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Foreword

Dear reader. Thanks for stumbling on these notes. First, I would like to thank Professor Robert

Wald for teaching the course on General Relativity at University of Chicago (PHYS386) during the

Winter term of 2013. Consume at your own risk [insert surgeon general warning].

- Giordon Stark (PhD Student at UChicago; kratsg@gmail.com)
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Notes General Relativity

Day 1

January 7, 2014 Giordon Stark

1 Syllabus Information

Professor: Robert Wald

• Physics 364 - General Relativity

• rmwa@uchicago.edu

• 2-7765 – ACC 217

• Grader: Kartik Prabhu: kartikp@uchicago.edu – ACC 109

• Text: G.R. (chapters 1-6 plus material from appendices B & C)

1.1 Course Outline

Introduction 1.5 weeks

Differential Geometry (chapters 2&3) 4.5 weeks

Formulation of GR (chapter 4) 2 weeks

(Cosmology (chapter 5 and updates) 1 week)

schwarzchild coords 1 week

2 Introduction

What I will be doing in the lectures will closely follow what’s in the book. In fact, what I’ll be

doing in the lectures – well, I’ve written it out here. Today and the next two classes will be spent

giving general introduction with almost no equations – lots of diagrams and general discussion of an

introduction to space-time physics, special relativity physics. I’ve always found this fun to teach.

Hopefully you’ll find it not only entertaining, but informative as well. And that will make up partly

– I hope – for the next 4.5 weeks of the course which will be getting into doing the mathematics that

is going to be needed for the formulation for general relativity which is differential geometry.
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Most people think of general relativity as a difficult subject, and I mean it’s certainly no more

difficult than other areas of physics. The reason it’s perceived as being difficult and many people

find it difficult is that you have to go back and unlearn all kinds of things that you have been told

all the time, which are just not true, and you really have to think about things in different ways.

I mean, well, let me go ahead and say this now.

Very often, at some point, you know, since high school, you’ve been considering vectors and so on.

At some other point you might have some other vector and you’re used to thinking of the vector

as some – you know, ordered triplet of numbers, so that is the vector here at this point, and that’s

the vector here at this point. I mean, that’s the kind of thing that you have certainly been doing

– you know, since high school. Of course, then you can add these two vectors and you do all sorts

of things like that.

You can’t if space isn’t flat. This whole thing – you’ll still have a notion of a vector at a point,

but the labels – you know, the way you would describe the vector in terms of triplets of numbers is

very arbitrary and is telling you at least as much about your conventions on labeling as it is about

the vector.

It just makes no sense in a curved space to add vectors at different points. But you’ve been taught,

you know, to think of vectors in this way. If you keep doing that, you’re going to – I mean, you can

get by for awhile and then you’re going to reach a point where you’re going to be doing nonsense

and going to be very confused and think that general relativity is very hard.

So you know, that’s why I’m going to be spending all of this time trying to do differential geometry

– you know, the alternative is to kind of jump in and keep vectors in terms of triplets of numbers,

but introducing alternative coordinate systems and worrying about how vectors change under

coordinates and all that. It is an incredibly round-about and confusing way of doing stuff. I hope

I’ll be illustrating this with a lecture demonstration in the next lecture.

You know, and you can get into the subject quickly and you can kind of cut down this to, you

know, a week or less, you know, and write down complicated formulas for the (indiscernible) and

get into general relativity and doing physics sooner, but at the – I mean, I don’t want to teach

general relativity that way. It is a terrible way of thinking about general relativity.

So I’m going to try to do things right, and that is going to take up a good part of the course

which, once we’ve gotten the mathematics done, will lead us into the precise formulation of general

relativity and this part will include some discussion of linearized gravity, when spacetime is nearly

flat, including gravitational waves, and that sort of stuff.
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Then the plan is to do two major applications of general relativity, one to cosmology and one to,

well, the Schwarzschild technology, but it is describing the body and the exterior field of the body

that’s undergone the collapse of a black holes. Black holes is what will be discussed in this last

week.

You’ll notice the bracket that I put here – I mean, this is the plan, but what always happens is that

I run a lecture or so behind by the time I get here, end up – you know, shortcutting this a little

bit and really shortcutting this. But since I’m teaching the cosmology class, my plan is that if I’m

running a lecture so behind, I’m really going to shortcut this, and invite everyone to sit in on the

first couple of weeks of the cosmology class where I will do what I would have done here and not

shortcut the Schwarzschild discussion.

Final point – administrative-like points in the class. I will give a final exam in this class, but I’m

not going to give an exam every week, but I will give out weekly work sets. The grade will be

based on the final exam. If you don’t do very well on the final exam, I’ll look to see whether you’ve

turned in homework, and are diligent about that, and that will affect my sympathy in making up

the grade in some not-too algorithmic way, you know, the 0th order, for sure, the grade will be

based on the final exam.

So you know, please do do the homeworks. They’re reasonable – you know, there will typically

be about three problems chosen that have been selected because they don’t typically involve huge

computations, but they do involve a fair amount of learning and I think it will be very useful to do

the homework, but you know, they’re not going to count enough in your grade to make it worth –

you know, copying them from a friend or worrying about them. They’re for your benefit, and you

should think about it very much in this way.

3 Basic Concepts of Spacetime Physics

Okay. So as I said, you know, the – my main attempt – well, really in this first week and a half

is going to be to try to unteach you as much as I can so you can unlearn as much as you can, so

you’ll be really ready to start learning general relativity.

But to begin with, I’m not – I’m going to say some things that are not unlearning things. They’re

learning things. So well, what do I mean by space/time? I mean, what I want you to do – and this

is absolutely correct, you know, for the entire course, is to think of space and time and space and

time together is what I mean by space/time, in case that was unclear.
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I want you to think of this as a continuum of events. So what do I mean by an event? Well, if you

imagine the snapping of my finger, and if you imagine that my fingers have some limiting 0 spatial

extent, and the snapping has – you know, 0 limiting time extent, that snapping is an event.

Now, I can snap my fingers here again, that is a different event because the first one is now to the

past of this one. It is at a different time, even if it seems to be in the same place, but you should

think of all of space and time as this continuum of events and the first observational fact is that

this is observed, at least as far as we can perceive to be 4 dimensional. Certainly a very non-trivial

fact that – you know, there isn’t any a priori derivation of, although people from time to time try

to think up ones, and in fact, you know, ideas in string theory suggest that actually space/time

may be larger than four dimensions, might have more spatial dimensions, but they’re too small for

us to perceive.

So I’m just taking this to be the imperical fact. What do I mean by spacetime is four dimensional?

Well, it is possible to uniquely characterize each event in spacetime, but we don’t need my fingers

to define the event. My fingers are a helpful guide to point out a particular event. There are events

going on all over the time literally so to speak. But if I want to – I can uniquely tell you what event

I’m talking about by characterizing it by four numbers. 3 for the spatial position and one for the

time, in ordinary language. That is what I mean by, “It’s observed to be four dimensional.”

Okay. Well, to illustrate things going on in space/time, it’s very useful to draw spacetime diagrams.

And before I draw any spacetime diagrams, of course, you’d like – I’d like – you’d like precise rules

for how we’re supposed to draw spacetime diagrams. Well, the precise rules will depend on the

underlying theory of spacetime. So the precise rules would be different in prerelativety, physics,

general relativity. I’m not going to give you precise rules now because I want to draw these pictures

to give you the basic concept. So my comment here is that I’m – you know, this is an introduction

I’m giving and I’m going to introduce spacetime diagrams and give some rough rules, so the – you

know, and then be able to draw pictures, but I don’t think there’s going to be difficult or ambiguity.

So certainly the rough idea is that – well, you’re trying to draw some sequence of events – or some

collection of events in spacetime.

Figure 1: Time is in one direction and the spatial

coordinates are within a “plane”

So there’s always going to be at least one spa-

tial dimension suppressed in any spacetime di-

agram. Now, if we – I’ll draw some diagrams

in a second to illustrate this and make sure ev-

erybody’s with me on this. But I first want

to make another comment. If we idealize ob-
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servers, and I’m going to be using the word ob-

server and particle interchangebly in this dis-

cussion. I mean, I might talk about a particle

moving in a certain way or I might talk about

an observer moving in a certain way. And if

you substitute particle when I say observer, or

observer when I say particle, today – and the next couple of classes, that’s fine. It’s not going to

make a difference.

But if we idealize these objects as having negligible spatial extent, then these objects in a spacetime

diagram, they trace outlines in the spacetime diagram because, even if they had negligible spatial

extent, they persist for a long amount of time, or some reasonable amount of time, and so the

collection of events of which they’re present would have the structure of a curve and that’s referred

to as world lines. Okay. So some examples of the spacetime diagram, well, if I’m here as an

observer, assumed for the purpose of drawing the diagram to have negligible spatial extent, and

I’m just sitting here, then in a spacetime diagram.

If I sort of dropped a pebble into a pond of – you know, a completely still pond. A pebble will

make a bit of a splash when it hits the surface of the water and then some waves will travel out

in a circular manner. What would that look like in a spacetime diagram? The waves. Never mind

the rock.

Figure 2: Spacetime as a cone

I think I heard a couple of people say, “Cone.” This is the

event where the rock hit the pond. I’m just representing

the two spatial dimensions of the surface of the pond in

this. Then the waves travel out in all directions – well,

I’m going to assume at some constant speed, you know, at

some later time like up here, there will be some circular

wave front centered about this original place where the

rock hit the pond at some earlier time, there will be some

other circular wave front of a smaller radius, and if I just

take the union of all these – you know, or the set of all

events that lion the wave front, that will trace out a cone

in a spacetime diagram. So if you see a cone in the spacetime diagram, you should always think of

something that’s – you know, some sort of wave-like thing, perhaps, whatever it is, traveling out –

well, in this case, in a circular manner, but if this were in three dimensions of space, this would be

traveling out in a spherical manner.
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Okay. So that is just to get you warmed up on this. Okay. So now, in pre-relativity physics, the

physics people believed was true – well, prior to – okay. Actually, I guess I should try to get the

history a bit correct. I mean, just prior to special relativity, you know, between sort of Maxwell

theory and special relativity, you know, there was – because light traveled at a definite – was

understood to travel at a definite speed, that according to Maxwell’s equations, that suggested a

preferred rest frame, but prior to that, it was understood the laws of physics were invariant under

uniform motions, not in the way they are understood to be invariant – or general relativity, –

I’m talking about the so-called Galilean physics that was believed to be correct to the extent that

people thought about it – you know, prior to Maxwell’s equations, throwing some monkey wrench

into that and suggesting there was some rest frame, but in pre-relativity physics in this sense, in

special relativity, and in general relativity – so this is one thing that is true – what I’m about to

say is sort of true in all view points, the claim is that one has a notion of what are called inertial

motions of an observer or a particle, corresponding to the world lines of particles that are subject

to no external forces.

Okay. So what I’m – I want to make clear the logical structure of what I’m saying. I’m not defining

inertial motions to be things that have no external forces because I haven’t defined no external

forces, which maybe I can try to define in terms of inertial motions. The thing is, when one has

a precise theory, you know, then – well, these objects might be primative concepts of that precise

theory, or they might be derived concepts of that theory. In general relativity, the notion of inertial

motion will be a derived concept from the spacetime metric, but I’m not going to introduce the

spacetime metric here and try to explain how inertial motions are related to the spacetime metric.

I mean, we will be talking about in the – about that in this introductory discussion by early next

week.

So I’m really just saying, here I’m just saying that there is this notion in all these theories and

I’m not trying to derive it or whatever, and I’m – these are some explanatory words in case you

haven’t heard about internal motions, you’ve heard about external forces, and since F = ma, and

if F = 0, this is kind of non-accelerating kinds of things, but I don’t want to write it in terms of

non-accelerating, but I’m just saying there is this basic notion of inertial motions. And it’s worth

noting here that, in all these cases, the world lines of inertial motions are uniquely determined by

initial position and velocity.

So given any event in spacetime, I can pick a velocity at that event, or at least a velocity allowed

in the theory, and there will be some inertial observer who passes through that event with that

velocity. And there will be only one such inertial observer who does that. I mean, that’s an

important characterization of how many inertial observers there are and what their properties
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are.

3.1 Key assumptions common to pre-relativity physics & special relativity

Okay. So now I want to list a few key assumptions that are common to pre-relativity physics and

to special relativity though these assumptions won’t hold in general relativity, they also wouldn’t

be viewed as particularly important or fundamental from the point of view of general relativity,

but they are usually taken to be important and fundamental to special relativity physics. What

I’m leading up to now is going to be basically a comparison between relativity physics and I want

you to think about special relativity in a different way than you’ve probably been used to thinking

about it, because that will be very helpful for moving on to general relativity.

So there are three key assumptions that I want to state here. These are all regarding inertial

observers:

a) We can fill all of spacetime (in many different ways) with a family of inertial observers, all

of whom are at rest with respect to each other.

So more specifically, if I’m an inertial observer as I was treating myself to be in this spacetime

diagram here with me standing here, what I’m saying here is that I can – I’ll go ahead and

ruin this spacetime diagram here by drawing in a lot of other lines, I can find a whole family

of friends, all of whom are at rest with respect to me so that we fill up now all of space or

really more properly we fill up all of spacetime because, through every event, there will be

one, and only one, inertial observer, that passes through that event at this one point, at

this one event.

So that is what I mean by this. The statement that it could be in many different ways is,

well, this friend of mine, could also find some family of inertial observers similarly, as long

as I’m destroying all these spacetime diagrams, I might as well – there would also be some

family of his friends that fills up all of spacetime in a completely similar way.

So that’s taken to be a true assertion in both pre-relativity physics and special relativity

and is typically they are taken to be a very important assumption, although that I’m –

well, when we come to general relativity, that won’t be true or important. But it is not

true.

b) A given family of inertial observers can consistently “synchronize clocks” (e.g. by “pizza

delivery”)

13



Figure 3: A method of synchronizing clocks is known as the “pizza delivery”

So I’m one of the inertial observers here. There’s another over there. And the idea is that

we can put a pizza parlor exactly half way between us. So one of the inertial observers

might make pizzas and one of us can put in a call to the pizza shop and tell them to deliver

pizzas to us identically with the delivery person leaving at exactly the same time.

So over here, here is the event where they got the call. Here is the event where the pizza

was ready. Here is one of the delivery trucks and here is the other delivery truck and we

can be instructed to set our clock to 0 when we get the pizza. So if it’s done completely

symmetrically, that gives us the way to synchronize the clocks, half way between us, and

symmetrically in the way the trucks were sent out for delivery.

So that synchronizes these clocks, but some pair of clocks that can synchronize in the same

way, that is what I mean by the consistently is that if I synchronize my clock with this guy

and this guy synchronized his clock with some other guy, then mine and the other guys will

be synchronized if we have a pizza delivery place half way in between.

We don’t even have a family of general relativity to think about, so this is completely

irrelevant.

c) Spatial relations between inertial observers in a given family are described by Euclidean

geometry. I can find distances between inertial observers and angles between different

inertial observers, we can hold rods and so on and see how long the rod is that connects

me to this other inertial observer and we can do all kinds of experiments of that sort –

geometric experiments of that sort.

Of course, that is one of the most important things that you’re going to have to unlearn to

learn general relativity.

Although the more interesting non-Euclidian-ness is in the spacetime geometry, which is
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pretty darn nearly flat ...but in ordinary units, there is a lot more curvature associated

with the time introduction. Well, in units where velocity of light is one, then they’re on a

comparable footing. But in every day life, people don’t usually use – it is where c = 1.

So these assumptions imply something that plays a big role in – you know, most discussions, and

won’t come as a big shock that I’m making this, but I – you know, making the assertion that

I’m about to make, but I’m trying to emphasize here that this assertion is a consequence of these

assumptions. So the assumptions I claim imply that a given family of inertial observers can uniquely

label each event p in spacetime with – four numbers which are usually called (t, x, y, z)︸ ︷︷ ︸
cartesian

. These are

cartesian coordinates of observers in family who passes through p. The x, y, z are going to be the

coordinates of the lucky observer who passes through that event p and the time is going to be the

t of the synchronized clock of that observer at event p.

So again, I’m emphasizing strongly that the ability to label points in this way – you know, and then

to be able to add points and things like that, you know, is not some God-given thing that came

down to us through high school physics and then freshman college physics and so on, that you know,

that is a consequence of assumptions that, you know, which are actually not only questionable,

they’re actually, you know, false in the real universe, the real world. But you know, but in the

context of pre-relativity physics, according to what they say about space time structure, it’s fine

to be able to label events this way, and it’s fine to be able to – you know, to consistently add the

x, y, z’s or for that matter the t’s of different events, or talk about an event, the sum of those two

and so on because the Euclidian geometry gives a vector time structure to space once you’ve chosen

an origin.

When I say uniquely label, I mean, there are changes of labeling from different choices of origin

or different choices of orientations of axes and so on, just where I synchronize all the clocks, I’m

ignoring all the choices of origin and orientation, freedoms here in the – you know, with the given

family of inertial observers, I still do have these freedoms, but they’re not terribly interesting and

I am just ignoring those.

But I maybe should just pause a second to make sure people are reasonably comfortable with what

I’m doing. So now – you know, if we were following along the curriculum for teaching special

relativity in a course where that is normally taught, the next thing I would say, which is still going

to be the next thing I’m going to say, of course, if we had a particular family of inertial observers

would label all events this way, but a different family would label events – well, following exactly

the same rules and having the same pizza deliveries to syncronize clocks and doing everything

identically, but now with a different family, well, they’d label events with four numbers as well, but
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I’ll call them (t′, x′, y′, z′) with the same meaning as the (t, x, y, z).

And now again, if we were following the curriculum of most special relativity discussions, I would

then want to focus on is the relationship between these labelings. And here there is a big difference

between – that rises between special relativity physics. Up to this point, everything that I’ve said

is equally true in both contexts.

Pre-relativity physics Special relativity

t′ = t ct′ = ct coshα− x sinhα

x′ = x− vt x′ = x coshα− ct sinhα

y′ = y y′ = y

z′ = z z′ = z

Table 1: The relation between pre-relativity physics and special relativity. Here, tanhα = v
c . We

are introducing α as the rapidity and we see that in special relativity, it looks like rotations with

hyperbolic trig instead.

Okay. So – you know, in normal presentations of special relativity, then this transformation law is

– you know, viewed as sort of the fundamental thing and one might even start sort of deriving this

from speed of light is constant in all frames and stuff like that. And you know, you can memorize

this formula and you can solve in this form or some other form, and you can solve, you know,

problems with particles decaying into other particles and what’s the final velocity of this particle

and so on.

And of course, then you run up a bunch of – against a number of paradoxical-sounding things

which is what the next class will be largely focused on except I’ll – in order to be able to do lecture

demonstrations, I’m going to do paradoxes and Euclidian. There’s sines and H’s, but the same

idea. I can make Euclidian geometry sound as good as special relativity. We will see if I succeed,

but I will do my best to make Euclidian – presented it in as confusing a way as special relativity

is presented and get the same kind of paradoxes as Euclidian geometry.

I’ll be doing that in the next lecture. The point of doing that – and I put this up to remind you of

what you’ve been taught and told, but it’s going to be a lot better to picture things geometrically,

just like – you know, memorizing the formulas for rotation of Cartesian coordinates is not a good

way of understanding Euclidian geometry and geometric relations between things. This is not a

good way of thinking about special relativity.

And what I would like to do is, instead of focusing on the transformations between different ways
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that certain families of observers would like events and how those are related, what I would like

to do is focus attention on – well, the geometrical structure of space-time, and basically – it is

a vague word, they sound impressive or something, but basically, I mean by these properties of

space-time, that all observers agree upon and thus are properties of space time, not properties of

observers!

I really don’t care that much about – you know, this family or that family, or whatever. I really

want to understand what’s going on in space time, and what are the – what I might call geometrical

relations between events and space time. So now – I mean, it is certainly very useful to characterize

events and space time in pre-relativity physics and special relativity in this sort of way, but I don’t

really care that much about – you know, these are – you know, manufacturers labels. And I’m

much more interested in what the – you know, what the product is, not what the label – how the

label describes it.

So one way of getting there – at least if we’re sort of starting from over there is to sort of figure

out what quantities – or what properties of space time all observers will agree upon, and then that

can be thought of as a real property of space time. So I’m going to – in a minute, move on to some

analytic things that can be calculated from this, but before getting to that, there’s a fundamental

property of space-time which is usually referred to as causal structure that, while it is somewhat

implicit in this, it goes beyond these formulas, these are additional assumptions, or an additional

assumption about structure, special relativity physics and special relativity, what I’m about to

say on causal structure, since it doesn’t refer to some particular family of observers, is clearly a

property of space time, not a property of particular observers. And that’s best illustrated in space

time diagrams. So let me do pre-relativity physics over here and let me do special relativity over

here.

And then after I’ve discussed the causal structure, I’m going to get – go to what sort of formulas

giving relations between events in terms of labelings will be independent of choice of observer that

does the labeling.
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(a) pre-relativity physics (b) special relativity, c = 1

Figure 4: The causal structure of spacetime in two different perspectives

But everybody seems to be disturbed by the fact that in special relativity you can’t get to by

definition to space-like related events, but the space-like related events have this four-dimensional

character, not this three-dimensional character. And they’re comparably troubled. If you had a

powerful enough rocket ship, no trouble getting there. I get you closer to the light cone, a more

powerful rocket ship, you can get there.

People tend to think that maybe with a better rocket ship, you ought to be able to get to the speed

of light. If you’re going at three quarters the speed of light and then three quarters the speed of

light, relative to that observer, then you’re going at one-and-a-half times the speed of light.

These facts are really on an equal footing. The statement that you can’t you know, go at the speed

of light is on exactly the same footing as the state your name in pre-relativity physics that you can’t

be two places at the same time at once. I don’t mind people being disturbed by this, challenging

this, thinking of ways with rocket ships that maybe you can violate it. I just don’t understand why

people accept this as okay. Of course you can’t be two places at once.

So you might just think about that. Within the respective theories, those statements are at exactly

the same level. And I should say, I mean, one thing I probably should emphasize is that when

we get to general relativity, I mean, we’re going to throw all this away anyway. We’ll start over

again with the space-time metric being the fundamental quantity and everything will be – all the

properties of space-time will be basically derived from that.

Okay. So the causal structure is – you know, one of the things that I’m looking for in terms of

this sort of invariant structure of space-time, right? Here I didn’t say, you know, this particular
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family of inertial observers sees this or that. I’m talking about a property of – you know, relations

between events that doesn’t involve choice of a particular family of observers, or anything of that

sort.

3.2 Invariant Quantities

Okay. Well, for the other properties that I’m interested in, I don’t know of any good way of

you know, identifying these quantities except by giving formulas for the quantities in terms of the

labelings by inertial observers. And then noting that the quantities I’ve given actually don’t depend

on which family of inertial observers does the labeling. Okay. So – which is fine. That’s a good

way of producing – as I am calling them in variant qualities, that is going to help us pick up what

is around the space-time structure that doesn’t have anything to do with the labelings by inertial

observers. So let’s do pre-relativity physics

The labelings of any individual event are completely arbitrary. That completely depends on the

family of inertial observers, how they chose their origin, et cetera. What we would need to do to

get invariant quantities is look at relationships between two events. So let’s consider, you know,

two events p and p prime in space-time. And now I’d like to know, are there some quantitative

relationships between p and p prime that don’t depend on – that might be written down in terms of

the labelings by inertial observers, but don’t actually depend on which family of inertial observers

did the labeling? I hope my question is clear. And there are a number of quantities having this – of

this sort in pre-relativity physics. And one of them should be pretty obvious. So if I haven’t gotten

class completely confused, somebody ought to be able to suggest some relational property between

p and p prime that is going to be universally agreed upon by all families of inertial observers in

pre-relativity physics.

pre-relativity physics special relativity

(i) time difference ∆t between events -

(ii) spacetime interval |∆~x|2 between simultaneous events spacetime interval I = −(∆t)2 + 1
c2
|∆~x|2

(iii) worldlines of inertial observers -

Well, you know, in special relativity I was saying the causal structure seems a bit complicated or

whatever. Okay. Let me just leave you as the last thought with what the corresponding answer

is in special relativity. So in special relativity, the time interval between events is no longer an

invariant quantity, so it doesn’t have any meaning. And there’s no notion of simultaneous events

since the time interval doesn’t mean anything, so I can’t even talk about number 2. But there’s
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just one answer in special relativity instead of this complicated conglomeration, which is the –

what’s called the space-time interval. And you can kind of guess this from the rotational-like –

well, hyperbolic rotational like of this Lorentz transformation, I claim you can check from the

formulas that this relational quantity between two events is independent of inertial observers, and

the claim is this is the whole story. In fact, I can even – as we will eventually see, derive the inertial

lines from this initial formula. That should be obvious. I want you to contemplate that before

next class because this looks just like the distance formula. In fact, what you were suggesting

– except, there’s this funny minus sign here which has to do with the hyperbolic rotations, but

otherwise, this is like distance in normal Euclidian geometry, which we will be doing Thursday for

my lecture demonstration, the same effects will occur as in special relativity except there’s a minus

sign difference, but it’s a fairly trivial difference, and I’ll be able to show you shrinking of meter

sticks as a matter of their rotation, distances, things like that.
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Notes General Relativity

Day 2

January 9, 2014 Giordon Stark

4 Last Time

So the first class we started the introduction to space-time structure and I was – well, spent most

of the class talking about properties of space-time and pre-relativity physics and special relativity,

and in both cases, it is assumed – you know, one of the key assumptions about space-time structure

is that one has this notion of inertial observers, that you can have families of inertial observers,

families with respect to each other, they have a natural way of labeling events in space-time with

time on syncrinized clocks, and Cartesian – we discussed all of that last time.

Most discussions of relativity are focused on labelings of different families of inertial observers.

What I was trying to emphasize last class was that the labelings are telling you partly about

space-time structure and partly about conventions on how to do labelings. It’s a good idea to

focus attention on what properties space-time events have and what space-time events have that

are independent of labelings because that is telling you about the space-time.

If we take that point of view and try to abstract what the key invariant structure of space-time is,

well, the situation and prerelativity physics – this is all reviewing what we covered last time – is

first of all that you have a causal structure as illustrated by that space-time diagram relative to a

given event p, all the other events in space-time can be decomposed to events that are in the future

of p, events in the past of p, and simultaneous events with p. The simultaneous events are three-

dimensional sets of events. Everything with a future and past is a four-dimensional set of events.

The situation is remarkably and interestingly different in special relativity as illustrated here with a

corresponding event p there, the causal structure breaks into this more interesting looking situation

where you’ve got some four dimensional set of events in p, and some big four-dimensional set of

events in the past of p. But they’re bounded now by something in space-time that has this cone

structure and there’s a four-dimensional set of events as illustrated here, where you need a new

word – a new term being space-like related events that are neither in the future of p nor in the past

of p. Of course, the light cones would be the events of space-time – the future light cone would

be the events of space-time traced out by a flash of light emitted at p that is going outward in a

spherical matter.
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More quantitatively, if we go back to the labelings of events by these global inertial observers –

well, the individual label given to an individual event is going to depend on choice of origin and

lots of other – you know, orientation of axes and so on. So labeling will tell you something about

space-time structure that is relational things between two events. As we discussed at the end of

class last time, in pre-relativity physics, you have a long list of things that are invariant. I’m not

claiming it should be clear to you why it should be relative, maybe not something else, I claim

everything can be derived from what I’ve written down here. I’ve asked you to accept that claim.

What I want you to note is how complicated it is. So the time interval between any pair of events

is completely well defined in prerelativity physics, all inertial observers will agree upon that. They

won’t agree, as I illustrated to you explicitly on the space interval between any two events, with

the one exception. If the events are simultaneous, then they will agree on the spatial interval, the

magnitude of the distance between the events. So the delta x squared plus delta y squared plus

delta z squared. They may have axes rotated with respect to each other, they might have different

choices of origin, but that distance will still be the same.

In pre-relativity physics, if I tell you the delta t of any event and the spatial interval, that is not

enough information to recover what the world lines of inertial observers are, so I would have to

append on to this, the commercial lines of all inertial observers. This is what the invariant structure

of space-time is I claim in pre-relativity physics. This is the complete answer, though, in special

relativity. Of course the time interval is no longer invariant. Spatial interval between simultaneous

events. You don’t know what simultaneous events are. So this couldn’t be. But this combination

of the time interval and space interval between events is something that all inertial observers will

agree upon. And from what you know in special relativity, that is Lawrence transformations, you

can check that if you do this in any two inertial frames, possibly with different origins or spatial

axes, and definitely include the case where the observers are moving with a non-trivial velocity, I

claim that you can just check that this gives you this quantity – if you compute it in one inertial

frame and do it with primes on it, you’re going to get the same answer. (Lorentz * *)

One thing I didn’t say is that from this formula (spacetime interval), you can – this is something

we’ll be doing in a more general context later, but you can recover the world lines of inertial

observers as well. This information is enough to allow you to recover what would become the world

line of inertial observers. So this is the whole list and it’s really simple. That’s number 1. And

number 2 is that this – you know, should look awful familiar. Well, this – without the C squared

definitely should look awful familiar. I think everybody’s seen that as an invariant quantity in

Euclidian geometry before. You know, the C is just – you know, we happen to historically have

measured time and space in different units, so we’re going to be setting C= 1. This is of no
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relevance. The claim is that to get the space-time structure, you just add in a similar quantity for

the time interval with one – you know, well, I could say small or big exception. You’ve got a minus

sign in frontd of here.

So space-time geometry is not four dimensional Euclidian geometry. It is a hell of a lot like this,

but this minus sign makes a lot of differences as well. And that is what we’ll certainly be getting

into and we’ll be getting into that today, in fact.

So this is a four-dimensional flat Lorentzian geometry is what one calls something that has an

interval that can be written in this kind of way but has one minus sign in it.

5 Physical interpretation of I

Okay. Well, how do we interpret this space-time interval? Let me – I mean, since we’re going to be

working with this or it won’t really be this, we’ll be looking at this for displacements, and that will

become the space-time metric in general relativity, but we’re basically going to be working with

this for the rest of the quarter. So let me say a few words about the physical interpretation. If I

told you – you know, the space-time interval between two events, what interesting physical things

would you immediately know about the events? That is good to have in mind.

I should say after I finish this, which will take five minutes or so, then I want to – well, get back to

this analogy with Euclidian geometry, and my point is I want to think about special relativity from

the point of view of this kind of invariant structure, you know, and invariant kind of properties.

Just intervals, angles maybe, et cetera.

Now, you were taught Euclidian geometry – I mean, I’m not saying that is taught terribly well in

high schools or whatever, but you were taught Euclidian geometry focusing on distances, lengths

and angles. And that probably made Euclidian geometry be – you know, this rather boring and

relatively trivial kind of subject. If only your teachers of Euclidian geometry had been reading

specialty books, they could have made that into a confusing subject. I want to show you that

lurking behind this kind of relatively trivial and clearly mathematically consistent, you know,

viewpoint that one could take on Euclidian geometry, you could do it the way people do special

relativity and make it into this confusing and paradoxical subject.

Of course, I don’t think I have to emphasize that my purpose in doing that is to try to convince you

that thinking about special relativity in terms of Lorentz transformations, time dilation, Lorentz

contraction is an awful way of thinking about the subject and makes the whole subject very con-
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fusing and makes it seem like it’s paradoxical and so on when it’s just a – there’s a minus sign

difference, but it’s just plain four-dimensional version of plain geometry with Lorentz rather than

Euclidian signature, an there’s nothing more to it.

The point is I is not a positive quantity, it can take another sign or be zero. So I have to divide

this into two cases. So if I have two events, p and q

• I(p, q) < 0, then there exists an inertial observer who is present at p and q. So either q is to

the future of p or it’s to the past of p. So I can find an inertial observer who goes through

both p and q. For the observer,

τ(p, q) =
√
−I(p, q)

is the time of the elapsed clock carried by the observer.

• Now, if I(p, q) = 0, this does not imply p = q and this is not a positive definite interval, but

it does imply that p and q are connected by a null geodesic (light ray). So there is a flash of

light that would go from p to q.

• If I(p, q) > 0, then p and q are spacelike related. There is not going to be an inertial observer

or light ray that goes through p and q. However there exists an inertial observer who “sees”

the events occurring simultaneously ∆t = 0. In this frame

d(p, q) = c
√
I(p, q)

I’ll say who sees, that is what people usually use that term in special relativity, even though seeing

– physical seeing means looking at light that’s coming to you so it means looking along your past

light cone, right? If you ever talk about seeing, you’re talking about what is going on on your past

light cone. But people in special relativity use the word c to describe how it would be in an inertial

frame. So you talk about – often talk about this observer seeing something here contracted, or

whatever, you know, even though this guy can’t see anything that is going on over there, but so I

will use this in the same vein.

6 Euclidean Geometry as informed by how Special Relativity is

usually taught

Introduce cartesian coordinates (x, y). An extremely important thing is to give different names

to the coordinates and think about them differently. I’m going to call y the height and call x
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the horizontal displacement. In a rotated frame where the axes are rotated (points are labeled by

(x′, y′)), the relationship between labels is given by

x′ = x cos θ + y sin θ

y′ = −x sin θ + y cos θ

Thus, the rotated observer disagrees with the unrotated one on the height and horizontal displace-

ment of points! But they also disagree on the height of the physical objects!! Maybe you haven’t

heard it because you haven’t been taught Euclidean geometry the right way, but there is a famous

height contraction effect: A meter stick carried by O′ shrinks in height as a consequence of its

rotation. But similarly, O′ thinks it is O who has shrunk, therefore O has shrunk in height relative

to itself. There’s something wrong with Euclidian geometry. Your high school teachers swept this

under the rug. They never told you about this because I mean, you know, they probably hadn’t

red special relativity books or didn’t understand how relevant it is to understanding Euclidian

geometry, how much it helps if you just – you know, would do special – do Euclidian geometry the

way special relativity is taught to people.

Okay. Well, this is maybe – you know, sort of bad enough and already maybe you don’t even want

to hear anymore about Euclidian geometry because it’s clearly an inconsistent subject, but I’m

going to push this a bit further and get some stronger contradictions in a moment. But before I

do that, I want to reformulate height contraction.

Reformulation of height contraction:

Figure 5

Let me draw my Cartesian axes here so you know what’s vertical and what’s horizontal and now let

me just draw some rotated infinite line, okay, instead of a meter stick. And what I’m going to do is

look at the segment of this line between two heights. And the claim is that the length of a segment

– of a line segment lying between two fixed heights increases as a consequence of its rotation. And I
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mean, before I was looking at a segment of a line at fixed length and saying the height shrunk, if we

had an arbitrarily long line, and I fixed the heights, the segment there increases as a consequence

of its rotation. It’s exactly the same phenomena as I was describing. But I like this – because it’s

easier to remember and it’s much more analogous to what people say in special relativity. So this

is what I want you to remember.

Remember: line lengthen as a consequence of their rotation

∆` =
∆`′

cos θ

But anyway, this is the length of the segment between two heights as measured by the primed

observer, and this is the length of the line segment as measured by the unprimed observer, and

they differ by this factor of cosine theta. And this guy measures a longer line segment. So I like

that – to be able to say that lines lengthen as a consequence of their rotation. If that sounds

familiar to you, so I hope this sounds idiotic to you, but – well, hopefully it does sound idiotic to

you, but it also should sound familiar. Have you ever heard anyone say that clocks slow down as

a consequence of their velocity, their motion? Okay. It’s exactly the same phenomenon as what I

just described here. In fact I’ll explain that.

6.1 The Distance Paradox

I hope that everybody has in order this because now we can discuss the distance paradox. The idea

here is I’m going to have two events: A and B. I’ll draw them vertically related here. I’m going to

have a nice vertical straight line going between A and B which I will sort of – I’m using labeling

as observers the way people used relatively, I’ll call this straight line observer 0. And I’m going

to consider this other observer who moves on a broken straight line. It starts with axes oriented

by some angle, moves along on this straight line to event C, rotates the axes and moves ahead to

B.

Figure 6

So observers 0 and 0 prime both go between – I mean,

these observers, of course, are going between the same

two points in space, A and B. One is taken a straight line

path, the other is taking a broken path. What I want

to ask is which path is longer? If you had your usual

Euclidian geometry thing, there is a triangle, the sum of

these two sides in Euclidian geometry is bigger than that

side, so this path is longer than this. Again you’ve missed
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out on the really interesting parts of Euclidian geometry,

making it seem like it’s this boring trivial thing that is

obvious if you even just look at it it’s clear these paths are

longer, this combined path is longer than this path.

But let’s think about it from the point of view of special relativity. So first of all, it’s kind of weird

that you’re going between two points that have a certain distance between them, and yet different

observers get different distances. That is kind of weird to begin with.

So according to O, O′’s path lengthens as a consequence of its rotation so O′’s path is longer. This

is the answer you would have gotten in high school geometry. But O′ says that it is O who is

rotated (two different times) so O’s path must be longer. Who is right?

Figure 7

Everything I wrote on the board there is true.

So the point is, as far as 0 prime is concerned,

while he’s going between a and c, you know,

these are the fixed height comparisons he’s mak-

ing, and indeed 0’s line does lengthen as a con-

sequence of 0’s rotation as I correctly claimed

there.

Between c and b, he is also going to compare at

fixed height. And indeed, 0’s line has length-

ened as a consequence of his rotation. The

problem for the – both of them can do the cal-

culation this way. It is a really stupid way for

either of them to do. It is a little less stupid for 0 to do the calculation that way. It is a stupid

way for 0 prime to do the calculation. The point is there is going to be this region – let me draw

it correctly here. So there is a region going from there to there that has been double counted by 0

prime. That is the point you were making as well. I just didn’t want to let you get away with –

you’ve changed frames and there are it is illegal or something. You could of course change frames

and of course you can add and all that, but you do have to take into account the – in this case, the

double counting that you’re going to be doing, or that 0 prime is going to be doing if he insists at

comparing at first height, which is, you know, what I’ve kind of insisted that we always do.

What I was referring to, you will really find – we’ll do the twin paradox in a minute. I bet this

is all going to be easy now that we’ve done Euclidian geometry. But if these were world lines of

observers and this was some broken inertial observer, some guy that went off at some velocity and
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then turned around, well, the statement there would be – in the special relativity books, that is how

I got this answer with the non-Euclidian geometry, it is beyond the scope of this course. You’ll find

in otherwise semidecent relativity books, this observer has to be accelerating here, and that is like

having a gravitational field and for that you need general relativity, but you know, this is a special

relativity book. But you’ll understand that all once you understand general relativity.

I think it is true that you will understand this once you understand general relativity. But the

logical reason for that statement is that you’ll never understand general relativity if you think

about special relativity in the way that it has previously been – you know, taught to you most

likely. Okay.

7 Special Relativity

So let’s do special relativity. I don’t have to do it in this bad way, that I’m sure you’ve seen many

times. What I want to do is explain things you’ve been told in special relativity from a much more

sensible point of view, to explain what these effects are in the same way as I’ve just – that you

clearly understand what this lengthening of lines really means in Euclidian geometry. So I’m first

of all going to set c = 1 at this point and not carry that around. I’m going to remind you that the

space-time interval. The formula

I = −(∆t)2 + (∆x)2 + (∆y)2 + (∆z)2

I’ve been drawing space-time diagrams somewhat loosely and so on. If we’re in special relativity, I

can make space-time diagram to be simply to map (t, x) in globally inertial coordinates into (y, x).

Let’s just do 1 + 1 dimensions (one time and one space dimension). And now the thing that you

have to watch out for is that this is not a map that preserves – you know, the correct distance

formula in special relativity (mic out) that are going to be distortions – I mean, straight lines will

be straight lines and all that, you know, inertial observers here will go to straight lines here. That’s

fine.

But one thing that I want you to watch out for in these diagrams, and one thing that I think really

confuses people, so I think this is worth pointing out, that there is a notion of orthogonality. Well,

you know, you’re very familiar with notions of orthogonality. This thing with the minus sign can be

written as an inner product, and an inner product of two things that are zero (orthogonal).
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(a) (b)

Figure 8

The axis lines are orthogonal. They’re orthogonal in the Euclidian metric, but they’re also orthog-

onal in the Lorentzian metric. Having picked this one global inertial frame and mapping it into this

blackboard by this map. But now in this drawing, suppose I consider this line that corresponds

to some inertial observer who is moving with respect to the observer at rest that I’ve drawn over

here. And well, of course, this comes in at 90 degrees, so the Lorentzian orthogonal line, because

this is going to look like this. For reference, you know, this is the light cone. One ray of the light

cone.

In the blackboard diagram, these things will actually have equal angle relative to the light ray. I

mean, you can check that’s what orthogonal will correspond to in this metric. So this is something

that you need to keep in mind, okay? So that’s two lines are just as orthogonal as these two lines.

So the way you draw it, you can only have one observer’s line be orthogonal to one – the line to

one observer can be orthogonal in the Euclidian metric. The other observers are going to have

their orthogonal directions not look orthogonal or not be orthogonal with respect to the Euclidian

metric. This is just a point I’m raising because it’s going to have this. If I look at the null line, it

is orthogonal to itself. So you know, the normal to a null hypersurface is tangent to that surface,

right? Usually normals are not tangent to a surface. But in Lorentzian geometry, that can happen.

Okay. So I have just enough time now to explain what is happening.

7.1 Time Dilation

So there’s time dilation. So I’m now going to explain to you what is really going on geometrically

or whatever with these special relativity phenomena. So the idea with time dilation is you have

some inertial observer at rest and you have some moving inertial observer.
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Figure 9

People say the clock carried by this observer

slows down as a consequence of its motion, but

that gets you into this confusing state when you

realize that, according to this observer, it’s this

guy’s clock that slows down. Then you get into

the twin paradox when you start trying to com-

pare clocks. One of the observers isn’t inertial.

We will get to that.

We have a clock carried by this observer. So

let me draw the tick marks, the events at which

the clock ticks off seconds, let’s say. It may look like this is longer. It is longer in the Euclidian

distance, but I’m not interested in the Euclidian distance. I’m interested in the Lorentzian distance

between those. As I said, the time is square root of minus the interval between these events. And

the ∆x is hurting you rather than helping you so you’ve got to go further along in the t.

So this is the situation. You know, as it would be represented properly and in a space-time diagram.

So where is the time dilation? There isn’t time dilation. The time dilation comes in when you

have observer O compare the clocks at equal time. By the time his clock has ticked three seconds,

this clock has only ticked two seconds. So O will say O′’s clock has slowed down as a consequence

of his motion. Okay. But now let’s ask what would 0 prime say? O′ would want to compare his

clock to O’s clock at the same time. At the same time, the surface of simultaneity is exactly this

orthogonal surface The surface orthogonal to a world observer he would say are occurring at the

same time as the event on his line. We took that for granted here.

Now, the chance that I can actually do this correctly – you know, is pretty negligible, but I think

you might get the idea that if I drew this correctly with the correct orthogonal lines, you would see

that when O′’s clock has ticked off two seconds, O’s clock has ticked off less than two seconds. O’s

clock has slowed down relative to O′’s clock as a consequence of his motion relative to O′. That’s

what you’ve been taught. That’s time dilation.

7.2 Lorentz Contraction

So what is going on with Lorentz contraction? Well, let’s consider a meter stick at rest shown here

in the space-time diagram. So this is the left end of the meter stick and this is the right end of the

meter stick. This is the rest of the meter stick in between here.
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(a) (b)

Figure 10

It’s the exact analog of this width expansion, right? You get a width expansion in Euclidian

geometry, you have a plus sign over there, and that gives you a width expansion whereas the minus

sign – I’ll save the twin paradox for the beginning of class next time, I’ll also encourage you to

present any other paradoxes and special relativity that you’ve heard and we’ll try to figure out what

is going on with them and then we will move on to an introduction to general relativity.
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8 Last Time

So most of last class was actually spent – instead of telling you about these weird effects of special

relativity, which I got to at the end, and which I will review, I was telling you about the minus sign

in one place −(∆t)2, but otherwise, equally exact effects that work in Euclidian geometry.

So the time dilation is that clocks slow down as a consequence of the motion of an observer is exactly

the same effect apart from the minus sign, but it is the same effect in Euclidian geometry, but clocks

lengthen as a consequence of their rotation. So clocks slow down in special relativity rather than

lines lengthen as in Euclidian geometry. Isn’t that a great way about thinking about Euclidian

geometry? Then there was this more advanced effect that wasn’t covered in the undergraduate

course which, I think, in the Euclidian geometry case, the width expansion, the width of a meter

stick expands as a result of the meter stick being rotated.

9 Twin Paradox

Figure 11: The twin paradox in ob-

server O’s rest frame

Now again, people are – you know, sometimes – even though

these are pretty manifestly paradoxical and must show special

relativity is nuts, they shrug their shoulders until they hear

about the twin paradox. You can hear that special relativity

must be – you know, can’t be right. Or can’t be mathemati-

cally consistent even though – but, in difference to Einstein’s

people – they still talk about it and the calculations seem to

be right. So this diagram that I’m drawing may look familiar,

but this is now a space-time diagram. And I’m considering

some inertial observer now who goes between events A and B.

So this really is an inertial observer O. And of course, that

inertial observer carries a clock and would have a biological clock if he didn’t have the physical
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clock, and now the twin brother of that guy goes off at some velocity here starting at event A. So

you know, they may have been living togaether up to that point and their clocks are functioning

identically and working identically and then this guy goes off perhaps in a rocket ship, coasts as

an inertial observer for some significant period of time until event C, where he turns around and

comes back to to event B, and they compare their clocks, what I want to compare is the time on

observer O’s clock in going from A to B versus – well, I’ll leave out the greater equals or less-than

sign, I’ll put that in in a second.

We have two different times: τO(A,B) and τO′(A,C) + τO′(C,B). And we compare clocks. Which

is bigger or smaller, or are they both equal amounts of time? Well, observer O believes

τO(A,B) > τO′(A,C) + τO′(C,B)

Well, observer O has an absolutely clear answer which is, according to the way special relativity is

usually presented, O′’s clock has slowed down as a consequence of O′’s motion and therefore, this

clock – I mean, it slowed down here, it’s slowed down equally here, and therefore the elapsed time

on O’s clock is bigger than that in O′’s clock, which is already pretty weird, because how could –

you’re going between the same events, how could you have different elapsed times, but somehow

special relativity shows that, same as you’re going between the same two points, how can there be

different distances between that depending on how you go? That take’s little thought to realize

maybe you go different paths and it takes different distances although these points are the same

distance apart. They’re fixed points.

Anyway, so that is the answer that ogives and that’s actually the correct answer in special relativity,

but the paradox part of this comes from asking what happens from 0 prime’s point of view because,

according to O′, it’s O’s clock that has slowed down as a consequence of O’s motion. So in this

segment many, from here to here, O’s clock has run slower, and in this segment from here to

here, O’s clock has also run slower, and therefore the equality must be reversed. You know, a

number can’t be both strictly bigger and strictly smaller than the number. So something must be

wrong.

Okay. So surely you’ve heard this before. So what is the resolution? This guy is accelerating

here and therefore must be in a strong gravitational field and a strong gravitational field you need

general relativity, and we haven’t done general relativity yet, and so we can’t trust O′. Let’s stick

with O because this is a good clean-cut inertial observer who is not doing any funny accelerations

or, you know, changing his mind, or doing anything like that. Is that ...everybody like that as a

satisfactory answer? Because I’ll go on then if that is what people are happy with? If anyone is

unhappy with that, speak up and ...
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So that’s what I wanted to say in the introductory part on special relativity. I want to move on to

general relativity, but you know, does anyone you know, have any special relativity paradoxes that’s

always bothered them that they’d like to, you know, throw out, or I could give you a Euclidian

geometry paradox if you’d like.

10 General Relativity

Okay. So general relativity came about about trying to incorporate gravity into these ideas. But it

didn’t come about by trying to incorporate gravity into these ideas. Einstein understood it should

not be incorporated into these ideas – he didn’t actually realize he could do that very nicely. So

let me explain.

Theories of physics must be compatible with underlying spacetime structure. So in

Newtonian gravity, you talk about particles and whatever, you might talk about a gravitational

force between them, you might solve Poisson’s equation, or get this particle from the force exerted

by the gradient of the potential or whatever of this particle, etcetera.

But the idea is if we are now in special relativity and I have the world lines of these particles

and I have the space-time structure defined by light cones at each point, I claim that I don’t even

know how to formulate Newtonian gravity in any sense of a way. You might want to say that the

force on this particle over here at this event is −GMm
r2

. What is r? What time slice am I going to

choose?

So in pre-relativity in physics where we don’t have the light cones, but we have these time slices,

everything is fine. We have a well-defined notion of the distance between this particle at this time

and this other particle because we’re going to, of course, measure it at the same time. But if we

don’t know what time we’re supposed to be looking at the position of this particle, this whole

thing is hopeless. So what I’m trying to say is that Newtonian gravity must certainly

be modified to make sense in spacetime structure of special relativity. And in fact,

Maxwell theory is compatible with special relativity.

Indeed, that is basically how special relativity was discovered. The basic theory of relativity with the

notion of space-time. Since this is historically important, let me back up and explain that. Probably

the greatest discovery of Maxwell in getting Maxwell’s equations is that the equations allowed

these wave-like solutions that accounted for light. When you were trying to do Coulomb’s law and

magnetic forces and stuff like that, and amazingly, you got light out of there. But the equations

gave light propagating with a particular speed. You know c, which had to do with the permeability,
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electric and magnetic permeabilities of the fields. Some of that was probably too much for mid-

19th century physics. There was some kind of material that the aether whose sort of vibrations

made light. Similar to how sound waves and things like that were thought of as disturbances in

matter, that’s what light was. It was some kind of disturbance propagating in the aether, that

gave a preferred rest frame and took away this Galilean invariance which was understood to hold

in physics. But of course then, you know, one tried to measure motion with respect to the aether.

Michelson-Morely got led to special relativity because of the failed experiment. One way to explain

that would meter sticks bent, they had some local time to attribute to things, and somehow that

made everything cancel out. That was the brilliant understanding of Einstein was, instead of

thinking of things as some delicate cancellation, to really understand what’s going on in terms of

sort of space-time structure. It’s not just the mechanical things, we’re changing their properties.

But really, you know, from the point of the view of the moving observer. Nothing was happening

with restoring the Lorentz invariance rather than the Galilean invariance.

Maxwell’s theory is compatible with special relativity. If you tried to do a similar thing with a

vector potential kind of, you know, four-vector potential theory for gravity. You can make a theory

compatible with general relativity, there’s a minus sign difference that comes in between gravity

and electromagnetism which would change the sign of energy and waves and the theory would

be physically unacceptable if you tried to do a version to Maxwell theory to replace Newtonian

gravity.

Modifying newtonian gravity by, using potential φ, changing the Poisson equation to a wave equa-

tion can be made to work. Instead, Einstein sought in developing a completely new theory of

gravity, at least as revolutionary as special relativity. The driving reason for doing this is what’s

known as the equivalence principle. The rough statement is “All bodies fall the same way in a

gravitational field”. This was well-understood by Galileo. It was claimed to have dropped these

weights off Leaning Tower of Pisa, and they fell off differently, Galileo knew this so it wasn’t a

brand new discovery. So why is this significant at all, or what is the significance of this?

(i) This should be fundamentally built into the theory of gravity, rather than being an accident

of “mI = mG”.

(ii) Inertial observer: In the presence of gravity, there is no operational way of constructing

inertial observers with properties assumed in pre-relativity physics or special relativity. On

the other hand, world lines of freely falling observers now take on a “preferred status” similar

to that of inertial observers. Furthermore, a freely falling observer in a gravitational field

doing local experiments would have a hard time knowing that he is not an inertial observer
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in special relativity.

What do I mean by this? We can pretend that we have these inertial observers, or assume that

we have them, and if we know everything about the gravitational field, we can calculate how they

should move and we can give them rocketships to move as inertial observers, but the point is the

operational way we would have otherwise constructed what I had in mind here with the operational

way of inertial observers is... If I want this piece of chalk to move inertially, I will just shield it

in any way I can from any other external forces. I’ll try to make sure nothing is acting on it. If

there are electric fields around, I will make sure this is charged and dipole moment density and

isn’t going to be subject to the electric force. If I have other forces around, I’ll do similarly and

then I can just release this chalk and watch it move.

And that will be inertial motion. That is what I had in mind with this operational way. But if

gravity is around, I don’t have anyway of shielding this piece of chalk by gravity. I can make its

mass small. I would think here inertial motion would be just standing still right here like my fingers

are doing. But I can’t make a piece of chalk move inertially unless I hold it here. You know, that

is what I meant with the rocket ship. I’ll use my hand instead of a rocket ship. It is just as good

in this case. But you know, we don’t have some kind of physical rule or mechanism to construct

these inertial observers.

So the idea is to kind of replace the notion of inertial observers that we had in pre-relativity physics

and special relativity with the notion of bodies or observers that are freely falling in a gravitational

field. Okay. But it’s more than that. I mean, furthermore a freely falling observer in a gravitational

field doing local experiments would have a hard time knowing that he is not an inertial observer

in special relativity. But if you watched really, really closely, if these guys had no other forces on

them, and they both were then freely falling, well, and they were initially at rest with respect to

each other. If they were out in outer space and were both inertial observers, they would have stayed

at rest with respect to each other. You know, of course, they wouldn’t have stayed at rest with

respect to each other if they crashed into some table that was accelerating at them in outer space,

which is what these guys think has happened to them. What wouldn’t happen here or outer space,

is these guys started to move a little closer to each other. You might have had a little trouble seeing

because they’d only actually reach each other by the time they got to the center of the earth if I

had a big hole here down to the center of the earth. So that is kind of hard to see. So it’s kind of

a tiny effect.

If I did it this way, they would similarly move apart when I drop them. That’s actually a bigger

effect by a factor of 2. So I perhaps should have done it this way. So it’s not absolutely identical
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what these freely falling observers see, but it is awfully darn close.

In special relativity, world lines of inertial observers are “straight lines” (geodesics) of the spacetime

interval. This led to the brilliant idea of Einstein in seeking his new theory of gravity. When gravity

is present, identify world lines of freely falling observers with geodesics of spacetime metric. I’ll use

the term metric. We’ll see that when we’re doing what we need for general relativity, we’re really

– instead of talking about an interval between finitely separated points, we really want to look at

some infinitesimal – this is what we’re talking about in terms of the space-time interval that I’ve

been using. So there’s one little feature about this is that this is going to require the space-time

metric to be curved, non-flat!

Another motivating idea: Mach’s principle. Every time I teach this course and bring it up, I

think a quarter-long course in general relativity should introduce Mach’s principle. I feel I should

say this, on the other hand, a lot of ideas associated with this I think are completely misguided

and well, Mach was still alive when general relativity was formulated and he was unhappy with

it, and I think for good reasons, because it didn’t incorporate his idea of Mach’s Principle. But it

does have some aspects. It is good to think about for at least five or ten minutes. Let me give it

at least five minutes.

The best way for me to explain these ideas is with what is called Newton’s Bucket. And the idea is

we’ll consider, this is now not a space-time diagram, this is supposed to be a bucket of water. Let

me get the blue chalk. And so if we have a bucket of water and that’s just sitting here, the surface

of the water will be flat. It doesn’t look too flat, but – okay. But now suppose I spin the bucket

up. Okay. Well, as you’re familiar, I guess I’d better use a different – you know, the surface of the

water will now dip down in the center and climb up on the sides. Okay.

Figure 12: Newton’s bucket at rest (left) and rotating (right)
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And that is demonstrating of rotating versus nonrotating. All the particles of particles of matter

in the bucket are in the same relationship to each other as they were – at least in pre-relativity

physics when the bucket was at rest, somehow the water that’s moving along with the buck, of

course, rotating along with the bucket, will notice the difference and climb up the sides.

So here’s our rotating bucket that I’ve just described, is that there are two logically independent

ways of characterizing the rotation of this bucket of water.

1. local inertial way – I can tell whether this bucket is rotating even if all the shades were pulled

down in the room. I wasn’t allowed to look outside or anything, just doing a local experiment

in the laboratory

2. relative rotation with respect to the distant objects

So Mach’s idea was that distant matter in the universe determines local inertial properties. If you

were to imagine a universe without matter, or whatever, there would be no such thing as inertial

motion, or inertial motion wouldn’t be distinguished from non-inertial motion or whatever. That

is something that is totally false in general relativity, I should emphasize.

Let’s imagine an experiment where we’ve got this bucket of water sitting on the table here, but

instead of spinning my bucket of water, I take some distant matter and set that into rotation. That

is a commutation of angular momentum. But I could take some shell of matter and probably the

closest matter would have had more influence. So Mach would have said, “Okay. We’re just here

in the laboratory. We just take this big shell fairly far away from us, but you know, closer than

some of the other distant matter, set that into rotation, we should be able to see the water climb

up the sides and feel dizzy ourselves even though we haven’t done anything.” That theory is true.

There is an effect of that sort which is usually referred to as dragging of inertial frames.

So the idea was to, as legitimately suggested by this, would be to seek a theory where spacetime

structure responds to the presence of matter because clearly gravitational effects are going to

depend on matter. But this was additional motivation to try to get some theory where gravity is

explained in terms of space-time structure and although if you’re going to explain gravity in terms

of space-time structure, space-time structure better be influenced by matter, this was yet further

reason to be seeking a theory where somehow the presence of matter is going to affect space-time

structure.

General Relativity: Spacetime structure is going to be described as in special relativity by a

Lorentz signature metric, but the metric can now be curved. It is literally a metric of the general

type that we were describing in special relativity. What are normally described as tidal effects
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of gravity are now seen to be manifestations of curved spacetime geometry. In a truly radical

departure from special relativity (and pre-relativity physics), the spacetime metric is now not a

part of fixed background structure. In special relativity, I told you what the metric was. That is

given. Then we can start doing laws of physics and doing other physics, writing down Maxwell’s

equations, and do some interesting problems. Here, though, in general relativity, the metric has its

own dynamical degrees of freedom and is also influenced by matter. The equations of motion for the

metric – Einstein’s equation – equates part of curvature of spacetime to stress-energy-momentum

tensor of the matter fields.
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11 A statement of General Relativity

Spacetime structure is described by a Lorentz signature metric, but the metric may be curved

[so special relativity → general relativity is analogous to “geometry of blackboard” → “geometry

of surface of a potato”]. Spacetime metric is not part of “fixed background structure” but has

dynamical degrees of freedom; satisfying an equation that relates the curvature to stress-energy-

momentum tensor of matter.

12 Last Time

So I had basically finished some of the motivation and a two-sentence description of general relativity

in class last time. But since we’re now about to embark on a large mathematical detour before

we get back to solving physics problems for understanding things like gravitational collapse or the

expansion of the universe and things like that through general relativity, I thought it would be

worth spending a few more moments explaining the end of last class.

I did describe, in quite a bit of detail, the motivation for looking for a theory of this sort, which

was mainly the equivalence principle. There’s no question that Einstein was really right on target

with very deep insight, and there were two really key ideas in general relativity. The first idea is to

take the structure of space-time as understood in special relativity where you have this space-time

interval that’s really describing what’s going on in space-time, and take that sort of structure as

fundamental, but don’t assume that the geometric structure of space-time is what it’s asserted to

be in special relativity.

Let the metric now be curved as it would have to be, as my lecture demonstration with the chalk

showed because if you really watched it carefully when I dropped them this way, the chalks started

to accelerate towards each other. So that is not quite what inertial things and special relativity

would do. There must be some change in the metric from special relativity to allow that.
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So a point that you should very much keep in mind that I didn’t get a chance to make at the end

of class last time is this thing that I have in the square brackets above. So as far as this first major

step is concerned, going from special relativity to general relativity is a lot like going from what I

was doing in Euclidian geometry or the geometry of this nice planar, transationally and rotationally

symmetric blackboard to understanding the geometry of some irregular thing like a surface of a

potato.

The surface of a sphere is a much worse example because that has as much symmetry as the

blackboard does If you’re going to try to describe the surface of a potato, the distance function

between two points – the finite distance between any pair of points can be defined, but it is a really

complicated thing that has to do with what’s in between, how many bumps are in between. It’s

not really very useful information.

13 General Relativity

So well, we’re about to embark on the mathematics. I’m going to delay that another 5 or 10

minutes, so we can get going so I can explain the approach I’ll be taking versus what you’ll find in

a lot of books. And some translation between them if you are looking at some of these other books

and you know, why I’ll be doing things, some justification for why I’ll be doing things the way I’m

doing them.

13.1 Teaching the Mathematics

So just a few comments before we start on teaching the mathematics of general relativity. In

pre-relativity physics and special relativity as usually taught, properties of spacetime structure

are pretty much completely encoded in global inertial coordinates (t, x, y, z). These labelings are

treated as having a lot of physical significance. In general relativity, the object of physical interest

is the spacetime metric, but there is no good way of encoding its properties in coordinate labels.

Coordinates must be viewed as arbitrary labels!
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13.2 Two basic ways of proceeding

coordinated-based approach coordinate-independent approach

pre-metric structure of

spacetime

{xµ} manifold

tangent vector n-tuple (v1, · · · , vn) as-

sociated with coordinates

(x1, · · · , xn) that “transform”

mutually under change of

coordinates

directional derivative operators

dual vectors n-tuple (w1, · · · , wn) that

transform inversely

linear maps from vectors to R

So what is the up-shot of all of this before we get started doing that? Well, if you compare these two

approaches and plot them on a graph. Vertical axis in the amount of general relativity learned versus

the time and effort spent learning it, if you do things in a coordinate-based way, you really get off to

a fast start because this really takes very little time. I mean, there’s no insight and then eventually,

you start worrying about expressions you can

make out of the metric and its derivatives that

transform in appropriate ways, and magically

you find that there’s some incredibly compli-

cated formula – I mean, unbelievably compli-

cated formula in terms of the metric, its first

and second derivatives that transforms in a way

that gives it tensorial behavior, you celebrate

– you don’t actually try to check that it does

transform that way, because that would take you a good day or two, but then you’re pleased with

that and you declare that to be the curvature... But anyway, you get off to a really fast start. After

a while, you start getting confused about what a vector really is, and then you get very confused

about what to do with the Schwarzschild singularity and what to do because the metric components

are doing weird things. Is it because the metric is getting bad? Is it because the coordinates are

getting bad? What does that mean? What coordinates are you allowed to use? That sort learning

of plateaus out then because of these questions.

If we do what I’m calling the coordinate-independent approach, we spend three quarters of a class

42



on manifolds, and a whole class on directional derivative operators and then really, I think the

nadir of the course is spending a lot of time on multi-linear maps from vectors and dual vectors

into numbers, which is the notion of tensors and so on in this coordinate-invariant approach. So

you get off to a slow start, but then you can as far as your talents, interests, and abilities will take

you.

The big problem with this one-quarter course, there is about the end of the course. So I think we

can probably do more general relativity in a one-quarter course if we just did things in a coordinate-

based way and got rid of the math in a week or so and then got onto the physics. But I don’t want

to leave you at this plateau and the interesting new viewpoint on physics that general relativity

provides. I don’t think I would enjoy teaching the course if I just did this and swept things under

the rug. Even if I tried to do this, I would probably end up backing up and saying, “Really, what

you should be saying is this or that”.

I wanted to make full disclosure of what we’re doing and you know, I think it’s worth it to get

stuck down here for awhile and but please put in all the effort that you need to get over to here,

because then we’ll be able to at least in the last three, four weeks of the class, be able to really

start going, you’ll be able to continue on if you want to continue on beyond this class.

14 Manifolds

The universe is supposed to be this kind of four-dimensional continuum of events, and we need to

have this notion of events and appropriate notion of continuum of events before we can start talking

about any kind of space and time relationships between these events, you know, which we will do

and we’ve introduced the metric, but we need to have this notion. The idea of an n-dimensional

manifold. This is going to be the informal explanation of what it is. Then I’m going to give you

the explanation.

An n-dimensional manifold M is a set that “locally looks like” pieces of Rn (with respect to con-

tinuity / differentiability, no metrical [distance] properties) that are “smoothly sewn together”.

Normally, manifolds are introduced as topological spaces and so on. But I can bypass all that

by just introducing a simple notion of an open subset of Rn and use that in the definition of a

manifold.

Open ball in Rn of radius R centered about x0:

BR(x0) ≡ {x ∈ Rn| |x− x0| < R}

43



An open subset of Rn: any subset of Rn that

can be expressed as a union of open balls.

C∞ n-dimensional manifold M : Require that

for each p ∈M,∃ O ⊂M with p ∈ O and a 1-1,

onto map ψ : O → U ⊂ Rn with U open.

So basically I’m saying every point has a neighborhood of that point that can be made to locally

look like some open subset of Rn. So let me draw the picture (figure [?]) associated with that.

Figure 13: The definition of an n-dimensional manifold

That locally looks like pieces, part of the definition. So here is my manifold M . The rectangular

boxy looking things, that’s going to alert you to the fact that this set here is Rn, whereas these

curvy blobs will be manifolds. What this condition states is that if you choose any p here in M ,

if this M is really a manifold, the claim is that I have to be able to find some subset of M that

contains p, so that I can map onto an open subset in Rn, call this ψ. 1-1 means any two points

here get mapped into two different points here. The onto means that every point in what I’m

going to draw there comes from some point here. We’re kind of able to identify the points of M

with U .

Each (O, ψ) defines a “coordinate patch” on M . It’s very important to notice. Rn are these n-

tuples of numbers which you might think of as providing this Cartesian coordinate grid. So each

of these points is going to be labeled by some {xµ}, (x1, · · · , xn). And of course, if I have this
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1-to-1 onto map, then I can uniquely label onto O associated with the psi, each of the points here

associated with xµ.

It’s usual practice to incorporate all possible maps that satisfy the compatibility condition that

I’m about to give you. We get from this map, a nice way of labeling the points of M with the

corresponding Cartesian coordinates of Rn. We have many Os. We don’t have some preferred

coordinate label, but around every point we can introduce local coordinates, {xµ}. But I’m not

done with the definition of manifold that there’s a critical thing on compatibility of the coordinate

systems. That is that we’re going to require further (figure [?]) – the following thing and let me

draw the picture first and this diagram is going to take up a lot of space. So if you want to copy

it down and you’re near the bottom of a page, probably better turn the page over.

Figure 14: The compatibility between different coordinate systems(?) . Note that m = n here.

Because both of these maps are both 1-to-1 and onto, we require in the overlap region a map,

ψ−1
β ◦ ψα, that goes from subsets Rn → Rm. How do I map a point here to a point there? Each

of these are 1-to-1 onto maps so ψβ has a unique point here that this came from and then I go

backward using ψ−1
β to figure out what point got mapped into Rm. And then I take that point and
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I map that over to Rn with ψα.That should be clear and easy and obvious or whatever. Maybe

this would be a good time for me to look around and see how puzzled or bored the class looks or

whatever.

One of the big problems with this, most things that one teaches, if you look around at the class,

sometimes people are happy and so on, but you know, sometimes people look really puzzled. That

means you should slow down or sometimes people look really bored. That means you should speed

up. What I find in doing this mathematics part is that people look puzzled and bored at the same

time. You know, and I’ve never figured out what to do about that.

So I haven’t done anything yet. I’ve just explained the set-up that we’re going to encounter

situations where we have overlap regions and if we do, we get a map between those subsets in the

overlap regions and I’m going to require two things.

(i) ψα [Oα ∩ Oβ] is open

(ii) ψα ◦ ψ−1
β is smooth (C∞)

Having required that, this map here that I defined is a map from some open subset of Rn to an

open subset of Rn. But even though we’re doing advanced mathematics now, maps from open sets

of Rn to open subsets of Rn is what you dealt with in advanced calculus. In advanced calculus,

what I’m going to require is that for every α and β, I want this map that I define to be smooth.

In other words, it is infinitely, continuously differentiable. If you wanted to change the manifold to

some differentiability, that C∞ should do that for you.

Translating this back to some pedestrian terminology – we’re going to have different coordinate

patches covering different regions of M , but we require that the coordinate transformations occur-

ring in the overlap regions be smooth. That is infinitely, continuously, differentiable. We’re saying

these overlap regions have to be suitably big. They have to be open sets. One can give examples of

these regions, where the overlap will be in, but that is not what we want for a manifold. A manifold

is somewhere where locally you can introduce these coordinates at any point. Different coordinate

patches will have suitable overlaps with the coordinate patches and the coordinate transformation

in the overlap region will be smooth.
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Figure 15: Introducing the notion of differentiability

For a manifold M , we have a notion of differentiability of a function f : M → R, namely f ◦ ψ−1
α :

Uα → R is differentiable for all α.

Refer to figure [?]. So here’s our manifold M . Here’s our function f . The idea is that I’ll figure out

if it is differentiable at point p. To figure that out, I will choose one of these coordinate patches

that I’m guaranteed to have. And that comes with a map, in this Uα. By composing f with ψ−1
α ,

now I’m going to get a ψα(p)→ R by going this way.

But now I go to my advanced calculus textbook to figure out what I want to see useful. In this case,

C∞. So I go back to my differentiability and check if this map is differentiable. So I have to do

that for all α if I want to know it is differentiable at p. However, I can do it for one α covering for

p because I know on account of the smoothness of the coordinate transformations, if I did it with

any other neighborhood of p I’d get the same answer. So you don’t have to write down all possible

coordinate systems covering p and check it individually for each individual coordinate system. For

each p, you’d have to check it for one set of coordinates.

Just to translate here into ordinary language... Equivalently, f is differentiable if f is a differentiable

function of coordinates (x1, · · · , xn) in every coordinate patch. More generally, if M and M ′ are

manifolds, we have a notion of f : M →M ′ being Ck.

Notice I’ve defined notions of differentiability, I haven’t defined any notion in the derivative of f .

That is going to be one of the major topics of how to define notions of differentiation that we

47



will be introducing. That is not trivial. There is no way that I can give you a number for its

derivative – that doesn’t mean anything. But I can tell you that it is differentiable. That is part of

there being no metrical properties around. The point that I can think of is labeled by coordinates,

that the differentiability kind of notions that one has in Rn transfer by this whole machinery to a

manifold, but because I’m not preferring any particular coordinate patches, I can’t transfer any of

the distance kind of relations that I might find in Rn.

If f : M → M ′ is C∞, 1-1, onto, and inverse mapping f−1 also C∞, then f is called a diffeo-

morphism and M and M ′ are said to be diffeomorphic. There is a construction to give you a

product of manifolds. Let M1,M2 be manifolds. n1 = dimM1, n2 = dimM2. Then

M1 ×M2 = {(p1, p2)| p1 ∈M1, p2 ∈M2}

has natural structure of an (n1 + n2)-dimensional manifold. If I’m given any two sets, the notion

of any Cartesian product of two sets, which is just the set of ordered pairs of points where the first

element of the pair is an element of the first set and the second element of the pair is an element

of the second set. So so this is just a standard notion of Cartesian product.

The punchline, and the last thing I’ll say in this class to let you think about it, is this Cartesian

product then has the natural structure of n1 + n2-dimensional manifold. I take the Cartesian

products of these open subsets, Os. This enables one to construct lots of manifolds. First R1 is

clearly a manifold. I’m going to give you a homework problem just to tip you off, due the following

Tuesday, to prove that the sphere is a manifold. I’ll ask you to do it for the two-dimensional sphere

in three space, but that would hold for an n-sphere, but in particular, circles are manifolds. Now

you can take Cartesian products of circles and keep taking cross-products, you can get as many

manifolds as we’ll probably need in this entire course. Just from circles.
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So we introduced the notion of manifolds and really finished our discussion of them. Maybe we

should talk a little bit about what image you should have in mind for a manifold and what it is.

You might interpret this as being the surface of a potato. This might be a much higher dimensional

manifold and I’m representing on the blackboard. The idea is that around every point, we can find

some neighborhood that can be identified with M .

Figure 16: Basic idea of a manifold is that it locally looks like Rn. Our intuitive picture should be

something like the surface of a potato

The thing is we can do that in many different ways. This might be representing something like

the surface of a potato. If this is the surface of a potato here and this is a beautiful round sphere

that I’m drawing here, these are absolutely identical as far as their manifold structure is concerned.

That is a key idea of manifolds. We keep the topological properties, sort of notions of continuity,

convergence to a point, we have those notions that we have in good old Rn, but we forget everything

else.

That’s very important because we won’t want to dole things up. We want to start with just a

manifold and add structures like derivative operators and, most importantly, metrics on top of

this. But we have to start with something before we can add things. That’s one of the biggest

difficulties. Once we give you a metric, you can tell whether it is a nice rough sphere like the surface

of the potato, but you can’t tell that from the manifold structure.
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We introduced the notion of diffeomorphism and these two manifolds are diffeomorphic. I can

show a map whose inverse is smooth. Again, a manifold is a set where locally you can label points

like you do in Rn with coordinates (x1, · · · , xn) these coordinates carry information about continuity

and smoothness of functions, but there’s no other information to be had on a manifold.

16 Tangent Vectors

This is one of the big unlearning steps because manifolds don’t have a vector space structure.

I guess I’ll go back to my picture here. We have no notion of basic operations. Let’s say we take

this point p and this point q and add these two points, or taking this point and scalar multiplying

it. How do you add two points on the surface of a potato? By the way, the surface of a potato is

embedded in 3-dimensional Euclidian space so I can choose some origin there and take these two

points of Euclidian space and add them together. I’ll get some point off the surface of the potato.

When I’m drawing the surface of the potato, for drawing purposes, I’m embedding it in R3 so you

can get a feel for what it is or what this is. But you may want to consider a 3-dimensional manifold

that is like the surface of a potato or a 3-sphere or whatever we want to do.

It is a theorem that for any manifold, you always can embed it in a high-enough dimension Euclidian

space, but that’s not very useful for anything particularly, and it’s certainly not a very useful fact for

understanding general relativity. So I always want to be able to tell you about intrinsic properties.

If this is the surface of the property, you should pretend you’re living on the surface of the potato

and you can’t see off of the surface.

The problem is that we can introduce coordinates and maybe q is even in the same coordinate

patch as p. So if I’ve introduced coordinates, I can kind of define a notion of addition. But that

notion of addition depends on what coordinate patch I’m using and so on, if I choose a different

coordinate patch, if I’m again lucky that p, q and the sum of the coordinates of p and q lie in that

patch I’ll get a different answer.

This is completely undefined for manifolds. The problem with that is that you’ve been taught since

high school, space is a vector space. You’re told to introduce x, y, and z, and then you’ve got all

this addition and scalar multiplication. That’s heavily making use of the flat metric that is assumed

to be present on three-dimensional Euclidian space. And you know, you’re taught the whole notion

of vectors by first doing the example of space until you understand space well enough and its vector

space structure, and then you can start introducing other things that really are vectors like velocity

and things like that.
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We will see soon that tangents to curves are vectors. So you really have to unlearn the fact that

space is not a vector space. Space-time is not going to be a vector space. It is true in pre-relativity

physics that space-time does have vector space structure. In special relativity, aside from a choice

of origin, differences of points have vector space structure, the whole notion of differences of points

makes sense, but that’s because of the flat geometry and the whole point in going to general

relativity is we no longer have a flat geometry.

Well, let me pause a moment to digest that to see if there is any complaints. Space-time will be a

manifold in general relativity. It does not have any vector space structure. Don’t even think about

adding points – ever.

However, expect to recover a linear structure for “infinitesimal displacements”’. And

let me draw another version of my lumpy potato manifold M , and let me consider some point p in

M so as I just said, no way if I pick some point q here can I tell you what p + q is or no way can

you tell you what 7p is, that is out of the question.

Figure 17: The tangent vector plane at point p on the manifold M .

I’ll just draw a little arrowy-type thing. This is really a tiny little arrow, which I’ve kind of blown

up so that you can see it better, that’s supposed to be representing a little displacement to some

nearby point. I haven’t defined any of this, so this should all be just words. But the idea is that if

I look at these sort of infinitesimal displacements about p, I’ve drawn a few of them in this picture,

that ought to correspond in this embedding diagram. To draw this again, I’m making use of – you

know, the fact that this two-dimensional surface lies in R3 so you can see it, but the idea is that

these infinitesimal displacements ought to span some plane, the tangent plane - we’ll be defining

this in a minute, vp, and that should have vector space structure.

That even has a nice preferred origin, the 0-displacement from p. If I have a little displacement
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from p, I should have a notion of what 7 times that displacement is or if I have 2 displacements, I

should have a notion of what the sum of those two infinitesimal-ish displacements are. If this course

were just about surfaces of potatoes living in R3, I really could just kind of use the embedding in

R3 to define this notion of tangent plane at a point. But it’s harder than it looks because I want

an intrinsic notion of tangent planes. So how do we define it? I don’t want to make some

assumption that our four-dimensional space-time is embedded in some 73-dimensional flat Lorentz

signature space-time or something and use that to define my notion of tangent plane. I want to

just use the notions that I have already given to me by assuming that we have a four-dimensional

manifold structure.

The notion that we’re going to define of a tangent vector v, we’re going to effectively replace this no-

tion with what one might call a directional derivative operator which can be defined axiomatically.

As you learned it in high school, you put line arrows on x → ~x. So the idea is that if I have

some vector ~x, an ordinary finite displacement vector, now we’ve got to go to probably second-year

calculus, but I can define some directional derivative operator associated with ~x in this sort of

notation that you’ve certainly been using since early college days.

(~x · ~∇)f
∣∣∣
p

And this is some object that acts on functions and sort of tells you the rate of change of f as you

move in the direction ~x. Okay. I’ll tell you the rate of change of sufficiently many functions by

this directional derivative operator. That gives you exactly the information to characterize this ~x,

but it’s really only characterizing the infinitesimal direction, this is only first derivative of f . It’s

only telling you the infinitesimal change. If we evaluate this at some point p, that’s telling you the

relevant information about an infinitesimal displacement in the direction ~x about p.

I’m going to characterize what this is and take that to be the notion of a vector. In other words,

back in old-fashioned high school and early college stuff, instead of working with this notion of

a finite displacement, I’m not going to try to define a finite displacement because I don’t know

what that means. That is not going to have a vector space structure. But I can characterize this

and define the notion of a directional derivative operator and think of that as a tangent vector,

an infinitesimal displacement at p. We will see the connection between this much more abstract

notion of tangent vectors, this directional derivative operators and displacements, by the end of

class today or at the very beginning of class on Thursday. So I’ve taken plenty of time to do this

just so that what I write down now won’t just seem like some strange formalism or whatever. I

mean, I want people to be in tune with this.

Let F = { vector space of smooth functions f : M → R} which is infinite dimensional. It is obvi-
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ously a vector space of smooth functions, and we saw in class last time that the notion of differen-

tiability and smoothness of a function on a manifold is defined. A tangent vector v at p is a map

v : F→ R satisfying

(i) linearity: v(af + bg) = av(f) + bv(g) where a ∈ R and f ∈ F

(ii) Leibniz rule of products: v(fg) = f(p)v(g) + g(p)v(f)

Clearly, the set of tangent vectors at p has natural structure of a vector space denoted vp. I’m about

to give you an example of a tangent vector which will be the general example of a tangent vector

and you’ll see how to associate all of them. But before I do that, I want to write explicitly here

that a warning or recommendation or whatever to please faithfully copy index positions. So I will

write coordinates with superscripts to denote which coordinate I’m writing. I’m going to introduce

some quantity here and I’ll put subscripts, etcetera, so I’m not going to explain the reasons for this

because we’ll spend class time with index conventions later when I’ve introduced not only vectors

but dual vectors, tensors of all ranks and so on. It doesn’t make sense to try to explain that now,

so I’m just going to ask you to faithfully copy these index positions. I’m going to set up some

conventions and it will make a big difference. (e.g. xµ and xµ).

16.1 Example of a tangent vector at p

Let (x1, · · · , xn) denote coordinates covering a neighborhood O of p. We can view f : M → R as

a function f(x1, · · · , xn) in O. For µ = 1, · · · , n, define

Xµ(f) =
∂f

∂xµ

∣∣∣∣
p

If you got an A in

calculus, you certainly are aware that taking partial derivatives satisfies linearity and the Leibniz

rule, I’ve given you an example – I’ve done more than I’ve promised. I’ve given you n examples

of the tangent vector. But in fact, I’ve really given you all examples of the tangent vector because

we have the following theorem which is that actually these n tangent vectors that I just defined

are a basis of vp. That is every tangent vector at p, every directional derivative operator at p, can

be written as a linear combination of these things. So I’m not going to write out the proof that’s

given in the text, but the idea would be that every smooth function is essentially a linear function

of the coordinates plus things that vanish at p in such a way that they’re not going to contribute

to the evaluation of a directional derivative operator.

Theorem: {X1, · · · , Xm} are a basis of vp. The basis {X1, · · · , Xm} of vp is called a coordinate basis.
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If v ∈ vp, then we can expand

v =
n∑
µ=1

vµXµ

where vµ are components of v in coordinate basis associated with {xµ}. Note that we are writing

Xµ = ∂
∂xµ .

All possible answers you could get for directional derivatives are encompassed by this. That wasn’t

the terribly convincing-sounding proof by listening to my argument, but just look at the text and

you’ll see the proof of this written out more precisely and carefully. Please do that. But I think it

is not worth taking class time because the proof is really just involving advanced calculus notions.

I mean, we’re effectively in Rn as far as the calculation is concerned.

The general tangent vector at p is some linear combination of taking partial derivatives in a co-

ordinate system about p. If I just give you a basis of vp, just give you basis vectors, there will

be lots of different coordinates that will give you that particular coordinate basis and there’s no

real distinction between a coordinate basis or some other arbitrary basis. If we look at the tangent

space basis in the whole neighborhood of p, then choosing the basis at the different points is very

distinguishable from choosing basis in some other ways.

So the best way of emphasizing that point is what happens if we change coordinates, right, and the

following is occasionally useful. I would say in most cases, in doing a problem in general relativity,

it’s not particularly useful, or not often particularly useful to introduce coordinates at all. But if

you do introduce coordinates, I would say there aren’t more than 10% or 20% of the time would

it be relevant to introduce two different coordinate systems and worry about how things change

when you change coordinates, but it’s useful to know. But I’m telling you this mainly so that you

can compare what I’m saying to what you will find in lots of other references.

If we change coordinates (x1, · · · , xn)→ (y1, · · · , yn), we will change basis to {Y1, · · · , Yn} and we

will get different components (w1, · · · , wn) of v. The relationships between the old components and
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the new components is

v(f) =
∑
µ

vµXµ(f)

=
∑
µ

vµ
∂f

∂xµ

=
∑
µ

vµ

(∑
ν

∂f

∂yν
∂yν

∂xµ

)

=
∑
ν

(∑
µ

vµ
∂yν

∂xµ

)
︸ ︷︷ ︸

wν

∂f

∂yν

So what I’ve shown to you is if I introduce new coordinates, get the new basis of the new coordinates

and expand them, that is related to the old components. And again, this is not a terrifically

important formula except for comparing with what is in other treatments, but I think it is important

that we cover this here so this is known as the vector transformation law.

wν =
∑
µ

vµ
∂yν

∂xµ
“vector transformation law”

This is already a bad name because the vector isn’t transforming its components with respect to a

basis that are transforming.

So why I’m telling you this primarily, not because this is a terrifically useful formula, but you know,

when I was giving you this chart of coordinate-invariant approach and coordinate-based approach,

an alternative way of proceeding instead of going through all this linearity and Leibniz rule and

stuff, I could have said that a vector is an n-tuple of numbers associated with a coordinate system

having the property that when you change coordinates, that n-tuple of numbers changes by this

formula.

So why don’t points have a vector space structure? Why would doing it the other way explain

to you that if you look at the coordinates in a different coordinate system, the yµs do not satisfy

this equation. And therefore xµ is not a vector. (x1, · · · , xn) is an n-tuple of numbers. It doesn’t

transform properly. I think one could make a case that I’d be better off doing this and we would

have saved now – by now, it’s an hour of class time, but again, you’d have to get someone else to

do this because I couldn’t stomach doing that. I don’t like the idea that something kind of being

defined by its transformation properties which have to do with how you change the basis rather

than defining something as an actual object in the first place without making use of the coordinate

crutches and then if you want, you can calculate how its components change.
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16.2 Tangents to Curves

That’s the end of the sermon part. Now let me move on and talk about tangents to curves. So this

is an extremely important example of a tangent vector. Arising very naturally. But first I have to

tell you what a curve is. A parameterized (smooth) curve on M is a map c : R→M .

Figure 18: The concept of a curve mapping to a manifold.

So here are the real numbers. I’ll draw them vertically here. Here’s our manifold M . And here’s

our map c that I talked about there. And here are the points in the manifold M that get mapped

into the image which comprise the image of c. And let me actually look at this particular point of

t0 and I’m going to look at c(t0) in the manifold M because I’m going to define the tangent of the

curve at that point in a minute.

But the reason for the word parameterized is that people sometimes don’t care about the map

that much but just care about what the image is. So if you forget about what number went to where

and just look at the image of a curve c, that would correspond to the notion of an unparameterized

curve, just giving you this set of points in the manifold that is the image of some curved map of

this sort. But I want to consider parameterized curves anyway.

So at the point p = c(t0) ∈M , define tangent, T to the curve c by

T (f) =
df

dt

∣∣∣∣
t0

=
∑ ∂f

∂xµ
dxµ

dt︸︷︷︸
Tµ

We can characterize c by giving xµ(t) in any coordinate patch O. this is the definition of the

tangent to the curve at p, and there’s only one. I’ve told you what it is. I didn’t say it’s this or

something else. I said it’s this. And that tells you what it is. Of course many curves can have the

same tangent.
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17 Intro to Vector Field (continue on Thursday)

Well, there’s only one other major topic on tangent vectors which I don’t have time to do here. Let

me just tell you about this in advance so we can get off to a running start Thursday morning. So I’ve

only been talking about sort of a vector at p. Let me just draw the vector at p like people draw vec-

tors, but this is actually what I’m going to justify now on Thursday. The idea is we can now easily in-

troduce the notion of a vector field as just providing some vector in the tangent space at each point of

the manifold and quite naturally, we have a notion of this vector field being smooth. I’ll define that

at the beginning of class Thursday.

That is kind of interesting because if you give

me a vector field, I can tell you with just man-

ifold structure that whether or not it’s differ-

entiable and let’s suppose it is differentiable.

What I can’t tell you is what its derivative is.

I don’t have any idea of what its derivative is.

I just know it is differentiable. That will be a major topic around a week or so from now how we

define a notion of differentiation. But more structure is needed than manifold structure to define

a notion of differentiation.

The idea is that we can take a vector field at p and define integral curves of this vector fields

such that the tangent at each curve is the origin of the tangent field. That gives us a kind of flow

along this vector field which, if that flow is complete – if the vector field is complete – I’ll have to

explain what that means, will give us a one-parameter group of diffeomorphisms. That flow defines

a finite displacement about each point which the vector field can then be thought of as being the

infinitesimal generator of that displacement.

So that gives the interpretation of what I was seeking of a tangent vector as corresponding to a

infinitesimal displacement, except the trouble is that a single tangent vector at one point, you don’t

know how to get to a finite displacement, you can move over from one point and displace from

there. So you need a whole vector field to talk about that. Any one group of diffeomorphisms that

will generate curves, the curves will give you vector fields. There’s one caveat I’ll have to explain.

It gives a one-to-one association between vector fields and fields of diffeomorphisms. I will do that

first thing in class on Thursday and then we will move on to dual vectors and then tensors and

tensor fields. Once we have that, we will have the machinery to introduce vectors.
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So we’re certainly well under way with getting the mathematical machinery digested. We did

manifolds already last class, nearly the entire class introducing the notion of a tangent vector that

I hope is now pretty well internalized as this sort of directional derivative operator, but if that is

way too abstract sounding and all that, we found that, given some system of coordinates, we could

introduce a basis for tangent vectors. I really only told you that. I didn’t prove that. But you can

look up the five-line proof in the text.

• Tangent vector at p ∈M : directional derivative operator.

• Vector field v on M : assignment of v ∈ vp for all p ∈M .

Figure 19: Vector field

I mean, so we’re getting to the point of the class where people look partly bored and partly confused,

but the people who are confused are not interested enough to ask questions, you know. So and

it’s going to get a little bit worse in the tensors part because it’s kind of linear maps, which is in

some ways as trivial as you’ll ever get from doing mathematics in a physics course, and yet it’s

tremendously confusing. You’ll see what I mean.
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19 Vector Fields

I claim I can define a notion of this vector field that I’ve defined or that I’ve drawn for you here

varies smoothly. I could identify the directional derivative operator tangent space with some plane

in the embedding space. But you know, this definition has the advantage that I don’t need to

introduce the embedding space and all that. But you can kind of see if you imagine this is the

surface of the potato that these tangent planes are different planes. There’s actually no way of

saying that this tangent vector here is the same or different as the tangent vector at q. Even if the

planes happen to be parallel so they could be identified in the Euclidian space, that would be a

property of the particular embedding I used. I can embed it differently so that they’re not parallel

anymore.

You normally want to check the differentiability of v. You’d like to take the difference of these two

vectors when the points are sort of separated by some ε and divide by ε and let ε → 0. If that

limit exists, then its derivative exists; then if it doesn’t, it doesn’t. We don’t have a good way of

defining ε. I can tell you whether q is approaching p, but I can’t tell you how close it is. But much

worse than that, I have no way of subtracting v(q) or something. I really don’t have anyway of

defining the derivative of v. That’s extra structure. I have to impose a notion of derivative as extra

structure on a manifold.

But I claim that despite the fact that I don’t have anyway of deriving the derivative of v, I can

tell if it is differentiable, I can tell whether it is infinitely differentiable. So v is smooth if v(f) is

a smooth function on M for every smooth function f ∈ F . Equivalently, v is smooth if in every

coordinate patch vµ(x1, · · · , xn) is a smooth function of (x1, · · · , xn).

I’ve said that for every coordinate patch, but you don’t have to write down every coordinate patch

if you do it for one coordinate patch at p, then because of the smooth relation of all other coordinate

patches that cover p, it will be true in all others. But you have to do it for enough coordinate

patches that you cover the whole manifold. So now, you would have a notion of partial derivatives

or whatever for this, but that will give you a notion of the derivative of v that depends on the

coordinates that you’ve chosen. So that doesn’t do you any good.

1-parameter group of diffeomorphisms: A smooth map φ : R ×M → M such that for each

t ∈ R, φt = φ(t, ·) : M →M is a diffeomorphism.

So that’s the smooth map. I’ll call that map φ that takes R×M . So we’re interested in a manifold

M , but I already explained that if I have two manifolds, I can take their Cartesian product and

that has the structure of a manifold. So the φ, you feed it a number t and a point p on the manifold
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and that gives you a point on the manifold. This thing is obviously a map from M into M . You

feed it an element of M and it will give you an element of M . Okay. And the diffeo-part of this

is φ map from M to M for each t is supposed to be a diffeomorphism; the one-parameter part we

took care of by the definition of φ. Now I just have the group part.

φs ◦ φt = φs+t → φ0 ◦ φ0 = φ0 ⇒ φ0 = identity

So the last condition is that if I compose this diffeomorphism associated with parameter t and with

parameter s, then I’m supposed to get the diffeomorphism associated with s+ t. That group is the

group of real numbers under addition here. So the group part is pretty simple.

One-parameter groups of isometries when you have one metric coming up a lot, say in the x

direction. You’ve got the amount of the translation in there that each translation is certainly a

diffeomorphism, and if you compose two translations, you get the translation of the sum of the two.

Rotations are done similarly except that will be a map from the circle of M to M , but that would

really be okay too.

So what does this have to do with vector fields? The first way of going to see that is that if φ is a

one-parameter group of diffeomorphisms, I claim it gives rise to a vector field in the following way.

So the point is that I can kind of do the opposite thing that I did here. If φ is a 1-parameter group

of diffeomorphisms, then for each p ∈ M , φ(·, p) is a smooth parameterized curve passing through

p at t = 0. Let v ∈ vp be the tangent to the curve. Thus φ→vector field v.

Thus this φ gives rise to a vector field v, arbitrary one-parameter group of diffeomorphisms. The

idea is that if I consider point p and do what I said over here, that’s going to give me some curve

and I’ve already defined the notion of the tangent to that curve so that gives me a vector at p, but

of course I can do the same thing over here which gives me a vector over there, and if I do that for

all points, I get a vector field.
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Conversely, given a smooth vector field v, in any coordinate patch O, we can solve the following

system of n 1st order ODES for the “unknowns” xµ(t):

dxµ

dt
= vµ(x1, · · · , xn)

with initial conditions such that (x1, · · · , xn) are the coordinates of p at t = 0. We can solve

uniquely (in a neighborhood of t = 0) to thereby get as an integral curve of v passing through p

(integral curve is independent of coordinates).

Figure 20: Integral curve through point p at t = 0.

A vector field given to us now. Here’s point p, and there will be some unique curve, xµ(t) that

passes through p at t = 0 and, by construction, the tangent to that curve at every point where

it’s defined is equal to v. How do I know that? Because the vµ are the components of v in that

coordinate system by definition, and these are the components of the tangents of the curve as we

learned in class last time. So if I’ve solved this equation, then I’ve found a curve whose tangent is

everywhere equal to the original tangent v.

Given a vector field, I can always generate these integral curves. If these integral curves are complete

– i.e., they can be extended to arbitrarily large positive and negative values of t (possibly switching

to other coordinate patches) – then the map “take p ∈ M to the point in M lying at parameter t

on the integral curve through p” defines a 1-parameter group of diffeomorphisms.

And this idea really completely, I would claim, justifies the notion of this vector field that we

started off with this directional derivative operator even though I said I wanted to do infinitesimal

displacements. These are associated with finite displacements or groups of finite displacements

where they have the nice property of being diffeomorphisms. That really is telling you that the

vector fields are infinitesimal generators of these finite displacements. But I can’t get by with just

a vector at one point to talk about infinitesimal displacements because the vector at one point will
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tell you how to start off at that point. Then you’re lost, because as soon as you move away from

that point, you don’t know what to do unless you have a whole vector field around, in which case

the vector at the next point over will tell you how to move. One last thing to do is talk about

commutators, briefly.

Commutator: If v and w are smooth vector fields, define a vector field [v, w], a commutator,

by

[v, w](f) = v (w(f))− w (v(f))

and the claim is that this satisfies the Leibniz product rule.

20 Tensors

In the following, V denotes an arbitrary, finite dimensional vector space (we are interested in Vp).

We are going to construct a whole bunch of associated vector spaces. And you know, what we’re

going to do in the rest of this class and part of next is that we’re going to construct a whole bunch

of associated vector spaces which really does not sound like one of the more intriguing things that

is likely to arouse great interest in the class, but the whole point is that we have now successfully

constructed this basic notion of tangent vectors, these infinitesimal displacements. All of the other

things we’re going to be interested in, including the metric, which I have motivated why we’re

interested in notions of the metric, are going to be in these associated vector spaces.

So I’ve got to construct exactly what I mean by these associated vector spaces and be able to tell

you precisely what a metric is, and what its relationship is to Vp, and what its relationship is to all

sorts of other things that are around. It is absolutely crucial to do this systematically so one can

see exactly where the metric is entering or where it is not needed in order to do things.

You’ve been doing this. Just as you’ve been speaking in prose all your life, you’ve also been using

tensors all your life. But we’ve got to get the rules clearly laid out, now in order to not get ourselves

deeply confused later in terms of things like, “Where is the metric actually entering? And where

is it not needed to define something?” So let me just make a few review comments on linear maps

between vector spaces:

• Let V,W be vector spaces and let L(V,W ) be he set of linear maps V → W . Then L(V,W )

has the natural structure of a vector space itself. For example

A1 : V →W, A2 : V →W → (A1 +A2)(v) = A1v +A2v
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and it is trivial to check that it satisfies all the vector space axioms.

• In fact, L(V,W ) is a finite dimensional space – what is the dimension of this space of linear

maps between two vector spaces V and W?

dimL(V,W ) = dimV × dimW

and it is easy to see that if we imagine

Aijvk =

wj k = i

0 k 6= i

• For A ∈ L(V,W ), define the kernel and the range

kerA = {v ∈ V | Av = 0}

ranA = {w ∈W | ∃v ∈ V → Av = w}

Then dimV = dim(kerA) + dim(ranA).

That was the end of the review-ish comments. Now I’m going to go into this program of constructing

associated vector spaces. One of the things that this whole construction is based on is the notion

of dual vectors of the dual vector space.

Dual vector space: V ∗ ≡ L(V,R). Then V ∗ has a natural vector space structure and dimV ∗ =

dimV .

Dual basis: If {v1, · · · , vn} is a basis of V , define {v∗1, · · · , v∗n} by v∗ν(vµ) = δνµ. Then {v∗ν} is

a basis of V ∗.

Again, it is a special case of what I said earlier, but then this set of these vν ’s, this thing over here is

easily seen to be a basis of dual vectors. So now that’s kind of all I need to define to identify vectors

and dual vectors because if I have a vector I can expand it in this basis and get its components. It

could be a corresponding dual vector that has the same components in the dual basis. So we can

forget about the V ∗, that gives an isomorphism between the two vector spaces. The problem is that

isomorphism is going to depend on my choice of basis. There is no basis independent isomorphism.

There is no way of writing an isomorphism between V and V ∗ without introducing more structure,

like a preferred basis or something like that.

It’s going to be a result of major importance that if we have a metric of any signature that gives an

identification between vectors and dual vectors. Giving an identification between vectors and dual

vectors is equivalent in specifying a metric. So that is why when you were doing freshman physics,
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your instructor didn’t take time in a lecture to talk about dual vectors. In freshman physics, we

have a metric on space and that allows us to identify vectors with dual vectors and then we don’t

need dual vectors for anything because we can write everything in terms of vectors.

The fact that you can define a dual basis associated with the basis gave you a way of identifying

dual vectors - it is basis-dependent. My definition of dual vectors with what you’ll find in the

coordinate-based approach-type ways of doing the equivalent thing. So let’s just see what happens

with the changes of basis.

Changes of basis: If {v′µ′} is another basis of V , expand as

v′µ′ =
∑
µ

Aµµ′vµ

where detA 6= 0 (for a change of coordinate basis of Vp, have Aµµ′ = ∂xµ

∂x′µ′
). The new dual basis

is

v′∗µ
′

=
∑
µ

(
A−1

)µ′
µ
v∗µ

because v′∗µ
′
(v′ν′) = δµ

′

ν′ .

So sort of why am I doing this? We’re not really going to be all that interested in changing basis,

but I want to see what happens with the components because that will tie things up with what

you might read elsewhere or might hear elsewhere, and you know, but then we’ll be able to move

on.

Let α ∈ V , then we can expand

α =
∑
µ

αµvµ =
∑
µ′

α′µ
′
v′µ′

and I claim that there is a relationship between the components of α in the old and new basis

α′µ
′

=
∑
ν

(
A−1

)µ′
ν
αν

︸ ︷︷ ︸
vector transformation law

Similarly, if we have a dual vector β ∈ V ∗, then

β =
∑
µ

βµv
∗µ =

∑
µ′

β′µ′v
′∗µ′ ⇒ β′µ′ =

∑
µ

Aµµ′βµ︸ ︷︷ ︸
dual vector transformation law

You can pretty much forget this except for two things.
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• One is this is kind of showing you explicitly that an association between vectors and dual

vectors done by these basis is basis-dependent. What I’ve shown on these two blackboards is

supposed to drive home the fact that we better think of vectors and dual vectors as separate

independent vector spaces. We can’t identify them because identifying them is more structure.

In fact, we will see it is exactly the structure of a metric. That’s going to come later.

• The only other thing that I want to do here is this is the dual vector transformation law which

is the inverse law to the vector transformation law which is up here. People would sometimes

say that it is a contravariant vector which is an n-tuple number of vectors that transforms

under a change of coordinates by this formula where you’d put in the Jacobian, or the inverse

Jacobian and then people would say, but a co-variant vector or a dual vector is an n-tuple of

numbers that transforms by this different formula.

That’s what you’re going to find in lots of books, not that you are necessarily looking at lots of

books and I’d be happy if you’re just looking at mine, at least, just occasionally. So I’m not doing

things by telling you it’s an n-tuple of numbers that transforms under a change of coordinates under

this formula. I’m telling you contravariant vectors are maps, they do indeed transform this way

under a change of basis or under a change of coordinates, but that is a relatively minor point.

We have run overtime, but we have to do one more step. Let me ask you to think about this

because this is the most confusing thing.

V ∗∗ u V

I’m going to now take the dual of the dual space and I’m going to claim that although I made a big

space that the dual vector space could not be identified with the original vector space, this thing, I

claim, if you take two duals, this naturally can be identified with the original space which is great

because otherwise I’d be, you know, taking fifteen dual spaces and so on. I mean, I can stop at one

because taking another one doesn’t give me anything new. And that makes tensors a lot simpler

than they would otherwise. But I want you to think about this because otherwise, if I just do this

in the beginning of class next time and you’re lost, you may get lost through the definition three

minutes later of tensors and then that is going to be bad for the rest of class. Think about that for

a minute.
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Notes General Relativity

Day 7

January 28, 2014 Giordon Stark

21 Intro and Notation

So we’re now at this lecture, what I always kind of feel is the low point of the course. We’ve now

gone down from always interesting, special relativity, doing finite dimensional vector spaces. The

problem is, I’m doing stuff that maybe was new and exciting to you when you were in high school

and you saw a matrix for the first time, but now it’s been kind of shoved in the background. But

the trouble is, you’re really taught a lot of wrong things. Not that your matrix multiplication rules

are wrong and so on, but what the matrices are, rank 2 tensors. It is only when we have a metric

that you can define them. You’ve always had a metric, so you’ve always identified them. So the

problem is, if I gloss over this stuff, it is hopeless for the rest of the course because you can just

memorize rules for manipulating. Do pay attention and do keep alert because you need to know

this and it really will be confusing if you don’t learn this and internalize this.

V = n-dimensional vector space(n <∞)

For what I’m doing for today, V can be any finite dimensional vector space, and for any two vector

spaces, the set of linear maps between them is another vector space, but I don’t need two vector

spaces. I need the V to consider linear maps from V → R. R you can always find for free. They’re

given away. And that gives the definition of a dual vector space.

V ∗ = L(V,R); dimV ∗ = dimV (but V and V ∗ cannot be “naturally identified”)

If you count of the dimension of V ∗, it is the same as V . You’ve probably heard and it is true that

all vector spaces of the same dimension are isomorphic in the sense that you can find some 1-1 on

to linear correspondence between them.

Very importantly, there’s no natural way of identifying V ∗ and V . One way of identifying them

would be to choose a basis of V , then you get a natural corresponding basis of V ∗ and identifying

things in here with things in here by having the same components in these two natural basis. This

gives them a nice 1-1 on to linear correspondence. If you change the basis here and the dual basis

there, you get a completely different correspondence. An identification of V with V ∗ is completely
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different. You’re assuming you have a metric but then the metric is hidden deep in the shadows.

That is what we’ve got to bring out to write out equations in general relativity.

Double duals : V ∗∗ = (V ∗)∗

That is what I covered at the end of the class last time. I’m about to apply another dual operation

here and see that we don’t get anything new this way. So next class won’t have to be on triple

duals. I mentioned this at the end of class. Any questions about what we’ve been doing up to now

including, stuff prior to this on tangent vectors or manifolds.

21.1 The Double Dual

The point is that if I do this operation twice, this double dual is this vector space of linear maps

from V ∗ → R. That is just the definition of this thing. But I claim that this is another space of

dimension n, but now there is a completely natural basis independent way of identifying V ∗∗ with

V , so I really can think of these as being the same vector space. So I claim that therein there

exists what one would say is a natural isomorphism that I can specify for you without making

some special choice like a choice of basis or whatever. I’ll call that isomorphism I that takes V into

V ∗∗.

Let me do the first step – so what I have to do to tell you what Iv is. Iv is supposed to be a linear

map taking v∗ into numbers. So I have to tell you how this acts on an element of v∗. And what I

have to give you on the right-hand side is a number because this is supposed to take elements

Then there exists a natural isomorphism I : V → V ∗∗ defined by

(Iv)︸︷︷︸
∈V

(v∗)︸︷︷︸
∈V ∗

= v∗(v)

There are a bunch of things that have to be checked. First of all, I have to make sure that what

I’m writing down is a linear map on V ∗. Then it will be an element of V ∗∗. I have to show that it

is an isomorphism from V , so it’s 1-1 on to and linear in V .

You’re not going to find anything else that’s going to be good. I have to construct a number out of

these guys. That’s all I have, but V ∗ is linear maps from V into numbers R. So here is a candidate

expression. v∗ knows how to act on v and give me a number. So this formula defines a linear map

from v∗ into numbers. You do have to check that this is linear in v∗, but it is. I should say that

every statement that I make that’s true is obvious. But you know, the V ∗ is a linear map on V ,

so the right-hand side is definitely linear in V . But the right-hand side is also linear in V ∗ because

linear maps have a vector space structure.
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So we can identify V and V ∗∗ with I.

So now I can tell you what a tensor of type (k, `) over V is: a multilinear (separately linear in each

variable) map.

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
k

×V × · × V︸ ︷︷ ︸
`

→ R

22 Tensors

Let T (k, `) denote set of tensors of type (k, `). Then T (k, `) has natural vector space structure,

with dimension dim T (k, `) = nk+`.

And it’s not too hard to see what the dimension of this vector space is. A simple way of seeing

it is because of the multi-linearity, I’ve told you what the tensor is. If I tell you how it acts on

each element of a basis and the corresponding dual basis in each argument. And furthermore, it’s

similarly obvious that I can specify those things independently. So I can define a set of maps that

gives me 0 except for one unique combination of dual basis and basis elements here and that gives

me one and every other one gives me 0. Once you understand the statement, the proof will be

trivial.

That will give me a basis of this. But the idea is I have n independent basis elements to put in

here and there. The number of total things I get is nk+l. If you’ve got a four-dimensional vector

space, you’ve got lots and lots of components to specify, or lots of different basis elements.

22.1 Examples

T (0, 0) = R

T (0, 1) = V ∗

T (1, 0) = V ∗∗ = V

T (1, 1) =u L(V, V ) u L(V ∗, V ∗)

T (0, 2) = L(V, V ∗)

So again I claim every object you’ve ever seen in linear algebra is a tensor. It might not have been

obvious to you that given my definition that linear maps on a vector space are tensors. I hope I’ve

shown you that now and this is a very efficient way of organizing everything because everything

including linear maps that we’re ever dealing with is a tensor. If we kind of keep track of what all
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the operations are allowed on tensors and their properties and there are only two and they’re simple

operations that you can do with tensors, we have organized all the rules of linear algebra.

Let me mention to you that there are two well-defined operations. I don’t know of proof that there

aren’t any other well-defined operations. But I haven’t heard of any. As the years go by, I get more

and more confident that there aren’t more well-defined operations on tensors. If you can think of

one, I can’t express it in terms of outer products which I’m about to define and contraction which

I will then define after that, then – well, I think that will probably show more about my lack of

ability than your discovery of something. But go ahead and try to come up with something.

22.2 Outer products

With an outer product, we can multiply tensors

⊗ : T (k, `)× T (k′, `′)→ T (k + k′, `+ `′)

defined by

T1(k, `)⊗ T2(k′, `′) ≡ T1 ⊗ T2(w∗1, · · · , w∗k+k′ , u1, · · · , u`+`′)

= T1(w∗1, · · · , w∗k, u1, · · · , u`)T2(w∗k+1, · · · , w∗k+k′ , ul+1 · · · , u`+`′)

We’ll do stuff with components very shortly, and that may possibly look a little bit more familiar,

but this should look completely trivial, which it is. That is the whole problem with the subject.

Every statement will have the property in this whole class today that you either don’t understand

it or it’s trivial. Once you understand any statement, it’s completely trivial. The trouble is that

there are a lot of statements that you might have trouble understanding. But I can assure you

once you’ve understood it, any extra words to say about it will be completely boring because the

statement is so obvious once you’ve understood it.

That’s why I hate doing this. But again, there’s no alternative. So actually, but this may help

elucidate things. So right, we talked about basis of v. So let {vµ} be a basis of V and let {v∗µ} be

the corresponding dual basis. Then {vµ1 ⊗ vµ2 ⊗ · · · ⊗ vµk ⊗ v∗ν1 ⊗ · · · ⊗ v∗ν`} is a basis of T (k, `).

Any T ∈ T (k, `) can be expanded as

T =

n∑
µ1,··· ,ν`=1

Tµ1···µkν1···ν`︸ ︷︷ ︸
components of T

vµ1 ⊗ · · · ⊗ v∗ν`

And now if you go back to the definition of outer product, in terms of components, components of

T1 ⊗ T2 are just the product of the corresponding components of T1 and T2.
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I’m not going to do it because I already spent a fair amount of time about what happens when you

change basis and that changes the dual basis and the basis changes by some linear transformation

and the dual basis changes by the linear transformation and that will induce corresponding changes

in the components. You can now very easily, from this formula, figure out the kind of linear maps

coming in here and inverse linear maps coming in there, and the components will transform then

appropriately with the appropriate linear maps hitting each of these indices or whatever. So I’ll

let you derive the tensor transformation law for components under a change of basis since we’ve

already done the case of vectors and dual vectors in class last time.

Since it is not really very important. Occasionally, you’d want to change basis. The main other

importance is to compare notes with what I’m saying and what most other books do things as. So

that is one operation you can always do with tensors. You can multiply any two tensors and get a

tensor of higher rank.

22.3 Contraction

A contraction allows us to generalize the notion of trace

Cij : T (k, `)→ T (k − 1, `− 1) (i ∈ k, j ∈ `)

So what I’m supposed to do is feed in (k − 1) dual vectors and (l − 1) vectors:

(CijT )(vectors) =
n∑
µ=1

T (· · · , v∗µ︸︷︷︸
ith

, · · · , vµ︸︷︷︸
jth

, · · · )← independent of choice of basis

So this should look a little bit more familiar to you if I give you the formula for the contraction of

a tensor in terms of its components.

(CijT )
µ1···µk−1
ν1···ν`−1

=
n∑
µ=1

T
µ1,··· ,µ,··· ,µk−1
ν1,··· ,µ,··· ,ν`−1

And you’ve been doing this stuff much of your lives mostly with tensors of type (1, 1) which is

taking the trace. Continuous tensors of type (1, 1) are linear maps. That is the situation where

you can do a contraction. The contraction gives you a number. A tensor of type (0, 0) according

to that convention, you just get by summing the diagonal elements.

In particular, if T ∈ T (1, 1) ≈ L(V, V ), then

(C11, T ) =
n∑
µ=1

Tµµ = tr(T )
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But there is no notion of “trace” for T (2, 0) or T (0, 2). They have the same rank. They have the

same number of components. You would have written them down as matrices, too. But if you try

to take the trace of this thing, it will totally depend on your choice of basis. It’s only when you

have pairs of basis and dual basis that this thing is going to work.

So now I’m just going to assert, again I don’t know a proof – I just haven’t found anything in the

last 35 years – nobody’s told me anything, all meaningful operations on tensors can be expanded.

You can always do the stupid things, taking basis components and so on, but operations that

just depend on the tensors themselves and don’t depend on additional choices is what I mean by

meaningful operations on tensors. All meaningful operations on tensors can be expanded

in terms of outer products and contractions.

I could always do something like choose a basis, sum over some pair of down-index components or

alternatively sum over some pair of up-index components in the same way. If I do that, the result

I get depends on the choice of basis. There are lots and lots of things you can do that are not

meaningful operations once you’ve chosen a basis. I mean, you know, that’s why it’s not just a

question of being a purist. Choosing a basis gives you an intuition of doing a lot of wrong things

or things that don’t make sense.

On the other hand, you can only do meaningful things if you’re sticking with doing outer products

and contractions. This is not a totally trivial statement here and I’m going to see if I can wake the

class up a little bit by posing the following question.

Let A,B be in L(V, V ) ≈ T (1, 1). Then A◦B = C21(A⊗B). In high school nobody told you about

linear maps, but they wrote down matrices. The matrix multiplication algorithm corresponds to

taking the outer product of A and B which gives you a tensor of type (2, 2) and then you do a

contraction over the second-up index – the one that would be on B – and the first down-index one

that would be on A. That brings you back to a tensor of type (1, 1). The composition of A and B,

we see that we would have one up and one down index.

(A ◦B)µν =

n∑
α=1

AµαB
α
ν ← matrix multiplication!

So the matrix multiplication rule tells you how to compose linear maps in terms of outer products

and contractions which is not that obvious. I claim that you were taught that in high school so

you all know how to do composition of linear maps by that formula.

There is a lot of other stuff that is implicit and that we’ll be using all the time. So let me give you

the simplest example that most other things are based on. Note also that if w∗ ∈ V ∗ and u ∈ V ,
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then

w∗(u) = C11(w∗ ⊗ u) =
n∑
µ=1

w∗µuµ

So that if we have a dual vector, let’s say w∗ in V ∗ and a vector in V , then w∗ applied to u, right,

a dual vector knows how to act on a vector and give you a number, but this is actually the same

thing as taking the outer product of w∗ and u – this is a tensor of type (1, 1). I sort of wrote them

in reverse order.

But anyway, it doesn’t really matter. There is no way of confusing dual vectors with vectors. So

we can only do one contraction and that is the same thing as doing a basis summation above.

The action of a dual vector is equivalent by getting the map by getting the action of this and

taking the trace of that linear map. All these things are completely obvious when you kind of write

everything out in components as I’ve sort of done here. But if you don’t make these connections,

or don’t consciously realize them, there will be a point where you get confused by simple-looking

formulas.

23 Metrics

I’m about to move on for the last 8 minutes of the class to metrics, which I think now will get a

little bit more interesting. Do try to digest this because it is important. And you know, I’m going

to explain how metrics come into this, and if you have a metric around, muck up the situation so

that you don’t necessarily know what tensors you’re dealing with, which is fine if the metric is a

fixed background thing that you know, but if the metric is what you’re solving for, then it makes

a mess of things.

A metric g on V is a non-degenerate, symmetric tensor of type (0, 2).

• symmetric: g(v, w) = g(w, v).

• non-degenerate: if v is so such that g(v, w) = 0 for all w ∈ V , then v = 0. ⇔ if we view g

as an element of L(V, V ∗), then ker g = 0. ⇔ g : V → V ∗ is an isomorphism⇒ g−1 : V ∗ → V

exists. Note that g−1 ∈ T (2, 0).

Also, g is positive definite which means g(v, v) > 0 for all v 6= 0.
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24 Intro

24.1 Basis expansion

When you’re expanding the tensor in terms of a basis, are the components of that tensor, are

those just numbers? Yes, absolutely, same for expanding as doing a vector. You can easily see the

equivalence of what I’ve done is a tensor is this big collection of k + ` numbers, some huge array

of numbers that is associated with some basis that I haven’t written here. And now, if you change

the basis by the sort of linear map on bases, the first thing you have to do is change the dual basis

and the dual basis changes inversely to the way the basis changes.

If you do that, then the huge collection of numbers transforms by applying the linear map to each

one of these indices. That is the tensor transformation law. People actually go around saying

things like “this collection of numbers is not a tensor because when you do the transformation of

bases, it doesn’t transform properly”, or so on, which means that they actually didn’t define what

the tensor is – it was never defined as a linear map. If you did, you could then always introduce

the bases, take the components and of course those would transform properly.

But I give you a bunch of numbers in some definite basis that I’ve told you, that would define it as

a multi-linear map or it would define it as a tensor, and then you would just transform it by that

law if you went to another basis.

24.2 Existence of Metrics

There’s no problem with existence of metrics. There are zillions of 1:1 on to linear maps. These

vector spaces have the same dimensions, so there’s lots and lots of linear maps. In fact, the vector

space of linear maps, as we noted would have, dimension n2 so there are lots and lots of linear

maps. Not all of them are non-degenerate, but most of them are.

Almost all linear maps are non-degenerate in some sense, and so there are plenty of metrics. This
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has to be symmetric too, so that cuts it down from n2 n(n − 1)/2, but there’s still plenty of

them.

24.3 Last Time

So what I told you at the very end of class last time, I introduced the notion of a metric. That is

clearly going to be a critical notion. I introduced the general notion on a vector space. We’re going

to be interested in the particular case where the vector space is the tangent space. We’ll really be

interested in having a metric at every point of the manifold. But for what we’re doing now, we

might as well have an arbitrary finite vector space.

We have a metric g on vector space V which is a non-degenerate symmetric tensor of type (0, 2).

Non-degenerate means it has an inverse g−1 : V ∗ → V . A tensor of type (0, 2) means g : V ×V → R.

This also means, equivalently that g−1 : V ∗ × V ∗ → R and g : V → V ∗.

25 The Metric (continued from Tuesday)

Note that g−1 ∈ T (2, 0). We will have components of g denoted gµν ; and similarly components of

g−1 denoted (g−1)µν (we will actually drop the “−1” and just use the up-indices).

In problem set 3, you will show that given the metric g, we can always find what one would call an

orthonormal basis {eµ} of V such that

g(eµ, eν) = ±δµν

If we’re talking about a positive definite metric, this would be the whole story, but if µ = ν, then

I won’t always get +’s. I can sometimes get −’s.

So that is what I mean in this general metric setting as opposed to an inner product where I would

have just written that. The claim is you can always find these things and it’s a nice problem for you

to work on because you’re probably familiar with doing this for an inner product, and then you can

kind of systematically just choose any basis and orthonormalize it, there’s this Graham-Schmidt

process – that doesn’t just work to proceed that way in the non-positive definite case because

you might have chosen – or you might have constructed as you go along, a null vector. You can

have a vector with a non-positive definite metric, you can have a vector whose inner product is

0. Those are things moving at the tangents to things moving at the speed of light in special and

general relativity. Those have similar length according to the metric. That, you know, possibly
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encountering those things doesn’t allow you to do this very simple Graham-Schmidt procedure. It

is not hard to do this by other arguments.

So now there are lots of orthonormal basis, but the number of +’s and −’s are independent of the

choice of basis; this is called the signature of g. If the signature is

• all +’s ⇔ g is positive definite, this is called Riemmanian signature

• 1 −, (n− 1) +’s, this is called the Lorentzian signature

26 Abstract Index Notation

Okay. So now we’ve moved on basically from linear algebra, discussing metrics might have been a

little interesting. Now, the last topic before we get back to something with a little bit more meat

in it, is nevertheless an extremely important topic, but it’s notation. I want to now systematize

notation and define it precisely and the notation I’m talking about is what’s called the abstract

index notation. We’re going to be working with tensors. Once we define curvature (a tensor of

type (1, 3)) which might be four indices, we might be doing contractions and so on. We will need an

efficient notation for tensors and operations of outer products and contractions. This is kind of a

non-trivial issue and it’s been dealt with quite differently by physicists and mathematicians.

Most physicists will denote tensors by their components in a basis.

T ∈ T (k, `) Tµ1,··· ,µkν1,··· ,ν`

This allows for very efficient and transparent notations for taking out contractions. Outer products

are the products of components, so if we’re taking the outer product of two tensors, we put their

symbols next to each other and we mean ordinary multiplication. If we’re doing contractions, we

can just do a trace over a pair of indices, so we repeat an index twice and put in a sum sign or we

can even have a convention that you would leave out the sum sign because of Einstein summation

notation. So the advantage: very transparent notation for outer products and contractions; but

the disadvantage: can’t easily distinguish between tensor relations and equations that hold for

components in a particular basis.

I’m not saying that is necessarily that big of a deal. But the whole psychology of kind of forcing

you to think about tensors as a big collection of numbers associated with the basis, it’s not a

good way of thinking. And this kind of notation forces you in that direction which is why most

mathematicians use an “index free” notation. They would choose to denote a tensor of type (k, `)
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by T like we’ve done before. The advantage is that you can clearly identify tensor relations. The

big disadvantage is that it is extremely cumbersome and inefficient for doing calculations.

I guess it was Vandereau, the architect that had this nice quote of, “Less is more.” He had a very

simple glass rectangular architecture and so on in there, and you know, no ornamentation, no so

on. But you’re really getting more by having less.

You know, if you’re working with components, you have the freedom to do an awful lot of non-

sense that is well-defined only when you’ve chosen a basis, and depends entirely on your choice of

basis.

So what I’m doing for the rest of the course, our choice is to use abstract index notation as

follows. Denote T ∈ T (k, `) as T a1···akb1···b` . Note that I’ve used latin letters, then I will not be referring

to components and I have not introduced a basis. If I write down a tensor with greek letters, then

I am taking components. We can treat a1 · · · ak and b1 · · · b` as sophisticated arrows, akin to ~v or
↔
T .

We can denote operations of outer products and contractions by mirroring the component notation

e.g., let T ∈ T (2, 1), and S ∈ T (1, 1), then we can write each as

T abc Sab

Then the outer product

S ⊗ T ≡ Sab T cde

and the contraction

(C21T ) ≡ T abb

In equations, these abstract indices keep track of “slots” in tensors. We know that these ten-

sors are some multi-linear map from various V ∗’s and various V ’s. So each one of them takes

T (w∗1, · · · , w∗k, v1, · · · , v`). For example, when we write

T abc = T bac

this tells you that T is symmetric in its first 2 slots.

26.1 Raising and lowering indices

Let gab be a metric. By definition, the inverse metric satisfies

(g−1)abgbc = δac
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δac is a tensor of type (1, 1) corresponding to identity map V → V . Use gab and (g−1)ab to “lower

and raise indices”. If va ∈ V (the up-index tells you it is a vector in the vector space, tensor of

type (1, 0)), the corresponding dual vector is gabv
b. Denote as va. Similarly, if w∗a ∈ V ∗, denote

corresponding vector (g−1)abw∗b as w∗a.

So a little calculation here.

gab = (g−1)ac(g−1)bdgcd

= (g−1)bdδad︸ ︷︷ ︸
δad (g−1)bd

= (g−1)ba = (g−1)ab

So we can constantly denote the inverse metric as gab. Note that the above calculation holds

even if g itself wasn’t symmetric, but rather just an ordinary tensor T (replace g ↔ T and it all

holds).

There’s one final bit of notation I was hoping to get to known as symmetrization. If I put round

brackets around some collection of indices, this could be arbitrarily many, but they all have to be

down or up...

T(ab) =
1

2
(Tab + Tba)

and there’s a similar notation for the anti-symmetrization

T[a,b] =
1

2
(Tab − Tba)

27 The Tensor Field

Okay. So let’s finally go back to manifolds, which is the thing we’re interested in really, for this

course at least. Then there is a notion. At each point, we have a tangent space, and we have the

notion of tangent vectors at point p that we have done in full detail and so on. So we have a notion

at any point p now of tensors at point p because, for any vector space, we have given you this

whole construction of tensors, but now we have also the notion of what is called the tensor field of

type kl on a manifold. I’ll just say. M here for manifold is just an assignment of a tensor of type

kl over the vector space vp. And now we do that for all p.

A tensor field of type (k, `) on M is an assignment of a tensor of type (k, `) over Vp for all p ∈M .

We have notions of continuity and smoothness which are well-defined. We’ve already seen how to
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define the notion of smoothness of a vector field. But a dual vector field will be smooth if, when

applied to a smooth vector field, you get a smooth function; or equivalently, a dual vector field will

be smooth if, in the dual coordinate basis, the components are all smooth functions.

And then for a tensor of type (k, `), it will be smooth if, whenever you stick in smooth dual vectors

and vectors into all of its slots, you get a smooth function; or equivalently, if its components in a

coordinate basis are smooth.

Anytime anyone like me uses the word “metric”, I will always mean “metric field”. I’ve never heard

anyone say “metric field” and I never say it. A metric at one point is never going to do you a lot

of good for differential geometry. So for the rest of the course (almost), anytime that we have a

metric, I always mean metric field. So I don’t want any confusion over that.

So now some final notational things which I want to get into this class so you can think about

it because it is a bit confusing. Or unusual, perhaps. Let {xµ} denote coordinates. Previous

defined coordinate basis as
{

∂
∂xµ

}
; in an abstract index notation we write

(
∂
∂xµ

)a
. We denote the

corresponding dual basis by {dxµ} or corresponding abstract index notation {(dxµ)a}.

So what is this dxµ? It looks like some differential of something. It is not defined as infinitesimal.

So by definition – well, index-free notation, dxµ is a dual vector – I guess I’ll put brackets around

it. It acts on vectors like ∂
∂xµ . So this is sort of index-free notation. By definition (in index free

notation!)

(dxµ)

(
∂

∂xν

)
= (dxµ)a

(
∂

∂xν

)a
= δµν

So this equation is not giving you any information. It’s just rewriting the expression the way I

would normally write it as the outer product of these two with contraction. It is the same thing

as this thing acting on that. That is the Kronecker delta. That is just the definition of the dual

basis and that is what this symbol dxµ means. That is the definition of the dual basis. And so (for

example) the expansion of the metric of type (0, 2) is

gab =
∑
µ,ν

gµν(dxµ)a(dx
ν)b

or

ds2 =
∑
µ,ν

gµνdxµdxν

This is the outer product of the dual basis with a dual basis, and that is the right basis for

tensors of type (0, 2). But what you’ll often find people writing is ds2. This is what you’ll find

most frequently in books telling you a formula for the metric and making it look like this is some
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infinitesimal distance squared in terms of what looks like infinitesimal displacements even though

they’re not anything of the sort. But the formula is sort of suggestive in that way. But what

this formula means is this, and what these guys mean are the dual basis to the coordinate basis,

etcetera. So I wanted to get this up on the board so you have time to digest it because we’re about

to move on to differentiation of tensor fields.
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28 Differentiation of Tensor Field

We’ve spent a good week or more with linear algebra and notation and what indices are supposed

to mean and. We’re not going to get to the physics for another couple weeks. The major topic

for today’s class is going to be notion of differentiation of tensor fields, but this notion is going

to lead to the notion of curvature, and curvature is something that is going to play a big role in

general relativity. A good part of what is crucial for you to understand in this topic, or certainly

for today’s lecture, is by drawing my usual kind of picture of a manifold which I’m picturing as

some surface embedded in R3 because I don’t know how to draw it any other kind of way. You can

picture this as the manifold, but as an embedded surface in R3, it has a metrical structure on it

as well, because the Euclidian space that it’s embedded in has a metrical structure and that will

induce one on here. That is not a topic that we’re going to cover in this class, but that should be

fairly intuitive.
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You can picture it on this surface, but you know, the actual distances and so on are just unknown.

Anything that has this sort of shape, that I smoothly deform it into, is just as good. So this could

just as well be a sphere or potato. You can’t tell just from the manifold structure. We went to

great labor a couple weeks ago to explain why we have a notion of tangent vectors at any point, as

infinitesimal displacements. I’ve drawn this badly here. That is about the worst thing I could have

done because I made these planes parallel. We also have a notion of tensors working here. This is

the tangent space Vp, this is the tangent space Vq.

We do have a notion of what it means for a vector field to vary smoothly from point to point

because we have a notion of smooth functions on the manifold and if the vector field applied to

a function, which will be a function, is always smooth, that defines the notion of the vector field

being smooth. But if we want to define a notion of a derivative of a vector field, we’ve got a major

problem because this is a different vector space from this. Well, why is that important? Because

when you take a derivative of p, I would take v(q) minus v(p) and divide by some sort of distance

from p to q, which is a big problem because we don’t have a notion of that distance. And then take

the limit as q → p and that would define some sort of notion of derivative. But the big problem

here is that these are different vector spaces. I don’t know how to take the difference between this

vector and this vector.

One possible solution to that problem: let’s say q is close enough to p that I can cover them in the

same coordinate patch so I’ve put coordinates on here. With these coordinates I can map things

nicely. I can identify all the tangent planes and everything the way you always do in Cartesian

coordinates and I can take the derivative of a tensor field. I can take the components of a tensor

field and differentiate them with respect to the coordinates and that works fine as a notion of

differentiation. I’m going to write down properties that we would want a notion of differentiation

to satisfy and it’s going to satisfy all the properties. I’m going to add one more later that it won’t

satisfy. But for now, I’m just concerned with the manifold. The one later will involve the situation

where we have a metric present.

This is usually referred to as the ordinary derivative – to call this notion of differentiation “the

ordinary derivative” is a real travesty. The problem is, if you introduce some other coordinates,

say covering the same region, if these coordinates are non-linearly related, this gives rise to a

notion of differentiation. It is a completely different notion. So that’s why we call it the ordinary

derivative, it’s an ordinary derivative because there are zillions of them, as many notions of ordinary

differentiation as there are coordinate systems that are non-linearly related to each other. What

we’re going to see, the punchline of this whole topic is, if we have a metric present – there is a

condition that you can add to the basic conditions that would define a notion of differentiation that
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will uniquely pick out a notion of differentiation. And that’s the one that we’ll be using for the rest

of the course because we will have a metric in the rest of the course. Even if just on a manifold,

we don’t have a metric.

Although we have a notion of smoothness of a tensor field T a1···akb1···b` on M , we cannot directly /

uniquely define a notion of the derivative of T because we cannot naturally identify tangent spaces

at different points. There is one excdption which is in the case of differentiation of functions

(tensors of type (0, 0)). So the next natural question is to ask “What type of object ∇f should

be?” Answer: a dual vector field! Given a vector va ∈ Vp. We want va∇af to be the directional

derivative of f along va, so define ∇af by

va∇af = v(f) ∀va ∈ Vp

What should this be? I mean, there is a little bit of a hint here, I suppose. It shouldn’t be a vector

field. It should be a dual vector field. People have tricked you into that using the metric of space.

So why should it be a dual vector field and how should it be defined? Well, if we’re given a vector,

~va, let’s say in the tangent space at p, I would want ~v ·∇f to be the motion of directional derivative

along ~v.

I claim this is supposed to be a dual vector, a very nice place to put the dual vector index is under

the ∇ in the way that I’ve done it. I’d want this to have the interpretation of the directional

derivative of f along ~v. Okay. So all this is words. I’m going to give you the derivative of f . I’ll

be interested to see how much you either like this or think I’m just cheating or doing tautology or

something. So I’m going to define this thing by the following formula. When I said I would like

this to be the directional derivative of f along ~v, that should give you some eerie vision of deja vu,

that was the notion of a tangent vector that I introduced before. So the tangent vector ~v applied

to the function f was supposed to give me the directional derivative of f along ~v. That was the

interpretation.

This defines for me a linear map from tangent vectors into numbers which is a dual vector. So what

number am I supposed to get applied to a vector ~v? If I’m given this number f , I’m trying to find

the dual vector ∇f which, the linear map on vectors which when applied to ~v, gives ~vf . This gives

the notion of the derivative of f , or the gradient of f as a dual vector field on a manifold that is

completely compatible with the original notion of tangent vectors as previously introduced. If we

expand in a coordinate basis

∇af =
∑
µ

cµ(dxµ)a
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so then we can contract with
(
∂
∂xν

)a
, and we get

∂f

∂xν
= cν

so

∇af =
∑
µ

∂f

∂xµ
(dxµ)a df =

∑
µ

∂f

∂xµ
dxµ

Note that for f = xµ, we get

∇axµ = (dxµ)a ← justifies notation for dual coordinate basis!

Higher rank tensor fields have no unique way of defining derivatives. Then we seek a map

∇ : T (k, l)→ T (k, l + 1)

T a1···akb1···b` → ∇cT
a1···ak
b1···b`

There’s actually going to be a total of five properties, but the first two that I want are sort

of universal requirements on a notion of differentiation, or universal properties only satisfied by

notions of differentiation. Anybody want to guess at what two I have in mind? This kind of came

up when I defined this. I said I wanted this to be some derivative operator in order to satisfy two

properties. Require ∇ to satisfy:

1. linearity

2. Leibnitz rule on outer products

3. ∇cδab = 0⇔ ∇ commutes with contraction

∇
(
T ···b······b···

)
= (∇T )···b······b···

4. For functions: va∇af = v(f)

5. “Torsion-free” condition: for functions ∇a∇bf = ∇b∇af

28.1 Uniqueness of a notion of differentiation

Using partial derivatives of ∂a with respect to coordinates {xµ}. Given {xµ}, define ∂ : T (k, `)→
T (k, ` + 1) by letting ∂cT

a1···ak
b1···b` be the tensor field whose components in the coordinate basis of

these coordinates are
∂T

µ1···µk
ν1···ν`
∂xα . This is easily seen to satisfy (1)-(5); and indeed ∂a∂b = ∂b∂a on
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tensors of all ranks. We have notions of differentiation which is really nice, but why isn’t this

satisfactory?

If {x′µ′} is another coordinate system non-linearly related to {xµ}, then ∂′a 6= ∂a.

This kind of definition doesn’t solve or problem of picking out some notion of differentiation because

this picks out a huge class of notions of differentiation. None of which are preferred. Now, to just

relate this to things that you might read on coordinate-based approaches, so I presented this

derivative as completely untainted, but also highly non-unique, and therefore not that useful as I

would claim, the correct way to think about it. But what you’ll find people saying, is that this is a

bunch of components, but now if you change coordinates, we will get a different bunch of components

obtained by taking the partial derivatives in the new coordinates, the primed coordinates.

Then you can look at what the relationship is between the old components and the new compo-

nents and then you look at the formula and you say, “My God, this doesn’t satisfy the tensor

transformation law. This object is not a tensor.” And then that results in the shunning. You

don’t look for anything else. Well, why did that happen? Because when you changed coordinates,

you changed derivative operators. When you changed derivative operators, you changed tensors.

If you change tensors when you change coordinates, then the components in the new coordinates

don’t satisfy the tensor transformation law because you didn’t just change coordinates, you changed

your notion of differentiation, and you thereby changed the tensor that you were talking about.

The problem really is the problem that you get a different notion of differentiation when you use

different coordinates.

I find this a lot easier to understand. You can easily check that you get a different notion of

differentiation. The tensor transformation law is a trivial identity resulting from changing bases.

So we have identified properties, notions of differentiation, and then with this one simple example,

we found two important things. One is that there is a notion for differentiation, so we’re not doing

some totally empty exercise. That is really important. But the other thing we’ve learned just from

this simple example is that the notion of differentiation is not unique.

28.2 Differences in Differentiation

How different can two derivative operators be? Let ∇a and ∇̃a be two derivative operators.

• For functions: ∇af = ∇̃af
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• For dual vector fields ωa: Expand ωa in coordinate basis:

ωb =
∑
µ

ωµ(dxµ)b

so ∇aωb =
∑

µ [(∇aωµ)(dxµ)b + ωµ∇a(dxµ)b]. And ∇̃aωb is the same expression with ∇ → ∇̃.

So then

∇̃ωb −∇aωb =
∑
µ

ωµ

[
∇̃a(dxµ)b −∇a(dxµ)b

]
where the sum defines a linear map taking dual vectors at p to tensors of type (0, 2) at p, i.e.

it defines a tensor Ccab at p.

Next it might be easy to do tensors of type (0, 1) vector fields but it is a bit more convenient to

do the calculation for dual vector fields. Once we’ve done dual vector fields we’ll be able to do

more or less everything else very quickly without having to go through this. So let ω̃a be a typical

dual vector field. And I’m actually going to proceed somewhat pedestrianly by expanding ω̃a in a

dual coordinate basis. So let me introduce some coordinates locally. The calculation is going to

be local around a point. I’m going to write it as ω̃b using the letter b because I’m going to take a

derivative and use the letter a for that. So I’m a little bit out of alphabetical order. There is no

rule for that. I’ve introduced this basis. It is really not important that this be a coordinate basis.

It can be any basis field. Now I’m going to use the Leibnitz rule to calculate the derivative of ω̃b,

which should be a tensor field. If I took the other notion of derivative, obviously I’m going to get

the same expression.

But that part cancelled out. That was the whole point of the calculation. And this thing now only

depends on what ω is at p. It’s written out in basis components but this thing defines a linear map.

What I’m getting here on the right is some tensor of type (0, 2) you can tell that from where the

indices are at p. This right-hand side gives you a machinery for computing a tensor of type (0, 2)

at p. So another way of saying this is that it defines a tensor Ccab p. The linear map being then

you contract the ω into the upper index of C and that gives you the tensor of type (0, 2).

So what have we actually shown? We’ve shown a lot. We’ve actually proven by this little calculation

that, given two derivative operators, ∇a and ∇̃a, there exists a tensor field Ccab which you can read

off as a tensor field of type (1, 2), such that for all dual vector fields, we have the following formula.

The untilded derivative is equal to the tilded derivative. I’m going to make sure we have a minus

sign here. That is compatible with what we have here.

∇aωb = ∇̃aωb − Ccabωc (*)
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And that’s an important formula that I’m going to refer to again so I’ll label it with a kind of star.

Now, the reason I wanted to do dual vector fields is that it is convenient, I could have done the

same thing for a vector field and gotten the same type of result out. For the dual vector fields, I can

consider the case where ωb is the gradient of a function, but of course, the gradient of a function is

either of these derivatives.

For ωb = ∇bf = ∇̃bf , then since∇[a∇b]f = 0 = ∇̃[a∇̃b]f , have Cc[ab] = 0. If ∇̃a is a partial derivative

operator ∂a associated with coordinates {xµ}, call Ccab a Christoffel symbol and denote it Γcab.

Thus write

∇aωb = ∂aωb − Γcabωc

So ∇aωb would be the same as the ordinary derivative in these coordinates of ωb, then corrected by

this Christoffel symbol term. People don’t use the term tensor with Christoffel which is thereally

weird business I was talking about. If you change derivative operators, you change Christoffel

tensors, so the components of the new Christoffel tensor in the new coordinates are not going to be

related to the components because you’ve changed this and therefore that. In other words, you’ve

changed tensors. They’re not going to be related by the tensor transformation law.

That’s why people use the word “symbol”, because it’s not a tensor, therefore it should get shunned

in some way according to this kind of aura that is projected by this math. So when you’re looking

for nice equations to write down, this should get shunned, but it gets shunned for the wrong reason.

It’s shunned because it’s not a tensor and we want our equations of physics to all be tensors. I

don’t know how you write down equations that are not tensors. Anything everybody’s ever written

down equations for, whether they’re sensible equations or not sensible equations, they are tensors.

But you know, even if we had a well-defined notion of differentiation, this is a very non-unique

coordinate-dependent notion, and therefore that object is very coordinate-dependent.

For vector fields va: we have

∇a(vbωb) = ∇̃a(vbωb)

ωb∇avb + vb∇aωb = ωb∇̃avb + vb∇̃aωb

But it is a tensor. But what about vector fields? How unique can two derivative operators be when

acting on vector fields va? Let me look at va contracted into a dual vector field ω̃a. Let b be the

dummy indices I’m contracting for so I can use an a here so it agrees with my notes. This is an

example of a place where it’s a good thing that differentiation commutes with contraction so I don’t

have to explain what you’re doing first. It’s all fine, “Did I differentiate and then contract? Or
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...”. This is trivial application of Leibnitz rule and over here we have the same trivial application

of Leibnitz rule.

The point is, we know what the difference between these two terms are because that was our

previous calculation. This is equal to this by the equality going around upward. I can substitute

what’s there and then we get an equation that has to hold for all ω:

⇒ ∇avb = ∇̃avb + Cbacv
c (**)

And then this term comes in, it now gives you a plus sign instead of the minus sign there, and you

have different contraction indices. So the same tensor field C comes in, but the indices get kind of

permuted around in the formula, the sign gets changed, but you have this formula for how different

the action on vector fields can be.

There are just two more sentences to this story which I’ll say. If you do a tensor field of type (k, `),

you can go through the same argument as this and see that the difference between two derivatives

is given by a sum of terms where you get a term like this for each up-index of your tensor field and

you get a term like that for each down-index of your tensor field. So this C completely characterizes

the difference between two derivative operators.

Furthermore, if I gave you a derivative operator ∇̃ and then you defined a new derivative operator

by this formula, that formula and its generalization to tensor fields of type (k, `), then that is a

perfectly good derivative operator. So tensor fields of type (1, 2) that is symmetric in the down-

indices, completely characterizes the whole class of all possible notions of differentiation. Start

with any notion of differentiation like partial differentiation in one coordinate system and you

can generate all notions of differentiation by going through all tensor fields of type (1, 2) that are

symmetric in the down-indices.
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29 Last Time

So we were on the topic of differentiation tensor fields and actually most of the way through that

topic, and the key point is that with just manifold – the key beginning point is just with manifold

structure, there isn’t any unique notion of differentiation. So we proceeded by my writing down five

conditions – most of which were highly motivated. Maybe the fifth one a bit less so. And then we

would like to know if there is any such notion that satisfies that. And that we immediately found

the answer to – the answer is yes to that question because we can define a notion of differentiation

through taking partial derivatives in a coordinate system.

That easily seems to satisfy those five conditions. The problem is there are lots of partial differ-

entiations with respect to coordinate systems that are all inequivalent if the coordinate systems

are non-linearly related. That shows that the notion of this sort of exists. Let ∇a and ∇̃a be two

derivative operators [satisfying (1) through (5)]. Then

∇af = ∇̃af

∇aωb =

“down index” terms︷ ︸︸ ︷
∇̃aωb − Ccabωc

∇avb = ∇̃avb + Cbacv
c︸ ︷︷ ︸

“up index” terms

∇aT b1···bkc1···c` = ∇̃aT b1···bkc1···c` + “up index” terms + “down index” terms

Then we ask the question: “How different can two notions of differentiation be”? And remarkably,

that has a really nice answer. First of all, they have to agree on functions, but the key thing we

found is that, for dual vector fields, their difference is characterized by a tensor of type (1, 2), that

tensor field Ccab that I’ve written up there.

At the very end of class last time did a simple calculation then of how the action differs on vector

fields. The answer is that the difference between these two derivatives acting on an arbitrary tensor

field is a big sum of terms where every down-index gives rise to a term just like the one for a dual
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vector field and every up-index gives rise for a term with a vector field. All other indices are just

carried along for the ride in each term and you focus attention to one index at a time and write

down terms like that, and then sum them all up. If you don’t like that formula, I think in my book,

I have the formula actually written out.

The single tensor C for type (1, 2) characterizes the differences between two derivative operators.

Furthermore, or conversely, if I’m given a derivative operator like ∇̃ here, if I choose an arbitrary

tensor field of type (1, 2), if I define this notion of differentiation by this formula, that will satisfy

all five of my conditions. We’ve totally characterized the entire class of derivative operators. It’s

all determined by tensor fields of type (1, 2) that are symmetric in their lower indices. That’s how

you generate many derivative operators if you are given one.

30 Differentiation on a Manifold

Suppose a metric gab is given on M . Addition is a natural condition to impose on ∇a:

6. ∇cgab = 0. It would be natural to require that the derivative of the metric is zero. As soon as

we’re done with this, introducing notions of parallel transport, then I can give kind of some

nice words to justify this. It’s a condition on the notion of differentiation. I’m not saying that

the derivative of the metric has to be zero for any notion of differentiation that you might

invent. If in some coordinates the metric components are varying, like the metric of flat space

and polar coordinates. So I’m trying to invent the notion of differentiation that does satisfy

this. There’s a good reason why you’ve been using the notion of partial differentiation with

respect to Cartesian coordinates your entire lives up until now, and why the first time you

tried to calculate the divergence of a vector field in polar coordinates and you did it by taking

the partial derivative with respect to r of the radial component plus the partial derivative

with respect to θ of the θ component and you only got two points out of 10 on that problem.

The Cartesian notion is the right notion, I claim, because that is the notion of the metric that

keeps the metric constant. The components are just constant. So partial differentiation with

respect to Cartesian coordinates does satisfy this. That makes that special and why partial

differentiation using polar coordinates is wrong.

Theorem: Given gab, there exists a unique ∇a satisfying (1)-(6).
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Proof : Let ∇̃a be an arbitrary derivative operator (e.g., a partial derivative operator ∂a with

respect to some coordinates). We seek to solve

∇cgab = 0 = ∇̃cgab − Cdcagdb − Cdcbgad

This is an equation that I can use to try to solve for C. If there are no solutions for C, then there’s

no derivative operator that does this. If there are ten solutions for C, then there are ten derivative

operators that do this. But at this point, it’s now an algebra problem.

0 = ∇cgab = ∇̃cgab − Cbca︸︷︷︸
Cbac

−Cacb︸︷︷︸
Cabc

And we seek Ccab such that

C(ab)c =
1

2
∇̃cgab

And since Cabc = Ca(bc), we have

Cabc = C(ab)c + C(ac)b − C(bc)a

(Proof: write it out!) Now C, just for notational convenience, C is symmetric in these indices

(the original down-indices). I’m going to put the c last literally for notational convenience. If I

symmetrize in the first two indices, a, b, a was symmetric in the last two indices, but now I’m going

to take it and symmetrize it in the first two indices. So it’s purely an algebra problem to see if I

can find a C that satisfies this.

I’m in the category of people who are not that good at this. We’re starting with a tensor that was

symmetric, and these two pair of indices – the last pair – then we’re symmetrizing in the last pair.

I just did that so the c wasn’t in the way on the symmetrization.

Since this was symmetric in b, c, there is a unique solution to this. The claim is when I’ve now

symmetrized over the first two indices, it has exactly the same information in it that was symmetric

in the last two indices – it has the same number of independent components. And I don’t know

how to show this other than writing it out. It is not especially intuitive to me. But this is the end

of the proof. We were looking for a C that satisfied this and thus we have found a unique solution.

So we have existence and found a unique solution for Ccab given by

Ccab =
1

2
gcd
[
∇̃agdb + ∇̃bgda − ∇̃dgab

]
In particular, if ∇̃a = ∂a for coordinates {xµ}, then writing Ccab = Γcab, the components of Γcab

are

γαµν =
1

2

∑
β

gαβ
[
∂gβµ
∂xν

+
∂gβν
∂xµ

− ∂gµν
∂xα

]
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Note: there is a huge amount of computation if you want to know the derivative with respect to

our preferred derivative operator of a vector field. In 4-dimensions, we have 16 components of the

metric, but symmetry cuts that down to n(n+ 1)/2 = 10 independent components so you have to

take 40 partial derivatives and perform various algebraic manipulations.

31 Geodesics

Let ∇a be any derivative operator satisfying (1)-(5) [but not necessarily (6)]. Let γ be a curve with

tangent ta and let va be a vector field (possibly defined only along γ).

va is said to be parallely transported along γ with respect to ∇a if ta∇avb = 0. Parallel transport

gives a mean of identifying Vp with Vq, but this identification depends on the curve γ. γ is said to

be a geodesic if

ta∇atb = 0

γ is said to be a geodesic. So this is the definition of the term geodesic relative to this notion of

differentiation. If you use a different notion of differentiation. If the tangent to the curve parallelly

transported along the curve. So the idea of parallel transport is I’m keeping this vector pointing in

the same direction as I go along. I want to keep moving in such a way that this direction doesn’t

change. The idea of a geodesic is that you’re going as straight as you can go. You’re not changing
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your direction at all, you’re not accelerating in other words. That would be another way of thinking

about it. So that is the geodesic condition. That is the notion of the geodesic. But note that the

tangent not changing its length depends on how I parameterize the curve. So this condition is also

defining a preferred parameterization of a geodesic – which is called an affine parameterization.

And I think you’ve got a homework problem on it. I’ll let you think about that as you do the

homework problems. That’s worth pointing out here.

To get a feeling for what a little bit more of a feeling for how many geodesics there are, it’s very

useful to write out the geodesic equation in local coordinates {xµ}:

0 = ta∇atb = ta
(
∂at

b + Γbact
c
)

i.e., in coordinate components this would be

0 =
∑
µ

tµ

∂µtν +
∑
β

Γνµβt
β


If the curve specified by giving xµ(λ), then

tµ =
dxµ

dλ

Also, by using chain rule then we get∑
µ

tµ∂µt
ν =

∑
µ

dxµ

dλ

∂tν

∂xµ
=

dtν

dλ
=

d2xν

dλ2

Thus, in coordinates, the geodesic equation is

d2xν

dλ2
+
∑
µ,β

Γνµβ
dxµ

dλ

dxβ

dλ
= 0

So that is what the geodesic equation looks like as an equation for the curve x mu of lambda in local

coordinates. And from this, you can easily see, which may not have been quite as transparent as the

simple equation I started with. This is a system of n 2nd order ODE’s in the n “unknowns” xµ(λ).

From theory of ODE’s, a unique solution exists for any initial values xµ|λ=0 and dxµ

dλ

∣∣
λ=0

.

Then I have shown that given any p ∈ M and given any ta ∈ Vp, there exists a unique geodesic γ

that passes through p with tangent ta.

31.1 Geodesic associated with a metric

In other words, we are identifying or associating with ∇a satisfying (1)-(6), not merely (1)-(5). In

Riemmanian geometry (i.e., have a metric gab of Riemmanian signature, i.e. positive definite), then

length of segment of a curve C(α) between α1 and α2 is similar to ideas in calculus.
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We have a c parameterized by α, I would like to know the length of this curve between α1 and α2.

We want to break up these curves into small segments, and if we break them up into really small

segments, we can approximate the segment as being straight. And if approximate the segment as

being straight, we can also approximate the finite displacement from one endpoint to the other with

a version of the tangent vector. But the metric is supposed to be telling us what the true length

so this tangent vector has some coordinate endpoints with respect to the alpha parameterization

– but the metric that we’re giving is supposed to be telling us the true length. I want to take the

norm of the tangent to the curve. But that’s going to give me the length squared of that little

segment, so I want to take a square root and then I want to integrate that with respect to α.

ta is the tangent with respect to curve c. It might be helpful to just write this out explicitly in

components assuming we picked some coordinates around here and then I need to integrate over

the α. Actually, you can easily see that the length of a curve is independent of how I parameterized

curve. If I change parameterizations, you know, the dα here cancels the two dα’s with the square

root there in the Jacobian, so I end up with exactly the same formula for expression of the length.
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Because length shouldn’t depend on parameterizations.

` =

∫ α2

α1

(tata)
1/2 dα =

∫ α2

α1

(∑
µ,ν

gµν
dxµ

dα

dxν

dα

)1/2

dα

Similarly, in Lorentzian geometry, the proper time elapsed along a timelike curve (gabt
atb is negative

everywhere)

τ =

∫ α2

α1

(−tata)1/2dα

It is convenient to use τ to parameterize timelike curves. With this parameterization, we have

tata = −1 (the only way the integrand can hold for all end points is if it is equal to unity). ta is

then called the 4-velocity of the curve (usually denoted ua). In Riemman geometry, we can show

that if we take ` as an “action”, then Euler-Lagrangian equations are the geodesic equations for

xµ(λ) (in an arbitrary parameterization) for ∇a associated with gab.

I’ve got a formula here saying that the formula is given by ` here. Suppose I was to use the letter

t for α here. And suppose you were in your classical mechanics class where you first learned about

Lagrangians. And suppose I said “okay, let’s consider this Lagrangian. It is a little weird with

the square root, but otherwise it looks a lot like Lagrangian.” It is quadratic in the first time

derivatives of the coordinates of the particle. It’s got these variable coefficients in front of the first

time derivatives, it doesn’t have a potential or whatever, otherwise it’s well within the class of

actions that you’ve dealt with or the types of actions that you should have dealt with in classical

mechanics class.

What curves are extrema of length? That is the same question mathematically as your classical

mechanics question of what are the extrema of the action if you view that as an action with

a Lagrangian of this sort. You can take your textbook Euler-Lagrangian equation for a general

Lagrangian that depends on the unknown variable and its first time derivative. If you write it down

you can write out the equations. What you will see is this is not quite like this equation because this

equation has a particular parameterization. If you rewrote this in an arbitrary parameterization

α(λ), that is exactly the equation you get.

Thus geodesics are extrema of length for curves with fixed endpoints. The rules of the game are in

classical mechanics that you keep the endpoints of the curves fixed. It has to go at the first point

at a particular time and end up at the second point at the particular specified time. Then you vary

the curve. If we fix two points p and q and ask, “Can I change the length to first order with some

perturbation of the curve keeping these endpoints fixed?” The answer is, “Yes, you can change
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the length of that if the curve is not a geodesic,” or maybe a better way of saying it is, “No, you

cannot change the length of it if and only if the curve was a geodesic.”

That is what I mean by the geodesics are the extrema of length. Furthermore, one can show

that for sufficiently short geodesics, if these points are close enough to each other, it is a kind of

geodesic that is going directly between them without making some detours. So if the geodesic itself

is sufficiently short, then the geodesics are not only extrema, but they are also local minima. If

you’re directly south of me, there’s a geodesic that goes around the North Pole back around the

South Pole of the Earth and back up to you. That is not the shortest way of my getting from where

I am to where you are. But it is an extrema. If you try to vary that to a first order, you won’t get

any change in length. But there is another geodesic that goes directly from me to you. That is the

absolute local minimum in this case.

The final punch line here is what I’ve tied together with geodesics and length. Similarly for

Lorentzian geometry, timelike geodesics are extrema of elapsed proper time between fixed endpoints

and “short” timelike geodesics are local maxima of elapsed proper time.

So this allows you to do the twin paradox in particular without any computation in terms of which

twin ages more or whatever, if at least I tell you that the inertial observers are geodesics of the

metric, and in a flat space-time the “short” isn’t needed – everything will be short. So we don’t

have a caveat there. So we know that an inertial observer who goes from event a to event b has the

most proper time elapsed of anybody, just as in flat Riemann space, we know the straight line going

between point a and b is the shortest curve going between a and b. These are additional special

properties of geodesics when using the derivative operator associated with a Riemannian metric

or a Lorentzian metric. In Riemannian geometry, people take this as a fundamental property of

geodesics, rather than their spatialness.
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32 Update on future classes

Prof. Wald will be having surgery on February 13th (this Thursday). Professor Daniel E. Holz will

take over the lectures until he returns (late February or beginning of March). Classes on February

20th and 25th will likely be cancelled.

33 Curvature

This is the key notion we’ve been building up to. Of course, Einstein’s equation is going to equate

part of the curvature of space-time to properties of matter. So this is going to be with us very

strongly for the rest of the class. Well, the first thing to keep in mind is that there are two

completely different notions of curvature that people, especially when you’re talking about surfaces

embedded in R3, it is very important to distinguish different notions of curvature.

extrinsic “bending” of a surface in an ambient space

intrinsic deviation of geometry from flat geometry

For example, a cylinder has extrinsic curvature but no intrinsic curvature.

People might say, ”Oh, this is a curved surface.” It is in the sense

that it’s bending. You can see the curvature and there’s some radius

of curvature of this thing. That is entirely this extrinsic notion. If

you’re a person living on this piece of paper, building triangles,

constructing geodesics, of course, triangles would be made out of

geodesics, I suppose. This cylinder has extrinsic curvature, but no

intrinsic curvature. You can imagine a Cartesian grid here and it is

pretty obvious, if I take a little chunk of this Cartesian grid, it looks

like a blackboard as far as all the properties are concerned. That

is just repeating that everything that Euclid said about geometric
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constructions. All I’m concerned about with is the local geometry.

And that is absolutely flat. There is no intrinsic curvature.

By contrast, a curved geometry is prototyped by a sphere.

It has both extrinsic and intrinsic curvature.

People building triangles here out of geodesics are going to find that the sum of the angles of the

triangle is more than 180 degrees. We will talk about how to characterize curvature in a minute,

and we’re going to precisely characterize it and get a tensor field that captures fully all information

about local property of curvature very shortly.

So you might ask, “Well, why didn’t I make this a lot clearer by

giving you an example of something that has intrinsic curvature, but

no extrinsic curvature?” I can do that if you gave me a different

ambient space, but if I’m supposed to be drawing you some surface

that lives in 3-dimensional flat space, then there is a very close

relationship between the intrinsic curvature of a surface and the

extrinsic curvature of the surface.

This is just for 2D surfaces embedded in 3D flat space. We will

see for 2D surfaces, there’s just one function. It is much more

complicate the in higher dimensions that characterizes the intrinsic notion of curvature. There

are two independent radii of extrinsic curvature. If the two-dimensional surface lives in a three-

dimensional flat space, then this is proportional to the product of the two extrinsic curvatures.

Although this is bending in one direction, it’s flat in the other direction. One of the things that

I get horribly confused about when I’m listening to talks where people might be doing physics on

some curved surface, people talk about the Gaussian curvature. The Gaussian curvature can mean

this scalar intrinsic curvature, or it could mean the product of the extrinsic curvatures. There are

two concepts that have nothing to do with each other logically. Usually I’m not successful in telling

people what I’m talking about. People don’t just explain by saying, “Gaussian curvature.” I’m not

sure what Gauss had in mind, but people definitely use it for both meanings.

33.1 Intrinsic

We are interested in an intrinsic notion of curvature and there are three ways to characterize

this:

i) Failure of initially parallel geodesics to remain parallel.
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ii) Failure of parallel transport of a vector around a closed curve to return to its original value.

iii) Failure of successive operations of ∇a to commute on tensor fields.

So we’re going to use the third of the three characterized curvature definitions, and now it’s going

to be convenient to compute this for a dual vector field: ∇a∇bωc − ∇b∇cωc in terms of ∂a and

Γcab:

∇bωc = ∂bωc − Γdbcωd

→ ∇a∇bωc = ∂a

[
∂bωc − Γdbcωd

]
− Γeab

[
∂eωc − Γdecωd

]
− Γeac

[
∂bωe − Γdbeωd

]
and then we antisymmetrize a and b so

∇[a∇b]ωc = ∂[a

[
∂b]ωc − Γdb]cωd

]
− Γe[ab]

[
∂eωc − Γdecωd

]
− Γe[a|c|

[
∂b]ωe − Γdb]eωd

]
That’s what happens when we take anti-symmetrization of two derivatives on a dual vector field.

What happens when we do that to other tensor fields? That’s actually very easy to see. Because,

for any vector field, what if I contract this vector field into a dual vector field and in a slight abuse

of notation, I’m going to write this. So what this really means is I have the two terms. I shouldn’t

really factor out the derivatives like this. This is just the two derivatives of this function minus

the anti-symmetrization on this. This I don’t really even have to tell you is zero because this is a

function and our fifth condition on derivative operators said that we’re supposed to get something

symmetric on functions.

Since mixed partials are symmetric and Γcab is symmetric in a and b, then

∇[a∇b]ωc = ∂[a

[
��
∂b]ωc − Γdb]cωd

]
−
���

���
���

�
Γe[ab]

[
∂eωc − Γdecωd

]
− Γe[a|c|

[
∂b]ωe − Γdb]eωd

]
and we see that there are no second derivatives of ωa terms. The 1st-derivative terms are

−Γd[b|c|∂a]ωd − Γe[a|c|∂b]ωe = 0

Since Γe[a|c|∂b] = −Γe[b|c|∂a]. Thus, ∇a∇bωc − ∇b∇aωc at a point p depends only on ωa at p.

i.e., the operator defines a linear map taking tensors of type (0, 1) at p to tensors of type (0, 3)

at p. In other words, we have proven that given ∇a there exists a tensor field Rdabc, called the

Riemann curvature tensor, such that for all ωa,

∇a∇bωc −∇b∇aωc = Rabc
dωd (*)

where

Rabc
d = −2∂[aΓ

d
b]c + 2Γec[aΓ

d
b]e

98



Clearly, the right side of this equation does not depend on choice of ∂a, i.e. it does not depend on

a choice of coordinates. If we put torsion back in, then we just have some other formula. There

wouldn’t be any really major change in the story, but I’m not putting torsion in. This is our

condition.

Similarly, for every vector field ~va, we have

(∇a∇b −∇b∇a)(vcωc) = 0

Well, if you write this out, then you’re going to get three types of terms. You’re going to get terms

where both derivatives act on the v. That’s what we don’t know and that’s what we wanna know.

But that will come contracted in with this arbitrary ω. Then

⇒ ∇a∇bvc −∇b∇avc = −Rabdcvd (**)

For T c1···ckd1···d` , applying ∇a∇b−∇b∇a gives terms like (*) for each down index and terms like (**) for

each up index.

33.2 Properties of Rd
abc

There are a number of properties; some of them very simple, some of them not quite so simple,

but all important properties that Rabc
d satisfy. So you know, this is a pretty high-rank tensor.

There are 44 independent components to begin with if this didn’t have any restrictions on it – 256

components in 4D. When we invoke symmetry, there are fewer components. When I say symmetry,

I mean tensor symmetries, symmetrizations, antisymmetrizations, etcetera.

1. Rabc
d = −Rbacd (obvious because of the antisymmetrization)

2. R[abc]
d = 0 (follows from formula in terms of ∂ and Γ)

3. Rabcd = −Rabdc. Proof :

0 = (∇a∇b −∇b∇a)gcd = Rabc
eged +Rabd

egce = Rabcd +Rabdc

Now, this is not totally trivial which is why it is in the upcoming homework. You will show that

(1)-(3) will imply Rabcd = Rcdab.

Now, we’re in four dimensions, and we’re starting with 256 components, and the symmetries above

will reduce this to 20 components

4. Bianchi identity: ∇[aRbc]d
e = 0 (see text for proof)
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This identity plays a very important role in Einstein’s equation of general relativity, but let me

first rewrite this identity because I’m going to define other curvature tensors from the Riemman

tensor and write out the consequences.

If I were to write out this term, we’ve got 3! terms where the indices permuted with minus signs on

half of them. The Riemman tensor is already antisymmetric in these indices. I claim I only need to

write out the even permutations because the odd permutations just repeats the even permutations

with the minus sign canceling the minus sign. So it is literally just repeating.

∇aRbcde +∇bRcade +∇cRabde = 0

Define the Ricci tensor by

Rab = Racb
c (Ricci tensor)

So it happened that Riemman and Ricci, both of their names started with an ‘R’. So the Ricci

tensor is also denoted with an R, but you’re not going to get confused between the Ricci tensor and

the Riemman tensor because the index structure is different. This is going to have two indices. So

the definition is that Rab is the Riemman tensor contracted over, let’s say the second and fourth

indices.

Now, there’s only one contraction you can do. You can mess this up with a minus sign if you

were to contract over the third and fourth indices of the Riemman tensor you would get zero or if

you were to contract over the first and second. So you can really only do the second and fourth.

Actually, you can do the first and the fourth but that will give you a minus sign difference and this

is the convention that I’m using. We can then define

R = Raa (scalar curvature)

Gab = Rab −
1

2
Rgab (Einstein tensor)

33.3 Contractions of Bianchi identity

So this has to do with the Bianchi identity which you’ve got up here because I want to show you

that you get some interesting things when you take contractions of the Bianchi identity. Contract

over a and d:

Cad∇[aRbc]d
e ≡ ∇aRbcae −∇bRec +∇cReb = 0
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Is that what I want to contract? So the first term – all I can do is just write the contraction. I’ve

raised an index. I’ve replaced the d by an a here. So that is the first term that I get.

Now in the second term I’m contracting over a and d which is going to give me a Ricci tensor,

I’m contracting over the third index rather than the fourth so it is going to give me a minus Ricci

tensor.

And now the last term, I’m contracting over a and d. That’s wrong in two respects. I’m doing first

and third instead of second and fourth, but first and third is two minus sign differences to second

and fourth. This is going to give me exactly Ricci tensor because I flip those two get a minus sign

so I end up with a plus sign and then I’m contracting in the right places.

Author’s note: wtf? Need to expand the steps because he went too fast.

Contract over c and e:

0 = ∇aRba −∇bR+∇cRcb = 2∇aGab

That may or may not be terribly enlightening. So I’m twice contracting the Bianchi identity now

to get a much simpler equation. That’s exactly the off-the-shelf Ricci tensor. I also get the scalar

curvature. But these terms are the same except for index shuffling.

So what this is is in fact nothing more than twice the divergence of the Einstein tensor. So the

Bianchi identity implies that ∇aGab = 0 – this identically divergence-free property, which makes

the Einstein tensor a perfectly suitable thing to use when you’re going to set it to the stress-energy-

tensor of matter. the divergence banishing is a local conservation of energy and momentum. The

use of this term in the equation is going to make Einstein’s equation not only compatible with

conservation of momentum but actually inconsistent unless you have some local conservation of

momentum.
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Notes General Relativity

Day 12

February 13, 2014 Giordon Stark

Author’s note: New professor subbing in for today: Daniel Holz. Wald is out for surgery.

So there will be lecture Tuesday and then after that, I think Bob is just going to e-mail you to let

you know the plan. As far as I know, there is a homework due Tuesday. Does that sound right? So

I’ll collect that. And before I get going, Bob is kind of the master teacher of GR, arguably in the

world. He wrote the book on GR, the one that is the standard reference. I am not Bob, so I will

do my best. He’s given me some description of what he hopes I can cover so he can pick up where

I left off. I’m going to try to follow that and I’m going to try to follow the book reasonably closely.

So please do read the book because, as you’ve probably discovered with Bob, he really follows the

book quite closely. As I go along, I’ll kind of give you indications of where in the book you should

be, so that by the end, when Bob comes in at the very least, you’ll have read the same parts and

he will be able to just pick up where I left off.

34 Recap

So I thought I’d start with a recap of what I think Bob has covered, more or less. He may never

have actually said this. General Relativity is curved spacetime geometry. What is curvature? What

I understand, you’ve spent a couple lectures on this. You all know more or less what curvature is.

The important thing is this curvature is this same curve – it is what is describing the curvature of

space-time geometry.

All the interesting effects that make relativity relativity which into this curvature. This is how you

know what relativity is doing. So curvature is an extremely important concept. So I’m going to

just spend a little longer on curvature just to give you more of a sense of what it is.

34.1 Intrinsic versus Extrinsic Curvature

So chances are all of you in your head, you think you have some intuition for what curvature is,

and as Bob may have said, part of the goal here is to break that intuition, because it is not as

useful as you might think.
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So here are two curved geometries (cylinder and sphere). What do I mean by that? You look at a

cylinder and say “That is not curved.” That is not a useful way to think about curvature because

the curvature we’re talking about is of space-time and space-time is (3 + 1) so it is 4-dimensional.

If this was your way of defining curvature, you would have to think of this in 5 or higher dimensions,

that is extremely difficult to do. In your mind, it’s less useful to have this idea of, “Yeah. It’s this

curvy thing” we have evolved to think in 3 dimensions, not 5 dimensions.

There are two sort of ways to define curvature. Intrinsic and extrinsic. This cylinder has extrinsic

curvature and that is the fact that it is curved in this three dimension. What a cylinder is, is just

a piece of paper. In your heads, you should be thinking, “How do I know it is just a piece of paper

with a funny boundary condition?” and a piece of paper is flat. So that is the way you should be

thinking about it. A sphere, needless to say, is not a piece of paper. You can never wrap a piece

of paper into a sphere and get the same distances everywhere on the sphere without ripping the

paper.

A sphere has intrinsic curvature and that is what we’re trying to measure. I want to take a point on

this sphere and evaluate and find out if there’s curvature there. I don’t know if Bob has mentioned

the point of equivalency. At a single point, you can’t add measurements there, you can’t tell if

there is curvature there. You can always find the frame locally at one point, there’s no way to tell

if there’s curvature. So measuring curvature requires you to do things sort of away from the point,

and in particular, it requires you to look at something nearby and notice differences between you

and something nearby.

34.2 3 ways to measure intrinsic curvature

1. failure of initially parallel geodesics to remain parallel. So here you are, you are moving in

a straight line. You find someone else nearby and you arrange things so that they’re also

moving in a straight line as far as you’re concerned, parallel to you, and then you just follow

what happens. And as long as you remain parallel, then you know that you’re actually on a

piece of paper. No, you don’t have to go to higher dimensions. You can just do this on the

surface. It is fine. It is an intrinsic way to notice there’s curvature there. If you stay parallel

forever, you know you’re on a piece of paper. If there is any deviation, then you know there

is something more complicated going on. By measuring change, you’re measuring curvature.

2. failure of vectors to stay the same when parallel transported around a closed curve. What you

do is, instead of comparing with someone else, you say there are two of you, you’re standing

at the same spot, you each have a vector that is pointed in a different direction. You keep the
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vector parallel to where you’re going, make a closed loop and look at how the vectors have

changed. You can’t do the measurement here. You have to compare nearby to see what’s

going on. In your mind, you should have an idea of carrying a vector around a sphere – the

easiest way to think about it is to follow latitude and longitude lines. That is curvature. That

won’t happen on the cylinder.

3. failure of successive applications of ∇a to commute. Then, this is kind of the one that is most

closely tied to the actual definition which is just, as you apply the derivative operator a couple

times and you look at the difference in the order in which you apply, you notice it doesn’t

commute. So all of this is related to the same thing which is, the local frame in space-time

where it looks like flat space and the first derivatives look like flat space. So anything that

had to do with a slight change nearby, I could make it zero. You have to go to two derivatives.

Each of these is actually implicitly two derivatives. I will show you that explicitly for the first

case.

35 Geodesic Deviation Equation (Wald 3.3 & 3.4)

Consider a 1-parameter family of affinely-parameterized geodesics γs(t)

Figure 21: What you should have is a whole series of geodesic. Here’s another point nearby. Here

is another one going through it. This sweeps out this two-dimensional surface. S tells me where

along, and t tells me where I am. We’re trying to get two nearby geodesics, so s is my notion

nearby. X is in the nearby geodesic, t goes along the geodesic.
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T a =

(
∂

∂t

)a
(tangent to geodesic)

xa
(
∂

∂s

)a
(deviation vector)

The deviation vector is an infinitesimal displacement to nearby geodesics. As usual, in these

arguments, this looks like it is a huge macroscopic thing. You should think of everything as very

nearby. The only reason you need to do that is because for sufficiently curved geometries, you just

say, by definition, I’m only doing this so nearby, that nothing weird can happen.

And we’ll notice that both T a and xa are coordinate vector fields. They’re defined directly with

the coordinates which means they commute.

[T, x](f) = T [x(f)]− x[T (f)] =
∂2f

∂t∂s
− ∂2f

∂s∂t
= 0

This is a fancy way of saying that partial derivatives commute. We’re going to use this sort of

argument a lot. You like coordinate vectors because they have nice properties. So now, I am going

to define two more vectors.

va = T b∇bxa relative velocity of nearby geodesics

So what is this that I am defining? What is this x? It is the deviation vector. This equation is

a gradient. This is the derivative of that x. So it tells me how is that distance changing in the

direction of me.

So I’m looking at this other vector. It’s some ways away and I’m asking, “How does that change

as I move along?” I gave you a clue here. So this is the relative velocity and just as a general

thing, I think it is extremely useful when you’re doing this. The hope is to develop an appreciation.

You say this is obviously the gradient of the distance and therefore, this looks like a velocity – the

relative velocity of two particles.

aa = T b∇bva relative acceleration of nearby geodesics

This one should be pretty easy then. So what is this one? Relative acceleration. It should be

reasonably clear what we’re trying to do here. What we want to do is we want to ask “how do I

evaluate the relative acceleration?” If I know the relative acceleration, for them to stay parallel,

the relative acceleration has to be zero. I’m going to start with an initial condition where there is
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no relative velocity, that is what I mean by initially parallel. And then so long as this is zero, this

will stay zero and I’m all set

T b∇bT a = 0

so

[T, x]a = T b∇bxa − xb∇bT a = 0

So this is what I mean by geodesic, I’m carrying myself along. I’m going along my tangent vector.

So this is clearly true. So if you think about this, this is also true because they’re coordinate vector

fields. You may have to write that out.

aa = −RacbdxbT cT d (Wald 3.3.18)

So there’s a whole argument using stuff that you already know that I can go from here to show

this. And I can spend half the class deriving it, but I don’t think that would be a very useful way

to spend our time. But please go through and check it to make sure you understand the derivation,

because this equation is kind of the whole point of this. So just go through – it’s like 6 or 7 steps.

It basically just uses that and out pops this expression. This is called the geodesic deviation

equation.

It’s exactly the statement that we had before: curvature is this failure of initially parallel geodesics

to remain parallel. Here’s the way it actually turns out. This is your curvature. And sure enough,

you just act on the nearby geodesic and your tangents and next thing you know, you have the

acceleration, the specific thing which is: Are you staying parallel? You can do this in all different

directions, but what curvature is, is the failure to stay parallel.

This is what I mean by initially parallel: (va = T b∇bxa = 0). Nearby geodesics remain parallel

(aa = 0?) only if Rdabc = 0. So this is just an extremely fancy way of saying exactly what we

said before, which is that you just draw nearby parallel lines. If they stay parallel, then there’s

no curvature and you don’t have to appeal to higher dimensions or do any of that other stuff.

You’re just doing little experiments right around you and you see whether or not there is any

curvature.

36 Principles

So I’m going to do just a very slight digression now into principles. This is from Bob’s book.

Bob doesn’t like principles. I sort of share his anxiety. In general, it makes you nervous to make
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statements but this kind of hand-waving. There is this funny thing about principles. Whenever you

hit a principle, it’s probably hand-waving. Principles aren’t usually equations where it is all clear

and well defined. It’s some, “Oh, I have some general feeling for what’s going on ...I think.”

• In physics, what we care about are numbers. At the end of the day, we’re almost always

measuring numbers. The actual experiments produce a number. So any theory at the end of

the day needs to produce numbers. And what do we do to produce numbers?

• Tensor fields – a multilinear map of vectors and dual vectors to numbers. All you’re doing,

all this tensor stuff, all these expressions are just very fancy ways to say you can put vectors

in – dual vectors – and out pop numbers. So that is what is going on in GR. The claim would

be everything in physics with a few slight exceptions should be describable this way.

And that is kind of a guiding principle. Everything we write down in physics – certainly in gravity

everything we write down is going to be tensor equations. So that kind of guides some of your

thinking. Physics is not some abstract exercise. It is actually calculating stuff, making predictions

and then testing them.

36.1 General Covariance

“Metric is the only quantity pertaining to space that can appear in the laws of physics.”

So I mean, this is a very important statement, but this whole pertaining to space, it is hard to know

exactly what that means. We’ve said there is this space-time and it is the fabric of the universe.

Everything kind of happens in space-time, and GR is describing space-time. This statement is

saying that anything that depends on space-time, which is basically everything, the only way it can

depend on space-time is through the metric and derivatives of the metric. There can’t be something

else which is a pretty important statement. I mean, it means there are no extra fields that tell you

about the way you’re moving in space-time. There could be other stuff. There is electromagnetism,

quantum mechanics, those go on top of space-time. But anything having to do with space itself,

having to do with the fabric of space-time itself, that can only come in through the metric and

derivatives of the metric,

So it is not exactly well-defined, but there is an important concept there. You can’t willy nilly take

some new vector field and say that that has something to do with gravity. We are saying the only

thing that has to do with gravity is the metric.

There is no preferred vector fields, etc. For example Γcab cannot appear by itself. So for example, so

the Christoffel symbol can appear. It is something that is related to coordinates. It is relating your
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ordinary derivatives to your full derivative operator. So it is a function of coordinates. It is some

additional thing on top of the metric. I don’t know if Bob discussed it, it is not a tensor. If you end

up doing a bunch of work and at the end of the day, that just has a Christoffel symbol in it, you’ve

got a problem. It can be differentiated, but if it is a naked Christoffel symbol there, that violates

this general principle. If you unpack it, it’s saying, “I’ve got this preferred set of coordinates.

Physics knows these coordinates and likes these coordinates better.” That’s not good.

37 Einstein’s Equation (Wald Chapter 4)

So I’m going to move on to the Einstein equation. This will be a series of lectures. I probably

won’t finish it, but today we kind of start laying out how you get to the actual Einstein equation,

which governs everything. It tells you how the metric is related to what’s in your universe.

37.1 Newtonian Gravity

Space is R3. All points in space can be associated with a rigid rectilinear grid → cartesian

coordinates. Every point in space can be associated with this grid, which is just rulers, you measure

distances, it’s rigid. You can do it in three orthogonal directions and you get what are called the

Cartesian coordinates. So you’ve kind of intuited this. That may not be the case, but it is useful

to think that way.

We also have rotations/translations which means there isn’t one unique set of Cartesian coordinates

- there is a whole family of possible Cartesian coordinates which means the cartesian coordinates of

a point have no physical meaning. If I tell you the point at (7, 3and15), it doesn’t matter because

I can rotate and get a whole new set of numbers. There’s no physics in that.

This all sounds obvious. I don’t know if Bob has really pushed it. This underlies everything we’re

doing in relativity. This simple observation is why relativity has a metric. You need to use distance

instead. This describes an intrinsic property of space. So this simple observation is why all of

relativity looks the way it is. So if we’re using distances, then it’s useful to define a metric. We

can do that. When you do distances, you can then sort of experimentally show that the distances

add up in certain ways and you have certain expressions that represent how to measure distances

in R3 (for example). In this room, if we use rulers, you can derive some equations.

So we define a metric

ds2 = (dx1)2 + (dx2)2 + (dx3)2
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In cartesian coordinate basis, we have

hab =
∑
µ,ν

hµ,ν(dxµ)a(dx
µ)b hµν =


1 0 0

0 1 0

0 0 1


In the simple space, the components of metric are constant. This means that the ordinary derivative

operator (not ∇a) satisfies

∂ahbc = 0

So that means the ordinary derivative is the derivative operator associated with that metric in

cartesian coordinates. So then we ask, what is the curvature?

Rabc
dwd = ∇a∇bwc −∇b∇awc

So here’s the commutator (commuting derivatives). Ordinary derivatives commute so Rabc
d = 0 –

the curvature vanishes. The metric is flat.

So the point here is we have a metric. Metric is what is telling us what the distances are, and

curvature does not exist independent of the metric. Curvature is a property of the metric. And then

the way you calculate the curvature is by doing something like this. This brings up another point

which I was trying to say before which is, notice you have two derivatives here. There’s no way to

define the metric locally. You need to take not just one, but two derivatives. Locally, it can always

look like there’s nothing going on. You need two derivatives to notice there’s some curvature. That

is why you have to go to acceleration when you look at nearby parallel geodesics.

Given that this is the case, we can go back to the geodesic equation and we find that the geodesics

are straight lines in Cartesian coordinates – this is because it’s flat. This means the Christoffels

vanish. So if you look at the definition of the Christoffel symbols, it is a derivative of the metric

components. But there are no derivatives because this is constant. For this metric, the curvature

vanishes, the Christoffel symbols vanish, the geodesic is trivial, which means nothing is changing.

If you are on a coordinate axis, you stay on that axis. It is all just straight lines.

There’s one subtlety, and Bob spends a little time on this. You can show that the distances work

the way you expect, which may sound totally obvious. Actually if you go through what’s being

assumed, where you have all this infrastructure, we created these coordinate systems and metric

that is associated with the coordinates. This doesn’t ensure that the distances work when you

actually do measurements. There’s just one important step there which is that we have all this

machinery, it all comes from this nice coordinate system and we’re doing some work on that, but
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we have to make sure that the distances actually do what you want them to do in this sort of 3D

geometry, and they do.

To summarize: space in this room is a manifold R3 with a flat Riemmanian metric.

37.2 Special Relativity (Wald 4.2)

So that was normal geometry. I’m now going to go through the exact same thing for special

relativity. I think what Bob has in mind here is, as I understand, the last few weeks you’ve

probably done a lot of mathematical stuff, tensors and vectors and dual vectors, so now we’re

trying to shift into physics, and so here’s all this machinery, we’re first going to apply it to space

that you know and love and show how everything ties in, and now we’re going to tie it to special

relativity and then we’re going to ease you into general relativity by holding your hand.

Spacetime is R4. There exist global inertial coordinates (t, x, y, z). This is an assertion. It could be

false. It could turn out that you could not describe all these events in space-time with these four

coordinates, but that is not the case. That is an experimental effect. We now define a spacetime

metric ηab

ds2 = −dt2 + dx2 + dy2 + dz2 ηµν =


1 0 0 0

0 1 0 0

0 0 0 1


in global inertial coordinates.

So there is something important going on here. These global inertial coordinates (GIC) are the

coordinate systems where you have to be careful because you don’t want to be self-referential.

If you have things moving in straight lines, they’re going to keep moving in straight lines. It is

obvious. Coordinate systems where you don’t feel any acceleration, you’re not rotating or doing

weird things, you’re just there watching stuff happen. So it is one of these things where, as an

experimenter, you can have a bunch of gyroscopes that fix your directions, as long as you don’t

move or feel your acceleration, you’re in a global inertial coordinate system. They are a very special

set of coordinate systems that if they didn’t exist you couldn’t do any of this. That is the same

thing as the Cartesian coordinate systems in space. The fact that those exist is why you can do

all this stuff. You have space such that you can actually lay rulers out and they would be whole,

it wouldn’t be smooth somehow. That is not the case for the space in this room. But that is sort

of a physics statement. That is an experimental statement. That is not “It-had-to-be-that-way”

statement. There exists global inertial coordinates and you can write that down. At the end of

110



the day, someone has to measure and make that true. I can write this down and it might not

apply to our universe. Actually, I think you can often get lost in physics classes as to what is sort

of experimentally determined and what is kind of just being asserted randomly. So this general

relativity is about agreeing with experiments. I’m not going to talk about string theory.

ηab is independent of the choice of global inertial coordinates. The ordinary derivative operator is

associated with global inertial coordinates

∂aηbc

So ∂a is the derivative operator ∇a associated with ηab. And clearly, ∇[a∇b] vanishes when applied

to any tensor field. This implies that the curvature vanishes Rdabc = 0.

So the reason Bob, I think, spends a lot of time on this is because we’re trying to break your old

way of thinking about special relativity. This is how you’re supposed to be thinking about it. It

is a space-time that has no curvature. That is flat. That is what special relativity is. It is not

whatever it is you thought it was before.

So spacetime is flat. Geodesics are straight lines. You’ll hear often that space is flat. That is what

we had in the previous example. Space in our universe is flat. There’s been a lot of measurements

in the last decade. Space is flat. Space-time is not flat. There is a difference there. Something that

maybe you’ll talk about later in class, but when we say space is flat in our universe, that means

when you take out the time part, there’s a preferred time – there’s a way to choose time so that

the universe is particularly nice. When you freeze the universe with that time and you look at the

space that results, that space is fine, which it didn’t have to be and is mysterious in embarrassing

ways. That is space is flat and that is related to the previous example. Space-time is not flat in our

universe. Our universe is expanding. That expansion is only happening in this time direction. It is

not happening in a spatial direction even though the entire universe is expanding. It is important

to keep this clear. This is special relativity. Special relativity is very special and it underlies all of

relativity, but it is very very special.

Timelike geodesics of ηab are world lines of inertial observers.

To summarize: Special relativity is manifold R4 with flat metric of Lorentz signature.

So we know special relativity because there really is nothing else to tell besides the metric, when

you have a vanishing curvature. What we don’t know are the laws of physics.
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37.2.1 Laws of Physics

Particle mechanics – paths of material (non-superluminal) particles are timelike curves. So

ηabT
aT b < 0

T a is the tangent to the curve. This condition is the condition that the path be timelike. This is

the way we do physics in special relativity. For any curve, if I’m saying, “Here is a curve that a

particle follows,” this is the path of a particle. This is a tangent, and I have this condition that

it has to be time-like. This is the condition that that path be time-like. Just to be clear, there is

motion in special relativity, now I’m talking about particle mechanics where there can be all sorts

of other things going on. There are forces. Someone came along with a baseball bat and hit the

baseball. It is no longer traveling on a geodesic right at the moment it gets hit. But this is still

true because it is a material particle. The curve it’s on always has to be time-like. Not a geodesic,

but time-like. Just important to get that distinction straight.

So just review, you know, what the definition of a tangent vector – that is what this equation

means. If you’re not moving in this global inertial coordinate system, you’re sitting here and time

is passing. In that case, the tangent is just a vector in time. If you draw a little space-time

diagram, then this is just d
dt , and the magnitude of this is literally the time in this global inertial

coordinate system and this will give you that time. But if your curve is doing something else, then

this is evaluated wherever you happen to be, there can be multiple components. But it is a tangent

vector. It is just in this interesting metric. So this is just a fancy way to write tangent vectors. The

important thing here is that the magnitude of the vectors are negative because these are time-like

for the curves.

Parameterize the timelike curve by proper time τ

τ =

∫
(−ηabT aT b)1/2 dt

I know it’s time like so I know this path is always negative. This integral is always positive. This

gives me a proper time. All this is, is I’m drawing a curve in this geometry. There is nothing fancy.

It is as if I were to draw a curve on this table and you just measure the length of the curve. It is

what it is. So here I’m doing the exact same thing, but in this four-dimensional space with this

particular metric. It is just the distance of the curve. The curve must be time-like. The distance

must be negative so I can take this negative sign in front and this must be a positive quantity,

which I’m going to call proper time.

So this equation really is right now, here I am, and I’m moving in a certain direction. I’ve got some
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curve. So at this point on the curve, this is a tangent to the curve my particle is moving on. This

is the d by d direction of the curve. This is what we mean by tangent vector.
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Notes General Relativity

Day 13

February 18, 2014 Giordon Stark

Author’s note: New professor subbing in for today: Daniel Holz. Wald is out recovering.

38 Recap

38.1 Curvature

I figure I’d start with a recap. And so far at least the last few lectures we’ve been talking about

curvature, and curvature is the key quantity in relativity. It is what tells you. It is the aspect

of space-time that tells you what’s happening. So everything you do in relativity comes down to

curvature. so part of what we’re trying to do here is give you some intuition for what curvature

is. You don’t want to think of curvature as some equation. It is not a particularly useful way to

think about curvature. You want to think of it as its action on stuff. In particular, we derived the

geodesic deviation equation

aa = −RcbdaxbT cT d

where xb is the deviation vector, aa is relative acceleration of nearby geodesic, and T i is the tangent

to the curve, and R is the curvature.

The keyword in this whole equation is the relative. This is something you’re doing by comparing

two particles not just evaluating at one point. The one motion is a measure of curvature. That is

what curvature is telling you about. It is really all about tidal forces. There was some confusion

at the end of class. This is a tangent vector to the curve. This is the same tangent vector, just

different components. This is the sort of abstract notation, so T c is just an object. It is a vector

and it is the tangent vector.

When we talk about two geodesics being initially parallel, we mean

va = T b∇bxa = 0

and staying parallel means

aa = 0
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if the curvature vanishes Rbcd
a = 0 [see definition above]. One way to say it is it measures any

two parallel particles. All these indices are just to get all the pairs of your actions right. So that

is the physical meaning of curvature. As you go through relativity, whenever you get these really

complex expressions, at the end of the day, you should be able to boil it down to this is what the

curvature is doing. I know that whatever effect I’m interested in, I should be able to turn it into a

pair of nearby particles and ask what is the notion of parallel transport. You should be able to do

it with various things. It all turns into little expressions like this.

38.2 Special Relativity

To finish up the recap, we started on special relativity. We’ve said that it was R4 with ηµµ =

(−1,+1,+1,+1) – a Lorentzian metric. And we noticed that the partials of this metric – because

it’s constant in these coordinates – is zero which means that the partial derivative, in some basis is

the metric operator. In this metric, in special relativity, the commercial relativity vanishes because

these two commute. In special relativity, you get that all lines stay parallel.

∂aηbc = 0 ⇒ ∂a = ∇a

and Rabc
d = 0 since ∇[a∇b] vanishes. So you apply these commuting derivatives to any tensor, and

they’re partial derivatives. That is the key to special relativity. Really what special relativity is, is

a manifold with a special metric.

38.3 Summary

• Pre-relativity – space is R3 with flat Riemannian metric

• Special relativity – spacetime is R4 with flat Lorentz-signature metric

39 Particle Mechanics in Special Relativity (Wald, 4.2)

I got to the point where we were talking about geodesics as time-like curves. That is where we

were last time. I’m just going to write the summary expressions, and we’ll get going.

ηabT
aT b < 0 timelike

This is what we mean by time like. This is not – what we’re talking about now is all particle

motion, okay? So our particle motion satisfies this. These are time-like curves. So it is important
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just to appreciate the difference. Geodesic means you’re acting under the force of gravity. There is

nothing else working. Curves means there could be that someone came along and kicked the ball.

You’re still time like. You’re not necessarily a geodesic anymore.

τ =

∫ (
−ηabT aT b

)1/2
dt

and we parameterize the curves by τ – the time elapsed along the curve. The metric, and of itself,

not a physical observable. You do not measure metric parameters. This is a physical part. It is

good in all your classes to keep in mind about what are physical observables. So the four velocity

ua is the tangent curve parameterized by τ . You get this by definition

uaua = −1

This is just because we’ve defined the length of the vector to be a sense parameterized by tau. It

is automatically −1. So a particle with no external force follows a geodesic equation. This is just

a straight line. I’ll give you a hint. What you should have in the back of your mind is how should

I do this in relativity? This is all special relativity. What might this look like in general relativity?

This is sort of the way you should be thinking.

ua∂au
b = 0

so define four-momentum pa = mua where m is the rest-mass. So one that happens to relativity a

lot is you have to be careful to define your measurements. It’s physics, you always have to have an

observable, something that is measured. The question of a particle as measured by whom. Give

me the actual measurement you have in mind. In this case, the idea is we have some observer.

That observer is characterized naturally by some 4-velocity. We want to know what energy you

then measure

E = −pava

where va is 4-velocity of observer. If the observer is at rest with the particle, then

va = ua E = −paua = −muaua = m = mc2

Since ηab is flat, parallel transport is path independent.

So there’s one entrusting aspect of this. This is one of the reasons it is hard to go from general

relativity to special relativity. Just from the Newtonian thinking in general. It’s something you

probably don’t even really realize. Since special relativity is just flat space, there is no curvature.

So parallel transport is path independent. If I have a vector here and I want to bring it over to

116



the corner of the room, I will carry it to coordinates of the room and I’m always going to get the

same result, no matter what path I take to get there, meaning I can identify the vector here with a

vector there uniquely. It builds your intuition in Newtonian gravity. But that requires specifically

that you can do this parallel transport. If this were not curve independent, that would mean if I

carried the vector over this way or that way, I would get a different result. So that different result

is specifically curvature. That was one of the definitions we had for curvature. It is just different

paths give you different results depending on how you go.

If that happens, it means I can’t identify a vector here with a vector over there. I know what it

means to have a measurement here from an observer right here looking at a particle. But I have

no idea what an observer over there would measure for this particle. There is no meaning to that

except if all the vectors are the same, then I can say, “Well, if you happen to be over there, but

have a parallel 4-velocity, you would infer the same measurement.” If you make a measurement, I

can project what that would mean to me because I can’t identify all the vectors. If I were sitting

over there, what would I measure for the energy, I can take my 4-velocity, I can parallel transport

it, which just means carry it over there, do the measurement and I would say that is the same

measurement I would get here, it is the same vector. But I can only do that in special relativity.

The actual particle trajectories are always timelike but the paths to compare vectors are spacelike.

We can identify vectors with all over vectors because there’s no curvature. Because there is no

curvature in special relativity, we can define the energy of the particle as measured by any observer

(using parallel 4-velocity). So Newton’s second law

ub∇bpa = fa

where fa is a 4-force. If fa = 0, then we get the geodesic straight line motion. And I’m doing

something slightly suggestive. I could just write this as a normal partial because they’re the same,

but I’m not going to. I’m specifically using the metric derivative. That’s because I want this to

look like a GR equation. If I use the partial, it is certainly true that that is the metric operator in

special relativity, but the partials are not the appropriate operators general relativity, but by using

this, I’m trying to make it an expression which might actually survive in GR. That is kind of the

goal here to come up with expressions that are valid in GR.

39.1 Light Rays

The properties of light are governed by Maxwell’s equations. In general, general relativity has not

to say in particular about light. It simply just says “this is some additional field.” This is part of

the kind of way to think about things. What you have here is this theory is just about space-time.
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The rest of physics fits into space-time on top of space-time if you like. This theory is not telling

you about the rest of physics. It is sort of laying out this stage and then the relativity of physics

happens on that stage and everything else in physics has to respect certain properties of these

equations. Gravity is not telling you about Maxwell’s equation. It has to fit on this space-time.

The only parts of gravity that comes in has to be in metric – curvature – derivatives of the metric.

So there’s nothing separate here.

So this leads to the geometric optics approximation, which is approximately the wavelength of light

that is too small compared to all the interesting scales in your problem. In that case, you can

really think of light as light rays - and they happen to travel on geodesics (if you solve maxwell’s

equations). “Light rays” travel on null geodesics

kaka = 0

where ka is the tangent to the null ray.

kb∇bka = 0

is the frequency of the light ray as measured by an observer with 4-velocity va

ω = −kava

Your observer always has length −1. So if you’re at rest, you’re getting the first component. You’re

measuring the first component. One way to think about that is the frequency in any frame is the

first component of this 4-vector k. At rest is not v = 0. This is a 4-vector.

40 Energy, Momentum, and Stress

So what we need to define to go on – we have all this other stuff, we have these fields, we have

these particles going around that have energy. We want to encapsulate all that stuff in one object.

The energy, momentum, and stress properties of continuous matter and fields are described by the

stress-energy momentum tensor:

Tab

for an observer with 4-velocity va

−Tabvb density of 4-momentum
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And we’re going to ask that it satisfies certain physical requirements. So in all these things, in

special and general relativity, all things are tensors. This is the appropriate object to use to think

about things that don’t depend on coordinates. So you have these tensor objects. When you take

tensors and you multiply them together with vectors, you get numbers and the numbers are what

you measure. If we want to turn descriptions of where people are and what they’re measuring into

actual numbers, you need some object that takes vectors and turns them into numbers and that’s

what tensors are. So one way to think about all of this tensor stuff is it is an attempt to take

vectors, which describe where I am and what I measure. I’m the one making the measurement,

where am I? That’s a vector. We want a tensor that is going to take a vector of where I am and

turn me into some form of energy density

Tabv
avb energy density

What do we mean by energy density? It’s a physical thing to measure, a mass-energy per unit

volume. If you like, I’m just defining this abstract object and I’m saying this is the object where,

for any observer, you just give me the 4-velocity, it gives me back energy density. But it has to be

a tensor because everything has to be tensors. It can’t be dependent on a coordinate system. This

means, automatically, there are a bunch of other components to this thing that we have to sort

through. So this thing has to be more than just energy.

We have Tab = Tba - a symmetrization. For normal matter: Tabv
avb ≥ 0.

Let’s imagine we have some 4-velocity, and I’m going to look in some other direction: xa ⊥ va,

then −Tabvaxb is the momentum density in the xa direction. If I also have ya ⊥ va, then Tabx
ayb

are the x-y components of stress.

So it’s now the sort of stress of my material in these x-y directions. All this stuff has to be there

if you’re going to define something that has energy, because you can’t just define it as the energy

when I observe it going in this direction, that means all these other possible measurements can be

done by other people going in other directions, or by other vectors and you’re getting numbers so

there must be some physical meaning to them, so it’s basically stress, or momentum.

It’s related to pressure. So if you have pressure, if you apply pressure to something, it has additional

energy to it associated with that pressure. That is something that has to be included. So the point

here is that any source of energy gives you mass. This stress energy thing is going to be our

source. It is the source of mass. So there’s matter density which is the normal sense of energy. But

there’s also energy itself that gravitates. So in this source for all of gravity, you need to account for

everything. Pressure, also gravitates. Everything gravitates. Anything of interest gravitates.
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This is just sort of convention. And so for example, I think the convention here is that this is

negative and I think this is positive, but I’m not positive about that as it were. You should check

the book to be sure. Essentially what’s happening is you’re picking up a minus sign because this

is a timelike and these are spacelike. So you’re compensating for that so you get positive values.

You definitely want this quantity to be positive.

So the conservation of the energy-momentum tensor

∂aTab = 0

So I’m going to give a hand-wavy explanation of this, but the book is more rigorous. So in global

inertial coordinates

−∂tT0µ +

3∑
ν

∂νTνµ = 0

which is the equation I wrote above for conservation, but with explicit (fixed) coordinates – so they

are no long abstract. Define

pµ(t) =

∫
t
T0µ d3x

So I’m going to define this function of time, right, which has one index, which is the integrating

over a fixed time. You fix time, you’re integrating over that fixed time. Okay. So this integral

is an integral over how many dimensions? So it’s three dimensions. We have four-dimensional

space-time. We’re fixing time. That leaves us a three-dimensional surface. We’re integrating over

that surface.
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so I’m taking some volume of space-time. The boundaries are these two slices in time. Okay. And

then there’s all the stuff in between. Unfortunately, this is not – I mean, I think Bob does this in

his appendix, so either this is somewhat familiar to you or it is going to seem a little opaque, but

you apply Gauss’s law, and it is the same Gauss’s law as you know from EM, but generalized.

We integrate over the 3-dimensional boundary of a 4-dimensional spacetime volume. We apply

Gauss’s law and find

pµ(t2)− pµ(t1) = lim
r→∞

∫
S

(
3∑

ν=1

Tνµn
ν

)
dS

where nν is the unit norm and r is the radius of the cylinder. This is the unit normal. Basically, if

you remember Gauss’s law, you remove derivatives. You turn a volume integral into a surface inte-

gral and you automatically get to lose some derivatives. So you’re getting to lose these derivatives.

You end up getting an expression for the whole thing.

pµ(t2)− pµ(t1)→ 0 if Tµν → 0 sufficiently rapidly as r →∞

So the point here is that this T is stress-energy. Somewhere far away, you can imagine making this

cylinder far away, so long as this Tµν , so long as that is true and there is a very specific way that
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this can be true, and you’ll probably get to that in the class later, this ends up getting closer in

relativity in general. It is saying there is no stuff out there. If there is no stuff out there, all the

stuff is contained within your cylinder. If that is true, then what this is telling you is that there’s

no change in stress energy, it is conserved. Nothing is moving – nothing is magically appearing

within this cylinder. The amount that you had here is the same as the amount that you have here,

modular stuff that can come in the sides. Nothing is coming in the sides. It is a very fancy way to

say there is conservation of energy-momentum. “This is evaluating the amount of matter here at

this time” when you put in t1. When you put in t2, this integral is integrating all the stuff that’s

coming in to your surface. If all the stuff coming in is zero, then the amount here has to equal the

amount there. And it does.

So we know what it means to measure energy locally. In special relativity, that is very clear. In

general relativity, there is not nearly as much meaning to that. Like I can tell you what someone

will measure for the energy of a particle, but if you say, “What’s the energy of the system?” It is

not well-defined. So you end up having to define energy and having to define mass. I can’t tell

you the mass of some objects just by looking at them and making local measurements. There’s no

meaning to that in relativity which is really not intuitive, but if you think through what it means,

related to principle and equivalence, it is related to this then about measuring distance in particles,

there is no local measurement that is going to tell me mass. The way that I measure mass is I go

really far away, and I look at how curvature is changing. Mass has a specific way in which curvature

is changing. I notice that and I call that mass. But for any given space-time, there is no actual

true definition of energy and mass. And in fact, there is no true conservation law. So this is a

conservation law, but it is a little tricky.

40.1 Examples of Fields and Tab

40.1.1 Perfect fluid

No viscosity, no heat conduction. How might you describe this fluid? What numbers do you need

to describe fluids? For a perfect fluid, one would claim you only need three numbers.

ρ is the mass-energy density in the rest frame, p is the pressure in the rest frame, and ua is the

4-velocity of the fluid in some frame. Well, any bit of fluid, we’re going to sit with the fluid and we

know there’s a meaning to the energy density of that bit of fluid, like the temperature. We know

that there’s a meaning to the pressure on that element of fluid right now. It can be moving in some

frame, it has some 4-velocity. So there’s meaning to that as well. This fully describes everything
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you need about your fluid.

So now from this we’re going to want to construct a stress energy tensor that describes the fluid

because I can’t – I don’t know how to put these into special relativity. I have to come up with a

tensor that describes everything that’s relevant. Just note that, by definition, uau
a = −1 must be

true. I’m going to assert that

Tab = ρuaub + p(ηab + uaub)

This is what a stress-energy looks like in general. We can spend all of class trying to motivate it,

but we’re not going to. If we are moving with the fluid, then va = ua and so

Tabv
avb = Tabu

aub = ρuau
aubu

b + p(ηabu
aub + uau

aubu
b) = ρ

This is an extremely fancy way to write something down which, when you multiply it by the

appropriate observers, gives you the quantity you want. The things you have to work with are

metrics, derivatives of the metrics, your vectors which tell you who is doing the observation, and

that is it. I can’t have anything else weird in it and it has to look like a tensor. So from this, we

can think of this as the equation of motion

∂aTab = 0

if we project this parallel to ub

ua∂aρ+ (ρ+ p)∂aua = 0

So expanding it out (first term)

∂aTab = ∂a(ρuaub) = ∂aρuaub + ρ(∂aua)ub + ρua∂
aub

So you can think of it as what I’m doing is you can multiply it by ub. You should go through this.

In this case, projecting, you can think of it as multiplying by ub. Then you’re getting equations –

and if we project this perpendicularly

(ρ+ p)ua∂aub + (ηab + uaub)∂
ap = 0

40.1.2 Non-relativistic Fluids

We have p� ρ and uµ = (1, ~v). The equations become

∂tρ+ ~∇(ρ~v) = 0 conservation of mass

and

ρ(∂t~v +
(
~v~∇~v

)
= −~∇p Euler’s equations
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Wald is back in action

41 Course Outline

today formulation of general relativity

9th week linearized gravity (including gravity radiation)

10th week Schwarzchild solutions

Notes: please attend the first ∼ 2 weeks of Physics 371 (Spring, TR 9-10:30) for an introduction

to Cosmology.

42 Catch up and Review

42.1 Special Relativity

Spacetime is (R4, ηab) where the metric is ds2 = −dt2 + dx2 + dy2 + dz2. Note that ∇a = ∂a in

global inertial coordinates.

Particles follow timelike curves

pa = mua

For an observer with 4-velocity va

E = −pava

and the projection of pa perpendicular to va is the “3-momentum”.
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42.2 Continuous matter and fields

Energy-momentum-stress properties described by tensor field Tab = Tba with interpretation by

observer with 4-velocity va:

−Tabva = density of 4-momentum

Tabv
avb = energy density

Tabx
ayb = x-y component of stress (where xava = yava = 0)

Conservation of energy and momentum expressed by ∇aTab = 0.

42.3 Perfect fluids

So the word perfect here doesn’t mean the fluids are the most perfect thing around. It means we’re

considering a case of no viscosity and no heat conduction, no diffusion, or whatever. This is a

form of continuum matter, which is described by certain fields. The fields are called: a scalar field

called the energy or mass density ρ, the pressure P , and there is 4-velocity of the fluid ua with

uaua = −1.

Tab = ρuaub + P (ηab + uaub)

So what this funny-looking thing is is actually the projector orthogonal to ub. If you dot in

something that is orthogonal to u, the space-time metric just lowers the index. So if you see a

stress energy tensor of this form, someone moving across the direction va = ua will see an energy

density ρ, that person will see zero momentum density because the 4-momentum will point entirely

along the u direction. So that person will see 3-momentum density according to that interpretation.

And what you see from this is that the stress is going to be isotropic saying that all directions purely

diagonal and that stress is P . That is what we normally call pressure. So this describes a fluid

with this flow line and with pressure P and energy or mass density ρ.

What are the equations of motion of the fluid? ∇aTab = 0. The time component of this equation

gives you the conservation of mass equation that I referred to and the space components give you

the relativistic version of the Euler equation.

43 Electromagnetic Fields

I just wanted to mention electromagnetic fields because these you’ve certainly seen before, although

I don’t know how many of you have really seen the special relativistic kind of form of electromag-
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netism. But the claim is that the electromagnetic field is described by a tensor field of type (0, 2),

Fab = −Fba which is antisymmetric. For an observer with 4-velocity va, then

Ea ≡ Fabvb is called the electric field

Ba ≡ −
1

2
εab

cdFcdv
b is called the magnetic field

where εabcd = ε[abcd] (totally antisymmetric) with ε0123 = 1 in a “right-handed” global inertial

coordinate system.

Note seeing that the electric field perpendicular to the velocity is rather straightforward from the

antisymmetry of the tensor

Eav
a = Fabv

avb = −Fbavavb = 0

This gives rise to lots of problems. For this course – how does the electric and magnetic fields

transform? If one observer sees an electric field but no magnetic field, then an observer moving

by that person will see both. How does that work? You figure out what the F is from what I’ve

described and then you dot it into what 4-velocity you want or you can memorize complicated

Lorentz transformation formulas. I’d recommend the former rather than the latter. This thing is

anti-symmetric under interchange of tensor slots. This is obviously symmetric. If you ever dot an

anti-symmetric thing into a symmetric thing, you’re going to get zero. So I hope people will be

able to develop this quickly. That is a basic computation that comes up all the time.

Maxwell’s equations are

∇aFab = −4πjb source terms

∇[aFbc] = 0 ⇔ Fab = 2∇[aAb]

In a topologically equal space we’re dealing with is equivalent to the statement that this object

should be thought of as the fundamental entity in electromagnetism. It is sort of by accident,

we can get away with dealing with just electric and magnetic fields. But if you go to Yang-Mills

theory, you need to deal with this so-called potential which is really a connection mathematically

very similar to this whole derivative operator stuff that we’ve been doing but it’s not a space-time

derivative operator. The reason I’m saying that is when you get to Yang-Mills theory you can’t

formulate the theory in terms of field strengths alone.

I’ve been stressing that there is a stress-energy tensor. This you don’t typically see until graduate

classes or whatever and, even then, it’s not emphasized that much.

Tab =
1

4π

[
FacFb

c − 1

4
ηabFcdF

cd

]
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You can check that this gives an energy density that’s been what you’ve always told. This gives

a pointing flux. A momentum density that also will correspond to E × B, again, what you’ve

all been taught in class. Finally if we have no sources, ja = 0, Maxwell’s equations imply that

∇aTab = 0.

44 General Relativity

There’s really no reason why we should assume that the global structure of spacetime is R4. What

we see around us is that locally in our vicinity, things look locally like R4, but 20 Hubble radii away

from us – there’s no reason why we should make some assumption about that now. You might as

well think of what we know. In its basic structure, if we assume we’re not in some special place

in the universe where the law of physics takes some form from a different place, then exactly what

we know is sort of locally space-time looks like R4, but that is exactly saying we have some general

4-dimensional manifold. I’m also going to assume there is some Lorentz signature metric.

So spacetime is described by (M, gab) where M is an arbitrary 4-dimensional manifold.

44.1 Kinematical description

What is a particle? What is a fluid? What is an electromagnetic field and so on? Not necessarily

what equations do they satisfy, but just what type of objects describe them for the kinematical

description. We’re going to take over from special relativity.

• Particles are described by timelike curves – but this is timelike with respect to this metric

gab which is a completely different metric.

• Perfect fluids are described by ρ, P, ua with uaua = −1.

• The electromagnetic field will be described by Fab = −Fba.

44.2 Dynamical equations of motion

We need to generalize equations of motion. The idea is to take what we have in special relativity

and carry it over to general relativity as straight-forwardly as possible. So we take things that

hold in (R4, ηab) and make them hold in (M, gab). The basic idea is to write down special relativity
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equations and replace

ηab −→ gab

∂a −→ ∇a

So I would say the rule is replace the metric with the metric, and replace the derivative operator

associated with the metric with the derivative operator associated with the metric. So that went

– that you can probably memorize pretty well. This “rule” is called “minimal substitution” but is

ambiguous when you have equations involving 2 or more derivatives on tensor fields because the

original form of equations might have “hidden terms” of the form ∂[a∂b].

For example, suppose in special relativity, we have a scalar field φ that satisfies

∂a∂
aφ = 0

“Minimal substitution” suggests that ∇a∇aφ = 0 is the correct generalization to curved spacetime,

but ∇a∇aφ+ αRφ = 0 is “as good a guess” for the curved spacetime generalization.

In all cases of continuous matter and fields, we have a stress-energy tensor Tab = Tba as in special

relativity. We require ∇aTab = 0 – divergence-free. This expresses “local conservation” of energy

and momentum.

So now, if we do perfect fluids: Tab = ρuaub + P (gab + uaub) and ∇aTab = 0.

Maxwell’s equations for the electromagnetic field will be the same as written previously, except we

change ηab ↔ gab. It is true that in the case where there’s no charge current, Maxwell’s equation

will apply the conservation of the stress energy tensor in this sense.

45 Next Time

So what I’m going to do the beginning of class on Tuesday is justify what I was saying about this

kind of being emperically local conservation of energy and momentum for freely falling observers.

It is something that we do definitely want matter to satisfy and then we will condense Einstein’s

five-year-or so struggle toward getting the field equations – well, he really got going in November

of 1915 and it did take him a few weeks once he got going to get the whole thing right – we will

condense that into a 20-minute discussion and derivation or motivation of what the field equations

are. General relativity space-time is going to be curved. This is how matter responds to curved

space-time. And I probably should have said a few words about particles, but particles will move on

time-like curves, but Newton’s law will say they deviate from geodesics because of external forces.
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That’s how curved space-time affects the motion of matter. The other major ingredient is how does

the matter affect the curvature of space-time. When both ingredients are combined together, that

is general relativity.
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46 Last Time

Spacetime is given by (M, gab) where M is the class of 4-dimensional manifolds and gab is a

Lorentzian signature metric. Matter has some type of kinematical description as in special rel-

ativity (R4, ηab). Matter fields satisfy an appropriate generalization of the field equation holding in

special relativity.

The energy-momentum-stress properties of continuum matter are described by Tab and imposing

the divergence-free condition ∇aTab = 0 implies momentum-energy conservation (not one or the

other, but both).

47 Riemannian Normal Coordinates

Let p ∈ M and let va ∈ Vp. There exists a unique affinely parameterized geodesic γv(t) passing

through p at t = 0 with tangent va. Define ψ : Vp → M (an exponential map) by ψ(va) = γv(1).

Then ψ defines a diffeomorphism from some n-dimensional U of the origin of Vp to an n-dimensional

O of p in M .
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So we can identify Vp with Rn (an n-dimensional real space) by choosing an orthonormal basis

(eµ)a of Vp and identifying the basis expansion coefficients of va with Rn

va =
∑
µ

vµ(eµ)a

Thus ψ yields a local coordinate map on M covering an n-dimensional space of p, a Riemannian

normal coordinate. For a Lorentzian signature metric gab, in Riemannian normal coordinates

(evaluated at point p)

gµν

∣∣∣
p

= ηµν = diag(−1, 1, 1, 1)

Scaling the tangent vector is equivalent to scaling the affine parameter γ because ψ(va) = γv(1).

Furthermore, all geodesics through p are straight in Riemannian normal coordinates which im-

ply

Γαµν

∣∣∣
p

= 0

Note

d2xµ(λ)

dλ2
+ Γµαβ

dxα

dλ

dxβ

dλ
= 0

The first term is zero because it is a straight line (linear functions of λ). The two derivatives in the

second term (coordinate equation) are non-zero. This implies Γµαβ = 0. So

⇒ ∂gµν
∂xα

∣∣∣∣
p

= 0

In Riemannian normal coordinates, components of ∇aTab = 0 are

−∂T0µ

∂t
+

3∑
µ=1

∂Tνµ
∂xν

= O(|xµ|)

O(|xµ|) looks like zero in special relativity. With ∇a in special relativity, integration of the above

expression over a surface would give zero, but this is not true in a curved geometry like General

Relativity.

This can be interpreted as expressing a local approximate conservation of energy and momentum

as seen by a geodesic observer who used geodesics to construct local coordinates. However, in the

absence of symmetries of gab, ∇aTab = 0 does not lead to any global conservation law. Energy

conservation of the universe will not be found.
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48 Einstein Equation

We realize that gab shouldn’t be arbitrary, it should describe gravity. There must be a relationship

between the two (and matter continuum).

Newtonian gravity General Relativity

description of gravity newtonian potential gab

free-falling accelerate relative to iner-

tial observer given by fa =

−m∂aφ

inertial and free-falling are the

same thing

relative acceleration of freely-

falling observer

aa = xb∂b
ta

m = xb∂b∂
aφ geodesic deviation equation

aa = −RcbdaxbT cT d

Then we suggest that

∂b∂
aφ←→ T cT dRcbd

a

So then take the trace!

∂a∂
aφ←→ T cT dRcd

where we took the contraction over the 2nd and 4th indices of the Riemann tensor – Ricci tensor(?).

And finally, by the Poisson equation

4πGρ←→ 4πG

c2
TcdT

cT d

where the term on the right-side is the mass density seen by an observer. However, on the left

side, this is non-relativistic as the ρ is thought of as energy-stress tensor. From this, it suggests

that

Rab =
4πG

c2
Tab

which was proposed by Einstein in early November, 1915. What’s the problem? It was completely

wrong! We need to modify it using the Bianchi identity. Recall

∇aRab =
1

2
∇bR

so if ∇aTab = 0 – the above equation we wrote implies that ∇aR = 0 which implies that R is

constant (curvature is constant) which implies that T aa is constant. Therefore, we are led to
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conclude that the equation by Einstein is incompatible with the notion of energy conservation. To

fix this, we modify the above equation to be

Gab = Rab −
1

2
gabR =

8πG

c2
Tab

which is Einstein’s equation. This is not only consistent with local conservation of energy/momentum

(∇aTab = 0) but also requires it! It is a mathematical identity that the divergence of the left side

must be zero.

48.1 Summary of General Relativity

Thus far, spacetime is (M, gab) with a kinematic description of matter as in special relativity.

The derived equations are appropriately general. The spacetime metric is related to matter and

described by

Gab = 8πTab (G = c = 1)

49 Linearized Gravity

Spacetime of special relativity is a solution to Einstein’s equation with Tab = 0. We want to seek

approximate solutions to Einstein’s equation with

gab = ηab + γab

where γab is “small” in a sense that in some global inertial coordinates of ηab, components γµν � 1.

Insert this into Einstein’s equations and neglect all terms that are quadratic on higher order in

γab.

In the approximation, it is going to be natural to view γab as a new field expressing gravity in the

spacetime of special relativity! In accordance with the view, we use ηab and ηab to raise and lower

indices. Note that

gab ≈ ηab − γab ←− ηacηbdγcd

approximately since

(ηab + γab)(ηbc + γbc) = δac +O(γ2)
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So in linearized gravity, the difference between ∇a and ∂a is given by (to first order)

Γ(1)c
ab =

1

2
ηcd [∂aγbd + ∂bγad − ∂dγab]

and the Riemann tensor in linearized gravity (to first order) is

R(1)
abc

d
= −2∂[aΓ

(1)d
b]c
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So the equation written up at the top, that is suitable for putting on t-shirts and so forth, is

Einstein’s equation. This is motivated by doing a calculation of a kind of geodesic deviation, but

it doesn’t give a lot of insight into what this equation allows or insight into interesting things like

the large-scale structure of space-time and strong gravitational effects that occur in gravitational

collapse – specifically black holes.

Gab = 8πTab

50 Linearized Gravity

gab = ηab + γab

where ηab is flat and γab is “small”. We are keeping only the 1st order quantities in γab (we may view

this as a “new field” representing gravity in special relativity!) This equation sort of implies how

it’s related to Newtonian gravity in the weak field case and can be changed with sign differences.

We’ll finish this today, hopefully.

Then we can raise and lower indices with ηab, ηab

gab ≈ ηab − γab

and so we write our two main equations as

Γ(1)c
ab =

1

2
ηcd [∂aγbd + ∂bγad − ∂dγab]

R(1)
abc

d
= −2∂[aΓ

(1)d
b]c

So I put a 1 here to show you that it is a first-order in gamma and this is the linearized Riemann

tensor. If I wanted to know the exact Christoffel tensor or the distinct Riemann tensor for this

metric, then there would be higher-order terms in Γ here. So these are the exact expressions for

the quantities with 1s in here which means I’m only keeping the terms “linear in gamma”.
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So now it is pure algebra to take these two expressions and compute the linearized Einstein tensor.

We obtain (which I just write down, it’s not interesting in derivation)

G(1)
ab = −1

2
∂c∂

cγ̄ab + ∂c∂(bγ̄a)c −
1

2
ηab∂

c∂dγ̄cd

where γ̄ab ≡ γab − 1
2ηabγ where γ ≡ ηabγab. γ is just defined to be the trace, raising an index with

the flat metric – this is a definition. So the linearized Einstein equation is

G(1)
ab = 8πTab

The linearized Einstein tensor is this stress-energy-momentum energy tensor in space-time. Of

course the stress energy tensor has to be small for this to work, otherwise the linearized gravity

approximation would not be a good approximation.

The first wave is a nice operator. The rest of it is a bit messy but at least we see what is going on.

In fact, an important thing to see that’s going on is that there is actually so-called gauge freedom

in γ and therefore γ̄ and we can actually make a gauge choice that is going to simplify the form of

the linearized Einstein equation which will be something that is extremely familiar.

50.1 Gauge Freedom

Today, I’ll do it quick and dirty. Next time, I’ll spend 15 minutes to explain. The idea here is that

we have some freedom to “change coordinates”

xµ −→ x′µ = xµ − ξµ(x)︸ ︷︷ ︸
small

Then the new metric components in these new coordinates are going to be given by the tensor

transformation law

g′µ′ν′(x
′) =

∑
µ,ν

gµν
∂xµ

∂x′µ′
∂xν

∂x′ν′

I’ve written down the formula for x′ in terms of x, I actually need the inverse Jacobian, but it is

easier to compute the regular Jacobian here. So

∂x′µ

∂xν
= δµν −

∂ξµ

∂xν

∂xν

∂x′µ
≈ δνµ +

∂ξν

∂xµ
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Under a change of coordinates, what I’m showing here is that the space-time metric changes

like

ηµν + γµν −→
∑
αβ

(ηαβ + γαβ)

(
δαµ +

∂ξα

∂xµ

)(
δβν +

∂ξβ

∂xν

)
≈ ηµν + γµν +

∂ξν
∂xµ

+
∂ξµ
∂xν

I’m just going to keep terms that are linear in γ and ξ, I’ve dropped terms that are quadratic

in both γ and ξ but I’m also going to drop the cross-terms. What I’ve done in changing these

coordinates is choose a different flat background metric to expand off of. There are tons of flat

metrics, take whatever you want of special relativity – apply a diffeomorphism in it.

Making a change of coordinates doesn’t do anything – choosing a flat metric to expand about

doesn’t do anything. So the bottom line is that this calculation shows that in linearized gravity,

we have what we might call the gauge freedom to change

γab −→ γab + ∂aξb + ∂bξa

Mathematically, without going off on too much of a tangent, this is closely analogous to gauge

freedom in electromagnetism

Aa −→ Aa + ∂aχ

In EM, we can use gauge freedom to set ∂aAa = 0 (the divergence of the vector potential to vanish)

which is known as the Lorenz gauge. If you wrote out Maxwell’s equations for the vector potential,

much like the situation with gravity, you get some nice wave operator term but you also get some

kind of messy term that involves the divergence of A – but making the gauge choice helps make

the math easier. So similarly, in linearized gravity, we can use gauge freedom to set ∂aγ̄ab = 0. The

linearized Einstein equation then becomes:

G(1)
ab = 8πTab = −1

2
∂c∂

cγ̄ab

∂aγ̄ab = 0

(Pauli-Fierz equations)

which is for a massless, spin-2 field.

It’s not so messy when divergence of γ̄ is zero because these last two terms just go away. That

simplifies enormously in this situation and we get flat space-time. If we were doing some advanced

special relativity class, it was found in the 1930s, Pauli and Fierz who were looking for new fields

in special relativity, although Einstein had it 20 years earlier in the exact form. People who were

playing around and looking for new fields in the 1930s, it really did things totally did things
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systematically and completely. The idea is that you want the equations to be invariant, you want

the solutions to derive part of that group is you can bring out your full group-theoretic machinery

and look for variations of that group.

Well, so if the question is, you know, how good an approximation is linearized gravity in a given

situation, you have to look at the non-linear theory and look at how big the corrections are. I

can assure you in the solar system, this is an incredibly good approximation. And for describ-

ing gravitational radiation that gravitational wave detectors could detect. If you want to think

about it as coalescing black holes, you cannot use this approximation to compute the generation of

gravitational radiation.

51 Newtonian Gravity

So let’s see what this has to do with what Newton was talking about a few centuries ago. So in

addition to the linearized gravity approximation, I’m going to assume that in some global inertial

coordinates of ηab we have (in units with c = 1):

1. “slow motion”: in any equation where I have time derivatives and space derivatives, I’m going

to assume that the time derivatives � space derivatives (much smaller than speed of light)

2. the momentum density and stresses � energy density. This is related to the first approxima-

tion.

Γµν u

t

x

y

z


ρ 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


From approximation (1), the linearized Einstein equation is

∇2γ̄µν = −16πTµν

And so this implies

⇒ γ̄µν =


−4φ 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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where ∇2φ = 4πGρ. Since

γµν = γ̄µν −
1

2
ηµν

(
γ̄αβη

αβ
)

Noting that from before

ηab
(
γ̄ab ≡ γab −

1

2
ηabγ

)
γ̄ = γ − 1

2
[4]γ

= −γ

so we obtain

γµν = −2φ


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


This is something that historically threw Einstein off track in finding Einstein’s equation. We’ve

now computed, in a Newtonian situation, weak-field, slow-motion energy dominates all the other

stresses. So in that situation, the perturbed metric would be written where φ satisfies Poisson’s

equation. How are things going to move in this space-time? Well, let’s look at the time-like

geodesics. Let’s write down the geodesic part.

d2xµ

dτ2
+ Γµαβ

dxα

dτ

dxβ

dτ
= 0

if v � c, then

dxα

dτ
=

(
dt

dτ
,
d~x

dτ

)
≈ (1, ~v)

For µ = 1, 2, 3 we have

d2xµ

dt2
+ Γµ00 = 0

So we’re nearly done with this calculation. So I just have to compute what Γµ00 is for the spatial

components µ, but

Γµ00 = −1

2

∂γ00

∂xµ
=

∂φ

∂xµ

So in the global inertial coordinates of ηab, we have

d2~x

dt2
= −~∇φ

where ∇2φ = 4πGρ
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I’ll put a box around this ’cause this should look familiar from freshman physics. This shows that

particle motion given in this linearized gravity, Newtonian gravity assumptions, things are going to

look just like what Newton said. Newton as modified by Poisson. What comes into this equation is

only Γ00. What Einstein apparently realized very early on is that, in a static Newtonian-like case,

if you had a metric deviation from the flat metric that just had a time-time component, and had

zero spatial metric pertubation, that would give you Newtonian gravity-like things. Furthermore,

if you take the metric of flat space-time, you can write it in a form where it has some non-trivial

time-time component but zero space curvature.

So I believe that beginning around 1910 when Einstein realized this, he was convinced that the

correct solution for a Newtonian-like situation would be to have γ as opposed to γ̄. γ̄ just has

a time-time component but he apparently believed that the correct solution would just involve γ

having a time component. That accounts for why there was a prediction of bending of light that

was off by a factor of two. What we will see next week, half of the contribution comes are spatial

curvature. Half of it comes from this. We haven’t computed curvatures and so on. This is just the

formula for γ, but that’s the case as well.

So early on, he seems to have been playing around with equations that were equivalent to at least

linearized Ricci tensors, stress energy and stuff like that. And he apparently rejected those because

that was giving him problems, you know, spatial components of the metric being non-zero, at least

I think that was likely the case, and you know, that’s why he went off on some really strange

direction before coming back to where things ended up.

52 Gravitational Radiation

I wanted to say a few things about gravitational radiation. We’ve now covered the kind of Newtonian

case where I assume the time derivatives are small compared space derivatives, and if you like the

analog thing in electromagnetism would be to do electrostatics. You know, including motion of

particles in electrostatics. In the homework problem, I’m going to have you do the equivalent of

magnetostatics.

So we want to see source-free (Tab = 0) solutions to the linearized Einstein equation (continue to

impose ∂aγ̄ab = 0).

We still have a “restricted gauge freedom”, analogous to restricted gauge freedom in EM (where

ja = 0) that allows imposition of “Coulomb gauge condition” A0 = 0 in addition to ∂aAa = 0.

In the linearized gravitational case, restricted gauge freedom allows one to additionally impose
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γ ≡ ηabηab = 0 and γ0µ = 0 for µ = 0, 1, 2, 3.

Just as one would have done in electromagnetic radiation, let’s look for plane-wave solutions. The

general solution can be expressed as a superposition of plane-wave solutions and we can always

work in a Fourier space. What do I mean by a plane wave solution? I’m going to look for a solution

γab:

γab = Habe
i
∑
µ kµx

µ

where kµ are constants, xµ are the global inertial coordinates of ηab, and Hab is a constant meaning

∂cHab = 0. Solutions should satisfy (γab = γ̄ab, γ = 0)

∂c∂cγab = 0⇔ ka is null, kaka = 0

Since the divergence of γab is zero

∂aγab ⇔ kaHab = 0

and since γ = 0

γ = 0⇔ H = ηabHab = 0

and lastly, the other gauge condition I can impose is

γ0µ ⇔ H0µ = 0

So the general solution for a plane wave traveling in x-direction is (k only has t and x components

because I’m talking about something propagating in the x-direction):

Hµν =


0 0 0 0

0 0 0 0

0 0 α β

0 0 β −α


So we have 2 independent “polarizations” of a gravitational wave which differ by a 45 degree

rotation (rather than a 90 degree rotation as in EM).

The polarizations can be described as a direction that the electric field is pointing in and you’ve got

the two independent polarizations. The electric field can point in the two orthogonal directions.

These two polarizations can be rotated into them by a 45-degree rotation, that is a wave described

by α if you applied a 45-degree rotation about the x-axis to it would become a β polarization. You

can check it easily. So rather than a 90-degree rotation, as with any of them. This is a sort of
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a defining characterization of spin-1 massless field versus a spin-2 field. If you had a higher spin

field, would be an even correspondingly smaller amount of rotation to take one polarization into

another.

So what is the effect of gravitational wave propagating in the x-direction? Well, if we’re in the α

polarization, at a zero-phase in the exponential thing, it’s making the y in α positive, it’s making

the y distances between fixed coordinates bigger. It’s stretching things out in the y-direction and

shrinking things the z-direction. But then as time proceeds forward and the phase changes, it’s

doing the opposite. It’s shrinking things in the y-direction and expanding things the z-direction in

a cyclic manner. The β polarization is doing exactly the same thing rotated by 45-degrees. So if

you want to know what this does physically, you really have to compute everything.

If you have an ordinary Michelson interferometer, if a gravitational wave is coming orthogonally

to the plane of my Michelson interferometer, this is telling you about coordinates y and z and the

physical effects and they are the same as what you might have jumped to the conclusion of based

on what I was telling you effectively the arms get stretched in this kind of periodic way, and you

know, the output thing will show shifts, tiny fractions of shifts but it’s actually remarkable that

technology has gotten to the stage where everyone, I think, rightfully expects within the next few

years, LIGO and Virgo will detect gravitational waves.

I’m going to have to ask you to read this. This is one extra index on it. You can copy the recorded

solutions from Jackson and get a feeling for what is going on. There is a bit of a difference because

you have extra conservation laws. So you started with electric quadrapole. Another thing I want

you to read is Appendix C of my book, where the gauge stuff is done correctly. I didn’t say anything

incorrect here. But I want to go over this because we need a little bit more of this machinery so

I’m going to just give a quick summary of Appendix C at the beginning of class next time and then

we will be able to move on to the Schwarzfield solutions.
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You would compute γ if you know what the stress energy distribution of matter is in this space-time,

and you know there’s no incoming gravitational radiation. If you’re told there’s no electromagnetic

radiation and you’re given the charge current sources. You have the same retarded Green’s function

in the role. That is how you would do it if you were given the sources. Maybe you’d be given

some other information about incoming gravitational radiation. Maybe there’s no sources. “How

do you compute γ?”, is basically exactly the same question with exactly the same answer as in

electromagnetism, “How did we compute the vector potential?” and that you spend a lot of time

doing.

Now, the trouble is in full general relativity, you can’t have answers as simple and straightforward.

In the linearized gravity case, we can pretend that we’re real and we have this new field γ. It makes

sense to think about giving you what the stress energy tensor is because we can give it as though

we were giving it in the space-time of flat metric and special relativity, we don’t have to worry

about the γ corrections at that level of approximation.

But in full general relativity it makes no sense to tell you what the stress energy tensor is without

telling you the metric as well, or you have no idea what it means, how to physically interpret it. I

could tell you it is a symmetric 2-index tensor field, but of course you have no idea if it’s conserved,

if you don’t know the derivative operator, which you don’t know if you don’t know the metric. In

electromagnetism, it makes sense to say, “Here are the sources. You find the fields.” In general

relativity, that is just a completely crazy problem.

You give me the sources and I’ll figure out the electromagnetic field. That works in linearized

gravity but not in general relativity. You just got this big coupled problem where you can’t avoid

just solving for everything simultaneously, including the metric.

53 Gauge in General Relativity

If we have a diffeomorphism φ : M →M , we can use this to “change coordinates”. This produces

no change in any physical predictions. This kind of thing is what people usually correspond with

what people call the “passive view on gauge”.
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Equivalently, one could change/transform all tensor fields by the coordinate transformation law

and pretend that it didn’t change coordinates. This explains how diffeomorphisms can be made to

act on tensor fields. This corresponds to what people call the “active view on gauge”.

1. Any diffeomorphism φ : M →M can be made to act on tensor fields. If {T (i)} is a complete

list of tensor fields describing a physical state, then {φ∗T (i)} describes the same physical

state. This implies that the collection of all diffeomorphisms are the gauge group – or diffeo-

morphisms are the gauge in general relativity.

2. A vector field va generates a 1-parameter group of diffeomorphisms φt. So we can then define a

notion of differentiation of a tensor field with respect to va – called the Lie (“Lee”) derivative

– by

LvT a1···akb1···b` = lim
t→0

φ∗−tT
a1···ak
b1···b` − T

a1···ak
b1···b`

t

So what we would like to do is we would like to subtract off the tensor field at a point p from

the value of the tensor field that’s a little bit away from p, but that’s what we couldn’t do.

But now we can do that because if I take the difference, apply that to the tensor field and

evaluate this at point p. What this really is, is the tensor field that’s a parameter t away

along the integral curves of φ, so it’s really the tensor field that’s living over there, that is now

brought backward to p by the action of this diffeomorphism. So now I can take the difference

of something that represents the tensor a little bit away from p versus the tensor at p. I can

divide by t and that is the definition of the Lie derivative.

And now you can check that for functions, the Lie derivative with respect to the Lie of a

function, special case of this tensor, is just

Lvf = v(f) = va∇af

For vector fields

(Lvw)a = [v, w]a = vb∇b − wb∇bva

General formulas follow from this and Leibniz.

3. For a metric (with arbitrary infinitesimal gauge)

Lvgab = vc∇cgab + gac∇bvc + gcb∇avc

= ∇bva +∇avb

using the derivative operator ∇a associated with gbc. This gives a gauge for linearized per-

turbations.
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This should look familiar because we encountered this last week, when we were doing lin-

earized gravity. Then I was doing a coordinate transformation and seeing how that changes

γ because the coordinate transformation changes η by the coordinate transformation law and

that change can get added in to γ to produce a new γ. This is a much better way of seeing

what the gauge is. We’re really doing it off of a general curvature background. But this is

generally the gauge for linearized perturbations.

Namely, taking the Lie derivative is really asking how much things change under this little

diffeomorphism. If we do a diffeomorphism to the metric, that doesn’t change anything. I’m

looking at a background metric and looking at perturbation of it, doing a little diffeomorphism

will change the background metric by this much, this can get added into my perturbation

without changing any physics. This is something that you tend to get used to.

Still on point 3 – an isometry is a diffeomorphism such that φ∗gab = gab. A vector field va that

generates a 1-parameter group of isometries is called a Killing vector field (KVF). It satisfies

∇(avb) = 0

4. If va is a KVF and γ is an affinely parameterized geodesic with tangent T a, then

T b∇b(T ava) =((((
(((Tb∇bT a)va +���

���T bT a∇bva

The first term is zero by geodesic equation. The second term is zero by Killing’s equation.

That is a major thing because the presence of this continuous symmetry is giving you a one-

parameter group of isometries is what one might call a continuous symmetry, that proves it

leads to a conservation law for geodesic motion for freely falling motion in a gravitational

field. We know how to write down the geodesic equation. But one is not typically going to

be able to solve the coupled system of geodesic equations. In situations where you can solve

for geodesics, I will illustrate Schwarzchild solution.

Another way to draw this conservation field would be to join the afinely parameterized prob-

lem with a Lagrangian problem that can be done. We’ve done the non-afinely one. You can

similarly write down a Lagrangian. Then if you have a Killing vector field, that would give rise

to a symmetry of the action, or of the Lagrangian in the usual sense in classical mechanics.

You would get a conservation law from that in the usual way from another’s theorem.
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54 Schwarzchild solution

So the game here – switching gears and funneling on to some direct physics, I would like to know

what general relativity says about the gravitational field of the earth or the sun and see what kinds

of predictions makes, how close it is to Newtonian gravity is and what the deviations are.

It is reasonable, we’re talking about the Sun, to approximate that as spherical and time-translation

invariant. If I think about the Earth orbiting around and so on, we want to seek solutions to

Einstein’s equations where gab is static and spherically symmetric.

The confusing thing is that were it really in a different context where this notion has to be defined

in the space given to us. We have the isometry group of Euclidian space. If we’ve chosen an origin,

there is a particular isometry subgroup of rotations, and now if we’re trying to do electromag-

netism, we can look for electric and magnetic fields that are invariant under these rotations. But

here, in general relativity, we don’t know the metric. We don’t have some particular subgroup of

diffeomorphisms sort of picked out. We really have to define what we mean by this. So let me do

that. I also need to define static.

Spherically symmetric: Isometry group of gab has a subgroup isomorphic to SO(3) whose “orbits”

are 2-spheres (orbits – take a point and move it around under all possible elements of this isometry

subgroup).

Stationary: static is a specialization of stationary. Isometry group has a 1-parameter subgroup

whose orbits are timelike (at least in some suitable region). Equivalently, spacetime admits a

timelike KVF.

Static: In addition to stationary, have a “time reflection symmetry” (if and only if timelike KVF

is hypersurface orthogonal – that is you can find some space-like hypersurface to which the KVF

is everywhere orthogonal).

So what is the difference between stationary and static? A good image to have in mind would be

some rotating ball or whatever. It’s just spinning around uniformly. That would be stationary.

That is, if you come back three minutes later, it will look exactly the way it did three minutes

ago. That is one parameter group of isometries. But this rotating ball is not static. There is no

isometry that reverses the flow of time. If I reverse the flow of time, the ball is going to rotate the

other way. So that will fail to be static even though it is time-translation invariant. Maybe a good

example is a river. A river is stationary, but it’s not static. It looks the same when you come back

an hour later, but if you reverse the flow of time it isn’t invariant.
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In a spherically symmetric spacetime, define

r = (A/4π)
1
2

where A is the area of orbit 2-sphere of SO(3) subgroup. Okay. So let me explain that over here.

I’ll have enough room to draw a diagram. So you give me some point p, I’m supposed to tell you

what r is at that point p. We said we have this SO(3) subgroup that I can act with with impunity

on p. It goes all different places depending on what I apply it to. If I apply every SO(3) to it, what

I’ve said is I’m going to get some sphere.

I have a metric of space-time that will induce a metric on this sphere, I can use that to compute

the area of the sphere. That is the A that goes in here. So notice that this choice of definition of

r makes the formula that you learned for the area of the sphere true, even though we’re now in a

curved space-time. So area of any sphere is 4πr2 is another way of saying this. But this r is not

measuring any distance to some origin. We don’t even know if there is an origin where r = 0.

So we can use r as a coordinate (provided ∇ar 6= 0). We can choose the remaining coordinates

(t, θ, φ) so that metric takes the form

ds2 = −f(r)dt2 + h(r)dr2 + r2

dΩ2︷ ︸︸ ︷
(dθ2 + sin2 dφ2)

What I’m wrote down is the general form of a static, spherically symmetric, Lorentz metric in four

dimensions. I’ll write it down with this ds2 notation. So I’m going to have a dt2 term that has

some unknown coefficient, but that coefficient can only be a function of r. It will have some dr2

term that has some unknown general coefficient, but that also can be a function of r because of

the symmetries, it can’t be a function of angles or a function of t.

The really nice thing is that the rest of the metric form is just what you’d write down in flat space,

r2dθ2 plus sin2 θdφ2 which I will hereafter abbreviate as dω2. This is purely an abbreviation so as

to not have to carry that along. Why? Because each of the spheres of constant t and r. If I use

polar coordinates, a metric of this sort. And then I’ve adjusted r to give me the right area. So the

definition of r guarantees that the coefficient there is the r2.

So this is pretty spectacular because normally, we have a metric that has 10 components. We have

gauge freedom. We can set four of them to zero typically and then at least six non-zero components,

each of which is a function of all four coordinates. Start computing Christoffel symbols and stuff

like that for a general metric of that form and you can’t buy enough paper to write it all down on.

If you do succeed in writing it all down, you don’t learn anything. It’s just a mess. But here we
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have reduced the metric form to two unknown components, each of which is just a function of one

variable. So this is a fantastic simplification of the problem. And it’s now really manageable.

Plug this into Einstein’s equation (in the vacuum Tab = 0 – i.e. the region exterior to the Sun or

Earth), then Gab = 0 and now we solve it. I’ll refer you to the text for this. I actually compute

the curvature with a tetrad formalism there. If you’re reasonably proficient with the Christoffel

symbols and all that, I think it would take you roughly 3 to 4 hours by hand to compute the

Einstein tensor. That is assuming you didn’t make any major mistakes etcetera. If you did it that

way I mean, it is not particularly harder than doing it in the tetrad. Solving the equations is not

enormously difficult.

The general solution is

ds2 = −
(

1− 2GM

rc2

)
dt2 +

(
1− 2GM

rc2

)−1

dr2 + r2dΩ2

and this is the solution that Schwarzchild got in 1916 – remarkably quickly. The M here is a

constant which, on Thursday, we will interpret as the mass of the body whose exterior field we’re

looking at. One thing you should notice is that if you go far away from the both, the metric becomes

the flat metric of special relativity. This metric is also becoming singular at r = 0. We will also

see that r = 2GM
c2

is a breakdown of coordinates.

The singluarity here is a singluarity at r = 0 which is a real physical singluarity. Both of the

singularities occur inside any other bodies. So what people said for the first 50 years or so, 45

years or so is, “Forget about them. They’re not relevant. We have to replay this by the interior

solution.” What people began to realize in the early 60s is that bodies will undergo gravitational

collapse, and these small regions will become relevant. We will talk about that on Thursday.

I just stuck in Newton’s gravitational constant and the speed of light. I did that only because that

will give M the physical interpretation of mass in usual units, but I haven’t shown that yet. So I

just thought it would be more useful to write it down in here.

148



Notes General Relativity

Day 18

March 13, 2014 Giordon Stark

55 Last Time

ds2 = −
(

1− 2GM

rc2

)
dt2 +

(
1− 2GM

rc2

)−1

dr2 + r2

dΩ2︷ ︸︸ ︷
(dθ2 + sin2 θdφ2)

Note that

2GM

c2
≈
(
M

M0

)
× 3 km

This gets to where we were last time – the general solution – but I’ve written it this way because

we will see today that this quantity M will be interpreted as the mass of the central body in usual

units. There are a few noticeable things that I quickly pointed out at the end of class. If r is

allowed to take all values between zero and ∞, then as you let r →∞ some of the terms drop out.

This becomes the metric of Minkowski space-time, that is the metric of special relativity written

in spherical polar coordinates rather than Cartesian coordinates. This is flat. The approximation

means there is an infinite region of the space-time where the metric is better and better approaching

the special relativity situation as you get further and further away from this sort of central region.

Schwarzchild tells us if we had a body like the Sun and the static spherically symmetric solution,

no other matter present except this central body, then the gravitational field will go to zero far

from the body as would certainly be true in Newtonian gravity, but it is not obvious what would

happen in general relativity.

The other thing that is noticeable is that the metric components are certainly badly behaved in

two places, at r = 2GM
c2

and r = 0. What we don’t know is whether this is a problem with the

coordinates that we’re using – it might be a little hard to see using radial coordinates and parameter

along the time symmetries as a coordinate. So this problem at r = 2M (setting G = c = 1) is just

a coordinate singularity. But understanding the nature of the space-time where that coordinate

singularity occurs is extremely important. We wouldn’t be able to get to r = 0 if r = 2M was

a singularity. r = 0 is a genuine physical singularity. Gravitation – curvature – becomes infinite

there.
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Prior to about 1960 or the early 1960s, the main people said “We don’t have to worry about this. If

we do this for the Sun, this occurs at 3 kilometers.” But the sun is a lot bigger than 3 kilometers. If

we do this for the Earth, this comes out to be a centimeter. This is a vacuum solution. We can just

patch it to a solution with matter which can be done and that will be completely non-singular, but

we do have to worry about this because bodies more massive than the Sun by factors of 2 or 3 will

undergo gravitational collapse. If they undergo gravitational collapse, this vacuum Schwarzchild

solution goes back to small values of r.

Today, we’re going to solve for all geodesics and Schwarzchild. I’m not going to write down all the

solutions. We’re going to talk about planetary orbits and you can read the book for light bending.

We will conclude the class by looking at what happens at r = 2M and what happens there.

56 Gravitaional Redshift

So we’ve got some observer in the valley and some observer who has climbed a mountain top on

earth. I’ve assumed spherical symmetry, I’d better have a spherical planet and a negligible tower

somebody climbs. Let’s say the valley sends an observer to the mountain and he sends a frequency

and he wants to know what is the locally measured in the laboratory with the guy’s spectrometer

on the mountaintop. What frequency will he observe this photon or light signal?

I’ve set up coordinates here. We discussed getting this metric form and what static means and all

that. These coordinates are set up so that the coordinate time vector field is the Killing vector field

representing the static time translation symmetry. Instead of writing out this d/dt all the time,

it’s useful to introduce this notation. Let ξa =
(
∂
∂t

)a
. Let this be the static Killing vector field and

write

V = (−ξaξa)1/2 =

√
1− 2M

r
(G = c = 1)

Note that since we’re in Lorentzian geometry, we need the minus sign in there for this.
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Figure 22: So I have one static observer here O1. There is a particular event which I’ll call p1. The

4-velocity of this static observer here at p1 is u1
a and at this particular event, this fellow sends off

a photon. The photon moves on a null geodesic and I’ll let the tangent to that null geodesic be ka.

The idea is that there is this other static observer, O2, that receives the photon at p2 and the

4-velocity of the observer I’ll call u2
a where received. The question I’m going to be concerned with

is if this observer admits something with some nice, sharp spectral line or whatever from some

particularly nice atomic transition or whatever, so this is sent out at some frequency and this guy

has a spectrometer there, what is the frequency he is going to measure?

The 4-velocity of any static observer is ua = ξa/V . The 4-velocity has to be normalized to the unit,

c is not unit when normalized – so if I divide by V , it will be normalized. We have

ω1 = −kaua1
∣∣∣
p1

= −
(kaξ

a)
∣∣∣
p1

V (p1)

ω2 = −
(kaξ

a)
∣∣∣
p2

V (p2)

But kaξ
a is constant along the null geodesic.

I mean the point is that this kaξ
a is constant along the null geodesic. We’re interested in the null

geodesic path of the light ray because the dot product of the tangent to a geodesic and a Killing

vector field is always constant. That was a one-line computation once you understand that is the
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condition that this generate a symmetry.

ω2

ω1
=
V (p1)

V (p2)
=

√
1− 2M

r1√
1− 2M

r2

But now these two terms are equal so it’s not a long and difficult calculation to see that the two

frequencies are to differ by the ratio of the norms in the Killing fields at those places. This will look

a little more familiar to physics you might have guessed before general relativity if I go to the case

where r1 and r2 are much bigger than M . In everyday life, I can’t avoid that circumstance. If we’re

doing this for the Earth, it is a centimeter and it is hard to do an experiment on the surface of the

Earth where the r’s are comparable to a centimeter given that we’ve got a much larger radius of

the earth than that. For r1, r2 �M

~∆ω ≈ ~ω
(
−M
r1

+
M

r2

)
If I make this approximation, then of course ω1 is very nearly equal to ω2. If I said we’re dealing

with a single photon and I put an ~ in front of both sides here, this would be the energy loss of the

photon in climbing out of the valley and up to the top of the mountain. That’s the difference in

Newtonian gravitational potential between the top of the mountain. You would need exactly this

formula in order to preserve a conservation of energy if you were to consider a process where you

took this photon, converted it to some matter, to some ordinary rest mass, then lowered the rest

mass from the mountain top back to the valley. You should be able to use Newtonian formulas to

sort of see energy gain when you reconverted your mass to a photon, shot it back up. You’re not

going to consistently gain or lose energy in that process, you would need this formula.

57 Timelike and Null Geodesic

There’s one first simplification which is that, because of the spherical symmetry, we may assume

if we’re looking for an arbitrary time-like or known geodesic, it might lie in the equatorial plane,

it assumes you have Euclidian geometry around here. What I mean by the equatorial plane is

places where this would be the equator of a sphere. If we consider some arbitrary geodesic that

goes through this point and has some tangent vector, I can project the tangent vector into a

t = constant surface and the claim is I could then do a rotation on these polar coordinates to put

both the point and the tangent vector in the equatorial plane and then by a reflection symmetry

about the equatorial plane it would have to stay in the equatorial plane. The claim is whatever

geodesic we are doing, we could have chosen the polar coordinates so that lies in the equatorial

plane.
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So we may assume that the geodesic lies in “equatorial plane” θ = π/2. We can parameterize a

timelike geodesic by proper time τ and null geodesic by affine parameter. Denote a tangent in both

cases by ua. Then

uaua = −κ κ =

1 timelike

0 null

Components of ua in Schwarzchild coordinates are

uµ = (ṫ, ṙ, θ̇ = 0, φ̇)

where ṫ = dt
dτ . Let’s parameterize the geodesics in the proper time, and the null geodesics we’re

going to parameterize by some arbitrary affined parameter.

I’m going to denote the tangent in both cases by ua. That is my usual notation for 4-velocity of

the time-like geodesics (more typically use ka for a null geodesic). And now the big question in

this is what is the norm of u? I’m going to denote it as −κ with κ = 1 for time-like geodesics and

κ = 0 for null geodesics.

For the geodesics, we want all things as a function of the affined parameter. I really should use

ta in both cases. This is all just notation and set up if I now wrote down the components of the

geodesic equation I have three second-order equations with a lot of Christoffel symbols to calculate

and you know, we’d run out of class time before I got anywhere...

So for constants of motion

ξa =

(
∂

∂t

)a
ψa =

(
∂

∂φ

)a
are Killing vector fields. This implies that the energy (time-translation symmetry)

E = −uaξa = ṫ

(
1− 2M

r

)
where components in a basis look like

ξµ = (1, 0, 0, 0) ψµ = (0, 0, 0, 1)

Those are its components in the coordinate basis. This is not a really difficult computation. Raise

the index, put in the metric, use this formula for c and this formula for u, and this is the only

relevant thing that comes out. There is a conservation law. This is a constant. You need to say

that it is a constant along the geodesic.

L = uaψa = φ̇r2
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which is the general relativity version of Kepler’s 2nd law. So we choose to eliminate ṫ, φ̇ in favor

of E,L. Substitute into

κ = −uaua =

(
1− 2M

r

)
ṫ−

(
1− 2M

r

)−1

ṙ2 + r2φ̇2

We get these two constants of motion. With these two constants of motion, we can use them to

eliminate ṫ and φ̇ (proper time derivatives). We can eliminate those in favor of these constants.

Also we don’t know a priori the constants E and L, but they’re constants. It will have geodesics

parameterized by constants.

This wasn’t a lot of work to get Kepler’s law, but we haven’t gotten the geodesics yet. The hard

work is solving for ṫ and φ̇ and then substituting this in. We have to solve those two indications

and substitute in here. That is a harder computation than I’ve done so far. We get

κ =
E2

1− 2M
r

− ṙ2

1− 2M
r

− L2

r2

i.e.
1

2
ṙ2 + U(r) =

1

2
(E2 − κ) U(r) = −κM

r
+
L2

2r2
− ML2

r3

We’re going to box this as we’re really done because we have reduced the problem that we’re

solving, namely all time-like and null geodesics and Schwarzchild to not only a freshman physics

problem, but namely this is a problem of one-dimensional motion of a non-relativistic particle in a

potential. This is what you would write down in your kinetic energy plus your potential energy is

a total energy, a constant.

Given r(τ); solve for t(τ) and φ(τ) using conservation law equations.

I’d like to figure out what happens with planetary orbits. For the r motion, it is this one-dimensional

ball rolling around a hill kind of problem. But furthermore, this potential should look a little bit

familiar at least the first two terms. If we’re doing time-like geodesics, so if we want to know the

motion of planet, this is the usual Newtonian potential. This is just the usual momentum barrier.

If we stop there, this is exactly the Newtonian problem. So if you like, general relativity as far

as the Schwarzchild metric is concerned, differs from Newtonian gravity precisely by adding in

some attractive 1
r3

potential to the problem. This is an amazingly simple sort of correction to the

effective potential for particle motion. You can see this is going to dominate over the potential

barrier.

Let κ = 1 and L2 > 12M – V looks like
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So if you look over a range of values

• We have minima (stable circular orbit) in range R > 6m

• We have maxima (unstable circular orbit) in range 3M < R < 6M

• We have no circular orbits at all for R < 3M

This was the case κ = 1. We can do the case κ = 0 as well – draw the similar potential, figure

out how a light ray would move around and so on, derive light bending, that is actually a little bit

tricky to derive the formulas for light bending from going from −∞ to∞ not for any deep reasons.

It is just the integrals are a little tricky to play with because the integrand blows up at the limits

of integration and so on and you’d have to be a little careful in making approximations.

In general relativity, the r-motion about the minimum is no longer synchronized with φ-motion, so

we no longer get closed orbits so this is known as the precession of perihelion orbit.

How that is normally phrased – since Newtonian is very good approximation, you’ll get nearly

closed orbits. In Newtonian gravity, you’re going to get nearly elliptical orbits, but the main thing

that you’ll notice about it is that the elliptical orbits don’t quite close, in other words, you’re going

to get precession of perihelion of the orbit. Of course, the fact that general relativity perfectly

explained this anomalous precession of Mercury’s orbit which has been an unaccounted mystery for

at least 40 or 50 years or so before general relativity,That was a thing that really nailed the fact

155



that general relativity was very much on the right track. The fact that it predicts gravitational red

shift, light bending, things like that.

58 Black Hole Nature of Schwarzchild Solution

Okay. Last topic of the course is the black hole nature of the Schwarzchild solution at r = 2M .

Are there problems with metric components are r = 2M due to problems with metric or problems

with the coordinates? In this case, I claim it is a problem with the coordinates. And the problem

with the coordinates and what’s going on is very well-illustrated by the field toy example

ds2 = −x2dt2 + dx2

In this case, I claim it is a problem with the coordinates. And the problem with the coordinates

and what’s going on is very well-illustrated by the Field Toy example. You might think this isn’t so

close because this thing looks a little more dangerous with this metric component blowing up. But

actually, I could easily change to some proper distance-like coordinates instead of this that would

completely that would get rid of the singularity here that would make the 0 that occurs here look

very much like this. So this is a really nice model for what is going on here. And you know – it

should be in a big rush here because we’ve got 15 minutes of class for the year left. And this is a

big topic.

So you have a t-x kind of diagram and something bad is hap-

pening here at x = 0. I mean, that metric is becoming de-

generate there, the inverse metric components is blowing up.

It sort of looks bad, but you might picture the problem here

at some wall that you’re hitting at x = 0 and that is what

you’ve got to figure out. If you go into the wall, whether it’s

a hard crash and you’re hitting some singularity or somehow

you can get through the wall and it’s really okay because we

chose some funny coordinates here something. That is not what this is going to end up looking

like. A very nice way of proceeding if you’re in a 1 + 1 is to work with null geodesics and go

to coordinates with null geodesics because null geodesics are 1 + 1. You have right-moving null

geodesics and left-moving null geodesics. I’m going to switch to null coordinates. Let

u = t− lnx

v = t+ lnx
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So we have

ds2 = −x2dudv = e−(v−u)dudv

Let

U = −e−u (U < 0)

V = ev (V > 0)

then

ds2 = −dUdV

That’s a pretty simple metric form, but if you don’t recognize it instantly with a little GR experi-

ence, you can basically do the following.

Let T = U+V
2 and X = X−U

2 . Then

ds2 = −dT 2 + dX2

where X > 0 and |T | < X. This only covers the following region

So if I draw two-dimensional Minkowski space-time, the orig-

inal metric that I gave you only covered this region. You

can trivially check that. If you don’t believe my manipu-

lations here, but this is the metric, but it only covers this

region. What did I do? How did I generate this exam-

ple? What is its relevance to Schwarzchild? Any spacetime

−∞ < t < ∞, x > 0 corresponds to the “right wedge” of

Minkowski spacetime, with (∂/∂t)a Killing vector field corre-

sponding to Lorentz boosts.

My original coordinates had a time translation symmetry in it. The metric components are inde-

pendent of t, so following along the ordinates of d/dt is a symmetry of the metric. This Killing

vector field corresponds to Lorentz boosts. So to go back to my drawing here, how did I generate

this example? I went to the right wedge of Minkowski space-time and I looked at how Lorentz boost

symmetry acts and the orbits of Lorentz boosts symmetry are uniformly accelerating observers as

you get close to the origin that acceleration goes up, as you get away, that acceleration gets milder.

The acceleration of these orbits become arbitrarily large as you approach the origin.
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The constant time surfaces are just these straight lines are orthogonal to the Lorentz boost surfaces.

So here’s what my original coordinates are. So these are the surfaces t = constant going down to

x = 0. These are the lines of x = constant approaching x = 0. So this boundary of the wedge which

has sort of two null pieces to it, this top piece corresponds to x = 0, the thing I was drawing is a

wall before, but it’s really part of a null surface, and this has value t = +∞. This other boundary

also corresponds to x = 0 but it corresponds to the t = −∞ piece of that.

So this is what the right wedge of special relativity flat space-time looks like if you write it in

accelerating coordinates. Two independent null surface boundaries as sort of what would get called

a future horizon and a past horizon in usual contexts. In fact, as far as these accelerating observers

that are concerned that are following orders of Lorentz boosts, these are the boundary of what they

are able to see corresponds to this future horizon, this null surface, and the time reverse of that

corresponds to this past horizon, boundary here.
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The Schwarzchild analysis – and you’ll have to look at the book for the details – yields exactly

the same picture. You’ve got something central that’s gravitationally attracting. As you go closer

and closer towards this object, you have to be accelerating more and more. And what’s going on

here at r = 2M is exactly the same thing as what is going on here at x = 0. It is becoming null

on the various boundaries. If you analyze what’s going on in an exactly similar way introducing

similar null coordinates and so on, is that you get that the region r > 2M covered by these original

Schwarzchild coordinates corresponds to the right wedge of some larger space-time with the orbits

of time translation symmetry, similarly approaching these null surfaces with the constant time

surfaces flowing out. When you go out to large r, this is becoming just like an ordinary time

translation symmetry in special relativity, but this d/dt symmetry as you go approach r = 2M is

becoming just like a Lorentz boost symmetry as you get close to r = 2M . So now an important

difference is that, as you go inside, you encounter r = 0. Two copies of it. One in the past, one in

the future. This is a genuine singularity. And space-time really ends here.

But mathematically there’s no problem continuing through r = 2M to pick up these two regions of

space-time and even continuing further mathematically to get some new asymptotically space-time

region. If you take this metric and ask, “How could I maximally extend it?” This is the answer

that you get. So the type of situation that you might well be in is where you have some star

that’s present from early in the universe or whatever. The Schwarzchild solution is valid outside

the star. Everything out here is not valid and gets replaced. But now this star might undergo

gravitational collapse at some point. So in that case, everything that I’ve drawn here, this new

universe, this so-called white hole, this initial singularity here is just not relevant to physics. But

there is this region up here – I should shade it differently or something – this singularity here that

will be physically occurring in a gravitational collapse.

Now, this region has the interesting property that if you find yourself in this region that I’m shading
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here, all time-like curves and null curves fall into this singularity. Nothing that is in here can ever

escape back out to the asymptotically field of Schwarzchild. So this region is what is known as a

black hole. And in the gravitational collapse of a spherical body, the resulting final state will be

a Schwarzchild body, it is a result of this space-time of extended Schwarzchild space-time. That

black hole contains a singularity in it and anyone who crosses this r = 2M null surface will be

inside the black hole, and will fall into the singularity. This white hole, and this universe would not

be expected to be reproducible. I realize that was quick at the end. You can find more discussion

in chapter 6 on this. I won’t be asking you about extended Schwarzchild – I may ask you about

Schwarzchild space-time, but not extended Schwarzchild.
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