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modelling of poverty and unemployment in Missouri

R. McDonald, A. Zammit-Mangion, N. Cressie

1. Outline

• Stochastic Processes can be applied to complex systems
where deterministic models do not exist, in an attempt to
model their behaviour.

• In this application we will see the utility of stochastic
processes in modelling complex social systems without
determining the underlying mechanisms driving the sys-
tems.

•We apply a linear filter to the processes X and Y ,

Y (t) =

∫ ∞
−∞

h(t− u)X(u) du, (1)

where the function h(t) is called the impulse response.

2. Data
The data we will be looking at are from an American Com-
munity Survey (ACS) of the state of Missouri, taken be-
tween 2006–2010. The data, together with a more in-depth
description, can be found at
https://hpc.niasra.uow.edu.au/ckan/dataset/missouri data.
In this analysis we will look at the variables:

1 perfambelowpov - percentage of families in poverty,

2 percentunemployed - percentage of population over
16 years who are unemployed,

As in (Porter, Wikle, & Holan, 2015), since the dependent
variables, 1 and 2, are percentages, we apply a log trans-
form, and detrend by subtracting the mean. Figure 1 shows
the data for these two variables, before transformation.

Figure 1: Percent Unemployment (top) and Percent Poverty
(bottom) in Missouri, shown by county.

3. Modelling

We have two co-varying spatial processes,

{(X(s), Y (s)) : s ∈ D ⊂ R2},

where D is the spatial domain, the state of Missouri, X is
first considered to be unemployment, and Y is poverty. We
will then consider X to be poverty and Y unemployment, so
as to make a choice about the order of the variables (which
is important to the model). This choice will be determined
by how well the model fits in each case.
As mentioned earlier, we apply a linear filter to X and Y

using an impulse response, h(s, u) = h(s − u), defined as
follows

• The conditional expectation, obtained from (1):
E(Y (s) | X(·)) =

∫
D h(s, v)X(v) dv; s ∈ D

• The conditional covariance, included to account for addi-
tional variablility:
Cov((Y (s), Y (u)) |X(·)) = rY |X(s, u); s, u ∈ D

• The covariance function matrix, computed from the
above: Cov((X(·), Y (·))>) =[

rX(s, u)
∫
D rX(s, w)h(u,w) dw∫

D rX(u,w)h(s, w) dw rY |X(s, u) +
∫
D

∫
D h(s, v)rX(v, w)h(u,w) dv dw

]
.

As in (Cressie & Zammit-Mangion, 2015), we consider four
different interaction functions, all of which are isotropic, and
each of which considers a different type of dependence be-
tween X, Y ,

Model 1 h(x) = 0; no dependence,
Model 2 h(x) = Aδ(x); pointwise dependence,

Model 3 h(x) =

{
A(1− (||x||/r)2)2, ||x|| ≤ r,

0, otherwise,
; diffused dependence,

Model 4 h(x) =

{
A(1− (||x−∆||/r)2)2, ||x−∆|| ≤ r,

0, otherwise,
; asymmetric dependence,

where x ∈ R2, and A, r,∆ = (∆1,∆2)> are parameters to be
estimated from the data.

So this model requires the specification of rX(s, u),
rY |X(s, u), and h(s − u), and hence the optimisation of the
variables which define these functions. We therefore move
on to the discretisation of the covariance function matrix,
and the integration space.

4. Discretisation

Firstly, to discretise the integration space, we use the INLA

package in R, and create an object, Mesh, describing a
fine-resolution triangular mesh, containing a set DL =

{s1, · · · , sn} of the vertices of the triangles, as well as in-
formation about the areas of the elements in the mesh. The
result that we use in this study is illustrated in Figure 2.

Figure 2: Integration mesh shown overlaying the county
map of Missouri.

We also discretise the covariance function matrix to obtain

Cov[(X>, Y >)>] =

[
ΣX + τ2

1 In ΣXH
>

HΣX ΣY |X + HΣXH
> + τ2

2 In

]
≡ Σ,

where the τ2
i terms account for the survey margin of error.

5. Log-likelihood and Optimisation

We collect the parameters appearing in the covariance ma-
trix into the vector,

θ = (τ2
1 , τ

2
2 , σ

2
11, σ

2
2|1, κ11, κ2|1, ν2|1, A, r,∆1,∆2)>,

which must be estimated based on the data.
Let Z be the vector containing Y at the observation loca-
tions (so Z contains the data). Then

Z = CY

=⇒ Cov(Z,Z) = CΣC> ≡ ΣZ,

where C is an incidence matrix containing one non-zero per
row.
Then, the log-likelihood of θ, `, is given by

` = ln(L) = −1

2
ln(|ΣZ|)−

1

2
Z>Σ−1

Z Z − n

2
ln(2π), (2)

where n is the length of Z. This is based on the assump-
tion that the data have a bivariate Normal distribution, which
was supported by Royson’s multivariate Normal distribution
test in R.

6. Results
The result of the optimisation described in Section 5 is
shown in Table 1. Models 1–4 indicate X = unemployment,
Y = poverty, with the corresponding impulse response func-
tions, as defined in Section 5, and Models 5–8 indicate the
reverse case.

Table 1: Parameter Estimates, Log-likelihood, and AIC

Model τ1 τ2 σ211 σ22|1 κ11 κ2|1 ν2|1 A r ∆1 ∆2 Log-lik. AIC
1 0.082 0.067 0.028 0.078 0.004 0.031 6.31 - - - - -52.63 119.26
2 0.081 0.060 0.035 0.031 0.004 0.039 7.18 1.26 - - - -49.68 115.36
3 0.082 0.066 0.033 0.029 0.004 0.032 4.93 6.43 0.449 - - -49.72 117.44
4 0.080 0.056 0.034 0.092 0.006 0.032 7.49 11.68 0.226 0.152 0.823 -45.23 112.46
5 0.066 0.082 0.078 0.028 0.031 0.004 6.31 - - - - -52.63 119.26
6 0.067 0.081 0.083 0.011 0.031 0.012 6.55 0.474 - - - -49.93 115.86
7 0.068 0.083 0.083 0.010 0.034 0.013 7.49 0.610 0.925 - - -49.78 117.56
8 0.067 0.078 0.077 0.008 0.032 2.057 6.18 2.736 0.451 0.063 -0.428 -48.06 118.12

In Table 1 we also observe, for each model, the log-
likelihood and Akaike Information Criterion (AIC),

AIC = −2` + 2k,

where ` is as given in (2), and k is the number of parame-
ters in the given model. As indicated by the bold font, we
observe that model 4 has the best-fitted log-likelihood and
AIC. Figure 3 shows the plot of the interaction function for
Model 4, giving an indication of the dependence of family
poverty on unemployment.

Figure 3: Interaction function, h(x), for Model 4.

We assume now that the observed process is the sum of a
smooth process and a residual. We then use simple cok-
riging to predict the mean of this smooth process. Figure
4 shows the mean prediction (after adjusting back from the
original log and mean transforms) of this smooth process
for each of poverty and unemployment.

Figure 4: Comparison of underlying Smooth Fields, shown
by county.
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