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Abstract

The uses of texture in image analysis are widespread, ranging from remotely sensed data to medical imaging to military
applications. Image processing tasks that use texture characteristics include classi"cation, region segmentation, and
synthesis of data. While there are several approaches available for texture modeling, the research presented here is
concerned with stochastic texture models. Stochastic approaches view a texture as the realization of a random "eld and
are most useful when the texture appears noisy or when it lacks smooth geometric features. The model introduced in this
paper is a subclass of Markov random "elds (MRFs) called partially ordered Markov models (POMMs). Markov random
"elds are a class of stochastic models that incorporate spatial dependency between data points. One major disadvantage
of MRFs is that, in general, an explicit form of the joint probability of the random variables describing the model is not
obtainable. However, a popular subclass of MRFs, called Markov mesh models (MMMs), allows the explicit description
of the joint probability in terms of spatially local conditional probabilities. We show how POMMs are a generalization of
MMMs and demonstrate the versatility of POMMs to texture synthesis and pattern recognition in imaging. Speci"cally,
we give a fast, one-pass algorithm for simulating textures using POMMs, and introduce examples of heterogeneous
models that suggest potential applications for object recognition purposes. Then we address an inverse problem, where
we present results from a series of statistical experiments designed to estimate parameters of stochastic texture models for
both binary and gray value data. Although the applications in this paper focus on imaging, in their most general form,
POMMs can be found in areas such as probabilistic expert systems, Bayesian hierarchical modeling, in#uence diagrams,
and random graphs and networks. ( 1999 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights
reserved.
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1. Introduction

The modeling of textures is a common component in
the analysis of image data. Texture refers to the spatial
patterns of gray-scale values distributed in a given region.
Uses of texture modeling in image processing include
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segmentation [1}4], classi"cation [5}9], image restora-
tion [10], and texture generation [11}16]. Texture
modeling can be split into three general types: stochastic,
structural, and transform-based. The "rst type, stochastic
modeling [17], describes a texture in terms of a random
"eld and is most useful when the texture appears noisy or
when it lacks smooth visual features. For classi"cation
purposes, texture data can be "tted with several stochas-
tic models and the one which gives the best approxima-
tion to the data can be determined. Synthesizing texture
data with stochastic models is also fairly straightforward.
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The second type, structural modeling, is useful when the
texture is free of `noisya type clutter and has a well-
de"ned deterministic nature. Structural-type textures are
described by the repetition of a basic texture building
block, called a texel, according to a predetermined set of
placement rules. A structural texel has certain invariant
properties such as a speci"ed distribution of gray levels,
a certain geometric shape, size, or orientation. Gray-level
dependency or co-occurrence matrices [18] provide an-
other means of measuring structural features in textures.
The third type of modeling, transform-based, primarily
uses a transformation of the data to a spectral domain,
such as the Fourier or Walsh domain, for feature identi-
"cation. These latter methods are most successfully used
in combination with other classi"cation schemes, and are
not inherently stochastic in nature.

Stochastic texture approaches include use of the auto-
correlation function, density of edge pixels, features using
histogram information such as mean, variance, and
spread distributions, and spatial models such as Markov
random "eld models and random sets. Of the stochastic
types, the Markov random "eld models (MRFs) have
been the most popular for stochastic texture synthesis.
Random sets have also been used for texture modeling
(for background and examples, see [19}23]). However,
MRFs have been di$cult to use for solving the pattern
recognition problem, namely, texture classi"cation and
parameter estimation, partly due to the problem of
specifying an explicit joint probability. For a survey
on structural and stochastic texture analysis techniques,
see [24].

A particularly nice subclass of MRFs are the Markov
mesh models (MMMs). Introduced in 1965 by Abend,
et al. [25] for the purpose of image analysis, MMMs are
a special type of MRFs that allow, under minimal and
reasonable assumptions, an explicit closed form for the
joint probability of the random variables (r.v.s) at hand,
in terms of a conditional probability. The conditional
probabilities are an expression of the spatial dependency
of the data, typically in a local `lowera neighborhood. In
addition, Abend et al. showed that the conditional prob-
ability of one r.v. given the rest of the r.v.s can be
expressed in terms of r.v.s in a local neighborhood. How-
ever, because of their directional or causal nature, the
image processing community has been slow to use
MMMs. They have been used for image restoration
[26,27] and image segmentation [28]. Other direc-
tional-type MRFs have been developed by Pickard
[29}31], Qian and Titterington [12,32], and Bartlett
and Besag [33]. A special type of MRF called mutually
compatible Gibbs random xelds is shown to be equivalent
to the MMMs [14,15] and so also produces texture
images. Some of these are discussed in more detail in
Section 5.

Underlying the de"nition of MMMs is the notion of
a partial ordering of the pixel locations, although it

appears that Abend et al. were unaware of this structure.
In broad terms, a partial ordering of a set is an order
where every pair of elements is not necessarily related.
This is in contrast to a total order, where every pair of
elements is related. It is this notion of partial ordering
that allows the generalization of the MMMs into what
we call partially ordered Markov models (POMMs).
That is, the underlying locations of r.v.s in a POMM
need only follow a partial order, whereas a MMM uses
a very particular partial ordering of a rectangular lattice
array. Thus, POMMs can be used to model data that are
arranged on any type of array, including rectangular,
hexagonal, three-dimensional, and n-dimensional arrays,
as well as for data that follow no regular spatial arrange-
ment. This means that POMMs have potential use on
nonspatial data that have an underlying partial ordering
of sites, such as for expert systems. Indeed, Spiegelhalter
and Lauritzen [34] have developed stochastic models for
use in expert systems, some of whose properties are very
similar to those we establish for POMMs in the imaging
context. More discussion is provided in Section 5.

As will be shown, POMMs o!er a computational
advantage over MRFs in computing the joint probability
distribution (see Sections 2 and 5). In addition, recent
investigations have found a class of third-order binary
POMMs that are equivalent to a class of second-order
symmetric binary MRFs [35], and MMMs have
been investigated as importance densities for sampling
from MRFs [36]. Consequently, MRFs can, on occa-
sions, enjoy the computational advantage of POMMs.
Thus, POMMs are a class of useful models in their own
right.

The remainder of the paper is presented as follows.
Notation is given in Section 2, and Markov mesh models
are given in Section 3. In Section 4 we present the
mathematical notions of ordering and graphs. In Section
5, we formally de"ne a partially ordered Markov model,
give theorems and examples, and discuss relationships to
other similar structures. In Section 6, applications to the
forward problem of texture synthesis are given. A de-
tailed investigation into the inverse problem of para-
meter estimation is presented in Section 7. In Section 8,
conclusions are given. An appendix contains proofs of
various technical results used in the paper.

2. Notation

We shall assume some familiarity with basic probabil-
ity, statistics, and image-processing concepts. In this sec-
tion we present the notation that will be used in this
paper.

The notation P(a) denotes the (discrete) probability
measure P(MA"aN), based on the random variable (r.v.)
A. All results in this paper are derived for discrete random
variables but they easily carry over for continuous
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random variables. Here we use the common notation
that an upper-case letter denotes the r.v. A, while a realiz-
ation of A is denoted by a. Also, P(A) is used to denote
the probability measure that de"nes the r.v. A, and
P(ADB) is used to denote the conditional probability
measure of A given another r.v. B.

For the remainder of the paper we shall view our data
as a "nite collection of random variables. For image data,
typically they are arranged on a rectangular lattice array
XLZn, where Z denotes the set of integers. Typically,
n"2 and X is an M]N array. The set X is called the set
of pixel locations, or sites. However, we stress that the
general POMMs, described in detail in Section 5, allow
any arrangement of data whose sites satisfy a partial
ordering.

Image data are often modeled using a Markov random
xeld (MRF). This is due to some particularly nice charac-
teristics of MRFs that incorporate spatial dependence of
the data. We next de"ne MRFs. A set N,MN

9
N
9|X

is
called a neighborhood system on the set of sites X if

1. N
x
LX, where xNN

x
, ∀x3X, and

2. x3N
y
if and only if y3N

x
.

The set N
x

is called the neighbors of x. A random "eld
MA

x
N
x|X

is a Markov random xeld (MRF) with neighbor-
hood system N if the conditional probability of A

x
given

all other r.v.s depends only on the values in the neighbor-
hood of x. Formally, P(A

x
"a

x
DA

y
"a

y
, y3X, yOx)"

P(A
x
"a

x
DA

y
"a

y
, y3N

x
), ∀x3X.

Notice that we have assumed that the r.v.s MA
x
N
x|X

describing the MRFs take on values from a "nite set,
such as a "nite subset of the integers. Analogous de"ni-
tions and results for (conditional) densities of continuous
r.v.s follow in an obvious way.

The Hammersley}Cli!ord theorem [37,38] established
that a probability distribution de"nes a MRF on X with
neighborhood relation N if and only if it is a Gibbs
distribution. If we let A denote the set MA

x
N
x|X

and a de-
note a particular realization of A, a,Ma

x
N
x|X

, then for
a MRF we have

P(A"a)"
e~U(a)

Z
, (1)

where ;(a)"+
k|C
<

k
(a). A clique k is any set of sites

which either consists of a single site or in which every site
is a neighbor of every other site in the set; here,C denotes
the set of all cliques. The function ;( ) ) is called the
energy function, and <

k
( ) ) is called a potential function,

dependent only on the values Ma
x
: x3kN. The value Z is

the partition function or normalizing constant, and is
de"ned by

Z" +
a|)A

e~U(a),

where )
A

denotes the set of all possible realizations of A.
The Hammersley}Cli!ord theorem allows the construc-

tion of valid spatial schemes by using conditional prob-
abilities that imply the form of <

k
( ) ). However, calcu-

lation of Eq. (1) is, in general, computationally infeasible
for all but the simplest of small-order cases, due primarily
to the determination of the normalizing constant Z. In
contrast, the joint probability distribution function of
a POMM is available in closed form, and the normaliz-
ing constant for a POMM is always known and equal to
the value one (Section 5). This gives POMMs, which are
actually a subclass of MRFs, a computational advantage
over more general MRFs whenever the normalizing con-
stant needs to be calculated.

3. Markov mesh models

The Markov mesh model (MMM) is a stochastic
model introduced by Abend et al. in 1965 [25] for use in
image analysis. It is a special type of MRF and is parti-
cularly suited for image processing because the descrip-
tion of the model allows the image analyst to incorporate
spatial dependencies inherent in most image data.

MRFs are often called noncausal models as there is no
single direction in which neighborhood dependence is
de"ned. On the other hand, MMMs are often termed
causal due to the quarter-plane dependence of neighbor-
ing pixels, as will be de"ned formally below. The MMM
is de"ned for a "nite set of r.v.s on an M]N rectangular
array. We make the following de"nitions:

1. Let A
ij

be a random variable at location (i, j) in the
M]N grid with realization a

ij
. As usual, we will write

P(a
ij
) to mean P(A

ij
"a

ij
).

2. Let X
ij
"Ma

hk
: 1)h)i and 1)k)jN denote the

i]j array of realizations, and let A,X
MN

"Ma
ij

:
1)i)M, 1)j)NN be the entire set of MN realiz-
ations on the M]N array.

3. Let Z
ij
"Ma

hk
: h(i or k(jN.

The Markov mesh model assumes that the probability
distribution of A

ij
conditioned on Z

ij
is equal to the

probability distribution of A
ij
, conditioned on a limited

set of neighbors immediately adjacent to A
ij

within the
set X

ij
C(i, j). For example, a third-order Markov mesh

model satis"es

P(a
ij
DZ

ij
)"P(a

ij
Da

i~1, j
, a

i~1, j~1
, a

i, j~1
),

for all i, j with 1)i)M and 1)j)N, with appropri-
ate modi"cations on the boundaries. If (i, j) is on the
boundary, the set of r.v.s to the right of the conditioning
line is obtained by taking Ma

i~1, j
a
i~1, j~1

, a
i, j~1

NWA.
In [25], the following result is obtained.

Theorem I. (Abend et al. [25]). If

P(a
ij
DZ

ij
)"P(a

ij
Da

i~1, j
, a

i~1, j~1
, a

i, j~1
),
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1)i)M and 1)j)N, then the third-order Markov
mesh condition gives a multiplicative decomposition for the
marginal probability P(X

ij
),

P(X
ij
)"

i
<
h/1

j
<
k/1

P(a
h,k

Da
h~1,k

a
h~1,k~1

, a
h,k~1

),

where 1)i)M and 1)j)N. In the hypothesis above,
if either or both subscripts in the conditioning set is 0, it is
assumed that the corresponding variable disappears from
the conditioning set.

Abend et al. also prove the following theorem.

Theorem II (Abend et al. [25]). For the third-order MMM,
the probability of a

ij
conditional on the entire array minus

the element Ma
ij
N can be shown to be

P(a
ij

D ACa
ij
)"PA

a
i~1, j~1

a
i~1, j

a
i~1, j`1

a
i, j

D a
i, j~1

a
i, j`1

a
i`1, j~1

a
i`1, j

a
i`1, j`1B.

(2)

The results can be extended to other order MMMs.

4. Partial orders and directed graphs

The Markov mesh model was developed as a way to
order sequentially the "nite set of pixel locations in an
M]N array. One way to do this is to use a space-"lling
curve as introduced by Hilbert [39]. However, sites that
are spatially close on the grid may not be sequentially
close along the curve. This sequential ordering is a total
order on the set of pixel locations.

De5nition (Skvarcius and Robinson [40]). Let X be a set
and let R be a subset of X]X, that is, R is a binary
relation on X. The relation R is called a total order for
X if

1. xRy, yRzNxRz (transitivity);
2. for any x, y3X, if xOy then either xRy or yRx; or if

x"y then xRx (law of trichotomy).

We call (X, R) a totally ordered set.
It is well known that there is no canonical ordering of

R2 as there is of R, although the lexicographical ordering
on Z]Z is often used in image processing. In the MMM,
Abend et al. [25] did not use the lexicographical ordering
on Z]Z but rather used an implicit partial ordering
as is demonstrated below. The main tool in our generaliz-
ation of Abend et al.'s model is the use of a partial order,
which is placed on the set of pixel locations, or sites, of
the r.v.s.

De5nition. A set of elements X with a binary relation
p is said to have a partial order with respect to p if the
following properties hold:

1. xpx, ∀x3X(re#exivity);
2. xpy, ypzNxpz (transitivity);
3. If xpy and ypx, then x"y (anti-symmetry).

In this case, (X,p) is called a partially ordered set, or
a poset. By convention, we write yzx to mean xpy.

The poset that is implicit in the Abend et al. de"nition
of MMMs is the following: Let

X"M(i, j) : 1)i)M, 1)j)NN, (3)

and let (h, k), (i, j) be two sites. De"ne the binary relation
p on X by

(h, k)p(i, j ) Q h)i and k)j. (4)

It is straightforward to show that this is a partial order
on the set X. We remark that this partial order can be
extended easily to a partial order on the in"nite set Z]Z

in the obvious way. To see that not every two sites are
related, consider the site (i!1, j#1). It is not related to
the site (i, j). In fact, in this poset the set of sites unrelated
to (i, j) is the set >

ij
consisting of the two sets of elements

located in M(h,k) : 1)h)i, j#1)k)NNXM(h,k) :
i#1)h)M, 1)k)jN.

In what follows, we assume that we have a "nite set of
random variables A"Ma

xk
N with a partial order on an

arbitrary and "nite indexing set X"Mx
k
: 1)k)NN.

For image-processing applications, where the point set
underlying the r.v.s is a rectangular array, the indexing
set may be in the form of Eq. (3). However, in the most
general case, we allow any arbitrary partially ordered
"nite set of sites X. To simplify notation, we write
A

k
,A

xk
. To simplify further, we abuse notation and say

that the random variable A
k
is related to (under the binary

relation p) the random variable A
i
if and only if index

x
k
is related to index x

i
(under the binary relation p). We

speak of the partially ordered set of r.v.s (A,p), where
A

k
pA

i
means index x

k
is related to index x

i
under p,

that is, x
k
px

i
.

The motivation for using partial orders for stochastic
image processing is due to the relationship between
posets and graphs, or, rather, directed graphs. By describ-
ing a directional relationship between each pixel site and
its partial neighborhood, the image analyst can choose
an appropriate spatial model which identi"es those
neighboring pixels that have a direct in#uence on each
other. This directional relationship between pixel sites is
portrayed as a partial order. The connection between
directed graphs and posets has been known since [41],
when Birkho! noted that a poset corresponds to a di-
rected acyclic graph. We assume the reader is familiar
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Fig. 1. (a) The subarray X
ij
. (b) The set cone A

ij
. (c) The set cone A

ij
.

with directed graphs and partial orders; the book [41]
can be consulted for further details. We remark that in
his book `Lattice Theorya [41], Birkho! de"nes the
term lattice as an algebraic structure that is actually
a special type of a poset. This algebraic lattice is not to be
confused with its usage as describing a set of sites, or
a lattice of sites. The latter is a term in spatial statistics
and image processing used to describe a spatial con"g-
uration of at most a countable number of sites. An
important example is a rectangular subset of Z]Z which
we will call for the remainder of this paper a rectangular
array.

The correspondence between a "nite poset (X,p) and
an acyclic digraph, which is not one-to-one, is reviewed
and allows the grouping of classes of POMMs according
to their underlying digraphs. Let (X,E) be a "nite acyclic
digraph where E is the set of edges. As we shall see, such
a digraph describes the spatial interdependencies of the
stochastic models de"ned in Section 5. To construct
a poset that corresponds to this digraph, we de"ne a bi-
nary relation p on X by (1) xpx∀x3X; and (2) ypx if
there exists a sequence of vertices from y to x in (X, E). It
is straightforward to check that (X, p) is a poset. On the
other hand, if we are given a "nite poset (X, p), there is
a corresponding digraph. In fact, for a given poset (X, p),
there is a class of digraphs that has (X, p) as its underly-
ing poset. Condition (2) above allows a many-to-one
correspondence between a set of digraphs and a poset.
We leave the details to the reader, but the general idea is
that for a given poset (X, p), we have a class of digraphs
where each class corresponds to the same poset (X, p)
but the individual digraphs in the class have di!erent
edge sets. The set of Markov mesh models is obtained
from such a class of digraphs, having partial order de-
"ned by Eq. (4) on the set of rectangular pixel sites. We
de"ne the digraph (X, EH) for poset (X, p) with the
fewest edges EH the minimal digraph. For example,
Abend et al.'s second-order and third-order MMMs
both have the same underlying poset (Eq. (4)). The
second-order model is the minimal digraph correspond-
ing to this poset. In the third-order model, the edge

((i!1, j!1), (i, j)) is not contained in the minimal edge
set EH of the second-order model.

We next make de"nitions necessary for description
of the partially ordered Markov models described in
Section 5. These de"nitions are not standard graph-the-
oretical de"nitions and were created to de"ne POMMs.
Let (X, E) be a "nite digraph with associated poset
(X, p).

De5nition 1. For any B3X the cone of B is the set cone
B"MC3X : CpB, COBN.

De5nition 2. The closure of cone B is the set

cone B"MC3X : CpBN"MBNX cone B.

For example, in Abend et al.'s MMM, where A denotes
an M]N array of r.v.s and X

ij
"Ma

hk
: 1)h)i,

1)k)jN (as before), we have cone A
ij
"X

ij
CMA

ij
N and

cone A
ij
"X

ij
. This is portrayed in Fig. 1.

De5nition 3. For any B3X, the adjacent lower neighbors
of B are those elements C such that (C, B) is a directed
edge in (X, E). Formally, adj

|
B"MC : (C, B) is directed

edge in (X,E)N.

In Abend et al.'s second-order MMM, adj
|
A

ij
"

MA
i, j~1

, A
i~1, j

N, while for the third-order MMM,
adj
|
A

ij
"MA

i, j~1
, A

i~1, j~1
, A

i~1, j
N.

De5nition 4. The closure of adj
|

B is the set

adj
|

B,MBNX adj
|

B.

De5nition 5. For any element B3X, the dilation of B with
respect to the digraph (X, p) is the set

dil B" Z
MZ > B|adj| ZN

adj
|

Z. (5)
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Fig. 2. (a) The arbitrary digraph described in text. (b) The level sets for the arbitrary digraph in (a). (c) The level sets for Abend et al.'s
third-order model.

In Abend et al.'s third-order MMM, we have

dil A
ij
" Z

MZ > Aij|adj|ZN

adj
|

Z

"G
A

i~1, j~1
A

i~1, j
A

i~1, j`1
A

i, j~1
A

ij
A

i, j`1
A

i`1, j~1
A

i`1, j
A

i`1, j`1H,
which are exactly the eight nearest neighbors of A

ij
plus

itself.

De5nition 6. The set dilH B is de"ned by
dilH B"(dil B)CMBN.

De5nition 7. An element B is called a minimal element if
there is no other element C satisfying CpB, and a max-
imal element if there is no other element D satisfying
DzB. The set of minimal elements is denoted by X

.*/
,

while X
.!9

is the set of maximal elements in X.

In Abend et al.'s MMM, the set of minimal elements is
A

.*/
"MA

11
N, while A

.!9
"MA

MN
N.

De5nition 8. For a subset RLX, the cover of R is the set
of elements of X not in R whose adjacent lower neighbor-
hood lies entirely in R, namely cover R"

MZNR : adj
|

ZLRN.

The elements in cover R are always `greater thana (z)
elements in R (if they are related). For example, in
Abend et al.'s third-order MMM, cover A

.*/
" cover

MA
11

N"MA
12

, A
21

N. The element A
22

is not in the set
cover MA

11
N, as adj

|
A

22
"MA

11
, A

21
, A

12
N \. MA

11
N.

In Fig. 2a, we depict a simple example of an arbitrary
digraph. The seven r.v.s are B, C, D, E, F, G, H, and the
`spatiala relations between them are given by the set of

directed edges, or arrows, connecting them. Thus, the
arrow from B to E means that the pair (B, E) is an edge in
the digraph, and, consequently, that BpE. Note from the
law of transitivity, BpE and EpH means BpH, al-
though the pair (B, H) is not an edge in the digraph, since
there is no single arrow directly from B to H. For the
same reason, B is not in the set adj

|
H.

If one is given the set of adjacent lower neighbors of
A

ij
for each r.v. A

ij
3A, a digraph can be generated by

combining all edges from each set adj
|
A

ij
. If this digraph

corresponds to a poset (that is, the digraph has no cycles),
then the set of r.v.s is an acyclic digraph, and the results
above apply. In this manner, we can say that the set of
adjacent lower neighborhoods induces an acyclic digraph
or, correspondingly, a partial order on the set of r.v.s. For
example, the third-order MMM from Abend et al. de"nes
adj
|
A

ij
"MA

i~1, j
, A

i~1, j~1
, A

i, j~1
N for all (i, j) sites in

the array (with appropriate modi"cations on the bound-
ary). The resulting digraph must be checked for cycles; in
this case we do have a valid acyclic digraph. Another
example is the three-dimensional model in [27].

De5nition 9. A unique sequence of nonempty cover sets
can be described in the following way. Let ¸0"X

.*/
,

and recursively de"ne ¸i"cover (6i~1
k/0

¸k); i"1, 2,2 .
We call these sets the level sets for X.

A level set is a special type of antichain. In Fig. 2, we
give the arbitrary digraph, its level sets, and the level sets
for Abend et al.'s third-order MMM.

The following properties of level sets are essential
to providing a complete theoretical foundation for
results we show in Section 5. However, for continuity
of presentation, we present their proofs in the appendix.
We shall assume that X is a "nite digraph and use
the notation ¸i to denote the ith level set, as in
De"nition 9.
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Fig. 3. Two other acyclic digraphs on Z]Z. The bold arrows denote the basic set adj
|

x.

Fig. 4. (a) Level sets for the digraph in Fig. 3(a). (b) Level sets
for the digraph in Fig. 3(b).

Proposition 1. ¸iW¸j"0, iOj.

Proposition 2. If z3adj
|

x and x3¸i, then z3Zi~1
k/0

¸k.

Proposition 3. Let x3¸i. Then there exists an element
z3¸i~1 such that z3adj

|
x.

Proposition 4. Let x3¸i. Then there exists a path of length
i from some x

0
3¸0 to x3¸i.

Proposition 5. Let x3¸i. Then no path from any x
0
3¸0 to

x can have length longer than i.

Proposition 6. Let n be the length of the longest path in X.
Then the sets M¸kNn

k/0
partition X.

Proposition 7. If x3¸i and y3¸j, where i(j, and x and
y are related under p, then xpy.

Proposition 8. If x, y3X, xOy, and, x,y3¸i, then x is not
related to y.

Proposition 9. For any x3¸r, cone x"Zr~1
i/0

¸i
x
, where

¸i
x
"¸iW cone x.

By Proposition 6, the level sets partition the "nite
digraph X into a sequence of sets ¸0, ¸1,2, ¸n, where
elements in ¸i are `less thana (p) elements in ¸j, i(j, if
they are related at all. This property is exploited to
generate textures, as presented in Section 5.

We remark that since a total ordering on a set is
a special kind of partial ordering, the results in Section
5 will also hold for a set of r.v.s that has a total ordering
placed on its indexing set, such as a "nite Markov chain.

Note that the relation

(h, k)p(i, j) Q (h(i or k(j ), (6)

on a "nite rectangular array is not a partial order. This
particular relation has been used by other authors [26,29]
to describe those r.v.s that are `previousa to or `preced-
inga r.v. A

ij
; that is, the `pasta of A

ij
is the set F

ij
of pixels

satisfying F
ij
"MA

hk
: h(i or k(jN. The important dis-

tinction between Eq. (6), a relation which is not a partial
order, and the implicit partial order as described by
Eq. (4) in Abend et al.'s MMM, is that the partial-order
relation in Eq. (4) removes the potential for cycles in the
corresponding digraph (see discussion following De"ni-
tion 8), whereas the relation in Eq. (6) does not.

Two nonstandard acyclic digraphs on Z2 are given in
Fig. 3. Note that in Fig. 3a, there are only two level sets
(X

.*/
and X

.!9
) regardless of the size of the array used,

while in Fig. 3b (a nonsymmetric half-plane model, dis-
cussed further in Section 5), the number of level sets for
the digraph will vary with array size. Fig. 4a and b give
the level set ¸i to which the corresponding pixel belongs,
for digraphs in Fig. 3a and b, respectively. The number of
level sets governs to some degree the amount of global
spatial dependency between sets of pixels. This will be
used when creating POMMs in Section 7 for parameter
estimation (see Eqs. (30a)}(30c)).
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5. Partially ordered Markov models

We are now in a position to present the formal de"ni-
tion of a partially ordered Markov model (POMM) and
our results that generalize those of Abend et al. [25]. This
section contains the theoretical probabilistic results, sev-
eral small examples, and the relation between Abend
et al.'s results and ours.

Recall from Section 4 that we can speak of the "nite
acyclic digraph of r.v.s (A, E) and its corresponding poset
(A, p), where A

k
pA

i
means that location index x

k
is

related to location index x
i
under p, that is, x

k
px

i
. We

also assume that the digraph A has no singleton points,
that is, has no point that is not related to any other point.
From our statistical modeling perspective, such singleton
points correspond to independent random variables that
can be dealt with separately.

De5nition 10. The partially ordered Markov model
(POMM) is de"ned as follows. Let B3A where (A, E) is
a "nite acyclic digraph of r.v.s and (A, p) is its corre-
sponding poset. Describe the set of r.v.s not related to
B by >

B
"MC : B and C are not relatedN. Then (A, p) is

called a partially ordered Markov model (POMM) if for any
B3AC¸0 and any subset ;

B
L>

B
we have

P(BDcone B, ;
B
)"P(BDadj

|
B). (7)

For B3¸0, cone B"adj
|
"0, and we make no as-

sumptions on the form of P(BD;
B
).

There are a number of important results given below,
although Theorems 1 and 6 are the main ones. To state
the results, some notation is needed. First, for any ele-

ment B3A, de"ne ¸i
B
"cone BW¸i, where recall that

¸i is the ith level set; i"0,2, n. Then, for any subset

ZLA, de"ne cone Z"X
B|Z

cone B, cone Z"ZX cone

Z, and ¸Z
i
"cone ZW¸i.

Theorem 1. Let (A, p) be a POMM, and suppose Z is
a subset of pairwise unrelated elements in A; write
Z"MZ

1 2, Z
k
N Then

P(cone Z)"P(¸0
Z
) <

C|*cone Z+CL0
Z

P(CDadj
|
C). (8)

Proof. See [42] h.

Corollary 2. Let (A, p) be a POMM, and let B3A. Then

P(cone B)"P(¸0
B
)C <

MC > C|*cone B+CL0
B
N

P(CDadj
|
C)D. (9)

Corollary 3. Let (A, p) be a POMM, and let Z be the set of
maximal elements in A, that is, Z"A

.!9
. Then the joint

probability of all r.v.s in A is given by

P(A)"P(cone A
.!9

)"P(¸0)C <
MC > C|ACL

0N

P(CDadj
|
C)D.

(10)

Corollary 4. Let (A, p) be a POMM, and let Z"¸i for
some i. Then the joint probability of the set of r.v.s in

cone ¸i is given by

P(cone ¸i )"P(¸0)C <
MC > C|(Xi

m/1L
m)CL0N

P(CDadj
|
C)D. (11)

Theorem 5. Let (A, p) be a POMM. Then for any subset
Z of elements in A we have

P(cone Z)"P(¸0
Z
) <

C|*cone Z+CL0
Z

P(CDadj
|
C). (12)

Proof. See [42] h.

Theorem 6. Let (A, p) be a POMM, and let B3A. Let

Q
B
"MC3A : B3adj

|
CN. Then

P(BDACMBN)"P(BDdilH B)

"

<
C|QB

P(CDadj
|
C)

+
all values B can assume

<
C|QB

P(CDadj
|
C)

. (13)

Proof. See [42] h.

In Abend et al. [25], the explicit form of Eq. (13) is
given and then discarded for the general form of the
expression using the dilation. We have found it more
helpful to keep the explicit formula in simulating tex-
tures. This is discussed in further detail in Section 6.

Abend et al.'s Theorem I corresponds to our Corollary
2: The acyclic digraph A is the set of MN r.v.s on the
rectangular array X given in Section 4; the cone closure
of any element A

ij
is the i]j subarray X

ij
; the set

¸0
Aij
"MA

11
N for all i, j, as there is only one minimal

element, A
11

, and it is in every set ¸0
Aij

; and the adjacent
lower neighbors are the three neighbors to the north,
west, and northwest.

Abend et al.'s Theorem II is a special case of our
Theorem 6. Theorem 6 describes the explicit relationship
of the probability of a r.v. B conditioned on the rest of the
r.v.s in A: speci"cally, this conditional probability de-
pends on the set dilH B (see De"nitions 5 and 6). The sets
MdilH BN

B|A
make up the neighborhood system N for the

Markov random "eld that is de"ned by the POMM
(A, p). It is interesting to note that the locations of the
r.v.s in the set dil B can be obtained through the math-
ematical morphology operation of dilation [43]. Loca-
tions for r.v.s in the set dil B can be obtained by viewing
the locations of the r.v.s in the set adj

|
B as a binary

structuring element, and computing the dilation of adj
|
B
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with itself. Thus, the relationship between the MRF rep-
resentation for a POMM, as given on the left-hand side
of Eq. (13), and the conditional probability representa-
tion for the de"nition for a POMM as given on the
right-hand side of Eq. (7), depends in part on some
properties intrinsic to the dilation operation in math-
ematical morphology. Obviously, if the neighborhood of
a given MRF cannot be written as adj

|
B dilated with

itself, then that particular MRF has no POMM repres-
entation. Whether a given MRF can be represented as
a POMM remains an open problem in general, although
a partial solution for a class of binary MRFs has been
presented in [35].

We next apply the results above to the simple example
given in Fig. 2b. This digraph has seven elements
MB, C, D, E, F, G, HN. The set of minimal elements is
MB, CN; the set of maximal elements is MF, G, HN. We see
that, ¸0"A

.*/
"MB, CN and the cover set for ¸0 is

¸1"MD, EN; H is not included in ¸1 because it covers
E as well, which is not in ¸0. Let us use Corollary 2 to

calculate P(cone H) Note that ¸0
H
"MB, CN;

cone H"MH, E, C, BN; and adj
|
H"ME, CN, adj

|
E"

MBN Thus,

P(cone H)"P(¸0
H
)C <

MZ > Z|*cone H+CL0
H
N

P(ZDadj
|
Z)D

"P(B, C)C <
MK > K|MH, ENN

P(KDadj
|
K)D

"P(B, C)P(HDadj
|
H)P(EDadj

|
K)

"P(B, C)P(HDE, C)P(EDB).

The relationship of POMMs to four other well-known
models is now given. The four other models are Markov
chains, Markov mesh models, nonsymmetric half-plane
models (NSHPs), and Markov random "elds. The set
relation between the "ve classes of models is given by:
Markov chains L MMMs L NSHPs L POMMs
L MRFs. These models and others have resulted from
attempts to generalize the Markov property in time to
a Markov property in space. If MA

i
: i"1, 2, 2, N de-

notes a one-dimensional random process, then there are
two equivalent ways to specify that the process is Mar-
kov: either

P(a
i
Da

1
,2, a

i~1
)"P(a

i
Da

i~1
) for all i*2 (14)

or

P(a
2
,2, a

i
Da

1
)"

i
<
t/2

P(a
t
Da

t~1
) for all i*2. (15)

Undoubtedly, the most popular generalization to two
dimensions has been of Eq. (14) to MRFs, which have no
ordering or directionality imposed on the pixel locations,

unlike Markov chains. For spatial dimensions greater
than two, successful attempts at imposing a directionality
on the pixel locations on a rectangular array include
MMMs, which generalize Eq. (14); see, [25,33,42]. After
the Markov mesh models were introduced by Abend et
al. [25], other authors have used them, including Lacroix
[26] for image restoration, Qian and Titterington [27]
for image restoration by extending the two-dimensional
MMM to a three-dimensional MMM, and Devijver [28]
for image segmentation. In [31], Pickard, who appears to
be unaware of Abend et al.'s work, introduces a way to
view the rows (or columns) of an image as a (one-dimen-
sional) Markov chain. Haslett [44] and Qian and Tit-
terington [12] pursue this idea and apply it to dis-
criminant analysis and image textures, respectively.

Ordering the pixel locations by regarding rows or
columns as a Markov chain is another way to introduce
a directionality of the pixel locations. A result that relates
these two approaches to incorporate directionality is
given by Pickard [29,30] who gives conditions under
which the directionality used in MMMs and the one-
dimensional Markov chain of rows (or columns) result in
equivalent models. Another type of causality has been
explored in the nonsymmetric half-plane models [45,46].
These models lie between MMMs and POMMs as
classes of models. Basically, the conditional support of
a local state of a NSHP is located in a half-plane, while
that of a MMM is located in a quarter-plane. For
example, the POMM in Fig. 4b is a NSHP; however, the
POMM in Fig. 4a is not a NSHP. To our knowledge,
POMMs present the most general results so far to intro-
duce a causal-type relationship between pixel locations.
Finally, acyclic digraphs have been used to develop com-
putationally feasible approximations to the marginal
probability mass functions for MRFs [47]. If a Gibbsian
form for the conditional distribution of a POMM is
assumed, then by Corollary 3, the exact joint pdf can be
calculated. This calculation results in the same answer as
that given by the recursive technique in [47].

As for results generalizing Eq. (15) to higher dimen-
sions, POMMs provide one approach; this is shown in
Corollary 3. Also, Goutsias [14] de"nes mutual compati-
bility of a MRF as a generalization of Eq. (15); mutually
compatible processes are a subset of POMMS. It is
natural to pose the question that if a process satis"es Eq.
(12) of Theorem 5, for all subsets Z of A, is it necessarily
a POMM? An a$rmative response can be found in [48].

We remark that if a model, such as a MMM, is speci-
"ed by its collection of conditional probabilities, as in
Eq. (7), that in turn induce an acyclic digraph on the set of
r.v.s, then the corresponding joint probability for that
MRF, as described by Eq. (10), is given in terms of those
conditional probabilities. What is currently an open
problem, is how one might determine whether a given
MRF corresponds to a POMM and, if so, how to obtain
the POMM.
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Fig. 6. Binary textures generated using a homogeneous POMM.

Fig. 5. (a) The set adj
|

a
ij

for the POMM used for texture
generation on a rectangular array. (b) Location of parameters
for model in (a).

We refer the interested reader to [42] for a discussion
of nonimaging models related to POMMs.

6. Applications to texture synthesis

This section presents results from using POMMs for
texture synthesis. A conditional binomial model was as-
sumed for the distribution used to generate binary and
gray-valued textures. In this section, we introduce a one-
pass algorithm, called the level-set algorithm, to generate
a realization from a POMM that is based on the con-
structive proof of Theorem 1 (see [42]).

The textures we generated are of similar type to those
appearing in [11,12,15]. To generate a texture using
a POMM, a speci"c acyclic digraph and a speci"c condi-
tional probability must "rst be selected. We chose
a POMM whose lower adjacency set adj

|
a
ij
"

Ma
i~1, j

, a
i~1, j~1

, a
i, j~1

, a
i`1, j~1

N, which is given in
Fig. 5a. It is straightforward to show that the set of basic

neighborhoods adj
|
a
ij

do induce a partial order on an
M]N rectangular array of sites. At boundary pixel loca-
tions, the set adj

|
a
ij

is simply truncated. Note that this
POMM is not a MMM, as the r.v. a

i`1, j~1
lies outside of

the set X
ij
CMa

ij
N (see Section 3 for the de"nition of

MMM); however, it is a NSHP.
We chose the conditional binomial model for the con-

ditional probability of G gray levels 0,2, G}1:

P(a
ij
Dadj
|
a
ij
)"A

G!1

a
ij

Bqaij(1!q)G~1~aij, (16)

where q"eTij/(1#eTij), and

¹
ij
"a#ba

i~1, j
#ca

i~1, j~1
#da

i, j~1
#ea

i`1, j~1
(17)

is a combination of the values in the neighborhood
adj
|
a
ij
. The spatial arrangement of parameters is shown

in Fig. 5b. When G"2, as for binary images, Eq. (16)
reduces to P(a

ij
D adj
|
a
ij
)"eaijTij/(1#eTij)

In Figs. 6}11, the parameters for a, b, c, d, and e to the
left of the texture to which they correspond. We note in
passing that POMMs seem to be sensitive to the choice
of a, which concurs with conclusions reached elsewhere
[16]. More examples of textures can be found in [49].

It is also possible to generate textures using parameters
that vary spatially. For example, replacing the quantity
¹

ij
in Eq. (17) by

¹
ij
"a#b

(i#j)

128
#c

(i#j)

128
#d

(i#j)

128
#e

(i#j)

128
(18)

introduces a dependency on location of the pixel as the
values i, j are di!erent for each pixel in the image. We call
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Fig. 7. Binary textures generated using the heterogeneous POMM.

Fig. 8. Textures generated using the homogenous model for G"4.

Fig. 9. Textures generated using the heterogeneous model for G"4.

Fig. 10. Textures generated using a homogeneous POMM for G"16.

POMMs that use spatially varying parameters, hetero-
geneous models. Otherwise, we call the models homogene-
ous. For example, the models that generated the images
in Fig. 6 are all homogeneous models.

In Fig. 7, binary textures were generated using the
POMM as given in Fig. 5 but with ¹

ij
as in Eq. (18). This

model is a heterogeneous POMM. Note how the charac-
teristics of the texture changes from the upper left-hand
corner to the lower right-hand corner, as suggested by
the speci"c spatial dependence in Eq. (18). Eq. (18) was
used in all the heterogeneous textures shown in Figs. 7,
9 and 11 for various values of G.
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Fig. 11. Textures generated using a heterogeneous model for G"16.

Fig. 12. Partial labeling of a rectangular array by level set
number for the POMM in Fig. 5. The number i labels the level
set to which the corresponding r.v. belongs.

In Fig. 8, textures with the 4 gray values 0, 1, 2, 3 were
generated, using the homogeneous model in Fig. 5, with
a binomial distribution, G"4, equally distributed gray
values, and Flinn's iterative algorithm [50]. In Fig. 9,
textures with 4 gray levels and spatially varying neigh-
borhood parameters were generated. Note that di!erent
values for the parameter a were used for textures in Fig. 9.
When generating images with more than two gray values,
Flinn's algorithm allows a "xed frequency of gray values
to be maintained. This may be useful in generating
a sample of a POMM that approximates a natural tex-
ture.

In Figs. 10 and 11, textures with the 16 gray values
0}15 were generated. Fig. 10 displays textures generated
with a homogeneous POMM. In Fig. 11 textures are
generated using a heterogeneous POMM (Eq. (18)). In
both Figs. 10 and 11, the model in Fig. 5 was used to
generate the acyclic digraph.

Following the constructive proof of Theorem 1 (see
[42]), we developed an algorithm that requires only one
pass through the pixel locations to generate an image. In
the proof, the multiplicative product form of the joint
distribution is obtained by grouping the r.v.s successively
into level sets. Thus, to "nd the joint distribution

P(A)"P(A
.!9

), we write A"cone A
.!9

. Then it follows

that A"cone A
.!9

"¸0X¸1X2¸n Thus,

P(cone A
.!9

)

"P(¸n, ¸n~1,2, ¸0)

"P(¸nD¸n~1,2, ¸0)P(¸n~1,2, ¸0). (19)

Continuing to expand the last term in Eq. (19) in this
manner, we "nally obtain

P(A)"P(cone A
.!9

)

"P(¸0) <
B|L1

P(BDadj
|

B)2 <
C|Ln

P(CDadj
|

C). (20)

The level-set algorithm generates a texture where each
site in the image is visited only once, as follows. First,
pixel values are generated in order of increasing level sets
¸0, ¸1,2, ¸n. This is similar to generating a realization
of a Markov chain, whereby the previously generated

values are used to determine the current value. Thus, for
a POMM, pixel values are generated for each r.v. a

ij
in

level set ¸k by calculating the value P(a
ij
Dadj
|
a
ij
) (using

the conditional binomial model in our case), where
adj
|
a
ij
L¸k~1 have already been obtained from genera-

tion of r.v.s in ¸N~1, k"2,2, k. The values of a
ij
3¸0

are drawn according to the probability distribution
P(¸0). (For example, for the conditional binomial model,
we chose to generate these values independently accord-
ing to the approximation to the conditional distribution
obtained by setting b"c"d"e"0.)

Consider the rectangular array and the conditional
binomial model. The partition of A into its level sets must
"rst be determined in order to begin the process; in
Fig. 12, we show a rectangular array partitioned into its
level sets for the POMM de"ned by Eqs. (16) and (17) (see
Fig. 5), which we used for texture generation. Pixels
needing initialization for this particular POMM are
those in the column adjacent to the leftmost column of
the rectangular array, those in the row adjacent to the
top row of the rectangular array, and those in the row
adjacent to and below the last row of the array. To obtain
a 64]64 sample from the distribution, we generated
a 256]256 image, and extracted a subimage of size
64]64 from the (3, 3) block in the 256]256 array. See
Fig. 13 for a depiction of the subimage used. This ensures
that the initial boundary pixel values do not overtly
in#uence the 64]64 texture chosen for presentation; in
essence, choosing the subimage away from the initial
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Fig. 13. The location of the 64]64 subimage extracted from the
256]256 image texture generated using the level-set algorithm.

Fig. 14. Locations of parameters b, c, d and e relative to (i, j) for
the model used to generate textures in Figs. 15}19.

Fig. 15. Three binary homogeneous textures based on the POMM in Fig. 4(a), generated using the level-set algorithm; parameters are
given to the left of the texture. The initial distribution of ¸0 is determined by a `burn-ina method.

boundary allows for a `burn-ina of the initial values
chosen for P(¸0). An open problem is to "nd the station-
ary distribution of boundary pixel values that yields
a texture whose distribution is itself stationary.

Next we present a variety of images simulated using
the POMM in Fig. 3a. We used the conditional binomial
distribution as given in Eq. (16). The value for ¹

ij
for this

POMM depends on the four nearest neighbors of (i, j)
(the set adj

|
a
ij
). We used the following governing equa-

tion for the general form of ¹
ij

¹
ij
"a#K

ij
(ba

i~1, j
#ca

i, j`1
#da

i`1, j
#ea

i, j~1
),

(21)

where K
ij

is a number that depends typically on the
values of i and j. The positions of the four parameters
b, c, d, and e, relative to the central location (i, j), are
shown in Fig. 14. For homogeneous textures, K

ij
,K is

a constant not dependent on (i, j), while for heterogen-
eous textures, the value of K

ij
varies with (i, j).

For homogeneous textures, the values for r.v.s ¸0 in
were determined experimentally using an iterative
`burn-ina process. After 1000 iterations, the pixel
values at locations in ¸0 were used to calculate an
initial distribution for P(¸0); we chose the marginal
distribution for elements in ¸0, and assumed indepen-
dence. Once the initial distribution is found, the level-
set algorithm is used to generate the 64]64 "nal
image sample; these "nal samples are shown in Figs. 15
and 16. Fig. 15 shows three binary homogeneous
POMMs; parameters are given to the left of the texture.
Fig. 16 shows three homogeneous POMMs, each having
four gray levels; parameters are given to the left of the
texture.

In Figs. 17}19, we show a variety of heterogeneous
images of size 128]128 also synthesized using the
POMM in Fig. 3a. For these images, it was not appropri-
ate to determine beforehand the intial distribution of the
pixels in ¸0, as the model itself is heterogeneous; for each
image, we chose a uniform distribution for the pixels in
¸0. Eq. (21) was used to incorporate heterogeneity into
the model. Table 1 gives the values for K

ij
and a, b, c, d

and e used in Eq. (21) to generate the heterogeneous
images shown in Figs. 17}19.

The heterogeneous images shown in Figs. 17}19 ex-
hibit a wide variety of textures, based on the underlying
heterogeneity given by the model. In fact, the use of
POMMs in this particular way suggests that they may
have potential for modeling objects. The images where
there are one or more internal objects apparent to the
eye, such as in Fig. 17c and d, and Fig. 18b and c, show
objects with texture that is distinct from the background
texture. Investigation into the use of POMMs for
modeling in object recognition problems has yet to be
performed.

As demonstrated by the textures synthesized using
only this one POMM, with various parameters, a wide
range of textures can be constructed. Also, the level-set
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Fig. 16. Three homogeneous textures, with four gray levels, based on the POMM in Fig. 4(a). Textures were generated using the level-set
algorithm; parameters are given to the left. The initial distribution of ¸0 is determined by `burn-ina method.

Fig. 17. Binary heterogeneous images generated using Eq. (21). See Table 1 for details of the parameters.

Fig. 18. Heterogeneous images with four gray levels generated using Eq. (21). See Table 1 for details of the parameters.

algorithm gives a way to compute synthesized textures
much faster than using Flinn's algorithm.

7. Parameter estimation: a detailed experiment

In this section, we present results from a series of
statistical experiments designed to estimate parameters
of stochastic texture models for both binary and gray-
value data. The data were modeled by POMMs. Since

the POMM's joint probability density function (pdf ) is
computationally attainable, the statistically e$cient
method of maximum likelihood estimation can be imple-
mented, and approximation of the pdf is avoided. Three
approaches to optimization of the likelihood are com-
pared: genetic algorithm, logistic regression, and the
Newton}Raphson algorithm. From our analysis, we con-
clude that logistic regression is the method of choice to
calculate the maximum likelihood estimator provided
the POMM is of logistic linear form. Logistic regression
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Fig. 19. Heterogeneous images with 16 gray levels generated using Eq. (21). See Table 1 for details of the parameters.

Table 1
Parameter values used in Eq. (21) to produce images shown in Figs. 17}19

Image K
ij

a b c d e

Fig. 17a K
ij
"(i#j)/128 !0.2 1.0 1.0 1.0 1.0

Fig. 17b K
ij
"(i#j)/128 !1.0 5.0 !5.0 5.0 !5.0

Fig. 17c
K

ij
"G

(i#j)/170 if (i!64)2#(j!64)2(400

1.0 otherwise

!0.2 5.0 5.0 5.0 5.0

Fig. 17d

K
ij
"G

(i#j)/0.7 if (i!100)2#(j!50)2(36

(i#j)/130 if (i!25)2#(j!90)2(100

(i#j)/120 if (i!64)2#(j!30)2(225

1.0 otherwise

!0.2 4.0 4.0 4.0 4.0

Fig. 18a K
ij
"(i#j)/128 !0.2 1.0 1.0 1.0 1.0

Fig. 18b
K

ij
"G

(i#j)/170 if (i!64)2#(j!64)2(400

1.0 otherwise

!0.2 1.0 1.0 1.0 1.0

Fig. 18c

K
ij
"G

(i#j)/0.7 if (i!100)2#(j!50)2(36

(i#j)/130 if (i!25)2#(j!90)2(100

(i#j)/120 if (i!64)2#(j!30)2(225

1.0 otherwise

0.2 1.0 1.0 1.0 1.0

Fig. 18d K
ij
"4*sin(i*j)*n 0.2 !1.0 !1.0 !1.0 !1.0

Fig. 19a
K

ij
"G

(i#j)/170 if (i!64)2/25#(j!64)2/100(1

1.0 otherwise

!0.2 1.0 1.0 1.0 1.0

Fig. 19b
K

ij
"G

(i) if (i!64)2/25#(j!64)2/100(1

2*sin(6*Ji#j) otherwise

0.3 0.5 !0.3 0.5 !0.3

Fig. 19c
K

ij
"G

1 if (i!64)2/25#(j!64)2/100(1

2*tan(Jj*i) otherwise

3.0 0.5 !0.3 0.5 !0.3

Fig. 19d
K

ij
"G

1 if (i!64)2/25#(j!64)2/100(1

2*tan(Jj*i) otherwise

3.0 1.0 !1.0 1.0 !1.0
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is accurate and precise, resulting in low bias and vari-
ance, and it is computationally fast. If the pdf is of a more
general form, then the Newton}Raphson algorithm is the
method of choice. When logistic regression can be used,
the Newton}Raphson algorithm provides very similar
solutions but at a cost of much more computation time.
As part of our experiments, we regenerated textures using
parameters equal to the average values of the parameter
estimates; even using average values from the inferior
genetic-algorithm method, we found that regenerated
textures looked visually very similar to samples regen-
erated using the true parameters' values. The experiment
shows that maximum likelihood estimation from
POMMs can be a useful and practical statistical tool in
texture modeling.

7.1. Description of the experiments

Given texture data and a stochastic model to represent
the data, we address a basic problem in pattern recogni-
tion, namely to solve the inverse problem of parameter
estimation for the stochastic model. This includes the use
of MRFs; for example, a Bayesian approach for solving
image analysis problems is common, as in image restora-
tion [51,52], and in computer vision [53]; and a binomial
MRF for texture modeling was described in [11]. By
approximating MRFs with directional MRFs, one can
produce simpler models to work with [29,15]. In [54],
the authors used a two-tiered MRF model to perform
supervised segmentation and labeling of a scene consist-
ing of patches of natural textures.

Our goal is maximum likelihood estimation for the
POMMs de"ned in Section 6, and we use three optimiza-
tion methods: the genetic algorithm, logistic regression,
and the Newton}Raphson algorithm. Genetic algorithms
(GAs) were chosen because they can excel in combina-
torial optimization problems that are extremely complex
and suspected to be multimodal. Based on our prior
research on binary and gray-value textures [55}57], we
have reason to believe that the parameter-estimation
problem for texture modeling may be multimodal in
some cases. However, a genetic algorithm has no theoret-
ical guarantee that its solution is optimal either globally
or locally. Thus, the other two techniques we used to
estimate parameters are quite classical: logistic regression
and the Newton}Raphson method. Our particular
choice of pdf for the stochastic model (Section 6) allows
us to use logistic regression to estimate the unknown
parameters. Under an assumption of homogeneity of the
texture data, the logistic regression estimates are very
good, in addition to being computationally cheap. Fi-
nally, the Newton}Raphson method is a classical tech-
nique for root-"nding that has quadratic convergence.
The Newton}Raphson method and logistic regression
are local-search techniques and give a stationary point of
the likelihood, which is not necessarily a global optimum.

Most of the image data we use in our statistical experi-
ments are synthesized, using the level-set algorithm. Indi-
vidual images are generated in order to make a visual
comparison of samples from di!erent distributions.

For binary data, we used four categories to judge the
e!ectiveness of the parameter estimation methods. One
hundred sample images were generated for each of three
di!erent binary texture models, using a 64]64 array and
the level-set algorithm. Then the parameter estimation
techniques were applied to each of the 300 images, pro-
ducing 300 estimates. The four categories are:

1. The mean, variance, standardized di!erence, and 95%
con"dence interval bounds for each parameter esti-
mate were calculated, and the true parameter values
were compared with the mean value.

2. An evaluation was made as to whether or not the
estimator is biased; that is, whether or not each of the
true parameter values were inside or outside the 95%
con"dence interval.

3. The empirical distribution for each parameter esti-
mate was calculated (N"100).

4. A texture was generated with the mean parameter
values found in category 1 above, using the level-set
algorithm, and a visual comparison was made.

A second experiment was conducted to give an indica-
tion whether the central limit theorem might apply. Here,
we examined the behavior of parameter estimates when
a bigger image size, 256]256, was used.

For gray-value data, experiments on both synthetic
and real texture data were conducted. Textures with 16
gray levels were generated using POMMs, and several
real Brodatz textures were used. The speci"c models we
chose were the conditional binomial models with G gray
levels 0,2, G!1; the notation is slightly di!erent from
Eqs. (16) and (17) so that higher-order neighborhoods
adj
|
a
ij

can be accommodated for the gray-value case.
The fourth-order POMM used for modeling all data in
this section, except the natural textures, is

P(a
ij
Dadj
|
a
ij
)"A

G!1

a
ij

Bqaij(1!q)G~1~aij,

a
ij
"0, 1, 2, G!1, (22)

where q"eTij/(1#eTij), and

¹
ij
"h

ij
#h

i~1, j
a
i~1, j

#h
i~1, j~1

a
i~1, j~1

#h
i, j~1

a
i, j~1

#h
i`1, j~1

a
i`1, j~1

. (23)

Here, #¹ is a 5-vector of parameters, assumed invariant
to location (i, j) in the image. Invariance is a consequence
of assuming homogeneous textures; dropping this restric-
tion allows heterogeneous textures to be modeled. Based
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on Corollary 3 and Eq. (22), we attempt to maximize the
log-likelihood,

¸(#)"
M
+
i/1

N
+
j/1

ln P(a
ij
Dadj
|
a
ij
).

7.2. Discussion of optimization methods

Next, we brie#y discuss the three methods we used for
parameter estimation in the context of our experiments.
Further details can be found in [49] and speci"ed refer-
ences.

7.2.1. Genetic algorithms
Genetic algorithms (GAs) are a mathematical optim-

ization technique based on the genetic processes found in
nature. Randomized information exchange in the genetic
algorithm allows more of the solution space to be
searched, and also reduces the possibility of encountering
local optima. Typically, GAs are used on problems that
have many optima, or on problems that are so complic-
ated that few if any reasonable techniques exist for "nd-
ing solutions. Parameter estimation for texture image
data appears to be such a problem. In this experiment,
GAs are applied to search for the `besta POMM for
a given texture model; the function being optimized for
parameter estimation is the likelihood of the model.

Details of GAs can be found in [58]. We used a stan-
dard algorithm which consists of problem encoding,
initialization, "tness evaluation, and reproduction. The
"tness function ¸(#), is the log-likelihood:

¸(#)"
M
+
i/1

N
+
j/1
ClnA

G!1

a
ij

B#a
ij
¹

ij
!(G!1)

]ln(1#eTij)D, (24)

where #"(h
0
,2, h

4
)3R5 is the vector of unknown

parameters and ¹
ij

is de"ned in Eq. (23). We attempt to
maximize Eq. (24).

The speci"c steps of our genetic algorithm are as fol-
lows.

Step 1. Problem encoding. The experiments were de-
signed with an initial population of 100 members and
performed on a real-number vector representation of the
"ve POMM parameters; for example, #"(!5.0, 3.2,
4.1, 0.2, !1.2).

Step 2. Initialization. The initial population was created
by randomly and uniformly choosing 100 5-vectors,
where each vector coordinate value was bounded below
by !10 and above by 10.

Step 3. Evaluation of xtness. The "tness of each member
was calculated by Eq. (24).

Step 4. Reproduction. First, we used an elitist strategy,
copying the two best members of the current generation
to the next. The remaining 98 members were produced by
the roulette-wheel-selection-by-"tness technique. Next,
crossover was performed, with a crossover probability of
0.6, followed by mutation. The operation of mutation
consisted of adding a randomly signed value of 0.01 to
one of the parameters chosen at random with a mutation
probability of 0.05.

7.2.2. Logistic regression
Logistic regression is used when the outcome variable

is discrete and "nite, such as the gray values of digital
image analysis. We now give a brief explanation of the
method.

First, consider an outcome variable> and a collection
of n explanatory variables that is denoted by the vector
xT"(x

1
, x

2
,2, x

n
). In order to simplify notation, we will

use the quantity n(x)"E(> D x) to represent the condi-
tional mean of > given x; the logistic regression model
assumes that this conditional mean is given by,

n(x)"
ek0`k1x1`2`knxn

1#ek0`k1x1`2`knxn
, (25)

where kT"(k
0
, k

1
,2, k

n
) is a vector of parameters.

That is, the logit transformation of n(x), g(x)"
ln[n(x)/(1!n(x))]"k

0
#k

1
x
1
#2#k

n
x
n
, is linear in

the parameters k
0
, k

1
,2, k

n
.

In linear regression, the method most often used for
estimating unknown parameters is least squares. Under
the standard assumptions for linear regression, the
method of least squares yields estimators with a number
of desirable statistical properties. Unfortunately, when
the method of least squares is applied to a model with
a dichotomous (zero or one) outcome, the estimators no
longer have these same properties. While least squares is
no longer appropriate, the method of maximum likeli-
hood is.

For our problem of parameter estimation for binary
texture data, a fourth-order POMM was used to model
the data and the conditional binomial distribution was
used to represent the spatial interaction between pixels,
as given in Eq. (22). Note that ¹

ij
is expressed as a linear

combination of the "ve unknown parameters. Thus,
P(A

ij
"1 D adj

|
a
ij
) satis"es the logistic relationship given

by Eq. (25).
The likelihood function is, in the case of a binary

texture, de"ned as follows:

l(#)"
M
<
i/1

N
<
j/1

q(a, #)aij[1!q(a, #)]1~aij, (26)
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where q(a, #)"eTij/(1#eTij) and ¹
ij

is de"ned in Eq.
(23). Taking the logarithm of Eq. (26), we obtain the
log-likelihood function

¸(#)"ln[l(#)]"
M
+
i/1

N
+
i/1

Ma
ij
ln[q(a, #)]

#(1!a
ij
)ln[1!q(a, #)]N. (27)

To "nd the maximum likelihood estimates of #, Eq.
(27) is di!erentiated with respect to each of the "ve
h-values, set to zero, and then solved for #. To do this, we
use standard statistical software that assumes
(adj
|
A

ij
, A

ij
), i"1,2, M, j"1,2, N, are independent.

Although this is not the case for a POMM, the estimates
(but not the resulting standard errors) are una!ected.
Using the statistical package SAS [59] we obtain esti-
mates that are henceforth referred to as the logistic-
regression estimates. The algorithm used is iteratively
reweighted least squares, which uses the expected in-
formation matrix. In contrast, the Newton}Raphson
methods uses the observed information matrix.

7.2.3. The Newton}Raphson method
We now consider the problem of solving the nonlinear

system of equations f
i
(x

1
,2, x

n
)"0, i"1,2, n, which

we also can rewrite in the vector form as F(x)"0, where
F(x)"( f

1
(x),2, f

n
(x))T.

One of the basic iteration procedures for approximat-
ing a solution of the nonlinear system F(x)"0, is the
Newton}Raphson method [60]:

xk`1"xk![F@(xk)]~1F(xk), k"0,1,2,

where F@(x) denotes the Jacobian matrix. Thus, we are
interested in solving F(x)"0 for the case F"L¸/L#.

To estimate the parameters for texture models, we used
the Newton}Raphson method to "nd the parameter
values that maximize the log-likelihood function ¸(#).
This method applies generally to any likelihood and,
unlike the logistic regression method, is not exclusive to
POMMs given by Eqs. (22) and (23). However, for the
fourth-order POMM given by Eqs. (22) and (23), the
log-likelihood ¸(#) is given by Eq. (27).

In order to maximize the log-likelihood Eq. (27), we
di!erentiate ¸(#) with respect to h

0
, h

12
, h

4
and set the

resulting expressions equal to zero. This results in "ve
likelihood equations,

L
i
¸(#)

Lh
i

"0, i"0, 1,2, 4. (28)

We can rewrite them in vector form L@(#)"0 where
L@(#)"(L¸(#)/Lh

0
,2, L¸(#)/Lh

4
)T. The Newton}

Raphson method to obtain the solution of the equations
in Eq. (28), is given by

#k`1"#k![¸A(#k)]~1L@(#k), k"0, 1,2, (29)

where

¸A(#)"C
L2¸(#)

Lh2
0

2

L2¸(#)

Lh
0
Lh

4F F
L2¸(#)

Lh
4
Lh

0
2

L2¸(#)

Lh2
4
D.

7.3. Binary texture experiments

Next we describe experiments conducted to perform
parameter estimation on binary textures, as well as the
outcomes of those experiments. Three binary texture
models using the fourth-order POMM and various
values for the parameters were chosen. Fig. 20a displays
the true values for the three binary textures as well as
representative sample images generated from their re-
spective distributions. One hundred sample images of
size 64]64 for each model were generated using the
level-set algorithm. The three parameter-estimation
methods described in the previous section were applied
to each of the 300 images. This generated a total of 900
sets of 5-vectors, representing the parameter estimates
(3]300 sets of 5-vectors). Then, for each of the three
parameter-estimation methods and each of the three bi-
nary models, and using the 100 estimates generated, the
following four categories were determined:

1. the mean, variance, standardized di!erence, and 95%
con"dence interval bounds for each of the "ve para-
meter estimates were calculated, and the true para-
meter values were compared with the mean value;

2. an evaluation was made as to whether or not the
estimate was biased;

3. the empirical distribution for each parameter estimate
was calculated;

4. a texture was generated using the fourth-order
POMM with the mean parameter values calculated in
1 above, using the level-set algorithm, and a visual
comparison was made.

In 1, the sample mean M, and the sample variance
S2 were calculated. Then the standardized di!erence
value is given by

M!true value

(S2/N)1@2
,

where, for our purposes, N"100.
The con"dence intervals were determined as follows:

Given N sample images I
1
,2, I

N
from one model, with

true parameter value #
0
, suppose the corresponding

parameter estimates are #)
1
,2, #)

N
with mean value

M"(1/N)+N
i/1

HK
i
. The null hypothesis H

0
: E(M)"H

0
is accepted if

DM!H
0
D)Z

0.025

S

JN
,
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Fig. 20. Image A, Image B, and Image C. (a) Original binary textures. (b) Textures generated from the mean values for the genetic
algorithm. (c) Textures generated from the mean values for the logistic regression. (d) Textures generated from the mean values for the
Newton}Raphson method.

where S is the standard deviation, N"100, and
Z

0.025
"1.96 is obtained from standard normal tables.

Furthermore, the values of the standardized di!erence
from di!erent estimating methods can be compared. No-
tice that if a standardized di!erence value is larger in
absolute value than 1.96, then we reject the null hypothe-
sis H

0
. That is, the bias of the estimator #) is nonzero.

Conversely, we accept the null hypothesis of zero bias
when H

0
is within the 95% con"dence interval. The sign

of the standardized di!erence value gives an indication of
the bias of the estimator relative to zero.

In all three methods, boundary pixels on the 64]64
array were avoided by using a `guard areaa [61] of

pixel locations so that all the sets, adj
|
a
ij
, were fully

contained within the 64]64 array. Also, the texture
synthesized from the mean values was a 64]64 subimage
extracted from a larger 256]256 array (the (3,3) block as
described in Fig. 13), generated with the same parameter
values. This was an attempt to ensure dilution of the
e!ect of the initial boundary pixels (which were uniformly
and randomly chosen) within the extracted 64]64
subimage.

7.3.1. Results from the genetic algorithm
We next present the speci"cs of the GA on the binary

data. For each sample image (there are 300 of them), 10
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Table 2
Results of parameter estimation using the genetic algorithm

Parameter True Value Mean Variance Std. Di!. 95% CI (low) 95% CI (high) Is estimate biased?

Image A: genetic algorithm
h
ij

!0.2 !0.2996 0.0617 !2.4610 !0.3789 !0.2203 Y
h
i~1j

3.2 3.1380 0.1075 !1.5289 3.0586 3.2175 N
h
i~1j~1

!5.0 !5.1100 0.1268 !2.4037 !5.1997 !5.0203 Y
h
ij~1

3.2 3.0720 0.2544 !2.1783 2.9569 3.1872 Y
h
i`1j~1

!5.0 !4.9376 0.2120 1.1844 !5.0408 !4.8344 N

Image B: genetic algorithm
h
ij

!1.0 !1.2144 0.0385 !10.9329 !1.2528 !1.1760 Y
h
i~1j

1.6 1.4933 0.0424 !5.1868 1.4529 1.5336 Y
h
i~1j~1

!1.0 !1.0751 0.0423 !3.6520 !1.1155 !1.0348 Y
h
ij~1

!1.0 !0.7434 0.0572 10.7260 !0.7903 !0.6966 Y
h
i`1j~1

2.3 2.1722 0.0586 !5.2788 2.1248 2.2197 Y

Image C: genetic algorithm
h
ij

!3.0 !3.2158 0.0132 !18.8156 !3.2383 !3.1934 Y
h
i~1j

0.1 0.0722 0.0370 !1.4459 0.0345 0.1099 N
h
i~1j~1

3.1 3.1043 0.0297 0.2499 3.0705 3.1381 N
h
ij~1

0 0.0836 0.0236 5.4484 0.0535 0.1137 Y
h
i`1j~1

3.1 3.1332 0.0110 3.1634 3.1126 3.1537 Y

cycles were performed, where one cycle is a visit to the
63)62"3906 sites not in the guard area. That produced
a total of 39,060 iterations for the GA. The member with
the highest "tness value was kept.

The mean values, variance values, standardized di!er-
ence values, and 95% con"dence interval limits (high and
low) were calculated from the 100 estimates for each of
the "ve parameter values, and for all three models. The
results are shown in Table 2. Also shown in Table 2 is
whether or not the estimate is biased. Finally, in Fig. 20b,
we show the textures generated using parameters equal
to the sample-mean values found by the GA. The para-
meter values shown to the left of the images in Fig. 20b
match column 3 in Table 2.

7.3.2. Results from logistic regression
The solutions found from the logistic-regression

method were compiled: from 100 sets of parameter
estimates, for each of the three models, mean values,
variance values, standardized di!erence values, and 95%
con"dence interval limits were computed. Also from
this, it was determined whether or not the estimate is
biased. The results are shown in Table 3. Finally, the
textures generated using parameters equal to the
sample-mean values found by logistic regression, are
shown in Fig. 20c.

7.3.3. Results from the Newton}Raphson method
The solutions for the parameter estimation using the

Newton-Raphson method follow directly from Eq. (29),

iterated to convergence. Some trials were run to deter-
mine how to choose the initial values for the algorithm:
random values between !10 and 10 were chosen, as well
as the parameter estimates themselves from the logistic
regression output. These trials showed that the values
to which the Newton}Raphson methods converged
were all almost identical; so, the choice was made to use
the logistic regression values as initial values to the
Newton}Raphson method. Table 4 gives, for the New-
ton}Raphson method, mean values, variance values,
standardized di!erence values, 95% con"dence interval
limits, and whether or not the estimate is biased. The
textures generated using parameters equal to the
sample-mean values are shown in Fig. 20(d).

7.3.4. Discussion of results } Comparison
For all three methods, the mean values calculated from

the parameter estimates were quite often not close to the
true values. That is, the estimation methods are exhibi-
ting bias. The variances for parameter estimates using the
GA method of solution were larger than the variances for
parameter estimates using logistic regression or New-
ton}Raphson for images A and B, roughly by an order of
magnitude. However, for image C, the variances for para-
meter estimates using the GA method of solution were
about the same as the variances for parameter estimates
using logistic regression or Newton}Raphson, although
the GA variances were always larger in value. This sug-
gests that the logistic regression or the Newton}Raphson
method might be preferred over GA for parameter
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Table 3
Results of parameter estimation using logistic regression

Parameter True Value Mean Variance Std. Di!. 95% CI (low) 95% CI (high) Is estimate biased?

Image A: logistic regression
h
ij

!0.2 !0.3656 0.0069 !19.8821 !0.3819 !0.3492 Y
h
i~1j

3.2 3.1279 0.0251 !4.5459 3.0968 3.1590 Y
h
i~1j~1

!5.0 !4.8842 0.0332 6.3556 !4.9199 !4.8484 Y
h
ij~1

3.2 3.1581 0.0277 !2.5155 3.1255 3.1907 Y
h
i`1j~1

!5.0 !4.8638 0.0429 6.5772 !4.9044 !4.8232 Y

Image B: logistic regression
h
ij

!1.0 !1.1323 0.0046 !19.4533 !1.1456 !1.1189 Y
h
i~1j

1.6 1.5235 0.0087 !8.1754 1.5052 1.5419 Y
h
i~1j~1

!1.0 !0.9634 0.0055 4.9143 !0.9780 !0.9488 Y
h
ij~1

!1.0 !0.9596 0.0088 4.3109 !0.9780 !0.9413 Y
h
i`1j~1

2.3 2.1814 0.0054 !16.1451 2.1670 2.1958 Y

Image C: logistic regression
h
ij

!3.0 !3.0878 0.0123 !7.9018 !3.1095 !3.0660 Y
h
i~1j

0.1 0.0757 0.0194 !1.7430 0.0484 0.1030 N
h
i~1j~1

3.1 3.0276 0.0110 !6.8987 3.0070 3.0482 Y
h
ij~1

0 !0.0037 0.0180 !0.2755 !0.0300 0.0226 N
h
i`1j~1

3.1 3.0275 0.0106 !7.0372 3.0073 3.0477 Y

Table 4
Results of parameter estimation using the Newton}Raphson method

Parameter True Value Mean Variance Std. Di!. 95% CI (low) 95% CI (high) Is estimate biased?

Image A: Newton}Raphson
h
ij

!0.2 !0.3656 0.0069 !19.8812 !0.3819 !0.3492 Y
h
i~1j

3.2 3.1279 0.0251 !4.5456 3.0968 3.1590 Y
h
i~1j~1

!5.0 !4.8842 0.0332 6.3554 !4.9199 !4.8484 Y
h
ij~1

3.2 3.1581 0.0277 !2.5155 3.1255 3.1907 Y
h
i`1j~1

!5.0 !4.8638 0.0429 6.5776 !4.9044 !4.8232 Y

Image B: Newton}Raphson
h
ij

!1.0 !1.1305 0.0049 !18.7303 !1.1441 !1.1168 Y
h
i~1j

1.6 1.5188 0.0088 !8.6631 1.5004 1.5372 Y
h
i~1j~1

!1.0 !0.9640 0.0056 4.8104 !0.9787 !0.9494 Y
h
ij~1

!1.0 !0.9535 0.0084 5.0634 !0.9715 !0.9354 Y
h
i`1j~1

2.3 2.1792 0.0055 !16.3619 2.1647 2.1937 Y

Image C: Newton}Raphson
h
ij

!3.0 !3.0879 0.0119 !8.0401 !3.1093 !3.0665 Y
h
i~1j

0.1 0.0654 0.0168 !2.6712 0.0400 0.0908 Y
h
i~1j~1

3.1 3.0294 0.0102 !7.0032 3.0096 3.0491 Y
h
ij~1

0 0.0082 0.0158 0.6495 !0.0165 0.0328 N
h
i`1j~1

3.1 3.0280 0.0106 !6.9832 3.0078 3.0482 Y

estimation on binary images, despite the local solutions
found by logistic regression and Newton}Raphson.

The presence of bias in the parameter estimates is not
surprising, since it is well-known that in small samples,
maximum likelihood estimates are biased, resulting in

only a few true values lying within the 95% con"dence
intervals. However, there is robustness in this approach
and the models are usable, as is apparent from the visual
agreement of the textures generated using the true and
estimated parameter values. The degree to which the
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estimates lie inside or outside of the 95% con"dence
intervals is also shown by the standardized di!erence
values. The standardized di!erence values for parameter
estimates from the GA experiments were smaller than the
standardized di!erence values for parameter estimates
from the other two methods in all but three out of 25
instances. This is because the variances for the GA esti-
mates were larger than the variances for the other two
methods. Nevertheless, for the most part, textures gener-
ated with the mean values, even from the inferior GA
method, produced textures that were virtually indistin-
guishable from the originals.

We summarize the strengths and weaknesses of the
methods below.

1. Variance and bias of estimators. Logistic regression and
Newton}Raphson give parameter estimates that have
lower variances than GA. For two of the images (A
and B), the variance of the GA estimates were larger
by a factor of roughly 10 than the variances of the
other two methods, while the variance of the GA
estimates were on the same order of magnitude for
image C. These larger variances for the GA estimates,
in turn, mean that we fail to reject the hypothesis of no
bias, more often for the GA estimates. Nevertheless,
the bias of the estimators is apparent in the last col-
umn of Tables 2}4, and, where few of the true values
lie within the 95% con"dence intervals. The degree to
which the con"dence intervals stray from the true
values are shown in column "ve, the standardized
di!erence, of Tables 2}4. The intercept parameter
h
ij

had estimates that were typically farthest astray;
this appears to be in line with other researchers'
"ndings [16]. If we look at the sample mean value
(column 3) and compare it with the true value (column
2), then if the mean value lies between 0 and the true
value, we are seeing an estimation-bias behavior that
is typical of MLEs. For the logistic regression and
Newton}Raphson methods, this happened in 11 out
of the 14 parameter estimates (disregarding the esti-
mate for the true values of 0). However, this happened
in only seven of the 14 parameter estimates for the
GA. Regardless, the empirical mean parameter values
were still able to regenerate textures that were very
like the original images, despite the obvious bias
and/or low precision in the estimates.

2. Computational speed. The logistic regression is by far
the fastest way to compute a solution. It took approx-
imately one minute (wall clock time) to arrive at a
solution using a 64]64 binary texture image on a
DEC Alpha 3000 machine. Both the Newton}Raph-
son method and genetic algorithm spent, on the aver-
age, almost 30 min estimating parameters for the same
size image.

3. Local versus global solution. The Newton}Raphson
method and logistic regression are local search algo-

rithms. Although GA looks for a global solution, the
search path for a GA solution may or may not lead to
a global or even a local solution. Newton}Raphson
and logistic regression obtain local solutions, which
are not necessarily optimal solutions.

4. Generality of the method. The Newton}Raphson
method and the GA could be used to estimate para-
meters for any statistical model for which an optim-
ization function can be constructed. However, the
logistic regression is limited to the special case where
the model has an appropriate logistic form given by
Eq. (22) and ¹

ij
is a linear function of the parameters.

Looking at the statistical results and weighing the
strengths and weaknesses of each method, it is clear that
logistic regression gives estimates that have low biases
and low variances, and it is much faster than the other
two methods. It can only be used, however, if the model
has an appropriate (logistic linear) form. Otherwise,
Newton}Raphson can be used to give as accurate a solu-
tion, but it will take much longer to compute.

7.4. Experiment on a larger-sized image

According to the Central Limit Theorem, if we in-
crease the number of observations from a population,
then, when the number is su$ciently large, the distribu-
tion of locally linearizable estimators (such as MLEs
from smooth likelihoods) will be approximately normally
distributed. In our problem, increasing the number of
observation corresponds to increasing the size of the
image. Thus, we increased the image size to a 256]256
array and performed further experiments using the more
promising logistic-regression and Newton}Raphson
methods. Also, we performed the experiment on only one
image, image C. One hundred samples were generated for
the experiment. The results are shown in Tables 5 and 6.

The MLE for the larger 256]256 images produced
estimates that had lower variances than for the 64]64
images, by factors ranging from 11.77 to 16.36; for inde-
pendent pixels values, we would expect a factor of
(256 ) 256)/(64 ) 64)"16. However, the standardized dif-
ference values were larger for the 256]256 images for all
estimates except for one (the h

i~1, j
parameter in New-

ton}Raphson). On the other hand, the parameter esti-
mates for the 256]256 data were closer (in an ¸1 sense)
to the true parameter values than the 64]64 data, in
eight out of the ten estimates. These results are likely due
to estimation biases that decrease with the number of
observations, but perhaps only as fast as the standard
error [62].

The number of true values lying within the con"dence
interval remained the same (namely, three), although they
were not all the same ones. However, textures generated
using the sample mean values found in Tables 5 and 6 (for
the 256]256 image size), looked visually closer to the
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Table 5
Results of parameter estimation using logistic regression for 256]256 model

Parameter True value Mean Variance Std. Di!. 95% CI (low) 95% CI (high) Is estimate biased?

Image C: logistic regression for 256]256 model
h
ij

!3.0 !3.1038 0.0009 !34.5707 !3.1097 !3.0980 Y
h
i~1j

0.1 0.0926 0.0013 !2.0734 0.0855 0.0996 Y
h
i~1j~1

3.1 3.0382 0.0007 !23.0526 3.0329 3.0434 Y
h
ij~1

0 !0.0020 0.0011 !0.6148 !0.0084 0.0044 N
h
i`1j~1

3.1 3.0380 0.0009 !20.3338 3.0320 3.0439 Y

Table 6
Results of parameter estimation using Newton}Raphson for 256]256 model

Parameter True value Mean Variance Std. Di!. 95% CI (low) 95% CI (high) Is estimate biased?

Image C: Newton}Raphson for 256]256 model
h
ij

!3.0 !3.1042 0.0009 !35.6849 !3.1106 !3.0978 Y
h
i~1j

0.1 0.0929 0.0014 !1.9137 0.0848 0.1010 N
h
i~1j~1

3.1 3.0388 0.0007 !23.6293 3.0331 3.0445 Y
h
ij~1

0 !0.0042 0.0011 !1.2727 !0.0114 0.0030 N
h
i`1j~1

3.1 3.0406 0.0009 !19.6689 3.0340 3.0472 Y

original textures than did regenerated textures from the
sample means found in Tables 3 and 4 for Image C (for
the 64]64 image size). The generated 64]64 images
look darker than the original; this gives an indication
that the gray-value histogram for Image C is better
represented by the model having sample-mean values
found using the larger 256]256 model. See Fig. 21 for
the comparison of the regenerated images.

7.5. Gray-value texture experiments

We performed parameter estimation on two types of
gray-value data: synthetic and natural. The conditional
binomial distribution was used. The synthetic data were
generated using the level-set algorithm, and parameters
were estimated using logistic regression. The natural tex-
tures used were Brodatz images [63], and we tried two
approaches for estimating parameters for them: logistic
regression on the 16-gray-value data directly, and logistic
regression on the binary images derived from a bit-plane
representation of the gray-value data. Estimating the
parameters of the binary bit-planes of image data pro-
duced unsatisfactory results, so further investigation of
this approach was not pursued. For the logistic regres-
sion, the level-set algorithm was used to generate sample
images from the (estimated) POMM for both synthetic
and natural data. In addition, Flinn's algorithm was used
to generate a sample image from the estimated POMM
for the natural textures. Recall that the gray-value histo-
gram of the pixel values remains invariant when using
Flinn's algorithm. Since histogram information is already

available for the natural textures, we felt it useful to use
this information in the generation scheme, despite the
lengthy CPU time needed to obtain a sample image. On
the other hand, when simulating a pattern from a model
where there is no opportunity to condition on the histo-
gram, an exact and fast simulation can be produced using
the level-set algorithm. Based on the results from the
previous section, logistic regression was our choice of
parameter estimation on both types of data. With almost
no sacri"ce in accuracy and precision, logistic-regression
estimates can be computed much quicker than the other
two methods.

7.5.1. Gray-value synthetic texture data
First, the level-set algorithm was used in conjunction

with three di!erent fourth-order POMMs to generate
three di!erent textures, each with 16 gray values. Only
one image from each POMM was generated; the three
di!erent textures are shown in Fig. 22 with their true
parameter values shown below their respective images.
Using logistic regression, parameter values were esti-
mated from the image data in Fig. 22. Then, these values
were used to generate an image from the estimated
POMMs; as a visual check, the resulting images are
shown in Fig. 23.

With the exception of the h
ij

value, the estimated
parameters for the models corresponding to Image A
and B are reasonably close to the true values for Images
A and B. For all three images, the estimates of the
intercept parameter h

ij
were larger in absolute value by

an order of magnitude. For Image C, the estimated
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Fig. 21. Comparison of the results between the image sizes 64]64 and 256]256. For visual comparability, only a subimage of the
256]256 generated image is shown.

parameters were quite di!erent from the true values,
including opposite signs. Because the data are synthetic,
these di!erence are attributed either to sampling error or
to multimodality of the solution space. Notice that the
textures generated using the estimated values are visually
quite close to the original ones, even for Image C.

7.5.2. Natural texture data
The natural textures we "t to POMMs are four

Brodatz images, digitized photos of real textures, shown
in the "rst row of Fig. 24. The sets adj

|
a
ij

for the three
POMMs are variously-sized rectangular blocks. The "rst
model has a 5]10 rectangular block for; the second
model has a 7]7 rectangular block; and the third model
has a 10]5 rectangular block. The larger adjacent lower
neighborhoods for these models were chosen to capture
the higher complexity of natural, multi-gray-value data,
and have the potential to provide more complex depend-
ence relations between pixel values than lower-order

models. In the "rst model, there are 5]10"50 para-
meters h

hk
, 49 associated with pixels a

hk
in adj

|
a
ij

of the
hashed location (i, j), and the one intercept parameter h

ij
.

The spatial relationships of the parameters h
hk

to speci"c
pixels a

hk
are given in Eqs. (30a)}(30c). The remaining two

models are described similarly.
The corresponding equations for ¹

ij
are given by

¹
ij
"h

ij
#

i
+

h/i~4

j
+

k/j~9

Hh
hk
a
hk
, (30a)

¹
ij
"h

ij
#

i
+

h/i~6

j
+

k/j~6

Hh
hk
a
hk
, (30b)

¹
ij
"h

ij
#

i
+

h/i~9

j
+

k/j~4

Hh
hk
a
hk
, (30c)

where ++H denotes a sum that does not include h"i
and k"j. We denote the POMM in Eq. (30a) as the
5]10 POMM, the POMM in Eq. (30b) as the 7]7
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Fig. 22. Sample images from 16 gray-value models used for parameter estimation.

Fig. 23. Textures generated from parameter estimates obtained from data in Fig. 22.

POMM, and the POMM in Eq. (30c) as the 10]5
POMM.

For logistic regression on the 16}gray-value data, it
took approximately 3}5 min, on average, to compute
a set of estimates for one model (50 parameter values).
Then sample images were generated in two ways: (1) us-
ing the level-set algorithm, and (2) using Flinn's algo-
rithm. The images generated by the level-set algorithm
are shown in the second, third, and fourth rows of Fig. 24,
while the images generated using Flinn's algorithm are
shown in the "fth row of Fig. 24. The 7]7 POMM was

used to model the data for generating with Flinn's algo-
rithm, and a total of 50]1282"819,200 iterations were
performed. This, of course, requires much more compu-
tation than using the level-set algorithm, which is a dis-
advantage of Flinn's algorithm. The one advantage is
that the image histogram of gray values matches that of
the original data. The generated data in rows two, three,
and four of Fig. 24 do not have the same gray-value
histogram as the original image, which is one reason why
the images generated using the level-set algorithm look
darker than the original images.

J.L. Davidson et al. / Pattern Recognition 32 (1999) 1475}1505 1499



Fig. 24. Row 1: original Brodatz textures. Row 2: level-set generation using 5]10 POMM. Row 3: level-set generation using 7]7
POMM. Row 4: level-set generation using 10]5 POMM. Row 5: Flinn's algorithm, using 7]7 POMM.

7.5.3. Conclusions from modeling gray-value images
The logistic-regression method provides a fast and

e!ective way to estimate parameter values of textures,
especially for POMMs with a large number of para-
meters. While not all of the parameter estimates found for
synthetic data were close to the true values, the textures
regenerated using the estimates look visually quite sim-
ilar to the original images. Gray-value modeling appears

to be much more complex than binary modeling, and
more research is needed to investigate better ways to
model gray-value data with POMMs. For natural tex-
ture, where the true parameter values are unknown, lo-
gistic regression produces parameter estimates from large
neighborhoods that were able to some degree to capture
some of the original texture characteristics. Using Flinn's
algorithm provided some improvement in overall ap-
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pearance when regenerating textures from the parameter
estimates.

If speed is of the essence, then we recommend using
logistic regression directly on synthetic or natural gray-
value textures, and using Flinn's algorithm to regenerate
if time is not an issue. For a 128]128 texture image
modeled by a POMM with 50 parameters, it took about
3}5 mins on a Dec 3000 to generate a texture image using
the level-set algorithm. Flinn's algorithm takes a much
longer time for the same job, about 3}4 h, but it produces
images that have gray-value histograms identical to
those for the original images.

7.6. General conclusions

The detailed statistical experiments presented in this
section show that maximum likelihood estimation from
POMMs can be a useful and practical statistical tool in
texture modeling for both binary and gray-value images.
For binary-image modeling of textures, the experiments
show that parameters estimated using logistic regression
and the Newton}Raphson algorithm produced lower
variances and biases than the genetic algorithm. Logistic
regression was by far the fastest to compute, so this
method is preferred if the model used has the appropriate
logistic form. Otherwise, the Newton}Raphson method
is recommended, but at the cost of more computation
time. The genetic-algorithm method was not competitive
with the other two. Generation of binary textures using
parameter values equal to the sample-means of the para-
meter estimates produced images similar to the original
ones for all three methods. The experiments based on the
smaller image size (64]64) and, on the larger image size
(256]256) showed a decrease in the bias although the
rate of decrease may be slower than the inverse of the
number of pixels; see the results of Guyon [62], who
derived asymptotic properties of MRF parameter es-
timators. Guyon corrected the slow decrease in bias in
a manner similar to [64], where maximum composite
likelihood estimators of POMM parameters are shown
to have asymptotically zero bias and an asymptotically
normal distribution.

Gray-value modeling is obviously a more challenging
task. Estimating parameters for synthetic models
whose true parameters were known, resulted in close
estimates for two of the three images, for all parameters
except the intercept parameter h

ij
. Regenerated

textures from these estimates in all three cases produced
samples visually close to the original data, even though
the estimates were not uniformly close. For natural
data, where true values are unknown, the parameter
estimates were judged by making a visual comparison
between regenerated textures. Logistic regression directly
on the gray-value data produced results that show
promise.

8. Conclusions

We believe that POMMs have considerable potential
in imaging applications. Many questions remain to be
investigated. For example, what types of texture
modeling are possible using other partial orders? Is it
possible to determine an underlying partial order for
a known image texture that models it `besta in some
way? What are necessary and su$cient conditions for
a MRF to be a POMM? These are not necessarily trivial
questions and "nding answers to them will help de"ne
the advantages and limitations of the POMMs.

In this paper, we have demonstrated the POMM's
usefulness in synthesizing texture data and in parameter
estimation. Clearly, a POMM has two main advantages
over a general MRF: (1) a closed form for the joint
probability is available for the POMM, which is useful in
implementing computer simulations of statistical algo-
rithms that require the joint probability; and (2) due to
its closed-form joint distribution, synthesis of data can be
much more quickly calculated using the level-set algo-
rithm than using Flinn's algorithm. Also, parameter
estimation can give very good results, with fast imple-
mentation possible if logistic regression can be used. The
full impact of these models in image analysis will likely be
felt after more thorough investigations into its theoretical
properties and its applications have been completed.
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Appendix A

In this section we give the proofs to Propositions 1}9.

Proof of Proposition 1. Without loss of generality, as-
sume i(j and by way of contradiction, assume
x3¸iW¸j. By de"nition,

x3¸jNx3coverA
j~1
Z
k/0

¸kB
"Gu N

j~1
Z
k/0

¸k : adj
|
uL

j~1
Z
k/0

¸kH.
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This implies that x N Zj~1
k/0

¸k; but this is a contradiction
since i(j and x3¸iLZj~1

k/0
¸k.

Proof of Proposition 2. x3¸iNadj
|
xL6i~1

k/0
¸kN

z3adj
|
xL6i~1

k/0
¸k.

Proof of Proposition 3.

x3¸iNx3coverA
i~1
Z
k/0

¸kB"GuN
i~1
Z
k/0

¸k :adj
|
uL

i~1
Z
k/0

¸kH,
that is, adj

|
xLZi~1

k/0
¸k. The claim is that there exists an

element z3¸i~1 such that z3adj
|
x. If not, then since

adj
|
xLZi~1

k/0
¸k, we must have adj

|
xLZi~2

k/0
¸k, that

is,

x3coverA
i~2
Z
k/0

¸kB"¸i~1Nx3¸iW¸i~1,

a contradiction to Proposition 1. h

Proof of Proposition 4. By Proposition 3, &x
i~1

3¸i~1

such that x
i~1

3adj
|
x. Iterating, we see that

&x
h~1

3¸h~1Ux
h~1

3adj
|
x
h
, h"i, i!1,2, 1. Since

x
h~1

3adj
|
x
h
, we have a directed edge from x

h~1
to x

h
,

meaning there exists a sequence of distinct vertices
x
0
,2, x

i~1
, x, or a path, from x

0
to x of length i, where

x
h
3¸h, ∀h"0,2, i!1. h

Proof of Proposition 5. Suppose, by way of contradic-
tion, that there exists a path x

0
, x

1
,2, x

k
"x of

length k where k'i. By de"nition of path,
x
j~1

3adj
|
x
j
, j"1,2, k. Now, x3¸i and

x
k~1

3adj
|
x
k
Nx

k~1
3Xi~1

h/0
¸h by Proposition 2. Let

m
k~1

be the index of the cover set that contains x
k~1

, that
is, x

k~1
3¸mk~1,m

k~1
)i!1. Similarly, x

k~2
3adj

|
x
k~1

N

x
k~2

36mk~1~1
h/0

¸h, where x
k~2

3¸mk~2, m
k~2

)m
k~1

!1.
Proceeding in this fashion, we have x

j
3¸mj, where the

indices Mm
j
N are distinct and m

j~1
)m

j
!1, j"1,2, k,

where m
k
"i, and m

0
"0. Since m

j~1
(m

j
, this means

that there must be distinct indices 0"m
0
, m

1
,2, m

k
"i;

there are k#1 such indices. But there are only i#1 such
possible integers, and since k'i, we see that m

j
"m

h
for

at least one pair of indices, contradicting the uniqueness
of the values of the indices. Thus there cannot exist such
a longer path. h

Proof of Proposition 6. Let M0"¸0"X
.*/

, and let
Mi"Mx3X : the longest path from any z3¸0 to x has
length iN The claim is that ¸i"Mi, i"1,2, n. Fix i, and
choose x3¸i. By Proposition 4 there exists a path from
some x

0
3¸0 to x3¸i of length i, and, by Proposition 5,

there is no path longer than i to x. Thus, ¸iLMi. Now
choose x3Mi. If x were in some ¸j where j'i, then by
Proposition 4 there would exist a path of length j'i
from some x

0
3¸0 to x, and thus x would not be in Mi. So

j)i. If j(i, then there exists a path of length j(i and
by Proposition 5, no other path to x from any x

0
3¸0

could have length longer than j. But this also contradicts
our supposition that x3Mi, and thus there exists a path
of length i'j from some z3¸0 to x. So x3¸j where j"i.
Thus, ¸i"Mi, and since i was arbitrary, this is true for
any i.

Because n is the length of the longest path in X,
¸k"Mk"H for any k'n. Since the longest path
length associated with x is a unique number, every x is in
exactly one ¸i, that is, XLZn

k/0
¸k. Since ¸i"Mi and

Zn
k/0

MkLX, we have X"Zn
k/0

¸k. By Proposition 1,
¸iW¸j"H for iOj, and hence the M¸kN form a partition
of X.

Proof of Proposition 7. Obviously, by Proposition 6,
xOy. By way of contradiction, assume ypx. In this
case, there exists a path y"v

0
,2, v

k
"x where

v
j~1

3adj
|
v
j
, j"1,2, k and v

j
3¸mj where the Mm

j
N are

strictly increasing in the variable j. This means that
m

0
"j(i"m

k
, a contradiction to the hypothesis that

i(j. Because x and y are related, we must have xpy.

Proof of Proposition 8. x3¸iNxNXi~1
k/0

¸k; similarly,
y3¸iNyNXi~1

k/0
¸k. Since z3adj

|
x means z3Xi~1

k/0
¸k, we

see that y`x, nor can x`y.

Proof of Proposition 9. We have

cone x"
r~1
Z
i/0

¸i
x
"

r~1
Z
i/0

(¸i W cone x)"A
r~1
Z
i/0

¸iBW cone x,

using de Morgan's distributive law. Obviously, cone
xM(Xr~1

i/0
¸i)W cone x, and therefore we must show, for

z3 cone x, that z3(Xr~1
i~0

¸i)W cone x. To this end, let z3
cone x. This implies that z3My3X : ypxN which implies
that z3¸i for some i3M0, 1,2, nN, where n is as in Prop-
osition 6. The claim is that i)r!1. The value i cannot
equal r, by the contrapositive to Proposition 8. If i'r,
then by Proposition 7 we must have zzx (as z and x are
related). Since zpx by construction, we have zpx and
zzx implying that z"x, which is a contradiction to our
assumption that z3 cone x (as xN cone x). Thus, i)r!1
must be true, implying that z3Xr~1

i/0
¸i, and since z3 cone

x, we have z3(Xr~1
i/0

¸i)W cone x, as desired. h
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