that has its third
minimum at an angle of 30.0° when falling on double slits

separated by 3.00 µm . Explicitly show how you follow

the steps from the Problem-Solving Strategy: Wave
Optics, located at the end of the chapter.

21. What is the wavelength of light falling on double slits
separated by 2.00 µm if the third-order maximum is at an

angle of 60.0° ?

22. At what angle is the fourth-order maximum for the
situation in the preceding problem?

23. What is the highest-order maximum for 400-nm light
falling on double slits separated by 25.0 µm ?

24. Find the largest wavelength of light falling on double
slits separated by 1.20 µm for which there is a first-order

maximum. Is this in the visible part of the spectrum?

25. What is the smallest separation between two slits that
will produce a second-order maximum for 720-nm red
light?

26. (a) What is the smallest separation between two slits
that will produce a second-order maximum for any visible
light? (b) For all visible light?

27. (a) If the first-order maximum for monochromatic
light falling on a double slit is at an angle of 10.0° , at

what angle is the second-order maximum? (b) What is the
angle of the first minimum? (c) What is the highest-order
maximum possible here?

28. Shown below is a double slit located a distance x
from a screen, with the distance from the center of the
screen given by y. When the distance d between the slits
is relatively large, numerous bright spots appear, called
fringes. Show that, for small angles (where sin θ ≈ θ , with

θ in radians), the distance between fringes is given by

Δy = xλ/d

29. Using the result of the preceding problem, (a)
calculate the distance between fringes for 633-nm light
falling on double slits separated by 0.0800 mm, located
3.00 m from a screen. (b) What would be the distance
between fringes if the entire apparatus were submersed in
water, whose index of refraction is 1.33?

30. Using the result of the problem two problems prior,
find the wavelength of light that produces fringes 7.50 mm
apart on a screen 2.00 m from double slits separated by
0.120 mm.

31. In a double-slit experiment, the fifth maximum is 2.8
cm from the central maximum on a screen that is 1.5 m
away from the slits. If the slits are 0.15 mm apart, what is
the wavelength of the light being used?

32. The source in Young’s experiment emits at two
wavelengths. On the viewing screen, the fourth maximum
for one wavelength is located at the same spot as the fifth
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maximum for the other wavelength. What is the ratio of the
two wavelengths?

33. If 500-nm and 650-nm light illuminates two slits that
are separated by 0.50 mm, how far apart are the second-
order maxima for these two wavelengths on a screen 2.0 m
away?

34. Red light of wavelength of 700 nm falls on a double
slit separated by 400 nm. (a) At what angle is the first-
order maximum in the diffraction pattern? (b) What is
unreasonable about this result? (c) Which assumptions are
unreasonable or inconsistent?

3.3 Multiple-Slit Interference

35. Ten narrow slits are equally spaced 0.25 mm apart
and illuminated with yellow light of wavelength 580 nm.
(a) What are the angular positions of the third and fourth
principal maxima? (b) What is the separation of these
maxima on a screen 2.0 m from the slits?

36. The width of bright fringes can be calculated as the
separation between the two adjacent dark fringes on either
side. Find the angular widths of the third- and fourth-order
bright fringes from the preceding problem.

37. For a three-slit interference pattern, find the ratio of
the peak intensities of a secondary maximum to a principal
maximum.

38. What is the angular width of the central fringe of
the interference pattern of (a) 20 slits separated by

d = 2.0 × 10−3 mm ? (b) 50 slits with the same

separation? Assume that λ = 600 nm .

3.4 Interference in Thin Films

39. A soap bubble is 100 nm thick and illuminated by
white light incident perpendicular to its surface. What
wavelength and color of visible light is most constructively
reflected, assuming the same index of refraction as water?

40. An oil slick on water is 120 nm thick and illuminated
by white light incident perpendicular to its surface. What
color does the oil appear (what is the most constructively
reflected wavelength), given its index of refraction is 1.40?

41. Calculate the minimum thickness of an oil slick on
water that appears blue when illuminated by white light
perpendicular to its surface. Take the blue wavelength to be
470 nm and the index of refraction of oil to be 1.40.

42. Find the minimum thickness of a soap bubble that
appears red when illuminated by white light perpendicular

to its surface. Take the wavelength to be 680 nm, and
assume the same index of refraction as water.

43. A film of soapy water ( n = 1.33 ) on top of a plastic

cutting board has a thickness of 233 nm. What color is most
strongly reflected if it is illuminated perpendicular to its
surface?

44. What are the three smallest non-zero thicknesses of
soapy water ( n = 1.33 ) on Plexiglas if it appears green

(constructively reflecting 520-nm light) when illuminated
perpendicularly by white light?

45. Suppose you have a lens system that is to be used
primarily for 700-nm red light. What is the second thinnest
coating of fluorite (magnesium fluoride) that would be
nonreflective for this wavelength?

46. (a) As a soap bubble thins it becomes dark, because
the path length difference becomes small compared with
the wavelength of light and there is a phase shift at the top
surface. If it becomes dark when the path length difference
is less than one-fourth the wavelength, what is the thickest
the bubble can be and appear dark at all visible
wavelengths? Assume the same index of refraction as
water. (b) Discuss the fragility of the film considering the
thickness found.

47. To save money on making military aircraft invisible to
radar, an inventor decides to coat them with a nonreflective
material having an index of refraction of 1.20, which is
between that of air and the surface of the plane. This, he
reasons, should be much cheaper than designing Stealth
bombers. (a) What thickness should the coating be to
inhibit the reflection of 4.00-cm wavelength radar? (b)
What is unreasonable about this result? (c) Which
assumptions are unreasonable or inconsistent?

3.5 The Michelson Interferometer

48. A Michelson interferometer has two equal arms. A
mercury light of wavelength 546 nm is used for the
interferometer and stable fringes are found. One of the arms
is moved by 1.5µm . How many fringes will cross the

observing field?

49. What is the distance moved by the traveling mirror
of a Michelson interferometer that corresponds to 1500
fringes passing by a point of the observation screen?
Assume that the interferometer is illuminated with a 606
nm spectral line of krypton-86.

50. When the traveling mirror of a Michelson

interferometer is moved 2.40 × 10−5 m , 90 fringes pass

by a point on the observation screen. What is the
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wavelength of the light used?

51. In a Michelson interferometer, light of wavelength
632.8 nm from a He-Ne laser is used. When one of the
mirrors is moved by a distance D, 8 fringes move past the
field of view. What is the value of the distance D?

52. A chamber 5.0 cm long with flat, parallel windows at
the ends is placed in one arm of a Michelson interferometer
(see below). The light used has a wavelength of 500 nm
in a vacuum. While all the air is being pumped out of the
chamber, 29 fringes pass by a point on the observation
screen. What is the refractive index of the air?

ADDITIONAL PROBLEMS

53. For 600-nm wavelength light and a slit separation of
0.12 mm, what are the angular positions of the first and
third maxima in the double slit interference pattern?

54. If the light source in the preceding problem is
changed, the angular position of the third maximum is
found to be 0.57° . What is the wavelength of light being

used now?

55. Red light ( λ = 710. nm ) illuminates double slits

separated by a distance d = 0.150 mm. The screen and

the slits are 3.00 m apart. (a) Find the distance on the screen
between the central maximum and the third maximum. (b)
What is the distance between the second and the fourth
maxima?

56. Two sources as in phase and emit waves with
λ = 0.42 m . Determine whether constructive or

destructive interference occurs at points whose distances
from the two sources are (a) 0.84 and 0.42 m, (b) 0.21 and
0.42 m, (c) 1.26 and 0.42 m, (d) 1.87 and 1.45 m, (e) 0.63
and 0.84 m and (f) 1.47 and 1.26 m.

57. Two slits 4.0 × 10−6 m apart are illuminated by light

of wavelength 600 nm. What is the highest order fringe in
the interference pattern?

58. Suppose that the highest order fringe that can be
observed is the eighth in a double-slit experiment where
550-nm wavelength light is used. What is the minimum
separation of the slits?

59. The interference pattern of a He-Ne laser light
(λ = 632.9 nm) passing through two slits 0.031 mm apart

is projected on a screen 10.0 m away. Determine the
distance between the adjacent bright fringes.

60. Young’s double-slit experiment is performed

immersed in water ( n = 1.333 ). The light source is a He-

Ne laser, λ = 632.9 nm in vacuum. (a) What is the

wavelength of this light in water? (b) What is the angle for
the third order maximum for two slits separated by 0.100
mm.

61. A double-slit experiment is to be set up so that the
bright fringes appear 1.27 cm apart on a screen 2.13 m
away from the two slits. The light source was wavelength
500 nm. What should be the separation between the two
slits?

62. An effect analogous to two-slit interference can occur
with sound waves, instead of light. In an open field, two
speakers placed 1.30 m apart are powered by a single-
function generator producing sine waves at 1200-Hz
frequency. A student walks along a line 12.5 m away and
parallel to the line between the speakers. She hears an
alternating pattern of loud and quiet, due to constructive
and destructive interference. What is (a) the wavelength
of this sound and (b) the distance between the central
maximum and the first maximum (loud) position along this
line?

63. A hydrogen gas discharge lamp emits visible light
at four wavelengths, λ = 410, 434, 486, and 656 nm.

(a) If light from this lamp falls on a N slits separated by
0.025 mm, how far from the central maximum are the third
maxima when viewed on a screen 2.0 m from the slits?
(b) By what distance are the second and third maxima
separated for l = 486 nm ?

64. Monochromatic light of frequency 5.5 × 1014 Hz
falls on 10 slits separated by 0.020 mm. What is the
separation between the first and third maxima on a screen
that is 2.0 m from the slits?

65. Eight slits equally separated by 0.149 mm is uniformly
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illuminated by a monochromatic light at λ = 523 nm .

What is the width of the central principal maximum on a
screen 2.35 m away?

66. Eight slits equally separated by 0.149 mm is uniformly
illuminated by a monochromatic light at λ = 523 nm .

What is the intensity of a secondary maxima compared to
that of the principal maxima?

67. A transparent film of thickness 250 nm and index of
refraction of 1.40 is surrounded by air. What wavelength in
a beam of white light at near-normal incidence to the film
undergoes destructive interference when reflected?

68. An intensity minimum is found for 450 nm light
transmitted through a transparent film (n = 1.20) in air.

(a) What is minimum thickness of the film? (b) If this
wavelength is the longest for which the intensity minimum
occurs, what are the next three lower values of λ for which

this happens?

69. A thin film with n = 1.32 is surrounded by air. What

is the minimum thickness of this film such that the
reflection of normally incident light with λ = 500 nm is

minimized?

70. Repeat your calculation of the previous problem with
the thin film placed on a flat glass ( n = 1.50 ) surface.

71. After a minor oil spill, a think film of oil ( n = 1.40 )

of thickness 450 nm floats on the water surface in a bay. (a)
What predominant color is seen by a bird flying overhead?
(b) What predominant color is seen by a seal swimming
underwater?

72. A microscope slide 10 cm long is separated from a
glass plate at one end by a sheet of paper. As shown below,
the other end of the slide is in contact with the plate. The
slide is illuminated from above by light from a sodium
lamp ( λ = 589 nm ), and 14 fringes per centimeter are seen

along the slide. What is the thickness of the piece of paper?

73. Suppose that the setup of the preceding problem is
immersed in an unknown liquid. If 18 fringes per
centimeter are now seen along the slide, what is the index
of refraction of the liquid?

74. A thin wedge filled with air is produced when two flat
glass plates are placed on top of one another and a slip of
paper is inserted between them at one edge. Interference
fringes are observed when monochromatic light falling
vertically on the plates are seen in reflection. Is the first
fringe near the edge where the plates are in contact a bright
fringe or a dark fringe? Explain.

75. Two identical pieces of rectangular plate glass are used
to measure the thickness of a hair. The glass plates are
in direct contact at one edge and a single hair is placed
between them hear the opposite edge. When illuminated
with a sodium lamp ( λ = 589 nm ), the hair is seen

between the 180th and 181st dark fringes. What are the
lower and upper limits on the hair’s diameter?

76. Two microscope slides made of glass are illuminated
by monochromatic ( λ = 589 nm ) light incident

perpendicularly. The top slide touches the bottom slide at
one end and rests on a thin copper wire at the other end,
forming a wedge of air. The diameter of the copper wire is
29.45 µm . How many bright fringes are seen across these

slides?

77. A good quality camera “lens” is actually a system
of lenses, rather than a single lens, but a side effect is
that a reflection from the surface of one lens can bounce
around many times within the system, creating artifacts
in the photograph. To counteract this problem, one of the
lenses in such a system is coated with a thin layer of
material ( n = 1.28 ) on one side. The index of refraction of

the lens glass is 1.68. What is the smallest thickness of the
coating that reduces the reflection at 640 nm by destructive
interference? (In other words, the coating’s effect is to be
optimized for λ = 640 nm .)

78. Constructive interference is observed from directly
above an oil slick for wavelengths (in air) 440 nm and 616
nm. The index of refraction of this oil is n = 1.54 . What

is the film’s minimum possible thickness?

79. A soap bubble is blown outdoors. What colors
(indicate by wavelengths) of the reflected sunlight are seen
enhanced? The soap bubble has index of refraction 1.36 and
thickness 380 nm.

80. A Michelson interferometer with a He-Ne laser light
source ( λ = 632.8 nm ) projects its interference pattern on

a screen. If the movable mirror is caused to move by
8.54 µm , how many fringes will be observed shifting

through a reference point on a screen?

81. An experimenter detects 251 fringes when the
movable mirror in a Michelson interferometer is displaced.
The light source used is a sodium lamp, wavelength 589
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nm. By what distance did the movable mirror move?

82. A Michelson interferometer is used to measure the
wavelength of light put through it. When the movable
mirror is moved by exactly 0.100 mm, the number of
fringes observed moving through is 316. What is the
wavelength of the light?

83. A 5.08-cm-long rectangular glass chamber is inserted
into one arm of a Michelson interferometer using a 633-nm
light source. This chamber is initially filled with air
(n = 1.000293) at standard atmospheric pressure but the

air is gradually pumped out using a vacuum pump until
a near perfect vacuum is achieved. How many fringes are
observed moving by during the transition?

84. Into one arm of a Michelson interferometer, a plastic
sheet of thickness 75 µm is inserted, which causes a shift

in the interference pattern by 86 fringes. The light source
has wavelength of 610 nm in air. What is the index of
refraction of this plastic?

85. The thickness of an aluminum foil is measured using
a Michelson interferometer that has its movable mirror
mounted on a micrometer. There is a difference of 27
fringes in the observed interference pattern when the
micrometer clamps down on the foil compared to when the

micrometer is empty. Calculate the thickness of the foil?

86. The movable mirror of a Michelson interferometer
is attached to one end of a thin metal rod of length 23.3
mm. The other end of the rod is anchored so it does not
move. As the temperature of the rod changes from 15 °C
to 25 C , a change of 14 fringes is observed. The light

source is a He Ne laser, λ = 632.8 nm . What is the change

in length of the metal bar, and what is its thermal expansion
coefficient?

87. In a thermally stabilized lab, a Michelson
interferometer is used to monitor the temperature to ensure
it stays constant. The movable mirror is mounted on the
end of a 1.00-m-long aluminum rod, held fixed at the other
end. The light source is a He Ne laser, λ = 632.8 nm . The

resolution of this apparatus corresponds to the temperature
difference when a change of just one fringe is observed.
What is this temperature difference?

88. A 65-fringe shift results in a Michelson interferometer
when a 42.0-µm film made of an unknown material is

placed in one arm. The light source has wavelength 632.9
nm. Identify the material using the indices of refraction
found in Table 1.1.

CHALLENGE PROBLEMS

89. Determine what happens to the double-slit
interference pattern if one of the slits is covered with a thin,
transparent film whose thickness is λ/[2(n − 1)] , where λ
is the wavelength of the incident light and n is the index of
refraction of the film.

90. Fifty-one narrow slits are equally spaced and
separated by 0.10 mm. The slits are illuminated by blue
light of wavelength 400 nm. What is angular position of
the twenty-fifth secondary maximum? What is its peak
intensity in comparison with that of the primary
maximum?

91. A film of oil on water will appear dark when it is
very thin, because the path length difference becomes small
compared with the wavelength of light and there is a phase
shift at the top surface. If it becomes dark when the path
length difference is less than one-fourth the wavelength,
what is the thickest the oil can be and appear dark at all
visible wavelengths? Oil has an index of refraction of 1.40.

92. Figure 3.14 shows two glass slides illuminated by
monochromatic light incident perpendicularly. The top

slide touches the bottom slide at one end and rests on a
0.100-mm-diameter hair at the other end, forming a wedge
of air. (a) How far apart are the dark bands, if the slides
are 7.50 cm long and 589-nm light is used? (b) Is there any
difference if the slides are made from crown or flint glass?
Explain.

93. Figure 3.14 shows two 7.50-cm-long glass slides
illuminated by pure 589-nm wavelength light incident
perpendicularly. The top slide touches the bottom slide at
one end and rests on some debris at the other end, forming
a wedge of air. How thick is the debris, if the dark bands
are 1.00 mm apart?

94. A soap bubble is 100 nm thick and illuminated by
white light incident at a 45° angle to its surface. What

wavelength and color of visible light is most constructively
reflected, assuming the same index of refraction as water?

95. An oil slick on water is 120 nm thick and illuminated
by white light incident at a 45° angle to its surface. What

color does the oil appear (what is the most constructively
reflected wavelength), given its index of refraction is 1.40?
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4 | DIFFRACTION

Figure 4.1 A steel ball bearing illuminated by a laser does not cast a sharp, circular shadow. Instead, a series of diffraction
fringes and a central bright spot are observed. Known as Poisson’s spot, the effect was first predicted by Augustin-Jean Fresnel
(1788–1827) as a consequence of diffraction of light waves. Based on principles of ray optics, Siméon-Denis Poisson
(1781–1840) argued against Fresnel’s prediction. (credit: modification of work by Harvard Natural Science Lecture
Demonstrations)

Chapter Outline

4.1 Single-Slit Diffraction

4.2 Intensity in Single-Slit Diffraction

4.3 Double-Slit Diffraction

4.4 Diffraction Gratings

4.5 Circular Apertures and Resolution

4.6 X-Ray Diffraction

4.7 Holography

Introduction
Imagine passing a monochromatic light beam through a narrow opening—a slit just a little wider than the wavelength of
the light. Instead of a simple shadow of the slit on the screen, you will see that an interference pattern appears, even though
there is only one slit.

In the chapter on interference, we saw that you need two sources of waves for interference to occur. How can there be an
interference pattern when we have only one slit? In The Nature of Light, we learned that, due to Huygens’s principle, we
can imagine a wave front as equivalent to infinitely many point sources of waves. Thus, a wave from a slit can behave not as
one wave but as an infinite number of point sources. These waves can interfere with each other, resulting in an interference
pattern without the presence of a second slit. This phenomenon is called diffraction.

Another way to view this is to recognize that a slit has a small but finite width. In the preceding chapter, we implicitly
regarded slits as objects with positions but no size. The widths of the slits were considered negligible. When the slits have
finite widths, each point along the opening can be considered a point source of light—a foundation of Huygens’s principle.
Because real-world optical instruments must have finite apertures (otherwise, no light can enter), diffraction plays a major
role in the way we interpret the output of these optical instruments. For example, diffraction places limits on our ability to
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resolve images or objects. This is a problem that we will study later in this chapter.

4.1 | Single-Slit Diffraction

Learning Objectives

By the end of this section, you will be able to:

• Explain the phenomenon of diffraction and the conditions under which it is observed

• Describe diffraction through a single slit

After passing through a narrow aperture (opening), a wave propagating in a specific direction tends to spread out. For
example, sound waves that enter a room through an open door can be heard even if the listener is in a part of the room
where the geometry of ray propagation dictates that there should only be silence. Similarly, ocean waves passing through an
opening in a breakwater can spread throughout the bay inside. (Figure 4.2). The spreading and bending of sound and ocean
waves are two examples of diffraction, which is the bending of a wave around the edges of an opening or an obstacle—a
phenomenon exhibited by all types of waves.

Figure 4.2 Because of the diffraction of waves, ocean waves
entering through an opening in a breakwater can spread
throughout the bay. (credit: modification of map data from
Google Earth)

The diffraction of sound waves is apparent to us because wavelengths in the audible region are approximately the same
size as the objects they encounter, a condition that must be satisfied if diffraction effects are to be observed easily. Since
the wavelengths of visible light range from approximately 390 to 770 nm, most objects do not diffract light significantly.
However, situations do occur in which apertures are small enough that the diffraction of light is observable. For example,
if you place your middle and index fingers close together and look through the opening at a light bulb, you can see a rather
clear diffraction pattern, consisting of light and dark lines running parallel to your fingers.

Diffraction through a Single Slit
Light passing through a single slit forms a diffraction pattern somewhat different from those formed by double slits or
diffraction gratings, which we discussed in the chapter on interference. Figure 4.3 shows a single-slit diffraction pattern.
Note that the central maximum is larger than maxima on either side and that the intensity decreases rapidly on either side.
In contrast, a diffraction grating (Diffraction Gratings) produces evenly spaced lines that dim slowly on either side of the
center.
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Figure 4.3 Single-slit diffraction pattern. (a) Monochromatic
light passing through a single slit has a central maximum and
many smaller and dimmer maxima on either side. The central
maximum is six times higher than shown. (b) The diagram
shows the bright central maximum, and the dimmer and thinner
maxima on either side.

The analysis of single-slit diffraction is illustrated in Figure 4.4. Here, the light arrives at the slit, illuminating it uniformly
and is in phase across its width. We then consider light propagating onwards from different parts of the same slit. According
to Huygens’s principle, every part of the wave front in the slit emits wavelets, as we discussed in The Nature of Light.
These are like rays that start out in phase and head in all directions. (Each ray is perpendicular to the wave front of
a wavelet.) Assuming the screen is very far away compared with the size of the slit, rays heading toward a common
destination are nearly parallel. When they travel straight ahead, as in part (a) of the figure, they remain in phase, and we
observe a central maximum. However, when rays travel at an angle θ relative to the original direction of the beam, each ray

travels a different distance to a common location, and they can arrive in or out of phase. In part (b), the ray from the bottom
travels a distance of one wavelength λ farther than the ray from the top. Thus, a ray from the center travels a distance

λ/2 less than the one at the bottom edge of the slit, arrives out of phase, and interferes destructively. A ray from slightly

above the center and one from slightly above the bottom also cancel one another. In fact, each ray from the slit interferes
destructively with another ray. In other words, a pair-wise cancellation of all rays results in a dark minimum in intensity at
this angle. By symmetry, another minimum occurs at the same angle to the right of the incident direction (toward the bottom
of the figure) of the light.
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Figure 4.4 Light passing through a single slit is diffracted in all directions and may interfere constructively or destructively,
depending on the angle. The difference in path length for rays from either side of the slit is seen to be D sin θ .

At the larger angle shown in part (c), the path lengths differ by 3λ/2 for rays from the top and bottom of the slit. One

ray travels a distance λ different from the ray from the bottom and arrives in phase, interfering constructively. Two rays,

each from slightly above those two, also add constructively. Most rays from the slit have another ray to interfere with
constructively, and a maximum in intensity occurs at this angle. However, not all rays interfere constructively for this
situation, so the maximum is not as intense as the central maximum. Finally, in part (d), the angle shown is large enough to
produce a second minimum. As seen in the figure, the difference in path length for rays from either side of the slit is D sin
θ , and we see that a destructive minimum is obtained when this distance is an integral multiple of the wavelength.

Thus, to obtain destructive interference for a single slit,

(4.1)D sin θ = mλ, for m = ± 1, ± 2, ± 3, ...(destructive),

where D is the slit width, λ is the light’s wavelength, θ is the angle relative to the original direction of the light, and m

is the order of the minimum. Figure 4.5 shows a graph of intensity for single-slit interference, and it is apparent that the
maxima on either side of the central maximum are much less intense and not as wide. This effect is explored in Double-
Slit Diffraction.
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Figure 4.5 A graph of single-slit diffraction intensity showing
the central maximum to be wider and much more intense than
those to the sides. In fact, the central maximum is six times
higher than shown here.

Example 4.1

Calculating Single-Slit Diffraction

Visible light of wavelength 550 nm falls on a single slit and produces its second diffraction minimum at an angle
of 45.0° relative to the incident direction of the light, as in Figure 4.6. (a) What is the width of the slit? (b) At

what angle is the first minimum produced?

Figure 4.6 In this example, we analyze a graph of the single-
slit diffraction pattern.

Strategy

From the given information, and assuming the screen is far away from the slit, we can use the equation
D sin θ = mλ first to find D, and again to find the angle for the first minimum θ1.
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4.1

Solution
a. We are given that λ = 550 nm , m = 2 , and θ2 = 45.0° . Solving the equation D sin θ = mλ for D and

substituting known values gives

D = mλ
sin θ2

= 2(550 nm)
sin 45.0° = 1100 × 10−9 m

0.707 = 1.56 × 10−6 m.

b. Solving the equation D sin θ = mλ for sin θ1 and substituting the known values gives

sin θ1 = mλ
D = 1(550 × 10−9 m)

1.56 × 10−6 m
.

Thus the angle θ1 is

θ1 = sin−1 0.354 = 20.7°.

Significance

We see that the slit is narrow (it is only a few times greater than the wavelength of light). This is consistent with
the fact that light must interact with an object comparable in size to its wavelength in order to exhibit significant
wave effects such as this single-slit diffraction pattern. We also see that the central maximum extends 20.7° on

either side of the original beam, for a width of about 41° . The angle between the first and second minima is only

about 24° (45.0° − 20.7°) . Thus, the second maximum is only about half as wide as the central maximum.

Check Your Understanding Suppose the slit width in Example 4.1 is increased to 1.8 × 10−6 m.
What are the new angular positions for the first, second, and third minima? Would a fourth minimum exist?

4.2 | Intensity in Single-Slit Diffraction

Learning Objectives

By the end of this section, you will be able to:

• Calculate the intensity relative to the central maximum of the single-slit diffraction peaks

• Calculate the intensity relative to the central maximum of an arbitrary point on the screen

To calculate the intensity of the diffraction pattern, we follow the phasor method used for calculations with ac circuits in
Alternating-Current Circuits (http://cnx.org/content/m58485/latest/) . If we consider that there are N Huygens
sources across the slit shown in Figure 4.4, with each source separated by a distance D/N from its adjacent neighbors,
the path difference between waves from adjacent sources reaching the arbitrary point P on the screen is (D/N) sin θ. This

distance is equivalent to a phase difference of (2πD/λN) sin θ. The phasor diagram for the waves arriving at the point

whose angular position is θ is shown in Figure 4.7. The amplitude of the phasor for each Huygens wavelet is ΔE0, the

amplitude of the resultant phasor is E, and the phase difference between the wavelets from the first and the last sources is

ϕ = ⎛
⎝
2π
λ

⎞
⎠D sin θ.

With N → ∞ , the phasor diagram approaches a circular arc of length NΔE0 and radius r. Since the length of the arc

is NΔE0 for any ϕ , the radius r of the arc must decrease as ϕ increases (or equivalently, as the phasors form tighter

spirals).
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Figure 4.7 (a) Phasor diagram corresponding to the angular
position θ in the single-slit diffraction pattern. The phase

difference between the wavelets from the first and last sources is
ϕ = (2π/λ)D sin θ . (b) The geometry of the phasor diagram.

The phasor diagram for ϕ = 0 (the center of the diffraction pattern) is shown in Figure 4.8(a) using N = 30 . In this

case, the phasors are laid end to end in a straight line of length NΔE0, the radius r goes to infinity, and the resultant

has its maximum value E = NΔE0. The intensity of the light can be obtained using the relation I = 1
2cε0 E2 from

Electromagnetic Waves (http://cnx.org/content/m58495/latest/) . The intensity of the maximum is then

I0 = 1
2cε0 (NΔE0)2 = 1

2µ0 c
⎛
⎝NΔE0

⎞
⎠
2,

where ε0 = 1/µ0 c2 . The phasor diagrams for the first two zeros of the diffraction pattern are shown in parts (b) and (d) of

the figure. In both cases, the phasors add to zero, after rotating through ϕ = 2π rad for m = 1 and 4π rad for m = 2 .

Figure 4.8 Phasor diagrams (with 30 phasors) for various points on the single-slit diffraction
pattern. Multiple rotations around a given circle have been separated slightly so that the phasors can
be seen. (a) Central maximum, (b) first minimum, (c) first maximum beyond central maximum, (d)
second minimum, and (e) second maximum beyond central maximum.

The next two maxima beyond the central maxima are represented by the phasor diagrams of parts (c) and (e). In part (c),
the phasors have rotated through ϕ = 3π rad and have formed a resultant phasor of magnitude E1 . The length of the arc

formed by the phasors is NΔE0. Since this corresponds to 1.5 rotations around a circle of diameter E1 , we have

3
2πE1 ≈ NΔE0,
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so

E1 = 2NΔE0
3π

and

I1 = 1
2µ0 cE1

2 = 4(NΔE0)2

⎛
⎝9π2⎞

⎠
⎛
⎝2µ0 c⎞

⎠

≈ 0.045I0,

where

I0 = (NΔE0)2

2µ0 c .

In part (e), the phasors have rotated through ϕ = 5π rad, corresponding to 2.5 rotations around a circle of diameter E2

and arc length NΔE0. This results in I2 ≈ 0.016I0 . The proof is left as an exercise for the student (Exercise 4.119).

These two maxima actually correspond to values of ϕ slightly less than 3π rad and 5π rad. Since the total length of the

arc of the phasor diagram is always NΔE0, the radius of the arc decreases as ϕ increases. As a result, E1 and E2 turn

out to be slightly larger for arcs that have not quite curled through 3π rad and 5π rad, respectively. The exact values of ϕ
for the maxima are investigated in Exercise 4.120. In solving that problem, you will find that they are less than, but very
close to, ϕ = 3π, 5π, 7π, … rad.

To calculate the intensity at an arbitrary point P on the screen, we return to the phasor diagram of Figure 4.7. Since the arc
subtends an angle ϕ at the center of the circle,

NΔE0 = rϕ

and

sin ⎛
⎝
ϕ
2

⎞
⎠ = E

2r .

where E is the amplitude of the resultant field. Solving the second equation for E and then substituting r from the first
equation, we find

E = 2r sin ϕ
2 = 2NΔEo

ϕ sin ϕ
2 .

Now defining

(4.2)β = ϕ
2 = πD sin θ

λ

we obtain

(4.3)E = NΔE0
sin β

β

This equation relates the amplitude of the resultant field at any point in the diffraction pattern to the amplitude NΔE0 at

the central maximum. The intensity is proportional to the square of the amplitude, so

152 Chapter 4 | Diffraction

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



(4.4)
I = I0

⎛
⎝
sin β

β
⎞
⎠

2

where I0 = ⎛
⎝NΔE0

⎞
⎠
2/2µ0 c is the intensity at the center of the pattern.

For the central maximum, ϕ = 0 , β is also zero and we see from l’Hôpital’s rule that limβ → 0
⎛
⎝sin β/β⎞

⎠ = 1, so that

limϕ → 0 I = I0. For the next maximum, ϕ = 3π rad, we have β = 3π/2 rad and when substituted into Equation 4.4,

it yields

I1 = I0
⎛
⎝
sin 3π/2

3π/2
⎞
⎠

2
≈ 0.045I0,

in agreement with what we found earlier in this section using the diameters and circumferences of phasor diagrams.
Substituting ϕ = 5π rad into Equation 4.4 yields a similar result for I2 .

A plot of Equation 4.4 is shown in Figure 4.9 and directly below it is a photograph of an actual diffraction pattern.
Notice that the central peak is much brighter than the others, and that the zeros of the pattern are located at those points
where sin β = 0, which occurs when β = mπ rad. This corresponds to

πD sin θ
λ = mπ,

or

D sin θ = mλ,

which is Equation 4.1.

Figure 4.9 (a) The calculated intensity distribution of a single-slit diffraction pattern. (b) The
actual diffraction pattern.

Chapter 4 | Diffraction 153



4.2

Example 4.2

Intensity in Single-Slit Diffraction

Light of wavelength 550 nm passes through a slit of width 2.00 µm and produces a diffraction pattern similar

to that shown in Figure 4.9. (a) Find the locations of the first two minima in terms of the angle from the central
maximum and (b) determine the intensity relative to the central maximum at a point halfway between these two
minima.

Strategy

The minima are given by Equation 4.1, D sin θ = mλ . The first two minima are for m = 1 and m = 2.
Equation 4.4 and Equation 4.2 can be used to determine the intensity once the angle has been worked out.

Solution

a. Solving Equation 4.1 for θ gives us θm = sin−1(mλ/D), so that

θ1 = sin−1
⎛

⎝
⎜
(+1)⎛

⎝550 × 10−9 m⎞
⎠

2.00 × 10−6 m

⎞

⎠
⎟ = + 16.0°

and

θ2 = sin−1
⎛

⎝
⎜
(+2)⎛

⎝550 × 10−9 m⎞
⎠

2.00 × 10−6 m

⎞

⎠
⎟ = + 33.4°.

b. The halfway point between θ1 and θ2 is

θ = ⎛
⎝θ1 + θ2

⎞
⎠/2 = (16.0° + 33.4°)/2 = 24.7°.

Equation 4.2 gives

β = πD sin θ
λ =

π⎛
⎝2.00 × 10−6 m⎞

⎠ sin(24.7°)
⎛
⎝550 × 10−9 m⎞

⎠
= 1.52π or 4.77 rad.

From Equation 4.4, we can calculate

I
Io

= ⎛
⎝
sin β

β
⎞
⎠

2
= ⎛

⎝
sin (4.77)

4.77
⎞
⎠

2
= ⎛

⎝
−0.9985

4.77
⎞
⎠

2
= 0.044.

Significance

This position, halfway between two minima, is very close to the location of the maximum, expected near
β = 3π/2, or 1.5π .

Check Your Understanding For the experiment in Example 4.2, at what angle from the center is the
third maximum and what is its intensity relative to the central maximum?

If the slit width D is varied, the intensity distribution changes, as illustrated in Figure 4.10. The central peak is distributed
over the region from sin θ = −λ/D to sin θ = + λ/D . For small θ , this corresponds to an angular width Δθ ≈ 2λ/D.
Hence, an increase in the slit width results in a decrease in the width of the central peak. For a slit with D ≫ λ, the

central peak is very sharp, whereas if D ≈ λ , it becomes quite broad.
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Figure 4.10 Single-slit diffraction patterns for various slit widths. As the slit width D increases from D = λ to 5λ and then to

10λ , the width of the central peak decreases as the angles for the first minima decrease as predicted by Equation 4.1.

A diffraction experiment in optics can require a lot of preparation but this simulation
(https://openstaxcollege.org/l/21diffrexpoptsi) by Andrew Duffy offers not only a quick set up but also the
ability to change the slit width instantly. Run the simulation and select “Single slit.” You can adjust the slit width
and see the effect on the diffraction pattern on a screen and as a graph.

4.3 | Double-Slit Diffraction

Learning Objectives

By the end of this section, you will be able to:

• Describe the combined effect of interference and diffraction with two slits, each with finite width

• Determine the relative intensities of interference fringes within a diffraction pattern

• Identify missing orders, if any

When we studied interference in Young’s double-slit experiment, we ignored the diffraction effect in each slit. We assumed
that the slits were so narrow that on the screen you saw only the interference of light from just two point sources. If the slit
is smaller than the wavelength, then Figure 4.10(a) shows that there is just a spreading of light and no peaks or troughs
on the screen. Therefore, it was reasonable to leave out the diffraction effect in that chapter. However, if you make the slit
wider, Figure 4.10(b) and (c) show that you cannot ignore diffraction. In this section, we study the complications to the
double-slit experiment that arise when you also need to take into account the diffraction effect of each slit.

To calculate the diffraction pattern for two (or any number of) slits, we need to generalize the method we just used for a
single slit. That is, across each slit, we place a uniform distribution of point sources that radiate Huygens wavelets, and
then we sum the wavelets from all the slits. This gives the intensity at any point on the screen. Although the details of that
calculation can be complicated, the final result is quite simple:

Two-Slit Diffraction Pattern

The diffraction pattern of two slits of width D that are separated by a distance d is the interference pattern of two point
sources separated by d multiplied by the diffraction pattern of a slit of width D.

In other words, the locations of the interference fringes are given by the equation d sin θ = mλ , the same as when we

considered the slits to be point sources, but the intensities of the fringes are now reduced by diffraction effects, according
to Equation 4.4. [Note that in the chapter on interference, we wrote d sin θ = mλ and used the integer m to refer to

interference fringes. Equation 4.1 also uses m, but this time to refer to diffraction minima. If both equations are used
simultaneously, it is good practice to use a different variable (such as n) for one of these integers in order to keep them
distinct.]

Interference and diffraction effects operate simultaneously and generally produce minima at different angles. This gives rise
to a complicated pattern on the screen, in which some of the maxima of interference from the two slits are missing if the
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maximum of the interference is in the same direction as the minimum of the diffraction. We refer to such a missing peak as
a missing order. One example of a diffraction pattern on the screen is shown in Figure 4.11. The solid line with multiple
peaks of various heights is the intensity observed on the screen. It is a product of the interference pattern of waves from
separate slits and the diffraction of waves from within one slit.

Figure 4.11 Diffraction from a double slit. The purple line with peaks of the same height are
from the interference of the waves from two slits; the blue line with one big hump in the middle
is the diffraction of waves from within one slit; and the thick red line is the product of the two,
which is the pattern observed on the screen. The plot shows the expected result for a slit width
D = 2λ and slit separation d = 6λ . The maximum of m = ± 3 order for the interference is

missing because the minimum of the diffraction occurs in the same direction.

Example 4.3

Intensity of the Fringes

Figure 4.11 shows that the intensity of the fringe for m = 3 is zero, but what about the other fringes? Calculate

the intensity for the fringe at m = 1 relative to I0, the intensity of the central peak.

Strategy

Determine the angle for the double-slit interference fringe, using the equation from Interference, then determine
the relative intensity in that direction due to diffraction by using Equation 4.4.

Solution

From the chapter on interference, we know that the bright interference fringes occur at d sin θ = mλ , or

sin θ = mλ
d .

From Equation 4.4,

I = I0
⎛
⎝
sin β

β
⎞
⎠

2
, where β = ϕ

2 = πD sin θ
λ .

Substituting from above,

β = πD sin θ
λ = πD

λ · mλ
d = mπD

d .

For D = 2λ , d = 6λ , and m = 1 ,

β = (1)π(2λ)
(6λ) = π

3.
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4.3

Then, the intensity is

I = I0
⎛
⎝
sin β

β
⎞
⎠

2
= I0

⎛
⎝
sin (π/3)

π/3
⎞
⎠

2
= 0.684I0.

Significance

Note that this approach is relatively straightforward and gives a result that is almost exactly the same as the more
complicated analysis using phasors to work out the intensity values of the double-slit interference (thin line in
Figure 4.11). The phasor approach accounts for the downward slope in the diffraction intensity (blue line) so
that the peak near m = 1 occurs at a value of θ ever so slightly smaller than we have shown here.

Example 4.4

Two-Slit Diffraction

Suppose that in Young’s experiment, slits of width 0.020 mm are separated by 0.20 mm. If the slits are illuminated
by monochromatic light of wavelength 500 nm, how many bright fringes are observed in the central peak of the
diffraction pattern?

Solution

From Equation 4.1, the angular position of the first diffraction minimum is

θ ≈ sin θ = λ
D = 5.0 × 10−7 m

2.0 × 10−5 m
= 2.5 × 10−2 rad.

Using sin θ = mλ for θ = 2.5 × 10−2 rad , we find

m = d sin θ
λ =

(0.20 mm)⎛
⎝2.5 × 10−2 rad⎞

⎠
⎛
⎝5.0 × 10−7 m⎞

⎠
= 10,

which is the maximum interference order that fits inside the central peak. We note that m = ± 10 are missing

orders as θ matches exactly. Accordingly, we observe bright fringes for

m = −9, −8, −7, −6, −5, −4, −3, −2, −1, 0, + 1, + 2, + 3, + 4, + 5, + 6, + 7, + 8, and + 9

for a total of 19 bright fringes.

Check Your Understanding For the experiment in Example 4.4, show that m = 20 is also a missing

order.

Explore the effects of double-slit diffraction. In this simulation (https://openstaxcollege.org/l/
21doubslitdiff) written by Fu-Kwun Hwang, select N = 2 using the slider and see what happens when you

control the slit width, slit separation and the wavelength. Can you make an order go “missing?”

4.4 | Diffraction Gratings

Learning Objectives

By the end of this section, you will be able to:

• Discuss the pattern obtained from diffraction gratings

• Explain diffraction grating effects
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Analyzing the interference of light passing through two slits lays out the theoretical framework of interference and gives us
a historical insight into Thomas Young’s experiments. However, most modern-day applications of slit interference use not
just two slits but many, approaching infinity for practical purposes. The key optical element is called a diffraction grating,
an important tool in optical analysis.

Diffraction Gratings: An Infinite Number of Slits
The analysis of multi-slit interference in Interference allows us to consider what happens when the number of slits N
approaches infinity. Recall that N – 2 secondary maxima appear between the principal maxima. We can see there will be

an infinite number of secondary maxima that appear, and an infinite number of dark fringes between them. This makes
the spacing between the fringes, and therefore the width of the maxima, infinitesimally small. Furthermore, because the

intensity of the secondary maxima is proportional to 1/N 2 , it approaches zero so that the secondary maxima are no longer

seen. What remains are only the principal maxima, now very bright and very narrow (Figure 4.12).

Figure 4.12 (a) Intensity of light transmitted through a large number of slits. When N
approaches infinity, only the principal maxima remain as very bright and very narrow lines. (b)
A laser beam passed through a diffraction grating. (credit b: modification of work by Sebastian
Stapelberg)

In reality, the number of slits is not infinite, but it can be very large—large enough to produce the equivalent effect. A prime
example is an optical element called a diffraction grating. A diffraction grating can be manufactured by carving glass
with a sharp tool in a large number of precisely positioned parallel lines, with untouched regions acting like slits (Figure
4.13). This type of grating can be photographically mass produced rather cheaply. Because there can be over 1000 lines per
millimeter across the grating, when a section as small as a few millimeters is illuminated by an incoming ray, the number of
illuminated slits is effectively infinite, providing for very sharp principal maxima.
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Figure 4.13 A diffraction grating can be manufactured by carving glass with a
sharp tool in a large number of precisely positioned parallel lines.

Diffraction gratings work both for transmission of light, as in Figure 4.14, and for reflection of light, as on butterfly wings
and the Australian opal in Figure 4.15. Natural diffraction gratings also occur in the feathers of certain birds such as the
hummingbird. Tiny, finger-like structures in regular patterns act as reflection gratings, producing constructive interference
that gives the feathers colors not solely due to their pigmentation. This is called iridescence.

Figure 4.14 (a) Light passing through a diffraction grating is
diffracted in a pattern similar to a double slit, with bright regions
at various angles. (b) The pattern obtained for white light incident
on a grating. The central maximum is white, and the higher-order
maxima disperse white light into a rainbow of colors.
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Figure 4.15 (a) This Australian opal and (b) butterfly wings have rows of
reflectors that act like reflection gratings, reflecting different colors at different
angles. (credit a: modification of work by "Opals-On-Black"/Flickr; credit b:
modification of work by “whologwhy”/Flickr)

Applications of Diffraction Gratings
Where are diffraction gratings used in applications? Diffraction gratings are commonly used for spectroscopic dispersion
and analysis of light. What makes them particularly useful is the fact that they form a sharper pattern than double slits
do. That is, their bright fringes are narrower and brighter while their dark regions are darker. Diffraction gratings are key
components of monochromators used, for example, in optical imaging of particular wavelengths from biological or medical
samples. A diffraction grating can be chosen to specifically analyze a wavelength emitted by molecules in diseased cells in
a biopsy sample or to help excite strategic molecules in the sample with a selected wavelength of light. Another vital use is
in optical fiber technologies where fibers are designed to provide optimum performance at specific wavelengths. A range of
diffraction gratings are available for selecting wavelengths for such use.

Example 4.5

Calculating Typical Diffraction Grating Effects

Diffraction gratings with 10,000 lines per centimeter are readily available. Suppose you have one, and you send
a beam of white light through it to a screen 2.00 m away. (a) Find the angles for the first-order diffraction of the
shortest and longest wavelengths of visible light (380 and 760 nm, respectively). (b) What is the distance between
the ends of the rainbow of visible light produced on the screen for first-order interference? (See Figure 4.16.)
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Figure 4.16 (a) The diffraction grating considered in this
example produces a rainbow of colors on a screen a distance
x = 2.00 m from the grating. The distances along the screen

are measured perpendicular to the x-direction. In other words,
the rainbow pattern extends out of the page.
(b) In a bird’s-eye view, the rainbow pattern can be seen on a
table where the equipment is placed.

Strategy

Once a value for the diffraction grating’s slit spacing d has been determined, the angles for the sharp lines can be
found using the equation

d sin θ = mλ for m = 0, ± 1, ± 2, ... .

Since there are 10,000 lines per centimeter, each line is separated by 1/10,000 of a centimeter. Once we know the
angles, we an find the distances along the screen by using simple trigonometry.

Solution

a. The distance between slits is d = (1 cm)/10, 000 = 1.00 × 10−4 cm or 1.00 × 10−6 m. Let us call

the two angles θV for violet (380 nm) and θR for red (760 nm). Solving the equation

d sin θV = mλ for sin θV,

sin θV = mλV
d ,

where m = 1 for the first-order and λV = 380 nm = 3.80 × 10−7 m. Substituting these values gives

sin θV = 3.80 × 10−7 m
1.00 × 10−6 m

= 0.380.

Thus the angle θV is

θV = sin−1 0.380 = 22.33°.
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Similarly,

sin θR = 7.60 × 10−7 m
1.00 × 10−6 m

= 0.760.

Thus the angle θR is

θR = sin−1 0.760 = 49.46°.

Notice that in both equations, we reported the results of these intermediate calculations to four significant
figures to use with the calculation in part (b).

b. The distances on the secreen are labeled yV and yR in Figure 4.16. Notice that tan θ = y/x. We can

solve for yV and yR. That is,

yV = x tan θV = (2.00 m)(tan 22.33°) = 0.815 m

and

yR = x tan θR = (2.00 m)(tan 49.46°) = 2.338 m.

The distance between them is therefore

yR − yV = 1.523 m.

Significance

The large distance between the red and violet ends of the rainbow produced from the white light indicates the
potential this diffraction grating has as a spectroscopic tool. The more it can spread out the wavelengths (greater
dispersion), the more detail can be seen in a spectrum. This depends on the quality of the diffraction grating—it
must be very precisely made in addition to having closely spaced lines.

Check Your Understanding If the line spacing of a diffraction grating d is not precisely known, we can
use a light source with a well-determined wavelength to measure it. Suppose the first-order constructive fringe
of the Hβ emission line of hydrogen (λ = 656.3 nm) is measured at 11.36° using a spectrometer with a

diffraction grating. What is the line spacing of this grating?

Take the same simulation (https://openstaxcollege.org/l/21doubslitdiff) we used for double-slit
diffraction and try increasing the number of slits from N = 2 to N = 3, 4, 5... . The primary peaks become

sharper, and the secondary peaks become less and less pronounced. By the time you reach the maximum number
of N = 20 , the system is behaving much like a diffraction grating.

4.5 | Circular Apertures and Resolution

Learning Objectives

By the end of this section, you will be able to:

• Describe the diffraction limit on resolution

• Describe the diffraction limit on beam propagation

Light diffracts as it moves through space, bending around obstacles, interfering constructively and destructively. This can
be used as a spectroscopic tool—a diffraction grating disperses light according to wavelength, for example, and is used to
produce spectra—but diffraction also limits the detail we can obtain in images.
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Figure 4.17(a) shows the effect of passing light through a small circular aperture. Instead of a bright spot with sharp edges,
we obtain a spot with a fuzzy edge surrounded by circles of light. This pattern is caused by diffraction, similar to that
produced by a single slit. Light from different parts of the circular aperture interferes constructively and destructively. The
effect is most noticeable when the aperture is small, but the effect is there for large apertures as well.

Figure 4.17 (a) Monochromatic light passed through a small circular aperture produces this
diffraction pattern. (b) Two point-light sources that are close to one another produce overlapping images
because of diffraction. (c) If the sources are closer together, they cannot be distinguished or resolved.

How does diffraction affect the detail that can be observed when light passes through an aperture? Figure 4.17(b) shows
the diffraction pattern produced by two point-light sources that are close to one another. The pattern is similar to that for a
single point source, and it is still possible to tell that there are two light sources rather than one. If they are closer together,
as in Figure 4.17(c), we cannot distinguish them, thus limiting the detail or resolution we can obtain. This limit is an
inescapable consequence of the wave nature of light.

Diffraction limits the resolution in many situations. The acuity of our vision is limited because light passes through the
pupil, which is the circular aperture of the eye. Be aware that the diffraction-like spreading of light is due to the limited
diameter of a light beam, not the interaction with an aperture. Thus, light passing through a lens with a diameter D shows
this effect and spreads, blurring the image, just as light passing through an aperture of diameter D does. Thus, diffraction
limits the resolution of any system having a lens or mirror. Telescopes are also limited by diffraction, because of the finite
diameter D of the primary mirror.

Just what is the limit? To answer that question, consider the diffraction pattern for a circular aperture, which has a central
maximum that is wider and brighter than the maxima surrounding it (similar to a slit) (Figure 4.18(a)). It can be shown
that, for a circular aperture of diameter D, the first minimum in the diffraction pattern occurs at θ = 1.22λ/D (providing

the aperture is large compared with the wavelength of light, which is the case for most optical instruments). The accepted
criterion for determining the diffraction limit to resolution based on this angle is known as the Rayleigh criterion, which
was developed by Lord Rayleigh in the nineteenth century.

Rayleigh Criterion

The diffraction limit to resolution states that two images are just resolvable when the center of the diffraction pattern
of one is directly over the first minimum of the diffraction pattern of the other (Figure 4.18(b)).

The first minimum is at an angle of θ = 1.22λ/D , so that two point objects are just resolvable if they are separated by the

angle

(4.5)θ = 1.22 λ
D

where λ is the wavelength of light (or other electromagnetic radiation) and D is the diameter of the aperture, lens, mirror,

etc., with which the two objects are observed. In this expression, θ has units of radians. This angle is also commonly known

as the diffraction limit.
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Figure 4.18 (a) Graph of intensity of the diffraction pattern for a circular aperture. Note
that, similar to a single slit, the central maximum is wider and brighter than those to the sides.
(b) Two point objects produce overlapping diffraction patterns. Shown here is the Rayleigh
criterion for being just resolvable. The central maximum of one pattern lies on the first
minimum of the other.

All attempts to observe the size and shape of objects are limited by the wavelength of the probe. Even the small wavelength
of light prohibits exact precision. When extremely small wavelength probes are used, as with an electron microscope, the
system is disturbed, still limiting our knowledge. Heisenberg’s uncertainty principle asserts that this limit is fundamental
and inescapable, as we shall see in the chapter on quantum mechanics.

Example 4.6

Calculating Diffraction Limits of the Hubble Space Telescope

The primary mirror of the orbiting Hubble Space Telescope has a diameter of 2.40 m. Being in orbit, this telescope
avoids the degrading effects of atmospheric distortion on its resolution. (a) What is the angle between two just-
resolvable point light sources (perhaps two stars)? Assume an average light wavelength of 550 nm. (b) If these
two stars are at a distance of 2 million light-years, which is the distance of the Andromeda Galaxy, how close
together can they be and still be resolved? (A light-year, or ly, is the distance light travels in 1 year.)

Strategy

The Rayleigh criterion stated in Equation 4.5, θ = 1.22λ/D , gives the smallest possible angle θ between point

sources, or the best obtainable resolution. Once this angle is known, we can calculate the distance between the
stars, since we are given how far away they are.

Solution
a. The Rayleigh criterion for the minimum resolvable angle is

θ = 1.22 λ
D.

Entering known values gives

θ = 1.22550 × 10−9 m
2.40 m = 2.80 × 10−7 rad.

b. The distance s between two objects a distance r away and separated by an angle θ is s = rθ.
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Substituting known values gives

s = ⎛
⎝2.0 × 106 ly⎞

⎠
⎛
⎝2.80 × 10−7 rad⎞

⎠ = 0.56 ly.

Significance

The angle found in part (a) is extraordinarily small (less than 1/50,000 of a degree), because the primary mirror
is so large compared with the wavelength of light. As noticed, diffraction effects are most noticeable when light
interacts with objects having sizes on the order of the wavelength of light. However, the effect is still there, and
there is a diffraction limit to what is observable. The actual resolution of the Hubble Telescope is not quite as
good as that found here. As with all instruments, there are other effects, such as nonuniformities in mirrors or
aberrations in lenses that further limit resolution. However, Figure 4.19 gives an indication of the extent of
the detail observable with the Hubble because of its size and quality, and especially because it is above Earth’s
atmosphere.

Figure 4.19 These two photographs of the M82 Galaxy give an idea of the
observable detail using (a) a ground-based telescope and (b) the Hubble Space
Telescope. (credit a: modification of work by “Ricnun”/Wikimedia Commons; credit
b: modification of work by NASA, ESA, and The Hubble Heritage Team (STScI/
AURA))

The answer in part (b) indicates that two stars separated by about half a light-year can be resolved. The average
distance between stars in a galaxy is on the order of five light-years in the outer parts and about one light-year
near the galactic center. Therefore, the Hubble can resolve most of the individual stars in Andromeda Galaxy,
even though it lies at such a huge distance that its light takes 2 million years to reach us. Figure 4.20 shows
another mirror used to observe radio waves from outer space.
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Figure 4.20 A 305-m-diameter paraboloid at Arecibo in
Puerto Rico is lined with reflective material, making it into a
radio telescope. It is the largest curved focusing dish in the
world. Although D for Arecibo is much larger than for the
Hubble Telescope, it detects radiation of a much longer
wavelength and its diffraction limit is significantly poorer than
Hubble’s. The Arecibo telescope is still very useful, because
important information is carried by radio waves that is not
carried by visible light. (credit: Jeff Hitchcock)

Check Your Understanding What is the angular resolution of the Arecibo telescope shown in Figure
4.20 when operated at 21-cm wavelength? How does it compare to the resolution of the Hubble Telescope?

Diffraction is not only a problem for optical instruments but also for the electromagnetic radiation itself. Any beam of light
having a finite diameter D and a wavelength λ exhibits diffraction spreading. The beam spreads out with an angle θ given

by Equation 4.5, θ = 1.22λ/D . Take, for example, a laser beam made of rays as parallel as possible (angles between rays

as close to θ = 0° as possible) instead spreads out at an angle θ = 1.22λ/D , where D is the diameter of the beam and

λ is its wavelength. This spreading is impossible to observe for a flashlight because its beam is not very parallel to start

with. However, for long-distance transmission of laser beams or microwave signals, diffraction spreading can be significant
(Figure 4.21). To avoid this, we can increase D. This is done for laser light sent to the moon to measure its distance from
Earth. The laser beam is expanded through a telescope to make D much larger and θ smaller.

Figure 4.21 The beam produced by this microwave
transmission antenna spreads out at a minimum angle
θ = 1.22λ/D due to diffraction. It is impossible to produce a

near-parallel beam because the beam has a limited diameter.
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In most biology laboratories, resolution is an issue when the use of the microscope is introduced. The smaller the distance x
by which two objects can be separated and still be seen as distinct, the greater the resolution. The resolving power of a lens
is defined as that distance x. An expression for resolving power is obtained from the Rayleigh criterion. Figure 4.22(a)
shows two point objects separated by a distance x. According to the Rayleigh criterion, resolution is possible when the
minimum angular separation is

θ = 1.22 λ
D = x

d ,

where d is the distance between the specimen and the objective lens, and we have used the small angle approximation (i.e.,
we have assumed that x is much smaller than d), so that tan θ ≈ sin θ ≈ θ. Therefore, the resolving power is

x = 1.22λd
D .

Another way to look at this is by the concept of numerical aperture (NA), which is a measure of the maximum acceptance
angle at which a lens will take light and still contain it within the lens. Figure 4.22(b) shows a lens and an object at point
P. The NA here is a measure of the ability of the lens to gather light and resolve fine detail. The angle subtended by the lens
at its focus is defined to be θ = 2α . From the figure and again using the small angle approximation, we can write

sin α = D/2
d = D

2d .

The NA for a lens is NA = n sin α , where n is the index of refraction of the medium between the objective lens and the

object at point P. From this definition for NA, we can see that

x = 1.22λd
D = 1.22 λ

2 sin α = 0.61 λn
NA.

In a microscope, NA is important because it relates to the resolving power of a lens. A lens with a large NA is able to resolve
finer details. Lenses with larger NA are also able to collect more light and so give a brighter image. Another way to describe
this situation is that the larger the NA, the larger the cone of light that can be brought into the lens, so more of the diffraction
modes are collected. Thus the microscope has more information to form a clear image, and its resolving power is higher.

Figure 4.22 (a) Two points separated by a distance x and positioned a
distance d away from the objective. (b) Terms and symbols used in
discussion of resolving power for a lens and an object at point P (credit a:
modification of work by “Infopro”/Wikimedia Commons).

One of the consequences of diffraction is that the focal point of a beam has a finite width and intensity distribution. Imagine
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focusing when only considering geometric optics, as in Figure 4.23(a). The focal point is regarded as an infinitely small
point with a huge intensity and the capacity to incinerate most samples, irrespective of the NA of the objective lens—an
unphysical oversimplification. For wave optics, due to diffraction, we take into account the phenomenon in which the
focal point spreads to become a focal spot (Figure 4.23(b)) with the size of the spot decreasing with increasing NA.
Consequently, the intensity in the focal spot increases with increasing NA. The higher the NA, the greater the chances of
photodegrading the specimen. However, the spot never becomes a true point.

Figure 4.23 (a) In geometric optics, the focus is modelled as a point, but it is not physically possible to produce such a
point because it implies infinite intensity. (b) In wave optics, the focus is an extended region.

In a different type of microscope, molecules within a specimen are made to emit light through a mechanism called
fluorescence. By controlling the molecules emitting light, it has become possible to construct images with resolution much
finer than the Rayleigh criterion, thus circumventing the diffraction limit. The development of super-resolved fluorescence
microscopy led to the 2014 Nobel Prize in Chemistry.

In this Optical Resolution Model, two diffraction patterns for light through two circular apertures are shown side
by side in this simulation (https://openstaxcollege.org/l/21optresmodsim) by Fu-Kwun Hwang. Watch
the patterns merge as you decrease the aperture diameters.

4.6 | X-Ray Diffraction

Learning Objectives

By the end of this section, you will be able to:

• Describe interference and diffraction effects exhibited by X-rays in interaction with atomic-scale
structures

Since X-ray photons are very energetic, they have relatively short wavelengths, on the order of 10−8 m to 10−12 m.

Thus, typical X-ray photons act like rays when they encounter macroscopic objects, like teeth, and produce sharp shadows.
However, since atoms are on the order of 0.1 nm in size, X-rays can be used to detect the location, shape, and size of atoms
and molecules. The process is called X-ray diffraction, and it involves the interference of X-rays to produce patterns that
can be analyzed for information about the structures that scattered the X-rays.

Perhaps the most famous example of X-ray diffraction is the discovery of the double-helical structure of DNA in 1953 by an
international team of scientists working at England’s Cavendish Laboratory—American James Watson, Englishman Francis
Crick, and New Zealand-born Maurice Wilkins. Using X-ray diffraction data produced by Rosalind Franklin, they were
the first to model the double-helix structure of DNA that is so crucial to life. For this work, Watson, Crick, and Wilkins
were awarded the 1962 Nobel Prize in Physiology or Medicine. (There is some debate and controversy over the issue that
Rosalind Franklin was not included in the prize, although she died in 1958, before the prize was awarded.)

Figure 4.24 shows a diffraction pattern produced by the scattering of X-rays from a crystal. This process is known as X-ray
crystallography because of the information it can yield about crystal structure, and it was the type of data Rosalind Franklin
supplied to Watson and Crick for DNA. Not only do X-rays confirm the size and shape of atoms, they give information
about the atomic arrangements in materials. For example, more recent research in high-temperature superconductors
involves complex materials whose lattice arrangements are crucial to obtaining a superconducting material. These can be
studied using X-ray crystallography.
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Figure 4.24 X-ray diffraction from the crystal of a protein
(hen egg lysozyme) produced this interference pattern. Analysis
of the pattern yields information about the structure of the
protein. (credit: “Del45”/Wikimedia Commons)

Historically, the scattering of X-rays from crystals was used to prove that X-rays are energetic electromagnetic (EM) waves.
This was suspected from the time of the discovery of X-rays in 1895, but it was not until 1912 that the German Max von
Laue (1879–1960) convinced two of his colleagues to scatter X-rays from crystals. If a diffraction pattern is obtained, he
reasoned, then the X-rays must be waves, and their wavelength could be determined. (The spacing of atoms in various
crystals was reasonably well known at the time, based on good values for Avogadro’s number.) The experiments were
convincing, and the 1914 Nobel Prize in Physics was given to von Laue for his suggestion leading to the proof that X-rays
are EM waves. In 1915, the unique father-and-son team of Sir William Henry Bragg and his son Sir William Lawrence
Bragg were awarded a joint Nobel Prize for inventing the X-ray spectrometer and the then-new science of X-ray analysis.

In ways reminiscent of thin-film interference, we consider two plane waves at X-ray wavelengths, each one reflecting off
a different plane of atoms within a crystal’s lattice, as shown in Figure 4.25. From the geometry, the difference in path
lengths is 2d sin θ . Constructive interference results when this distance is an integer multiple of the wavelength. This

condition is captured by the Bragg equation,

(4.6)mλ = 2d sin θ, m = 1, 2, 3 ...

where m is a positive integer and d is the spacing between the planes. Following the Law of Reflection, both the incident
and reflected waves are described by the same angle, θ, but unlike the general practice in geometric optics, θ is measured

with respect to the surface itself, rather than the normal.
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Figure 4.25 X-ray diffraction with a crystal. Two incident waves reflect off two
planes of a crystal. The difference in path lengths is indicated by the dashed line.

Example 4.7

X-Ray Diffraction with Salt Crystals

Common table salt is composed mainly of NaCl crystals. In a NaCl crystal, there is a family of planes 0.252 nm
apart. If the first-order maximum is observed at an incidence angle of 18.1° , what is the wavelength of the X-ray

scattering from this crystal?

Strategy

Use the Bragg equation, Equation 4.6, mλ = 2d sin θ , to solve for θ .

Solution

For first-order, m = 1, and the plane spacing d is known. Solving the Bragg equation for wavelength yields

λ = 2d sin θ
m =

2⎛
⎝0.252 × 10−9 m⎞

⎠ sin (18.1°)
1 = 1.57 × 10−10 m, or 0.157 nm.

Significance

The determined wavelength fits within the X-ray region of the electromagnetic spectrum. Once again, the wave
nature of light makes itself prominent when the wavelength (λ = 0.157 nm) is comparable to the size of the

physical structures (d = 0.252 nm⎞
⎠ it interacts with.

Check Your Understanding For the experiment described in Example 4.7, what are the two other
angles where interference maxima may be observed? What limits the number of maxima?

Although Figure 4.25 depicts a crystal as a two-dimensional array of scattering centers for simplicity, real crystals are
structures in three dimensions. Scattering can occur simultaneously from different families of planes at different orientations
and spacing patterns known as called Bragg planes, as shown in Figure 4.26. The resulting interference pattern can be
quite complex.
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Figure 4.26 Because of the regularity that makes a crystal structure, one
crystal can have many families of planes within its geometry, each one giving
rise to X-ray diffraction.

4.7 | Holography

Learning Objectives

By the end of this section, you will be able to:

• Describe how a three-dimensional image is recorded as a hologram

• Describe how a three-dimensional image is formed from a hologram

A hologram, such as the one in Figure 4.27, is a true three-dimensional image recorded on film by lasers. Holograms
are used for amusement; decoration on novelty items and magazine covers; security on credit cards and driver’s licenses (a
laser and other equipment are needed to reproduce them); and for serious three-dimensional information storage. You can
see that a hologram is a true three-dimensional image because objects change relative position in the image when viewed
from different angles.

Figure 4.27 Credit cards commonly have holograms for
logos, making them difficult to reproduce. (credit: Dominic
Alves)

The name hologram means “entire picture” (from the Greek holo, as in holistic) because the image is three-dimensional.
Holography is the process of producing holograms and, although they are recorded on photographic film, the process is
quite different from normal photography. Holography uses light interference or wave optics, whereas normal photography
uses geometric optics. Figure 4.28 shows one method of producing a hologram. Coherent light from a laser is split by
a mirror, with part of the light illuminating the object. The remainder, called the reference beam, shines directly on a
piece of film. Light scattered from the object interferes with the reference beam, producing constructive and destructive
interference. As a result, the exposed film looks foggy, but close examination reveals a complicated interference pattern
stored on it. Where the interference was constructive, the film (a negative actually) is darkened. Holography is sometimes
called lens-less photography, because it uses the wave characteristics of light, as contrasted to normal photography, which
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uses geometric optics and requires lenses.

Figure 4.28 Production of a hologram. Single-wavelength
coherent light from a laser produces a well-defined interference
pattern on a piece of film. The laser beam is split by a partially
silvered mirror, with part of the light illuminating the object and
the remainder shining directly on the film. (credit: modification
of work by Mariana Ruiz Villarreal)

Light falling on a hologram can form a three-dimensional image of the original object. The process is complicated in detail,
but the basics can be understood, as shown in Figure 4.29, in which a laser of the same type that exposed the film is now
used to illuminate it. The myriad tiny exposed regions of the film are dark and block the light, whereas less exposed regions
allow light to pass. The film thus acts much like a collection of diffraction gratings with various spacing patterns. Light
passing through the hologram is diffracted in various directions, producing both real and virtual images of the object used
to expose the film. The interference pattern is the same as that produced by the object. Moving your eye to various places in
the interference pattern gives you different perspectives, just as looking directly at the object would. The image thus looks
like the object and is three dimensional like the object.

Figure 4.29 A transmission hologram is one that produces real and
virtual images when a laser of the same type as that which exposed the
hologram is passed through it. Diffraction from various parts of the film
produces the same interference pattern that was produced by the object
that was used to expose it. (credit: modification of work by Mariana
Ruiz Villarreal)

The hologram illustrated in Figure 4.29 is a transmission hologram. Holograms that are viewed with reflected light, such
as the white light holograms on credit cards, are reflection holograms and are more common. White light holograms often
appear a little blurry with rainbow edges, because the diffraction patterns of various colors of light are at slightly different
locations due to their different wavelengths. Further uses of holography include all types of three-dimensional information
storage, such as of statues in museums, engineering studies of structures, and images of human organs.

Invented in the late 1940s by Dennis Gabor (1900–1970), who won the 1971 Nobel Prize in Physics for his work,
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holography became far more practical with the development of the laser. Since lasers produce coherent single-wavelength
light, their interference patterns are more pronounced. The precision is so great that it is even possible to record numerous
holograms on a single piece of film by just changing the angle of the film for each successive image. This is how the
holograms that move as you walk by them are produced—a kind of lens-less movie.

In a similar way, in the medical field, holograms have allowed complete three-dimensional holographic displays of objects
from a stack of images. Storing these images for future use is relatively easy. With the use of an endoscope, high-resolution,
three-dimensional holographic images of internal organs and tissues can be made.
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Bragg planes

destructive interference for a single slit

diffraction

diffraction grating

diffraction limit

hologram

holography

missing order

Rayleigh criterion

resolution

two-slit diffraction pattern

width of the central peak

X-ray diffraction

CHAPTER 4 REVIEW

KEY TERMS
families of planes within crystals that can give rise to X-ray diffraction

occurs when the width of the slit is comparable to the wavelength of light
illuminating it

bending of a wave around the edges of an opening or an obstacle

large number of evenly spaced parallel slits

fundamental limit to resolution due to diffraction

three-dimensional image recorded on film by lasers; the word hologram means entire picture (from the Greek
word holo, as in holistic)

process of producing holograms with the use of lasers

interference maximum that is not seen because it coincides with a diffraction minimum

two images are just-resolvable when the center of the diffraction pattern of one is directly over the
first minimum of the diffraction pattern of the other

ability, or limit thereof, to distinguish small details in images

diffraction pattern of two slits of width D that are separated by a distance d is the
interference pattern of two point sources separated by d multiplied by the diffraction pattern of a slit of width D

angle between the minimum for m = 1 and m = −1

technique that provides the detailed information about crystallographic structure of natural and
manufactured materials

KEY EQUATIONS
Destructive interference for a single slit D sin θ = mλ for m = ± 1, ± 2, ± 3, ...

Half phase angle β = ϕ
2 = πD sin θ

λ

Field amplitude in the diffraction pattern E = NΔE0
sin β

β

Intensity in the diffraction pattern
I = I0

⎛
⎝
sin β

β
⎞
⎠

2

Rayleigh criterion for circular apertures θ = 1.22 λ
D

Bragg equation mλ = 2d sin θ, m = 1, 2, 3...

SUMMARY

4.1 Single-Slit Diffraction

• Diffraction can send a wave around the edges of an opening or other obstacle.

• A single slit produces an interference pattern characterized by a broad central maximum with narrower and dimmer
maxima to the sides.

174 Chapter 4 | Diffraction

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



4.2 Intensity in Single-Slit Diffraction

• The intensity pattern for diffraction due to a single slit can be calculated using phasors as

I = I0
⎛
⎝
sin β

β
⎞
⎠

2
,

where β = ϕ
2 = πD sin θ

λ , D is the slit width, λ is the wavelength, and θ is the angle from the central peak.

4.3 Double-Slit Diffraction

• With real slits with finite widths, the effects of interference and diffraction operate simultaneously to form a
complicated intensity pattern.

• Relative intensities of interference fringes within a diffraction pattern can be determined.

• Missing orders occur when an interference maximum and a diffraction minimum are located together.

4.4 Diffraction Gratings

• A diffraction grating consists of a large number of evenly spaced parallel slits that produce an interference pattern
similar to but sharper than that of a double slit.

• Constructive interference occurs when d sin θ = mλ for m = 0, ± 1, ± 2, ..., where d is the distance between

the slits, θ is the angle relative to the incident direction, and m is the order of the interference.

4.5 Circular Apertures and Resolution

• Diffraction limits resolution.

• The Rayleigh criterion states that two images are just resolvable when the center of the diffraction pattern of one is
directly over the first minimum of the diffraction pattern of the other.

4.6 X-Ray Diffraction

• X-rays are relatively short-wavelength EM radiation and can exhibit wave characteristics such as interference when
interacting with correspondingly small objects.

4.7 Holography

• Holography is a technique based on wave interference to record and form three-dimensional images.

• Lasers offer a practical way to produce sharp holographic images because of their monochromatic and coherent
light for pronounced interference patterns.

CONCEPTUAL QUESTIONS

4.1 Single-Slit Diffraction

1. As the width of the slit producing a single-slit
diffraction pattern is reduced, how will the diffraction
pattern produced change?

2. Compare interference and diffraction.

3. If you and a friend are on opposite sides of a hill,
you can communicate with walkie-talkies but not with
flashlights. Explain.

4. What happens to the diffraction pattern of a single slit
when the entire optical apparatus is immersed in water?

5. In our study of diffraction by a single slit, we assume
that the length of the slit is much larger than the width.
What happens to the diffraction pattern if these two
dimensions were comparable?

6. A rectangular slit is twice as wide as it is high. Is the
central diffraction peak wider in the vertical direction or in
the horizontal direction?
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4.2 Intensity in Single-Slit Diffraction

7. In Equation 4.4, the parameter β looks like an angle

but is not an angle that you can measure with a protractor
in the physical world. Explain what β represents.

4.3 Double-Slit Diffraction

8. Shown below is the central part of the interference
pattern for a pure wavelength of red light projected onto a
double slit. The pattern is actually a combination of single-
and double-slit interference. Note that the bright spots are
evenly spaced. Is this a double- or single-slit characteristic?
Note that some of the bright spots are dim on either side
of the center. Is this a single- or double-slit characteristic?
Which is smaller, the slit width or the separation between
slits? Explain your responses.

(credit: PASCO)

4.5 Circular Apertures and Resolution

9. Is higher resolution obtained in a microscope with red
or blue light? Explain your answer.

10. The resolving power of refracting telescope increases
with the size of its objective lens. What other advantage is

gained with a larger lens?

11. The distance between atoms in a molecule is about

10−8 cm . Can visible light be used to “see” molecules?

12. A beam of light always spreads out. Why can a beam
not be created with parallel rays to prevent spreading? Why
can lenses, mirrors, or apertures not be used to correct the
spreading?

4.6 X-Ray Diffraction

13. Crystal lattices can be examined with X-rays but not
UV. Why?

4.7 Holography

14. How can you tell that a hologram is a true three-
dimensional image and that those in three-dimensional
movies are not?

15. If a hologram is recorded using monochromatic light
at one wavelength but its image is viewed at another
wavelength, say 10% shorter, what will you see? What

if it is viewed using light of exactly half the original
wavelength?

16. What image will one see if a hologram is recorded
using monochromatic light but its image is viewed in white
light? Explain.

PROBLEMS

4.1 Single-Slit Diffraction

17. (a) At what angle is the first minimum for 550-nm
light falling on a single slit of width 1.00µm ? (b) Will

there be a second minimum?

18. (a) Calculate the angle at which a 2.00-µm -wide

slit produces its first minimum for 410-nm violet light. (b)
Where is the first minimum for 700-nm red light?

19. (a) How wide is a single slit that produces its first
minimum for 633-nm light at an angle of 28.0° ? (b) At

what angle will the second minimum be?

20. (a) What is the width of a single slit that produces
its first minimum at 60.0° for 600-nm light? (b) Find the

wavelength of light that has its first minimum at 62.0° .

21. Find the wavelength of light that has its third
minimum at an angle of 48.6° when it falls on a single slit

of width 3.00µm .

22. (a) Sodium vapor light averaging 589 nm in
wavelength falls on a single slit of width 7.50µm . At what

angle does it produces its second minimum? (b) What is the
highest-order minimum produced?

23. Consider a single-slit diffraction pattern for
λ = 589 nm , projected on a screen that is 1.00 m from

a slit of width 0.25 mm. How far from the center of the
pattern are the centers of the first and second dark fringes?

24. (a) Find the angle between the first minima for the
two sodium vapor lines, which have wavelengths of 589.1
and 589.6 nm, when they fall upon a single slit of width
2.00µm . (b) What is the distance between these minima
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if the diffraction pattern falls on a screen 1.00 m from the
slit? (c) Discuss the ease or difficulty of measuring such a
distance.

25. (a) What is the minimum width of a single slit (in
multiples of λ ) that will produce a first minimum for

a wavelength λ ? (b) What is its minimum width if it

produces 50 minima? (c) 1000 minima?

26. (a) If a single slit produces a first minimum at 14.5°,
at what angle is the second-order minimum? (b) What is
the angle of the third-order minimum? (c) Is there a fourth-
order minimum? (d) Use your answers to illustrate how the
angular width of the central maximum is about twice the
angular width of the next maximum (which is the angle
between the first and second minima).

27. If the separation between the first and the second
minima of a single-slit diffraction pattern is 6.0 mm, what
is the distance between the screen and the slit? The light
wavelength is 500 nm and the slit width is 0.16 mm.

28. A water break at the entrance to a harbor consists of
a rock barrier with a 50.0-m-wide opening. Ocean waves
of 20.0-m wavelength approach the opening straight on. At
what angles to the incident direction are the boats inside the
harbor most protected against wave action?

29. An aircraft maintenance technician walks past a tall
hangar door that acts like a single slit for sound entering
the hangar. Outside the door, on a line perpendicular to the
opening in the door, a jet engine makes a 600-Hz sound.
At what angle with the door will the technician observe the
first minimum in sound intensity if the vertical opening is
0.800 m wide and the speed of sound is 340 m/s?

4.2 Intensity in Single-Slit Diffraction

30. A single slit of width 3.0 µm is illuminated by a

sodium yellow light of wavelength 589 nm. Find the
intensity at a 15° angle to the axis in terms of the intensity

of the central maximum.

31. A single slit of width 0.1 mm is illuminated by a
mercury light of wavelength 576 nm. Find the intensity at a
10° angle to the axis in terms of the intensity of the central

maximum.

32. The width of the central peak in a single-slit
diffraction pattern is 5.0 mm. The wavelength of the light
is 600 nm, and the screen is 2.0 m from the slit. (a) What is
the width of the slit? (b) Determine the ratio of the intensity
at 4.5 mm from the center of the pattern to the intensity at
the center.

33. Consider the single-slit diffraction pattern for
λ = 600 nm , D = 0.025 mm , and x = 2.0 m . Find the

intensity in terms of Io at θ = 0.5° , 1.0° , 1.5° , 3.0° ,

and 10.0° .

4.3 Double-Slit Diffraction

34. Two slits of width 2 µm, each in an opaque material,

are separated by a center-to-center distance of 6 µm. A

monochromatic light of wavelength 450 nm is incident
on the double-slit. One finds a combined interference and
diffraction pattern on the screen.

(a) How many peaks of the interference will be observed in
the central maximum of the diffraction pattern?

(b) How many peaks of the interference will be observed
if the slit width is doubled while keeping the distance
between the slits same?

(c) How many peaks of interference will be observed if the
slits are separated by twice the distance, that is, 12 µm,
while keeping the widths of the slits same?

(d) What will happen in (a) if instead of 450-nm light
another light of wavelength 680 nm is used?

(e) What is the value of the ratio of the intensity of the
central peak to the intensity of the next bright peak in (a)?

(f) Does this ratio depend on the wavelength of the light?

(g) Does this ratio depend on the width or separation of the
slits?

35. A double slit produces a diffraction pattern that is a
combination of single- and double-slit interference. Find
the ratio of the width of the slits to the separation between
them, if the first minimum of the single-slit pattern falls
on the fifth maximum of the double-slit pattern. (This will
greatly reduce the intensity of the fifth maximum.)

36. For a double-slit configuration where the slit
separation is four times the slit width, how many
interference fringes lie in the central peak of the diffraction
pattern?

37. Light of wavelength 500 nm falls normally on 50

slits that are 2.5 × 10−3 mm wide and spaced

5.0 × 10−3 mm apart. How many interference fringes lie

in the central peak of the diffraction pattern?

38. A monochromatic light of wavelength 589 nm
incident on a double slit with slit width 2.5 µm and

unknown separation results in a diffraction pattern
containing nine interference peaks inside the central
maximum. Find the separation of the slits.
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39. When a monochromatic light of wavelength 430 nm
incident on a double slit of slit separation 5 µm, there are

11 interference fringes in its central maximum. How many
interference fringes will be in the central maximum of a
light of wavelength 632.8 nm for the same double slit?

40. Determine the intensities of two interference peaks
other than the central peak in the central maximum of
the diffraction, if possible, when a light of wavelength
628 nm is incident on a double slit of width 500 nm and
separation 1500 nm. Use the intensity of the central spot to

be 1 mW/cm2 .

4.4 Diffraction Gratings

41. A diffraction grating has 2000 lines per centimeter. At
what angle will the first-order maximum be for 520-nm-
wavelength green light?

42. Find the angle for the third-order maximum for
580-nm-wavelength yellow light falling on a difraction
grating having 1500 lines per centimeter.

43. How many lines per centimeter are there on a
diffraction grating that gives a first-order maximum for
470-nm blue light at an angle of 25.0° ?

44. What is the distance between lines on a diffraction
grating that produces a second-order maximum for 760-nm
red light at an angle of 60.0° ?

45. Calculate the wavelength of light that has its second-
order maximum at 45.0° when falling on a diffraction

grating that has 5000 lines per centimeter.

46. An electric current through hydrogen gas produces
several distinct wavelengths of visible light. What are the
wavelengths of the hydrogen spectrum, if they form first-
order maxima at angles 24.2°, 25.7°, 29.1°, and 41.0°
when projected on a diffraction grating having 10,000 lines
per centimeter?

47. (a) What do the four angles in the preceding problem
become if a 5000-line per centimeter diffraction grating
is used? (b) Using this grating, what would the angles be
for the second-order maxima? (c) Discuss the relationship
between integral reductions in lines per centimeter and the
new angles of various order maxima.

48. What is the spacing between structures in a feather that
acts as a reflection grating, giving that they produce a first-
order maximum for 525-nm light at a 30.0° angle?

49. An opal such as that shown in Figure 4.15 acts like

a reflection grating with rows separated by about 8 µm. If

the opal is illuminated normally, (a) at what angle will red
light be seen and (b) at what angle will blue light be seen?

50. At what angle does a diffraction grating produce a
second-order maximum for light having a first-order
maximum at 20.0° ?

51. (a) Find the maximum number of lines per centimeter
a diffraction grating can have and produce a maximum for
the smallest wavelength of visible light. (b) Would such a
grating be useful for ultraviolet spectra? (c) For infrared
spectra?

52. (a) Show that a 30,000 line per centimeter grating
will not produce a maximum for visible light. (b) What is
the longest wavelength for which it does produce a first-
order maximum? (c) What is the greatest number of line
per centimeter a diffraction grating can have and produce a
complete second-order spectrum for visible light?

53. The analysis shown below also applies to diffraction
gratings with lines separated by a distance d. What is the
distance between fringes produced by a diffraction grating
having 125 lines per centimeter for 600-nm light, if the
screen is 1.50 m away? (Hint: The distance between
adjacent fringes is Δy = xλ/d, assuming the slit

separation d is comparable to λ. )

4.5 Circular Apertures and Resolution

54. The 305-m-diameter Arecibo radio telescope pictured
in Figure 4.20 detects radio waves with a 4.00-cm average
wavelength. (a) What is the angle between two just-
resolvable point sources for this telescope? (b) How close
together could these point sources be at the 2 million light-
year distance of the Andromeda Galaxy?

55. Assuming the angular resolution found for the Hubble
Telescope in Example 4.6, what is the smallest detail that
could be observed on the moon?
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56. Diffraction spreading for a flashlight is insignificant
compared with other limitations in its optics, such as
spherical aberrations in its mirror. To show this, calculate
the minimum angular spreading of a flashlight beam that is
originally 5.00 cm in diameter with an average wavelength
of 600 nm.

57. (a) What is the minimum angular spread of a 633-nm
wavelength He-Ne laser beam that is originally 1.00 mm in
diameter? (b) If this laser is aimed at a mountain cliff 15.0
km away, how big will the illuminated spot be? (c) How
big a spot would be illuminated on the moon, neglecting
atmospheric effects? (This might be done to hit a corner
reflector to measure the round-trip time and, hence,
distance.)

58. A telescope can be used to enlarge the diameter of a
laser beam and limit diffraction spreading. The laser beam
is sent through the telescope in opposite the normal
direction and can then be projected onto a satellite or the
moon. (a) If this is done with the Mount Wilson telescope,
producing a 2.54-m-diameter beam of 633-nm light, what
is the minimum angular spread of the beam? (b) Neglecting
atmospheric effects, what is the size of the spot this beam
would make on the moon, assuming a lunar distance of

3.84 × 108 m ?

59. The limit to the eye’s acuity is actually related to
diffraction by the pupil. (a) What is the angle between
two just-resolvable points of light for a 3.00-mm-diameter
pupil, assuming an average wavelength of 550 nm? (b)
Take your result to be the practical limit for the eye. What
is the greatest possible distance a car can be from you if you
can resolve its two headlights, given they are 1.30 m apart?
(c) What is the distance between two just-resolvable points
held at an arm’s length (0.800 m) from your eye? (d) How
does your answer to (c) compare to details you normally
observe in everyday circumstances?

60. What is the minimum diameter mirror on a telescope
that would allow you to see details as small as 5.00 km
on the moon some 384,000 km away? Assume an average
wavelength of 550 nm for the light received.

61. Find the radius of a star’s image on the retina of an
eye if its pupil is open to 0.65 cm and the distance from the
pupil to the retina is 2.8 cm. Assume λ = 550 nm .

62. (a) The dwarf planet Pluto and its moon, Charon, are
separated by 19,600 km. Neglecting atmospheric effects,
should the 5.08-m-diameter Palomar Mountain telescope
be able to resolve these bodies when they are

4.50 × 109 km from Earth? Assume an average

wavelength of 550 nm. (b) In actuality, it is just barely
possible to discern that Pluto and Charon are separate
bodies using a ground-based telescope. What are the

reasons for this?

63. A spy satellite orbits Earth at a height of 180 km. What
is the minimum diameter of the objective lens in a telescope
that must be used to resolve columns of troops marching
2.0 m apart? Assume λ = 550 nm.

64. What is the minimum angular separation of two stars
that are just-resolvable by the 8.1-m Gemini South
telescope, if atmospheric effects do not limit resolution?
Use 550 nm for the wavelength of the light from the stars.

65. The headlights of a car are 1.3 m apart. What is the
maximum distance at which the eye can resolve these two
headlights? Take the pupil diameter to be 0.40 cm.

66. When dots are placed on a page from a laser printer,
they must be close enough so that you do not see the
individual dots of ink. To do this, the separation of the dots
must be less than Raleigh’s criterion. Take the pupil of the
eye to be 3.0 mm and the distance from the paper to the eye
of 35 cm; find the minimum separation of two dots such
that they cannot be resolved. How many dots per inch (dpi)
does this correspond to?

67. Suppose you are looking down at a highway from a
jetliner flying at an altitude of 6.0 km. How far apart must
two cars be if you are able to distinguish them? Assume
that λ = 550 nm and that the diameter of your pupils is 4.0

mm.

68. Can an astronaut orbiting Earth in a satellite at a
distance of 180 km from the surface distinguish two
skyscrapers that are 20 m apart? Assume that the pupils of
the astronaut’s eyes have a diameter of 5.0 mm and that
most of the light is centered around 500 nm.

69. The characters of a stadium scoreboard are formed
with closely spaced lightbulbs that radiate primarily yellow
light. (Use λ = 600 nm. ) How closely must the bulbs be

spaced so that an observer 80 m away sees a display of
continuous lines rather than the individual bulbs? Assume
that the pupil of the observer’s eye has a diameter of 5.0
mm.

70. If a microscope can accept light from objects at angles
as large as α = 70° , what is the smallest structure that can

be resolved when illuminated with light of wavelength 500
nm and (a) the specimen is in air? (b) When the specimen
is immersed in oil, with index of refraction of 1.52?

71. A camera uses a lens with aperture 2.0 cm. What is
the angular resolution of a photograph taken at 700 nm
wavelength? Can it resolve the millimeter markings of a
ruler placed 35 m away?
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4.6 X-Ray Diffraction

72. X-rays of wavelength 0.103 nm reflects off a crystal
and a second-order maximum is recorded at a Bragg angle
of 25.5° . What is the spacing between the scattering

planes in this crystal?

73. A first-order Bragg reflection maximum is observed
when a monochromatic X-ray falls on a crystal at a 32.3°
angle to a reflecting plane. What is the wavelength of this
X-ray?

74. An X-ray scattering experiment is performed on a
crystal whose atoms form planes separated by 0.440 nm.
Using an X-ray source of wavelength 0.548 nm, what is
the angle (with respect to the planes in question) at which
the experimenter needs to illuminate the crystal in order to
observe a first-order maximum?

75. The structure of the NaCl crystal forms reflecting
planes 0.541 nm apart. What is the smallest angle,
measured from these planes, at which X-ray diffraction can

be observed, if X-rays of wavelength 0.085 nm are used?

76. On a certain crystal, a first-order X-ray diffraction
maximum is observed at an angle of 27.1° relative to its

surface, using an X-ray source of unknown wavelength.
Additionally, when illuminated with a different, this time of
known wavelength 0.137 nm, a second-order maximum is
detected at 37.3°. Determine (a) the spacing between the

reflecting planes, and (b) the unknown wavelength.

77. Calcite crystals contain scattering planes separated by
0.30 nm. What is the angular separation between first and
second-order diffraction maxima when X-rays of 0.130 nm
wavelength are used?

78. The first-order Bragg angle for a certain crystal is
12.1° . What is the second-order angle?

ADDITIONAL PROBLEMS

79. White light falls on two narrow slits separated by
0.40 mm. The interference pattern is observed on a screen
3.0 m away. (a) What is the separation between the first
maxima for red light (λ = 700 nm⎞

⎠ and violet light

(λ = 400 nm⎞
⎠? (b) At what point nearest the central

maximum will a maximum for yellow light (λ = 600 nm⎞
⎠

coincide with a maximum for violet light? Identify the
order for each maximum.

80. Microwaves of wavelength 10.0 mm fall normally on
a metal plate that contains a slit 25 mm wide. (a) Where are
the first minima of the diffraction pattern? (b) Would there
be minima if the wavelength were 30.0 mm?

81. Quasars, or quasi-stellar radio sources, are
astronomical objects discovered in 1960. They are distant
but strong emitters of radio waves with angular size so
small, they were originally unresolved, the same as stars.
The quasar 3C405 is actually two discrete radio sources
that subtend an angle of 82 arcsec. If this object is studied
using radio emissions at a frequency of 410 MHz, what is
the minimum diameter of a radio telescope that can resolve
the two sources?

82. Two slits each of width 1800 nm and separated by
the center-to-center distance of 1200 nm are illuminated
by plane waves from a krypton ion laser-emitting at
wavelength 461.9 nm. Find the number of interference
peaks in the central diffraction peak.

83. A microwave of an unknown wavelength is incident
on a single slit of width 6 cm. The angular width of the
central peak is found to be 25° . Find the wavelength.

84. Red light (wavelength 632.8 nm in air) from a Helium-
Neon laser is incident on a single slit of width 0.05 mm.
The entire apparatus is immersed in water of refractive
index 1.333. Determine the angular width of the central
peak.

85. A light ray of wavelength 461.9 nm emerges from
a 2-mm circular aperture of a krypton ion laser. Due to
diffraction, the beam expands as it moves out. How large is
the central bright spot at (a) 1 m, (b) 1 km, (c) 1000 km,
and (d) at the surface of the moon at a distance of 400,000
km from Earth.

86. How far apart must two objects be on the moon to
be distinguishable by eye if only the diffraction effects of
the eye’s pupil limit the resolution? Assume 550 nm for
the wavelength of light, the pupil diameter 5.0 mm, and
400,000 km for the distance to the moon.

87. How far apart must two objects be on the moon to be
resolvable by the 8.1-m-diameter Gemini North telescope
at Mauna Kea, Hawaii, if only the diffraction effects of the
telescope aperture limit the resolution? Assume 550 nm for
the wavelength of light and 400,000 km for the distance to
the moon.
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88. A spy satellite is reputed to be able to resolve objects
10. cm apart while operating 197 km above the surface of
Earth. What is the diameter of the aperture of the telescope
if the resolution is only limited by the diffraction effects?
Use 550 nm for light.

89. Monochromatic light of wavelength 530 nm passes
through a horizontal single slit of width 1.5 µm in an

opaque plate. A screen of dimensions 2.0 m × 2.0 m is

1.2 m away from the slit. (a) Which way is the diffraction
pattern spread out on the screen? (b) What are the angles
of the minima with respect to the center? (c) What are the
angles of the maxima? (d) How wide is the central bright
fringe on the screen? (e) How wide is the next bright fringe
on the screen?

90. A monochromatic light of unknown wavelength is
incident on a slit of width 20 µm . A diffraction pattern is

seen at a screen 2.5 m away where the central maximum is
spread over a distance of 10.0 cm. Find the wavelength.

91. A source of light having two wavelengths 550 nm and
600 nm of equal intensity is incident on a slit of width
1.8 µm . Find the separation of the m = 1 bright spots of

the two wavelengths on a screen 30.0 cm away.

92. A single slit of width 2100 nm is illuminated normally
by a wave of wavelength 632.8 nm. Find the phase
difference between waves from the top and one third from
the bottom of the slit to a point on a screen at a horizontal
distance of 2.0 m and vertical distance of 10.0 cm from the
center.

93. A single slit of width 3.0 µm is illuminated by a

sodium yellow light of wavelength 589 nm. Find the
intensity at a 15° angle to the axis in terms of the intensity

of the central maximum.

94. A single slit of width 0.10 mm is illuminated by a
mercury lamp of wavelength 576 nm. Find the intensity at a
10° angle to the axis in terms of the intensity of the central

maximum.

95. A diffraction grating produces a second maximum that
is 89.7 cm from the central maximum on a screen 2.0 m
away. If the grating has 600 lines per centimeter, what is
the wavelength of the light that produces the diffraction
pattern?

96. A grating with 4000 lines per centimeter is used to
diffract light that contains all wavelengths between 400 and
650 nm. How wide is the first-order spectrum on a screen
3.0 m from the grating?

97. A diffraction grating with 2000 lines per centimeter is

used to measure the wavelengths emitted by a hydrogen gas
discharge tube. (a) At what angles will you find the maxima
of the two first-order blue lines of wavelengths 410 and
434 nm? (b) The maxima of two other first-order lines are
found at θ1 = 0.097 rad and θ2 = 0.132 rad . What are

the wavelengths of these lines?

98. For white light (400 nm < λ< 700 nm) falling

normally on a diffraction grating, show that the second
and third-order spectra overlap no matter what the grating
constant d is.

99. How many complete orders of the visible spectrum
(400 nm < λ< 700 nm) can be produced with a diffraction

grating that contains 5000 lines per centimeter?

100. Two lamps producing light of wavelength 589 nm are
fixed 1.0 m apart on a wooden plank. What is the maximum
distance an observer can be and still resolve the lamps as
two separate sources of light, if the resolution is affected
solely by the diffraction of light entering the eye? Assume
light enters the eye through a pupil of diameter 4.5 mm.

101. On a bright clear day, you are at the top of a mountain
and looking at a city 12 km away. There are two tall towers
20.0 m apart in the city. Can your eye resolve the two
towers if the diameter of the pupil is 4.0 mm? If not,
what should be the minimum magnification power of the
telescope needed to resolve the two towers? In your
calculations use 550 nm for the wavelength of the light.

102. Radio telescopes are telescopes used for the detection
of radio emission from space. Because radio waves have
much longer wavelengths than visible light, the diameter
of a radio telescope must be very large to provide good
resolution. For example, the radio telescope in Penticton,
BC in Canada, has a diameter of 26 m and can be operated
at frequencies as high as 6.6 GHz. (a) What is the
wavelength corresponding to this frequency? (b) What is
the angular separation of two radio sources that can be
resolved by this telescope? (c) Compare the telescope’s
resolution with the angular size of the moon.

Chapter 4 | Diffraction 181



Figure 4.30 (credit: modification of work by Jason
Nishiyama)

103. Calculate the wavelength of light that produces its
first minimum at an angle of 36.9° when falling on a

single slit of width 1.00 µm .

104. (a) Find the angle of the third diffraction minimum
for 633-nm light falling on a slit of width 20.0 µm . (b)

What slit width would place this minimum at 85.0° ?

105. As an example of diffraction by apertures of
everyday dimensions, consider a doorway of width 1.0 m.
(a) What is the angular position of the first minimum in
the diffraction pattern of 600-nm light? (b) Repeat this
calculation for a musical note of frequency 440 Hz (A
above middle C). Take the speed of sound to be 343 m/s.

106. What are the angular positions of the first and second
minima in a diffraction pattern produced by a slit of width
0.20 mm that is illuminated by 400 nm light? What is the
angular width of the central peak?

107. How far would you place a screen from the slit of the
previous problem so that the second minimum is a distance
of 2.5 mm from the center of the diffraction pattern?

108. How narrow is a slit that produces a diffraction
pattern on a screen 1.8 m away whose central peak is 1.0 m
wide? Assume λ = 589 nm .

109. Suppose that the central peak of a single-slit
diffraction pattern is so wide that the first minima can be

assumed to occur at angular positions of ±90° . For this

case, what is the ratio of the slit width to the wavelength of
the light?

110. The central diffraction peak of the double-slit
interference pattern contains exactly nine fringes. What is
the ratio of the slit separation to the slit width?

111. Determine the intensities of three interference peaks
other than the central peak in the central maximum of the
diffraction, if possible, when a light of wavelength 500 nm
is incident normally on a double slit of width 1000 nm and
separation 1500 nm. Use the intensity of the central spot to

be 1 mW/cm2 .

112. The yellow light from a sodium vapor lamp seems
to be of pure wavelength, but it produces two first-order
maxima at 36.093° and 36.129° when projected on a

10,000 line per centimeter diffraction grating. What are the
two wavelengths to an accuracy of 0.1 nm?

113. Structures on a bird feather act like a reflection
grating having 8000 lines per centimeter. What is the angle
of the first-order maximum for 600-nm light?

114. If a diffraction grating produces a first-order
maximum for the shortest wavelength of visible light at
30.0° , at what angle will the first-order maximum be for

the largest wavelength of visible light?

115. (a) What visible wavelength has its fourth-order
maximum at an angle of 25.0° when projected on a

25,000-line per centimeter diffraction grating? (b) What is
unreasonable about this result? (c) Which assumptions are
unreasonable or inconsistent?

116. Consider a spectrometer based on a diffraction
grating. Construct a problem in which you calculate the
distance between two wavelengths of electromagnetic
radiation in your spectrometer. Among the things to be
considered are the wavelengths you wish to be able to
distinguish, the number of lines per meter on the diffraction
grating, and the distance from the grating to the screen or
detector. Discuss the practicality of the device in terms of
being able to discern between wavelengths of interest.

117. An amateur astronomer wants to build a telescope
with a diffraction limit that will allow him to see if there are
people on the moons of Jupiter. (a) What diameter mirror is
needed to be able to see 1.00-m detail on a Jovian moon at

a distance of 7.50 × 108 km from Earth? The wavelength

of light averages 600 nm. (b) What is unreasonable about
this result? (c) Which assumptions are unreasonable or
inconsistent?
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CHALLENGE PROBLEMS

118. Blue light of wavelength 450 nm falls on a slit of
width 0.25 mm. A converging lens of focal length 20 cm is
placed behind the slit and focuses the diffraction pattern on
a screen. (a) How far is the screen from the lens? (b) What
is the distance between the first and the third minima of the
diffraction pattern?

119. (a) Assume that the maxima are halfway between
the minima of a single-slit diffraction pattern. The use the
diameter and circumference of the phasor diagram, as
described in Intensity in Single-Slit Diffraction, to
determine the intensities of the third and fourth maxima in
terms of the intensity of the central maximum. (b) Do the
same calculation, using Equation 4.4.

120. (a) By differentiating Equation 4.4, show that the
higher-order maxima of the single-slit diffraction pattern
occur at values of β that satisfy tan β = β . (b) Plot

y = tan β and y = β versus β and find the intersections

of these two curves. What information do they give you
about the locations of the maxima? (c) Convince yourself

that these points do not appear exactly at β = ⎛
⎝n + 1

2
⎞
⎠π,

where n = 0, 1, 2, …, but are quite close to these

values.

121. What is the maximum number of lines per centimeter
a diffraction grating can have and produce a complete first-
order spectrum for visible light?

122. Show that a diffraction grating cannot produce a
second-order maximum for a given wavelength of light
unless the first-order maximum is at an angle less than
30.0° .

123. A He-Ne laser beam is reflected from the surface of a
CD onto a wall. The brightest spot is the reflected beam at
an angle equal to the angle of incidence. However, fringes
are also observed. If the wall is 1.50 m from the CD, and
the first fringe is 0.600 m from the central maximum, what
is the spacing of grooves on the CD?

124. Objects viewed through a microscope are placed very
close to the focal point of the objective lens. Show that the
minimum separation x of two objects resolvable through

the microscope is given by x = 1.22λ f0
D ,

where f0 is the focal length and D is the diameter of the

objective lens as shown below.
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5 | RELATIVITY

Figure 5.1 Special relativity explains how time passes slightly differently on Earth and within the rapidly moving global
positioning satellite (GPS). GPS units in vehicles could not find their correct location on Earth without taking this correction into
account. (credit: modification of work by U.S. Air Force)

Chapter Outline

5.1 Invariance of Physical Laws

5.2 Relativity of Simultaneity

5.3 Time Dilation

5.4 Length Contraction

5.5 The Lorentz Transformation

5.6 Relativistic Velocity Transformation

5.7 Doppler Effect for Light

5.8 Relativistic Momentum

5.9 Relativistic Energy

Introduction
The special theory of relativity was proposed in 1905 by Albert Einstein (1879–1955). It describes how time, space, and
physical phenomena appear in different frames of reference that are moving at constant velocity with respect to each other.
This differs from Einstein’s later work on general relativity, which deals with any frame of reference, including accelerated
frames.

The theory of relativity led to a profound change in the way we perceive space and time. The “common sense” rules that
we use to relate space and time measurements in the Newtonian worldview differ seriously from the correct rules at speeds
near the speed of light. For example, the special theory of relativity tells us that measurements of length and time intervals
are not the same in reference frames moving relative to one another. A particle might be observed to have a lifetime of

1.0 × 10−8 s in one reference frame, but a lifetime of 2.0 × 10−8 s in another; and an object might be measured to be

2.0 m long in one frame and 3.0 m long in another frame. These effects are usually significant only at speeds comparable to
the speed of light, but even at the much lower speeds of the global positioning satellite, which requires extremely accurate
time measurements to function, the different lengths of the same distance in different frames of reference are significant
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enough that they need to be taken into account.

Unlike Newtonian mechanics, which describes the motion of particles, or Maxwell's equations, which specify how the
electromagnetic field behaves, special relativity is not restricted to a particular type of phenomenon. Instead, its rules on
space and time affect all fundamental physical theories.

The modifications of Newtonian mechanics in special relativity do not invalidate classical Newtonian mechanics or require
its replacement. Instead, the equations of relativistic mechanics differ meaningfully from those of classical Newtonian
mechanics only for objects moving at relativistic speeds (i.e., speeds less than, but comparable to, the speed of light). In
the macroscopic world that you encounter in your daily life, the relativistic equations reduce to classical equations, and
the predictions of classical Newtonian mechanics agree closely enough with experimental results to disregard relativistic
corrections.

5.1 | Invariance of Physical Laws

Learning Objectives

By the end of this section, you will be able to:

• Describe the theoretical and experimental issues that Einstein’s theory of special relativity
addressed.

• State the two postulates of the special theory of relativity.

Suppose you calculate the hypotenuse of a right triangle given the base angles and adjacent sides. Whether you calculate
the hypotenuse from one of the sides and the cosine of the base angle, or from the Pythagorean theorem, the results
should agree. Predictions based on different principles of physics must also agree, whether we consider them principles of
mechanics or principles of electromagnetism.

Albert Einstein pondered a disagreement between predictions based on electromagnetism and on assumptions made in
classical mechanics. Specifically, suppose an observer measures the velocity of a light pulse in the observer’s own rest
frame; that is, in the frame of reference in which the observer is at rest. According to the assumptions long considered

obvious in classical mechanics, if an observer measures a velocity v→ in one frame of reference, and that frame of

reference is moving with velocity u→ past a second reference frame, an observer in the second frame measures the original

velocity as v′
→

= v→ + u→ . This sum of velocities is often referred to as Galilean relativity. If this principle is correct,

the pulse of light that the observer measures as traveling with speed c travels at speed c + u measured in the frame of the
second observer. If we reasonably assume that the laws of electrodynamics are the same in both frames of reference, then the
predicted speed of light (in vacuum) in both frames should be c = 1/ ε0 µ0. Each observer should measure the same speed

of the light pulse with respect to that observer’s own rest frame. To reconcile difficulties of this kind, Einstein constructed
his special theory of relativity, which introduced radical new ideas about time and space that have since been confirmed
experimentally.

Inertial Frames
All velocities are measured relative to some frame of reference. For example, a car’s motion is measured relative to its
starting position on the road it travels on; a projectile’s motion is measured relative to the surface from which it is launched;
and a planet’s orbital motion is measured relative to the star it orbits. The frames of reference in which mechanics takes the
simplest form are those that are not accelerating. Newton’s first law, the law of inertia, holds exactly in such a frame.

Inertial Reference Frame

An inertial frame of reference is a reference frame in which a body at rest remains at rest and a body in motion moves
at a constant speed in a straight line unless acted upon by an outside force.

For example, to a passenger inside a plane flying at constant speed and constant altitude, physics seems to work exactly
the same as when the passenger is standing on the surface of Earth. When the plane is taking off, however, matters are
somewhat more complicated. In this case, the passenger at rest inside the plane concludes that a net force F on an object
is not equal to the product of mass and acceleration, ma. Instead, F is equal to ma plus a fictitious force. This situation is

186 Chapter 5 | Relativity

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



not as simple as in an inertial frame. The term “special” in “special relativity” refers to dealing only with inertial frames of
reference. Einstein’s later theory of general relativity deals with all kinds of reference frames, including accelerating, and
therefore non-inertial, reference frames.

Einstein’s First Postulate
Not only are the principles of classical mechanics simplest in inertial frames, but they are the same in all inertial frames.
Einstein based the first postulate of his theory on the idea that this is true for all the laws of physics, not merely those in
mechanics.

First Postulate of Special Relativity

The laws of physics are the same in all inertial frames of reference.

This postulate denies the existence of a special or preferred inertial frame. The laws of nature do not give us a way to
endow any one inertial frame with special properties. For example, we cannot identify any inertial frame as being in a state
of “absolute rest.” We can only determine the relative motion of one frame with respect to another.

There is, however, more to this postulate than meets the eye. The laws of physics include only those that satisfy this
postulate. We will see that the definitions of energy and momentum must be altered to fit this postulate. Another outcome

of this postulate is the famous equation E = mc2, which relates energy to mass.

Einstein’s Second Postulate
The second postulate upon which Einstein based his theory of special relativity deals with the speed of light. Late in the
nineteenth century, the major tenets of classical physics were well established. Two of the most important were the laws
of electromagnetism and Newton’s laws. Investigations such as Young’s double-slit experiment in the early 1800s had
convincingly demonstrated that light is a wave. Maxwell’s equations of electromagnetism implied that electromagnetic

waves travel at c = 3.00×108 m/s in a vacuum, but they do not specify the frame of reference in which light has this

speed. Many types of waves were known, and all travelled in some medium. Scientists therefore assumed that some medium
carried the light, even in a vacuum, and that light travels at a speed c relative to that medium (often called “the aether”).

Starting in the mid-1880s, the American physicist A.A. Michelson, later aided by E.W. Morley, made a series of direct
measurements of the speed of light. They intended to deduce from their data the speed v at which Earth was moving through
the mysterious medium for light waves. The speed of light measured on Earth should have been c + v when Earth’s motion
was opposite to the medium’s flow at speed u past the Earth, and c – v when Earth was moving in the same direction as the
medium. The results of their measurements were startling.

Michelson-Morley Experiment

The Michelson-Morley experiment demonstrated that the speed of light in a vacuum is independent of the motion of
Earth about the Sun.

The eventual conclusion derived from this result is that light, unlike mechanical waves such as sound, does not need a
medium to carry it. Furthermore, the Michelson-Morley results implied that the speed of light c is independent of the motion
of the source relative to the observer. That is, everyone observes light to move at speed c regardless of how they move
relative to the light source or to one another. For several years, many scientists tried unsuccessfully to explain these results
within the framework of Newton’s laws.

In addition, there was a contradiction between the principles of electromagnetism and the assumption made in Newton’s
laws about relative velocity. Classically, the velocity of an object in one frame of reference and the velocity of that object in
a second frame of reference relative to the first should combine like simple vectors to give the velocity seen in the second
frame. If that were correct, then two observers moving at different speeds would see light traveling at different speeds.
Imagine what a light wave would look like to a person traveling along with it (in vacuum) at a speed c. If such a motion
were possible, then the wave would be stationary relative to the observer. It would have electric and magnetic fields whose
strengths varied with position but were constant in time. This is not allowed by Maxwell’s equations. So either Maxwell’s
equations are different in different inertial frames, or an object with mass cannot travel at speed c. Einstein concluded that
the latter is true: An object with mass cannot travel at speed c. Maxwell’s equations are correct, but Newton’s addition of
velocities is not correct for light.
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Not until 1905, when Einstein published his first paper on special relativity, was the currently accepted conclusion reached.
Based mostly on his analysis that the laws of electricity and magnetism would not allow another speed for light, and only
slightly aware of the Michelson-Morley experiment, Einstein detailed his second postulate of special relativity.

Second Postulate of Special Relativity

Light travels in a vacuum with the same speed c in any direction in all inertial frames.

In other words, the speed of light has the same definite speed for any observer, regardless of the relative motion of the
source. This deceptively simple and counterintuitive postulate, along with the first postulate, leave all else open for change.
Among the changes are the loss of agreement on the time between events, the variation of distance with speed, and the
realization that matter and energy can be converted into one another. We describe these concepts in the following sections.

Check Your Understanding Explain how special relativity differs from general relativity.

5.2 | Relativity of Simultaneity

Learning Objectives

By the end of this section, you will be able to:

• Show from Einstein's postulates that two events measured as simultaneous in one inertial
frame are not necessarily simultaneous in all inertial frames.

• Describe how simultaneity is a relative concept for observers in different inertial frames in
relative motion.

Do time intervals depend on who observes them? Intuitively, it seems that the time for a process, such as the elapsed time
for a foot race (Figure 5.2), should be the same for all observers. In everyday experiences, disagreements over elapsed time
have to do with the accuracy of measuring time. No one would be likely to argue that the actual time interval was different
for the moving runner and for the stationary clock displayed. Carefully considering just how time is measured, however,
shows that elapsed time does depends on the relative motion of an observer with respect to the process being measured.
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Figure 5.2 Elapsed time for a foot race is the same for all observers, but at relativistic speeds,
elapsed time depends on the motion of the observer relative to the location where the process
being timed occurs. (credit: "Jason Edward Scott Bain"/Flickr)

Consider how we measure elapsed time. If we use a stopwatch, for example, how do we know when to start and stop the
watch? One method is to use the arrival of light from the event. For example, if you’re in a moving car and observe the light
arriving from a traffic signal change from green to red, you know it’s time to step on the brake pedal. The timing is more
accurate if some sort of electronic detection is used, avoiding human reaction times and other complications.

Now suppose two observers use this method to measure the time interval between two flashes of light from flash lamps
that are a distance apart (Figure 5.3). An observer A is seated midway on a rail car with two flash lamps at opposite sides
equidistant from her. A pulse of light is emitted from each flash lamp and moves toward observer A, shown in frame (a)
of the figure. The rail car is moving rapidly in the direction indicated by the velocity vector in the diagram. An observer B
standing on the platform is facing the rail car as it passes and observes both flashes of light reach him simultaneously, as
shown in frame (c). He measures the distances from where he saw the pulses originate, finds them equal, and concludes that
the pulses were emitted simultaneously.

However, because of Observer A’s motion, the pulse from the right of the railcar, from the direction the car is moving,
reaches her before the pulse from the left, as shown in frame (b). She also measures the distances from within her frame of
reference, finds them equal, and concludes that the pulses were not emitted simultaneously.

The two observers reach conflicting conclusions about whether the two events at well-separated locations were
simultaneous. Both frames of reference are valid, and both conclusions are valid. Whether two events at separate locations
are simultaneous depends on the motion of the observer relative to the locations of the events.
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Figure 5.3 (a) Two pulses of light are emitted simultaneously relative to observer B. (c) The pulses reach
observer B’s position simultaneously. (b) Because of A’s motion, she sees the pulse from the right first and
concludes the bulbs did not flash simultaneously. Both conclusions are correct.

Here, the relative velocity between observers affects whether two events a distance apart are observed to be simultaneous.
Simultaneity is not absolute. We might have guessed (incorrectly) that if light is emitted simultaneously, then two observers
halfway between the sources would see the flashes simultaneously. But careful analysis shows this cannot be the case if the
speed of light is the same in all inertial frames.

This type of thought experiment (in German, “Gedankenexperiment”) shows that seemingly obvious conclusions must be
changed to agree with the postulates of relativity. The validity of thought experiments can only be determined by actual
observation, and careful experiments have repeatedly confirmed Einstein’s theory of relativity.
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5.3 | Time Dilation

Learning Objectives

By the end of this section, you will be able to:

• Explain how time intervals can be measured differently in different reference frames.

• Describe how to distinguish a proper time interval from a dilated time interval.

• Describe the significance of the muon experiment.

• Explain why the twin paradox is not a contradiction.

• Calculate time dilation given the speed of an object in a given frame.

The analysis of simultaneity shows that Einstein’s postulates imply an important effect: Time intervals have different values
when measured in different inertial frames. Suppose, for example, an astronaut measures the time it takes for a pulse of
light to travel a distance perpendicular to the direction of his ship’s motion (relative to an earthbound observer), bounce off
a mirror, and return (Figure 5.4). How does the elapsed time that the astronaut measures in the spacecraft compare with
the elapsed time that an earthbound observer measures by observing what is happening in the spacecraft?

Examining this question leads to a profound result. The elapsed time for a process depends on which observer is measuring
it. In this case, the time measured by the astronaut (within the spaceship where the astronaut is at rest) is smaller than
the time measured by the earthbound observer (to whom the astronaut is moving). The time elapsed for the same process
is different for the observers, because the distance the light pulse travels in the astronaut’s frame is smaller than in the
earthbound frame, as seen in Figure 5.4. Light travels at the same speed in each frame, so it takes more time to travel the
greater distance in the earthbound frame.

Chapter 5 | Relativity 191



Figure 5.4 (a) An astronaut measures the time Δτ for light to travel distance 2D in the astronaut’s frame. (b) A NASA

scientist on Earth sees the light follow the longer path 2s and take a longer time Δt. (c) These triangles are used to find the

relationship between the two distances D and s.

Time Dilation

Time dilation is the lengthening of the time interval between two events for an observer in an inertial frame that is
moving with respect to the rest frame of the events (in which the events occur at the same location).

To quantitatively compare the time measurements in the two inertial frames, we can relate the distances in Figure 5.4 to
each other, then express each distance in terms of the time of travel (respectively either Δt or Δτ ) of the pulse in the

corresponding reference frame. The resulting equation can then be solved for Δt in terms of Δτ.

The lengths D and L in Figure 5.4 are the sides of a right triangle with hypotenuse s. From the Pythagorean theorem,

s2 = D2 + L2.

The lengths 2s and 2L are, respectively, the distances that the pulse of light and the spacecraft travel in time Δt in the

earthbound observer’s frame. The length D is the distance that the light pulse travels in time Δτ in the astronaut’s frame.

This gives us three equations:

2s = cΔt; 2L = vΔt; 2D = cΔτ.
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Note that we used Einstein’s second postulate by taking the speed of light to be c in both inertial frames. We substitute these
results into the previous expression from the Pythagorean theorem:

s2 = D2 + L2

⎛
⎝c

Δt
2

⎞
⎠
2

= ⎛
⎝c

Δτ
2

⎞
⎠
2

+ ⎛
⎝v

Δt
2

⎞
⎠
2
.

Then we rearrange to obtain

(cΔt)2 − (vΔt)2 = (cΔτ)2.

Finally, solving for Δt in terms of Δτ gives us

(5.1)Δt = Δτ
1 − (v/c)2

.

This is equivalent to

Δt = γΔτ,

where γ is the relativistic factor (often called the Lorentz factor) given by

(5.2)γ = 1

1 − v2

c2

and v and c are the speeds of the moving observer and light, respectively.

Note the asymmetry between the two measurements. Only one of them is a measurement of the time interval between two
events—the emission and arrival of the light pulse—at the same position. It is a measurement of the time interval in the
rest frame of a single clock. The measurement in the earthbound frame involves comparing the time interval between two
events that occur at different locations. The time interval between events that occur at a single location has a separate name
to distinguish it from the time measured by the earthbound observer, and we use the separate symbol Δτ to refer to it

throughout this chapter.

Proper Time

The proper time interval Δτ between two events is the time interval measured by an observer for whom both events

occur at the same location.

The equation relating Δt and Δτ is truly remarkable. First, as stated earlier, elapsed time is not the same for different

observers moving relative to one another, even though both are in inertial frames. A proper time interval Δτ for an

observer who, like the astronaut, is moving with the apparatus, is smaller than the time interval for other observers. It is the
smallest possible measured time between two events. The earthbound observer sees time intervals within the moving system
as dilated (i.e., lengthened) relative to how the observer moving relative to Earth sees them within the moving system.
Alternatively, according to the earthbound observer, less time passes between events within the moving frame. Note that the
shortest elapsed time between events is in the inertial frame in which the observer sees the events (e.g., the emission and
arrival of the light signal) occur at the same point.

This time effect is real and is not caused by inaccurate clocks or improper measurements. Time-interval measurements of
the same event differ for observers in relative motion. The dilation of time is an intrinsic property of time itself. All clocks
moving relative to an observer, including biological clocks, such as a person’s heartbeat, or aging, are observed to run more
slowly compared with a clock that is stationary relative to the observer.
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Note that if the relative velocity is much less than the speed of light (v<<c), then v2 /c2 is extremely small, and the

elapsed times Δt and Δτ are nearly equal. At low velocities, physics based on modern relativity approaches classical

physics—everyday experiences involve very small relativistic effects. However, for speeds near the speed of light, v2 /c2

is close to one, so 1 − v2/c2 is very small and Δt becomes significantly larger than Δτ.

Half-Life of a Muon
There is considerable experimental evidence that the equation Δt = γΔτ is correct. One example is found in cosmic ray

particles that continuously rain down on Earth from deep space. Some collisions of these particles with nuclei in the upper
atmosphere result in short-lived particles called muons. The half-life (amount of time for half of a material to decay) of a
muon is 1.52 μs when it is at rest relative to the observer who measures the half-life. This is the proper time interval Δτ.
This short time allows very few muons to reach Earth’s surface and be detected if Newtonian assumptions about time and
space were correct. However, muons produced by cosmic ray particles have a range of velocities, with some moving near
the speed of light. It has been found that the muon’s half-life as measured by an earthbound observer ( Δt ) varies with

velocity exactly as predicted by the equation Δt = γΔτ. The faster the muon moves, the longer it lives. We on Earth see

the muon last much longer than its half-life predicts within its own rest frame. As viewed from our frame, the muon decays
more slowly than it does when at rest relative to us. A far larger fraction of muons reach the ground as a result.

Before we present the first example of solving a problem in relativity, we state a strategy you can use as a guideline for
these calculations.

Problem-Solving Strategy: Relativity

1. Make a list of what is given or can be inferred from the problem as stated (identify the knowns). Look in
particular for information on relative velocity v.

2. Identify exactly what needs to be determined in the problem (identify the unknowns).

3. Make certain you understand the conceptual aspects of the problem before making any calculations (express
the answer as an equation). Decide, for example, which observer sees time dilated or length contracted before
working with the equations or using them to carry out the calculation. If you have thought about who sees
what, who is moving with the event being observed, who sees proper time, and so on, you will find it much
easier to determine if your calculation is reasonable.

4. Determine the primary type of calculation to be done to find the unknowns identified above (do the
calculation). You will find the section summary helpful in determining whether a length contraction, relativistic
kinetic energy, or some other concept is involved.

Note that you should not round off during the calculation. As noted in the text, you must often perform your calculations to
many digits to see the desired effect. You may round off at the very end of the problem solution, but do not use a rounded
number in a subsequent calculation. Also, check the answer to see if it is reasonable: Does it make sense? This may be more
difficult for relativity, which has few everyday examples to provide experience with what is reasonable. But you can look
for velocities greater than c or relativistic effects that are in the wrong direction (such as a time contraction where a dilation
was expected).
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Example 5.1

Time Dilation in a High-Speed Vehicle

The Hypersonic Technology Vehicle 2 (HTV-2) is an experimental rocket vehicle capable of traveling at 21,000
km/h (5830 m/s). If an electronic clock in the HTV-2 measures a time interval of exactly 1-s duration, what would
observers on Earth measure the time interval to be?

Strategy

Apply the time dilation formula to relate the proper time interval of the signal in HTV-2 to the time interval
measured on the ground.

Solution

a. Identify the knowns: Δτ = 1 s; v = 5830 m/s.

b. Identify the unknown: Δt.

c. Express the answer as an equation:

Δt = γΔτ = Δτ

1 − v2

c2

.

d. Do the calculation. Use the expression for γ to determine Δt from Δτ :

Δt = 1 s

1 − ⎛
⎝

5830 m/s
3.00 × 108 m/s

⎞
⎠

2

= 1.000000000189 s
= 1 s + 1.89 × 10−10 s.

Significance

The very high speed of the HTV-2 is still only 10-5 times the speed of light. Relativistic effects for the HTV-2 are
negligible for almost all purposes, but are not zero.

Example 5.2

What Speeds are Relativistic?

How fast must a vehicle travel for 1 second of time measured on a passenger’s watch in the vehicle to differ by
1% for an observer measuring it from the ground outside?

Strategy

Use the time dilation formula to find v/c for the given ratio of times.

Solution
a. Identify the known:

Δτ
Δt = 1

1.01.

b. Identify the unknown: v/c.

c. Express the answer as an equation:
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Δt = γΔτ = 1
1 − v2/c2

Δτ

Δτ
Δt = 1 − v2/c2

⎛
⎝
Δτ
Δt

⎞
⎠

2
= 1 − v2

c2

v
c = 1 − (Δτ/Δt)2.

d. Do the calculation:

v
c = 1 − (1/1.01)2

= 0.14.

Significance

The result shows that an object must travel at very roughly 10% of the speed of light for its motion to produce
significant relativistic time dilation effects.

Example 5.3

Calculating Δt for a Relativistic Event

Suppose a cosmic ray colliding with a nucleus in Earth’s upper atmosphere produces a muon that has a velocity
v = 0.950c. The muon then travels at constant velocity and lives 2.20 μs as measured in the muon’s frame of

reference. (You can imagine this as the muon’s internal clock.) How long does the muon live as measured by an
earthbound observer (Figure 5.5)?

Figure 5.5 A muon in Earth’s atmosphere lives longer as measured by an
earthbound observer than as measured by the muon’s internal clock.

As we will discuss later, in the muon’s reference frame, it travels a shorter distance than measured in Earth’s
reference frame.

Strategy

A clock moving with the muon measures the proper time of its decay process, so the time we are given is
Δτ = 2.20µs. The earthbound observer measures Δt as given by the equation Δt = γΔτ. Because the velocity

is given, we can calculate the time in Earth’s frame of reference.
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Solution
a. Identify the knowns: v = 0.950c, Δτ = 2.20µs.

b. Identify the unknown: Δt.

c. Express the answer as an equation. Use:

Δt = γΔτ

with

γ = 1

1 − v2

c2

.

d. Do the calculation. Use the expression for γ to determine Δt from Δτ :

Δt = γΔτ

= 1

1 − v2

c2

Δτ

= 2.20µs
1 − (0.950)2

= 7.05 µs.

Remember to keep extra significant figures until the final answer.

Significance

One implication of this example is that because γ = 3.20 at 95.0% of the speed of light (v = 0.950c), the

relativistic effects are significant. The two time intervals differ by a factor of 3.20, when classically they would
be the same. Something moving at 0.950c is said to be highly relativistic.

Example 5.4

Relativistic Television

A non-flat screen, older-style television display (Figure 5.6) works by accelerating electrons over a short
distance to relativistic speed, and then using electromagnetic fields to control where the electron beam strikes a

fluorescent layer at the front of the tube. Suppose the electrons travel at 6.00 × 107 m/s through a distance of

0.200 m from the start of the beam to the screen. (a) What is the time of travel of an electron in the rest frame of

the television set? (b) What is the electron’s time of travel in its own rest frame?
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Figure 5.6 The electron beam in a cathode ray tube television display.

Strategy for (a)

(a) Calculate the time from vt = d. Even though the speed is relativistic, the calculation is entirely in one frame

of reference, and relativity is therefore not involved.

Solution
a. Identify the knowns:

v = 6.00 × 107 m/s; d = 0.200 m.
b. Identify the unknown: the time of travel Δt.

c. Express the answer as an equation:

Δt = d
v .

d. Do the calculation:

t = 0.200 m
6.00 × 107 m/s

= 3.33 × 10−9 s.

Significance

The time of travel is extremely short, as expected. Because the calculation is entirely within a single frame of
reference, relativity is not involved, even though the electron speed is close to c.

Strategy for (b)

(b) In the frame of reference of the electron, the vacuum tube is moving and the electron is stationary. The
electron-emitting cathode leaves the electron and the front of the vacuum tube strikes the electron with the
electron at the same location. Therefore we use the time dilation formula to relate the proper time in the electron
rest frame to the time in the television frame.
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5.2

Solution
a. Identify the knowns (from part a):

Δt = 3.33 × 10−9 s; v = 6.00 × 107 m/s; d = 0.200 m.
b. Identify the unknown: τ.

c. Express the answer as an equation:

Δt = γΔτ = Δτ
1 − v2/c2

Δτ = Δt 1 − v2/c2.
d. Do the calculation:

Δτ = ⎛
⎝3.33 × 10−9 s⎞

⎠ 1 − ⎛
⎝

6.00 × 107 m/s
3.00 × 108 m/s

⎞
⎠

2

= 3.26 × 10−9 s.

Significance

The time of travel is shorter in the electron frame of reference. Because the problem requires finding the time
interval measured in different reference frames for the same process, relativity is involved. If we had tried to
calculate the time in the electron rest frame by simply dividing the 0.200 m by the speed, the result would be
slightly incorrect because of the relativistic speed of the electron.

Check Your Understanding What is γ if v = 0.650c?

The Twin Paradox
An intriguing consequence of time dilation is that a space traveler moving at a high velocity relative to Earth would age
less than the astronaut’s earthbound twin. This is often known as the twin paradox. Imagine the astronaut moving at such a
velocity that γ = 30.0, as in Figure 5.7. A trip that takes 2.00 years in her frame would take 60.0 years in the earthbound

twin’s frame. Suppose the astronaut travels 1.00 year to another star system, briefly explores the area, and then travels 1.00
year back. An astronaut who was 40 years old at the start of the trip would be would be 42 when the spaceship returns.
Everything on Earth, however, would have aged 60.0 years. The earthbound twin, if still alive, would be 100 years old.

The situation would seem different to the astronaut in Figure 5.7. Because motion is relative, the spaceship would seem to
be stationary and Earth would appear to move. (This is the sensation you have when flying in a jet.) Looking out the window
of the spaceship, the astronaut would see time slow down on Earth by a factor of γ = 30.0. Seen from the spaceship, the

earthbound sibling will have aged only 2/30, or 0.07, of a year, whereas the astronaut would have aged 2.00 years.
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5.3

Figure 5.7 The twin paradox consists of the conflicting
conclusions about which twin ages more as a result of a long
space journey at relativistic speed.

The paradox here is that the two twins cannot both be correct. As with all paradoxes, conflicting conclusions come from
a false premise. In fact, the astronaut’s motion is significantly different from that of the earthbound twin. The astronaut
accelerates to a high velocity and then decelerates to view the star system. To return to Earth, she again accelerates and
decelerates. The spacecraft is not in a single inertial frame to which the time dilation formula can be directly applied. That
is, the astronaut twin changes inertial references. The earthbound twin does not experience these accelerations and remains
in the same inertial frame. Thus, the situation is not symmetric, and it is incorrect to claim that the astronaut observes the
same effects as her twin. The lack of symmetry between the twins will be still more evident when we analyze the journey
later in this chapter in terms of the path the astronaut follows through four-dimensional space-time.

In 1971, American physicists Joseph Hafele and Richard Keating verified time dilation at low relative velocities by flying
extremely accurate atomic clocks around the world on commercial aircraft. They measured elapsed time to an accuracy of
a few nanoseconds and compared it with the time measured by clocks left behind. Hafele and Keating’s results were within
experimental uncertainties of the predictions of relativity. Both special and general relativity had to be taken into account,
because gravity and accelerations were involved as well as relative motion.

Check Your Understanding a. A particle travels at 1.90 × 108 m/s and lives 2.10 × 10−8 s when at

rest relative to an observer. How long does the particle live as viewed in the laboratory?

b. Spacecraft A and B pass in opposite directions at a relative speed of 4.00 × 107 m/s. An internal clock in

spacecraft A causes it to emit a radio signal for 1.00 s. The computer in spacecraft B corrects for the beginning
and end of the signal having traveled different distances, to calculate the time interval during which ship A was
emitting the signal. What is the time interval that the computer in spacecraft B calculates?
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5.4 | Length Contraction

Learning Objectives

By the end of this section, you will be able to:

• Explain how simultaneity and length contraction are related.

• Describe the relation between length contraction and time dilation and use it to derive the
length-contraction equation.

The length of the train car in Figure 5.8 is the same for all the passengers. All of them would agree on the simultaneous
location of the two ends of the car and obtain the same result for the distance between them. But simultaneous events in one
inertial frame need not be simultaneous in another. If the train could travel at relativistic speeds, an observer on the ground
would see the simultaneous locations of the two endpoints of the car at a different distance apart than observers inside the
car. Measured distances need not be the same for different observers when relativistic speeds are involved.

Figure 5.8 People might describe distances differently, but at
relativistic speeds, the distances really are different. (credit:
“russavia”/Flickr)

Proper Length
Two observers passing each other always see the same value of their relative speed. Even though time dilation implies that
the train passenger and the observer standing alongside the tracks measure different times for the train to pass, they still
agree that relative speed, which is distance divided by elapsed time, is the same. If an observer on the ground and one on the
train measure a different time for the length of the train to pass the ground observer, agreeing on their relative speed means
they must also see different distances traveled.

The muon discussed in Example 5.3 illustrates this concept (Figure 5.9). To an observer on Earth, the muon travels at
0.950c for 7.05 μs from the time it is produced until it decays. Therefore, it travels a distance relative to Earth of:

L0 = vΔt = (0.950)(3.00 × 108 m/s)(7.05 × 10−6 s⎞
⎠ = 2.01 km.

In the muon frame, the lifetime of the muon is 2.20 μs. In this frame of reference, the Earth, air, and ground have only
enough time to travel:

L = vΔτ = (0.950)(3.00 × 108 m/s)(2.20 × 10−6 s) km = 0.627 km.

The distance between the same two events (production and decay of a muon) depends on who measures it and how they are
moving relative to it.
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Proper Length

Proper length L0 is the distance between two points measured by an observer who is at rest relative to both of the

points.

The earthbound observer measures the proper length L0 because the points at which the muon is produced and decays are

stationary relative to Earth. To the muon, Earth, air, and clouds are moving, so the distance L it sees is not the proper length.

Figure 5.9 (a) The earthbound observer sees the muon travel 2.01 km. (b) The same path has length 0.627 km seen from the
muon’s frame of reference. The Earth, air, and clouds are moving relative to the muon in its frame, and have smaller lengths
along the direction of travel.

Length Contraction
To relate distances measured by different observers, note that the velocity relative to the earthbound observer in our muon
example is given by

v = L0
Δt .

The time relative to the earthbound observer is Δt, because the object being timed is moving relative to this observer. The

velocity relative to the moving observer is given by

v = L
Δτ .

The moving observer travels with the muon and therefore observes the proper time Δτ. The two velocities are identical;

thus,

L0
Δt = L

Δτ .

We know that Δt = γΔτ. Substituting this equation into the relationship above gives

(5.3)L = L0
γ .

Substituting for γ gives an equation relating the distances measured by different observers.

Length Contraction

Length contraction is the decrease in the measured length of an object from its proper length when measured in a
reference frame that is moving with respect to the object:

(5.4)
L = L0 1 − v2

c2

where L0 is the length of the object in its rest frame, and L is the length in the frame moving with velocity v.

If we measure the length of anything moving relative to our frame, we find its length L to be smaller than the proper length
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L0 that would be measured if the object were stationary. For example, in the muon’s rest frame, the distance Earth moves

between where the muon was produced and where it decayed is shorter than the distance traveled as seen from the Earth’s
frame. Those points are fixed relative to Earth but are moving relative to the muon. Clouds and other objects are also
contracted along the direction of motion as seen from muon’s rest frame.

Thus, two observers measure different distances along their direction of relative motion, depending on which one is
measuring distances between objects at rest.

But what about distances measured in a direction perpendicular to the relative motion? Imagine two observers moving along
their x-axes and passing each other while holding meter sticks vertically in the y-direction. Figure 5.10 shows two meter
sticks M and M′ that are at rest in the reference frames of two boys S and S′, respectively. A small paintbrush is attached

to the top (the 100-cm mark) of stick M′. Suppose that S′ is moving to the right at a very high speed v relative to S, and the

sticks are oriented so that they are perpendicular, or transverse, to their relative velocity vector. The sticks are held so that
as they pass each other, their lower ends (the 0-cm marks) coincide. Assume that when S looks at his stick M afterwards,
he finds a line painted on it, just below the top of the stick. Because the brush is attached to the top of the other boy’s stick
M′, S can only conclude that stick M′ is less than 1.0 m long.

Figure 5.10 Meter sticks M and M′ are stationary in the reference

frames of observers S and S′, respectively. As the sticks pass, a

small brush attached to the 100-cm mark of M′ paints a line on M.

Now when the boys approach each other, S′, like S, sees a meter stick moving toward him with speed v. Because their

situations are symmetric, each boy must make the same measurement of the stick in the other frame. So, if S measures stick
M′ to be less than 1.0 m long, S′ must measure stick M to be also less than 1.0 m long, and S′ must see his paintbrush

pass over the top of stick M and not paint a line on it. In other words, after the same event, one boy sees a painted line on a
stick, while the other does not see such a line on that same stick!

Einstein’s first postulate requires that the laws of physics (as, for example, applied to painting) predict that S and S′, who

are both in inertial frames, make the same observations; that is, S and S′ must either both see a line painted on stick M, or

both not see that line. We are therefore forced to conclude our original assumption that S saw a line painted below the top
of his stick was wrong! Instead, S finds the line painted right at the 100-cm mark on M. Then both boys will agree that a
line is painted on M, and they will also agree that both sticks are exactly 1 m long. We conclude then that measurements of
a transverse length must be the same in different inertial frames.

Example 5.5

Calculating Length Contraction

Suppose an astronaut, such as the twin in the twin paradox discussion, travels so fast that γ = 30.00. (a) The

astronaut travels from Earth to the nearest star system, Alpha Centauri, 4.300 light years (ly) away as measured
by an earthbound observer. How far apart are Earth and Alpha Centauri as measured by the astronaut? (b) In terms
of c, what is the astronaut’s velocity relative to Earth? You may neglect the motion of Earth relative to the sun
(Figure 5.11).
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Figure 5.11 (a) The earthbound observer measures the proper distance between Earth and Alpha Centauri. (b) The
astronaut observes a length contraction because Earth and Alpha Centauri move relative to her ship. She can travel this
shorter distance in a smaller time (her proper time) without exceeding the speed of light.

Strategy

First, note that a light year (ly) is a convenient unit of distance on an astronomical scale—it is the distance light
travels in a year. For part (a), the 4.300-ly distance between Alpha Centauri and Earth is the proper distance
L0, because it is measured by an earthbound observer to whom both stars are (approximately) stationary. To

the astronaut, Earth and Alpha Centauri are moving past at the same velocity, so the distance between them is the
contracted length L. In part (b), we are given γ, so we can find v by rearranging the definition of γ to express v

in terms of c.

Solution for (a)

For part (a):

a. Identify the knowns: L0 = 4.300 ly; γ = 30.00.

b. Identify the unknown: L.

c. Express the answer as an equation: L = L0
γ .

d. Do the calculation:

L = L0
γ

= 4.300 ly
30.00

= 0.1433 ly.
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Solution for (b)

For part (b):

a. Identify the known: γ = 30.00.

b. Identify the unknown: v in terms of c.

c. Express the answer as an equation. Start with:

γ = 1

1 − v2

c2

.

Then solve for the unknown v/c by first squaring both sides and then rearranging:

γ2 = 1
1 − v2

c2

v2

c2 = 1 − 1
γ2

v
c = 1 − 1

γ2.

d. Do the calculation:

v
c = 1 − 1

γ2

= 1 − 1
(30.00)2

= 0.99944

or

v = 0.9994 c.

Significance

Remember not to round off calculations until the final answer, or you could get erroneous results. This is
especially true for special relativity calculations, where the differences might only be revealed after several
decimal places. The relativistic effect is large here ⎛

⎝γ = 30.00⎞
⎠, and we see that v is approaching (not equaling)

the speed of light. Because the distance as measured by the astronaut is so much smaller, the astronaut can travel
it in much less time in her frame.

People traveling at extremely high velocities could cover very large distances (thousands or even millions of light years) and
age only a few years on the way. However, like emigrants in past centuries who left their home, these people would leave the
Earth they know forever. Even if they returned, thousands to millions of years would have passed on Earth, obliterating most
of what now exists. There is also a more serious practical obstacle to traveling at such velocities; immensely greater energies
would be needed to achieve such high velocities than classical physics predicts can be attained. This will be discussed later
in the chapter.

Why don’t we notice length contraction in everyday life? The distance to the grocery store does not seem to depend on

whether we are moving or not. Examining the equation L = L0 1 − v2

c2, we see that at low velocities (v<<c), the

lengths are nearly equal, which is the classical expectation. But length contraction is real, if not commonly experienced. For
example, a charged particle such as an electron traveling at relativistic velocity has electric field lines that are compressed
along the direction of motion as seen by a stationary observer (Figure 5.12). As the electron passes a detector, such as a
coil of wire, its field interacts much more briefly, an effect observed at particle accelerators such as the 3-km-long Stanford
Linear Accelerator (SLAC). In fact, to an electron traveling down the beam pipe at SLAC, the accelerator and Earth are all
moving by and are length contracted. The relativistic effect is so great that the accelerator is only 0.5 m long to the electron.
It is actually easier to get the electron beam down the pipe, because the beam does not have to be as precisely aimed to get
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down a short pipe as it would to get down a pipe 3 km long. This, again, is an experimental verification of the special theory
of relativity.

Figure 5.12 The electric field lines of a high-velocity charged
particle are compressed along the direction of motion by length
contraction, producing an observably different signal as the
particle goes through a coil.

Check Your Understanding A particle is traveling through Earth’s atmosphere at a speed of 0.750c. To
an earthbound observer, the distance it travels is 2.50 km. How far does the particle travel as viewed from the
particle’s reference frame?

5.5 | The Lorentz Transformation

Learning Objectives
• Describe the Galilean transformation of classical mechanics, relating the position, time,

velocities, and accelerations measured in different inertial frames

• Derive the corresponding Lorentz transformation equations, which, in contrast to the Galilean
transformation, are consistent with special relativity

• Explain the Lorentz transformation and many of the features of relativity in terms of four-
dimensional space-time

We have used the postulates of relativity to examine, in particular examples, how observers in different frames of reference
measure different values for lengths and the time intervals. We can gain further insight into how the postulates of relativity
change the Newtonian view of time and space by examining the transformation equations that give the space and time
coordinates of events in one inertial reference frame in terms of those in another. We first examine how position and
time coordinates transform between inertial frames according to the view in Newtonian physics. Then we examine how
this has to be changed to agree with the postulates of relativity. Finally, we examine the resulting Lorentz transformation
equations and some of their consequences in terms of four-dimensional space-time diagrams, to support the view that the
consequences of special relativity result from the properties of time and space itself, rather than electromagnetism.

The Galilean Transformation Equations
An event is specified by its location and time (x, y, z, t) relative to one particular inertial frame of reference S. As an
example, (x, y, z, t) could denote the position of a particle at time t, and we could be looking at these positions for many
different times to follow the motion of the particle. Suppose a second frame of reference S′ moves with velocity v with

respect to the first. For simplicity, assume this relative velocity is along the x-axis. The relation between the time and
coordinates in the two frames of reference is then

x = x′ + vt, y = y′, z = z′.

Implicit in these equations is the assumption that time measurements made by observers in both S and S′ are the same.

That is,

t = t′.
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These four equations are known collectively as the Galilean transformation.

We can obtain the Galilean velocity and acceleration transformation equations by differentiating these equations with
respect to time. We use u for the velocity of a particle throughout this chapter to distinguish it from v, the relative velocity
of two reference frames. Note that, for the Galilean transformation, the increment of time used in differentiating to calculate
the particle velocity is the same in both frames, dt = dt′. Differentiation yields

ux = ux′ + v, uy = uy′ , uz = uz′

and

ax = ax′ , ay = ay′ , az = az′ .

We denote the velocity of the particle by u rather than v to avoid confusion with the velocity v of one frame of reference
with respect to the other. Velocities in each frame differ by the velocity that one frame has as seen from the other frame.
Observers in both frames of reference measure the same value of the acceleration. Because the mass is unchanged by the
transformation, and distances between points are uncharged, observers in both frames see the same forces F = ma acting

between objects and the same form of Newton’s second and third laws in all inertial frames. The laws of mechanics are
consistent with the first postulate of relativity.

The Lorentz Transformation Equations
The Galilean transformation nevertheless violates Einstein’s postulates, because the velocity equations state that a pulse of
light moving with speed c along the x-axis would travel at speed c − v in the other inertial frame. Specifically, the spherical

pulse has radius r = ct at time t in the unprimed frame, and also has radius r′ = ct′ at time t′ in the primed frame.

Expressing these relations in Cartesian coordinates gives

x2 + y2 + z2 − c2 t2 = 0

x′2 + y′2 + z′2 − c2 t′2 = 0.

The left-hand sides of the two expressions can be set equal because both are zero. Because y = y′ and z = z′, we obtain

(5.5)x2 − c2 t2 = x′2 − c2 t′2.

This cannot be satisfied for nonzero relative velocity v of the two frames if we assume the Galilean transformation results
in t = t′ with x = x′ + vt′.

To find the correct set of transformation equations, assume the two coordinate systems S and S′ in Figure 5.13. First

suppose that an event occurs at (x′, 0, 0, t′) in S′ and at (x, 0, 0, t) in S, as depicted in the figure.

Figure 5.13 An event occurs at (x, 0, 0, t) in S and at
(x′, 0, 0, t′) in S′. The Lorentz transformation equations relate

events in the two systems.

Suppose that at the instant that the origins of the coordinate systems in S and S′ coincide, a flash bulb emits a spherically

spreading pulse of light starting from the origin. At time t, an observer in S finds the origin of S′ to be at x = vt. With

the help of a friend in S, the S′ observer also measures the distance from the event to the origin of S′ and finds it to be
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x′ 1 − v2 /c2. This follows because we have already shown the postulates of relativity to imply length contraction. Thus

the position of the event in S is

x = vt + x′ 1 − v2 /c2

and

x′ = x − vt
1 − v2 /c2

.

The postulates of relativity imply that the equation relating distance and time of the spherical wave front:

x2 + y2 + z2 − c2 t2 = 0

must apply both in terms of primed and unprimed coordinates, which was shown above to lead to Equation 5.5:

x2 − c2 t2 = x′2 − c2 t′2.

We combine this with the equation relating x and x′ to obtain the relation between t and t′ :

t′ = t − vx/c2

1 − v2 /c2
.

The equations relating the time and position of the events as seen in S are then

t = t′ + vx′/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

y = y′
z = z′.

This set of equations, relating the position and time in the two inertial frames, is known as the Lorentz transformation.
They are named in honor of H.A. Lorentz (1853–1928), who first proposed them. Interestingly, he justified the
transformation on what was eventually discovered to be a fallacious hypothesis. The correct theoretical basis is Einstein’s
special theory of relativity.

The reverse transformation expresses the variables in S in terms of those in S′. Simply interchanging the primed and

unprimed variables and substituting gives:

t′ = t − vx/c2

1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y′ = y
z′ = z.

Example 5.6

Using the Lorentz Transformation for Time

Spacecraft S′ is on its way to Alpha Centauri when Spacecraft S passes it at relative speed c/2. The captain of

S′ sends a radio signal that lasts 1.2 s according to that ship’s clock. Use the Lorentz transformation to find the

time interval of the signal measured by the communications officer of spaceship S.

Solution
a. Identify the known: Δt′ = t2′ − t1′ = 1.2 s; Δx′ = x′2 − x′1 = 0.

b. Identify the unknown: Δt = t2 − t1.
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c. Express the answer as an equation. The time signal starts as ⎛
⎝x′, t1′⎞

⎠ and stops at ⎛
⎝x′, t2′⎞

⎠. Note

that the x′ coordinate of both events is the same because the clock is at rest in S′. Write the first

Lorentz transformation equation in terms of Δt = t2 − t1, Δx = x2 − x1, and similarly for the primed

coordinates, as:

Δt = Δt′ + vΔx′/c2

1 − v2

c2

.

Because the position of the clock in S′ is fixed, Δx′ = 0, and the time interval Δt becomes:

Δt = Δt′

1 − v2

c2

.

d. Do the calculation.
With Δt′ = 1.2 s this gives:

Δt = 1.2 s

1 − ⎛
⎝
1
2

⎞
⎠
2

= 1.6 s.

Note that the Lorentz transformation reproduces the time dilation equation.

Example 5.7

Using the Lorentz Transformation for Length

A surveyor measures a street to be L = 100 m long in Earth frame S. Use the Lorentz transformation to obtain an

expression for its length measured from a spaceship S′, moving by at speed 0.20c, assuming the x coordinates

of the two frames coincide at time t = 0.

Solution
a. Identify the known: L = 100 m; v = 0.20c; Δτ = 0.

b. Identify the unknown: L′.

c. Express the answer as an equation. The surveyor in frame S has measured the two ends of the stick
simultaneously, and found them at rest at x2 and x1 a distance L = x2 − x1 = 100 m apart. The

spaceship crew measures the simultaneous location of the ends of the sticks in their frame. To relate
the lengths recorded by observers in S′ and S, respectively, write the second of the four Lorentz

transformation equations as:

x′2 − x′1 = x2 − vt

1 − v2 /c2
− x1 − vt

1 − v2 /c2

= x2 − x1

1 − v2 /c2
= L

1 − v2 /c2
.

d. Do the calculation. Because x′2 − x′1 = 100 m, the length of the moving stick is equal to:

L′ = (100 m) 1 − v2/c2

= (100 m) 1 − (0.20)2

= 98.0 m.

Note that the Lorentz transformation gave the length contraction equation for the street.
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Example 5.8

Lorentz Transformation and Simultaneity

The observer shown in Figure 5.14 standing by the railroad tracks sees the two bulbs flash simultaneously at
both ends of the 26 m long passenger car when the middle of the car passes him at a speed of c/2. Find the
separation in time between when the bulbs flashed as seen by the train passenger seated in the middle of the car.

Figure 5.14 An person watching a train go by observes two bulbs flash simultaneously at opposite ends
of a passenger car. There is another passenger inside of the car observing the same flashes but from a
different perspective.

Solution
a. Identify the known: Δt = 0.

Note that the spatial separation of the two events is between the two lamps, not the distance of the lamp
to the passenger.

b. Identify the unknown: Δt′ = t2′ − t1′ .

Again, note that the time interval is between the flashes of the lamps, not between arrival times for
reaching the passenger.

c. Express the answer as an equation:

Δt = Δt′ + vΔx′/c2

1 − v2 /c2
.

d. Do the calculation:

0 =
Δt′ + c

2(26 m)/c2

1 − v2 /c2

Δt′ = −26 m/s
2c = − 26 m/s

2⎛
⎝3.00×108 m/s⎞

⎠

Δt′ = −4.33×10−8 s.

Significance

The sign indicates that the event with the larger x2′, namely, the flash from the right, is seen to occur first in the

S′ frame, as found earlier for this example, so that t2 < t1.

Space-time
Relativistic phenomena can be analyzed in terms of events in a four-dimensional space-time. When phenomena such as the
twin paradox, time dilation, length contraction, and the dependence of simultaneity on relative motion are viewed in this
way, they are seen to be characteristic of the nature of space and time, rather than specific aspects of electromagnetism.

In three-dimensional space, positions are specified by three coordinates on a set of Cartesian axes, and the displacement of
one point from another is given by:
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⎛
⎝Δx, Δy, Δz⎞

⎠ = (x2 − x1, y2 − y1, z2 − z1).

The distance Δr between the points is

Δr2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2.

The distance Δr is invariant under a rotation of axes. If a new set of Cartesian axes rotated around the origin relative to the

original axes are used, each point in space will have new coordinates in terms of the new axes, but the distance Δr′ given

by

Δr′2 = (Δx′)2 + ⎛
⎝Δy′⎞

⎠
2 + (Δz′)2.

That has the same value that Δr2 had. Something similar happens with the Lorentz transformation in space-time.

Define the separation between two events, each given by a set of x, y, z¸ and ct along a four-dimensional Cartesian system
of axes in space-time, as

⎛
⎝Δx, Δy, Δz, cΔt⎞

⎠ = ⎛
⎝x2 − x1, y2 − y1, z2 − z1, c(t2 − t1)⎞

⎠.

Also define the space-time interval Δs between the two events as

Δs2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2 − (cΔt)2.

If the two events have the same value of ct in the frame of reference considered, Δs would correspond to the distance Δr
between points in space.

The path of a particle through space-time consists of the events (x, y, z¸ ct) specifying a location at each time of its motion.
The path through space-time is called the world line of the particle. The world line of a particle that remains at rest at
the same location is a straight line that is parallel to the time axis. If the particle moves at constant velocity parallel to the
x-axis, its world line would be a sloped line x = vt, corresponding to a simple displacement vs. time graph. If the particle

accelerates, its world line is curved. The increment of s along the world line of the particle is given in differential form as

ds2 = (dx)2 + ⎛
⎝dy⎞

⎠
2 + (dz)2 − c2 (dt)2.

Just as the distance Δr is invariant under rotation of the space axes, the space-time interval:

Δs2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2 − (cΔt)2.

is invariant under the Lorentz transformation. This follows from the postulates of relativity, and can be seen also by
substitution of the previous Lorentz transformation equations into the expression for the space-time interval:

Δs2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2 − (cΔt)2

=
⎛

⎝
⎜Δx′ + vΔt′

1 − v2 /c2

⎞

⎠
⎟

2

+ ⎛
⎝Δy′⎞

⎠
2 + (Δz′)2 −

⎛

⎝
⎜
⎜c

Δt′ + vΔx′
c2

1 − v2 /c2

⎞

⎠
⎟
⎟

2

= (Δx′)2 + ⎛
⎝Δy′⎞

⎠
2 + (Δz′)2 − (cΔt′)2

= Δs′2.

In addition, the Lorentz transformation changes the coordinates of an event in time and space similarly to how a three-
dimensional rotation changes old coordinates into new coordinates:

Lorentz transformation Axis – rotation around z-axis
(x, t coordinates): (x, y coordinates):
x′ = (γ)x + ⎛

⎝−βγ⎞
⎠ct x′ = (cos θ)x + (sin θ)y

ct′ = (−βγ)x + (γ)ct y′ = (−sin θ)x + (cos θ)y

where γ = 1
1 − β2

; β = v/c.

Lorentz transformations can be regarded as generalizations of spatial rotations to space-time. However, there are some
differences between a three-dimensional axis rotation and a Lorentz transformation involving the time axis, because of
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differences in how the metric, or rule for measuring the displacements Δr and Δs, differ. Although Δr is invariant under

spatial rotations and Δs is invariant also under Lorentz transformation, the Lorentz transformation involving the time axis

does not preserve some features, such as the axes remaining perpendicular or the length scale along each axis remaining the
same.

Note that the quantity Δs2 can have either sign, depending on the coordinates of the space-time events involved. For pairs

of events that give it a negative sign, it is useful to define Δτ2 as −Δs2. The significance of Δτ as just defined follows

by noting that in a frame of reference where the two events occur at the same location, we have Δx = Δy = Δz = 0 and

therefore (from the equation for Δs2 = − Δτ2⎞
⎠:

Δτ2 = − Δs2 = (Δt)2.

Therefore Δτ is the time interval Δt in the frame of reference where both events occur at the same location. It is the same

interval of proper time discussed earlier. It also follows from the relation between Δs and that Δτ that because Δs is

Lorentz invariant, the proper time is also Lorentz invariant. All observers in all inertial frames agree on the proper time
intervals between the same two events.

Check Your Understanding Show that if a time increment dt elapses for an observer who sees the
particle moving with velocity v, it corresponds to a proper time particle increment for the particle of dτ = γdt.

The light cone

We can deal with the difficulty of visualizing and sketching graphs in four dimensions by imagining the three spatial
coordinates to be represented collectively by a horizontal axis, and the vertical axis to be the ct-axis. Starting with a
particular event in space-time as the origin of the space-time graph shown, the world line of a particle that remains at rest at
the initial location of the event at the origin then is the time axis. Any plane through the time axis parallel to the spatial axes
contains all the events that are simultaneous with each other and with the intersection of the plane and the time axis, as seen
in the rest frame of the event at the origin.

It is useful to picture a light cone on the graph, formed by the world lines of all light beams passing through the origin event
A, as shown in Figure 5.15. The light cone, according to the postulates of relativity, has sides at an angle of 45° if the time

axis is measured in units of ct, and, according to the postulates of relativity, the light cone remains the same in all inertial
frames. Because the event A is arbitrary, every point in the space-time diagram has a light cone associated with it.

Figure 5.15 The light cone consists of all the world lines
followed by light from the event A at the vertex of the cone.

Consider now the world line of a particle through space-time. Any world line outside of the cone, such as one passing from
A through C, would involve speeds greater than c, and would therefore not be possible. Events such as C that lie outside the
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light cone are said to have a space-like separation from event A. They are characterized by:

ΔsAC
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 > 0.

An event like B that lies in the upper cone is reachable without exceeding the speed of light in vacuum, and is characterized
by

ΔsAB
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 < 0.

The event is said to have a time-like separation from A. Time-like events that fall into the upper half of the light cone occur
at greater values of t than the time of the event A at the vertex and are in the future relative to A. Events that have time-like
separation from A and fall in the lower half of the light cone are in the past, and can affect the event at the origin. The region
outside the light cone is labeled as neither past nor future, but rather as “elsewhere.”

For any event that has a space-like separation from the event at the origin, it is possible to choose a time axis that will
make the two events occur at the same time, so that the two events are simultaneous in some frame of reference. Therefore,
which of the events with space-like separation comes before the other in time also depends on the frame of reference of
the observer. Since space-like separations can be traversed only by exceeding the speed of light; this violation of which
event can cause the other provides another argument for why particles cannot travel faster than the speed of light, as well as
potential material for science fiction about time travel. Similarly for any event with time-like separation from the event at
the origin, a frame of reference can be found that will make the events occur at the same location. Because the relations

ΔsAC
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 > 0

and

ΔsAB
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 < 0.

are Lorentz invariant, whether two events are time-like and can be made to occur at the same place or space-like and can be
made to occur at the same time is the same for all observers. All observers in different inertial frames of reference agree on
whether two events have a time-like or space-like separation.

The twin paradox seen in space-time

The twin paradox discussed earlier involves an astronaut twin traveling at near light speed to a distant star system, and
returning to Earth. Because of time dilation, the space twin is predicted to age much less than the earthbound twin. This
seems paradoxical because we might have expected at first glance for the relative motion to be symmetrical and naively
thought it possible to also argue that the earthbound twin should age less.

To analyze this in terms of a space-time diagram, assume that the origin of the axes used is fixed in Earth. The world line of
the earthbound twin is then along the time axis.

The world line of the astronaut twin, who travels to the distant star and then returns, must deviate from a straight line path
in order to allow a return trip. As seen in Figure 5.16, the circumstances of the two twins are not at all symmetrical. Their
paths in space-time are of manifestly different length. Specifically, the world line of the earthbound twin has length 2cΔt,
which then gives the proper time that elapses for the earthbound twin as 2Δt. The distance to the distant star system is

Δx = vΔt. The proper time that elapses for the space twin is 2Δτ where

c2 Δτ2 = − Δs2 = (cΔt)2 − (Δx)2.

This is considerably shorter than the proper time for the earthbound twin by the ratio

cΔτ
cΔt = (cΔt)2 − (Δx)2

(cΔt)2 = (cΔt)2 − (vΔt)2

(cΔt)2

= 1 − v2

c2 = 1
γ .

consistent with the time dilation formula. The twin paradox is therefore seen to be no paradox at all. The situation of the
two twins is not symmetrical in the space-time diagram. The only surprise is perhaps that the seemingly longer path on the
space-time diagram corresponds to the smaller proper time interval, because of how Δτ and Δs depend on Δx and Δt.
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Figure 5.16 The space twin and the earthbound twin, in the
twin paradox example, follow world lines of different length
through space-time.

Lorentz transformations in space-time

We have already noted how the Lorentz transformation leaves

Δs2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2 − (cΔt)2

unchanged and corresponds to a rotation of axes in the four-dimensional space-time. If the S and S′ frames are in relative

motion along their shared x-direction the space and time axes of S′ are rotated by an angle α as seen from S, in the way

shown in shown in Figure 5.17, where:

tanα = v
c = β.

This differs from a rotation in the usual three-dimension sense, insofar as the two space-time axes rotate toward each other
symmetrically in a scissors-like way, as shown. The rotation of the time and space axes are both through the same angle.
The mesh of dashed lines parallel to the two axes show how coordinates of an event would be read along the primed axes.
This would be done by following a line parallel to the x′ and one parallel to the t′ -axis, as shown by the dashed lines. The

length scale of both axes are changed by:

ct′ = ct 1 + β2

1 − β2; x′ = x 1 + β2

1 − β2.

The line labeled “v = c” at 45° to the x-axis corresponds to the edge of the light cone, and is unaffected by the Lorentz

transformation, in accordance with the second postulate of relativity. The “v = c” line, and the light cone it represents, are

the same for both the S and S′ frame of reference.
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Figure 5.17 The Lorentz transformation results in new space
and time axes rotated in a scissors-like way with respect to the
original axes.

Simultaneity

Simultaneity of events at separated locations depends on the frame of reference used to describe them, as given by the
scissors-like “rotation” to new time and space coordinates as described. If two events have the same t values in the unprimed
frame of reference, they need not have the same values measured along the ct′-axis, and would then not be simultaneous

in the primed frame.

As a specific example, consider the near-light-speed train in which flash lamps at the two ends of the car have flashed
simultaneously in the frame of reference of an observer on the ground. The space-time graph is shown Figure 5.18. The
flashes of the two lamps are represented by the dots labeled “Left flash lamp” and “Right flash lamp” that lie on the light
cone in the past. The world line of both pulses travel along the edge of the light cone to arrive at the observer on the ground
simultaneously. Their arrival is the event at the origin. They therefore had to be emitted simultaneously in the unprimed
frame, as represented by the point labeled as t(both). But time is measured along the ct′-axis in the frame of reference of

the observer seated in the middle of the train car. So in her frame of reference, the emission event of the bulbs labeled as t′
(left) and t′ (right) were not simultaneous.
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Figure 5.18 The train example revisited. The flashes occur at the same time
t(both) along the time axis of the ground observer, but at different times, along
the t′ time axis of the passenger.

In terms of the space-time diagram, the two observers are merely using different time axes for the same events because
they are in different inertial frames, and the conclusions of both observers are equally valid. As the analysis in terms of the
space-time diagrams further suggests, the property of how simultaneity of events depends on the frame of reference results
from the properties of space and time itself, rather than from anything specifically about electromagnetism.

5.6 | Relativistic Velocity Transformation

Learning Objectives

By the end of this section, you will be able to:

• Derive the equations consistent with special relativity for transforming velocities in one inertial
frame of reference into another.

• Apply the velocity transformation equations to objects moving at relativistic speeds.

• Examine how the combined velocities predicted by the relativistic transformation equations
compare with those expected classically.

Remaining in place in a kayak in a fast-moving river takes effort. The river current pulls the kayak along. Trying to paddle
against the flow can move the kayak upstream relative to the water, but that only accounts for part of its velocity relative to
the shore. The kayak’s motion is an example of how velocities in Newtonian mechanics combine by vector addition. The
kayak’s velocity is the vector sum of its velocity relative to the water and the water’s velocity relative to the riverbank.
However, the relativistic addition of velocities is quite different.

Velocity Transformations
Imagine a car traveling at night along a straight road, as in Figure 5.19. The driver sees the light leaving the headlights
at speed c within the car’s frame of reference. If the Galilean transformation applied to light, then the light from the car’s
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headlights would approach the pedestrian at a speed u = v + c, contrary to Einstein’s postulates.

Figure 5.19 According to experimental results and the second postulate of relativity, light from the car’s headlights moves
away from the car at speed c and toward the observer on the sidewalk at speed c.

Both the distance traveled and the time of travel are different in the two frames of reference, and they must differ in a way
that makes the speed of light the same in all inertial frames. The correct rules for transforming velocities from one frame to
another can be obtained from the Lorentz transformation equations.

Relativistic Transformation of Velocity
Suppose an object P is moving at constant velocity u = ⎛

⎝ux′ , uy′ , uz′ ⎞
⎠ as measured in the S′ frame. The S′ frame is moving

along its x′-axis at velocity v. In an increment of time dt′ , the particle is displaced by dx′ along the x′-axis. Applying

the Lorentz transformation equations gives the corresponding increments of time and displacement in the unprimed axes:

dt = γ⎛
⎝dt′ + vdx′ /c2⎞

⎠

dx = γ(dx′ + vdt′)
dy = dy′
dz = dz′.

The velocity components of the particle seen in the unprimed coordinate system are then

dx
dt = γ(dx′ + vdt′)

γ⎛
⎝dt′ + vdx′/c2⎞

⎠
=

dx′
dt′ + v

1 + v
c2

dx′
dt′

dy
dt = dy′

γ⎛
⎝dt′ + vdx′/c2⎞

⎠
=

dy′
dt′

γ⎛
⎝1 + v

c2
dx′
dt′

⎞
⎠

dz
dt = dz′

γ⎛
⎝dt′ + vdx′/c2⎞

⎠
=

dz′
dt′

γ⎛
⎝1 + v

c2
dx′
dt′

⎞
⎠
.

We thus obtain the equations for the velocity components of the object as seen in frame S:

ux =
⎛

⎝
⎜ ux′ + v
1 + vux′ /c2

⎞

⎠
⎟, uy =

⎛

⎝
⎜

uy′ /γ
1 + vux′ /c2

⎞

⎠
⎟, uz =

⎛

⎝
⎜ uz′ /γ
1 + vux′ /c2

⎞

⎠
⎟.
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Compare this with how the Galilean transformation of classical mechanics says the velocities transform, by adding simply
as vectors:

ux = ux′ + u, uy = uy′ , uz = uz′ .

When the relative velocity of the frames is much smaller than the speed of light, that is, when v ≪ c, the special relativity

velocity addition law reduces to the Galilean velocity law. When the speed v of S′ relative to S is comparable to the speed

of light, the relativistic velocity addition law gives a much smaller result than the classical (Galilean) velocity addition
does.

Example 5.9

Velocity Transformation Equations for Light

Suppose a spaceship heading directly toward Earth at half the speed of light sends a signal to us on a laser-
produced beam of light (Figure 5.20). Given that the light leaves the ship at speed c as observed from the ship,
calculate the speed at which it approaches Earth.

Figure 5.20 How fast does a light signal approach Earth if sent from a
spaceship traveling at 0.500c?

Strategy

Because the light and the spaceship are moving at relativistic speeds, we cannot use simple velocity addition.
Instead, we determine the speed at which the light approaches Earth using relativistic velocity addition.

Solution
a. Identify the knowns: v = 0.500c; u′ = c.

b. Identify the unknown: u.

c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:

u = v + u′
1 + vu′

c2

= 0.500c + c
1 + (0.500c)(c)

c2

= (0.500 + 1)c
⎛
⎝

c2 + 0.500c2

c2
⎞
⎠

= c.

Significance

Relativistic velocity addition gives the correct result. Light leaves the ship at speed c and approaches Earth at
speed c. The speed of light is independent of the relative motion of source and observer, whether the observer is
on the ship or earthbound.

Velocities cannot add to greater than the speed of light, provided that v is less than c and u′ does not exceed c. The

following example illustrates that relativistic velocity addition is not as symmetric as classical velocity addition.
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Example 5.10

Relativistic Package Delivery

Suppose the spaceship in the previous example approaches Earth at half the speed of light and shoots a canister
at a speed of 0.750c (Figure 5.21). (a) At what velocity does an earthbound observer see the canister if it is shot
directly toward Earth? (b) If it is shot directly away from Earth?

Figure 5.21 A canister is fired at 0.7500c toward Earth or away from Earth.

Strategy

Because the canister and the spaceship are moving at relativistic speeds, we must determine the speed of the
canister by an earthbound observer using relativistic velocity addition instead of simple velocity addition.

Solution for (a)
a. Identify the knowns: v = 0.500c; u′ = 0.750c.

b. Identify the unknown: u.

c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:

u = v + u′
1 + vu′

c2

= 0.500c + 0.750c
1 + (0.500c)(0.750c)

c2

= 0.909c.

Solution for (b)
a. Identify the knowns: v = 0.500c; u′ = −0.750c.

b. Identify the unknown: u.

c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:

u = v + u′
1 + vu′

c2

= 0.500c + (−0.750c)
1 + (0.500c)(−0.750c)

c2

= −0.400c.
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Significance

The minus sign indicates a velocity away from Earth (in the opposite direction from v), which means the canister
is heading toward Earth in part (a) and away in part (b), as expected. But relativistic velocities do not add as
simply as they do classically. In part (a), the canister does approach Earth faster, but at less than the vector
sum of the velocities, which would give 1.250c. In part (b), the canister moves away from Earth at a velocity
of −0.400c, which is faster than the −0.250c expected classically. The differences in velocities are not even

symmetric: In part (a), an observer on Earth sees the canister and the ship moving apart at a speed of 0.409c, and
at a speed of 0.900c in part (b).

Check Your Understanding Distances along a direction perpendicular to the relative motion of the two
frames are the same in both frames. Why then are velocities perpendicular to the x-direction different in the two
frames?

5.7 | Doppler Effect for Light

Learning Objectives

By the end of this section, you will be able to:

• Explain the origin of the shift in frequency and wavelength of the observed wavelength when
observer and source moved toward or away from each other

• Derive an expression for the relativistic Doppler shift

• Apply the Doppler shift equations to real-world examples

As discussed in the chapter on sound, if a source of sound and a listener are moving farther apart, the listener encounters
fewer cycles of a wave in each second, and therefore lower frequency, than if their separation remains constant. For the
same reason, the listener detects a higher frequency if the source and listener are getting closer. The resulting Doppler shift
in detected frequency occurs for any form of wave. For sound waves, however, the equations for the Doppler shift differ
markedly depending on whether it is the source, the observer, or the air, which is moving. Light requires no medium, and
the Doppler shift for light traveling in vacuum depends only on the relative speed of the observer and source.

The Relativistic Doppler Effect
Suppose an observer in S sees light from a source in S′ moving away at velocity v (Figure 5.22). The wavelength of the

light could be measured within S′ —for example, by using a mirror to set up standing waves and measuring the distance

between nodes. These distances are proper lengths with S′ as their rest frame, and change by a factor 1 − v2/c2 when

measured in the observer’s frame S, where the ruler measuring the wavelength in S′ is seen as moving.
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Figure 5.22 (a) When a light wave is emitted by a source fixed in
the moving inertial frame S′, the observer in S sees the wavelength

measured in S′. to be shorter by a factor 1 − v2 /c2. (b) Because

the observer sees the source moving away within S, the wave pattern
reaching the observer in S is also stretched by the factor
(cΔt + vΔt)/(cΔt) = 1 + v/c.

If the source were stationary in S, the observer would see a length cΔt of the wave pattern in time Δt. But because of the

motion of S′ relative to S, considered solely within S, the observer sees the wave pattern, and therefore the wavelength,

stretched out by a factor of

cΔtperiod + vΔtperiod
cΔtperiod

= 1 + v
c

as illustrated in (b) of Figure 5.22. The overall increase from both effects gives

λobs = λsrc
⎛
⎝1 + v

c
⎞
⎠

1
1 − v2

c2

= λsrc
⎛
⎝1 + v

c
⎞
⎠

1
⎛
⎝1 + v

c
⎞
⎠
⎛
⎝1 − v

c
⎞
⎠

= λsrc
⎛
⎝1 + v

c
⎞
⎠

⎛
⎝1 − v

c
⎞
⎠

where λsrc is the wavelength of the light seen by the source in S′ and λobs is the wavelength that the observer detects

within S.

Red Shifts and Blue Shifts
The observed wavelength λobs of electromagnetic radiation is longer (called a “red shift”) than that emitted by the source

when the source moves away from the observer. Similarly, the wavelength is shorter (called a “blue shift”) when the source
moves toward the observer. The amount of change is determined by

λobs = λs
1 + v

c
1 − v

c

where λs is the wavelength in the frame of reference of the source, and v is the relative velocity of the two frames S and
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S′. The velocity v is positive for motion away from an observer and negative for motion toward an observer. In terms of

source frequency and observed frequency, this equation can be written as

fobs = fs
1 − v

c
1 + v

c
.

Notice that the signs are different from those of the wavelength equation.

Example 5.11

Calculating a Doppler Shift

Suppose a galaxy is moving away from Earth at a speed 0.825c. It emits radio waves with a wavelength of
0.525 m. What wavelength would we detect on Earth?

Strategy

Because the galaxy is moving at a relativistic speed, we must determine the Doppler shift of the radio waves using
the relativistic Doppler shift instead of the classical Doppler shift.

Solution
a. Identify the knowns: u = 0.825c; λs = 0.525 m.

b. Identify the unknown: λobs.

c. Express the answer as an equation:

λobs = λs
1 + v

c
1 − v

c
.

d. Do the calculation:

λobs = λs
1 + v

c
1 − v

c

= (0.525 m) 1 + 0.825c
c

1 − 0.825c
c

= 1.70 m.

Significance

Because the galaxy is moving away from Earth, we expect the wavelengths of radiation it emits to be redshifted.
The wavelength we calculated is 1.70 m, which is redshifted from the original wavelength of 0.525 m. You will
see in Particle Physics and Cosmology that detecting redshifted radiation led to present-day understanding
of the origin and evolution of the universe.

Check Your Understanding Suppose a space probe moves away from Earth at a speed 0.350c. It sends a
radio-wave message back to Earth at a frequency of 1.50 GHz. At what frequency is the message received on
Earth?

The relativistic Doppler effect has applications ranging from Doppler radar storm monitoring to providing information on
the motion and distance of stars. We describe some of these applications in the exercises.
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5.8 | Relativistic Momentum

Learning Objectives

By the end of this section, you will be able to:

• Define relativistic momentum in terms of mass and velocity

• Show how relativistic momentum relates to classical momentum

• Show how conservation of relativistic momentum limits objects with mass to speeds less than
c

Momentum is a central concept in physics. The broadest form of Newton’s second law is stated in terms of momentum.
Momentum is conserved whenever the net external force on a system is zero. This makes momentum conservation a
fundamental tool for analyzing collisions (Figure 5.23). Much of what we know about subatomic structure comes from
the analysis of collisions of accelerator-produced relativistic particles, and momentum conservation plays a crucial role in
this analysis.

Figure 5.23 Momentum is an important concept for these
football players from the University of California at Berkeley
and the University of California at Davis. A player with the
same velocity but greater mass collides with greater impact
because his momentum is greater. For objects moving at
relativistic speeds, the effect is even greater.

The first postulate of relativity states that the laws of physics are the same in all inertial frames. Does the law of conservation
of momentum survive this requirement at high velocities? It can be shown that the momentum calculated as merely

p→ = md x→
dt , even if it is conserved in one frame of reference, may not be conserved in another after applying the

Lorentz transformation to the velocities. The correct equation for momentum can be shown, instead, to be the classical
expression in terms of the increment dτ of proper time of the particle, observed in the particle’s rest frame:
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p→ = md x→
dτ = md x→

dt
dt
dτ

= md x→
dt

1
1 − u2 /c2

= m u→

1 − u2 /c2
= γm u→ .

Relativistic Momentum

Relativistic momentum p→ is classical momentum multiplied by the relativistic factor γ:

(5.6)p→ = γm u→

where m is the rest mass of the object, u→ is its velocity relative to an observer, and γ is the relativistic factor:

(5.7)γ = 1

1 − u2

c2

.

Note that we use u for velocity here to distinguish it from relative velocity v between observers. The factor γ that occurs

here has the same form as the previous relativistic factor γ except that it is now in terms of the velocity of the particle u

instead of the relative velocity v of two frames of reference.

With p expressed in this way, total momentum ptot is conserved whenever the net external force is zero, just as in

classical physics. Again we see that the relativistic quantity becomes virtually the same as the classical quantity at low
velocities, where u/c is small and γ is very nearly equal to 1. Relativistic momentum has the same intuitive role as classical

momentum. It is greatest for large masses moving at high velocities, but because of the factor γ, relativistic momentum

approaches infinity as u approaches c (Figure 5.24). This is another indication that an object with mass cannot reach the
speed of light. If it did, its momentum would become infinite—an unreasonable value.

Figure 5.24 Relativistic momentum approaches infinity as the
velocity of an object approaches the speed of light.

The relativistically correct definition of momentum as p = γmu is sometimes taken to imply that mass varies with velocity:

mvar = γm, particularly in older textbooks. However, note that m is the mass of the object as measured by a person at rest

relative to the object. Thus, m is defined to be the rest mass, which could be measured at rest, perhaps using gravity. When
a mass is moving relative to an observer, the only way that its mass can be determined is through collisions or other means
involving momentum. Because the mass of a moving object cannot be determined independently of momentum, the only
meaningful mass is rest mass. Therefore, when we use the term “mass,” assume it to be identical to “rest mass.”

Relativistic momentum is defined in such a way that conservation of momentum holds in all inertial frames. Whenever the
net external force on a system is zero, relativistic momentum is conserved, just as is the case for classical momentum. This
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has been verified in numerous experiments.

Check Your Understanding What is the momentum of an electron traveling at a speed 0.985c? The rest

mass of the electron is 9.11 × 10−31 kg.

5.9 | Relativistic Energy

Learning Objectives

By the end of this section, you will be able to:

• Explain how the work-energy theorem leads to an expression for the relativistic kinetic energy
of an object

• Show how the relativistic energy relates to the classical kinetic energy, and sets a limit on the
speed of any object with mass

• Describe how the total energy of a particle is related to its mass and velocity

• Explain how relativity relates to energy-mass equivalence, and some of the practical
implications of energy-mass equivalence

The tokamak in Figure 5.25 is a form of experimental fusion reactor, which can change mass to energy. Nuclear reactors
are proof of the relationship between energy and matter.

Conservation of energy is one of the most important laws in physics. Not only does energy have many important forms, but
each form can be converted to any other. We know that classically, the total amount of energy in a system remains constant.
Relativistically, energy is still conserved, but energy-mass equivalence must now be taken into account, for example, in the
reactions that occur within a nuclear reactor. Relativistic energy is intentionally defined so that it is conserved in all inertial
frames, just as is the case for relativistic momentum. As a consequence, several fundamental quantities are related in ways
not known in classical physics. All of these relationships have been verified by experimental results and have fundamental
consequences. The altered definition of energy contains some of the most fundamental and spectacular new insights into
nature in recent history.

Figure 5.25 The National Spherical Torus Experiment
(NSTX) is a fusion reactor in which hydrogen isotopes undergo
fusion to produce helium. In this process, a relatively small mass
of fuel is converted into a large amount of energy. (credit:
Princeton Plasma Physics Laboratory)

Kinetic Energy and the Ultimate Speed Limit
The first postulate of relativity states that the laws of physics are the same in all inertial frames. Einstein showed that the
law of conservation of energy of a particle is valid relativistically, but for energy expressed in terms of velocity and mass in
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a way consistent with relativity.

Consider first the relativistic expression for the kinetic energy. We again use u for velocity to distinguish it from
relative velocity v between observers. Classically, kinetic energy is related to mass and speed by the familiar expression

K = 1
2 mu2. The corresponding relativistic expression for kinetic energy can be obtained from the work-energy theorem.

This theorem states that the net work on a system goes into kinetic energy. Specifically, if a force, expressed as

F
→

= d p→

dt = m
d⎛

⎝γ u→ ⎞
⎠

dt , accelerates a particle from rest to its final velocity, the work done on the particle should be equal

to its final kinetic energy. In mathematical form, for one-dimensional motion:

K = ⌠
⌡
Fdx = ⌠

⌡
m d

dt (γu)dx

= m⌠
⌡

d(γu)
dt

dx
dt dt = m⌠

⌡
u d

dt
⎛

⎝
⎜ u

1 − (u/c)2

⎞

⎠
⎟dt.

Integrate this by parts to obtain

K = mu2

1 − (u/c)2 |0u

− m⌠
⌡

u
1 − (u/c)2

du
dt dt

= mu2

1 − (u/c)2
− m⌠

⌡
u

1 − (u/c)2
du

= mu2

1 − (u/c)2
− mc2 ⎛

⎝ 1 − (u/c)2⎞
⎠|0

u

= mu2

1 − (u/c)2
+ mc2

1 − (u/c)2
− mc2

= mc2
⎡

⎣
⎢(u2 /c2) + 1 − (u2 /c2)

1 − (u/c)2

⎤

⎦
⎥ − mc2

K = mc2

1 − (u/c)2
− mc2.

Relativistic Kinetic Energy

Relativistic kinetic energy of any particle of mass m is

(5.8)Krel = (γ − 1)mc2.

When an object is motionless, its speed is u = 0 and

γ = 1

1 − u2

c2

= 1

so that Krel = 0 at rest, as expected. But the expression for relativistic kinetic energy (such as total energy and rest energy)

does not look much like the classical 1
2 mu2. To show that the expression for Krel reduces to the classical expression for

kinetic energy at low speeds, we use the binomial expansion to obtain an approximation for (1 + ε)n valid for small ε :

(1 + ε)n = 1 + nε + n(n − 1)
2! ε2 + n(n − 1)(n − 2)

3! ε3 + ⋯ ≈ 1 + nε

by neglecting the very small terms in ε2 and higher powers of ε. Choosing ε = −u2/c2 and n = − 1
2 leads to the

conclusion that γ at nonrelativistic speeds, where ε = u/c is small, satisfies
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γ = ⎛
⎝1 − u2/c2⎞

⎠
−1/2

≈ 1 + 1
2
⎛
⎝

u2

c2
⎞
⎠.

A binomial expansion is a way of expressing an algebraic quantity as a sum of an infinite series of terms. In some cases, as
in the limit of small speed here, most terms are very small. Thus, the expression derived here for γ is not exact, but it is a

very accurate approximation. Therefore, at low speed:

γ − 1 = 1
2
⎛
⎝

u2

c2
⎞
⎠.

Entering this into the expression for relativistic kinetic energy gives

Krel = ⎡
⎣

1
2
⎛
⎝

u2

c2
⎞
⎠
⎤
⎦mc2 = 1

2 mu2 = Kclass.

That is, relativistic kinetic energy becomes the same as classical kinetic energy when u<<c.

It is even more interesting to investigate what happens to kinetic energy when the speed of an object approaches the speed
of light. We know that γ becomes infinite as u approaches c, so that Krel also becomes infinite as the velocity approaches

the speed of light (Figure 5.26). The increase in Krel is far larger than in Kclass as v approaches c. An infinite amount of

work (and, hence, an infinite amount of energy input) is required to accelerate a mass to the speed of light.

The Speed of Light

No object with mass can attain the speed of light.

The speed of light is the ultimate speed limit for any particle having mass. All of this is consistent with the fact that velocities
less than c always add to less than c. Both the relativistic form for kinetic energy and the ultimate speed limit being c have
been confirmed in detail in numerous experiments. No matter how much energy is put into accelerating a mass, its velocity
can only approach—not reach—the speed of light.

Figure 5.26 This graph of Krel versus velocity shows how

kinetic energy increases without bound as velocity approaches
the speed of light. Also shown is Kclass, the classical kinetic

energy.

Example 5.12

Comparing Kinetic Energy

An electron has a velocity v = 0.990c. (a) Calculate the kinetic energy in MeV of the electron. (b) Compare this

with the classical value for kinetic energy at this velocity. (The mass of an electron is 9.11 × 10−31 kg. )
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Strategy

The expression for relativistic kinetic energy is always correct, but for (a), it must be used because the velocity
is highly relativistic (close to c). First, we calculate the relativistic factor γ, and then use it to determine

the relativistic kinetic energy. For (b), we calculate the classical kinetic energy (which would be close to the
relativistic value if v were less than a few percent of c) and see that it is not the same.

Solution for (a)

For part (a):

a. Identify the knowns: v = 0.990c; m = 9.11 × 10−31 kg.

b. Identify the unknown: Krel.

c. Express the answer as an equation: Krel = (γ − 1)mc2 with γ = 1
1 − u2 /c2

.

d. Do the calculation. First calculate γ. Keep extra digits because this is an intermediate calculation:

γ = 1

1 − u2

c2

= 1

1 − (0.990c)2

c2

= 7.0888.

Now use this value to calculate the kinetic energy:

Krel = (γ − 1)mc2

= (7.0888 − 1)(9.11 × 10−31 kg)(3.00 × 108 m/s2)

= 4.9922 × 10−13 J.
e. Convert units:

Krel = (4.9922 × 10−13 J)⎛⎝
1 MeV

1.60 × 10−13 J
⎞
⎠

= 3.12 MeV.

Solution for (b)

For part (b):

a. List the knowns: v = 0.990c; m = 9.11 × 10−31 kg.

b. List the unknown: Krel.

c. Express the answer as an equation: Kclass = 1
2 mu2.

d. Do the calculation:

Kclass = 1
2 mu2

= 1
2(9.11 × 10−31 kg)(0.990)2 (3.00 × 108 m/s)2

= 4.0179 × 10−14 J.
e. Convert units:
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Kclass = 4.0179 × 10−14 J⎛⎝
1 MeV

1.60 × 10−13 J
⎞
⎠

= 0.251 Mev.

Significance

As might be expected, because the velocity is 99.0% of the speed of light, the classical kinetic energy differs
significantly from the correct relativistic value. Note also that the classical value is much smaller than the
relativistic value. In fact, Krel /Kclass = 12.4 in this case. This illustrates how difficult it is to get a mass moving

close to the speed of light. Much more energy is needed than predicted classically. Ever-increasing amounts of
energy are needed to get the velocity of a mass a little closer to that of light. An energy of 3 MeV is a very small
amount for an electron, and it can be achieved with present-day particle accelerators. SLAC, for example, can

accelerate electrons to over 50 × 109 eV = 50,000 MeV.

Is there any point in getting v a little closer to c than 99.0% or 99.9%? The answer is yes. We learn a great deal by doing this.
The energy that goes into a high-velocity mass can be converted into any other form, including into entirely new particles.
In the Large Hadron Collider in Figure 5.27, charged particles are accelerated before entering the ring-like structure.
There, two beams of particles are accelerated to their final speed of about 99.7% the speed of light in opposite directions,
and made to collide, producing totally new species of particles. Most of what we know about the substructure of matter
and the collection of exotic short-lived particles in nature has been learned this way. Patterns in the characteristics of these
previously unknown particles hint at a basic substructure for all matter. These particles and some of their characteristics will
be discussed in a later chapter on particle physics.

Figure 5.27 The European Organization for Nuclear Research
(called CERN after its French name) operates the largest particle
accelerator in the world, straddling the border between France
and Switzerland. (credit: modification of work by NASA)

Total Relativistic Energy
The expression for kinetic energy can be rearranged to:

E = mu2

1 − u2 /c2
= K + mc2.

Einstein argued in a separate article, also later published in 1905, that if the energy of a particle changes by ΔE, its mass

changes by Δm = ΔE/c2. Abundant experimental evidence since then confirms that mc2 corresponds to the energy that

the particle of mass m has when at rest. For example, when a neutral pion of mass m at rest decays into two photons, the
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photons have zero mass but are observed to have total energy corresponding to mc2 for the pion. Similarly, when a particle

of mass m decays into two or more particles with smaller total mass, the observed kinetic energy imparted to the products

of the decay corresponds to the decrease in mass. Thus, E is the total relativistic energy of the particle, and mc2 is its rest

energy.

Total Energy

Total energy E of a particle is

(5.9)E = γmc2

where m is mass, c is the speed of light, γ = 1

1 − u2

c2

, and u is the velocity of the mass relative to an observer.

Rest Energy

Rest energy of an object is

(5.10)E0 = mc2.

This is the correct form of Einstein’s most famous equation, which for the first time showed that energy is related to the
mass of an object at rest. For example, if energy is stored in the object, its rest mass increases. This also implies that mass
can be destroyed to release energy. The implications of these first two equations regarding relativistic energy are so broad
that they were not completely recognized for some years after Einstein published them in 1905, nor was the experimental
proof that they are correct widely recognized at first. Einstein, it should be noted, did understand and describe the meanings
and implications of his theory.

Example 5.13

Calculating Rest Energy

Calculate the rest energy of a 1.00-g mass.

Strategy

One gram is a small mass—less than one-half the mass of a penny. We can multiply this mass, in SI units, by the
speed of light squared to find the equivalent rest energy.

Solution

a. Identify the knowns: m = 1.00 × 10−3 kg; c = 3.00 × 108 m/s.

b. Identify the unknown: E0.

c. Express the answer as an equation: E0 = mc2.

d. Do the calculation:

E0 = mc2 = (1.00 × 10−3 kg⎞
⎠(3.00 × 108 m/s)2

= 9.00 × 1013 kg · m2 /s2.

e. Convert units. Noting that 1 kg · m2 /s2 = 1 J, we see the rest energy is:

E0 = 9.00 × 1013 J.

Significance

This is an enormous amount of energy for a 1.00-g mass. Rest energy is large because the speed of light c is a
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large number and c2 is a very large number, so that mc2 is huge for any macroscopic mass. The 9.00 × 1013 J
rest mass energy for 1.00 g is about twice the energy released by the Hiroshima atomic bomb and about 10,000
times the kinetic energy of a large aircraft carrier.

Today, the practical applications of the conversion of mass into another form of energy, such as in nuclear weapons and
nuclear power plants, are well known. But examples also existed when Einstein first proposed the correct form of relativistic
energy, and he did describe some of them. Nuclear radiation had been discovered in the previous decade, and it had been
a mystery as to where its energy originated. The explanation was that, in some nuclear processes, a small amount of mass
is destroyed and energy is released and carried by nuclear radiation. But the amount of mass destroyed is so small that it is
difficult to detect that any is missing. Although Einstein proposed this as the source of energy in the radioactive salts then
being studied, it was many years before there was broad recognition that mass could be and, in fact, commonly is, converted
to energy (Figure 5.28).

Figure 5.28 (a) The sun and (b) the Susquehanna Steam Electric Station both convert mass into energy—the sun via
nuclear fusion, and the electric station via nuclear fission. (credit a: modification of work by NASA/SDO (AIA) )

Because of the relationship of rest energy to mass, we now consider mass to be a form of energy rather than something
separate. There had not been even a hint of this prior to Einstein’s work. Energy-mass equivalence is now known to be the
source of the sun’s energy, the energy of nuclear decay, and even one of the sources of energy keeping Earth’s interior hot.

Stored Energy and Potential Energy
What happens to energy stored in an object at rest, such as the energy put into a battery by charging it, or the energy stored
in a toy gun’s compressed spring? The energy input becomes part of the total energy of the object and thus increases its rest
mass. All stored and potential energy becomes mass in a system. In seeming contradiction, the principle of conservation
of mass (meaning total mass is constant) was one of the great laws verified by nineteenth-century science. Why was it not
noticed to be incorrect? The following example helps answer this question.

Example 5.14

Calculating Rest Mass

A car battery is rated to be able to move 600 ampere-hours (A · h) of charge at 12.0 V. (a) Calculate the increase

in rest mass of such a battery when it is taken from being fully depleted to being fully charged, assuming none of
the chemical reactants enter or leave the battery. (b) What percent increase is this, given that the battery’s mass is
20.0 kg?
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Strategy

In part (a), we first must find the energy stored as chemical energy Ebatt in the battery, which equals the electrical

energy the battery can provide. Because Ebatt = qV , we have to calculate the charge q in 600 A · h, which

is the product of the current I and the time t. We then multiply the result by 12.0 V. We can then calculate the

battery’s increase in mass using Ebatt = (Δm)c2. Part (b) is a simple ratio converted into a percentage.

Solution for (a)

a. Identify the knowns: I · t = 600 A · h; V = 12.0 V; c = 3.00 × 108 m/s.

b. Identify the unknown: Δm.

c. Express the answer as an equation:

Ebatt = (Δm)c2

Δm = Ebatt
c2

= qV
c2

= (It)V
c2 .

d. Do the calculation:

Δm = (600 A · h⎞
⎠
⎛
⎝12.0 V⎞

⎠

(3.00 × 108)2 .

Write amperes A as coulombs per second (C/s), and convert hours into seconds:

Δm =
(600 C/s · h)⎛

⎝
3600 s

1 h
⎞
⎠(12.0 J/C)

(3.00 × 108 m/s)2

= 2.88 × 10−10 kg.

where we have used the conversion 1 kg · m2 /s2 = 1 J.

Solution for (b)

For part (b):

a. Identify the knowns: Δm = 2.88 × 10−10 kg; m = 20.0 kg.

b. Identify the unknown: % change.

c. Express the answer as an equation: % increase = Δm
m × 100%.

d. Do the calculation:

% increase = Δm
m × 100%

= 2.88 × 10−10 kg
20.0 kg × 100%

= 1.44 × 10−9 %.

Significance

Both the actual increase in mass and the percent increase are very small, because energy is divided by c2, a

very large number. We would have to be able to measure the mass of the battery to a precision of a billionth of a

percent, or 1 part in 1011, to notice this increase. It is no wonder that the mass variation is not readily observed.
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5.9

In fact, this change in mass is so small that we may question how anyone could verify that it is real. The answer is
found in nuclear processes in which the percentage of mass destroyed is large enough to be measured accurately.
The mass of the fuel of a nuclear reactor, for example, is measurably smaller when its energy has been used. In
that case, stored energy has been released (converted mostly into thermal energy to power electric generators) and
the rest mass has decreased. A decrease in mass also occurs from using the energy stored in a battery, except that
the stored energy is much greater in nuclear processes, making the change in mass measurable in practice as well
as in theory.

Relativistic Energy and Momentum
We know classically that kinetic energy and momentum are related to each other, because:

Kclass = p2

2m = (mu)2

2m = 1
2 mu2.

Relativistically, we can obtain a relationship between energy and momentum by algebraically manipulating their defining
equations. This yields:

(5.11)E2 = (pc)2 + (mc2)2,

where E is the relativistic total energy, E = mc2 / 1 − u2 /c2, and p is the relativistic momentum. This relationship

between relativistic energy and relativistic momentum is more complicated than the classical version, but we can gain some
interesting new insights by examining it. First, total energy is related to momentum and rest mass. At rest, momentum is

zero, and the equation gives the total energy to be the rest energy mc2 (so this equation is consistent with the discussion

of rest energy above). However, as the mass is accelerated, its momentum p increases, thus increasing the total energy. At

sufficiently high velocities, the rest energy term (mc2)2 becomes negligible compared with the momentum term (pc)2;
thus, E = pc at extremely relativistic velocities.

If we consider momentum p to be distinct from mass, we can determine the implications of the equation

E2 = (pc)2 + (mc2)2, for a particle that has no mass. If we take m to be zero in this equation, then E = pc, orp = E/c.
Massless particles have this momentum. There are several massless particles found in nature, including photons (which
are packets of electromagnetic radiation). Another implication is that a massless particle must travel at speed c and only at

speed c. It is beyond the scope of this text to examine the relationship in the equation E2 = (pc)2 + (mc2)2 in detail, but

you can see that the relationship has important implications in special relativity.

Check Your Understanding What is the kinetic energy of an electron if its speed is 0.992c?
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classical (Galilean) velocity addition

event

first postulate of special relativity

Galilean relativity

Galilean transformation

inertial frame of reference

length contraction

Lorentz transformation

Michelson-Morley experiment

proper length

proper time

relativistic kinetic energy

relativistic momentum

relativistic velocity addition

rest energy

rest frame

rest mass

second postulate of special relativity

special theory of relativity

speed of light

time dilation

total energy

CHAPTER 5 REVIEW

KEY TERMS
method of adding velocities when v<<c; velocities add like regular numbers

in one-dimensional motion: u = v + u′, where v is the velocity between two observers, u is the velocity of an object

relative to one observer, and u′ is the velocity relative to the other observer

occurrence in space and time specified by its position and time coordinates (x, y, z, t) measured relative to a frame
of reference

laws of physics are the same in all inertial frames of reference

if an observer measures a velocity in one frame of reference, and that frame of reference is moving
with a velocity past a second reference frame, an observer in the second frame measures the original velocity as the
vector sum of these velocities

relation between position and time coordinates of the same events as seen in different
reference frames, according to classical mechanics

reference frame in which a body at rest remains at rest and a body in motion moves at a
constant speed in a straight line unless acted on by an outside force

decrease in observed length of an object from its proper length L0 to length L when its length is

observed in a reference frame where it is traveling at speed v

relation between position and time coordinates of the same events as seen in different
reference frames, according to the special theory of relativity

investigation performed in 1887 that showed that the speed of light in a vacuum is the
same in all frames of reference from which it is viewed

L0; the distance between two points measured by an observer who is at rest relative to both of the points;

for example, earthbound observers measure proper length when measuring the distance between two points that are
stationary relative to Earth

Δτ is the time interval measured by an observer who sees the beginning and end of the process that the

time interval measures occur at the same location

kinetic energy of an object moving at relativistic speeds

p→ , the momentum of an object moving at relativistic velocity; p→ = γm u→

method of adding velocities of an object moving at a relativistic speeds

energy stored in an object at rest: E0 = mc2

frame of reference in which the observer is at rest

mass of an object as measured by an observer at rest relative to the object

light travels in a vacuum with the same speed c in any direction in all inertial
frames

theory that Albert Einstein proposed in 1905 that assumes all the laws of physics have the
same form in every inertial frame of reference, and that the speed of light is the same within all inertial frames

ultimate speed limit for any particle having mass

lengthening of the time interval between two events when seen in a moving inertial frame rather than the
rest frame of the events (in which the events occur at the same location)

sum of all energies for a particle, including rest energy and kinetic energy, given for a particle of mass m
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world line

and speed u by E = γmc2, where γ = 1

1 − u2

c2

path through space-time

KEY EQUATIONS

Time dilation
Δt = Δτ

1 − v2

c2

= γτ

Lorentz factor
γ = 1

1 − v2

c2

Length contraction L = L0 1 − v2

c2 = L0
γ

Galilean transformation x = x′ + vt, y = y′, z = z′, t = t′

Lorentz transformation t = t′ + vx′/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

y = y′

z = z′

Inverse Lorentz transformation t′ = t − vx/c2

1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y′ = y

z′ = z

Space-time invariants (Δs)2 = (Δx)2 + ⎛
⎝Δy⎞

⎠
2 + (Δz)2 − c2 (Δt)2

(Δτ)2 = − (Δs)2 /c2 = (Δt)2 −
⎡
⎣(Δx)2 + ⎛

⎝Δy⎞
⎠
2 + (Δz)2⎤

⎦

c2

Relativistic velocity addition ux =
⎛

⎝
⎜ ux′ + v
1 + vux′ /c2

⎞

⎠
⎟, uy =

⎛

⎝
⎜

uy′ /γ
1 + vux′ /c2

⎞

⎠
⎟, uz =

⎛

⎝
⎜ uz′ /γ
1 + vux′ /c2

⎞

⎠
⎟

Relativistic Doppler effect for wavelength λobs = λs
1 + v

c
1 − v

c

Relativistic Doppler effect for frequency fobs = fs
1 − v

c
1 + v

c

Relativistic momentum
p→ = γm u→ = m u→

1 − u2
c
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Relativistic total energy
E = γmc2, where γ = 1

1 − u2

c2

Relativistic kinetic energy
Krel = (γ − 1)mc2, where γ = 1

1 − u2

c2

SUMMARY

5.1 Invariance of Physical Laws

• Relativity is the study of how observers in different reference frames measure the same event.

• Modern relativity is divided into two parts. Special relativity deals with observers in uniform (unaccelerated)
motion, whereas general relativity includes accelerated relative motion and gravity. Modern relativity is consistent
with all empirical evidence thus far and, in the limit of low velocity and weak gravitation, gives close agreement
with the predictions of classical (Galilean) relativity.

• An inertial frame of reference is a reference frame in which a body at rest remains at rest and a body in motion
moves at a constant speed in a straight line unless acted upon by an outside force.

• Modern relativity is based on Einstein’s two postulates. The first postulate of special relativity is that the laws of
physics are the same in all inertial frames of reference. The second postulate of special relativity is that the speed of
light c is the same in all inertial frames of reference, independent of the relative motion of the observer and the light
source.

• The Michelson-Morley experiment demonstrated that the speed of light in a vacuum is independent of the motion
of Earth about the sun.

5.2 Relativity of Simultaneity

• Two events are defined to be simultaneous if an observer measures them as occurring at the same time (such as by
receiving light from the events).

• Two events at locations a distance apart that are simultaneous for an observer at rest in one frame of reference are
not necessarily simultaneous for an observer at rest in a different frame of reference.

5.3 Time Dilation

• Two events are defined to be simultaneous if an observer measures them as occurring at the same time. They are not
necessarily simultaneous to all observers—simultaneity is not absolute.

• Time dilation is the lengthening of the time interval between two events when seen in a moving inertial frame rather
than the rest frame of the events (in which the events occur at the same location).

• Observers moving at a relative velocity v do not measure the same elapsed time between two events. Proper time
Δτ is the time measured in the reference frame where the start and end of the time interval occur at the same

location. The time interval Δt measured by an observer who sees the frame of events moving at speed v is related

to the proper time interval Δτ of the events by the equation:

Δt = Δτ

1 − v2

c2

= γΔτ,

where

γ = 1

1 − v2

c2

.

• The premise of the twin paradox is faulty because the traveling twin is accelerating. The journey is not symmetrical
for the two twins.
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• Time dilation is usually negligible at low relative velocities, but it does occur, and it has been verified by
experiment.

• The proper time is the shortest measure of any time interval. Any observer who is moving relative to the system
being observed measures a time interval longer than the proper time.

5.4 Length Contraction

• All observers agree upon relative speed.

• Distance depends on an observer’s motion. Proper length L0 is the distance between two points measured by an

observer who is at rest relative to both of the points.

• Length contraction is the decrease in observed length of an object from its proper length L0 to length L when its

length is observed in a reference frame where it is traveling at speed v.

• The proper length is the longest measurement of any length interval. Any observer who is moving relative to the
system being observed measures a length shorter than the proper length.

5.5 The Lorentz Transformation

• The Galilean transformation equations describe how, in classical nonrelativistic mechanics, the position, velocity,
and accelerations measured in one frame appear in another. Lengths remain unchanged and a single universal time
scale is assumed to apply to all inertial frames.

• Newton’s laws of mechanics obey the principle of having the same form in all inertial frames under a Galilean
transformation, given by

x = x′ + vt, y = y′, z = z′, t = t′.

The concept that times and distances are the same in all inertial frames in the Galilean transformation, however, is
inconsistent with the postulates of special relativity.

• The relativistically correct Lorentz transformation equations are

Lorentz transformation Inverse Lorentz transformation

t = t′ + vx′/c2

1 − v2 /c2
t′ = t − vx/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y = y′ y′ = y
z = z′ z′ = z

We can obtain these equations by requiring an expanding spherical light signal to have the same shape and speed of
growth, c, in both reference frames.

• Relativistic phenomena can be explained in terms of the geometrical properties of four-dimensional space-time, in
which Lorentz transformations correspond to rotations of axes.

• The Lorentz transformation corresponds to a space-time axis rotation, similar in some ways to a rotation of space
axes, but in which the invariant spatial separation is given by Δs rather than distances Δr, and that the Lorentz

transformation involving the time axis does not preserve perpendicularity of axes or the scales along the axes.

• The analysis of relativistic phenomena in terms of space-time diagrams supports the conclusion that these
phenomena result from properties of space and time itself, rather than from the laws of electromagnetism.

5.6 Relativistic Velocity Transformation

• With classical velocity addition, velocities add like regular numbers in one-dimensional motion: u = v + u′,
where v is the velocity between two observers, u is the velocity of an object relative to one observer, and u′ is the
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velocity relative to the other observer.

• Velocities cannot add to be greater than the speed of light.

• Relativistic velocity addition describes the velocities of an object moving at a relativistic velocity.

5.7 Doppler Effect for Light

• An observer of electromagnetic radiation sees relativistic Doppler effects if the source of the radiation is moving
relative to the observer. The wavelength of the radiation is longer (called a red shift) than that emitted by the source
when the source moves away from the observer and shorter (called a blue shift) when the source moves toward the
observer. The shifted wavelength is described by the equation:

λobs = λs
1 + v

c
1 − v

c
.

where λobs is the observed wavelength, λs is the source wavelength, and v is the relative velocity of the source to

the observer.

5.8 Relativistic Momentum

• The law of conservation of momentum is valid for relativistic momentum whenever the net external force is zero.
The relativistic momentum is p = γmu, where m is the rest mass of the object, u is its velocity relative to an

observer, and the relativistic factor is γ = 1

1 − u2

c2

.

• At low velocities, relativistic momentum is equivalent to classical momentum.

• Relativistic momentum approaches infinity as u approaches c. This implies that an object with mass cannot reach
the speed of light.

5.9 Relativistic Energy

• The relativistic work-energy theorem is Wnet = E − E0 = γmc2 − mc2 = (γ − 1)mc2.

• Relativistically, Wnet = Krel where Krel is the relativistic kinetic energy.

• An object of mass m at velocity u has kinetic energy Krel = (γ − 1)mc2, where γ = 1

1 − u2

c2

.

• At low velocities, relativistic kinetic energy reduces to classical kinetic energy.

• No object with mass can attain the speed of light, because an infinite amount of work and an infinite amount of
energy input is required to accelerate a mass to the speed of light.

• Relativistic energy is conserved as long as we define it to include the possibility of mass changing to energy.

• The total energy of a particle with mass m traveling at speed u is defined as E = γmc2, where γ = 1

1 − u2

c2

and

u denotes the velocity of the particle.

• The rest energy of an object of mass m is E0 = mc2, meaning that mass is a form of energy. If energy is stored in

an object, its mass increases. Mass can be destroyed to release energy.

• We do not ordinarily notice the increase or decrease in mass of an object because the change in mass is so small

for a large increase in energy. The equation E2 = (pc)2 + (mc2)2 relates the relativistic total energy E and the

relativistic momentum p. At extremely high velocities, the rest energy mc2 becomes negligible, and E = pc.
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CONCEPTUAL QUESTIONS

5.1 Invariance of Physical Laws

1. Which of Einstein’s postulates of special relativity
includes a concept that does not fit with the ideas of
classical physics? Explain.

2. Is Earth an inertial frame of reference? Is the sun?
Justify your response.

3. When you are flying in a commercial jet, it may appear
to you that the airplane is stationary and Earth is moving
beneath you. Is this point of view valid? Discuss briefly.

5.3 Time Dilation

4. (a) Does motion affect the rate of a clock as measured
by an observer moving with it? (b) Does motion affect how
an observer moving relative to a clock measures its rate?

5. To whom does the elapsed time for a process seem
to be longer, an observer moving relative to the process
or an observer moving with the process? Which observer
measures the interval of proper time?

6. (a) How could you travel far into the future of Earth
without aging significantly? (b) Could this method also
allow you to travel into the past?

5.4 Length Contraction

7. To whom does an object seem greater in length, an
observer moving with the object or an observer moving
relative to the object? Which observer measures the
object’s proper length?

8. Relativistic effects such as time dilation and length
contraction are present for cars and airplanes. Why do these
effects seem strange to us?

9. Suppose an astronaut is moving relative to Earth at
a significant fraction of the speed of light. (a) Does he
observe the rate of his clocks to have slowed? (b) What
change in the rate of earthbound clocks does he see? (c)
Does his ship seem to him to shorten? (d) What about the
distance between two stars that lie in the direction of his
motion? (e) Do he and an earthbound observer agree on his
velocity relative to Earth?

5.7 Doppler Effect for Light

10. Explain the meaning of the terms “red shift” and “blue
shift” as they relate to the relativistic Doppler effect.

11. What happens to the relativistic Doppler effect when
relative velocity is zero? Is this the expected result?

12. Is the relativistic Doppler effect consistent with the
classical Doppler effect in the respect that λobs is larger for

motion away?

13. All galaxies farther away than about 50 × 106 ly
exhibit a red shift in their emitted light that is proportional
to distance, with those farther and farther away having
progressively greater red shifts. What does this imply,
assuming that the only source of red shift is relative
motion?

5.8 Relativistic Momentum

14. How does modern relativity modify the law of
conservation of momentum?

15. Is it possible for an external force to be acting on
a system and relativistic momentum to be conserved?
Explain.

5.9 Relativistic Energy

16. How are the classical laws of conservation of energy
and conservation of mass modified by modern relativity?

17. What happens to the mass of water in a pot when it
cools, assuming no molecules escape or are added? Is this
observable in practice? Explain.

18. Consider a thought experiment. You place an
expanded balloon of air on weighing scales outside in the
early morning. The balloon stays on the scales and you
are able to measure changes in its mass. Does the mass
of the balloon change as the day progresses? Discuss the
difficulties in carrying out this experiment.

19. The mass of the fuel in a nuclear reactor decreases by
an observable amount as it puts out energy. Is the same true
for the coal and oxygen combined in a conventional power
plant? If so, is this observable in practice for the coal and
oxygen? Explain.

20. We know that the velocity of an object with mass
has an upper limit of c. Is there an upper limit on its
momentum? Its energy? Explain.

21. Given the fact that light travels at c , can it have mass?
Explain.
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22. If you use an Earth-based telescope to project a laser
beam onto the moon, you can move the spot across the
moon’s surface at a velocity greater than the speed of light.

Does this violate modern relativity? (Note that light is
being sent from the Earth to the moon, not across the
surface of the moon.)

PROBLEMS

5.3 Time Dilation

23. (a) What is γ if v = 0.250c? (b) If v = 0.500c?

24. (a) What is γ if v = 0.100c? (b) If v = 0.900c?

25. Particles called π -mesons are produced by accelerator

beams. If these particles travel at 2.70 × 108 m/s and live

2.60 × 10−8 s when at rest relative to an observer, how

long do they live as viewed in the laboratory?

26. Suppose a particle called a kaon is created by cosmic
radiation striking the atmosphere. It moves by you at

0.980c, and it lives 1.24 × 10−8 s when at rest relative

to an observer. How long does it live as you observe it?

27. A neutral π -meson is a particle that can be created

by accelerator beams. If one such particle lives

1.40 × 10−16 s as measured in the laboratory, and

0.840 × 10−16 s when at rest relative to an observer, what

is its velocity relative to the laboratory?

28. A neutron lives 900 s when at rest relative to an
observer. How fast is the neutron moving relative to an
observer who measures its life span to be 2065 s?

29. If relativistic effects are to be less than 1%, then
γ must be less than 1.01. At what relative velocity is

γ = 1.01?

30. If relativistic effects are to be less than 3%, then
γ must be less than 1.03. At what relative velocity is

γ = 1.03?

5.4 Length Contraction

31. A spaceship, 200 m long as seen on board, moves by
the Earth at 0.970c. What is its length as measured by an
earthbound observer?

32. How fast would a 6.0 m-long sports car have to be
going past you in order for it to appear only 5.5 m long?

33. (a) How far does the muon in Example 5.3 travel

according to the earthbound observer? (b) How far does it
travel as viewed by an observer moving with it? Base your
calculation on its velocity relative to the Earth and the time
it lives (proper time). (c) Verify that these two distances are
related through length contraction γ = 3.20.

34. (a) How long would the muon in Example 5.3 have
lived as observed on Earth if its velocity was 0.0500c?
(b) How far would it have traveled as observed on Earth?
(c) What distance is this in the muon’s frame?

35. Unreasonable Results A spaceship is heading
directly toward Earth at a velocity of 0.800c. The astronaut
on board claims that he can send a canister toward the Earth
at 1.20c relative to Earth. (a) Calculate the velocity the
canister must have relative to the spaceship. (b) What is
unreasonable about this result? (c) Which assumptions are
unreasonable or inconsistent?

5.5 The Lorentz Transformation

36. Describe the following physical occurrences as events,
that is, in the form (x, y, z, t): (a) A postman rings a doorbell
of a house precisely at noon. (b) At the same time as the
doorbell is rung, a slice of bread pops out of a toaster that
is located 10 m from the door in the east direction from the
door. (c) Ten seconds later, an airplane arrives at the airport,
which is 10 km from the door in the east direction and 2 km
to the south.

37. Describe what happens to the angle α = tan(v/c),
and therefore to the transformed axes in Figure 5.17, as
the relative velocity v of the S and S′ frames of reference

approaches c.

38. Describe the shape of the world line on a space-
time diagram of (a) an object that remains at rest at a
specific position along the x-axis; (b) an object that moves
at constant velocity u in the x-direction; (c) an object that
begins at rest and accelerates at a constant rate of in the
positive x-direction.

39. A man standing still at a train station watches two boys
throwing a baseball in a moving train. Suppose the train is
moving east with a constant speed of 20 m/s and one of the
boys throws the ball with a speed of 5 m/s with respect to
himself toward the other boy, who is 5 m west from him.
What is the velocity of the ball as observed by the man on
the station?
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40. When observed from the sun at a particular instant,
Earth and Mars appear to move in opposite directions with
speeds 108,000 km/h and 86,871 km/h, respectively. What
is the speed of Mars at this instant when observed from
Earth?

41. A man is running on a straight road perpendicular to
a train track and away from the track at a speed of 12 m/
s. The train is moving with a speed of 30 m/s with respect
to the track. What is the speed of the man with respect to a
passenger sitting at rest in the train?

42. A man is running on a straight road that makes 30°
with the train track. The man is running in the direction on
the road that is away from the track at a speed of 12 m/s.
The train is moving with a speed of 30 m/s with respect to
the track. What is the speed of the man with respect to a
passenger sitting at rest in the train?

43. In a frame at rest with respect to the billiard table, a
billiard ball of mass m moving with speed v strikes another
billiard ball of mass m at rest. The first ball comes to rest
after the collision while the second ball takes off with speed
v in the original direction of the motion of the first ball.
This shows that momentum is conserved in this frame. (a)
Now, describe the same collision from the perspective of a
frame that is moving with speed v in the direction of the
motion of the first ball. (b) Is the momentum conserved in
this frame?

44. In a frame at rest with respect to the billiard table,
two billiard balls of same mass m are moving toward each
other with the same speed v. After the collision, the two
balls come to rest. (a) Show that momentum is conserved
in this frame. (b) Now, describe the same collision from
the perspective of a frame that is moving with speed v
in the direction of the motion of the first ball. (c) Is the
momentum conserved in this frame?

45. In a frame S, two events are observed: event 1: a
pion is created at rest at the origin and event 2: the pion
disintegrates after time τ . Another observer in a frame

S′ is moving in the positive direction along the positive

x-axis with a constant speed v and observes the same two
events in his frame. The origins of the two frames coincide
at t = t′ = 0. (a) Find the positions and timings of these

two events in the frame S′ (a) according to the Galilean

transformation, and (b) according to the Lorentz
transformation.

5.6 Relativistic Velocity Transformation

46. If two spaceships are heading directly toward each
other at 0.800c, at what speed must a canister be shot from
the first ship to approach the other at 0.999c as seen by the
second ship?

47. Two planets are on a collision course, heading directly
toward each other at 0.250c. A spaceship sent from one
planet approaches the second at 0.750c as seen by the
second planet. What is the velocity of the ship relative to
the first planet?

48. When a missile is shot from one spaceship toward
another, it leaves the first at 0.950c and approaches the
other at 0.750c. What is the relative velocity of the two
ships?

49. What is the relative velocity of two spaceships if one
fires a missile at the other at 0.750c and the other observes
it to approach at 0.950c?

50. Prove that for any relative velocity v between two
observers, a beam of light sent from one to the other will
approach at speed c (provided that v is less than c, of
course).

51. Show that for any relative velocity v between two
observers, a beam of light projected by one directly away
from the other will move away at the speed of light
(provided that v is less than c, of course).

5.7 Doppler Effect for Light

52. A highway patrol officer uses a device that measures
the speed of vehicles by bouncing radar off them and
measuring the Doppler shift. The outgoing radar has a
frequency of 100 GHz and the returning echo has a
frequency 15.0 kHz higher. What is the velocity of the
vehicle? Note that there are two Doppler shifts in echoes.
Be certain not to round off until the end of the problem,
because the effect is small.

5.8 Relativistic Momentum

53. Find the momentum of a helium nucleus having a

mass of 6.68 × 10−27 kg that is moving at 0.200c.

54. What is the momentum of an electron traveling at
0.980c?

55. (a) Find the momentum of a 1.00 × 109 -kg asteroid

heading towards Earth at 30.0 km/s. (b) Find the ratio of
this momentum to the classical momentum. (Hint: Use the

approximation that γ = 1 + (1/2)v2 /c2 at low velocities.)

56. (a) What is the momentum of a 2000-kg satellite
orbiting at 4.00 km/s? (b) Find the ratio of this momentum
to the classical momentum. (Hint: Use the approximation

that γ = 1 + (1/2)v2 /c2 at low velocities.)
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57. What is the velocity of an electron that has a

momentum of 3.04 × 10−21 kg · m/s ? Note that you

must calculate the velocity to at least four digits to see the
difference from c.

58. Find the velocity of a proton that has a momentum of

4.48 × 10−19 kg · m/s.

5.9 Relativistic Energy

59. What is the rest energy of an electron, given its mass is

9.11 × 10−31 kg? Give your answer in joules and MeV.

60. Find the rest energy in joules and MeV of a proton,

given its mass is 1.67 × 10−27 kg.

61. If the rest energies of a proton and a neutron (the
two constituents of nuclei) are 938.3 and 939.6 MeV,
respectively, what is the difference in their mass in
kilograms?

62. The Big Bang that began the universe is estimated

to have released 1068 J of energy. How many stars could

half this energy create, assuming the average star’s mass is

4.00 × 1030 kg ?

63. A supernova explosion of a 2.00 × 1031 kg star

produces 1.00 × 1044 J of energy. (a) How many

kilograms of mass are converted to energy in the explosion?
(b) What is the ratio Δm/m of mass destroyed to the

original mass of the star?

64. (a) Using data from Potential Energy of a System
(http://cnx.org/content/m58312/latest/#fs-
id1165036086155) , calculate the mass converted to
energy by the fission of 1.00 kg of uranium. (b) What is the
ratio of mass destroyed to the original mass, Δm/m?

65. (a) Using data from Potential Energy of a System

(http://cnx.org/content/m58312/latest/#fs-
id1165036086155) , calculate the amount of mass
converted to energy by the fusion of 1.00 kg of hydrogen.
(b) What is the ratio of mass destroyed to the original mass,
Δm/m ? (c) How does this compare with Δm/m for the

fission of 1.00 kg of uranium?

66. There is approximately 1034 J of energy available

from fusion of hydrogen in the world’s oceans. (a) If

1033 J of this energy were utilized, what would be the

decrease in mass of the oceans? (b) How great a volume
of water does this correspond to? (c) Comment on whether
this is a significant fraction of the total mass of the oceans.

67. A muon has a rest mass energy of 105.7 MeV, and it
decays into an electron and a massless particle. (a) If all
the lost mass is converted into the electron’s kinetic energy,
find γ for the electron. (b) What is the electron’s velocity?

68. A π -meson is a particle that decays into a muon and a

massless particle. The π -meson has a rest mass energy of

139.6 MeV, and the muon has a rest mass energy of 105.7
MeV. Suppose the π -meson is at rest and all of the missing

mass goes into the muon’s kinetic energy. How fast will the
muon move?

69. (a) Calculate the relativistic kinetic energy of a
1000-kg car moving at 30.0 m/s if the speed of light were
only 45.0 m/s. (b) Find the ratio of the relativistic kinetic
energy to classical.

70. Alpha decay is nuclear decay in which a helium
nucleus is emitted. If the helium nucleus has a mass of

6.80 × 10−27 kg and is given 5.00 MeV of kinetic energy,

what is its velocity?

71. (a) Beta decay is nuclear decay in which an electron
is emitted. If the electron is given 0.750 MeV of kinetic
energy, what is its velocity? (b) Comment on how the high
velocity is consistent with the kinetic energy as it compares
to the rest mass energy of the electron.

ADDITIONAL PROBLEMS

72. (a) At what relative velocity is γ = 1.50? (b) At what

relative velocity is γ = 100?

73. (a) At what relative velocity is γ = 2.00? (b) At what

relative velocity is γ = 10.0?

74. Unreasonable Results (a) Find the value of γ
required for the following situation. An earthbound
observer measures 23.9 h to have passed while signals from
a high-velocity space probe indicate that 24.0 h have passed
on board. (b) What is unreasonable about this result? (c)
Which assumptions are unreasonable or inconsistent?
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75. (a) How long does it take the astronaut in Example
5.5 to travel 4.30 ly at 0.99944c (as measured by the

earthbound observer)? (b) How long does it take according
to the astronaut? (c) Verify that these two times are related
through time dilation with γ = 30.00 as given.

76. (a) How fast would an athlete need to be running
for a 100- m race to look 100 yd long? (b) Is the answer

consistent with the fact that relativistic effects are difficult
to observe in ordinary circumstances? Explain.

77. (a) Find the value of γ for the following situation. An

astronaut measures the length of his spaceship to be 100 m,
while an earthbound observer measures it to be 25.0 m. (b)
What is the speed of the spaceship relative to Earth?

78. A clock in a spaceship runs one-tenth the rate at which
an identical clock on Earth runs. What is the speed of the
spaceship?

79. An astronaut has a heartbeat rate of 66 beats per
minute as measured during his physical exam on Earth. The
heartbeat rate of the astronaut is measured when he is in
a spaceship traveling at 0.5c with respect to Earth by an
observer (A) in the ship and by an observer (B) on Earth.
(a) Describe an experimental method by which observer B
on Earth will be able to determine the heartbeat rate of the
astronaut when the astronaut is in the spaceship. (b) What
will be the heartbeat rate(s) of the astronaut reported by
observers A and B?

80. A spaceship (A) is moving at speed c/2 with respect
to another spaceship (B). Observers in A and B set their
clocks so that the event at (x, y, z, t) of turning on a laser in
spaceship B has coordinates (0, 0, 0, 0) in A and also (0, 0,
0, 0) in B. An observer at the origin of B turns on the laser
at t = 0 and turns it off at t = τ in his time. What is the

time duration between on and off as seen by an observer in
A?

81. Same two observers as in the preceding exercise, but
now we look at two events occurring in spaceship A. A
photon arrives at the origin of A at its time t = 0 and

another photon arrives at (x = 1.00 m, 0, 0) at t = 0 in

the frame of ship A. (a) Find the coordinates and times of
the two events as seen by an observer in frame B. (b) In
which frame are the two events simultaneous and in which
frame are they are not simultaneous?

82. Same two observers as in the preceding exercises. A
rod of length 1 m is laid out on the x-axis in the frame of
B from origin to (x = 1.00 m, 0, 0). What is the length of

the rod observed by an observer in the frame of spaceship
A?

83. An observer at origin of inertial frame S sees a
flashbulb go off at x = 150 km, y = 15.0 km, and

z = 1.00 km at time t = 4.5 × 10−4 s. At what time and

position in the S ′ system did the flash occur, if S ′ is

moving along shared x-direction with S at a velocity
v = 0.6c?

84. An observer sees two events 1.5 × 10−8 s apart at

a separation of 800 m. How fast must a second observer
be moving relative to the first to see the two events occur
simultaneously?

85. An observer standing by the railroad tracks sees two
bolts of lightning strike the ends of a 500-m-long train
simultaneously at the instant the middle of the train passes
him at 50 m/s. Use the Lorentz transformation to find the
time between the lightning strikes as measured by a
passenger seated in the middle of the train.

86. Two astronomical events are observed from Earth to
occur at a time of 1 s apart and a distance separation of

1.5 × 109 m from each other. (a) Determine whether

separation of the two events is space like or time like. (b)
State what this implies about whether it is consistent with
special relativity for one event to have caused the other?

87. Two astronomical events are observed from Earth to
occur at a time of 0.30 s apart and a distance separation of

2.0 × 109 m from each other. How fast must a spacecraft

travel from the site of one event toward the other to make
the events occur at the same time when measured in the
frame of reference of the spacecraft?

88. A spacecraft starts from being at rest at the origin and
accelerates at a constant rate g, as seen from Earth, taken to
be an inertial frame, until it reaches a speed of c/2. (a) Show
that the increment of proper time is related to the elapsed

time in Earth’s frame by: dτ = 1 − v2/c2dt.

(b) Find an expression for the elapsed time to reach speed
c/2 as seen in Earth’s frame. (c) Use the relationship in (a)
to obtain a similar expression for the elapsed proper time to
reach c/2 as seen in the spacecraft, and determine the ratio
of the time seen from Earth with that on the spacecraft to
reach the final speed.

89. (a) All but the closest galaxies are receding from our

own Milky Way Galaxy. If a galaxy 12.0 × 109 ly away

is receding from us at 0.900c, at what velocity relative to
us must we send an exploratory probe to approach the other
galaxy at 0.990c as measured from that galaxy? (b) How
long will it take the probe to reach the other galaxy as
measured from Earth? You may assume that the velocity of
the other galaxy remains constant. (c) How long will it then
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take for a radio signal to be beamed back? (All of this is
possible in principle, but not practical.)

90. Suppose a spaceship heading straight toward the Earth
at 0.750c can shoot a canister at 0.500c relative to the ship.
(a) What is the velocity of the canister relative to Earth, if it
is shot directly at Earth? (b) If it is shot directly away from
Earth?

91. Repeat the preceding problem with the ship heading
directly away from Earth.

92. If a spaceship is approaching the Earth at 0.100c and
a message capsule is sent toward it at 0.100c relative to
Earth, what is the speed of the capsule relative to the ship?

93. (a) Suppose the speed of light were only 3000 m/s.
A jet fighter moving toward a target on the ground at 800
m/s shoots bullets, each having a muzzle velocity of 1000
m/s. What are the bullets’ velocity relative to the target?
(b) If the speed of light was this small, would you observe
relativistic effects in everyday life? Discuss.

94. If a galaxy moving away from the Earth has a speed
of 1000 km/s and emits 656 nm light characteristic of
hydrogen (the most common element in the universe). (a)
What wavelength would we observe on Earth? (b) What
type of electromagnetic radiation is this? (c) Why is the
speed of Earth in its orbit negligible here?

95. A space probe speeding towards the nearest star moves
at 0.250c and sends radio information at a broadcast

frequency of 1.00 GHz. What frequency is received on
Earth?

96. Near the center of our galaxy, hydrogen gas is moving
directly away from us in its orbit about a black hole. We
receive 1900 nm electromagnetic radiation and know that it
was 1875 nm when emitted by the hydrogen gas. What is
the speed of the gas?

97. (a) Calculate the speed of a 1.00-µg particle of dust

that has the same momentum as a proton moving at 0.999c.
(b) What does the small speed tell us about the mass of
a proton compared to even a tiny amount of macroscopic
matter?

98. (a) Calculate γ for a proton that has a momentum of

1.00 kg · m/s. (b) What is its speed? Such protons form a

rare component of cosmic radiation with uncertain origins.

99. Show that the relativistic form of Newton’s second law

is (a) F = mdu
dt

1
⎛
⎝1 − u2/c2⎞

⎠
3/2; (b) Find the force needed

to accelerate a mass of 1 kg by 1 m/s2 when it is traveling

at a velocity of c/2.

100. A positron is an antimatter version of the electron,
having exactly the same mass. When a positron and an
electron meet, they annihilate, converting all of their mass
into energy. (a) Find the energy released, assuming
negligible kinetic energy before the annihilation. (b) If this
energy is given to a proton in the form of kinetic energy,
what is its velocity? (c) If this energy is given to another
electron in the form of kinetic energy, what is its velocity?

101. What is the kinetic energy in MeV of a π-meson

that lives 1.40 × 10−16 s as measured in the laboratory,

and 0.840 × 10−16 s when at rest relative to an observer,

given that its rest energy is 135 MeV?

102. Find the kinetic energy in MeV of a neutron with a
measured life span of 2065 s, given its rest energy is 939.6
MeV, and rest life span is 900s.

103. (a) Show that (pc)2 /(mc2)2 = γ2 − 1. This means

that at large velocities pc > > mc2. (b) Is E ≈ pc when

γ = 30.0, as for the astronaut discussed in the twin

paradox?

104. One cosmic ray neutron has a velocity of 0.250c
relative to the Earth. (a) What is the neutron’s total energy
in MeV? (b) Find its momentum. (c) Is E ≈ pc in this

situation? Discuss in terms of the equation given in part (a)
of the previous problem.

105. What is γ for a proton having a mass energy of 938.3

MeV accelerated through an effective potential of 1.0 TV
(teravolt)?

106. (a) What is the effective accelerating potential for
electrons at the Stanford Linear Accelerator, if

γ = 1.00 × 105 for them? (b) What is their total energy

(nearly the same as kinetic in this case) in GeV?

107. (a) Using data from Potential Energy of a
System (http://cnx.org/content/m58312/latest/#fs-
id1165036086155) , find the mass destroyed when the
energy in a barrel of crude oil is released. (b) Given these
barrels contain 200 liters and assuming the density of crude

oil is 750kg/m3, what is the ratio of mass destroyed to

original mass, Δm/m?

108. (a) Calculate the energy released by the destruction
of 1.00 kg of mass. (b) How many kilograms could be lifted
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to a 10.0 km height by this amount of energy?

109. A Van de Graaff accelerator utilizes a 50.0 MV
potential difference to accelerate charged particles such as
protons. (a) What is the velocity of a proton accelerated by
such a potential? (b) An electron?

110. Suppose you use an average of 500 kW · h of

electric energy per month in your home. (a) How long
would 1.00 g of mass converted to electric energy with an
efficiency of 38.0% last you? (b) How many homes could
be supplied at the 500 kW · h per month rate for one year

by the energy from the described mass conversion?

111. (a) A nuclear power plant converts energy from
nuclear fission into electricity with an efficiency of 35.0%.
How much mass is destroyed in one year to produce a
continuous 1000 MW of electric power? (b) Do you think it
would be possible to observe this mass loss if the total mass

of the fuel is 104 kg?

112. Nuclear-powered rockets were researched for some
years before safety concerns became paramount. (a) What

fraction of a rocket’s mass would have to be destroyed
to get it into a low Earth orbit, neglecting the decrease
in gravity? (Assume an orbital altitude of 250 km, and
calculate both the kinetic energy (classical) and the
gravitational potential energy needed.) (b) If the ship has a

mass of 1.00 × 105 kg (100 tons), what total yield nuclear

explosion in tons of TNT is needed?

113. The sun produces energy at a rate of 3.85 × 1026 W

by the fusion of hydrogen. About 0.7% of each kilogram
of hydrogen goes into the energy generated by the Sun.
(a) How many kilograms of hydrogen undergo fusion each
second? (b) If the sun is 90.0% hydrogen and half of this
can undergo fusion before the sun changes character, how
long could it produce energy at its current rate? (c) How
many kilograms of mass is the sun losing per second? (d)
What fraction of its mass will it have lost in the time found
in part (b)?

114. Show that E2 − p2 c2 for a particle is invariant

under Lorentz transformations.
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6 | PHOTONS AND MATTER
WAVES

Figure 6.1 In this image of pollen taken with an electron microscope, the bean-shaped grains are about 50µm long. Electron

microscopes can have a much higher resolving power than a conventional light microscope because electron wavelengths can be
100,000 times shorter than the wavelengths of visible-light photons. (credit: modification of work by Dartmouth College Electron
Microscope Facility)

Chapter Outline

6.1 Blackbody Radiation

6.2 Photoelectric Effect

6.3 The Compton Effect

6.4 Bohr’s Model of the Hydrogen Atom

6.5 De Broglie’s Matter Waves

6.6 Wave-Particle Duality

Introduction
Two of the most revolutionary concepts of the twentieth century were the description of light as a collection of particles,
and the treatment of particles as waves. These wave properties of matter have led to the discovery of technologies such as
electron microscopy, which allows us to examine submicroscopic objects such as grains of pollen, as shown above.

In this chapter, you will learn about the energy quantum, a concept that was introduced in 1900 by the German physicist
Max Planck to explain blackbody radiation. We discuss how Albert Einstein extended Planck’s concept to a quantum of
light (a “photon”) to explain the photoelectric effect. We also show how American physicist Arthur H. Compton used the
photon concept in 1923 to explain wavelength shifts observed in X-rays. After a discussion of Bohr’s model of hydrogen, we
describe how matter waves were postulated in 1924 by Louis-Victor de Broglie to justify Bohr’s model and we examine the
experiments conducted in 1923–1927 by Clinton Davisson and Lester Germer that confirmed the existence of de Broglie’s
matter waves.
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6.1 | Blackbody Radiation

Learning Objectives

By the end of this section you will be able to:

• Apply Wien’s and Stefan’s laws to analyze radiation emitted by a blackbody

• Explain Planck’s hypothesis of energy quanta

All bodies emit electromagnetic radiation over a range of wavelengths. In an earlier chapter, we learned that a cooler body
radiates less energy than a warmer body. We also know by observation that when a body is heated and its temperature rises,
the perceived wavelength of its emitted radiation changes from infrared to red, and then from red to orange, and so forth.
As its temperature rises, the body glows with the colors corresponding to ever-smaller wavelengths of the electromagnetic
spectrum. This is the underlying principle of the incandescent light bulb: A hot metal filament glows red, and when heating
continues, its glow eventually covers the entire visible portion of the electromagnetic spectrum. The temperature (T) of the
object that emits radiation, or the emitter, determines the wavelength at which the radiated energy is at its maximum. For
example, the Sun, whose surface temperature is in the range between 5000 K and 6000 K, radiates most strongly in a range
of wavelengths about 560 nm in the visible part of the electromagnetic spectrum. Your body, when at its normal temperature
of about 300 K, radiates most strongly in the infrared part of the spectrum.

Radiation that is incident on an object is partially absorbed and partially reflected. At thermodynamic equilibrium, the rate
at which an object absorbs radiation is the same as the rate at which it emits it. Therefore, a good absorber of radiation (any
object that absorbs radiation) is also a good emitter. A perfect absorber absorbs all electromagnetic radiation incident on it;
such an object is called a blackbody.

Although the blackbody is an idealization, because no physical object absorbs 100% of incident radiation, we can construct
a close realization of a blackbody in the form of a small hole in the wall of a sealed enclosure known as a cavity radiator,
as shown in Figure 6.2. The inside walls of a cavity radiator are rough and blackened so that any radiation that enters
through a tiny hole in the cavity wall becomes trapped inside the cavity. At thermodynamic equilibrium (at temperature T),
the cavity walls absorb exactly as much radiation as they emit. Furthermore, inside the cavity, the radiation entering the
hole is balanced by the radiation leaving it. The emission spectrum of a blackbody can be obtained by analyzing the light
radiating from the hole. Electromagnetic waves emitted by a blackbody are called blackbody radiation.

Figure 6.2 A blackbody is physically realized by a small hole
in the wall of a cavity radiator.

The intensity I(λ, T) of blackbody radiation depends on the wavelength λ of the emitted radiation and on the temperature

T of the blackbody (Figure 6.3). The function I(λ, T) is the power intensity that is radiated per unit wavelength; in

other words, it is the power radiated per unit area of the hole in a cavity radiator per unit wavelength. According to this
definition, I(λ, T)dλ is the power per unit area that is emitted in the wavelength interval from λ to λ + dλ. The intensity
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distribution among wavelengths of radiation emitted by cavities was studied experimentally at the end of the nineteenth
century. Generally, radiation emitted by materials only approximately follows the blackbody radiation curve (Figure 6.4);
however, spectra of common stars do follow the blackbody radiation curve very closely.

Figure 6.3 The intensity of blackbody radiation versus the wavelength of the emitted radiation. Each curve
corresponds to a different blackbody temperature, starting with a low temperature (the lowest curve) to a high
temperature (the highest curve).

Figure 6.4 The spectrum of radiation emitted from a quartz
surface (blue curve) and the blackbody radiation curve (black
curve) at 600 K.

Two important laws summarize the experimental findings of blackbody radiation: Wien’s displacement law and Stefan’s law.
Wien’s displacement law is illustrated in Figure 6.3 by the curve connecting the maxima on the intensity curves. In these
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6.1

curves, we see that the hotter the body, the shorter the wavelength corresponding to the emission peak in the radiation curve.
Quantitatively, Wien’s law reads

(6.1)λmax T = 2.898 × 10−3 m · K

where λmax is the position of the maximum in the radiation curve. In other words, λmax is the wavelength at which a

blackbody radiates most strongly at a given temperature T. Note that in Equation 6.1, the temperature is in kelvins. Wien’s
displacement law allows us to estimate the temperatures of distant stars by measuring the wavelength of radiation they emit.

Example 6.1

Temperatures of Distant Stars

On a clear evening during the winter months, if you happen to be in the Northern Hemisphere and look up at the
sky, you can see the constellation Orion (The Hunter). One star in this constellation, Rigel, flickers in a blue color
and another star, Betelgeuse, has a reddish color, as shown in Figure 6.5. Which of these two stars is cooler,
Betelgeuse or Rigel?

Strategy

We treat each star as a blackbody. Then according to Wien’s law, its temperature is inversely proportional to the

wavelength of its peak intensity. The wavelength λmax
(blue)

of blue light is shorter than the wavelength λmax
(red)

of

red light. Even if we do not know the precise wavelengths, we can still set up a proportion.

Solution

Writing Wien’s law for the blue star and for the red star, we have

(6.2)λmax
(red) T(red) = 2.898 × 10−3 m · K = λmax

(blue) T(blue)

When simplified, Equation 6.2 gives

(6.3)
T(red) = λmax

(blue)

λmax
(red) T(blue) < T(blue)

Therefore, Betelgeuse is cooler than Rigel.

Significance

Note that Wien’s displacement law tells us that the higher the temperature of an emitting body, the shorter the
wavelength of the radiation it emits. The qualitative analysis presented in this example is generally valid for
any emitting body, whether it is a big object such as a star or a small object such as the glowing filament in an
incandescent lightbulb.

Check Your Understanding The flame of a peach-scented candle has a yellowish color and the flame of
a Bunsen’s burner in a chemistry lab has a bluish color. Which flame has a higher temperature?
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Figure 6.5 In the Orion constellation, the red star Betelgeuse, which usually takes on a yellowish tint, appears as the
figure’s right shoulder (in the upper left). The giant blue star on the bottom right is Rigel, which appears as the hunter’s left
foot. (credit left: modification of work by Matthew Spinelli, NASA APOD)

The second experimental relation is Stefan’s law, which concerns the total power of blackbody radiation emitted across the
entire spectrum of wavelengths at a given temperature. In Figure 6.3, this total power is represented by the area under the
blackbody radiation curve for a given T. As the temperature of a blackbody increases, the total emitted power also increases.
Quantitatively, Stefan’s law expresses this relation as

(6.4)P(T) = σAT 4

where A is the surface area of a blackbody, T is its temperature (in kelvins), and σ is the Stefan–Boltzmann constant,

σ = 5.670 × 10−8 W/(m2 · K4). Stefan’s law enables us to estimate how much energy a star is radiating by remotely

measuring its temperature.

Example 6.2

Power Radiated by Stars

A star such as our Sun will eventually evolve to a “red giant” star and then to a “white dwarf” star. A typical white

dwarf is approximately the size of Earth, and its surface temperature is about 2.5 × 104 K. A typical red giant

has a surface temperature of 3.0 × 103 K and a radius ~100,000 times larger than that of a white dwarf. What is

the average radiated power per unit area and the total power radiated by each of these types of stars? How do they
compare?

Strategy

If we treat the star as a blackbody, then according to Stefan’s law, the total power that the star radiates is
proportional to the fourth power of its temperature. To find the power radiated per unit area of the surface, we do
not need to make any assumptions about the shape of the star because P/A depends only on temperature. However,
to compute the total power, we need to make an assumption that the energy radiates through a spherical surface

enclosing the star, so that the surface area is A = 4πR2, where R is its radius.
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6.2

6.3

Solution

A simple proportion based on Stefan’s law gives

(6.5)Pdwarf / Adwarf
Pgiant / Agiant

=
σTdwarf

4

σTgiant
4 =

⎛

⎝
⎜Tdwarf

Tgiant

⎞

⎠
⎟

4

= ⎛
⎝

2.5 × 104

3.0 × 103
⎞
⎠

4
= 4820

The power emitted per unit area by a white dwarf is about 5000 times that the power emitted by a red giant.

Denoting this ratio by a = 4.8 × 103, Equation 6.5 gives

(6.6)
Pdwarf
Pgiant

= aAdwarf
Agiant

= a
4πRdwarf

2

4πRgiant
2 = a

⎛

⎝
⎜Rdwarf

Rgiant

⎞

⎠
⎟

2

= 4.8 × 103
⎛

⎝
⎜ Rdwarf
105 Rdwarf

⎞

⎠
⎟

2

= 4.8 × 10−7

We see that the total power emitted by a white dwarf is a tiny fraction of the total power emitted by a red giant.
Despite its relatively lower temperature, the overall power radiated by a red giant far exceeds that of the white
dwarf because the red giant has a much larger surface area. To estimate the absolute value of the emitted power
per unit area, we again use Stefan’s law. For the white dwarf, we obtain

(6.7)Pdwarf
Adwarf

= σTdwarf
4 = 5.670 × 10−8 W

m2 · K4
⎛
⎝2.5 × 104 K⎞

⎠
4

= 2.2 × 1010 W/m2

The analogous result for the red giant is obtained by scaling the result for a white dwarf:

(6.8)Pgiant
Agiant

= 2.2 × 1010

4.82 × 103
W
m2 = 4.56 × 106 W

m2 ≅ 4.6 × 106 W
m2

Significance

To estimate the total power emitted by a white dwarf, in principle, we could use Equation 6.7. However, to find
its surface area, we need to know the average radius, which is not given in this example. Therefore, the solution
stops here. The same is also true for the red giant star.

Check Your Understanding An iron poker is being heated. As its temperature rises, the poker begins to
glow—first dull red, then bright red, then orange, and then yellow. Use either the blackbody radiation curve or
Wien’s law to explain these changes in the color of the glow.

Check Your Understanding Suppose that two stars, α and β, radiate exactly the same total power. If

the radius of star α is three times that of star β, what is the ratio of the surface temperatures of these stars?

Which one is hotter?

The term “blackbody” was coined by Gustav R. Kirchhoff in 1862. The blackbody radiation curve was known
experimentally, but its shape eluded physical explanation until the year 1900. The physical model of a blackbody at
temperature T is that of the electromagnetic waves enclosed in a cavity (see Figure 6.2) and at thermodynamic equilibrium
with the cavity walls. The waves can exchange energy with the walls. The objective here is to find the energy density
distribution among various modes of vibration at various wavelengths (or frequencies). In other words, we want to know
how much energy is carried by a single wavelength or a band of wavelengths. Once we know the energy distribution, we
can use standard statistical methods (similar to those studied in a previous chapter) to obtain the blackbody radiation curve,
Stefan’s law, and Wien’s displacement law. When the physical model is correct, the theoretical predictions should be the
same as the experimental curves.

In a classical approach to the blackbody radiation problem, in which radiation is treated as waves (as you have studied in
previous chapters), the modes of electromagnetic waves trapped in the cavity are in equilibrium and continually exchange
their energies with the cavity walls. There is no physical reason why a wave should do otherwise: Any amount of energy can
be exchanged, either by being transferred from the wave to the material in the wall or by being received by the wave from
the material in the wall. This classical picture is the basis of the model developed by Lord Rayleigh and, independently,
by Sir James Jeans. The result of this classical model for blackbody radiation curves is known as the Rayleigh–Jeans law.
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However, as shown in Figure 6.6, the Rayleigh–Jeans law fails to correctly reproduce experimental results. In the limit of
short wavelengths, the Rayleigh–Jeans law predicts infinite radiation intensity, which is inconsistent with the experimental
results in which radiation intensity has finite values in the ultraviolet region of the spectrum. This divergence between the
results of classical theory and experiments, which came to be called the ultraviolet catastrophe, shows how classical physics
fails to explain the mechanism of blackbody radiation.

Figure 6.6 The ultraviolet catastrophe: The Rayleigh–Jeans
law does not explain the observed blackbody emission spectrum.

The blackbody radiation problem was solved in 1900 by Max Planck. Planck used the same idea as the Rayleigh–Jeans
model in the sense that he treated the electromagnetic waves between the walls inside the cavity classically, and assumed
that the radiation is in equilibrium with the cavity walls. The innovative idea that Planck introduced in his model is the
assumption that the cavity radiation originates from atomic oscillations inside the cavity walls, and that these oscillations
can have only discrete values of energy. Therefore, the radiation trapped inside the cavity walls can exchange energy with
the walls only in discrete amounts. Planck’s hypothesis of discrete energy values, which he called quanta, assumes that
the oscillators inside the cavity walls have quantized energies. This was a brand new idea that went beyond the classical
physics of the nineteenth century because, as you learned in a previous chapter, in the classical picture, the energy of an
oscillator can take on any continuous value. Planck assumed that the energy of an oscillator ( En ) can have only discrete,

or quantized, values:

(6.9)En = nh f , where n = 1, 2, 3, ...

In Equation 6.9, f is the frequency of Planck’s oscillator. The natural number n that enumerates these discrete energies is
called a quantum number. The physical constant h is called Planck’s constant:

(6.10)h = 6.626 × 10−34 J · s = 4.136 × 10−15 eV · s

Each discrete energy value corresponds to a quantum state of a Planck oscillator. Quantum states are enumerated by
quantum numbers. For example, when Planck’s oscillator is in its first n = 1 quantum state, its energy is E1 = h f ; when

it is in the n = 2 quantum state, its energy is E2 = 2h f ; when it is in the n = 3 quantum state, E3 = 3h f ; and so on.

Note that Equation 6.9 shows that there are infinitely many quantum states, which can be represented as a sequence {hf,
2hf, 3hf,…, (n – 1)hf, nhf, (n + 1)hf,…}. Each two consecutive quantum states in this sequence are separated by an energy
jump, ΔE = h f . An oscillator in the wall can receive energy from the radiation in the cavity (absorption), or it can give

away energy to the radiation in the cavity (emission). The absorption process sends the oscillator to a higher quantum state,
and the emission process sends the oscillator to a lower quantum state. Whichever way this exchange of energy goes, the
smallest amount of energy that can be exchanged is hf. There is no upper limit to how much energy can be exchanged, but
whatever is exchanged must be an integer multiple of hf. If the energy packet does not have this exact amount, it is neither
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absorbed nor emitted at the wall of the blackbody.

Planck’s Quantum Hypothesis

Planck’s hypothesis of energy quanta states that the amount of energy emitted by the oscillator is carried by the
quantum of radiation, ΔE :

ΔE = h f

Recall that the frequency of electromagnetic radiation is related to its wavelength and to the speed of light by the
fundamental relation f λ = c. This means that we can express Equation 6.10 equivalently in terms of wavelength λ.
When included in the computation of the energy density of a blackbody, Planck’s hypothesis gives the following theoretical
expression for the power intensity of emitted radiation per unit wavelength:

(6.11)I(λ, T) = 2πhc2

λ5
1

e
hc /λkB T

− 1

where c is the speed of light in vacuum and kB is Boltzmann’s constant, kB = 1.380 × 10−23 J/K. The theoretical formula

expressed in Equation 6.11 is called Planck’s blackbody radiation law. This law is in agreement with the experimental
blackbody radiation curve (see Figure 6.7). In addition, Wien’s displacement law and Stefan’s law can both be derived
from Equation 6.11. To derive Wien’s displacement law, we use differential calculus to find the maximum of the radiation
intensity curve I(λ, T). To derive Stefan’s law and find the value of the Stefan–Boltzmann constant, we use integral

calculus and integrate I(λ, T) to find the total power radiated by a blackbody at one temperature in the entire spectrum of

wavelengths from λ = 0 to λ = ∞. This derivation is left as an exercise later in this chapter.

Figure 6.7 Planck’s theoretical result (continuous curve) and
the experimental blackbody radiation curve (dots).

Example 6.3

Planck’s Quantum Oscillator

A quantum oscillator in the cavity wall in Figure 6.2 is vibrating at a frequency of 5.0 × 1014 Hz. Calculate

the spacing between its energy levels.

Strategy

Energy states of a quantum oscillator are given by Equation 6.9. The energy spacing ΔE is obtained by finding

the energy difference between two adjacent quantum states for quantum numbers n + 1 and n.
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6.4

6.5

Solution

We can substitute the given frequency and Planck’s constant directly into the equation:

ΔE = En + 1 − En = (n + 1)h f − nh f = h f = (6.626 × 10−34 J · s)(5.0 × 1014 Hz) = 3.3 × 10−19 J

Significance

Note that we do not specify what kind of material was used to build the cavity. Here, a quantum oscillator is a
theoretical model of an atom or molecule of material in the wall.

Check Your Understanding A molecule is vibrating at a frequency of 5.0 × 1014 Hz. What is the

smallest spacing between its vibrational energy levels?

Example 6.4

Quantum Theory Applied to a Classical Oscillator

A 1.0-kg mass oscillates at the end of a spring with a spring constant of 1000 N/m. The amplitude of these
oscillations is 0.10 m. Use the concept of quantization to find the energy spacing for this classical oscillator. Is
the energy quantization significant for macroscopic systems, such as this oscillator?

Strategy

We use Equation 6.10 as though the system were a quantum oscillator, but with the frequency f of the mass
vibrating on a spring. To evaluate whether or not quantization has a significant effect, we compare the quantum
energy spacing with the macroscopic total energy of this classical oscillator.

Solution

For the spring constant, k = 1.0 × 103 N/m, the frequency f of the mass, m = 1.0kg, is

f = 1
2π

k
m = 1

2π
1.0 × 103 N/m

1.0kg ≃ 5.0 Hz

The energy quantum that corresponds to this frequency is

ΔE = h f = (6.626 × 10−34 J · s)(5.0Hz) = 3.3 × 10−33 J

When vibrations have amplitude A = 0.10m, the energy of oscillations is

E = 1
2kA2 = 1

2(1000N/m)(0.1m)2 = 5.0J

Significance

Thus, for a classical oscillator, we have ΔE /E ≈ 10−34. We see that the separation of the energy levels is

immeasurably small. Therefore, for all practical purposes, the energy of a classical oscillator takes on continuous
values. This is why classical principles may be applied to macroscopic systems encountered in everyday life
without loss of accuracy.

Check Your Understanding Would the result in Example 6.4 be different if the mass were not 1.0 kg
but a tiny mass of 1.0 µg, and the amplitude of vibrations were 0.10 µm?

When Planck first published his result, the hypothesis of energy quanta was not taken seriously by the physics community
because it did not follow from any established physics theory at that time. It was perceived, even by Planck himself, as
a useful mathematical trick that led to a good theoretical “fit” to the experimental curve. This perception was changed in
1905 when Einstein published his explanation of the photoelectric effect, in which he gave Planck’s energy quantum a new
meaning: that of a particle of light.
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6.2 | Photoelectric Effect

Learning Objectives

By the end of this section you will be able to:

• Describe physical characteristics of the photoelectric effect

• Explain why the photoelectric effect cannot be explained by classical physics

• Describe how Einstein’s idea of a particle of radiation explains the photoelectric effect

When a metal surface is exposed to a monochromatic electromagnetic wave of sufficiently short wavelength (or
equivalently, above a threshold frequency), the incident radiation is absorbed and the exposed surface emits electrons. This
phenomenon is known as the photoelectric effect. Electrons that are emitted in this process are called photoelectrons.

The experimental setup to study the photoelectric effect is shown schematically in Figure 6.8. The target material serves
as the anode, which becomes the emitter of photoelectrons when it is illuminated by monochromatic radiation. We call this
electrode the photoelectrode. Photoelectrons are collected at the cathode, which is kept at a lower potential with respect
to the anode. The potential difference between the electrodes can be increased or decreased, or its polarity can be reversed.
The electrodes are enclosed in an evacuated glass tube so that photoelectrons do not lose their kinetic energy on collisions
with air molecules in the space between electrodes.

When the target material is not exposed to radiation, no current is registered in this circuit because the circuit is broken
(note, there is a gap between the electrodes). But when the target material is connected to the negative terminal of a battery
and exposed to radiation, a current is registered in this circuit; this current is called the photocurrent. Suppose that we now
reverse the potential difference between the electrodes so that the target material now connects with the positive terminal
of a battery, and then we slowly increase the voltage. The photocurrent gradually dies out and eventually stops flowing
completely at some value of this reversed voltage. The potential difference at which the photocurrent stops flowing is called
the stopping potential.
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Figure 6.8 An experimental setup to study the photoelectric effect. The
anode and cathode are enclosed in an evacuated glass tube. The voltmeter
measures the electric potential difference between the electrodes, and the
ammeter measures the photocurrent. The incident radiation is
monochromatic.

Characteristics of the Photoelectric Effect
The photoelectric effect has three important characteristics that cannot be explained by classical physics: (1) the absence of
a lag time, (2) the independence of the kinetic energy of photoelectrons on the intensity of incident radiation, and (3) the
presence of a cut-off frequency. Let’s examine each of these characteristics.

The absence of lag time

When radiation strikes the target material in the electrode, electrons are emitted almost instantaneously, even at very low
intensities of incident radiation. This absence of lag time contradicts our understanding based on classical physics. Classical
physics predicts that for low-energy radiation, it would take significant time before irradiated electrons could gain sufficient
energy to leave the electrode surface; however, such an energy buildup is not observed.

The intensity of incident radiation and the kinetic energy of photoelectrons

Typical experimental curves are shown in Figure 6.9, in which the photocurrent is plotted versus the applied potential
difference between the electrodes. For the positive potential difference, the current steadily grows until it reaches a plateau.
Furthering the potential increase beyond this point does not increase the photocurrent at all. A higher intensity of radiation
produces a higher value of photocurrent. For the negative potential difference, as the absolute value of the potential
difference increases, the value of the photocurrent decreases and becomes zero at the stopping potential. For any intensity
of incident radiation, whether the intensity is high or low, the value of the stopping potential always stays at one value.

To understand why this result is unusual from the point of view of classical physics, we first have to analyze the
energy of photoelectrons. A photoelectron that leaves the surface has kinetic energy K. It gained this energy from the
incident electromagnetic wave. In the space between the electrodes, a photoelectron moves in the electric potential and
its energy changes by the amount qΔV , where ΔV is the potential difference and q = −e. Because no forces are

present but electric force, by applying the work-energy theorem, we obtain the energy balance ΔK − eΔV = 0 for

the photoelectron, where ΔK is the change in the photoelectron’s kinetic energy. When the stopping potential −ΔVs

is applied, the photoelectron loses its initial kinetic energy Ki and comes to rest. Thus, its energy balance becomes
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(0 − Ki) − e(−ΔVs) = 0, so that Ki = eΔVs. In the presence of the stopping potential, the largest kinetic energy Kmax

that a photoelectron can have is its initial kinetic energy, which it has at the surface of the photoelectrode. Therefore, the
largest kinetic energy of photoelectrons can be directly measured by measuring the stopping potential:

(6.12)Kmax = eΔVs.

At this point we can see where the classical theory is at odds with the experimental results. In classical theory, the
photoelectron absorbs electromagnetic energy in a continuous way; this means that when the incident radiation has a high
intensity, the kinetic energy in Equation 6.12 is expected to be high. Similarly, when the radiation has a low intensity,
the kinetic energy is expected to be low. But the experiment shows that the maximum kinetic energy of photoelectrons is
independent of the light intensity.

Figure 6.9 The detected photocurrent plotted versus the
applied potential difference shows that for any intensity of
incident radiation, whether the intensity is high (upper curve) or
low (lower curve), the value of the stopping potential is always
the same.

The presence of a cut-off frequency

For any metal surface, there is a minimum frequency of incident radiation below which photocurrent does not occur. The
value of this cut-off frequency for the photoelectric effect is a physical property of the metal: Different materials have
different values of cut-off frequency. Experimental data show a typical linear trend (see Figure 6.10). The kinetic energy of
photoelectrons at the surface grows linearly with the increasing frequency of incident radiation. Measurements for all metal
surfaces give linear plots with one slope. None of these observed phenomena is in accord with the classical understanding
of nature. According to the classical description, the kinetic energy of photoelectrons should not depend on the frequency
of incident radiation at all, and there should be no cut-off frequency. Instead, in the classical picture, electrons receive
energy from the incident electromagnetic wave in a continuous way, and the amount of energy they receive depends only
on the intensity of the incident light and nothing else. So in the classical understanding, as long as the light is shining, the
photoelectric effect is expected to continue.
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Figure 6.10 Kinetic energy of photoelectrons at the surface
versus the frequency of incident radiation. The photoelectric
effect can only occur above the cut-off frequency fc.
Measurements for all metal surfaces give linear plots with one
slope. Each metal surface has its own cut-off frequency.

The Work Function
The photoelectric effect was explained in 1905 by A. Einstein. Einstein reasoned that if Planck’s hypothesis about energy
quanta was correct for describing the energy exchange between electromagnetic radiation and cavity walls, it should also
work to describe energy absorption from electromagnetic radiation by the surface of a photoelectrode. He postulated that an
electromagnetic wave carries its energy in discrete packets. Einstein’s postulate goes beyond Planck’s hypothesis because it
states that the light itself consists of energy quanta. In other words, it states that electromagnetic waves are quantized.

In Einstein’s approach, a beam of monochromatic light of frequency f is made of photons. A photon is a particle of light.
Each photon moves at the speed of light and carries an energy quantum E f . A photon’s energy depends only on its

frequency f. Explicitly, the energy of a photon is

(6.13)E f = h f

where h is Planck’s constant. In the photoelectric effect, photons arrive at the metal surface and each photon gives away

all of its energy to only one electron on the metal surface. This transfer of energy from photon to electron is of the “all or
nothing” type, and there are no fractional transfers in which a photon would lose only part of its energy and survive. The
essence of a quantum phenomenon is either a photon transfers its entire energy and ceases to exist or there is no transfer
at all. This is in contrast with the classical picture, where fractional energy transfers are permitted. Having this quantum
understanding, the energy balance for an electron on the surface that receives the energy E f from a photon is

E f = Kmax + ϕ

where Kmax is the kinetic energy, given by Equation 6.12, that an electron has at the very instant it gets detached from

the surface. In this energy balance equation, ϕ is the energy needed to detach a photoelectron from the surface. This energy

ϕ is called the work function of the metal. Each metal has its characteristic work function, as illustrated in Table 6.1. To

obtain the kinetic energy of photoelectrons at the surface, we simply invert the energy balance equation and use Equation
6.13 to express the energy of the absorbed photon. This gives us the expression for the kinetic energy of photoelectrons,
which explicitly depends on the frequency of incident radiation:

(6.14)Kmax = h f − ϕ.

This equation has a simple mathematical form but its physics is profound. We can now elaborate on the physical meaning
behind Equation 6.14.
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Typical Values of the Work Function for Some Common Metals

Metal ϕ (eV)

Na 2.46

Al 4.08

Pb 4.14

Zn 4.31

Fe 4.50

Cu 4.70

Ag 4.73

Pt 6.35

Table 6.1

In Einstein’s interpretation, interactions take place between individual electrons and individual photons. The absence of
a lag time means that these one-on-one interactions occur instantaneously. This interaction time cannot be increased by
lowering the light intensity. The light intensity corresponds to the number of photons arriving at the metal surface per unit
time. Even at very low light intensities, the photoelectric effect still occurs because the interaction is between one electron
and one photon. As long as there is at least one photon with enough energy to transfer it to a bound electron, a photoelectron
will appear on the surface of the photoelectrode.

The existence of the cut-off frequency fc for the photoelectric effect follows from Equation 6.14 because the kinetic

energy Kmax of the photoelectron can take only positive values. This means that there must be some threshold frequency

for which the kinetic energy is zero, 0 = h fc − ϕ. In this way, we obtain the explicit formula for cut-off frequency:

(6.15)fc = ϕ
h .

Cut-off frequency depends only on the work function of the metal and is in direct proportion to it. When the work function
is large (when electrons are bound fast to the metal surface), the energy of the threshold photon must be large to produce a
photoelectron, and then the corresponding threshold frequency is large. Photons with frequencies larger than the threshold
frequency fc always produce photoelectrons because they have Kmax > 0. Photons with frequencies smaller than fc

do not have enough energy to produce photoelectrons. Therefore, when incident radiation has a frequency below the cut-
off frequency, the photoelectric effect is not observed. Because frequency f and wavelength λ of electromagnetic waves

are related by the fundamental relation λ f = c (where c is the speed of light in vacuum), the cut-off frequency has its

corresponding cut-off wavelength λc :

(6.16)λc = c
fc

= c
ϕ /h = hc

ϕ .

In this equation, hc = 1240 eV · nm. Our observations can be restated in the following equivalent way: When the incident

radiation has wavelengths longer than the cut-off wavelength, the photoelectric effect does not occur.

Example 6.5

Photoelectric Effect for Silver

Radiation with wavelength 300 nm is incident on a silver surface. Will photoelectrons be observed?
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Strategy

Photoelectrons can be ejected from the metal surface only when the incident radiation has a shorter wavelength
than the cut-off wavelength. The work function of silver is ϕ = 4.73 eV (Table 6.1). To make the estimate, we

use Equation 6.16.

Solution

The threshold wavelength for observing the photoelectric effect in silver is

λc = hc
ϕ = 1240 eV · nm

4.73 eV = 262 nm.

The incident radiation has wavelength 300 nm, which is longer than the cut-off wavelength; therefore,
photoelectrons are not observed.

Significance

If the photoelectrode were made of sodium instead of silver, the cut-off wavelength would be 504 nm and
photoelectrons would be observed.

Equation 6.14 in Einstein’s model tells us that the maximum kinetic energy of photoelectrons is a linear function of the
frequency of incident radiation, which is illustrated in Figure 6.10. For any metal, the slope of this plot has a value of
Planck’s constant. The intercept with the Kmax -axis gives us a value of the work function that is characteristic for the metal.

On the other hand, Kmax can be directly measured in the experiment by measuring the value of the stopping potential ΔVs

(see Equation 6.12) at which the photocurrent stops. These direct measurements allow us to determine experimentally the
value of Planck’s constant, as well as work functions of materials.

Einstein’s model also gives a straightforward explanation for the photocurrent values shown in Figure 6.9. For example,
doubling the intensity of radiation translates to doubling the number of photons that strike the surface per unit time. The
larger the number of photons, the larger is the number of photoelectrons, which leads to a larger photocurrent in the
circuit. This is how radiation intensity affects the photocurrent. The photocurrent must reach a plateau at some value of
potential difference because, in unit time, the number of photoelectrons is equal to the number of incident photons and the
number of incident photons does not depend on the applied potential difference at all, but only on the intensity of incident
radiation. The stopping potential does not change with the radiation intensity because the kinetic energy of photoelectrons
(see Equation 6.14) does not depend on the radiation intensity.

Example 6.6

Work Function and Cut-Off Frequency

When a 180-nm light is used in an experiment with an unknown metal, the measured photocurrent drops to zero
at potential – 0.80 V. Determine the work function of the metal and its cut-off frequency for the photoelectric
effect.

Strategy

To find the cut-off frequency fc, we use Equation 6.15, but first we must find the work function ϕ. To find

ϕ, we use Equation 6.12 and Equation 6.14. Photocurrent drops to zero at the stopping value of potential,

so we identify ΔVs = 0.8V.

Solution

We use Equation 6.12 to find the kinetic energy of the photoelectrons:

Kmax = eΔVs = e(0.80V) = 0.80 eV.

Now we solve Equation 6.14 for ϕ :

ϕ = h f − Kmax = hc
λ − Kmax = 1240 eV · nm

180 nm − 0.80 eV = 6.09 eV.
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6.6

6.7

Finally, we use Equation 6.15 to find the cut-off frequency:

fc = ϕ
h = 6.09 eV

4.136 × 10−15 eV · s
= 1.47 × 10−15 Hz.

Significance

In calculations like the one shown in this example, it is convenient to use Planck’s constant in the units of eV · s
and express all energies in eV instead of joules.

Example 6.7

The Photon Energy and Kinetic Energy of Photoelectrons

A 430-nm violet light is incident on a calcium photoelectrode with a work function of 2.71 eV.

Find the energy of the incident photons and the maximum kinetic energy of ejected electrons.

Strategy

The energy of the incident photon is E f = h f = hc /λ, where we use f λ = c. To obtain the maximum energy

of the ejected electrons, we use Equation 6.16.

Solution

E f = hc
λ = 1240 eV · nm

430 nm = 2.88 eV, Kmax = E f − ϕ = 2.88 eV − 2.71 eV = 0.17 eV

Significance

In this experimental setup, photoelectrons stop flowing at the stopping potential of 0.17 V.

Check Your Understanding A yellow 589-nm light is incident on a surface whose work function is 1.20
eV. What is the stopping potential? What is the cut-off wavelength?

Check Your Understanding Cut-off frequency for the photoelectric effect in some materials is

8.0 × 1013 Hz. When the incident light has a frequency of 1.2 × 1014 Hz, the stopping potential is measured

as – 0.16 V. Estimate a value of Planck’s constant from these data (in units J · s and eV · s ) and determine the

percentage error of your estimation.

6.3 | The Compton Effect

Learning Objectives

By the end of this section, you will be able to:

• Describe Compton’s experiment

• Explain the Compton wavelength shift

• Describe how experiments with X-rays confirm the particle nature of radiation

Two of Einstein’s influential ideas introduced in 1905 were the theory of special relativity and the concept of a light
quantum, which we now call a photon. Beyond 1905, Einstein went further to suggest that freely propagating
electromagnetic waves consisted of photons that are particles of light in the same sense that electrons or other massive
particles are particles of matter. A beam of monochromatic light of wavelength λ (or equivalently, of frequency f) can be

seen either as a classical wave or as a collection of photons that travel in a vacuum with one speed, c (the speed of light),
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and all carrying the same energy, E f = h f . This idea proved useful for explaining the interactions of light with particles

of matter.

Momentum of a Photon
Unlike a particle of matter that is characterized by its rest mass m0, a photon is massless. In a vacuum, unlike a particle

of matter that may vary its speed but cannot reach the speed of light, a photon travels at only one speed, which is exactly
the speed of light. From the point of view of Newtonian classical mechanics, these two characteristics imply that a photon
should not exist at all. For example, how can we find the linear momentum or kinetic energy of a body whose mass is zero?
This apparent paradox vanishes if we describe a photon as a relativistic particle. According to the theory of special relativity,
any particle in nature obeys the relativistic energy equation

(6.17)E2 = p2 c2 + m0
2 c4.

This relation can also be applied to a photon. In Equation 6.17, E is the total energy of a particle, p is its linear momentum,
and m0 is its rest mass. For a photon, we simply set m0 = 0 in this equation. This leads to the expression for the

momentum p f of a photon

(6.18)
p f =

E f
c .

Here the photon’s energy E f is the same as that of a light quantum of frequency f, which we introduced to explain the

photoelectric effect:

(6.19)E f = h f = hc
λ .

The wave relation that connects frequency f with wavelength λ and speed c also holds for photons:

(6.20)λ f = c

Therefore, a photon can be equivalently characterized by either its energy and wavelength, or its frequency and momentum.
Equation 6.19 and Equation 6.20 can be combined into the explicit relation between a photon’s momentum and its
wavelength:

(6.21)p f = h
λ .

Notice that this equation gives us only the magnitude of the photon’s momentum and contains no information about the
direction in which the photon is moving. To include the direction, it is customary to write the photon’s momentum as a
vector:

(6.22)p→ f = ℏ k→ .

In Equation 6.22, ℏ = h /2π is the reduced Planck’s constant (pronounced “h-bar”), which is just Planck’s constant
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divided by the factor 2π. Vector k→ is called the “wave vector” or propagation vector (the direction in which a photon is

moving). The propagation vector shows the direction of the photon’s linear momentum vector. The magnitude of the wave

vector is k = | k→ | = 2π /λ and is called the wave number. Notice that this equation does not introduce any new physics.

We can verify that the magnitude of the vector in Equation 6.22 is the same as that given by Equation 6.18.

The Compton Effect
The Compton effect is the term used for an unusual result observed when X-rays are scattered on some materials. By
classical theory, when an electromagnetic wave is scattered off atoms, the wavelength of the scattered radiation is expected
to be the same as the wavelength of the incident radiation. Contrary to this prediction of classical physics, observations show
that when X-rays are scattered off some materials, such as graphite, the scattered X-rays have different wavelengths from
the wavelength of the incident X-rays. This classically unexplainable phenomenon was studied experimentally by Arthur
H. Compton and his collaborators, and Compton gave its explanation in 1923.

To explain the shift in wavelengths measured in the experiment, Compton used Einstein’s idea of light as a particle. The
Compton effect has a very important place in the history of physics because it shows that electromagnetic radiation cannot
be explained as a purely wave phenomenon. The explanation of the Compton effect gave a convincing argument to the
physics community that electromagnetic waves can indeed behave like a stream of photons, which placed the concept of a
photon on firm ground.

The schematics of Compton’s experimental setup are shown in Figure 6.11. The idea of the experiment is straightforward:
Monochromatic X-rays with wavelength λ are incident on a sample of graphite (the “target”), where they interact with

atoms inside the sample; they later emerge as scattered X-rays with wavelength λ′. A detector placed behind the target can

measure the intensity of radiation scattered in any direction θ with respect to the direction of the incident X-ray beam. This

scattering angle, θ, is the angle between the direction of the scattered beam and the direction of the incident beam. In

this experiment, we know the intensity and the wavelength λ of the incoming (incident) beam; and for a given scattering

angle θ, we measure the intensity and the wavelength λ′ of the outgoing (scattered) beam. Typical results of these

measurements are shown in Figure 6.12, where the x-axis is the wavelength of the scattered X-rays and the y-axis is the
intensity of the scattered X-rays, measured for different scattering angles (indicated on the graphs). For all scattering angles
(except for θ = 0°), we measure two intensity peaks. One peak is located at the wavelength λ, which is the wavelength

of the incident beam. The other peak is located at some other wavelength, λ′. The two peaks are separated by Δλ, which

depends on the scattering angle θ of the outgoing beam (in the direction of observation). The separation Δλ is called the

Compton shift.

Figure 6.11 Experimental setup for studying Compton
scattering.
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Figure 6.12 Experimental data show the Compton effect for X-rays scattering off graphite at various angles: The intensity of
the scattered beam has two peaks. One peak appears at the wavelength λ of the incident radiation and the second peak appears

at wavelength λ′. The separation Δλ between the peaks depends on the scattering angle θ, which is the angular position of

the detector in Figure 6.11. The experimental data in this figure are plotted in arbitrary units so that the height of the profile
reflects the intensity of the scattered beam above background noise.

Compton Shift
As given by Compton, the explanation of the Compton shift is that in the target material, graphite, valence electrons are
loosely bound in the atoms and behave like free electrons. Compton assumed that the incident X-ray radiation is a stream
of photons. An incoming photon in this stream collides with a valence electron in the graphite target. In the course of this
collision, the incoming photon transfers some part of its energy and momentum to the target electron and leaves the scene
as a scattered photon. This model explains in qualitative terms why the scattered radiation has a longer wavelength than
the incident radiation. Put simply, a photon that has lost some of its energy emerges as a photon with a lower frequency, or
equivalently, with a longer wavelength. To show that his model was correct, Compton used it to derive the expression for
the Compton shift. In his derivation, he assumed that both photon and electron are relativistic particles and that the collision
obeys two commonsense principles: (1) the conservation of linear momentum and (2) the conservation of total relativistic
energy.

In the following derivation of the Compton shift, E f and p→ f denote the energy and momentum, respectively, of an

incident photon with frequency f. The photon collides with a relativistic electron at rest, which means that immediately

before the collision, the electron’s energy is entirely its rest mass energy, m0 c2. Immediately after the collision, the

electron has energy E and momentum p→ , both of which satisfy Equation 6.19. Immediately after the collision, the

outgoing photon has energy Ẽ f , momentum p̃
→

f , and frequency f ′. The direction of the incident photon is horizontal

from left to right, and the direction of the outgoing photon is at the angle θ, as illustrated in Figure 6.11. The scattering

angle θ is the angle between the momentum vectors p→ f and p̃
→

f , and we can write their scalar product:

(6.23)p→ f · p̃
→

f = p f p̃ f cosθ.

Following Compton’s argument, we assume that the colliding photon and electron form an isolated system. This assumption
is valid for weakly bound electrons that, to a good approximation, can be treated as free particles. Our first equation is the
conservation of energy for the photon-electron system:

(6.24)E f + m0 c2 = Ẽ f + E.

The left side of this equation is the energy of the system at the instant immediately before the collision, and the right
side of the equation is the energy of the system at the instant immediately after the collision. Our second equation is the
conservation of linear momentum for the photon–electron system where the electron is at rest at the instant immediately
before the collision:

(6.25)p→ f = p̃
→

f + p→ .
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The left side of this equation is the momentum of the system right before the collision, and the right side of the equation
is the momentum of the system right after collision. The entire physics of Compton scattering is contained in these three
preceding equations––the remaining part is algebra. At this point, we could jump to the concluding formula for the Compton
shift, but it is beneficial to highlight the main algebraic steps that lead to Compton’s formula, which we give here as follows.

We start with rearranging the terms in Equation 6.24 and squaring it:

⎡
⎣
⎛
⎝E f − Ẽ f

⎞
⎠ + m0 c2⎤

⎦
2

= E2.

In the next step, we substitute Equation 6.19 for E2, simplify, and divide both sides by c2 to obtain

⎛
⎝E f /c − Ẽ f /c⎞

⎠
2

+ 2m0 c⎛
⎝E f /c − Ẽ f /c⎞

⎠ = p2.

Now we can use Equation 6.21 to express this form of the energy equation in terms of momenta. The result is

(6.26)⎛
⎝p f − p̃ f

⎞
⎠
2

+ 2m0 c⎛
⎝p f − p̃ f

⎞
⎠ = p2.

To eliminate p2, we turn to the momentum equation Equation 6.25, rearrange its terms, and square it to obtain

⎛
⎝ p→ f − p̃

→
f
⎞
⎠

2
= p2 and ⎛

⎝ p→ f − p̃
→

f
⎞
⎠

2
= p f

2 + p̃ f
2 − 2 p→ f · p̃

→
f .

The product of the momentum vectors is given by Equation 6.23. When we substitute this result for p2 in Equation

6.26, we obtain the energy equation that contains the scattering angle θ :

⎛
⎝p f − p̃ f

⎞
⎠
2

+ 2m0 c⎛
⎝p f − p̃ f

⎞
⎠ = p f

2 + p̃ f
2 − 2p f p̃ f cosθ.

With further algebra, this result can be simplified to

(6.27)1
p̃ f

− 1
p f

= 1
m0 c(1 − cosθ).

Now recall Equation 6.21 and write: 1/ p̃ f = λ′ /h and 1/ p f = λ /h. When these relations are substituted into

Equation 6.27, we obtain the relation for the Compton shift:

(6.28)λ′ − λ = h
m0 c(1 − cosθ).

The factor h /m0 c is called the Compton wavelength of the electron:

(6.29)λc = h
m0 c = 0.00243 nm = 2.43 pm.

Denoting the shift as Δλ = λ′ − λ, the concluding result can be rewritten as

(6.30)Δλ = λc(1 − cosθ).

This formula for the Compton shift describes outstandingly well the experimental results shown in Figure 6.12. Scattering
data measured for molybdenum, graphite, calcite, and many other target materials are in accord with this theoretical result.
The nonshifted peak shown in Figure 6.12 is due to photon collisions with tightly bound inner electrons in the target
material. Photons that collide with the inner electrons of the target atoms in fact collide with the entire atom. In this extreme
case, the rest mass in Equation 6.29 must be changed to the rest mass of the atom. This type of shift is four orders of
magnitude smaller than the shift caused by collisions with electrons and is so small that it can be neglected.
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6.8

Compton scattering is an example of inelastic scattering, in which the scattered radiation has a longer wavelength than the
wavelength of the incident radiation. In today’s usage, the term “Compton scattering” is used for the inelastic scattering of
photons by free, charged particles. In Compton scattering, treating photons as particles with momenta that can be transferred
to charged particles provides the theoretical background to explain the wavelength shifts measured in experiments; this is
the evidence that radiation consists of photons.

Example 6.8

Compton Scattering

An incident 71-pm X-ray is incident on a calcite target. Find the wavelength of the X-ray scattered at a 30°
angle. What is the largest shift that can be expected in this experiment?

Strategy

To find the wavelength of the scattered X-ray, first we must find the Compton shift for the given scattering angle,
θ = 30°. We use Equation 6.30. Then we add this shift to the incident wavelength to obtain the scattered

wavelength. The largest Compton shift occurs at the angle θ when 1 − cosθ has the largest value, which is for

the angle θ = 180°.

Solution

The shift at θ = 30° is

Δλ = λc(1 − cos30°) = 0.134λc = (0.134)(2.43) pm = 0.325 pm.

This gives the scattered wavelength:

λ′ = λ + Δλ = (71 + 0.325) pm = 71.325 pm.

The largest shift is

(Δλ)max = λc(1 − cos1800) = 2(2.43 pm) = 4.86 pm.

Significance

The largest shift in wavelength is detected for the backscattered radiation; however, most of the photons from the
incident beam pass through the target and only a small fraction of photons gets backscattered (typically, less than
5%). Therefore, these measurements require highly sensitive detectors.

Check Your Understanding An incident 71-pm X-ray is incident on a calcite target. Find the
wavelength of the X-ray scattered at a 60° angle. What is the smallest shift that can be expected in this

experiment?

6.4 | Bohr’s Model of the Hydrogen Atom

Learning Objectives

By the end of this section, you will be able to:

• Explain the difference between the absorption spectrum and the emission spectrum of radiation
emitted by atoms

• Describe the Rutherford gold foil experiment and the discovery of the atomic nucleus

• Explain the atomic structure of hydrogen

• Describe the postulates of the early quantum theory for the hydrogen atom

• Summarize how Bohr’s quantum model of the hydrogen atom explains the radiation spectrum
of atomic hydrogen

Historically, Bohr’s model of the hydrogen atom is the very first model of atomic structure that correctly explained the
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radiation spectra of atomic hydrogen. The model has a special place in the history of physics because it introduced an early
quantum theory, which brought about new developments in scientific thought and later culminated in the development of
quantum mechanics. To understand the specifics of Bohr’s model, we must first review the nineteenth-century discoveries
that prompted its formulation.

When we use a prism to analyze white light coming from the sun, several dark lines in the solar spectrum are observed
(Figure 6.13). Solar absorption lines are called Fraunhofer lines after Joseph von Fraunhofer, who accurately measured
their wavelengths. During 1854–1861, Gustav Kirchhoff and Robert Bunsen discovered that for the various chemical
elements, the line emission spectrum of an element exactly matches its line absorption spectrum. The difference between
the absorption spectrum and the emission spectrum is explained in Figure 6.14. An absorption spectrum is observed when
light passes through a gas. This spectrum appears as black lines that occur only at certain wavelengths on the background of
the continuous spectrum of white light (Figure 6.13). The missing wavelengths tell us which wavelengths of the radiation
are absorbed by the gas. The emission spectrum is observed when light is emitted by a gas. This spectrum is seen as
colorful lines on the black background (see Figure 6.15 and Figure 6.16). Positions of the emission lines tell us which
wavelengths of the radiation are emitted by the gas. Each chemical element has its own characteristic emission spectrum.
For each element, the positions of its emission lines are exactly the same as the positions of its absorption lines. This
means that atoms of a specific element absorb radiation only at specific wavelengths and radiation that does not have these
wavelengths is not absorbed by the element at all. This also means that the radiation emitted by atoms of each element has
exactly the same wavelengths as the radiation they absorb.

Figure 6.13 In the solar emission spectrum in the visible range from 380 nm to 710 nm, Fraunhofer lines are observed as
vertical black lines at specific spectral positions in the continuous spectrum. Highly sensitive modern instruments observe
thousands of such lines.

Figure 6.14 Observation of line spectra: (a) setup to observe absorption lines; (b) setup to
observe emission lines. (a) White light passes through a cold gas that is contained in a glass
flask. A prism is used to separate wavelengths of the passed light. In the spectrum of the passed
light, some wavelengths are missing, which are seen as black absorption lines in the continuous
spectrum on the viewing screen. (b) A gas is contained in a glass discharge tube that has
electrodes at its ends. At a high potential difference between the electrodes, the gas glows and
the light emitted from the gas passes through the prism that separates its wavelengths. In the
spectrum of the emitted light, only specific wavelengths are present, which are seen as colorful
emission lines on the screen.
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Figure 6.15 The emission spectrum of atomic hydrogen: The spectral positions of emission lines are characteristic for
hydrogen atoms. (credit: “Merikanto”/Wikimedia Commons)

Figure 6.16 The emission spectrum of atomic iron: The spectral positions of emission lines are characteristic for iron atoms.

Emission spectra of the elements have complex structures; they become even more complex for elements with higher atomic
numbers. The simplest spectrum, shown in Figure 6.15, belongs to the hydrogen atom. Only four lines are visible to the
human eye. As you read from right to left in Figure 6.15, these lines are: red (656 nm), called the H- α line; aqua (486

nm), blue (434 nm), and violet (410 nm). The lines with wavelengths shorter than 400 nm appear in the ultraviolet part of
the spectrum (Figure 6.15, far left) and are invisible to the human eye. There are infinitely many invisible spectral lines in
the series for hydrogen.

An empirical formula to describe the positions (wavelengths) λ of the hydrogen emission lines in this series was discovered

in 1885 by Johann Balmer. It is known as the Balmer formula:

(6.31)1
λ = RH

⎛
⎝

1
22 − 1

n2
⎞
⎠.

The constant RH = 1.09737 × 107 m−1 is called the Rydberg constant for hydrogen. In Equation 6.31, the positive

integer n takes on values n = 3, 4, 5, 6 for the four visible lines in this series. The series of emission lines given by the

Balmer formula is called the Balmer series for hydrogen. Other emission lines of hydrogen that were discovered in the
twentieth century are described by the Rydberg formula, which summarizes all of the experimental data:

(6.32)
1
λ = RH

⎛

⎝
⎜ 1
n f

2 − 1
ni

2

⎞

⎠
⎟, where ni = n f + 1, n f + 2, n f + 3, ...

When n f = 1, the series of spectral lines is called the Lyman series. When n f = 2, the series is called the Balmer

series, and in this case, the Rydberg formula coincides with the Balmer formula. When n f = 3, the series is called the

Paschen series. When n f = 4, the series is called the Brackett series. When n f = 5, the series is called the Pfund

series. When n f = 6, we have the Humphreys series. As you may guess, there are infinitely many such spectral bands

in the spectrum of hydrogen because n f can be any positive integer number.

The Rydberg formula for hydrogen gives the exact positions of the spectral lines as they are observed in a laboratory;
however, at the beginning of the twentieth century, nobody could explain why it worked so well. The Rydberg formula
remained unexplained until the first successful model of the hydrogen atom was proposed in 1913.
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6.9

Example 6.9

Limits of the Balmer Series

Calculate the longest and the shortest wavelengths in the Balmer series.

Strategy

We can use either the Balmer formula or the Rydberg formula. The longest wavelength is obtained when 1/ni

is largest, which is when ni = n f + 1 = 3, because n f = 2 for the Balmer series. The smallest wavelength is

obtained when 1/ni is smallest, which is 1/ni → 0 when ni → ∞.

Solution

The long-wave limit:

1
λ = RH

⎛
⎝

1
22 − 1

32
⎞
⎠ = (1.09737 × 107) 1

m
⎛
⎝
1
4 − 1

9
⎞
⎠ ⇒ λ = 656.3 nm

The short-wave limit:

1
λ = RH

⎛
⎝

1
22 − 0⎞

⎠ = (1.09737 × 107) 1
m

⎛
⎝
1
4

⎞
⎠ ⇒ λ = 364.6 nm

Significance

Note that there are infinitely many spectral lines lying between these two limits.

Check Your Understanding What are the limits of the Lyman series? Can you see these spectral lines?

The key to unlocking the mystery of atomic spectra is in understanding atomic structure. Scientists have long known that
matter is made of atoms. According to nineteenth-century science, atoms are the smallest indivisible quantities of matter.
This scientific belief was shattered by a series of groundbreaking experiments that proved the existence of subatomic
particles, such as electrons, protons, and neutrons.

The electron was discovered and identified as the smallest quantity of electric charge by J.J. Thomson in 1897 in his
cathode ray experiments, also known as β-ray experiments: A β-ray is a beam of electrons. In 1904, Thomson proposed
the first model of atomic structure, known as the “plum pudding” model, in which an atom consisted of an unknown
positively charged matter with negative electrons embedded in it like plums in a pudding. Around 1900, E. Rutherford,
and independently, Paul Ulrich Villard, classified all radiation known at that time as α -rays, β-rays, and γ-rays (a γ-ray

is a beam of highly energetic photons). In 1907, Rutherford and Thomas Royds used spectroscopy methods to show that
positively charged particles of α -radiation (called α -particles) are in fact doubly ionized atoms of helium. In 1909,

Rutherford, Ernest Marsden, and Hans Geiger used α -particles in their famous scattering experiment that disproved

Thomson’s model (see Linear Momentum and Collisions (http://cnx.org/content/m58317/latest/) ).

In the Rutherford gold foil experiment (also known as the Geiger–Marsden experiment), α -particles were incident on

a thin gold foil and were scattered by gold atoms inside the foil (see Types of Collisions (http://cnx.org/content/
m58321/latest/#CNX_UPhysics_09_04_TvsR) ). The outgoing particles were detected by a 360° scintillation screen

surrounding the gold target (for a detailed description of the experimental setup, see Linear Momentum and Collisions
(http://cnx.org/content/m58317/latest/) ). When a scattered particle struck the screen, a tiny flash of light
(scintillation) was observed at that location. By counting the scintillations seen at various angles with respect to the direction
of the incident beam, the scientists could determine what fraction of the incident particles were scattered and what fraction
were not deflected at all. If the plum pudding model were correct, there would be no back-scattered α -particles. However,

the results of the Rutherford experiment showed that, although a sizable fraction of α -particles emerged from the foil not

scattered at all as though the foil were not in their way, a significant fraction of α -particles were back-scattered toward the

source. This kind of result was possible only when most of the mass and the entire positive charge of the gold atom were
concentrated in a tiny space inside the atom.

In 1911, Rutherford proposed a nuclear model of the atom. In Rutherford’s model, an atom contained a positively charged
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nucleus of negligible size, almost like a point, but included almost the entire mass of the atom. The atom also contained
negative electrons that were located within the atom but relatively far away from the nucleus. Ten years later, Rutherford
coined the name proton for the nucleus of hydrogen and the name neutron for a hypothetical electrically neutral particle
that would mediate the binding of positive protons in the nucleus (the neutron was discovered in 1932 by James Chadwick).
Rutherford is credited with the discovery of the atomic nucleus; however, the Rutherford model of atomic structure does
not explain the Rydberg formula for the hydrogen emission lines.

Bohr’s model of the hydrogen atom, proposed by Niels Bohr in 1913, was the first quantum model that correctly explained
the hydrogen emission spectrum. Bohr’s model combines the classical mechanics of planetary motion with the quantum
concept of photons. Once Rutherford had established the existence of the atomic nucleus, Bohr’s intuition that the negative
electron in the hydrogen atom must revolve around the positive nucleus became a logical consequence of the inverse-square-
distance law of electrostatic attraction. Recall that Coulomb’s law describing the attraction between two opposite charges
has a similar form to Newton’s universal law of gravitation in the sense that the gravitational force and the electrostatic

force are both decreasing as 1/r2, where r is the separation distance between the bodies. In the same way as Earth

revolves around the sun, the negative electron in the hydrogen atom can revolve around the positive nucleus. However,
an accelerating charge radiates its energy. Classically, if the electron moved around the nucleus in a planetary fashion, it
would be undergoing centripetal acceleration, and thus would be radiating energy that would cause it to spiral down into the
nucleus. Such a planetary hydrogen atom would not be stable, which is contrary to what we know about ordinary hydrogen
atoms that do not disintegrate. Moreover, the classical motion of the electron is not able to explain the discrete emission
spectrum of hydrogen.

To circumvent these two difficulties, Bohr proposed the following three postulates of Bohr’s model:

1. The negative electron moves around the positive nucleus (proton) in a circular orbit. All electron orbits are centered
at the nucleus. Not all classically possible orbits are available to an electron bound to the nucleus.

2. The allowed electron orbits satisfy the first quantization condition: In the nth orbit, the angular momentum Ln of

the electron can take only discrete values:

(6.33)Ln = nℏ, where n = 1, 2, 3, ...

This postulate says that the electron’s angular momentum is quantized. Denoted by rn and vn, respectively, the

radius of the nth orbit and the electron’s speed in it, the first quantization condition can be expressed explicitly as

(6.34)me vn rn = nℏ.
3. An electron is allowed to make transitions from one orbit where its energy is En to another orbit where its energy is

Em. When an atom absorbs a photon, the electron makes a transition to a higher-energy orbit. When an atom emits

a photon, the electron transits to a lower-energy orbit. Electron transitions with the simultaneous photon absorption
or photon emission take place instantaneously. The allowed electron transitions satisfy the second quantization
condition:

(6.35)h f = |En − Em|

where h f is the energy of either an emitted or an absorbed photon with frequency f. The second quantization

condition states that an electron’s change in energy in the hydrogen atom is quantized.

These three postulates of the early quantum theory of the hydrogen atom allow us to derive not only the Rydberg formula,
but also the value of the Rydberg constant and other important properties of the hydrogen atom such as its energy levels,
its ionization energy, and the sizes of electron orbits. Note that in Bohr’s model, along with two nonclassical quantization
postulates, we also have the classical description of the electron as a particle that is subjected to the Coulomb force, and its
motion must obey Newton’s laws of motion. The hydrogen atom, as an isolated system, must obey the laws of conservation
of energy and momentum in the way we know from classical physics. Having this theoretical framework in mind, we are
ready to proceed with our analysis.
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Electron Orbits
To obtain the size rn of the electron’s nth orbit and the electron’s speed vn in it, we turn to Newtonian mechanics. As

a charged particle, the electron experiences an electrostatic pull toward the positively charged nucleus in the center of its
circular orbit. This electrostatic pull is the centripetal force that causes the electron to move in a circle around the nucleus.
Therefore, the magnitude of centripetal force is identified with the magnitude of the electrostatic force:

(6.36)me vn
2

rn
= 1

4πε0
e2

rn
2 .

Here, e denotes the value of the elementary charge. The negative electron and positive proton have the same value of

charge, |q| = e. When Equation 6.36 is combined with the first quantization condition given by Equation 6.34, we can

solve for the speed, vn, and for the radius, rn :

(6.37)vn = 1
4πε0

e2

ℏ
1
n

(6.38)rn = 4πε0
ℏ2

me e2n2.

Note that these results tell us that the electron’s speed as well as the radius of its orbit depend only on the index n
that enumerates the orbit because all other quantities in the preceding equations are fundamental constants. We see from
Equation 6.38 that the size of the orbit grows as the square of n. This means that the second orbit is four times as large as
the first orbit, and the third orbit is nine times as large as the first orbit, and so on. We also see from Equation 6.37 that the
electron’s speed in the orbit decreases as the orbit size increases. The electron’s speed is largest in the first Bohr orbit, for
n = 1, which is the orbit closest to the nucleus. The radius of the first Bohr orbit is called the Bohr radius of hydrogen,

denoted as a0. Its value is obtained by setting n = 1 in Equation 6.38:

(6.39)a0 = 4πε0
ℏ2

me e2 = 5.29 × 10−11 m = 0.529 Å.

We can substitute a0 in Equation 6.38 to express the radius of the nth orbit in terms of a0 :

(6.40)rn = a0 n2.

This result means that the electron orbits in hydrogen atom are quantized because the orbital radius takes on only specific
values of a0, 4a0, 9a0, 16a0, ... given by Equation 6.40, and no other values are allowed.

Electron Energies
The total energy En of an electron in the nth orbit is the sum of its kinetic energy Kn and its electrostatic potential energy

Un. Utilizing Equation 6.37, we find that

(6.41)
Kn = 1

2me vn
2 = 1

32π2 ε0
2

me e4

ℏ2
1
n2.

Recall that the electrostatic potential energy of interaction between two charges q1 and q2 that are separated by a distance

r12 is (1 /4πε0)q1 q2 /r12. Here, q1 = + e is the charge of the nucleus in the hydrogen atom (the charge of the proton),

q2 = −e is the charge of the electron and r12 = rn is the radius of the nth orbit. Now we use Equation 6.38 to find the

potential energy of the electron:
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(6.42)
Un = − 1

4πε0
e2
rn

= − 1
16π2 ε0

2
me e4

ℏ2
1
n2.

The total energy of the electron is the sum of Equation 6.41 and Equation 6.42:

(6.43)
En = Kn + Un = − 1

32π2 ε0
2

me e4

ℏ2
1
n2.

Note that the energy depends only on the index n because the remaining symbols in Equation 6.43 are physical constants.
The value of the constant factor in Equation 6.43 is

(6.44)
E0 = 1

32π2 ε0
2

me e4

ℏ2 = 1
8ε0

2
me e4

h2 = 2.17 × 10−18 J = 13.6 eV.

It is convenient to express the electron’s energy in the nth orbit in terms of this energy, as

(6.45)En = −E0
1
n2.

Now we can see that the electron energies in the hydrogen atom are quantized because they can have only discrete values of
−E0, −E0 /4, −E0 /9, −E0 /16, ... given by Equation 6.45, and no other energy values are allowed. This set of allowed

electron energies is called the energy spectrum of hydrogen (Figure 6.17). The index n that enumerates energy levels
in Bohr’s model is called the energy quantum number. We identify the energy of the electron inside the hydrogen atom
with the energy of the hydrogen atom. Note that the smallest value of energy is obtained for n = 1, so the hydrogen atom

cannot have energy smaller than that. This smallest value of the electron energy in the hydrogen atom is called the ground
state energy of the hydrogen atom and its value is

(6.46)E1 = −E0 = −13.6 eV.

The hydrogen atom may have other energies that are higher than the ground state. These higher energy states are known as
excited energy states of a hydrogen atom.

There is only one ground state, but there are infinitely many excited states because there are infinitely many values of n
in Equation 6.45. We say that the electron is in the “first exited state” when its energy is E2 (when n = 2 ), the second

excited state when its energy is E3 (when n = 3 ) and, in general, in the nth exited state when its energy is En + 1. There

is no highest-of-all excited state; however, there is a limit to the sequence of excited states. If we keep increasing n in

Equation 6.45, we find that the limit is − limn → ∞E0 /n2 = 0. In this limit, the electron is no longer bound to the nucleus

but becomes a free electron. An electron remains bound in the hydrogen atom as long as its energy is negative. An electron
that orbits the nucleus in the first Bohr orbit, closest to the nucleus, is in the ground state, where its energy has the smallest
value. In the ground state, the electron is most strongly bound to the nucleus and its energy is given by Equation 6.46.
If we want to remove this electron from the atom, we must supply it with enough energy, E∞, to at least balance out its

ground state energy E1 :

(6.47)E∞ + E1 = 0 ⇒ E∞ = −E1 = −(−E0) = E0 = 13.6 eV.

The energy that is needed to remove the electron from the atom is called the ionization energy. The ionization energy E∞

that is needed to remove the electron from the first Bohr orbit is called the ionization limit of the hydrogen atom. The
ionization limit in Equation 6.47 that we obtain in Bohr’s model agrees with experimental value.
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Figure 6.17 The energy spectrum of the hydrogen atom.
Energy levels (horizontal lines) represent the bound states of an
electron in the atom. There is only one ground state, n = 1,
and infinite quantized excited states. The states are enumerated
by the quantum number n = 1, 2, 3, 4, .... Vertical lines

illustrate the allowed electron transitions between the states.
Downward arrows illustrate transitions with an emission of a
photon with a wavelength in the indicated spectral band.

Spectral Emission Lines of Hydrogen
To obtain the wavelengths of the emitted radiation when an electron makes a transition from the nth orbit to the mth orbit,
we use the second of Bohr’s quantization conditions and Equation 6.45 for energies. The emission of energy from the
atom can occur only when an electron makes a transition from an excited state to a lower-energy state. In the course of such
a transition, the emitted photon carries away the difference of energies between the states involved in the transition. The
transition cannot go in the other direction because the energy of a photon cannot be negative, which means that for emission
we must have En > Em and n > m. Therefore, the third of Bohr’s postulates gives

(6.48)
h f = |En − Em| = En − Em = −E0

1
n2 + E0

1
m2 = E0

⎛
⎝

1
m2 − 1

n2
⎞
⎠.

Now we express the photon’s energy in terms of its wavelength, h f = hc /λ, and divide both sides of Equation 6.48 by

hc. The result is
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(6.49)1
λ = E0

hc
⎛
⎝

1
m2 − 1

n2
⎞
⎠.

The value of the constant in this equation is

(6.50)E0
hc = 13.6 eV

(4.136 × 10−15 eV · s)(2.997 × 108 m/s)
= 1.097 × 107 1

m.

This value is exactly the Rydberg constant RH in the Rydberg heuristic formula Equation 6.32. In fact, Equation 6.49

is identical to the Rydberg formula, because for a given m, we have n = m + 1, m + 2, .... In this way, the Bohr quantum

model of the hydrogen atom allows us to derive the experimental Rydberg constant from first principles and to express it in
terms of fundamental constants. Transitions between the allowed electron orbits are illustrated in Figure 6.17.

We can repeat the same steps that led to Equation 6.49 to obtain the wavelength of the absorbed radiation; this again
gives Equation 6.49 but this time for the positions of absorption lines in the absorption spectrum of hydrogen. The
only difference is that for absorption, the quantum number m is the index of the orbit occupied by the electron before the
transition (lower-energy orbit) and the quantum number n is the index of the orbit to which the electron makes the transition
(higher-energy orbit). The difference between the electron energies in these two orbits is the energy of the absorbed photon.

Example 6.10

Size and Ionization Energy of the Hydrogen Atom in an Excited State

If a hydrogen atom in the ground state absorbs a 93.7-nm photon, corresponding to a transition line in the Lyman
series, how does this affect the atom’s energy and size? How much energy is needed to ionize the atom when it is
in this excited state? Give your answers in absolute units, and relative to the ground state.

Strategy

Before the absorption, the atom is in its ground state. This means that the electron transition takes place from the
orbit m = 1 to some higher nth orbit. First, we must determine n for the absorbed wavelength λ = 93.7 nm.
Then, we can use Equation 6.45 to find the energy En of the excited state and its ionization energy E∞, n,
and use Equation 6.40 to find the radius rn of the atom in the excited state. To estimate n, we use Equation

6.49.

Solution

Substitute m = 1 and λ = 93.7 nm in Equation 6.49 and solve for n. You should not expect to obtain a

perfect integer answer because of rounding errors, but your answer will be close to an integer, and you can
estimate n by taking the integral part of your answer:

1
λ = RH

⎛
⎝

1
12 − 1

n2
⎞
⎠ ⇒ n = 1

1 − 1
λRH

= 1
1 − 1

(93.7 × 10−9 m)(1.097 × 107 m−1)

= 6.07 ⇒ n = 6.

The radius of the n = 6 orbit is

rn = a0 n2 = a0 62 = 36a0 = 36(0.529 × 10−10 m) = 19.04 × 10−10 m ≅ 19.0 Å.

Thus, after absorbing the 93.7-nm photon, the size of the hydrogen atom in the excited n = 6 state is 36 times

larger than before the absorption, when the atom was in the ground state. The energy of the fifth excited state (
n = 6 ) is:

En = − E0
n2 = − E0

62 = − E0
36 = − 13.6 eV

36 ≅ − 0.378 eV.

After absorbing the 93.7-nm photon, the energy of the hydrogen atom is larger than it was before the absorption.
Ionization of the atom when it is in the fifth excited state ( n = 6 ) requites 36 times less energy than is needed

when the atom is in the ground state:

E∞, 6 = −E6 = −(−0.378 eV) = 0.378 eV.
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6.10

Significance

We can analyze any spectral line in the spectrum of hydrogen in the same way. Thus, the experimental
measurements of spectral lines provide us with information about the atomic structure of the hydrogen atom.

Check Your Understanding When an electron in a hydrogen atom is in the first excited state, what
prediction does the Bohr model give about its orbital speed and kinetic energy? What is the magnitude of its
orbital angular momentum?

Bohr’s model of the hydrogen atom also correctly predicts the spectra of some hydrogen-like ions. Hydrogen-like ions
are atoms of elements with an atomic number Z larger than one ( Z = 1 for hydrogen) but with all electrons removed

except one. For example, an electrically neutral helium atom has an atomic number Z = 2. This means it has two electrons

orbiting the nucleus with a charge of q = + Ze. When one of the orbiting electrons is removed from the helium atom (we

say, when the helium atom is singly ionized), what remains is a hydrogen-like atomic structure where the remaining electron
orbits the nucleus with a charge of q = + Ze. This type of situation is described by the Bohr model. Assuming that the

charge of the nucleus is not +e but +Ze, we can repeat all steps, beginning with Equation 6.36, to obtain the results

for a hydrogen-like ion:

(6.51)rn = a0
Z n2

where a0 is the Bohr orbit of hydrogen, and

(6.52)En = −Z 2 E0
1
n2

where E0 is the ionization limit of a hydrogen atom. These equations are good approximations as long as the atomic

number Z is not too large.

The Bohr model is important because it was the first model to postulate the quantization of electron orbits in atoms. Thus,
it represents an early quantum theory that gave a start to developing modern quantum theory. It introduced the concept of
a quantum number to describe atomic states. The limitation of the early quantum theory is that it cannot describe atoms
in which the number of electrons orbiting the nucleus is larger than one. The Bohr model of hydrogen is a semi-classical
model because it combines the classical concept of electron orbits with the new concept of quantization. The remarkable
success of this model prompted many physicists to seek an explanation for why such a model should work at all, and to
seek an understanding of the physics behind the postulates of early quantum theory. This search brought about the onset of
an entirely new concept of “matter waves.”
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6.5 | De Broglie’s Matter Waves

Learning Objectives

By the end of this section, you will be able to:

• Describe de Broglie’s hypothesis of matter waves

• Explain how the de Broglie’s hypothesis gives the rationale for the quantization of angular
momentum in Bohr’s quantum theory of the hydrogen atom

• Describe the Davisson–Germer experiment

• Interpret de Broglie’s idea of matter waves and how they account for electron diffraction
phenomena

Compton’s formula established that an electromagnetic wave can behave like a particle of light when interacting with
matter. In 1924, Louis de Broglie proposed a new speculative hypothesis that electrons and other particles of matter
can behave like waves. Today, this idea is known as de Broglie’s hypothesis of matter waves. In 1926, De Broglie’s
hypothesis, together with Bohr’s early quantum theory, led to the development of a new theory of wave quantum
mechanics to describe the physics of atoms and subatomic particles. Quantum mechanics has paved the way for new
engineering inventions and technologies, such as the laser and magnetic resonance imaging (MRI). These new technologies
drive discoveries in other sciences such as biology and chemistry.

According to de Broglie’s hypothesis, massless photons as well as massive particles must satisfy one common set of
relations that connect the energy E with the frequency f, and the linear momentum p with the wavelength λ. We have

discussed these relations for photons in the context of Compton’s effect. We are recalling them now in a more general
context. Any particle that has energy and momentum is a de Broglie wave of frequency f and wavelength λ :

(6.53)E = h f

(6.54)λ = h
p.

Here, E and p are, respectively, the relativistic energy and the momentum of a particle. De Broglie’s relations are usually

expressed in terms of the wave vector k→ , k = 2π /λ, and the wave frequency ω = 2π f , as we usually do for waves:

(6.55)E = ℏω
(6.56)p→ = ℏ k→ .

Wave theory tells us that a wave carries its energy with the group velocity. For matter waves, this group velocity is the

velocity u of the particle. Identifying the energy E and momentum p of a particle with its relativistic energy mc2 and its

relativistic momentum mu, respectively, it follows from de Broglie relations that matter waves satisfy the following relation:

(6.57)λ f = ω
k = E /ℏ

p /ℏ = E
p = mc2

mu = c2
u = c

β

where β = u /c. When a particle is massless we have u = c and Equation 6.57 becomes λ f = c.
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Example 6.11

How Long Are de Broglie Matter Waves?

Calculate the de Broglie wavelength of: (a) a 0.65-kg basketball thrown at a speed of 10 m/s, (b) a nonrelativistic
electron with a kinetic energy of 1.0 eV, and (c) a relativistic electron with a kinetic energy of 108 keV.

Strategy

We use Equation 6.57 to find the de Broglie wavelength. When the problem involves a nonrelativistic object
moving with a nonrelativistic speed u, such as in (a) when β = u /c ≪ 1, we use nonrelativistic momentum p.

When the nonrelativistic approximation cannot be used, such as in (c), we must use the relativistic momentum

p = mu = m0 γu = E0 γβ, where the rest mass energy of a particle is E0 = m0 c2 and γ is the Lorentz

factor γ = 1/ 1 − β2. The total energy E of a particle is given by Equation 6.53 and the kinetic energy

is K = E − E0 = (γ − 1)E0. When the kinetic energy is known, we can invert Equation 6.18 to find the

momentum p = (E2 − E0
2) /c2 = K(K + 2E0) /c and substitute in Equation 6.57 to obtain

(6.58)λ = h
p = hc

K(K + 2E0)
.

Depending on the problem at hand, in this equation we can use the following values for hc:

hc = (6.626 × 10−34 J · s)(2.998 × 108 m/s) = 1.986 × 10−25 J · m = 1.241 eV · µm

Solution
a. For the basketball, the kinetic energy is

K = m0 u2 /2 = (0.65kg)(10m/s)2 /2 = 32.5J

and the rest mass energy is

E0 = m0 c2 = (0.65kg)(2.998 × 108 m/s)2 = 5.84 × 1016 J.

We see that K / (K + E0) ≪ 1 and use p = m0 u = (0.65kg)(10m/s) = 6.5 J · s/m :

λ = h
p = 6.626 × 10−34 J · s

6.5J · s/m = 1.02 × 10−34 m.

b. For the nonrelativistic electron,

E0 = m0 c2 = (9.109 × 10−31 kg)(2.998 × 108 m/s)2 = 511 keV

and when K = 1.0 eV, we have K / (K + E0) = (1/512) × 10−3 ≪ 1, so we can use the

nonrelativistic formula. However, it is simpler here to use Equation 6.58:

λ = h
p = hc

K(K + 2E0)
= 1.241 eV · µm

(1.0 eV)[1.0 eV+2(511 keV)]
= 1.23 nm.

If we use nonrelativistic momentum, we obtain the same result because 1 eV is much smaller than the rest
mass of the electron.

c. For a fast electron with K = 108 keV, relativistic effects cannot be neglected because its total energy is

E = K + E0 = 108 keV + 511 keV = 619 keV and K /E = 108/619 is not negligible:

λ = h
p = hc

K(K + 2E0)
= 1.241 eV · µm

108 keV[108 keV + 2(511 keV)]
= 3.55 pm.
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6.11

Significance

We see from these estimates that De Broglie’s wavelengths of macroscopic objects such as a ball are
immeasurably small. Therefore, even if they exist, they are not detectable and do not affect the motion of
macroscopic objects.

Check Your Understanding What is de Broglie’s wavelength of a nonrelativistic proton with a kinetic
energy of 1.0 eV?

Using the concept of the electron matter wave, de Broglie provided a rationale for the quantization of the electron’s angular
momentum in the hydrogen atom, which was postulated in Bohr’s quantum theory. The physical explanation for the first
Bohr quantization condition comes naturally when we assume that an electron in a hydrogen atom behaves not like a particle
but like a wave. To see it clearly, imagine a stretched guitar string that is clamped at both ends and vibrates in one of its
normal modes. If the length of the string is l (Figure 6.18), the wavelengths of these vibrations cannot be arbitrary but
must be such that an integer k number of half-wavelengths λ /2 fit exactly on the distance l between the ends. This is the

condition l = kλ /2 for a standing wave on a string. Now suppose that instead of having the string clamped at the walls,

we bend its length into a circle and fasten its ends to each other. This produces a circular string that vibrates in normal
modes, satisfying the same standing-wave condition, but the number of half-wavelengths must now be an even number
k, k = 2n, and the length l is now connected to the radius rn of the circle. This means that the radii are not arbitrary but

must satisfy the following standing-wave condition:

(6.59)2πrn = 2nλ
2.

If an electron in the nth Bohr orbit moves as a wave, by Equation 6.59 its wavelength must be equal to λ = 2πrn /n.
Assuming that Equation 6.58 is valid, the electron wave of this wavelength corresponds to the electron’s linear
momentum, p = h /λ = nh / (2πrn) = nℏ /rn. In a circular orbit, therefore, the electron’s angular momentum must be

(6.60)Ln = rn p = rn
nℏ
rn

= nℏ.

This equation is the first of Bohr’s quantization conditions, given by Equation 6.36. Providing a physical explanation for
Bohr’s quantization condition is a convincing theoretical argument for the existence of matter waves.

Figure 6.18 Standing-wave pattern: (a) a stretched string clamped at the walls; (b) an electron wave trapped in the third Bohr
orbit in the hydrogen atom.

Example 6.12

The Electron Wave in the Ground State of Hydrogen

Find the de Broglie wavelength of an electron in the ground state of hydrogen.
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6.12

Strategy

We combine the first quantization condition in Equation 6.60 with Equation 6.36 and use Equation 6.38
for the first Bohr radius with n = 1.

Solution

When n = 1 and rn = a0 = 0.529 Å, the Bohr quantization condition gives a0 p = 1 · ℏ ⇒ p = ℏ /a0. The

electron wavelength is:

λ = h / p = h /ℏ /a0 = 2πa0 = 2π(0.529 Å) = 3.324 Å.

Significance

We obtain the same result when we use Equation 6.58 directly.

Check Your Understanding Find the de Broglie wavelength of an electron in the third excited state of
hydrogen.

Experimental confirmation of matter waves came in 1927 when C. Davisson and L. Germer performed a series of electron-
scattering experiments that clearly showed that electrons do behave like waves. Davisson and Germer did not set up their
experiment to confirm de Broglie’s hypothesis: The confirmation came as a byproduct of their routine experimental studies
of metal surfaces under electron bombardment.

In the particular experiment that provided the very first evidence of electron waves (known today as the Davisson–Germer
experiment), they studied a surface of nickel. Their nickel sample was specially prepared in a high-temperature oven to
change its usual polycrystalline structure to a form in which large single-crystal domains occupy the volume. Figure 6.19
shows the experimental setup. Thermal electrons are released from a heated element (usually made of tungsten) in the
electron gun and accelerated through a potential difference ΔV , becoming a well-collimated beam of electrons produced

by an electron gun. The kinetic energy K of the electrons is adjusted by selecting a value of the potential difference in the
electron gun. This produces a beam of electrons with a set value of linear momentum, in accordance with the conservation
of energy:

(6.61)
eΔV = K = p2

2m ⇒ p = 2meΔV .

The electron beam is incident on the nickel sample in the direction normal to its surface. At the surface, it scatters in various
directions. The intensity of the beam scattered in a selected direction φ is measured by a highly sensitive detector. The

detector’s angular position with respect to the direction of the incident beam can be varied from φ = 0° to φ = 90°. The

entire setup is enclosed in a vacuum chamber to prevent electron collisions with air molecules, as such thermal collisions
would change the electrons’ kinetic energy and are not desirable.
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Figure 6.19 Schematics of the experimental setup of the
Davisson–Germer diffraction experiment. A well-collimated
beam of electrons is scattered off the nickel target. The kinetic
energy of electrons in the incident beam is selected by adjusting
a variable potential, ΔV , in the electron gun. Intensity of the

scattered electron beam is measured for a range of scattering
angles φ, whereas the distance between the detector and the

target does not change.

When the nickel target has a polycrystalline form with many randomly oriented microscopic crystals, the incident electrons
scatter off its surface in various random directions. As a result, the intensity of the scattered electron beam is much the same
in any direction, resembling a diffuse reflection of light from a porous surface. However, when the nickel target has a regular
crystalline structure, the intensity of the scattered electron beam shows a clear maximum at a specific angle and the results
show a clear diffraction pattern (see Figure 6.20). Similar diffraction patterns formed by X-rays scattered by various
crystalline solids were studied in 1912 by father-and-son physicists William H. Bragg and William L. Bragg. The Bragg law
in X-ray crystallography provides a connection between the wavelength λ of the radiation incident on a crystalline lattice,

the lattice spacing, and the position of the interference maximum in the diffracted radiation (see Diffraction).

The lattice spacing of the Davisson–Germer target, determined with X-ray crystallography, was measured to be

a = 2.15 Å. Unlike X-ray crystallography in which X-rays penetrate the sample, in the original Davisson–Germer

experiment, only the surface atoms interact with the incident electron beam. For the surface diffraction, the maximum
intensity of the reflected electron beam is observed for scattering angles that satisfy the condition nλ = asinφ (see

Figure 6.21). The first-order maximum (for n = 1 ) is measured at a scattering angle of φ ≈ 50° at ΔV ≈ 54V, which

gives the wavelength of the incident radiation as λ = (2.15 Å)sin50° = 1.64 Å. On the other hand, a 54-V potential

accelerates the incident electrons to kinetic energies of K = 54 eV. Their momentum, calculated from Equation 6.61, is

p = 2.478 × 10−5 eV · s /m. When we substitute this result in Equation 6.58, the de Broglie wavelength is obtained as

(6.62)λ = h
p = 4.136 × 10−15 eV · s

2.478 × 10−5 eV · s /m
= 1.67 Å.

The same result is obtained when we use K = 54 eV in Equation 6.61. The proximity of this theoretical result to the

Davisson–Germer experimental value of λ = 1.64 Å is a convincing argument for the existence of de Broglie matter

waves.
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Figure 6.20 The experimental results of electron diffraction
on a nickel target for the accelerating potential in the electron
gun of about ΔV = 54V : The intensity maximum is

registered at the scattering angle of about φ = 50°.

Figure 6.21 In the surface diffraction of a monochromatic
electromagnetic wave on a crystalline lattice structure, the in-
phase incident beams are reflected from atoms on the surface. A
ray reflected from the left atom travels an additional distance
D = asinφ to the detector, where a is the lattice spacing. The

reflected beams remain in-phase when D is an integer multiple
of their wavelength λ. The intensity of the reflected waves has

pronounced maxima for angles φ satisfying nλ = asinφ.

Diffraction lines measured with low-energy electrons, such as those used in the Davisson–Germer experiment, are quite
broad (see Figure 6.20) because the incident electrons are scattered only from the surface. The resolution of diffraction
images greatly improves when a higher-energy electron beam passes through a thin metal foil. This occurs because the
diffraction image is created by scattering off many crystalline planes inside the volume, and the maxima produced in
scattering at Bragg angles are sharp (see Figure 6.22).
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Figure 6.22 Diffraction patterns obtained in scattering on a crystalline solid: (a) with X-rays, and (b) with electrons. The
observed pattern reflects the symmetry of the crystalline structure of the sample.

Since the work of Davisson and Germer, de Broglie’s hypothesis has been extensively tested with various experimental
techniques, and the existence of de Broglie waves has been confirmed for numerous elementary particles. Neutrons have
been used in scattering experiments to determine crystalline structures of solids from interference patterns formed by
neutron matter waves. The neutron has zero charge and its mass is comparable with the mass of a positively charged proton.
Both neutrons and protons can be seen as matter waves. Therefore, the property of being a matter wave is not specific to
electrically charged particles but is true of all particles in motion. Matter waves of molecules as large as carbon C60 have

been measured. All physical objects, small or large, have an associated matter wave as long as they remain in motion. The
universal character of de Broglie matter waves is firmly established.

Example 6.13

Neutron Scattering

Suppose that a neutron beam is used in a diffraction experiment on a typical crystalline solid. Estimate the kinetic
energy of a neutron (in eV) in the neutron beam and compare it with kinetic energy of an ideal gas in equilibrium
at room temperature.

Strategy

We assume that a typical crystal spacing a is of the order of 1.0 Å. To observe a diffraction pattern on such
a lattice, the neutron wavelength λ must be on the same order of magnitude as the lattice spacing. We use

Equation 6.61 to find the momentum p and kinetic energy K. To compare this energy with the energy
ET of ideal gas in equilibrium at room temperature T = 300K, we use the relation K = 3

2kB T , where

kB = 8.62 × 10−5 eV/K is the Boltzmann constant.

Solution

We evaluate pc to compare it with the neutron’s rest mass energy E0 = 940 MeV :

p = h
λ ⇒ pc = hc

λ = 1.241 × 10−6 eV · m
10−10 m

= 12.41 keV.
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6.13

We see that p2 c2 ≪ E0
2 so K ≪ E0 and we can use the nonrelativistic kinetic energy:

K = p2

2mn
= h2

2λ2 mn
= (6.63 × 10−34 J · s)2

(2 × 10−20 m2)(1.66 × 10−27 kg)
= 1.32 × 10−20 J = 82.7 meV.

Kinetic energy of ideal gas in equilibrium at 300 K is:

KT = 3
2kB T = 3

2(8.62 × 10−5 eV/K)(300K) = 38.8 MeV.

We see that these energies are of the same order of magnitude.

Significance

Neutrons with energies in this range, which is typical for an ideal gas at room temperature, are called “thermal
neutrons.”

Example 6.14

Wavelength of a Relativistic Proton

In a supercollider at CERN, protons can be accelerated to velocities of 0.75c. What are their de Broglie
wavelengths at this speed? What are their kinetic energies?

Strategy

The rest mass energy of a proton is E0 = m0 c2 = (1.672 × 10−27 kg)(2.998 × 108 m/s)2 = 938 MeV. When

the proton’s velocity is known, we have β = 0.75 and βγ = 0.75/ 1 − 0.752 = 1.714. We obtain the

wavelength λ and kinetic energy K from relativistic relations.

Solution

λ = h
p = hc

pc = hc
βγE0

= 1.241 eV · µm
1.714(938 MeV) = 0.77 fm

K = E0(γ − 1) = 938 MeV(1/ 1 − 0.752 − 1) = 480.1 MeV

Significance

Notice that because a proton is 1835 times more massive than an electron, if this experiment were performed with
electrons, a simple rescaling of these results would give us the electron’s wavelength of (1835)0.77fm = 1.4 pm
and its kinetic energy of 480.1 MeV/1835 = 261.6 keV.

Check Your Understanding Find the de Broglie wavelength and kinetic energy of a free electron that
travels at a speed of 0.75c.
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6.6 | Wave-Particle Duality

Learning Objectives

By the end of this section, you will be able to:

• Identify phenomena in which electromagnetic waves behave like a beam of photons and
particles behave like waves

• Describe the physics principles behind electron microscopy

• Summarize the evolution of scientific thought that led to the development of quantum
mechanics

The energy of radiation detected by a radio-signal receiving antenna comes as the energy of an electromagnetic wave. The
same energy of radiation detected by a photocurrent in the photoelectric effect comes as the energy of individual photon
particles. Therefore, the question arises about the nature of electromagnetic radiation: Is a photon a wave or is it a particle?
Similar questions may be asked about other known forms of energy. For example, an electron that forms part of an electric
current in a circuit behaves like a particle moving in unison with other electrons inside the conductor. The same electron
behaves as a wave when it passes through a solid crystalline structure and forms a diffraction image. Is an electron a
wave or is it a particle? The same question can be extended to all particles of matter—elementary particles, as well as
compound molecules—asking about their true physical nature. At our present state of knowledge, such questions about the
true nature of things do not have conclusive answers. All we can say is that wave-particle duality exists in nature: Under
some experimental conditions, a particle appears to act as a particle, and under different experimental conditions, a particle
appears to act a wave. Conversely, under some physical circumstances electromagnetic radiation acts as a wave, and under
other physical circumstances, radiation acts as a beam of photons.

This dualistic interpretation is not a new physics concept brought about by specific discoveries in the twentieth century.
It was already present in a debate between Isaac Newton and Christiaan Huygens about the nature of light, beginning
in the year 1670. According to Newton, a beam of light is a collection of corpuscles of light. According to Huygens,
light is a wave. The corpuscular hypothesis failed in 1803, when Thomas Young announced his double-slit interference
experiment with light (see Figure 6.23), which firmly established light as a wave. In James Clerk Maxwell’s theory of
electromagnetism (completed by the year 1873), light is an electromagnetic wave. Maxwell’s classical view of radiation
as an electromagnetic wave is still valid today; however, it is unable to explain blackbody radiation and the photoelectric
effect, where light acts as a beam of photons.
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Figure 6.23 Young’s double-slit experiment explains the
interference of light by making an analogy with the interference
of water waves. Two waves are generated at the positions of two
slits in an opaque screen. The waves have the same wavelengths.
They travel from their origins at the slits to the viewing screen
placed to the right of the slits. The waves meet on the viewing
screen. At the positions marked “Max” on the screen, the
meeting waves are in-phase and the combined wave amplitude is
enhanced. At positions marked “Min,” the combined wave
amplitude is zero. For light, this mechanism creates a bright-
and-dark fringe pattern on the viewing screen.

A similar dichotomy existed in the interpretation of electricity. From Benjamin Franklin’s observations of electricity in
1751 until J.J. Thomson’s discovery of the electron in 1897, electric current was seen as a flow in a continuous electric
medium. Within this theory of electric fluid, the present theory of electric circuits was developed, and electromagnetism
and electromagnetic induction were discovered. Thomson’s experiment showed that the unit of negative electric charge (an
electron) can travel in a vacuum without any medium to carry the charge around, as in electric circuits. This discovery
changed the way in which electricity is understood today and gave the electron its particle status. In Bohr’s early quantum
theory of the hydrogen atom, both the electron and the proton are particles of matter. Likewise, in the Compton scattering of
X-rays on electrons, the electron is a particle. On the other hand, in electron-scattering experiments on crystalline structures,
the electron behaves as a wave.

A skeptic may raise a question that perhaps an electron might always be nothing more than a particle, and that the diffraction
images obtained in electron-scattering experiments might be explained within some macroscopic model of a crystal and a
macroscopic model of electrons coming at it like a rain of ping-pong balls. As a matter of fact, to investigate this question,
we do not need a complex model of a crystal but just a couple of simple slits in a screen that is opaque to electrons. In other
words, to gather convincing evidence about the nature of an electron, we need to repeat the Young double-slit experiment
with electrons. If the electron is a wave, we should observe the formation of interference patterns typical for waves, such as
those described in Figure 6.23, even when electrons come through the slits one by one. However, if the electron is a not a
wave but a particle, the interference fringes will not be formed.

The very first double-slit experiment with a beam of electrons, performed by Claus Jönsson in Germany in 1961,
demonstrated that a beam of electrons indeed forms an interference pattern, which means that electrons collectively behave
as a wave. The first double-slit experiments with single electrons passing through the slits one-by-one were performed by
Giulio Pozzi in 1974 in Italy and by Akira Tonomura in 1989 in Japan. They show that interference fringes are formed
gradually, even when electrons pass through the slits individually. This demonstrates conclusively that electron-diffraction
images are formed because of the wave nature of electrons. The results seen in double-slit experiments with electrons are
illustrated by the images of the interference pattern in Figure 6.24.

286 Chapter 6 | Photons and Matter Waves

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



6.14

Figure 6.24 Computer-simulated interference fringes seen in the Young double-slit experiment with electrons. One pattern is
gradually formed on the screen, regardless of whether the electrons come through the slits as a beam or individually one-by-one.

Example 6.15

Double-Slit Experiment with Electrons

In one experimental setup for studying interference patterns of electron waves, two slits are created in a gold-
coated silicon membrane. Each slit is 62-nm wide and 4-µm long, and the separation between the slits is 272 nm.

The electron beam is created in an electron gun by heating a tungsten element and by accelerating the electrons
across a 600-V potential. The beam is subsequently collimated using electromagnetic lenses, and the collimated
beam of electrons is sent through the slits. Find the angular position of the first-order bright fringe on the viewing
screen.

Strategy

Recall that the angular position θ of the nth order bright fringe that is formed in Young’s two-slit interference

pattern (discussed in a previous chapter) is related to the separation, d, between the slits and to the wavelength,
λ, of the incident light by the equation dsinθ = nλ, where n = 0, ± 1, ± 2, .... The separation is given and

is equal to d = 272 nm. For the first-order fringe, we take n = 1. The only thing we now need is the wavelength

of the incident electron wave.

Since the electron has been accelerated from rest across a potential difference of ΔV = 600V, its kinetic energy

is K = eΔV = 600 eV. The rest-mass energy of the electron is E0 = 511 keV.

We compute its de Broglie wavelength as that of a nonrelativistic electron because its kinetic energy K is much

smaller than its rest energy E0, K ≪ E0.

Solution

The electron’s wavelength is

λ = h
p = h

2me K
= h

2E0 /c2K
= hc

2E0 K
= 1.241 × 10−6 eV · m

2(511 keV)(600 eV)
= 0.050 nm.

This λ is used to obtain the position of the first bright fringe:

sinθ = 1 · λ
d = 0.050 nm

272 nm = 0.000184 ⇒ θ = 0.010°.

Significance

Notice that this is also the angular resolution between two consecutive bright fringes up to about n = 1000. For

example, between the zero-order fringe and the first-order fringe, between the first-order fringe and the second-
order fringe, and so on.

Check Your Understanding For the situation described in Example 6.15, find the angular position of
the fifth-order bright fringe on the viewing screen.

The wave-particle dual nature of matter particles and of radiation is a declaration of our inability to describe physical reality
within one unified classical theory because separately neither a classical particle approach nor a classical wave approach
can fully explain the observed phenomena. This limitation of the classical approach was realized by the year 1928, and a
foundation for a new statistical theory, called quantum mechanics, was put in place by Bohr, Edwin Schrödinger, Werner
Heisenberg, and Paul Dirac. Quantum mechanics takes de Broglie’s idea of matter waves to be the fundamental property of
all particles and gives it a statistical interpretation. According to this interpretation, a wave that is associated with a particle
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carries information about the probable positions of the particle and about its other properties. A single particle is seen as a
moving wave packet such as the one shown in Figure 6.25. We can intuitively sense from this example that if a particle
is a wave packet, we will not be able to measure its exact position in the same sense as we cannot pinpoint a location of
a wave packet in a vibrating guitar string. The uncertainty, Δx, in measuring the particle’s position is connected to the

uncertainty, Δp, in the simultaneous measuring of its linear momentum by Heisenberg’s uncertainty principle:

(6.63)ΔxΔp ≥ 1
2ℏ.

Heisenberg’s principle expresses the law of nature that, at the quantum level, our perception is limited. For example, if
we know the exact position of a body (which means that Δx = 0 in Equation 6.63) at the same time we cannot know

its momentum, because then the uncertainty in its momentum becomes infinite (because Δp ≥ 0.5ℏ /Δx in Equation

6.63). The Heisenberg uncertainty principle sets the limit on the precision of simultaneous measurements of position and
momentum of a particle; it shows that the best precision we can obtain is when we have an equals sign ( = ) in Equation

6.63, and we cannot do better than that, even with the best instruments of the future. Heisenberg’s principle is a consequence
of the wave nature of particles.

Figure 6.25 In this graphic, a particle is shown as a wave
packet and its position does not have an exact value.

We routinely use many electronic devices that exploit wave-particle duality without even realizing the sophistication of the
physics underlying their operation. One example of a technology based on the particle properties of photons and electrons
is a charge-coupled device, which is used for light detection in any instrumentation where high-quality digital data are
required, such as in digital cameras or in medical sensors. An example in which the wave properties of electrons is exploited
is an electron microscope.

In 1931, physicist Ernst Ruska—building on the idea that magnetic fields can direct an electron beam just as lenses can
direct a beam of light in an optical microscope—developed the first prototype of the electron microscope. This development
originated the field of electron microscopy. In the transmission electron microscope (TEM), shown in Figure 6.26,
electrons are produced by a hot tungsten element and accelerated by a potential difference in an electron gun, which gives
them up to 400 keV in kinetic energy. After leaving the electron gun, the electron beam is focused by electromagnetic
lenses (a system of condensing lenses) and transmitted through a specimen sample to be viewed. The image of the sample
is reconstructed from the transmitted electron beam. The magnified image may be viewed either directly on a fluorescent
screen or indirectly by sending it, for example, to a digital camera or a computer monitor. The entire setup consisting of the
electron gun, the lenses, the specimen, and the fluorescent screen are enclosed in a vacuum chamber to prevent the energy
loss from the beam. Resolution of the TEM is limited only by spherical aberration (discussed in a previous chapter). Modern
high-resolution models of a TEM can have resolving power greater than 0.5 Å and magnifications higher than 50 million
times. For comparison, the best resolving power obtained with light microscopy is currently about 97 nm. A limitation of
the TEM is that the samples must be about 100-nm thick and biological samples require a special preparation involving
chemical “fixing” to stabilize them for ultrathin slicing.
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Figure 6.26 TEM: An electron beam produced by an electron gun is collimated by condenser
lenses and passes through a specimen. The transmitted electrons are projected on a screen and
the image is sent to a camera. (credit: modification of work by Dr. Graham Beards)

Such limitations do not appear in the scanning electron microscope (SEM), which was invented by Manfred von Ardenne
in 1937. In an SEM, a typical energy of the electron beam is up to 40 keV and the beam is not transmitted through a sample
but is scattered off its surface. Surface topography of the sample is reconstructed by analyzing back-scattered electrons,
transmitted electrons, and the emitted radiation produced by electrons interacting with atoms in the sample. The resolving
power of an SEM is better than 1 nm, and the magnification can be more than 250 times better than that obtained with a light
microscope. The samples scanned by an SEM can be as large as several centimeters but they must be specially prepared,
depending on electrical properties of the sample.

High magnifications of the TEM and SEM allow us to see individual molecules. High resolving powers of the TEM and
SEM allow us to see fine details, such as those shown in the SEM micrograph of pollen at the beginning of this chapter
(Figure 6.1).

Example 6.16

Resolving Power of an Electron Microscope

If a 1.0-pm electron beam of a TEM passes through a 2.0-µm circular opening, what is the angle between the

two just-resolvable point sources for this microscope?

Solution

We can directly use a formula for the resolving power, Δθ, of a microscope (discussed in a previous chapter)

when the wavelength of the incident radiation is λ = 1.0 pm and the diameter of the aperture is D = 2.0µm :

Δθ = 1.22 λ
D = 1.221.0 pm

2.0µm = 6.10 × 10−7 rad = 3.50 × 10−5 degree.

Significance

Note that if we used a conventional microscope with a 400-nm light, the resolving power would be only 14°,
which means that all of the fine details in the image would be blurred.
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6.15 Check Your Understanding Suppose that the diameter of the aperture in Example 6.16 is halved.
How does it affect the resolving power?
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absorber

absorption spectrum

Balmer formula

Balmer series

blackbody

blackbody radiation

Bohr radius of hydrogen

Bohr’s model of the hydrogen atom

Brackett series

Compton effect

Compton shift

Compton wavelength

cut-off frequency

cut-off wavelength

Davisson–Germer experiment

de Broglie wave

de Broglie’s hypothesis of matter waves

double-slit interference experiment

electron microscopy

emission spectrum

emitter

energy of a photon

energy spectrum of hydrogen

excited energy states of the H atom

Fraunhofer lines

ground state energy of the hydrogen atom

group velocity

Heisenberg uncertainty principle

Humphreys series

hydrogen-like atom

inelastic scattering

ionization energy

ionization limit of the hydrogen atom

Lyman series

CHAPTER 6 REVIEW

KEY TERMS
any object that absorbs radiation

wavelengths of absorbed radiation by atoms and molecules

describes the emission spectrum of a hydrogen atom in the visible-light range

spectral lines corresponding to electron transitions to/from the n = 2 state of the hydrogen atom,

described by the Balmer formula

perfect absorber/emitter

radiation emitted by a blackbody

radius of the first Bohr’s orbit

first quantum model to explain emission spectra of hydrogen

spectral lines corresponding to electron transitions to/from the n = 4 state

the change in wavelength when an X-ray is scattered by its interaction with some materials

difference between the wavelengths of the incident X-ray and the scattered X-ray

physical constant with the value λc = 2.43 pm

frequency of incident light below which the photoelectric effect does not occur

wavelength of incident light that corresponds to cut-off frequency

historically first electron-diffraction experiment that revealed electron waves

matter wave associated with any object that has mass and momentum

particles of matter can behave like waves

Young’s double-slit experiment, which shows the interference of waves

microscopy that uses electron waves to “see” fine details of nano-size objects

wavelengths of emitted radiation by atoms and molecules

any object that emits radiation

quantum of radiant energy, depends only on a photon’s frequency

set of allowed discrete energies of an electron in a hydrogen atom

energy state other than the ground state

dark absorption lines in the continuum solar emission spectrum

energy of an electron in the first Bohr orbit of the hydrogen atom

velocity of a wave, energy travels with the group velocity

sets the limits on precision in simultaneous measurements of momentum and
position of a particle

spectral lines corresponding to electron transitions to/from the n = 6 state

ionized atom with one electron remaining and nucleus with charge +Ze

scattering effect where kinetic energy is not conserved but the total energy is conserved

energy needed to remove an electron from an atom

ionization energy needed to remove an electron from the first Bohr orbit

spectral lines corresponding to electron transitions to/from the ground state
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nuclear model of the atom

Paschen series

Pfund series

photocurrent

photoelectric effect

photoelectrode

photoelectron

photon

Planck’s hypothesis of energy quanta

postulates of Bohr’s model

power intensity

propagation vector

quantized energies

quantum number

quantum phenomenon

quantum state of a Planck’s oscillator

reduced Planck’s constant

Rutherford’s gold foil experiment

Rydberg constant for hydrogen

Rydberg formula

scattering angle

Stefan–Boltzmann constant

stopping potential

wave number

wave quantum mechanics

wave-particle duality

work function

α -particle

α -ray

β-ray

γ-ray

heavy positively charged nucleus at the center is surrounded by electrons, proposed by
Rutherford

spectral lines corresponding to electron transitions to/from the n = 3 state

spectral lines corresponding to electron transitions to/from the n = 5 state

in a circuit, current that flows when a photoelectrode is illuminated

emission of electrons from a metal surface exposed to electromagnetic radiation of the proper
frequency

in a circuit, an electrode that emits photoelectrons

electron emitted from a metal surface in the presence of incident radiation

particle of light

energy exchanges between the radiation and the walls take place only in the
form of discrete energy quanta

three assumptions that set a frame for Bohr’s model

energy that passes through a unit surface per unit time

vector with magnitude 2π /λ that has the direction of the photon’s linear momentum

discrete energies; not continuous

index that enumerates energy levels

in interaction with matter, photon transfers either all its energy or nothing

any mode of vibration of Planck’s oscillator, enumerated by quantum
number

Planck’s constant divided by 2π

first experiment to demonstrate the existence of the atomic nucleus

physical constant in the Balmer formula

experimentally found positions of spectral lines of hydrogen atom

angle between the direction of the scattered beam and the direction of the incident beam

physical constant in Stefan’s law

in a circuit, potential difference that stops photocurrent

magnitude of the propagation vector

theory that explains the physics of atoms and subatomic particles

particles can behave as waves and radiation can behave as particles

energy needed to detach photoelectron from the metal surface

doubly ionized helium atom

beam of α -particles (alpha-particles)

beam of electrons

beam of highly energetic photons

KEY EQUATIONS
Wien’s displacement law λmax T = 2.898 × 10−3 m ⋅ K

Stefan’s law P(T) = σAT 4

292 Chapter 6 | Photons and Matter Waves

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



Planck’s constant h = 6.626 × 10−34 J ⋅ s = 4.136 × 10−15 eV ⋅ s

Energy quantum of radiation ΔE = h f

Planck’s blackbody radiation law I(λ, T) = 2πhc2

λ5
1

e
hc /λkB T

− 1

Maximum kinetic energy
of a photoelectron

Kmax = eΔVs

Energy of a photon E f = h f

Energy balance for photoelectron Kmax = h f − ϕ

Cut-off frequency fc = ϕ
h

Relativistic invariant
energy equation

E2 = p2 c2 + m0
2 c4

Energy-momentum relation
for photon p f =

E f
c

Energy of a photon E f = h f = hc
λ

Magnitude of photon’s momentum p f = h
λ

Photon’s linear
momentum vector

p→ f = ℏ k
→

The Compton wavelength
of an electron

λc = h
m0 c = 0.00243 nm

The Compton shift Δλ = λc(1 − cosθ)

The Balmer formula 1
λ = RH

⎛
⎝

1
22 − 1

n2
⎞
⎠

The Rydberg formula
1
λ = RH

⎛

⎝
⎜ 1
n f

2 − 1
ni

2

⎞

⎠
⎟, ni = n f + 1, n f + 2, …

Bohr’s first quantization condition Ln = nℏ, n = 1, 2, …

Bohr’s second quantization condition h f = |En − Em|
Bohr’s radius of hydrogen a0 = 4πε0

ℏ2

me e2 = 0.529Å

Bohr’s radius of the nth orbit rn = a0 n2

Ground-state energy value,
ionization limit E0 = 1

8ε0
2

me e4

h2 = 13.6 eV

Electron’s energy in
the nth orbit

En = − E0
1
n2

Ground state energy of
hydrogen

E1 = − E0 = − 13.6 eV
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The nth orbit of
hydrogen-like ion

rn = a0
Z n2

The nth energy
of hydrogen-like ion

En = − Z 2 E0
1
n2

Energy of a matter wave E = h f

The de Broglie wavelength λ = h
p

The frequency-wavelength relation
for matter waves

λ f = c
β

Heisenberg’s uncertainty principle Δx Δp ≥ 1
2ℏ

SUMMARY

6.1 Blackbody Radiation

• All bodies radiate energy. The amount of radiation a body emits depends on its temperature. The experimental
Wien’s displacement law states that the hotter the body, the shorter the wavelength corresponding to the emission
peak in the radiation curve. The experimental Stefan’s law states that the total power of radiation emitted across the
entire spectrum of wavelengths at a given temperature is proportional to the fourth power of the Kelvin temperature
of the radiating body.

• Absorption and emission of radiation are studied within the model of a blackbody. In the classical approach, the
exchange of energy between radiation and cavity walls is continuous. The classical approach does not explain the
blackbody radiation curve.

• To explain the blackbody radiation curve, Planck assumed that the exchange of energy between radiation and cavity
walls takes place only in discrete quanta of energy. Planck’s hypothesis of energy quanta led to the theoretical
Planck’s radiation law, which agrees with the experimental blackbody radiation curve; it also explains Wien’s and
Stefan’s laws.

6.2 Photoelectric Effect

• The photoelectric effect occurs when photoelectrons are ejected from a metal surface in response to monochromatic
radiation incident on the surface. It has three characteristics: (1) it is instantaneous, (2) it occurs only when the
radiation is above a cut-off frequency, and (3) kinetic energies of photoelectrons at the surface do not depend of the
intensity of radiation. The photoelectric effect cannot be explained by classical theory.

• We can explain the photoelectric effect by assuming that radiation consists of photons (particles of light). Each
photon carries a quantum of energy. The energy of a photon depends only on its frequency, which is the frequency
of the radiation. At the surface, the entire energy of a photon is transferred to one photoelectron.

• The maximum kinetic energy of a photoelectron at the metal surface is the difference between the energy of the
incident photon and the work function of the metal. The work function is the binding energy of electrons to the
metal surface. Each metal has its own characteristic work function.

6.3 The Compton Effect

• In the Compton effect, X-rays scattered off some materials have different wavelengths than the wavelength of the
incident X-rays. This phenomenon does not have a classical explanation.

• The Compton effect is explained by assuming that radiation consists of photons that collide with weakly bound
electrons in the target material. Both electron and photon are treated as relativistic particles. Conservation laws of
the total energy and of momentum are obeyed in collisions.

• Treating the photon as a particle with momentum that can be transferred to an electron leads to a theoretical
Compton shift that agrees with the wavelength shift measured in the experiment. This provides evidence that
radiation consists of photons.
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• Compton scattering is an inelastic scattering, in which scattered radiation has a longer wavelength than that of
incident radiation.

6.4 Bohr’s Model of the Hydrogen Atom

• Positions of absorption and emission lines in the spectrum of atomic hydrogen are given by the experimental
Rydberg formula. Classical physics cannot explain the spectrum of atomic hydrogen.

• The Bohr model of hydrogen was the first model of atomic structure to correctly explain the radiation spectra of
atomic hydrogen. It was preceded by the Rutherford nuclear model of the atom. In Rutherford’s model, an atom
consists of a positively charged point-like nucleus that contains almost the entire mass of the atom and of negative
electrons that are located far away from the nucleus.

• Bohr’s model of the hydrogen atom is based on three postulates: (1) an electron moves around the nucleus in a
circular orbit, (2) an electron’s angular momentum in the orbit is quantized, and (3) the change in an electron’s
energy as it makes a quantum jump from one orbit to another is always accompanied by the emission or absorption
of a photon. Bohr’s model is semi-classical because it combines the classical concept of electron orbit (postulate 1)
with the new concept of quantization (postulates 2 and 3).

• Bohr’s model of the hydrogen atom explains the emission and absorption spectra of atomic hydrogen and hydrogen-
like ions with low atomic numbers. It was the first model to introduce the concept of a quantum number to describe
atomic states and to postulate quantization of electron orbits in the atom. Bohr’s model is an important step in the
development of quantum mechanics, which deals with many-electron atoms.

6.5 De Broglie’s Matter Waves

• De Broglie’s hypothesis of matter waves postulates that any particle of matter that has linear momentum is also a
wave. The wavelength of a matter wave associated with a particle is inversely proportional to the magnitude of the
particle’s linear momentum. The speed of the matter wave is the speed of the particle.

• De Broglie’s concept of the electron matter wave provides a rationale for the quantization of the electron’s angular
momentum in Bohr’s model of the hydrogen atom.

• In the Davisson–Germer experiment, electrons are scattered off a crystalline nickel surface. Diffraction patterns of
electron matter waves are observed. They are the evidence for the existence of matter waves. Matter waves are
observed in diffraction experiments with various particles.

6.6 Wave-Particle Duality

• Wave-particle duality exists in nature: Under some experimental conditions, a particle acts as a particle; under other
experimental conditions, a particle acts as a wave. Conversely, under some physical circumstances, electromagnetic
radiation acts as a wave, and under other physical circumstances, radiation acts as a beam of photons.

• Modern-era double-slit experiments with electrons demonstrated conclusively that electron-diffraction images are
formed because of the wave nature of electrons.

• The wave-particle dual nature of particles and of radiation has no classical explanation.

• Quantum theory takes the wave property to be the fundamental property of all particles. A particle is seen as
a moving wave packet. The wave nature of particles imposes a limitation on the simultaneous measurement of
the particle’s position and momentum. Heisenberg’s uncertainty principle sets the limits on precision in such
simultaneous measurements.

• Wave-particle duality is exploited in many devices, such as charge-couple devices (used in digital cameras) or in the
electron microscopy of the scanning electron microscope (SEM) and the transmission electron microscope (TEM).

CONCEPTUAL QUESTIONS

6.1 Blackbody Radiation

1. Which surface has a higher temperature – the surface of
a yellow star or that of a red star?

2. Describe what you would see when looking at a body

whose temperature is increased from 1000 K to 1,000,000
K.

3. Explain the color changes in a hot body as its
temperature is increased.
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4. Speculate as to why UV light causes sunburn, whereas
visible light does not.

5. Two cavity radiators are constructed with walls made of
different metals. At the same temperature, how would their
radiation spectra differ?

6. Discuss why some bodies appear black, other bodies
appear red, and still other bodies appear white.

7. If everything radiates electromagnetic energy, why can
we not see objects at room temperature in a dark room?

8. How much does the power radiated by a blackbody
increase when its temperature (in K) is tripled?

6.2 Photoelectric Effect

9. For the same monochromatic light source, would the
photoelectric effect occur for all metals?

10. In the interpretation of the photoelectric effect, how
is it known that an electron does not absorb more than one
photon?

11. Explain how you can determine the work function
from a plot of the stopping potential versus the frequency of
the incident radiation in a photoelectric effect experiment.
Can you determine the value of Planck’s constant from this
plot?

12. Suppose that in the photoelectric-effect experiment
we make a plot of the detected current versus the applied
potential difference. What information do we obtain from
such a plot? Can we determine from it the value of Planck’s
constant? Can we determine the work function of the
metal?

13. Speculate how increasing the temperature of a
photoelectrode affects the outcomes of the photoelectric
effect experiment.

14. Which aspects of the photoelectric effect cannot be
explained by classical physics?

15. Is the photoelectric effect a consequence of the wave
character of radiation or is it a consequence of the particle
character of radiation? Explain briefly.

16. The metals sodium, iron, and molybdenum have work
functions 2.5 eV, 3.9 eV, and 4.2 eV, respectively. Which
of these metals will emit photoelectrons when illuminated
with 400 nm light?

6.3 The Compton Effect

17. Discuss any similarities and differences between the
photoelectric and the Compton effects.

18. Which has a greater momentum: an UV photon or an
IR photon?

19. Does changing the intensity of a monochromatic light
beam affect the momentum of the individual photons in the
beam? Does such a change affect the net momentum of the
beam?

20. Can the Compton effect occur with visible light? If so,
will it be detectable?

21. Is it possible in the Compton experiment to observe
scattered X-rays that have a shorter wavelength than the
incident X-ray radiation?

22. Show that the Compton wavelength has the dimension
of length.

23. At what scattering angle is the wavelength shift in the
Compton effect equal to the Compton wavelength?

6.4 Bohr’s Model of the Hydrogen Atom

24. Explain why the patterns of bright emission spectral
lines have an identical spectral position to the pattern of
dark absorption spectral lines for a given gaseous element.

25. Do the various spectral lines of the hydrogen atom
overlap?

26. The Balmer series for hydrogen was discovered before
either the Lyman or the Paschen series. Why?

27. When the absorption spectrum of hydrogen at room
temperature is analyzed, absorption lines for the Lyman
series are found, but none are found for the Balmer series.
What does this tell us about the energy state of most
hydrogen atoms at room temperature?

28. Hydrogen accounts for about 75% by mass of the
matter at the surfaces of most stars. However, the
absorption lines of hydrogen are strongest (of highest
intensity) in the spectra of stars with a surface temperature
of about 9000 K. They are weaker in the sun spectrum
and are essentially nonexistent in very hot (temperatures
above 25,000 K) or rather cool (temperatures below 3500
K) stars. Speculate as to why surface temperature affects
the hydrogen absorption lines that we observe.

29. Discuss the similarities and differences between
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Thomson’s model of the hydrogen atom and Bohr’s model
of the hydrogen atom.

30. Discuss the way in which Thomson’s model is
nonphysical. Support your argument with experimental
evidence.

31. If, in a hydrogen atom, an electron moves to an orbit
with a larger radius, does the energy of the hydrogen atom
increase or decrease?

32. How is the energy conserved when an atom makes a
transition from a higher to a lower energy state?

33. Suppose an electron in a hydrogen atom makes a
transition from the (n+1)th orbit to the nth orbit. Is the
wavelength of the emitted photon longer for larger values
of n, or for smaller values of n?

34. Discuss why the allowed energies of the hydrogen
atom are negative.

35. Can a hydrogen atom absorb a photon whose energy is
greater than 13.6 eV?

36. Why can you see through glass but not through wood?

37. Do gravitational forces have a significant effect on
atomic energy levels?

38. Show that Planck’s constant has the dimensions of
angular momentum.

6.5 De Broglie’s Matter Waves

39. Which type of radiation is most suitable for the
observation of diffraction patterns on crystalline solids;
radio waves, visible light, or X-rays? Explain.

40. Speculate as to how the diffraction patterns of a typical
crystal would be affected if γ-rays were used instead of X-

rays.

41. If an electron and a proton are traveling at the same

speed, which one has the shorter de Broglie wavelength?

42. If a particle is accelerating, how does this affect its de
Broglie wavelength?

43. Why is the wave-like nature of matter not observed
every day for macroscopic objects?

44. What is the wavelength of a neutron at rest? Explain.

45. Why does the setup of Davisson–Germer experiment
need to be enclosed in a vacuum chamber? Discuss what
result you expect when the chamber is not evacuated.

6.6 Wave-Particle Duality

46. Give an example of an experiment in which light
behaves as waves. Give an example of an experiment in
which light behaves as a stream of photons.

47. Discuss: How does the interference of water waves
differ from the interference of electrons? How are they
analogous?

48. Give at least one argument in support of the matter-
wave hypothesis.

49. Give at least one argument in support of the particle-
nature of radiation.

50. Explain the importance of the Young double-slit
experiment.

51. Does the Heisenberg uncertainty principle allow a
particle to be at rest in a designated region in space?

52. Can the de Broglie wavelength of a particle be known
exactly?

53. Do the photons of red light produce better resolution
in a microscope than blue light photons? Explain.

54. Discuss the main difference between an SEM and a
TEM.

PROBLEMS

6.1 Blackbody Radiation

55. A 200-W heater emits a 1.5-µm radiation. (a) What
value of the energy quantum does it emit? (b) Assuming
that the specific heat of a 4.0-kg body is 0.83kcal /kg · K,
how many of these photons must be absorbed by the body

to increase its temperature by 2 K? (c) How long does
the heating process in (b) take, assuming that all radiation
emitted by the heater gets absorbed by the body?

56. A 900-W microwave generator in an oven generates
energy quanta of frequency 2560 MHz. (a) How many
energy quanta does it emit per second? (b) How many
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energy quanta must be absorbed by a pasta dish placed in
the radiation cavity to increase its temperature by 45.0 K?
Assume that the dish has a mass of 0.5 kg and that its
specific heat is 0.9 kcal /kg · K. (c) Assume that all energy

quanta emitted by the generator are absorbed by the pasta
dish. How long must we wait until the dish in (b) is ready?

57. (a) For what temperature is the peak of blackbody
radiation spectrum at 400 nm? (b) If the temperature of a
blackbody is 800 K, at what wavelength does it radiate the
most energy?

58. The tungsten elements of incandescent light bulbs
operate at 3200 K. At what frequency does the filament
radiate maximum energy?

59. Interstellar space is filled with radiation of wavelength
970µm. This radiation is considered to be a remnant of

the “big bang.” What is the corresponding blackbody
temperature of this radiation?

60. The radiant energy from the sun reaches its maximum
at a wavelength of about 500.0 nm. What is the
approximate temperature of the sun’s surface?

6.2 Photoelectric Effect

61. A photon has energy 20 keV. What are its frequency
and wavelength?

62. The wavelengths of visible light range from
approximately 400 to 750 nm. What is the corresponding
range of photon energies for visible light?

63. What is the longest wavelength of radiation that can
eject a photoelectron from silver? Is it in the visible range?

64. What is the longest wavelength of radiation that can
eject a photoelectron from potassium, given the work
function of potassium 2.24 eV? Is it in the visible range?

65. Estimate the binding energy of electrons in
magnesium, given that the wavelength of 337 nm is the
longest wavelength that a photon may have to eject a
photoelectron from magnesium photoelectrode.

66. The work function for potassium is 2.26 eV. What
is the cutoff frequency when this metal is used as
photoelectrode? What is the stopping potential when for the
emitted electrons when this photoelectrode is exposed to
radiation of frequency 1200 THz?

67. Estimate the work function of aluminum, given that
the wavelength of 304 nm is the longest wavelength that a
photon may have to eject a photoelectron from aluminum

photoelectrode.

68. What is the maximum kinetic energy of photoelectrons
ejected from sodium by the incident radiation of
wavelength 450 nm?

69. A 120-nm UV radiation illuminates a gold-plated
electrode. What is the maximum kinetic energy of the
ejected photoelectrons?

70. A 400-nm violet light ejects photoelectrons with a
maximum kinetic energy of 0.860 eV from sodium
photoelectrode. What is the work function of sodium?

71. A 600-nm light falls on a photoelectric surface and
electrons with the maximum kinetic energy of 0.17 eV are
emitted. Determine (a) the work function and (b) the cutoff
frequency of the surface. (c) What is the stopping potential
when the surface is illuminated with light of wavelength
400 nm?

72. The cutoff wavelength for the emission of
photoelectrons from a particular surface is 500 nm. Find
the maximum kinetic energy of the ejected photoelectrons
when the surface is illuminated with light of wavelength
600 nm.

73. Find the wavelength of radiation that can eject
2.00-eV electrons from calcium electrode. The work
function for calcium is 2.71 eV. In what range is this
radiation?

74. Find the wavelength of radiation that can eject
0.10-eV electrons from potassium electrode. The work
function for potassium is 2.24 eV. In what range is this
radiation?

75. Find the maximum velocity of photoelectrons ejected
by an 80-nm radiation, if the work function of
photoelectrode is 4.73 eV.

6.3 The Compton Effect

76. What is the momentum of a 589-nm yellow photon?

77. What is the momentum of a 4-cm microwave photon?

78. In a beam of white light (wavelengths from 400 to 750
nm), what range of momentum can the photons have?

79. What is the energy of a photon whose momentum is

3.0 × 10−24 kg · m/s ?

80. What is the wavelength of (a) a 12-keV X-ray photon;
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(b) a 2.0-MeV γ -ray photon?

81. Find the momentum and energy of a 1.0-Å photon.

82. Find the wavelength and energy of a photon with

momentum 5.00 × 10−29 kg · m/s.

83. A γ -ray photon has a momentum of

8.00 × 10−21 kg · m/s. Find its wavelength and energy.

84. (a) Calculate the momentum of a 2.5-µm photon. (b)

Find the velocity of an electron with the same momentum.
(c) What is the kinetic energy of the electron, and how does
it compare to that of the photon?

85. Show that p = h /λ and E f = h f are consistent with

the relativistic formula E2 = p2 c2 + m0
2 c2.

86. Show that the energy E in eV of a photon is given by

E = 1.241 × 10−6 eV · m/λ, where λ is its wavelength

in meters.

87. For collisions with free electrons, compare the
Compton shift of a photon scattered as an angle of 30° to

that of a photon scattered at 45°.

88. X-rays of wavelength 12.5 pm are scattered from a
block of carbon. What are the wavelengths of photons
scattered at (a) 30°; (b) 90°; and, (c) 180° ?

6.4 Bohr’s Model of the Hydrogen Atom

89. Calculate the wavelength of the first line in the Lyman
series and show that this line lies in the ultraviolet part of
the spectrum.

90. Calculate the wavelength of the fifth line in the Lyman
series and show that this line lies in the ultraviolet part of
the spectrum.

91. Calculate the energy changes corresponding to the
transitions of the hydrogen atom: (a) from n = 3 to

n = 4; (b) from n = 2 to n = 1; and (c) from n = 3 to

n = ∞.

92. Determine the wavelength of the third Balmer line
(transition from n = 5 to n = 2 ).

93. What is the frequency of the photon absorbed when
the hydrogen atom makes the transition from the ground

state to the n = 4 state?

94. When a hydrogen atom is in its ground state, what are
the shortest and longest wavelengths of the photons it can
absorb without being ionized?

95. When a hydrogen atom is in its third excided state,
what are the shortest and longest wavelengths of the
photons it can emit?

96. What is the longest wavelength that light can have if it
is to be capable of ionizing the hydrogen atom in its ground
state?

97. For an electron in a hydrogen atom in the n = 2 state,

compute: (a) the angular momentum; (b) the kinetic energy;
(c) the potential energy; and (d) the total energy.

98. Find the ionization energy of a hydrogen atom in the
fourth energy state.

99. It has been measured that it required 0.850 eV to
remove an electron from the hydrogen atom. In what state
was the atom before the ionization happened?

100. What is the radius of a hydrogen atom when the
electron is in the first excited state?

101. Find the shortest wavelength in the Balmer series. In
what part of the spectrum does this line lie?

102. Show that the entire Paschen series lies in the
infrared part of the spectrum.

103. Do the Balmer series and the Lyman series overlap?
Why? Why not? (Hint: calculate the shortest Balmer line
and the longest Lyman line.)

104. (a) Which line in the Balmer series is the first one
in the UV part of the spectrum? (b) How many Balmer
lines lie in the visible part of the spectrum? (c) How many
Balmer lines lie in the UV?

105. A 4.653-µm emission line of atomic hydrogen

corresponds to transition between the states n f = 5 and

ni. Find ni.

6.5 De Broglie’s Matter Waves

106. At what velocity will an electron have a wavelength
of 1.00 m?

107. What is the de Broglie wavelength of an electron
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travelling at a speed of 5.0 × 106 m/s ?

108. What is the de Broglie wavelength of an electron that
is accelerated from rest through a potential difference of 20
keV?

109. What is the de Broglie wavelength of a proton whose
kinetic energy is 2.0 MeV? 10.0 MeV?

110. What is the de Broglie wavelength of a 10-kg football
player running at a speed of 8.0 m/s?

111. (a) What is the energy of an electron whose de
Broglie wavelength is that of a photon of yellow light with
wavelength 590 nm? (b) What is the de Broglie wavelength
of an electron whose energy is that of the photon of yellow
light?

112. The de Broglie wavelength of a neutron is 0.01 nm.
What is the speed and energy of this neutron?

113. What is the wavelength of an electron that is moving
at a 3% of the speed of light?

114. At what velocity does a proton have a 6.0-fm
wavelength (about the size of a nucleus)? Give your answer
in units of c.

115. What is the velocity of a 0.400-kg billiard ball if its
wavelength is 7.50 fm?

116. Find the wavelength of a proton that is moving at
1.00% of the speed of light (when β = 0.01).

6.6 Wave-Particle Duality

117. An AM radio transmitter radiates 500 kW at a
frequency of 760 kHz. How many photons per second does
the emitter emit?

118. Find the Lorentz factor γ and de Broglie’s

wavelength for a 50-GeV electron in a particle accelerator.

119. Find the Lorentz factor γ and de Broglie’s

wavelength for a 1.0-TeV proton in a particle accelerator.

120. What is the kinetic energy of a 0.01-nm electron in a
TEM?

121. If electron is to be diffracted significantly by a
crystal, its wavelength must be about equal to the spacing,
d, of crystalline planes. Assuming d = 0.250 nm,
estimate the potential difference through which an electron

must be accelerated from rest if it is to be diffracted by
these planes.

122. X-rays form ionizing radiation that is dangerous to
living tissue and undetectable to the human eye. Suppose
that a student researcher working in an X-ray diffraction
laboratory is accidentally exposed to a fatal dose of
radiation. Calculate the temperature increase of the
researcher under the following conditions: the energy of
X-ray photons is 200 keV and the researcher absorbs

4 × 1013 photons per each kilogram of body weight

during the exposure. Assume that the specific heat of the
student’s body is 0.83kcal /kg · K.

123. Solar wind (radiation) that is incident on the top
of Earth’s atmosphere has an average intensity of

1.3kW/m2. Suppose that you are building a solar sail that

is to propel a small toy spaceship with a mass of 0.1 kg in
the space between the International Space Station and the
moon. The sail is made from a very light material, which
perfectly reflects the incident radiation. To assess whether
such a project is feasible, answer the following questions,
assuming that radiation photons are incident only in normal
direction to the sail reflecting surface. (a) What is the

radiation pressure (force per m2 ) of the radiation falling

on the mirror-like sail? (b) Given the radiation pressure
computed in (a), what will be the acceleration of the

spaceship when the sail has of an area of 10.0m2 ? (c)

Given the acceleration estimate in (b), how fast will the
spaceship be moving after 24 hours when it starts from
rest?

124. Treat the human body as a blackbody and determine
the percentage increase in the total power of its radiation
when its temperature increases from 98.6 ° F to 103 ° F.

125. Show that Wien’s displacement law results from
Planck’s radiation law. (Hint: substitute x = hc /λkT and

write Planck’s law in the form I(x, T) = Ax5 / (ex − 1),

where A = 2π(kT)5 / (h4 c3). Now, for fixed T, find the

position of the maximum in I(x,T) by solving for x in the
equation dI(x, T) /dx = 0. )

126. Show that Stefan’s law results from Planck’s
radiation law. Hint: To compute the total power of
blackbody radiation emitted across the entire spectrum of
wavelengths at a given temperature, integrate Planck’s law

over the entire spectrum P(T) = ∫
0

∞
I(λ, T)dλ. Use the

substitution x = hc /λkT and the tabulated value of the

integral ∫
0

∞
dxx3 / (ex − 1) = π4 /15.
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ADDITIONAL PROBLEMS

127. Determine the power intensity of radiation per unit
wavelength emitted at a wavelength of 500.0 nm by a
blackbody at a temperature of 10,000 K.

128. The HCl molecule oscillates at a frequency of 87.0
THz. What is the difference (in eV) between its adjacent
energy levels?

129. A quantum mechanical oscillator vibrates at a
frequency of 250.0 THz. What is the minimum energy of
radiation it can emit?

130. In about 5 billion years, the sun will evolve to a red
giant. Assume that its surface temperature will decrease to
about half its present value of 6000 K, while its present

radius of 7.0 × 108 m will increase to 1.5 × 1011 m
(which is the current Earth-sun distance). Calculate the
ratio of the total power emitted by the sun in its red giant
stage to its present power.

131. A sodium lamp emits 2.0 W of radiant energy, most
of which has a wavelength of about 589 nm. Estimate the
number of photons emitted per second by the lamp.

132. Photoelectrons are ejected from a photoelectrode and
are detected at a distance of 2.50 cm away from the
photoelectrode. The work function of the photoelectrode is
2.71 eV and the incident radiation has a wavelength of 420
nm. How long does it take a photoelectron to travel to the
detector?

133. If the work function of a metal is 3.2 eV, what is
the maximum wavelength that a photon can have to eject a
photoelectron from this metal surface?

134. The work function of a photoelectric surface is 2.00
eV. What is the maximum speed of the photoelectrons
emitted from this surface when a 450-nm light falls on it?

135. A 400-nm laser beam is projected onto a calcium
electrode. The power of the laser beam is 2.00 mW and
the work function of calcium is 2.31 eV. (a) How many
photoelectrons per second are ejected? (b) What net power
is carried away by photoelectrons?

136. (a) Calculate the number of photoelectrons per
second that are ejected from a 1.00-mm2 area of sodium

metal by a 500-nm radiation with intensity 1.30kW/m2

(the intensity of sunlight above Earth’s atmosphere). (b)
Given the work function of the metal as 2.28 eV, what
power is carried away by these photoelectrons?

137. A laser with a power output of 2.00 mW at a 400-nm

wavelength is used to project a beam of light onto a calcium
photoelectrode. (a) How many photoelectrons leave the
calcium surface per second? (b) What power is carried
away by ejected photoelectrons, given that the work
function of calcium is 2.31 eV? (c) Calculate the
photocurrent. (d) If the photoelectrode suddenly becomes
electrically insulated and the setup of two electrodes in the
circuit suddenly starts to act like a 2.00-pF capacitor, how
long will current flow before the capacitor voltage stops it?

138. The work function for barium is 2.48 eV. Find the
maximum kinetic energy of the ejected photoelectrons
when the barium surface is illuminated with: (a) radiation
emitted by a 100-kW radio station broadcasting at 800
kHz; (b) a 633-nm laser light emitted from a powerful He-
Ne laser; and (c) a 434-nm blue light emitted by a small
hydrogen gas discharge tube.

139. (a) Calculate the wavelength of a photon that has the
same momentum as a proton moving with 1% of the speed
of light in a vacuum. (b) What is the energy of this photon
in MeV? (c) What is the kinetic energy of the proton in
MeV?

140. (a) Find the momentum of a 100-keV X-ray photon.
(b) Find the velocity of a neutron with the same
momentum. (c) What is the neutron’s kinetic energy in eV?

141. The momentum of light, as it is for particles, is
exactly reversed when a photon is reflected straight back
from a mirror, assuming negligible recoil of the mirror.
The change in momentum is twice the photon’s incident
momentum, as it is for the particles. Suppose that a beam of

light has an intensity 1.0kW/m2 and falls on a −2.0-m2

area of a mirror and reflects from it. (a) Calculate the
energy reflected in 1.00 s. (b) What is the momentum
imparted to the mirror? (c) Use Newton’s second law to
find the force on the mirror. (d) Does the assumption of no-
recoil for the mirror seem reasonable?

142. A photon of energy 5.0 keV collides with a stationary
electron and is scattered at an angle of 60°. What is the

energy acquired by the electron in the collision?

143. A 0.75-nm photon is scattered by a stationary
electron. The speed of the electron’s recoil is

1.5 × 106 m/s. (a) Find the wavelength shift of the photon.

(b) Find the scattering angle of the photon.

144. Find the maximum change in X-ray wavelength that
can occur due to Compton scattering. Does this change
depend on the wavelength of the incident beam?
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145. A photon of wavelength 700 nm is incident on a
hydrogen atom. When this photon is absorbed, the atom
becomes ionized. What is the lowest possible orbit that the
electron could have occupied before being ionized?

146. What is the maximum kinetic energy of an electron
such that a collision between the electron and a stationary
hydrogen atom in its ground state is definitely elastic?

147. Singly ionized atomic helium He+1 is a hydrogen-

like ion. (a) What is its ground-state radius? (b) Calculate
the energies of its four lowest energy states. (c) Repeat the

calculations for the Li2 + ion.

148. A triply ionized atom of beryllium Be3 + is a

hydrogen-like ion. When Be3 + is in one of its excited

states, its radius in this nth state is exactly the same as
the radius of the first Bohr orbit of hydrogen. Find n and

compute the ionization energy for this state of Be3 + .

149. In extreme-temperature environments, such as those
existing in a solar corona, atoms may be ionized by
undergoing collisions with other atoms. One example of

such ionization in the solar corona is the presence of C5 +

ions, detected in the Fraunhofer spectrum. (a) By what

factor do the energies of the C5 + ion scale compare to

the energy spectrum of a hydrogen atom? (b) What is the

wavelength of the first line in the Paschen series of C5 +

? (c) In what part of the spectrum are these lines located?

150. (a) Calculate the ionization energy for He+ . (b)

What is the minimum frequency of a photon capable of

ionizing He+ ?

151. Experiments are performed with ultracold neutrons
having velocities as small as 1.00 m/s. Find the wavelength
of such an ultracold neutron and its kinetic energy.

152. Find the velocity and kinetic energy of a 6.0-fm
neutron. (Rest mass energy of neutron is E0 = 940 MeV.)

153. The spacing between crystalline planes in the NaCl
crystal is 0.281 nm, as determined by X-ray diffraction
with X-rays of wavelength 0.170 nm. What is the energy
of neutrons in the neutron beam that produces diffraction
peaks at the same locations as the peaks obtained with the
X-rays?

154. What is the wavelength of an electron accelerated
from rest in a 30.0-kV potential difference?

155. Calculate the velocity of a 1.0-µm electron and a

potential difference used to accelerate it from rest to this
velocity.

156. In a supercollider at CERN, protons are accelerated
to velocities of 0.25c. What are their wavelengths at this
speed? What are their kinetic energies? If a beam of protons
were to gain its kinetic energy in only one pass through
a potential difference, how high would this potential
difference have to be? (Rest mass energy of a proton is
E0 = 938 MeV).

157. Find the de Broglie wavelength of an electron
accelerated from rest in an X-ray tube in the potential
difference of 100 keV. (Rest mass energy of an electron is
E0 = 511 keV.)

158. The cutoff wavelength for the emission of
photoelectrons from a particular surface is 500 nm. Find
the maximum kinetic energy of the ejected photoelectrons
when the surface is illuminated with light of wavelength
450 nm.

159. Compare the wavelength shift of a photon scattered
by a free electron to that of a photon scattered at the same
angle by a free proton.

160. The spectrometer used to measure the wavelengths of
the scattered X-rays in the Compton experiment is accurate

to 5.0 × 10−4 nm. What is the minimum scattering angle

for which the X-rays interacting with the free electrons can
be distinguished from those interacting with the atoms?

161. Consider a hydrogen-like ion where an electron is
orbiting a nucleus that has charge q = + Ze. Derive the

formulas for the energy En of the electron in nth orbit and

the orbital radius rn.

162. Assume that a hydrogen atom exists in the n = 2
excited state for 10−8 s before decaying to the ground

state. How many times does the electron orbit the proton
nucleus during this time? How long does it take Earth to
orbit the sun this many times?

163. An atom can be formed when a negative muon is
captured by a proton. The muon has the same charge as the
electron and a mass 207 times that of the electron. Calculate
the frequency of the photon emitted when this atom makes
the transition from n = 2 to the n = 1 state. Assume that

the muon is orbiting a stationary proton.
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7 | QUANTUM MECHANICS

Figure 7.1 A D-wave qubit processor: The brain of a quantum computer that encodes information in quantum bits to perform
complex calculations. (credit: modification of work by D-Wave Systems, Inc.)

Chapter Outline

7.1 Wave Functions

7.2 The Heisenberg Uncertainty Principle

7.3 The Schrӧdinger Equation

7.4 The Quantum Particle in a Box

7.5 The Quantum Harmonic Oscillator

7.6 The Quantum Tunneling of Particles through Potential Barriers

Introduction
Quantum mechanics is a powerful framework for understanding the motions and interactions of particles at small scales,
such as atoms and molecules. The ideas behind quantum mechanics often appear quite strange. In many ways, our everyday
experience with the macroscopic physical world does not prepare us for the microscopic world of quantum mechanics. The
purpose of this chapter is to introduce you to this exciting world.

Pictured above is a quantum-computer processor. This device is the “brain” of a quantum computer that operates at near-
absolute zero temperatures. Unlike a digital computer, which encodes information in binary digits (definite states of either
zero or one), a quantum computer encodes information in quantum bits or qubits (mixed states of zero and one). Quantum
computers are discussed in the first section of this chapter.
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7.1 | Wave Functions

Learning Objectives

By the end of this section, you will be able to:

• Describe the statistical interpretation of the wave function

• Use the wave function to determine probabilities

• Calculate expectation values of position, momentum, and kinetic energy

In the preceding chapter, we saw that particles act in some cases like particles and in other cases like waves. But what does
it mean for a particle to “act like a wave”? What precisely is “waving”? What rules govern how this wave changes and
propagates? How is the wave function used to make predictions? For example, if the amplitude of an electron wave is given
by a function of position and time, Ψ(x, t) , defined for all x, where exactly is the electron? The purpose of this chapter is

to answer these questions.

Using the Wave Function
A clue to the physical meaning of the wave function Ψ(x, t) is provided by the two-slit interference of monochromatic light

(Figure 7.2). (See also Electromagnetic Waves (http://cnx.org/content/m58495/latest/) and Interference.) The

wave function of a light wave is given by E(x,t), and its energy density is given by |E|2 , where E is the electric field

strength. The energy of an individual photon depends only on the frequency of light, εphoton = h f , so |E|2 is proportional

to the number of photons. When light waves from S1 interfere with light waves from S2 at the viewing screen (a distance

D away), an interference pattern is produced (part (a) of the figure). Bright fringes correspond to points of constructive
interference of the light waves, and dark fringes correspond to points of destructive interference of the light waves (part
(b)).

Suppose the screen is initially unexposed to light. If the screen is exposed to very weak light, the interference pattern appears
gradually (Figure 7.2(c), left to right). Individual photon hits on the screen appear as dots. The dot density is expected to
be large at locations where the interference pattern will be, ultimately, the most intense. In other words, the probability (per
unit area) that a single photon will strike a particular spot on the screen is proportional to the square of the total electric field,

|E|2 at that point. Under the right conditions, the same interference pattern develops for matter particles, such as electrons.
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Figure 7.2 Two-slit interference of monochromatic light. (a) Schematic of two-slit interference; (b) light interference pattern;
(c) interference pattern built up gradually under low-intensity light (left to right).

Visit this interactive simulation (https://openstaxcollege.org/l/21intquawavint) to learn more about
quantum wave interference.

The square of the matter wave |Ψ|2 in one dimension has a similar interpretation as the square of the electric field |E|2 . It

gives the probability that a particle will be found at a particular position and time per unit length, also called the probability
density. The probability (P) a particle is found in a narrow interval (x, x + dx) at time t is therefore

(7.1)P(x, x + dx) = |Ψ(x, t)|2dx.

(Later, we define the magnitude squared for the general case of a function with “imaginary parts.”) This probabilistic
interpretation of the wave function is called the Born interpretation. Examples of wave functions and their squares for a
particular time t are given in Figure 7.3.
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Figure 7.3 Several examples of wave functions and the
corresponding square of their wave functions.

If the wave function varies slowly over the interval Δx , the probability a particle is found in the interval is approximately

(7.2)P(x, x + Δx) ≈ |Ψ(x, t)|2Δx.

Notice that squaring the wave function ensures that the probability is positive. (This is analogous to squaring the electric
field strength—which may be positive or negative—to obtain a positive value of intensity.) However, if the wave function
does not vary slowly, we must integrate:

(7.3)
P(x, x + Δx) = ∫

x

x + Δx

|Ψ(x, t)|2dx.

This probability is just the area under the function |Ψ(x, t)|2 between x and x + Δx . The probability of finding the particle

“somewhere” (the normalization condition) is

(7.4)
P(−∞, +∞) = ∫

−∞

∞
|Ψ(x, t)|2dx = 1.

For a particle in two dimensions, the integration is over an area and requires a double integral; for a particle in three
dimensions, the integration is over a volume and requires a triple integral. For now, we stick to the simple one-dimensional
case.

Example 7.1

Where Is the Ball? (Part I)

A ball is constrained to move along a line inside a tube of length L. The ball is equally likely to be found anywhere
in the tube at some time t. What is the probability of finding the ball in the left half of the tube at that time? (The
answer is 50%, of course, but how do we get this answer by using the probabilistic interpretation of the quantum
mechanical wave function?)

Strategy

The first step is to write down the wave function. The ball is equally like to be found anywhere in the box, so one
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way to describe the ball with a constant wave function (Figure 7.4). The normalization condition can be used to
find the value of the function and a simple integration over half of the box yields the final answer.

Figure 7.4 Wave function for a ball in a tube of length L.

Solution

The wave function of the ball can be written as Ψ(x, t) = C(0 < x < L), where C is a constant, and

Ψ(x, t) = 0 otherwise. We can determine the constant C by applying the normalization condition (we set t = 0
to simplify the notation):

P(x = −∞, +∞) = ∫
−∞

∞
|C|2dx = 1.

This integral can be broken into three parts: (1) negative infinity to zero, (2) zero to L, and (3) L to infinity. The
particle is constrained to be in the tube, so C = 0 outside the tube and the first and last integrations are zero. The

above equation can therefore be written

P(x = 0, L) = ∫
0

L

|C|2dx = 1.

The value C does not depend on x and can be taken out of the integral, so we obtain

|C|2∫
0

L
dx = 1.

Integration gives

C = 1
L.

To determine the probability of finding the ball in the first half of the box (0 < x < L), we have

P(x = 0, L/2) = ⌠
⌡
0

L/2

| 1
L |2 dx = ⎛

⎝
1
L

⎞
⎠
L
2 = 0.50.

Significance

The probability of finding the ball in the first half of the tube is 50%, as expected. Two observations are
noteworthy. First, this result corresponds to the area under the constant function from x = 0 to L/2 (the area of a

square left of L/2). Second, this calculation requires an integration of the square of the wave function. A common
mistake in performing such calculations is to forget to square the wave function before integration.
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Example 7.2

Where Is the Ball? (Part II)

A ball is again constrained to move along a line inside a tube of length L. This time, the ball is found preferentially
in the middle of the tube. One way to represent its wave function is with a simple cosine function (Figure 7.5).
What is the probability of finding the ball in the last one-quarter of the tube?

Figure 7.5 Wave function for a ball in a tube of length L,
where the ball is preferentially in the middle of the tube.

Strategy

We use the same strategy as before. In this case, the wave function has two unknown constants: One is associated
with the wavelength of the wave and the other is the amplitude of the wave. We determine the amplitude by using
the boundary conditions of the problem, and we evaluate the wavelength by using the normalization condition.
Integration of the square of the wave function over the last quarter of the tube yields the final answer. The
calculation is simplified by centering our coordinate system on the peak of the wave function.

Solution

The wave function of the ball can be written

Ψ(x, 0) = A cos(kx)(−L/2 < x < L/2),

where A is the amplitude of the wave function and k = 2π/λ is its wave number. Beyond this interval, the

amplitude of the wave function is zero because the ball is confined to the tube. Requiring the wave function to
terminate at the right end of the tube gives

Ψ⎛
⎝x = L

2, 0⎞
⎠ = 0.

Evaluating the wave function at x = L/2 gives

A cos(kL/2) = 0.

This equation is satisfied if the argument of the cosine is an integral multiple of π/2, 3π/2, 5π/2, and so on. In

this case, we have

kL
2 = π

2,

or

k = π
L.

Applying the normalization condition gives A = 2/L , so the wave function of the ball is

Ψ(x, 0) = 2
L cos(πx/L), − L/2 < x < L/2.
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To determine the probability of finding the ball in the last quarter of the tube, we square the function and integrate:

P(x = L/4, L/2) = ⌠
⌡L/4

L/2

| 2
L cos⎛

⎝
πx
L

⎞
⎠|2 dx = 0.091.

Significance

The probability of finding the ball in the last quarter of the tube is 9.1%. The ball has a definite wavelength
(λ = 2L) . If the tube is of macroscopic length (L = 1 m) , the momentum of the ball is

p = h
λ = h

2L ~10−36 m/s.

This momentum is much too small to be measured by any human instrument.

An Interpretation of the Wave Function
We are now in position to begin to answer the questions posed at the beginning of this section. First, for a traveling particle
described by Ψ(x, t) = A sin(kx − ωt) , what is “waving?” Based on the above discussion, the answer is a mathematical

function that can, among other things, be used to determine where the particle is likely to be when a position measurement
is performed. Second, how is the wave function used to make predictions? If it is necessary to find the probability that a
particle will be found in a certain interval, square the wave function and integrate over the interval of interest. Soon, you
will learn soon that the wave function can be used to make many other kinds of predictions, as well.

Third, if a matter wave is given by the wave function Ψ(x, t) , where exactly is the particle? Two answers exist: (1) when

the observer is not looking (or the particle is not being otherwise detected), the particle is everywhere (x = −∞, +∞) ;

and (2) when the observer is looking (the particle is being detected), the particle “jumps into” a particular position state

(x, x + dx) with a probability given by P(x, x + dx) = |Ψ(x, t)|2dx —a process called state reduction or wave function

collapse. This answer is called the Copenhagen interpretation of the wave function, or of quantum mechanics.

To illustrate this interpretation, consider the simple case of a particle that can occupy a small container either at x1 or x2

(Figure 7.6). In classical physics, we assume the particle is located either at x1 or x2 when the observer is not looking.

However, in quantum mechanics, the particle may exist in a state of indefinite position—that is, it may be located at x1

and x2 when the observer is not looking. The assumption that a particle can only have one value of position (when the

observer is not looking) is abandoned. Similar comments can be made of other measurable quantities, such as momentum
and energy.

Figure 7.6 A two-state system of position of a particle.

The bizarre consequences of the Copenhagen interpretation of quantum mechanics are illustrated by a creative thought
experiment first articulated by Erwin Schrödinger (National Geographic, 2013) (Figure 7.7):

“A cat is placed in a steel box along with a Geiger counter, a vial of poison, a hammer, and a radioactive substance. When
the radioactive substance decays, the Geiger detects it and triggers the hammer to release the poison, which subsequently
kills the cat. The radioactive decay is a random [probabilistic] process, and there is no way to predict when it will happen.
Physicists say the atom exists in a state known as a superposition—both decayed and not decayed at the same time. Until
the box is opened, an observer doesn’t know whether the cat is alive or dead—because the cat’s fate is intrinsically tied to
whether or not the atom has decayed and the cat would [according to the Copenhagen interpretation] be “living and dead ...
in equal parts” until it is observed.”
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Figure 7.7 Schrödinger’s cat.

Schrödinger took the absurd implications of this thought experiment (a cat simultaneously dead and alive) as an argument
against the Copenhagen interpretation. However, this interpretation remains the most commonly taught view of quantum
mechanics.

Two-state systems (left and right, atom decays and does not decay, and so on) are often used to illustrate the principles of
quantum mechanics. These systems find many applications in nature, including electron spin and mixed states of particles,
atoms, and even molecules. Two-state systems are also finding application in the quantum computer, as mentioned in the
introduction of this chapter. Unlike a digital computer, which encodes information in binary digits (zeroes and ones), a
quantum computer stores and manipulates data in the form of quantum bits, or qubits. In general, a qubit is not in a state of
zero or one, but rather in a mixed state of zero and one. If a large number of qubits are placed in the same quantum state,
the measurement of an individual qubit would produce a zero with a probability p, and a one with a probability q = 1 − p.
Many scientists believe that quantum computers are the future of the computer industry.

Complex Conjugates
Later in this section, you will see how to use the wave function to describe particles that are “free” or bound by forces
to other particles. The specific form of the wave function depends on the details of the physical system. A peculiarity of
quantum theory is that these functions are usually complex functions. A complex function is one that contains one or
more imaginary numbers (i = −1) . Experimental measurements produce real (nonimaginary) numbers only, so the above

procedure to use the wave function must be slightly modified. In general, the probability that a particle is found in the
narrow interval (x, x + dx) at time t is given by

(7.5)P(x, x + dx) = |Ψ(x, t)|2dx = Ψ* (x, t)Ψ(x, t)dx,

where Ψ* (x, t) is the complex conjugate of the wave function. The complex conjugate of a function is obtaining by

replacing every occurrence of i = −1 in that function with −i . This procedure eliminates complex numbers in all

predictions because the product Ψ* (x, t)Ψ(x, t) is always a real number.

Check Your Understanding If a = 3 + 4i , what is the product a* a ?

310 Chapter 7 | Quantum Mechanics

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



7.2

Consider the motion of a free particle that moves along the x-direction. As the name suggests, a free particle experiences no
forces and so moves with a constant velocity. As we will see in a later section of this chapter, a formal quantum mechanical
treatment of a free particle indicates that its wave function has real and complex parts. In particular, the wave function is
given by

Ψ(x, t) = A cos(kx − ωt) + iA sin(kx − ωt),

where A is the amplitude, k is the wave number, and ω is the angular frequency. Using Euler’s formula,

eiϕ = cos(ϕ) + i sin⎛
⎝ϕ⎞

⎠, this equation can be written in the form

Ψ(x, t) = Aei(kx − ωt) = Aeiϕ,

where ϕ is the phase angle. If the wave function varies slowly over the interval Δx, the probability of finding the particle

in that interval is

P(x, x + Δx) ≈ Ψ* (x, t)Ψ(x, t)Δx = ⎛
⎝Aeiϕ⎞

⎠
⎛
⎝A* e−iϕ⎞

⎠Δx = (A* A)Δx.

If A has real and complex parts (a + ib , where a and b are real constants), then

A* A = (a + ib)(a − ib) = a2 + b2.

Notice that the complex numbers have vanished. Thus,

P(x, x + Δx) ≈ |A|2Δx

is a real quantity. The interpretation of Ψ* (x, t)Ψ(x, t) as a probability density ensures that the predictions of quantum

mechanics can be checked in the “real world.”

Check Your Understanding Suppose that a particle with energy E is moving along the x-axis and is
confined in the region between 0 and L. One possible wave function is

ψ(x, t) =
⎧

⎩
⎨Ae−iEt/ℏ sin πx

L , when 0 ≤ x ≤ L

0, otherwise
.

Determine the normalization constant.

Expectation Values
In classical mechanics, the solution to an equation of motion is a function of a measurable quantity, such as x(t), where x is
the position and t is the time. Note that the particle has one value of position for any time t. In quantum mechanics, however,
the solution to an equation of motion is a wave function, Ψ(x, t). The particle has many values of position for any time t,

and only the probability density of finding the particle, |Ψ(x, t)|2 , can be known. The average value of position for a large

number of particles with the same wave function is expected to be

(7.6)
〈 x 〉 = ∫

−∞

∞
xP(x, t)dx = ∫

−∞

∞
xΨ* (x, t)Ψ(x, t)dx.

This is called the expectation value of the position. It is usually written

(7.7)
〈 x 〉 = ∫

−∞

∞
Ψ* (x, t)xΨ(x, t)dx,

where the x is sandwiched between the wave functions. The reason for this will become apparent soon. Formally, x is called
the position operator.

At this point, it is important to stress that a wave function can be written in terms of other quantities as well, such as velocity

Chapter 7 | Quantum Mechanics 311



(v), momentum (p), and kinetic energy (K). The expectation value of momentum, for example, can be written

(7.8)
〈 p 〉 = ∫

−∞

∞
Ψ* (p, t)pΨ(p, t)dp,

Where dp is used instead of dx to indicate an infinitesimal interval in momentum. In some cases, we know the wave function
in position, Ψ(x, t), but seek the expectation of momentum. The procedure for doing this is

(7.9)
〈 p 〉 = ⌠

⌡−∞

∞
Ψ* (x, t)⎛⎝−iℏ d

dx
⎞
⎠Ψ(x, t)dx,

where the quantity in parentheses, sandwiched between the wave functions, is called the momentum operator in the
x-direction. [The momentum operator in Equation 7.9 is said to be the position-space representation of the momentum
operator.] The momentum operator must act (operate) on the wave function to the right, and then the result must be
multiplied by the complex conjugate of the wave function on the left, before integration. The momentum operator in the
x-direction is sometimes denoted

(7.10)(px)op = −iℏ d
dx,

Momentum operators for the y- and z-directions are defined similarly. This operator and many others are derived in a more
advanced course in modern physics. In some cases, this derivation is relatively simple. For example, the kinetic energy
operator is just

(7.11)

(K)op = 1
2m(vx)op

2 =
(px)op

2

2m =
⎛
⎝−iℏ d

dx
⎞
⎠
2

2m = −ℏ2

2m
⎛
⎝

d
dx

⎞
⎠
⎛
⎝

d
dx

⎞
⎠.

Thus, if we seek an expectation value of kinetic energy of a particle in one dimension, two successive ordinary derivatives
of the wave function are required before integration.

Expectation-value calculations are often simplified by exploiting the symmetry of wave functions. Symmetric wave
functions can be even or odd. An even function is a function that satisfies

(7.12)ψ(x) = ψ( − x).

In contrast, an odd function is a function that satisfies

(7.13)ψ(x) = - ψ( − x).

An example of even and odd functions is shown in Figure 7.8. An even function is symmetric about the y-axis. This
function is produced by reflecting ψ(x) for x > 0 about the vertical y-axis. By comparison, an odd function is generated by

reflecting the function about the y-axis and then about the x-axis. (An odd function is also referred to as an anti-symmetric
function.)

Figure 7.8 Examples of even and odd wave functions.

In general, an even function times an even function produces an even function. A simple example of an even function is the

product x2 e−x2
(even times even is even). Similarly, an odd function times an odd function produces an even function,

such as x sin x (odd times odd is even). However, an odd function times an even function produces an odd function, such as

xe−x2
(odd times even is odd). The integral over all space of an odd function is zero, because the total area of the function

above the x-axis cancels the (negative) area below it. As the next example shows, this property of odd functions is very
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useful.

Example 7.3

Expectation Value (Part I)

The normalized wave function of a particle is

ψ(x) = e
−|x|/x0/ x0.

Find the expectation value of position.

Strategy

Substitute the wave function into Equation 7.7 and evaluate. The position operator introduces a multiplicative
factor only, so the position operator need not be “sandwiched.”

Solution

First multiply, then integrate:

〈 x 〉 = ∫
−∞

+∞
dxx|ψ(x)|  2 = ⌠

⌡−∞

+∞

dxx|e−|x|/x0
x0 |

 2

= 1
x0 ∫

−∞

+∞
dxxe

−2|x|/x0 = 0.

Significance

The function in the integrand (xe
−2|x|/x0) is odd since it is the product of an odd function (x) and an even function

(e
−2|x|/x0) . The integral vanishes because the total area of the function about the x-axis cancels the (negative)

area below it. The result ( 〈 x 〉 = 0) is not surprising since the probability density function is symmetric about

x = 0 .

Example 7.4

Expectation Value (Part II)

The time-dependent wave function of a particle confined to a region between 0 and L is

ψ(x, t) = Ae−iωt sin(πx/L)

where ω is angular frequency and E is the energy of the particle. (Note: The function varies as a sine because

of the limits (0 to L). When x = 0, the sine factor is zero and the wave function is zero, consistent with the

boundary conditions.) Calculate the expectation values of position, momentum, and kinetic energy.

Strategy

We must first normalize the wave function to find A. Then we use the operators to calculate the expectation
values.

Solution

Computation of the normalization constant:

1 = ∫
0

L
dxψ* (x)ψ(x) = ⌠

⌡
0

L
dx⎛

⎝Ae+iωt sin πx
L

⎞
⎠
⎛
⎝Ae−iωt sin πx

L
⎞
⎠ = A2 ∫

0

L
dx sin2 πx

L = A2 L
2 ⇒ A = 2

L.

The expectation value of position is
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〈 x 〉 = ∫
0

L
dxψ* (x)xψ(x) = ⌠

⌡
0

L
dx⎛

⎝Ae+iωt sin πx
L

⎞
⎠x

⎛
⎝Ae−iωt sin πx

L
⎞
⎠ = A2 ⌠

⌡
0

L

dxx sin2 πx
L = A2 L2

4 = L
2.

The expectation value of momentum in the x-direction also requires an integral. To set this integral up, the
associated operator must— by rule—act to the right on the wave function ψ(x) :

−iℏ d
dxψ(x) = −iℏ d

dxAe−iωt sin πx
L = −iAh

2Le−iωt cos πx
L  .

Therefore, the expectation value of momentum is

〈 p 〉 = ⌠
⌡
0

L
dx⎛

⎝Ae+iωt sin πx
L

⎞
⎠
⎛
⎝−iAh

2Le−iωt cos πx
L

⎞
⎠ = −iA2 h

4L ∫
0

L
dx sin 2πx

L = 0.

The function in the integral is a sine function with a wavelength equal to the width of the well, L—an odd function
about x = L/2 . As a result, the integral vanishes.

The expectation value of kinetic energy in the x-direction requires the associated operator to act on the wave
function:

− ℏ2

2m
d2

dx2ψ(x) = − ℏ2

2m
d2

dx2 Ae−iωt sin πx
L = − ℏ2

2mAe−iωt d2

dx2 sin πx
L = Ah2

2mL2e−iωt sin πx
L .

Thus, the expectation value of the kinetic energy is

〈 K 〉 = ⌠
⌡
0

L

dx⎛
⎝Ae+iωt sin πx

L
⎞
⎠
⎛
⎝

Ah2

2mL2e−iωt sin πx
L

⎞
⎠

= A2 h2

2mL2∫
0

L
dx sin2 πx

L = A2 h2

2mL2
L
2 = h2

2mL2  .

Significance

The average position of a large number of particles in this state is L/2. The average momentum of these particles
is zero because a given particle is equally likely to be moving right or left. However, the particle is not at rest
because its average kinetic energy is not zero. Finally, the probability density is

|ψ |  2 = (2/L)sin2(πx/L).

This probability density is largest at location L/2 and is zero at x = 0 and at x = L. Note that these conclusions

do not depend explicitly on time.

Check Your Understanding For the particle in the above example, find the probability of locating it
between positions 0 and L/4

Quantum mechanics makes many surprising predictions. However, in 1920, Niels Bohr (founder of the Niels Bohr Institute
in Copenhagen, from which we get the term “Copenhagen interpretation”) asserted that the predictions of quantum
mechanics and classical mechanics must agree for all macroscopic systems, such as orbiting planets, bouncing balls, rocking
chairs, and springs. This correspondence principle is now generally accepted. It suggests the rules of classical mechanics
are an approximation of the rules of quantum mechanics for systems with very large energies. Quantum mechanics describes
both the microscopic and macroscopic world, but classical mechanics describes only the latter.
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7.2 | The Heisenberg Uncertainty Principle

Learning Objectives

By the end of this section, you will be able to:

• Describe the physical meaning of the position-momentum uncertainty relation

• Explain the origins of the uncertainty principle in quantum theory

• Describe the physical meaning of the energy-time uncertainty relation

Heisenberg’s uncertainty principle is a key principle in quantum mechanics. Very roughly, it states that if we know
everything about where a particle is located (the uncertainty of position is small), we know nothing about its momentum
(the uncertainty of momentum is large), and vice versa. Versions of the uncertainty principle also exist for other quantities
as well, such as energy and time. We discuss the momentum-position and energy-time uncertainty principles separately.

Momentum and Position
To illustrate the momentum-position uncertainty principle, consider a free particle that moves along the x-direction. The
particle moves with a constant velocity u and momentum p = mu . According to de Broglie’s relations, p = ℏk and

E = ℏω . As discussed in the previous section, the wave function for this particle is given by

(7.14)ψk(x, t) = A[cos(ω t − k x) − i sin(ω t − k x)] = Ae−i(ω t − k x) = Ae−i ω t ei k x

and the probability density |ψk(x, t)|  2 = A2 is uniform and independent of time. The particle is equally likely to be

found anywhere along the x-axis but has definite values of wavelength and wave number, and therefore momentum. The
uncertainty of position is infinite (we are completely uncertain about position) and the uncertainty of the momentum is zero
(we are completely certain about momentum). This account of a free particle is consistent with Heisenberg’s uncertainty
principle.

Similar statements can be made of localized particles. In quantum theory, a localized particle is modeled by a linear
superposition of free-particle (or plane-wave) states called a wave packet. An example of a wave packet is shown in
Figure 7.9. A wave packet contains many wavelengths and therefore by de Broglie’s relations many momenta—possible in
quantum mechanics! This particle also has many values of position, although the particle is confined mostly to the interval
Δx . The particle can be better localized (Δx can be decreased) if more plane-wave states of different wavelengths or

momenta are added together in the right way (Δp is increased). According to Heisenberg, these uncertainties obey the

following relation.

The Heisenberg Uncertainty Principle

The product of the uncertainty in position of a particle and the uncertainty in its momentum can never be less than
one-half of the reduced Planck constant:

(7.15)Δx Δp ≥ ℏ/2.

This relation expresses Heisenberg’s uncertainty principle. It places limits on what we can know about a particle from
simultaneous measurements of position and momentum. If Δx is large, Δp is small, and vice versa. Equation 7.15 can

be derived in a more advanced course in modern physics. Reflecting on this relation in his work The Physical Principles of
the Quantum Theory, Heisenberg wrote “Any use of the words ‘position’ and ‘velocity’ with accuracy exceeding that given
by [the relation] is just as meaningless as the use of words whose sense is not defined.”
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Figure 7.9 Adding together several plane waves of different
wavelengths can produce a wave that is relatively localized.

Note that the uncertainty principle has nothing to do with the precision of an experimental apparatus. Even for perfect
measuring devices, these uncertainties would remain because they originate in the wave-like nature of matter. The precise
value of the product ΔxΔp depends on the specific form of the wave function. Interestingly, the Gaussian function (or

bell-curve distribution) gives the minimum value of the uncertainty product: Δx Δp = ℏ/2.

Example 7.5

The Uncertainty Principle Large and Small

Determine the minimum uncertainties in the positions of the following objects if their speeds are known with a

precision of 1.0 × 10−3 m/s : (a) an electron and (b) a bowling ball of mass 6.0 kg.

Strategy

Given the uncertainty in speed Δu = 1.0 × 10−3 m/s , we have to first determine the uncertainty in momentum

Δp = m Δu and then invert Equation 7.15 to find the uncertainty in position Δx = ℏ/(2Δp) .

Solution
a. For the electron:

Δp = mΔu = (9.1 × 10−31 kg)(1.0 × 10−3 m/s) = 9.1 × 10−34 kg · m/s ,
Δx = ℏ

2 Δp = 5.8 cm.

b. For the bowling ball:

Δp = mΔu = (6.0 kg)(1.0 × 10−3 m/s) = 6.0 × 10−3 kg · m/s ,
Δx = ℏ

2 Δp = 8.8 × 10−33 m .

Significance

Unlike the position uncertainty for the electron, the position uncertainty for the bowling ball is immeasurably
small. Planck’s constant is very small, so the limitations imposed by the uncertainty principle are not noticeable
in macroscopic systems such as a bowling ball.
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Example 7.6

Uncertainty and the Hydrogen Atom

Estimate the ground-state energy of a hydrogen atom using Heisenberg’s uncertainty principle. (Hint: According
to early experiments, the size of a hydrogen atom is approximately 0.1 nm.)

Strategy

An electron bound to a hydrogen atom can be modeled by a particle bound to a one-dimensional box of length
L = 0.1 nm. The ground-state wave function of this system is a half wave, like that given in Example 7.1.

This is the largest wavelength that can “fit” in the box, so the wave function corresponds to the lowest energy
state. Note that this function is very similar in shape to a Gaussian (bell curve) function. We can take the average
energy of a particle described by this function (E) as a good estimate of the ground state energy (E0) . This

average energy of a particle is related to its average of the momentum squared, which is related to its momentum
uncertainty.

Solution

To solve this problem, we must be specific about what is meant by “uncertainty of position” and “uncertainty of
momentum.” We identify the uncertainty of position (Δx) with the standard deviation of position (σx) , and the

uncertainty of momentum (Δp) with the standard deviation of momentum (σ p) . For the Gaussian function, the

uncertainty product is

σx σ p = ℏ
2,

where

σx
2 = x2 − x– 2 and σ p

2 = p2 − p2.

The particle is equally likely to be moving left as moving right, so p– = 0 . Also, the uncertainty of position is

comparable to the size of the box, so σx = L. The estimated ground state energy is therefore

E0 = EGaussian = p2
–

m =
σ p

2

2m = 1
2m

⎛
⎝

ℏ
2σx

⎞
⎠

2
= 1

2m
⎛
⎝

ℏ
2L

⎞
⎠
2

= ℏ2

8mL2.

Multiplying numerator and denominator by c2 gives

E0 = (ℏc)2

8(mc2)L2 = (197.3 eV · nm)2

8⎛
⎝0.511 · 106 eV⎞

⎠(0.1 nm)2 = 0.952 eV ≈ 1 eV.

Significance

Based on early estimates of the size of a hydrogen atom and the uncertainty principle, the ground-state energy
of a hydrogen atom is in the eV range. The ionization energy of an electron in the ground-state energy is
approximately 10 eV, so this prediction is roughly confirmed. (Note: The product ℏc is often a useful value in

performing calculations in quantum mechanics.)

Energy and Time
Another kind of uncertainty principle concerns uncertainties in simultaneous measurements of the energy of a quantum state
and its lifetime,

(7.16)ΔEΔt ≥ ℏ
2,

where ΔE is the uncertainty in the energy measurement and Δt is the uncertainty in the lifetime measurement. The
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energy-time uncertainty principle does not result from a relation of the type expressed by Equation 7.15 for technical
reasons beyond this discussion. Nevertheless, the general meaning of the energy-time principle is that a quantum state that
exists for only a short time cannot have a definite energy. The reason is that the frequency of a state is inversely proportional
to time and the frequency connects with the energy of the state, so to measure the energy with good precision, the state must
be observed for many cycles.

To illustrate, consider the excited states of an atom. The finite lifetimes of these states can be deduced from the shapes
of spectral lines observed in atomic emission spectra. Each time an excited state decays, the emitted energy is slightly
different and, therefore, the emission line is characterized by a distribution of spectral frequencies (or wavelengths) of the
emitted photons. As a result, all spectral lines are characterized by spectral widths. The average energy of the emitted photon
corresponds to the theoretical energy of the excited state and gives the spectral location of the peak of the emission line.
Short-lived states have broad spectral widths and long-lived states have narrow spectral widths.

Example 7.7

Atomic Transitions

An atom typically exists in an excited state for about Δt = 10−8 s . Estimate the uncertainty Δ  f in the frequency

of emitted photons when an atom makes a transition from an excited state with the simultaneous emission of a

photon with an average frequency of f = 7.1 × 1014 Hz . Is the emitted radiation monochromatic?

Strategy

We invert Equation 7.16 to obtain the energy uncertainty ΔE ≈ ℏ/2Δt and combine it with the photon energy

E = h  f to obtain Δ  f . To estimate whether or not the emission is monochromatic, we evaluate Δ f / f .

Solution

The spread in photon energies is Δ E = hΔ  f . Therefore,

ΔE ≈ ℏ
2Δt ⇒ hΔ f ≈ ℏ

2Δt ⇒ Δ f ≈ 1
4πΔt = 1

4π(10−8 s)
= 8.0 × 106 Hz,

Δ f
f = 8.0 × 106 Hz

7.1 × 1014 Hz
= 1.1 × 10−8.

Significance

Because the emitted photons have their frequencies within 1.1 × 10−6 percent of the average frequency, the

emitted radiation can be considered monochromatic.

Check Your Understanding A sodium atom makes a transition from the first excited state to the ground

state, emitting a 589.0-nm photon with energy 2.105 eV. If the lifetime of this excited state is 1.6 × 10−8 s ,

what is the uncertainty in energy of this excited state? What is the width of the corresponding spectral line?

7.3 | The Schrӧdinger Equation

Learning Objectives

By the end of this section, you will be able to:

• Describe the role Schrӧdinger’s equation plays in quantum mechanics

• Explain the difference between time-dependent and -independent Schrӧdinger’s equations

• Interpret the solutions of Schrӧdinger’s equation

In the preceding two sections, we described how to use a quantum mechanical wave function and discussed Heisenberg’s
uncertainty principle. In this section, we present a complete and formal theory of quantum mechanics that can be used to
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make predictions. In developing this theory, it is helpful to review the wave theory of light. For a light wave, the electric
field E(x,t) obeys the relation

(7.17)∂2E
∂ x2 = 1

c2
∂2E
∂ t2 ,

where c is the speed of light and the symbol ∂ represents a partial derivative. (Recall from Oscillations (http://cnx.org/

content/m58360/latest/) that a partial derivative is closely related to an ordinary derivative, but involves functions of
more than one variable. When taking the partial derivative of a function by a certain variable, all other variables are held

constant.) A light wave consists of a very large number of photons, so the quantity |E(x, t)|2 can interpreted as a probability

density of finding a single photon at a particular point in space (for example, on a viewing screen).

There are many solutions to this equation. One solution of particular importance is

(7.18)E(x, t) = A sin(kx − ωt),

where A is the amplitude of the electric field, k is the wave number, and ω is the angular frequency. Combing this equation

with Equation 7.17 gives

(7.19)k2 = ω2

c2 .

According to de Broglie’s equations, we have p = ℏk and E = ℏω . Substituting these equations in Equation 7.19 gives

(7.20)p = E
c ,

or

(7.21)E = pc.

Therefore, according to Einstein’s general energy-momentum equation (Equation 5.11), Equation 7.17 describes a
particle with a zero rest mass. This is consistent with our knowledge of a photon.

This process can be reversed. We can begin with the energy-momentum equation of a particle and then ask what wave
equation corresponds to it. The energy-momentum equation of a nonrelativistic particle in one dimension is

(7.22)
E = p2

2m + U(x, t),

where p is the momentum, m is the mass, and U is the potential energy of the particle. The wave equation that goes with it
turns out to be a key equation in quantum mechanics, called Schrӧdinger’s time-dependent equation.

The Schrӧdinger Time-Dependent Equation

The equation describing the energy and momentum of a wave function is known as the Schrӧdinger equation:

(7.23)
− ℏ2

2m
∂2Ψ(x, t)

∂ x2 + U(x, t)Ψ(x, t) = iℏ∂Ψ(x, t)
∂ t .

As described in Potential Energy and Conservation of Energy (http://cnx.org/content/m58311/latest/) , the
force on the particle described by this equation is given by

(7.24)F = − ∂U(x, t)
∂ x .

This equation plays a role in quantum mechanics similar to Newton’s second law in classical mechanics. Once the
potential energy of a particle is specified—or, equivalently, once the force on the particle is specified—we can solve this
differential equation for the wave function. The solution to Newton’s second law equation (also a differential equation) in
one dimension is a function x(t) that specifies where an object is at any time t. The solution to Schrӧdinger’s time-dependent
equation provides a tool—the wave function—that can be used to determine where the particle is likely to be. This equation
can be also written in two or three dimensions. Solving Schrӧdinger’s time-dependent equation often requires the aid of a
computer.

Consider the special case of a free particle. A free particle experiences no force (F = 0). Based on Equation 7.24, this
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requires only that

(7.25)U(x, t) = U0 = constant.

For simplicity, we set U0 = 0 . Schrӧdinger’s equation then reduces to

(7.26)
− ℏ2

2m
∂2Ψ(x, t)

∂ x2 = iℏ∂Ψ(x, t)
∂ t .

A valid solution to this equation is

(7.27)Ψ(x, t) = Aei(kx − ωt).

Not surprisingly, this solution contains an imaginary number (i = −1) because the differential equation itself contains

an imaginary number. As stressed before, however, quantum-mechanical predictions depend only on |Ψ(x, t)|2 , which

yields completely real values. Notice that the real plane-wave solutions, Ψ(x, t) = A sin(kx − ωt) and

Ψ(x, t) = A cos(kx − ωt), do not obey Schrödinger’s equation. The temptation to think that a wave function can be seen,

touched, and felt in nature is eliminated by the appearance of an imaginary number. In Schrӧdinger’s theory of quantum
mechanics, the wave function is merely a tool for calculating things.

If the potential energy function (U) does not depend on time, it is possible to show that

(7.28)Ψ(x, t) = ψ(x)e−iωt

satisfies Schrӧdinger’s time-dependent equation, where ψ(x) is a time-independent function and e−iωt is a

space-independent function. In other words, the wave function is separable into two parts: a space-only part and a time-

only part. The factor e−iωt is sometimes referred to as a time-modulation factor since it modifies the space-only function.

According to de Broglie, the energy of a matter wave is given by E = ℏω , where E is its total energy. Thus, the above

equation can also be written as

(7.29)Ψ(x, t) = ψ(x)e−iEt/ℏ.

Any linear combination of such states (mixed state of energy or momentum) is also valid solution to this equation. Such
states can, for example, describe a localized particle (see Figure 7.9)

Check Your Understanding A particle with mass m is moving along the x-axis in a potential given by

the potential energy function U(x) = 0.5mω2 x2 . Compute the product Ψ(x, t)* U(x)Ψ(x, t). Express your

answer in terms of the time-independent wave function, ψ(x).

Combining Equation 7.23 and Equation 7.28, Schrödinger’s time-dependent equation reduces to

(7.30)
− ℏ2

2m
d2 ψ(x)

dx2 + U(x)ψ(x) = Eψ(x),

where E is the total energy of the particle (a real number). This equation is called Schrӧdinger’s time-independent
equation. Notice that we use “big psi” (Ψ) for the time-dependent wave function and “little psi” (ψ) for the time-

independent wave function. The wave-function solution to this equation must be multiplied by the time-modulation factor
to obtain the time-dependent wave function.

In the next sections, we solve Schrӧdinger’s time-independent equation for three cases: a quantum particle in a box, a
simple harmonic oscillator, and a quantum barrier. These cases provide important lessons that can be used to solve more
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complicated systems. The time-independent wave function ψ(x) solutions must satisfy three conditions:

• ψ(x) must be a continuous function.

• The first derivative of ψ(x) with respect to space, dψ(x)/dx , must be continuous, unless V(x) = ∞ .

• ψ(x) must not diverge (“blow up”) at x = ±∞.

The first condition avoids sudden jumps or gaps in the wave function. The second condition requires the wave function to
be smooth at all points, except in special cases. (In a more advanced course on quantum mechanics, for example, potential
spikes of infinite depth and height are used to model solids). The third condition requires the wave function be normalizable.

This third condition follows from Born’s interpretation of quantum mechanics. It ensures that |ψ(x)|2 is a finite number so

we can use it to calculate probabilities.

Check Your Understanding Which of the following wave functions is a valid wave-function solution
for Schrӧdinger’s equation?

7.4 | The Quantum Particle in a Box

Learning Objectives

By the end of this section, you will be able to:

• Describe how to set up a boundary-value problem for the stationary Schrӧdinger equation

• Explain why the energy of a quantum particle in a box is quantized

• Describe the physical meaning of stationary solutions to Schrӧdinger’s equation and the
connection of these solutions with time-dependent quantum states

• Explain the physical meaning of Bohr’s correspondence principle

In this section, we apply Schrӧdinger’s equation to a particle bound to a one-dimensional box. This special case provides
lessons for understanding quantum mechanics in more complex systems. The energy of the particle is quantized as a
consequence of a standing wave condition inside the box.

Consider a particle of mass m that is allowed to move only along the x-direction and its motion is confined to the region

between hard and rigid walls located at x = 0 and at x = L (Figure 7.10). Between the walls, the particle moves freely.

This physical situation is called the infinite square well, described by the potential energy function

(7.31)U(x) =
⎧

⎩
⎨
0, 0 ≤ x ≤ L,
∞, otherwise.

Combining this equation with Schrӧdinger’s time-independent wave equation gives

(7.32)−ℏ2

2m
d2 ψ(x)

dx2 = Eψ(x), for 0 ≤ x ≤ L

where E is the total energy of the particle. What types of solutions do we expect? The energy of the particle is a positive
number, so if the value of the wave function is positive (right side of the equation), the curvature of the wave function is
negative, or concave down (left side of the equation). Similarly, if the value of the wave function is negative (right side of
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the equation), the curvature of the wave function is positive or concave up (left side of equation). This condition is met by
an oscillating wave function, such as a sine or cosine wave. Since these waves are confined to the box, we envision standing
waves with fixed endpoints at x = 0 and x = L .

Figure 7.10 The potential energy function that confines the
particle in a one-dimensional box.

Solutions ψ(x) to this equation have a probabilistic interpretation. In particular, the square |ψ(x)|2 represents the

probability density of finding the particle at a particular location x. This function must be integrated to determine the
probability of finding the particle in some interval of space. We are therefore looking for a normalizable solution that
satisfies the following normalization condition:

(7.33)
∫
0

L
dx|ψ(x)|2 = 1.

The walls are rigid and impenetrable, which means that the particle is never found beyond the wall. Mathematically, this
means that the solution must vanish at the walls:

(7.34)ψ(0) = ψ(L) = 0.

We expect oscillating solutions, so the most general solution to this equation is

(7.35)ψk(x) = Ak cos kx + Bk sin kx

where k is the wave number, and Ak and Bk are constants. Applying the boundary condition expressed by Equation 7.34

gives

(7.36)ψk(0) = Ak cos(k · 0) + Bk sin(k · 0) = Ak = 0.

Because we have Ak = 0 , the solution must be

(7.37)ψk(x) = Bk sin kx.

If Bk is zero, ψk (x) = 0 for all values of x and the normalization condition, Equation 7.33, cannot be satisfied.

Assuming Bk ≠ 0 , Equation 7.34 for x = L then gives

(7.38)0 = Bk sin(kL) ⇒ sin(kL) = 0 ⇒ kL = nπ, n = 1, 2, 3,...

We discard the n = 0 solution because ψ(x) for this quantum number would be zero everywhere—an un-normalizable

and therefore unphysical solution. Substituting Equation 7.37 into Equation 7.32 gives

(7.39)− ℏ2

2m
d2

dx2
⎛
⎝Bk sin(kx)⎞

⎠ = E⎛
⎝Bk sin(kx)⎞

⎠.

Computing these derivatives leads to

(7.40)E = Ek = ℏ2 k2

2m .
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According to de Broglie, p = ℏk, so this expression implies that the total energy is equal to the kinetic energy, consistent

with our assumption that the “particle moves freely.” Combining the results of Equation 7.38 and Equation 7.40 gives

(7.41)En = n2 π2 ℏ2

2mL2, n = 1, 2, 3, ...

Strange! A particle bound to a one-dimensional box can only have certain discrete (quantized) values of energy. Further, the
particle cannot have a zero kinetic energy—it is impossible for a particle bound to a box to be “at rest.”

To evaluate the allowed wave functions that correspond to these energies, we must find the normalization constant Bn . We

impose the normalization condition Equation 7.33 on the wave function

(7.42)ψn(x) = Bn sinnπx/L

1 = ∫
0

L
dx|ψn(x)|2 = ∫

0

L
dxBn

2 sin2 nπ
L x = Bn

2 ∫
0

L
dx sin2 nπ

L x = Bn
2 L

2 ⇒ Bn = 2
L.

Hence, the wave functions that correspond to the energy values given in Equation 7.41 are

(7.43)ψn(x) = 2
L sin nπx

L , n = 1, 2, 3, ...

For the lowest energy state or ground state energy, we have

(7.44)E1 = π2 ℏ2

2mL2, ψ1(x) = 2
L sin⎛

⎝
πx
L

⎞
⎠.

All other energy states can be expressed as

(7.45)En = n2 E1, ψn(x) = 2
L sin⎛

⎝
nπx
L

⎞
⎠.

The index n is called the energy quantum number or principal quantum number. The state for n = 2 is the first excited

state, the state for n = 3 is the second excited state, and so on. The first three quantum states (for n = 1, 2, and 3) of a

particle in a box are shown in Figure 7.11.

The wave functions in Equation 7.45 are sometimes referred to as the “states of definite energy.” Particles in these states
are said to occupy energy levels, which are represented by the horizontal lines in Figure 7.11. Energy levels are analogous
to rungs of a ladder that the particle can “climb” as it gains or loses energy.

The wave functions in Equation 7.45 are also called stationary states and standing wave states. These functions are

“stationary,” because their probability density functions, |Ψ(x, t)|2 , do not vary in time, and “standing waves” because

their real and imaginary parts oscillate up and down like a standing wave—like a rope waving between two children on a
playground. Stationary states are states of definite energy [Equation 7.45], but linear combinations of these states, such
as ψ(x) = aψ1 + bψ2 (also solutions to Schrӧdinger’s equation) are states of mixed energy.
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Figure 7.11 The first three quantum states of a quantum particle in a box for principal quantum
numbers n = 1, 2, and 3 : (a) standing wave solutions and (b) allowed energy states.

Energy quantization is a consequence of the boundary conditions. If the particle is not confined to a box but wanders freely,
the allowed energies are continuous. However, in this case, only certain energies (E1, 4E1, 9E1, …) are allowed. The

energy difference between adjacent energy levels is given by

(7.46)ΔEn + 1, n = En + 1 − En = (n + 1)2 E1 − n2 E1 = (2n + 1)E1.

Conservation of energy demands that if the energy of the system changes, the energy difference is carried in some other
form of energy. For the special case of a charged particle confined to a small volume (for example, in an atom), energy
changes are often carried away by photons. The frequencies of the emitted photons give us information about the energy
differences (spacings) of the system and the volume of containment—the size of the “box” [see Equation 7.44].

Example 7.8

A Simple Model of the Nucleus

Suppose a proton is confined to a box of width L = 1.00 × 10−14 m (a typical nuclear radius). What are the

energies of the ground and the first excited states? If the proton makes a transition from the first excited state to
the ground state, what are the energy and the frequency of the emitted photon?

Strategy

If we assume that the proton confined in the nucleus can be modeled as a quantum particle in a box, all we need

to do is to use Equation 7.41 to find its energies E1 and E2 . The mass of a proton is m = 1.76 × 10−27 kg.
The emitted photon carries away the energy difference ΔE = E2 − E1. We can use the relation E f = h f to find

its frequency f.

Solution

The ground state:

E1 = π2 ℏ2

2m L2 = π2 (1.05 × 10−34 J · s)2

2(1.67 × 10−27 kg) (1.00 × 10−14 m)2 = 3.28 × 10−13 J = 2.05 MeV.
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The first excited state: E2 = 22 E1 = 4(2.05 MeV) = 8.20 MeV .

The energy of the emitted photon is E f = ΔE = E2 − E1 = 8.20 MeV − 2.05 MeV = 6.15 MeV .

The frequency of the emitted photon is

f =
E f
h = 6.15 MeV

4.14 × 10−21 MeV · s
= 1.49 × 1021 Hz.

Significance

This is the typical frequency of a gamma ray emitted by a nucleus. The energy of this photon is about 10 million
times greater than that of a visible light photon.

The expectation value of the position for a particle in a box is given by

(7.47)
〈 x 〉 = ∫

0

L
dxψn* (x)xψn(x) = ∫

0

L
dxx|ψn* (x)|2 = ∫

0

L
dxx2

Lsin2 nπx
L = L

2.

We can also find the expectation value of the momentum or average momentum of a large number of particles in a given
state:

(7.48)
〈 p 〉 = ⌠

⌡
0

L
dxψn* (x)⎡⎣−iℏ d

dxψn(x)⎤⎦

= −iℏ⌠
⌡
0

L
dx 2

L sin nπx
L

⎡
⎣

d
dx

2
L sin nπx

L
⎤
⎦ = −i2ℏ

L ∫
0

L
dx sin nπx

L
⎡
⎣
nπ
L cos nπx

L
⎤
⎦

= −i2nπℏ
L2 ∫

0

L
dx1

2 sin 2nπx
L = −inπℏ

L2
L

2nπ ∫
0

2πn
dφ sin φ = −i ℏ

2L · 0 = 0.

Thus, for a particle in a state of definite energy, the average position is in the middle of the box and the average momentum
of the particle is zero—as it would also be for a classical particle. Note that while the minimum energy of a classical particle
can be zero (the particle can be at rest in the middle of the box), the minimum energy of a quantum particle is nonzero and
given by Equation 7.44. The average particle energy in the nth quantum state—its expectation value of energy—is

(7.49)En = 〈 E 〉 = n2 π2 ℏ2

2m .

The result is not surprising because the standing wave state is a state of definite energy. Any energy measurement of this
system must return a value equal to one of these allowed energies.

Our analysis of the quantum particle in a box would not be complete without discussing Bohr’s correspondence principle.
This principle states that for large quantum numbers, the laws of quantum physics must give identical results as the laws
of classical physics. To illustrate how this principle works for a quantum particle in a box, we plot the probability density
distribution

(7.50)|ψn(x)|2 = 2
Lsin2(nπx/L)

for finding the particle around location x between the walls when the particle is in quantum state ψn . Figure 7.12 shows

these probability distributions for the ground state, for the first excited state, and for a highly excited state that corresponds
to a large quantum number. We see from these plots that when a quantum particle is in the ground state, it is most likely to be
found around the middle of the box, where the probability distribution has the largest value. This is not so when the particle
is in the first excited state because now the probability distribution has the zero value in the middle of the box, so there is
no chance of finding the particle there. When a quantum particle is in the first excited state, the probability distribution has
two maxima, and the best chance of finding the particle is at positions close to the locations of these maxima. This quantum
picture is unlike the classical picture.
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Figure 7.12 The probability density distribution |ψn(x)|2 for a quantum particle in a box for: (a)

the ground state, n = 1 ; (b) the first excited state, n = 2 ; and, (c) the nineteenth excited state,

n = 20 .

The probability density of finding a classical particle between x and x + Δx depends on how much time Δt the particle

spends in this region. Assuming that its speed u is constant, this time is Δt = Δx/u, which is also constant for any location

between the walls. Therefore, the probability density of finding the classical particle at x is uniform throughout the box, and
there is no preferable location for finding a classical particle. This classical picture is matched in the limit of large quantum
numbers. For example, when a quantum particle is in a highly excited state, shown in Figure 7.12, the probability density
is characterized by rapid fluctuations and then the probability of finding the quantum particle in the interval Δx does not

depend on where this interval is located between the walls.

Example 7.9

A Classical Particle in a Box

A small 0.40-kg cart is moving back and forth along an air track between two bumpers located 2.0 m apart.
We assume no friction; collisions with the bumpers are perfectly elastic so that between the bumpers, the car
maintains a constant speed of 0.50 m/s. Treating the cart as a quantum particle, estimate the value of the principal
quantum number that corresponds to its classical energy.

Strategy

We find the kinetic energy K of the cart and its ground state energy E1 as though it were a quantum particle. The

energy of the cart is completely kinetic, so K = n2 E1 (Equation 7.45). Solving for n gives n = (K/E1)1/2 .

Solution

The kinetic energy of the cart is

K = 1
2mu2 = 1

2(0.40 kg)(0.50 m/s)2 = 0.050 J.

The ground state of the cart, treated as a quantum particle, is
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7.7

E1 = π2 ℏ2

2mL2 = π2 (1.05 × 10−34 J · s)2

2(0.40 kg)(2.0 m)2 = 1.700 × 10−68 J.

Therefore, n = (K/E1)1/2 = (0.050/1.700 × 10−68)1/2 = 1.2 × 1033 .

Significance

We see from this example that the energy of a classical system is characterized by a very large quantum
number. Bohr’s correspondence principle concerns this kind of situation. We can apply the formalism of quantum
mechanics to any kind of system, quantum or classical, and the results are correct in each case. In the limit of
high quantum numbers, there is no advantage in using quantum formalism because we can obtain the same results
with the less complicated formalism of classical mechanics. However, we cannot apply classical formalism to a
quantum system in a low-number energy state.

Check Your Understanding (a) Consider an infinite square well with wall boundaries x = 0 and

x = L . What is the probability of finding a quantum particle in its ground state somewhere between x = 0 and

x = L/4 ? (b) Repeat question (a) for a classical particle.

Having found the stationary states ψn(x) and the energies En by solving the time-independent Schrӧdinger equation

Equation 7.32, we use Equation 7.28 to write wave functions Ψn(x, t) that are solutions of the time-dependent

Schrӧdinger’s equation given by Equation 7.23. For a particle in a box this gives

(7.51)Ψn(x, t) = e−iωn t ψn(x) = 2
Le−iEn t/ℏ sin nπx

L , n = 1, 2, 3, ...

where the energies are given by Equation 7.41.

The quantum particle in a box model has practical applications in a relatively newly emerged field of optoelectronics,
which deals with devices that convert electrical signals into optical signals. This model also deals with nanoscale physical
phenomena, such as a nanoparticle trapped in a low electric potential bounded by high-potential barriers.

7.5 | The Quantum Harmonic Oscillator

Learning Objectives

By the end of this section, you will be able to:

• Describe the model of the quantum harmonic oscillator

• Identify differences between the classical and quantum models of the harmonic oscillator

• Explain physical situations where the classical and the quantum models coincide

Oscillations are found throughout nature, in such things as electromagnetic waves, vibrating molecules, and the gentle back-
and-forth sway of a tree branch. In previous chapters, we used Newtonian mechanics to study macroscopic oscillations,
such as a block on a spring and a simple pendulum. In this chapter, we begin to study oscillating systems using quantum
mechanics. We begin with a review of the classic harmonic oscillator.

The Classic Harmonic Oscillator
A simple harmonic oscillator is a particle or system that undergoes harmonic motion about an equilibrium position, such as
an object with mass vibrating on a spring. In this section, we consider oscillations in one-dimension only. Suppose a mass
moves back-and-forth along the

x-direction about the equilibrium position, x = 0 . In classical mechanics, the particle moves in response to a linear

restoring force given by Fx = −kx, where x is the displacement of the particle from its equilibrium position. The motion

takes place between two turning points, x = ±A , where A denotes the amplitude of the motion. The position of the object

varies periodically in time with angular frequency ω = k/m, which depends on the mass m of the oscillator and on the
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anti-symmetric function

Born interpretation

complex function

Copenhagen interpretation

correspondence principle

energy levels

energy quantum number

energy-time uncertainty principle

even function

expectation value

field emission

ground state energy

Heisenberg’s uncertainty principle

infinite square well

momentum operator

nanotechnology

normalization condition

odd function

position operator

potential barrier

principal quantum number

probability density

quantum dot

quantum tunneling

resonant tunneling

resonant-tunneling diode

scanning tunneling microscope (STM)

CHAPTER 7 REVIEW

KEY TERMS
odd function

states that the square of a wave function is the probability density

function containing both real and imaginary parts

states that when an observer is not looking or when a measurement is not being made, the
particle has many values of measurable quantities, such as position

in the limit of large energies, the predictions of quantum mechanics agree with the
predictions of classical mechanics

states of definite energy, often represented by horizontal lines in an energy “ladder” diagram

index that labels the allowed energy states

energy-time relation for uncertainties in the simultaneous measurements of the
energy of a quantum state and of its lifetime

in one dimension, a function symmetric with the origin of the coordinate system

average value of the physical quantity assuming a large number of particles with the same wave
function

electron emission from conductor surfaces when a strong external electric field is applied in normal
direction to conductor’s surface

lowest energy state in the energy spectrum

places limits on what can be known from a simultaneous measurements of
position and momentum; states that if the uncertainty on position is small then the uncertainty on momentum is large,
and vice versa

potential function that is zero in a fixed range and infinitely beyond this range

operator that corresponds to the momentum of a particle

technology that is based on manipulation of nanostructures such as molecules or individual atoms to
produce nano-devices such as integrated circuits

requires that the probability density integrated over the entire physical space results in the
number one

in one dimension, a function antisymmetric with the origin of the coordinate system

operator that corresponds to the position of a particle

potential function that rises and falls with increasing values of position

energy quantum number

square of the particle’s wave function

small region of a semiconductor nanocrystal embedded in another semiconductor nanocrystal, acting as a
potential well for electrons

phenomenon where particles penetrate through a potential energy barrier with a height greater than
the total energy of the particles

tunneling of electrons through a finite-height potential well that occurs only when electron energies
match an energy level in the well, occurs in quantum dots

quantum dot with an applied voltage bias across it

device that utilizes quantum-tunneling phenomenon at metallic surfaces to
obtain images of nanoscale structures
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Schrӧdinger’s time-dependent equation

Schrӧdinger’s time-independent equation

standing wave state

state reduction

stationary state

time-modulation factor

transmission probability

tunnel diode

tunneling probability

wave function

wave function collapse

wave packet

equation in space and time that allows us to determine wave functions of a
quantum particle

equation in space that allows us to determine wave functions of a
quantum particle; this wave function must be multiplied by a time-

modulation factor to obtain the time-dependent wave function

stationary state for which the real and imaginary parts of Ψ(x, t) oscillate up and down like a

standing wave (often modeled with sine and cosine functions)

hypothetical process in which an observed or detected particle “jumps into” a definite state, often
described in terms of the collapse of the particle’s wave function

state for which the probability density function, |Ψ(x, t)|2 , does not vary in time

factor e−iωt that multiplies the time-independent wave function when the potential energy of

the particle is time independent

also called tunneling probability, the probability that a particle will tunnel through a
potential barrier

electron tunneling-junction between two different semiconductors

also called transmission probability, the probability that a particle will tunnel through a potential
barrier

function that represents the quantum state of a particle (quantum system)

equivalent to state reduction

superposition of many plane matter waves that can be used to represent a localized particle

KEY EQUATIONS
Normalization condition in one dimension

P(x = −∞, +∞) = ∫
−∞

∞
|Ψ(x, t)|2dx = 1

Probability of finding a particle in a narrow interval of
position in one dimension (x, x + dx)

P(x, x + dx) = Ψ* (x, t)Ψ(x, t)dx

Expectation value of position in one dimension
〈 x 〉 = ∫

−∞

∞
Ψ* (x, t)xΨ(x, t)dx

Heisenberg’s position-momentum uncertainty principle ΔxΔp ≥ ℏ
2

Heisenberg’s energy-time uncertainty principle ΔEΔt ≥ ℏ
2

Schrӧdinger’s time-dependent equation
− ℏ2

2m
∂2Ψ(x, t)

∂ x2 + U(x, t)Ψ(x, t) = iℏ∂2Ψ(x, t)
∂ t

General form of the wave function for a time-
independent potential in one dimension

Ψ(x, t) = ψ(x)e−iωt

Schrӧdinger’s time-independent equation
− ℏ2

2m
d2 ψ(x)

dx2 + U(x)ψ(x) = Eψ(x)

Schrӧdinger’s equation (free particle)
− ℏ2

2m
∂2ψ(x)

∂ x2 = Eψ(x)

Allowed energies (particle in box of length L) En = n2 π2 ℏ2

2mL2, n = 1, 2, 3, ...
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Stationary states (particle in a box of length L) ψn(x) = 2
L sin nπx

L , n = 1, 2, 3, ...

Potential-energy function of a harmonic oscillator U(x) = 1
2mω2 x2

Stationary Schrӧdinger equation
− ℏ

2m
d2 ψ(x)

dx2 + 1
2mω2 x2 ψ(x) = Eψ(x)

The energy spectrum En = ⎛
⎝n + 1

2
⎞
⎠ℏω, n = 0, 1, 2, 3, ...

The energy wave functions
ψn(x) = Nn e−β2 x2 /2 Hn(βx), n = 0, 1, 2, 3, ...

Potential barrier

U(x) =
⎧

⎩
⎨

0, when x < 0
U0, when 0 ≤ x ≤ L

0, when x > L

Definition of the transmission coefficient
T(L, E) = |ψtra(x)|2

|ψin(x)|2

A parameter in the transmission coefficient β2 = 2m
ℏ2 (U0 − E)

Transmission coefficient, exact T(L, E) = 1
cosh2 βL + (γ/2)2 sinh2 βL

Transmission coefficient, approximate T(L, E) = 16 E
U0

⎛
⎝1 − E

U0

⎞
⎠e−2β L

SUMMARY

7.1 Wave Functions

• In quantum mechanics, the state of a physical system is represented by a wave function.

• In Born’s interpretation, the square of the particle’s wave function represents the probability density of finding the
particle around a specific location in space.

• Wave functions must first be normalized before using them to make predictions.

• The expectation value is the average value of a quantity that requires a wave function and an integration.

7.2 The Heisenberg Uncertainty Principle

• The Heisenberg uncertainty principle states that it is impossible to simultaneously measure the x-components of
position and of momentum of a particle with an arbitrarily high precision. The product of experimental uncertainties
is always larger than or equal to ℏ/2.

• The limitations of this principle have nothing to do with the quality of the experimental apparatus but originate in
the wave-like nature of matter.

• The energy-time uncertainty principle expresses the experimental observation that a quantum state that exists only
for a short time cannot have a definite energy.

7.3 The Schrӧdinger Equation

• The Schrӧdinger equation is the fundamental equation of wave quantum mechanics. It allows us to make predictions
about wave functions.

• When a particle moves in a time-independent potential, a solution of the time-dependent Schrӧdinger equation is a
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product of a time-independent wave function and a time-modulation factor.

• The Schrӧdinger equation can be applied to many physical situations.

7.4 The Quantum Particle in a Box

• Energy states of a quantum particle in a box are found by solving the time-independent Schrӧdinger equation.

• To solve the time-independent Schrӧdinger equation for a particle in a box and find the stationary states and allowed
energies, we require that the wave function terminate at the box wall.

• Energy states of a particle in a box are quantized and indexed by principal quantum number.

• The quantum picture differs significantly from the classical picture when a particle is in a low-energy state of a low
quantum number.

• In the limit of high quantum numbers, when the quantum particle is in a highly excited state, the quantum
description of a particle in a box coincides with the classical description, in the spirit of Bohr’s correspondence
principle.

7.5 The Quantum Harmonic Oscillator

• The quantum harmonic oscillator is a model built in analogy with the model of a classical harmonic oscillator. It
models the behavior of many physical systems, such as molecular vibrations or wave packets in quantum optics.

• The allowed energies of a quantum oscillator are discrete and evenly spaced. The energy spacing is equal to Planck’s
energy quantum.

• The ground state energy is larger than zero. This means that, unlike a classical oscillator, a quantum oscillator is
never at rest, even at the bottom of a potential well, and undergoes quantum fluctuations.

• The stationary states (states of definite energy) have nonzero values also in regions beyond classical turning points.
When in the ground state, a quantum oscillator is most likely to be found around the position of the minimum of the
potential well, which is the least-likely position for a classical oscillator.

• For high quantum numbers, the motion of a quantum oscillator becomes more similar to the motion of a classical
oscillator, in accordance with Bohr’s correspondence principle.

7.6 The Quantum Tunneling of Particles through Potential Barriers

• A quantum particle that is incident on a potential barrier of a finite width and height may cross the barrier and appear
on its other side. This phenomenon is called ‘quantum tunneling.’ It does not have a classical analog.

• To find the probability of quantum tunneling, we assume the energy of an incident particle and solve the stationary
Schrӧdinger equation to find wave functions inside and outside the barrier. The tunneling probability is a ratio of
squared amplitudes of the wave past the barrier to the incident wave.

• The tunneling probability depends on the energy of the incident particle relative to the height of the barrier and on
the width of the barrier. It is strongly affected by the width of the barrier in a nonlinear, exponential way so that a
small change in the barrier width causes a disproportionately large change in the transmission probability.

• Quantum-tunneling phenomena govern radioactive nuclear decays. They are utilized in many modern technologies
such as STM and nano-electronics. STM allows us to see individual atoms on metal surfaces. Electron-tunneling
devices have revolutionized electronics and allow us to build fast electronic devices of miniature sizes.

CONCEPTUAL QUESTIONS

7.1 Wave Functions

1. What is the physical unit of a wave function, Ψ(x, t)?
What is the physical unit of the square of this wave
function?

2. Can the magnitude of a wave function
(Ψ* (x, t) Ψ(x, t)) be a negative number? Explain.

3. What kind of physical quantity does a wave function of
an electron represent?

4. What is the physical meaning of a wave function of a
particle?

5. What is the meaning of the expression “expectation
value?” Explain.
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7.2 The Heisenberg Uncertainty Principle

6. If the formalism of quantum mechanics is ‘more exact’
than that of classical mechanics, why don’t we use quantum
mechanics to describe the motion of a leaping frog?
Explain.

7. Can the de Broglie wavelength of a particle be known
precisely? Can the position of a particle be known
precisely?

8. Can we measure the energy of a free localized particle
with complete precision?

9. Can we measure both the position and momentum of a
particle with complete precision?

7.3 The Schrӧdinger Equation

10. What is the difference between a wave function
ψ(x, y, z) and a wave function Ψ(x, y, z, t) for the same

particle?

11. If a quantum particle is in a stationary state, does it
mean that it does not move?

12. Explain the difference between time-dependent and
-independent Schrӧdinger’s equations.

13. Suppose a wave function is discontinuous at some
point. Can this function represent a quantum state of some
physical particle? Why? Why not?

7.4 The Quantum Particle in a Box

14. Using the quantum particle in a box model, describe
how the possible energies of the particle are related to the
size of the box.

15. Is it possible that when we measure the energy of a
quantum particle in a box, the measurement may return a
smaller value than the ground state energy? What is the
highest value of the energy that we can measure for this
particle?

16. For a quantum particle in a box, the first excited state
(Ψ2) has zero value at the midpoint position in the box, so

that the probability density of finding a particle at this point

is exactly zero. Explain what is wrong with the following
reasoning: “If the probability of finding a quantum particle
at the midpoint is zero, the particle is never at this point,
right? How does it come then that the particle can cross this
point on its way from the left side to the right side of the
box?

7.5 The Quantum Harmonic Oscillator

17. Is it possible to measure energy of 0.75ℏω for a

quantum harmonic oscillator? Why? Why not? Explain.

18. Explain the connection between Planck’s hypothesis
of energy quanta and the energies of the quantum harmonic
oscillator.

19. If a classical harmonic oscillator can be at rest, why
can the quantum harmonic oscillator never be at rest? Does
this violate Bohr’s correspondence principle?

20. Use an example of a quantum particle in a box or
a quantum oscillator to explain the physical meaning of
Bohr’s correspondence principle.

21. Can we simultaneously measure position and energy
of a quantum oscillator? Why? Why not?

7.6 The Quantum Tunneling of Particles

through Potential Barriers

22. When an electron and a proton of the same kinetic
energy encounter a potential barrier of the same height and
width, which one of them will tunnel through the barrier
more easily? Why?

23. What decreases the tunneling probability most:
doubling the barrier width or halving the kinetic energy of
the incident particle?

24. Explain the difference between a box-potential and a
potential of a quantum dot.

25. Can a quantum particle ‘escape’ from an infinite
potential well like that in a box? Why? Why not?

26. A tunnel diode and a resonant-tunneling diode both
utilize the same physics principle of quantum tunneling. In
what important way are they different?
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PROBLEMS

7.1 Wave Functions

27. Compute |Ψ(x, t)|  2 for the function

Ψ(x, t) = ψ(x) sin ω  t , where ω is a real constant.

28. Given the complex-valued function

f (x, y) = (x − iy)/(x + iy) , calculate | f (x, y)|  2 .

29. Which one of the following functions, and why,
qualifies to be a wave function of a particle that can move

along the entire real axis? (a) ψ(x) = Ae−x  2 ;

(b) ψ(x) = Ae−x ; (c) ψ(x) = A tan x ;

(d) ψ(x) = A(sin x)/x ; (e) ψ(x) = Ae−|x| .

30. A particle with mass m moving along the x-axis and
its quantum state is represented by the following wave
function:

Ψ(x, t) =
⎧

⎩
⎨

0, x < 0,
Axe−α x e−i E t/ℏ, x ≥ 0,

where α = 2.0 × 10  10 m−1 . (a) Find the normalization

constant. (b) Find the probability that the particle can be
found on the interval 0 ≤ x ≤ L . (c) Find the expectation

value of position. (d) Find the expectation value of kinetic
energy.

31. A wave function of a particle with mass m is given by

ψ(x) =
⎧

⎩
⎨

A cos αx, − π
2α ≤ x ≤ + π

2α,

0, otherwise,

where α = 1.00 × 1010/m . (a) Find the normalization

constant. (b) Find the probability that the particle can be

found on the interval 0 ≤ x ≤ 0.5 × 10−10 m . (c) Find the

particle’s average position. (d) Find its average momentum.
(e) Find its average kinetic energy

−0.5 × 10−10 m ≤ x ≤ + 0.5 × 10−10 m .

7.2 The Heisenberg Uncertainty Principle

32. A velocity measurement of an α -particle has been

performed with a precision of 0.02 mm/s. What is the
minimum uncertainty in its position?

33. A gas of helium atoms at 273 K is in a cubical
container with 25.0 cm on a side. (a) What is the minimum
uncertainty in momentum components of helium atoms?
(b) What is the minimum uncertainty in velocity

components? (c) Find the ratio of the uncertainties in (b) to
the mean speed of an atom in each direction.

34. If the uncertainty in the y -component of a proton’s

position is 2.0 pm, find the minimum uncertainty in the
simultaneous measurement of the proton’s y -component

of velocity. What is the minimum uncertainty in the
simultaneous measurement of the proton’s x -component

of velocity?

35. Some unstable elementary particle has a rest energy of
80.41 GeV and an uncertainty in rest energy of 2.06 GeV.
Estimate the lifetime of this particle.

36. An atom in a metastable state has a lifetime of 5.2
ms. Find the minimum uncertainty in the measurement of
energy of the excited state.

37. Measurements indicate that an atom remains in an
excited state for an average time of 50.0 ns before making
a transition to the ground state with the simultaneous
emission of a 2.1-eV photon. (a) Estimate the uncertainty
in the frequency of the photon. (b) What fraction of the
photon’s average frequency is this?

38. Suppose an electron is confined to a region of length
0.1 nm (of the order of the size of a hydrogen atom) and
its kinetic energy is equal to the ground state energy of
the hydrogen atom in Bohr’s model (13.6 eV). (a) What is
the minimum uncertainty of its momentum? What fraction
of its momentum is it? (b) What would the uncertainty in
kinetic energy of this electron be if its momentum were
equal to your answer in part (a)? What fraction of its kinetic
energy is it?

7.3 The Schrӧdinger Equation

39. Combine Equation 7.17 and Equation 7.18 to

show k2 = ω2

c2 .

40. Show that Ψ(x, t) = Aei(kx − ωt)
is a valid solution to

Schrӧdinger’s time-dependent equation.

41. Show that Ψ(x, t) = A sin(kx − ωt) and

Ψ(x, t) = A cos(kx − ωt) do not obey Schrӧdinger’s

time-dependent equation.

42. Show that when Ψ1(x, t) and Ψ2(x, t) are solutions

to the time-dependent Schrӧdinger equation and A,B are
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numbers, then a function Ψ(x, t) that is a superposition

of these functions is also a solution:
Ψ(x, t) = AΨ1(x, t) + BΨ1(x, t) .

43. A particle with mass m is described by the following
wave function: ψ(x) = A cos kx + B sin kx , where A, B,

and k are constants. Assuming that the particle is free,
show that this function is the solution of the stationary
Schrӧdinger equation for this particle and find the energy
that the particle has in this state.

44. Find the expectation value of the kinetic energy for

the particle in the state, Ψ(x, t) = Aei(kx − ωt)
. What

conclusion can you draw from your solution?

45. Find the expectation value of the square of the
momentum squared for the particle in the state,

Ψ(x, t) = Aei(kx − ωt)
. What conclusion can you draw

from your solution?

46. A free proton has a wave function given by

Ψ(x, t) = Ae  i (5.02 × 1011 x − 8.00 × 1015 t)
.

The coefficient of x is inverse meters (m−1) and the

coefficient on t is inverse seconds (s−1). Find its

momentum and energy.

7.4 The Quantum Particle in a Box

47. Assume that an electron in an atom can be treated as

if it were confined to a box of width 2.0 Å . What is the

ground state energy of the electron? Compare your result to
the ground state kinetic energy of the hydrogen atom in the
Bohr’s model of the hydrogen atom.

48. Assume that a proton in a nucleus can be treated as
if it were confined to a one-dimensional box of width 10.0
fm. (a) What are the energies of the proton when it is
in the states corresponding to n = 1 , n = 2 , and n = 3
? (b) What are the energies of the photons emitted when
the proton makes the transitions from the first and second
excited states to the ground state?

49. An electron confined to a box has the ground state
energy of 2.5 eV. What is the width of the box?

50. What is the ground state energy (in eV) of a proton
confined to a one-dimensional box the size of the uranium
nucleus that has a radius of approximately 15.0 fm?

51. What is the ground state energy (in eV) of an α
-particle confined to a one-dimensional box the size of the

uranium nucleus that has a radius of approximately 15.0
fm?

52. To excite an electron in a one-dimensional box from
its first excited state to its third excited state requires 20.0
eV. What is the width of the box?

53. An electron confined to a box of width 0.15 nm by
infinite potential energy barriers emits a photon when it
makes a transition from the first excited state to the ground
state. Find the wavelength of the emitted photon.

54. If the energy of the first excited state of the electron in
the box is 25.0 eV, what is the width of the box?

55. Suppose an electron confined to a box emits photons.
The longest wavelength that is registered is 500.0 nm. What
is the width of the box?

56. Hydrogen H2 molecules are kept at 300.0 K in a

cubical container with a side length of 20.0 cm. Assume
that you can treat the molecules as though they were
moving in a one-dimensional box. (a) Find the ground
state energy of the hydrogen molecule in the container. (b)
Assume that the molecule has a thermal energy given by
kB T /2 and find the corresponding quantum number n of

the quantum state that would correspond to this thermal
energy.

57. An electron is confined to a box of width 0.25 nm.
(a) Draw an energy-level diagram representing the first
five states of the electron. (b) Calculate the wavelengths
of the emitted photons when the electron makes transitions
between the fourth and the second excited states, between
the second excited state and the ground state, and between
the third and the second excited states.

58. An electron in a box is in the ground state with energy
2.0 eV. (a) Find the width of the box. (b) How much energy
is needed to excite the electron to its first excited state? (c)
If the electron makes a transition from an excited state to
the ground state with the simultaneous emission of 30.0-eV
photon, find the quantum number of the excited state?

7.5 The Quantum Harmonic Oscillator

59. Show that the two lowest energy states of the simple
harmonic oscillator, ψ0(x) and ψ1(x) from Equation

7.57, satisfy Equation 7.55.

60. If the ground state energy of a simple harmonic
oscillator is 1.25 eV, what is the frequency of its motion?

61. When a quantum harmonic oscillator makes a
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transition from the (n + 1) state to the n state and emits a

450-nm photon, what is its frequency?

62. Vibrations of the hydrogen molecule H2 can be

modeled as a simple harmonic oscillator with the spring

constant k = 1.13 × 103 N/m and mass

m = 1.67 × 10−27 kg . (a) What is the vibrational

frequency of this molecule? (b) What are the energy and
the wavelength of the emitted photon when the molecule
makes transition between its third and second excited
states?

63. A particle with mass 0.030 kg oscillates back-and-
forth on a spring with frequency 4.0 Hz. At the equilibrium
position, it has a speed of 0.60 m/s. If the particle is in a
state of definite energy, find its energy quantum number.

64. Find the expectation value 〈 x  2 〉 of the square

of the position for a quantum harmonic oscillator in the

ground state. Note: ∫
−∞

+∞
dxx  2 e  − a x  2 = π(2a  3/2)  − 1 .

65. Determine the expectation value of the potential
energy for a quantum harmonic oscillator in the ground
state. Use this to calculate the expectation value of the
kinetic energy.

66. Verify that ψ1(x) given by Equation 7.57 is a

solution of Schrӧdinger’s equation for the quantum
harmonic oscillator.

67. Estimate the ground state energy of the quantum
harmonic oscillator by Heisenberg’s uncertainty principle.
Start by assuming that the product of the uncertainties Δx
and Δp is at its minimum. Write Δp in terms of Δx and

assume that for the ground state x ≈ Δx and p ≈ Δp,
then write the ground state energy in terms of x. Finally,
find the value of x that minimizes the energy and find the
minimum of the energy.

68. A mass of 0.250 kg oscillates on a spring with the
force constant 110 N/m. Calculate the ground energy level
and the separation between the adjacent energy levels.
Express the results in joules and in electron-volts. Are
quantum effects important?

7.6 The Quantum Tunneling of Particles

through Potential Barriers

69. Show that the wave function in (a) Equation 7.68
satisfies Equation 7.61, and (b) Equation 7.69 satisfies
Equation 7.63.

70. A 6.0-eV electron impacts on a barrier with height
11.0 eV. Find the probability of the electron to tunnel
through the barrier if the barrier width is (a) 0.80 nm and
(b) 0.40 nm.

71. A 5.0-eV electron impacts on a barrier of with 0.60
nm. Find the probability of the electron to tunnel through
the barrier if the barrier height is (a) 7.0 eV; (b) 9.0 eV; and
(c) 13.0 eV.

72. A 12.0-eV electron encounters a barrier of height 15.0
eV. If the probability of the electron tunneling through the
barrier is 2.5 %, find its width.

73. A quantum particle with initial kinetic energy 32.0
eV encounters a square barrier with height 41.0 eV and
width 0.25 nm. Find probability that the particle tunnels
through this barrier if the particle is (a) an electron and, (b)
a proton.

74. A simple model of a radioactive nuclear decay
assumes that α -particles are trapped inside a well of

nuclear potential that walls are the barriers of a finite width
2.0 fm and height 30.0 MeV. Find the tunneling probability
across the potential barrier of the wall for α -particles

having kinetic energy (a) 29.0 MeV and (b) 20.0 MeV. The

mass of the α -particle is m = 6.64 × 10−27 kg .

75. A muon, a quantum particle with a mass
approximately 200 times that of an electron, is incident on
a potential barrier of height 10.0 eV. The kinetic energy
of the impacting muon is 5.5 eV and only about 0.10% of
the squared amplitude of its incoming wave function filters
through the barrier. What is the barrier’s width?

76. A grain of sand with mass 1.0 mg and kinetic energy
1.0 J is incident on a potential energy barrier with height
1.000001 J and width 2500 nm. How many grains of sand
have to fall on this barrier before, on the average, one
passes through?

ADDITIONAL PROBLEMS

77. Show that if the uncertainty in the position of a particle
is on the order of its de Broglie’s wavelength, then the
uncertainty in its momentum is on the order of the value of

its momentum.

78. The mass of a ρ -meson is measured to be

352 Chapter 7 | Quantum Mechanics

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



770 MeV/c2 with an uncertainty of 100 MeV/c2 .

Estimate the lifetime of this meson.

79. A particle of mass m is confined to a box of width
L. If the particle is in the first excited state, what are the
probabilities of finding the particle in a region of width
0.020 L around the given point x: (a) x = 0.25L ; (b)

x = 0.40L ; (c) x = 0.75L ; and (d) x = 0.90L .

80. A particle in a box [0;L] is in the third excited state.
What are its most probable positions?

81. A 0.20-kg billiard ball bounces back and forth without
losing its energy between the cushions of a 1.5 m long
table. (a) If the ball is in its ground state, how many years
does it need to get from one cushion to the other? You may
compare this time interval to the age of the universe. (b)
How much energy is required to make the ball go from its
ground state to its first excited state? Compare it with the
kinetic energy of the ball moving at 2.0 m/s.

82. Find the expectation value of the position squared
when the particle in the box is in its third excited state and
the length of the box is L.

83. Consider an infinite square well with wall boundaries
x = 0 and x = L. Show that the function

ψ(x) = A sin kx is the solution to the stationary

Schrӧdinger equation for the particle in a box only if
k = 2mE/ℏ. Explain why this is an acceptable wave

function only if k is an integer multiple of π/L.

84. Consider an infinite square well with wall boundaries
x = 0 and x = L. Explain why the function

ψ(x) = A cos kx is not a solution to the stationary

Schrӧdinger equation for the particle in a box.

85. Atoms in a crystal lattice vibrate in simple harmonic
motion. Assuming a lattice atom has a mass of

9.4 × 10−26 kg , what is the force constant of the lattice if

a lattice atom makes a transition from the ground state to
first excited state when it absorbs a 525-µm photon?

86. A diatomic molecule behaves like a quantum
harmonic oscillator with the force constant 12.0 N/m and

mass 5.60 × 10−26 kg . (a) What is the wavelength of the

emitted photon when the molecule makes the transition
from the third excited state to the second excited state? (b)
Find the ground state energy of vibrations for this diatomic
molecule.

87. An electron with kinetic energy 2.0 MeV encounters a
potential energy barrier of height 16.0 MeV and width 2.00
nm. What is the probability that the electron emerges on the
other side of the barrier?

88. A beam of mono-energetic protons with energy 2.0
MeV falls on a potential energy barrier of height 20.0 MeV
and of width 1.5 fm. What percentage of the beam is
transmitted through the barrier?

CHALLENGE PROBLEMS

89. An electron in a long, organic molecule used in a dye
laser behaves approximately like a quantum particle in a
box with width 4.18 nm. Find the emitted photon when the
electron makes a transition from the first excited state to the
ground state and from the second excited state to the first
excited state.

90. In STM, an elevation of the tip above the surface being
scanned can be determined with a great precision, because
the tunneling-electron current between surface atoms and
the atoms of the tip is extremely sensitive to the variation of
the separation gap between them from point to point along
the surface. Assuming that the tunneling-electron current is
in direct proportion to the tunneling probability and that the
tunneling probability is to a good approximation expressed

by the exponential function e−2β L
with β = 10.0/nm ,

determine the ratio of the tunneling current when the tip is
0.500 nm above the surface to the current when the tip is
0.515 nm above the surface.

91. If STM is to detect surface features with local heights
of about 0.00200 nm, what percent change in tunneling-
electron current must the STM electronics be able to
detect? Assume that the tunneling-electron current has
characteristics given in the preceding problem.

92. Use Heisenberg’s uncertainty principle to estimate the
ground state energy of a particle oscillating on an spring
with angular frequency, ω = k/m , where k is the spring

constant and m is the mass.

93. Suppose an infinite square well extends from −L/2 to

+L/2 . Solve the time-independent Schrӧdinger’s equation

to find the allowed energies and stationary states of a
particle with mass m that is confined to this well. Then
show that these solutions can be obtained by making the
coordinate transformation x′ = x − L/2 for the solutions

obtained for the well extending between 0 and L.
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94. A particle of mass m confined to a box of width L is
in its first excited state ψ2(x) . (a) Find its average position

(which is the expectation value of the position). (b) Where
is the particle most likely to be found?
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1
do

+ 1
di

= 1
f .

135. 70 cm
137. The plane mirror has an infinite focal point, so that di = −do . The total apparent distance of the man in the mirror will be

his actual distance, plus the apparent image distance, or do + (−di) = 2do . If this distance must be less than 20 cm, he should

stand at do = 10 cm .

139. Here we want do = 25 cm − 2.20 cm = 0.228 m . If x = near point, di = −(x − 0.0220 m) . Thus,

P = 1
do

+ 1
di

= 1
0.228 m + 1

x − 0.0220 m . Using P = 0.75 D gives x = 0.253 m , so the near point is 25.3 cm.

141. Assuming a lens at 2.00 cm from the boy’s eye, the image distance must be di = −(500 cm − 2.00 cm) = −498 cm.

For an infinite-distance object, the required power is P = 1
di

= −0.200 D . Therefore, the −4.00 D lens will correct the

nearsightedness.
143. 87 µm

145. Use, Mnet = −
di

obj ⎛
⎝ f eye + 25 cm⎞

⎠

f obj f eye . The image distance for the objective is di
obj = −Mnet f obj f eye

f eye + 25 cm
. Using

f obj = 3.0 cm, f eye = 10 cm, and M = −10 gives di
obj = 8.6 cm . We want this image to be at the focal point of the

eyepiece so that the eyepiece forms an image at infinity for comfortable viewing. Thus, the distance d between the lenses should

be d = f eye + di
obj = 10 cm + 8.6 cm = 19 cm .

147. a. focal length of the corrective lens fc = −80 cm ; b. −1.25 D

149. 2 × 1016 km
151. 105 m

CHAPTER 3

CHECK YOUR UNDERSTANDING

3.1. 3.63° and 7.27° , respectively

3.2. a. 853 nm, 1097 nm; b. 731 nm, 975 nm

3.3. a. too small; b. up to 8 × 10−5

CONCEPTUAL QUESTIONS

1. No. Two independent light sources do not have coherent phase.
3. Because both the sodium lamps are not coherent pairs of light sources. Two lasers operating independently are also not coherent
so no interference pattern results.
5. Monochromatic sources produce fringes at angles according to d sin θ = mλ . With white light, each constituent wavelength

will produce fringes at its own set of angles, blending into the fringes of adjacent wavelengths. This results in rainbow patterns.
7. Differing path lengths result in different phases at destination resulting in constructive or destructive interference accordingly.
Reflection can cause a 180° phase change, which also affects how waves interfere. Refraction into another medium changes the

wavelength inside that medium such that a wave can emerge from the medium with a different phase compared to another wave
that travelled the same distance in a different medium.
9. Phase changes occur upon reflection at the top of glass cover and the top of glass slide only.
11. The surface of the ham being moist means there is a thin layer of fluid, resulting in thin-film interference. Because the exact
thickness of the film varies across the piece of ham, which is illuminated by white light, different wavelengths produce bright
fringes at different locations, resulting in rainbow colors.

13. Other wavelengths will not generally satisfy t = λ/n
4 for the same value of t so reflections will result in completely destructive

interference. For an incidence angle θ , the path length inside the coating will be increased by a factor 1/cos θ so the new

condition for destructive interference becomes t
cos θ = λ/n

4 .

15. In one arm, place a transparent chamber to be filled with the gas. See Example 3.6.

Answer Key 583Answer Key for Chapters 3 - 7



PROBLEMS

17. 0.997°
19. 0.290 µm
21. 5.77 × 10−7 m = 577 nm
23. 62.5; since m must be an integer, the highest order is then m = 62 .

25. 1.44 µm
27. a. 20.3° ; b. 4.98° ; c. 5.76, the highest order is m = 5 .

29. a. 2.37 cm; b. 1.78 cm
31. 560 nm
33. 1.2 mm

35. a. 0.40°, 0.53°; b. 4.6 × 10−3 m
37. 1:9
39. 532 nm (green)

41. 8.39 × 10−8 m = 83.9 nm
43. 620 nm (orange)
45. 380 nm
47. a. Assuming n for the plane is greater than 1.20, then there are two phase changes: 0.833 cm. b. It is too thick, and the plane
would be too heavy. c. It is unreasonable to think the layer of material could be any thickness when used on a real aircraft.
49. 4.55 × 10−4 m
51. D = 2.53 × 10−6 m

ADDITIONAL PROBLEMS

53. 0.29° and 0.86°
55. a. 4.26 cm; b. 2.84 cm
57. 6
59. 0.20 m
61. 0.0839 mm
63. a. 9.8, 10.4, 11.7, and 15.7 cm; b. 3.9 cm
65. 0.0575°
67. 700 nm
69. 189 nm
71. a. green (504 nm); b. magenta (white minus green)
73. 1.29
75. 52.7 µm and 53.0 µm
77. 160 nm
79. 413 nm and 689 nm
81. 73.9 µm
83. 47
85. 8.5 µm
87. 0.013°C

CHALLENGE PROBLEMS

89. Bright and dark fringes switch places.
91. The path length must be less than one-fourth of the shortest visible wavelength in oil. The thickness of the oil is half the path
length, so it must be less than one-eighth of the shortest visible wavelength in oil. If we take 380 nm to be the shortest visible
wavelength in air, 33.9 nm.

93. 4.42 × 10−5 m
95. for one phase change: 950 nm (infrared); for three phase changes: 317 nm (ultraviolet); Therefore, the oil film will appear
black, since the reflected light is not in the visible part of the spectrum.

CHAPTER 4

CHECK YOUR UNDERSTANDING

4.1. 17.8° , 37.7° , 66.4° ; no
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4.2. 74.3° , 0.0083I0
4.3. From d sin θ = mλ , the interference maximum occurs at 2.87° for m = 20. From Equation 4.1, this is also the angle

for the second diffraction minimum. (Note: Both equations use the index m but they refer to separate phenomena.)

4.4. 3.332 × 10−6 m or 300 lines per millimeter

4.5. 8.4 × 10−4 rad , 3000 times broader than the Hubble Telescope

4.6. 38.4° and 68.8° ; Between θ = 0° → 90° , orders 1, 2, and 3, are all that exist.

CONCEPTUAL QUESTIONS

1. The diffraction pattern becomes wider.
3. Walkie-talkies use radio waves whose wavelengths are comparable to the size of the hill and are thus able to diffract around the
hill. Visible wavelengths of the flashlight travel as rays at this size scale.
5. The diffraction pattern becomes two-dimensional, with main fringes, which are now spots, running in perpendicular directions
and fainter spots in intermediate directions.
7. The parameter β = ϕ/2 is the arc angle shown in the phasor diagram in Figure 4.7 . The phase difference between the first

and last Huygens wavelet across the single slit is 2β and is related to the curvature of the arc that forms the resultant phasor that

determines the light intensity.
9. blue; The shorter wavelength of blue light results in a smaller angle for diffraction limit.
11. No, these distances are three orders of magnitude smaller than the wavelength of visible light, so visible light makes a poor
probe for atoms.
13. UV wavelengths are much larger than lattice spacings in crystals such that there is no diffraction. The Bragg equation implies
a value for sin θ greater than unity, which has no solution.
15. Image will appear at slightly different location and/or size when viewed using 10% shorter wavelength but at exactly half the

wavelength, a higher-order interference reconstructs the original image, different color.

PROBLEMS

17. a. 33.4° ; b. no

19. a. 1.35 × 10−6 m ; b. 69.9°
21. 750 nm
23. 2.4 mm, 4.7 mm
25. a. 1.00λ; b. 50.0λ; c. 1000λ
27. 1.92 m
29. 45.1°
31. I/I0 = 2.2 × 10−5

33. 0.63I0, 0.11I0, 0.0067I0, 0.0062I0, 0.00088I0
35. 0.200
37. 3
39. 9
41. 5.97°
43. 8.99 × 103

45. 707 nm
47. a. 11.8° , 12.5° , 14.1° , 19.2° ; b. 24.2° , 25.7° , 29.1° , 41.0° ; c. Decreasing the number of lines per centimeter by a

factor of x means that the angle for the x-order maximum is the same as the original angle for the first-order maximum.
49. a. using λ = 700 nm, θ = 5.0°; b. using λ = 460 nm, θ = 3.3°
51. a. 26,300 lines/cm; b. yes; c. no
53. 1.13 × 10−2 m
55. 107 m

57. a. 7.72 × 10−4 rad; b. 23.2 m; c. 590 km

59. a. 2.24 × 10−4 rad; b. 5.81 km; c. 0.179 mm; d. can resolve details 0.2 mm apart at arm’s length

61. 2.9 µm
63. 6.0 cm
65. 7.71 km
67. 1.0 m
69. 1.2 cm or closer
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71. no
73. 0.120 nm
75. 4.51°
77. 13.2°

ADDITIONAL PROBLEMS

79. a. 2.2 mm; b. 0.172° , second-order yellow and third-order violet coincide

81. 2.2 km
83. 1.3 cm
85. a. 0.28 mm; b. 0.28 m; c. 280 m; d. 113 km
87. 33 m
89. a. vertically; b. ±20° , ±44° ; c. 0, ±31° , ±60° ; d. 89 cm; e. 71 cm

91. 0.98 cm
93. I/I 0 = 0.041
95. 340 nm
97. a. 0.082 rad and 0.087 rad; b. 480 nm and 660 nm
99. two orders
101. yes and N/A
103. 600 nm

105. a. 3.4 × 10−5 ° ; b. 51°
107. 0.63 m
109. 1
111. 0.17 mW/cm2 for m = 1 only, no higher orders

113. 28.7°
115. a. 42.3 nm; b. This wavelength is not in the visible spectrum. c. The number of slits in this diffraction grating is too large.
Etching in integrated circuits can be done to a resolution of 50 nm, so slit separations of 400 nm are at the limit of what we can do
today. This line spacing is too small to produce diffraction of light.
117. a. 549 km; b. This is an unreasonably large telescope. c. Unreasonable to assume diffraction limit for optical telescopes unless
in space due to atmospheric effects.

CHALLENGE PROBLEMS

119. a. I = 0.00500 I0, 0.00335 I0 ; b. I = 0.00500 I0, 0.00335 I0
121. 12,800

123. 1.58 × 10−6 m

CHAPTER 5

CHECK YOUR UNDERSTANDING

5.1. Special relativity applies only to objects moving at constant velocity, whereas general relativity applies to objects that undergo
acceleration.

5.2.
γ = 1

1 − v2

c2

= 1

1 − (0.650c)2

c2

= 1.32

5.3. a.

Δt = Δτ

1 − v2

c2

= 2.10 × 10−8 s

1 − (1.90 × 108 m/s)
2

(3.00 × 108 m/s)
2

= 2.71 × 10−8 s.

5.3. b. Only the relative speed of the two spacecraft matters because there is no absolute motion through space. The signal is
emitted from a fixed location in the frame of reference of A, so the proper time interval of its emission is τ = 1.00 s. The duration

of the signal measured from frame of reference B is then

Δt = Δτ

1 − v2

c2

= 1.00 s

1 − (4.00 × 107 m/s)
2

(3.00 × 108 m/s)
2

= 1.01 s.
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5.4. L = L0 1 − v2

c2 = (2.50 km) 1 − (0.750c)2

c2 = 1.65 km

5.5. Start with the definition of the proper time increment:

dτ = −(ds)2 /c2 = dt2 − ⎛
⎝dx2 + dx2 + dx2⎞

⎠/c2.

where (dx, dy, dx, cdt) are measured in the inertial frame of an observer who does not necessarily see that particle at rest. This
therefore becomes

dτ = −(ds)2 /c2 = dt2 − ⎡
⎣(dx)2 + ⎛

⎝dy⎞
⎠
2 + (dz)2⎤

⎦/c2

= dt 1 −
⎡

⎣
⎢⎛
⎝
dx
dt

⎞
⎠

2
+ ⎛

⎝
dy
dt

⎞
⎠

2
+ ⎛

⎝
dz
dt

⎞
⎠

2⎤

⎦
⎥/c2

= dt 1 − v2 /c2

dt = γdτ.
5.6. Although displacements perpendicular to the relative motion are the same in both frames of reference, the time interval
between events differ, and differences in dt and dt′ lead to different velocities seen from the two frames.

5.7. We can substitute the data directly into the equation for relativistic Doppler frequency:

fobs = fs
1 − v

c
1 + v

c
= (1.50 GHz) 1 − 0.350c

c
1 + 0.350c

c
= 1.04 GHz.

5.8. Substitute the data into the given equation:

p = γmu = mu

1 − u2

c2

= (9.11 × 10−31 kg)(0.985)(3.00 × 108 m/s)

1 − (0.985c)2

c2

= 1.56 × 10−21 kg-m/s.

5.9.

Krel = ⎛
⎝γ − 1⎞

⎠mc2 =

⎛

⎝
⎜
⎜
⎜ 1

1 − u2

c2

− 1

⎞

⎠
⎟
⎟
⎟
mc2

=

⎛

⎝
⎜
⎜
⎜

1

1 − (0.992c)2

c2

− 1

⎞

⎠
⎟
⎟
⎟
(9.11 × 10−31 kg)(3.00 × 108 m/s)2 = 5.67 × 10−13 J

CONCEPTUAL QUESTIONS

1. the second postulate, involving the speed of light; classical physics already included the idea that the laws of mechanics, at least,
were the same in all inertial frames, but the velocity of a light pulse was different in different frames moving with respect to each
other
3. yes, provided the plane is flying at constant velocity relative to the Earth; in that case, an object with no force acting on it within
the plane has no change in velocity relative to the plane and no change in velocity relative to the Earth; both the plane and the
ground are inertial frames for describing the motion of the object
5. The observer moving with the process sees its interval of proper time, which is the shortest seen by any observer.
7. The length of an object is greatest to an observer who is moving with the object, and therefore measures its proper length.
9. a. No, not within the astronaut’s own frame of reference. b. He sees Earth clocks to be in their rest frame moving by him, and
therefore sees them slowed. c. No, not within the astronaut’s own frame of reference. d. Yes, he measures the distance between the
two stars to be shorter. e. The two observers agree on their relative speed.
11. There is no measured change in wavelength or frequency in this case. The relativistic Doppler effect depends only on the
relative velocity of the source and the observer, not any speed relative to a medium for the light waves.
13. It shows that the stars are getting more distant from Earth, that the universe is expanding, and doing so at an accelerating rate,
with greater velocity for more distant stars.]
15. Yes. This can happen if the external force is balanced by other externally applied forces, so that the net external force is zero.
17. Because it loses thermal energy, which is the kinetic energy of the random motion of its constituent particles, its mass decreases
by an extremely small amount, as described by energy-mass equivalence.
19. Yes, in principle there would be a similar effect on mass for any decrease in energy, but the change would be so small for the
energy changes in a chemical reaction that it would be undetectable in practice.
21. Not according to special relativity. Nothing with mass can attain the speed of light.
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PROBLEMS

23. a. 1.0328; b. 1.15

25. 5.96 × 10−8 s
27. 0.800c
29. 0.140c
31. 48.6 m
33. Using the values given in Example 5.3: a. 1.39 km; b. 0.433 km; c. 0.433 km
35. a. 10.0c; b. The resulting speed of the canister is greater than c, an impossibility. c. It is unreasonable to assume that the canister
will move toward the earth at 1.20c.
37. The angle α approaches 45°, and the t′- and x′-axes rotate toward the edge of the light cone.

39. 15 m/s east
41. 32 m/s
43. a. The second ball approaches with velocity −v and comes to rest while the other ball continues with velocity −v; b. This
conserves momentum.

45. a.
t1′ = 0; x1′ = 0;
t2′ = τ; x2′ = 0 ; b.

t1′ = 0; x1′ = 0;
t2′ = τ

1 − v2 /c2
; x2′ = −vτ

1 − v2 /c2

47. 0.615c
49. 0.696c
51. (Proof)

53. 4.09 × 10−19 kg · m/s

55. a. 3.000000015 × 1013 kg · m/s; b. 1.000000005

57. 2.988 × 108 m/s
59. 0.512 MeV according to the number of significant figures stated. The exact value is closer to 0.511 MeV.

61. 2.3 × 10−30 kg; to two digits because the difference in rest mass energies is found to two digits

63. a. 1.11 × 1027 kg; b. 5.56 × 10−5

65. a. 7.1 × 10−3 kg; b. 7.1 × 10−3 = 7.1 × 10−3; c. Δm
m is greater for hydrogen

67. a. 208; b. 0.999988c; six digits used to show difference from c

69. a. 6.92 × 105 J; b. 1.54

71. a. 0.914c; b. The rest mass energy of an electron is 0.511 MeV, so the kinetic energy is approximately 150% of the rest mass
energy. The electron should be traveling close to the speed of light.

ADDITIONAL PROBLEMS

73. a. 0.866c; b. 0.995c

75. a. 4.303 y to four digits to show any effect; b. 0.1434 y; c. 1/ ⎛
⎝1 − v2 /c2⎞

⎠ = 29.88.

77. a. 4.00; b. v = 0.867c
79. a. A sends a radio pulse at each heartbeat to B, who knows their relative velocity and uses the time dilation formula to calculate

the proper time interval between heartbeats from the observed signal. b. (66 beats/min) 1 − v2/c2 = 57.1 beats/min
81. a. first photon: (0, 0, 0) at t = t′; second photon:

t′ = −vx/c2

1 − v2 /c2
= −(c/2)(1.00 m)/c2

0.75
= − 0.577 m

c = 1.93 × 10−9 s

x′ = x
1 − v2 /c2

= 1.00 m
0.75

= 1.15 m

b. simultaneous in A, not simultaneous in B
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83.

t′ = t − vx/c2

1 − v2 /c2
=

⎛
⎝4.5 × 10−4 s⎞

⎠ − (0.6c)⎛⎝
150 × 103 m

c2
⎞
⎠

1 − (0.6)2

= 1.88 × 10−4 s

x′ = x − vt
1 − v2 /c2

=
150 × 103 m − (0.60)⎛

⎝3.00 × 108 m/s⎞
⎠
⎛
⎝4.5 × 10−4 s⎞

⎠

1 − (0.6)2

= −1.01 × 105 m = −101 km
y = y′ = 15 km
z = z′ = 1 km

85.

Δt = Δt′ + vΔx′/c2

1 − v2 /c2

0 = Δt′ + v(500 m)/c2

1 − v2 /c2
;

since v ≪ c, we can ignore the term v2 /c2 and find

Δt′ = − (50 m/s)(500 m)
⎛
⎝3.00 × 108 m/s⎞

⎠
2 = −2.78 × 10−13 s

The breakdown of Newtonian simultaneity is negligibly small, but not exactly zero, at realistic train speeds of 50 m/s.

87.

Δt′ = Δt − vΔx/c2

1 − v2 /c2

0 =

(0.30 s) −
(v)⎛⎝2.0 × 109 m⎞

⎠

⎛
⎝3.00 × 108 m/s⎞

⎠
2

1 − v2 /c2

v = (0.30 s)
⎛
⎝2.0 × 109 m⎞

⎠

⎛
⎝3.00 × 108 m/s⎞

⎠
2

v = 1.35 × 107 m/s
89. Note that all answers to this problem are reported to five significant figures, to distinguish the results. a. 0.99947c; b.

1.2064 × 1011 y; c. 1.2058 × 1011 y
91. a. –0.400c; b. –0.909c
93. a. 1.65 km/s; b. Yes, if the speed of light were this small, speeds that we can achieve in everyday life would be larger than 1%
of the speed of light and we could observe relativistic effects much more often.
95. 775 MHz

97. a. 1.12 × 10−8 m/s; b. The small speed tells us that the mass of a protein is substantially smaller than that of even a tiny

amount of macroscopic matter.
99. a.

F = dp
dt = d

dt
⎛

⎝
⎜ mu

1 − u2/c2

⎞

⎠
⎟

= du
dt

⎛

⎝
⎜ m

1 − u2/c2

⎞

⎠
⎟ − 1

2
mu2

⎛
⎝1 − u2/c2⎞

⎠
3/2 2 du

dt

= m
⎛
⎝1 − u2/c2⎞

⎠
3/2

du
dt

;

b.
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F = m
⎛
⎝1 − u2 /c2⎞

⎠
3/2

du
dt

= 1 kg

⎛
⎝1 − ⎛

⎝
1
2

⎞
⎠
2⎞
⎠

3/2
⎛
⎝1 m/s2⎞

⎠

= 1.53 N
101. 90.0 MeV

103. a. γ2 − 1; b. yes

105. 1.07 × 103

107. a. 6.56 × 10−8 kg; b. m = (200 L)⎛
⎝1 m3 /1000 L⎞

⎠
⎛
⎝750 kg/m3⎞

⎠ = 150 kg; therefore, Δm
m = 4.37 × 10−10

109. a. 0.314c; b. 0.99995c (Five digits used to show difference from c)
111. a. 1.00 kg; b. This much mass would be measurable, but probably not observable just by looking because it is 0.01% of the
total mass.

113. a. 6.06 × 1011 kg/s; b. 4.67 × 1010 y; c. 4.27 × 109 kg; d. 0.32%

CHAPTER 6

CHECK YOUR UNDERSTANDING

6.1. Bunsen’s burner
6.2. The wavelength of the radiation maximum decreases with increasing temperature.

6.3. Tα /Tβ = 1/ 3 ≅ 0.58, so the star β is hotter.

6.4. 3.3 × 10−19 J
6.5. No, because then ΔE /E ≈ 10−21

6.6. −0.91 V; 1040 nm

6.7. h = 6.40 × 10−34 J · s = 4.0 × 10−15 eV · s; −3.5 %
6.8. (Δλ)min = 0m at a 0° angle; 71.0 pm + 0.5λc = 72.215 pm
6.9. 121.5 nm and 91.1 nm; no, these spectral bands are in the ultraviolet

6.10. v2 = 1.1 × 106 m/s ≅ 0.0036c; L2 = 2ℏ K2 = 3.4 eV

6.11. 29 pm

6.12. λ = 2πna0 = 2(3.324 Å) = 6.648 Å

6.13. λ = 2.14 pm; K = 261.56 keV
6.14. 0.052°
6.15. doubles it

CONCEPTUAL QUESTIONS

1. yellow
3. goes from red to violet through the rainbow of colors
5. would not differ
7. human eye does not see IR radiation
9. No
11. from the slope
13. Answers may vary
15. the particle character
17. Answers may vary
19. no; yes
21. no
23. right angle
25. no
27. They are at ground state.
29. Answers may vary
31. increase
33. for larger n
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35. Yes, the excess of 13.6 eV will become kinetic energy of a free electron.
37. no
39. X-rays, best resolving power
41. proton
43. negligibly small de Broglie’s wavelengths
45. to avoid collisions with air molecules
47. Answers may vary
49. Answers may vary
51. yes
53. yes

PROBLEMS

55. a. 0.81 eV; b. 2.1 × 1023; c. 2 min 20 sec

57. a. 7245 K; b. 3.62 μm
59. about 3 K

61. 4.835 × 1018 Hz; 0.620 Å

63. 263 nm; no
65. 3.68 eV
67. 4.09 eV
69. 5.54 eV
71. a. 1.89 eV; b. 459 THz; c. 1.21 V
73. 264 nm; UV

75. 1.95 × 106 m/s
77. 1.66 × 10−32 kg · m/s
79. 56.21 eV

81. 6.63 × 10−23 kg · m/s; 124 keV

83. 82.9 fm; 15 MeV
85. (Proof)

87. Δλ30 /Δλ45 = 45.74%
89. 121.5 nm
91. a. 0.661 eV; b. –10.2 eV; c. 1.511 eV
93. 3038 THz
95. 97.33 nm
97. a. h/ π; b. 3.4 eV; c. – 6.8 eV; d. – 3.4 eV

99. n = 4
101. 365 nm; UV
103. no
105. 7
107. 145.5 pm
109. 20 fm; 9 fm
111. a. 2.103 eV; b. 0.846 nm
113. 80.9 pm

115. 2.21 × 10−19 m/s
117. 9.929 × 1032

119. γ = 1060; 0.00124 fm

121. 24.11 V

123. a. P = 2I /c = 8.67 × 10−6 N/m2; b. a = PA /m = 8.67 × 10-4 m/s2; c. 74.91 m/s

125. x = 4.965

ADDITIONAL PROBLEMS

127. 7.124 × 1016 W/m3

129. 1.034 eV

131. 5.93 × 1018

133. 387.8 nm
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135. a. 4.02 × 1015; b. 0.533 mW

137. a. 4.02 × 1015; b. 0.533 mW; c. 0.644 mA; d. 2.57 ns

139. a. 0.132 pm; b. 9.39 MeV; c. 0.047 MeV

141. a. 2 kJ; b. 1.33 × 10−5 kg · m/s; c. 1.33 × 10−5 N; d. yes

143. a. 0.003 nm; b. 105.56°
145. n = 3
147. a. a0 /2; b. −54.4 eV/n2; c. a0 /3, −122.4 eV/n2

149. a. 36; b. 18.2 nm; c. UV
151. 396 nm; 5.23 neV
153. 7.3 keV
155. 728 m/s; 1.5µV

157. λ = hc / K(2E0 + K) = 3.705 × 10−12 m, K = 100 keV

159. Δλc
(electron) /Δλc

(proton) = m p /me = 1836
161. (Proof)
163. 5.1 × 1017 Hz

CHAPTER 7

CHECK YOUR UNDERSTANDING

7.1. (3 + 4i)(3 − 4i) = 9 − 16i2 = 25
7.2. A = 2/L
7.3. (1/2 − 1/π)/2 = 9%
7.4. 4.1 × 10−8 eV ; 1.1 × 10−5 nm
7.5. 0.5mω2 x2 ψ(x)* ψ(x)
7.6. None. The first function has a discontinuity; the second function is double-valued; and the third function diverges so is not
normalizable.
7.7. a. 9.1%; b. 25%
7.8. a. 295 N/m; b. 0.277 eV
7.9. 〈 x 〉 = 0

7.10. Lproton/Lelectron = me/m p = 2.3%

CONCEPTUAL QUESTIONS

1. 1/ L, where L = length ; 1/L, where L = length
3. The wave function does not correspond directly to any measured quantity. It is a tool for predicting the values of physical
quantities.
5. The average value of the physical quantity for a large number of particles with the same wave function.
7. Yes, if its position is completely unknown. Yes, if its momentum is completely unknown.
9. No. According to the uncertainty principle, if the uncertainty on the particle’s position is small, the uncertainty on its momentum
is large. Similarly, if the uncertainty on the particle’s position is large, the uncertainty on its momentum is small.
11. No, it means that predictions about the particle (expressed in terms of probabilities) are time-independent.
13. No, because the probability of the particle existing in a narrow (infinitesimally small) interval at the discontinuity is
undefined.
15. No. For an infinite square well, the spacing between energy levels increases with the quantum number n. The smallest energy
measured corresponds to the transition from n = 2 to 1, which is three times the ground state energy. The largest energy measured
corresponds to a transition from n = ∞ to 1, which is infinity. (Note: Even particles with extremely large energies remain bound
to an infinite square well—they can never “escape”)
17. No. This energy corresponds to n = 0.25 , but n must be an integer.

19. Because the smallest allowed value of the quantum number n for a simple harmonic oscillator is 0. No, because quantum
mechanics and classical mechanics agree only in the limit of large n .
21. Yes, within the constraints of the uncertainty principle. If the oscillating particle is localized, the momentum and therefore
energy of the oscillator are distributed.
23. doubling the barrier width

592 Answer Key

This OpenStax book is available for free at http://cnx.org/content/col12067/1.9



25. No, the restoring force on the particle at the walls of an infinite square well is infinity.

PROBLEMS

27. |ψ(x)|2sin2 ωt

29. (a) and (e), can be normalized

31. a. A = 2α/π ; b. probability = 29.3% ; c. 〈 x 〉 = 0 ; d. 〈 p 〉 = 0 ; e. 〈 K 〉 = α2 ℏ2/2m

33. a. Δp ≥ 2.11 × 10−34 N · s ; b. Δv ≥ 6.31 × 10−8 m ; c. Δv/ kB T /mα = 5.94 × 10−11

35. Δτ ≥ 1.6 × 10−25 s

37. a. Δ f ≥ 1.59 MHz ; b. Δω/ω0 = 3.135 × 10−9

39. Carrying out the derivatives yields k2 = ω2

c2 .

41. Carrying out the derivatives (as above) for the sine function gives a cosine on the right side the equation, so the equality fails.
The same occurs for the cosine solution.
43. E = ℏ  2 k2/2m
45. ℏ  2 k  2 ; The particle has definite momentum and therefore definite momentum squared.

47. 9.4 eV, 64%
49. 0.38 nm
51. 1.82 MeV
53. 24.7 nm
55. 6.03 Å
57. a.

;
b. λ5 → 3 = 12.9 nm, λ3 → 1 = 25.8 nm, λ4 → 3 = 29.4 nm
59. proof
61. 6.662 × 1014 Hz
63. n ≈ 2.037 × 1030

65. 〈 x 〉 = 0.5mω2 〈 x  2 〉 = ℏω/4 ; 〈 K 〉 = 〈 E 〉 − 〈 U 〉 = ℏω/4
67. proof

69. A complex function of the form, Aeiϕ , satisfies Schrӧdinger’s time-independent equation. The operators for kinetic and total

energy are linear, so any linear combination of such wave functions is also a valid solution to Schrӧdinger’s equation. Therefore,
we conclude that Equation 7.113 satisfies Equation 7.106, and Equation 7.114 satisfies Equation 7.108.
71. a. 4.21%; b. 0.84%; c. 0.06%
73. a. 0.13%; b. close to 0%
75. 0.38 nm
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ADDITIONAL PROBLEMS

77. proof
79. a. 4.0 %; b. 1.4 %; c. 4.0%; d. 1.4%

81. a. t = mL2/h = 2.15 × 1026 years ; b. E1 = 1.46 × 10−66 J,K = 0.4 J
83. proof
85. 1.2 N/m
87. 0

CHALLENGE PROBLEMS

89. 19.2 µm; 11.5 µm
91. 3.92%
93. proof

CHAPTER 8

CHECK YOUR UNDERSTANDING

8.1. No. The quantum number m = −l, −l + 1,…, 0,…, l − 1, l. Thus, the magnitude of Lz is always less than L because

< l(l + 1)
8.2. s = 3/2 <
8.3. frequency quadruples

CONCEPTUAL QUESTIONS

1. n (principal quantum number) → total energy
l (orbital angular quantum number) → total absolute magnitude of the orbital angular momentum

m (orbital angular projection quantum number) → z-component of the orbital angular momentum
3. The Bohr model describes the electron as a particle that moves around the proton in well-defined orbits. Schrödinger’s model
describes the electron as a wave, and knowledge about the position of the electron is restricted to probability statements. The
total energy of the electron in the ground state (and all excited states) is the same for both models. However, the orbital angular
momentum of the ground state is different for these models. In Bohr’s model, L⎛

⎝ground state⎞
⎠ = 1 , and in Schrödinger’s model,

L⎛
⎝ground state⎞

⎠ = 0 .

5. a, c, d; The total energy is changed (Zeeman splitting). The work done on the hydrogen atom rotates the atom, so the
z-component of angular momentum and polar angle are affected. However, the angular momentum is not affected.
7. Even in the ground state ( l = 0 ), a hydrogen atom has magnetic properties due the intrinsic (internal) electron spin. The

magnetic moment of an electron is proportional to its spin.
9. For all electrons, s = ½ and ms = ± ½. As we will see, not all particles have the same spin quantum number. For example,

a photon as a spin 1 ( s = 1 ), and a Higgs boson has spin 0 ( s = 0 ).

11. An electron has a magnetic moment associated with its intrinsic (internal) spin. Spin-orbit coupling occurs when this interacts
with the magnetic field produced by the orbital angular momentum of the electron.
13. Elements that belong in the same column in the periodic table of elements have the same fillings of their outer shells, and
therefore the same number of valence electrons. For example:
Li: 1s2 2s1 (one valence electron in the n = 2 shell)

Na: 1s2 2s2p6 3s1 (one valence electron in the n = 2 shell)

Both, Li and Na belong to first column.
15. Atomic and molecular spectra are said to be “discrete,” because only certain spectral lines are observed. In contrast, spectra
from a white light source (consisting of many photon frequencies) are continuous because a continuous “rainbow” of colors is
observed.
17. UV light consists of relatively high frequency (short wavelength) photons. So the energy of the absorbed photon and the
energy transition ( ΔE ) in the atom is relatively large. In comparison, visible light consists of relatively lower-frequency photons.

Therefore, the energy transition in the atom and the energy of the emitted photon is relatively small.
19. For macroscopic systems, the quantum numbers are very large, so the energy difference ( ΔE ) between adjacent energy

levels (orbits) is very small. The energy released in transitions between these closely space energy levels is much too small to be
detected.
21. Laser light relies on the process of stimulated emission. In this process, electrons must be prepared in an excited (upper)
metastable state such that the passage of light through the system produces de-excitations and, therefore, additional light.
23. A Blu-Ray player uses blue laser light to probe the bumps and pits of the disc and a CD player uses red laser light. The
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