
 

 

Subject Name: Fluid Mechanics 

Subject Code: ME-4002 

Semester: 4
th

      

 

 

 

 



FLUID MECHANICS (ME – 4002)  

UNIT – 4 (INTRODUCTION TO BOUNDARY LAYER) 

BOUNDARY LAYER 

In 1904, Ludwig Prandtl, the well-known German scientist, introduced the concept of boundary layer 

and derived the equations for boundary layer flow by correct reduction of Navier-Stokes equations. 

He hypothesized that for fluids having relatively small viscosity, the effect of internal friction in the fluid is 

significant only in a narrow region surrounding solid boundaries or bodies over which the fluid flows. 

Thus, close to the body is the boundary layer where shear stresses exert an increasingly larger effect on the 

fluid as one moves from free stream towards the solid boundary. 

However, outside the boundary layer where the effect of the shear stresses on the flow is small compared 

to values inside the boundary layer (since the velocity gradient  is negligible),  the fluid particles 

experience no vorticity and therefore, the flow is similar to a potential flow. 

Hence, the surface at the boundary layer interface is a rather fictitious one that divides rotational and 

irrotational flow. Fig 28.1 shows Prandtl's model regarding boundary layer flow. 

Hence with the exception of the immediate vicinity of the surface, the flow is frictionless (inviscid) and the 

velocity is U (the potential velocity).  

In the region, very near to the surface (in the thin layer), there is friction in the flow which signifies that the 

fluid is retarded until it adheres to the surface (no-slip condition).  

The transition of the mainstream velocity from zero at the surface (with respect to the surface) to full 

magnitude takes place across the boundary layer. 

ABOUT THE BOUNDARY LAYER 

Boundary layer thickness is  which is a function of the coordinate direction x. 

The thickness is considered to be very small compared to the characteristic length L of the domain. 

In the normal direction, within this thin layer, the gradient  is very large compared to the gradient in 

the flow direction . 

 Now we take up the Navier-Stokes equations for: steady, two dimensional, laminar, incompressible 

flows.                     

Considering the Navier-Stokes equations together with the equation of continuity, the following dimensional 

form is obtained.  
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u - Velocity component along x direction. 

v - Velocity component along y direction  

p - Static pressure 

ρ - Density 

μ - Dynamic viscosity of the fluid 

The equations are now non-dimensional. 

The length and the velocity scales are chosen as L and  respectively. 

The non-dimensional variables are:  

                                                       

       

Where,  is the dimensional free stream velocity and the pressure is non-dimensional by twice the 

dynamic pressure   . 

Using these non-dimensional variables, the Equations become 

  

Proof: 

NON-DIMENSIONAL NAVIER STOKES EQUATIONS 
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                                                                                                      (a) 

[where  is the Reynolds number ] 

 

 

             (b) 

             (c ) 

ORDER OF MAGNITUDE ANALYSIS 

Let us examine what happens to the u velocity as we go across the boundary layer.  

At the wall the u velocity is zero [with respect to the wall and absolute zero for a stationary wall (which is 

normally implied if not stated otherwise)].  

The value of u on the inviscid side that is on the free stream side beyond the boundary layer is U. 

For the case of external flow over a flat plate, this U is equal to .  

Based on the above, we can identify the following scales for the boundary layer variables:  

Variable Dimensional scale Non-dimensional scale 

 

 

 

   

 
  

The symbol  describes a value much smaller than 1. 

Equation (c) – The Continuity Equation 

One general rule of incompressible fluid mechanics is that we are not allowed to drop any term from the 

continuity equation. 

 From the scales of boundary layer variables, the derivative  is of the order 1. 

 The second term in the continuity equation  should also be of the order 1.The reason being  has 

to be of the order ϵ because  becomes  at its maximum. 

 

Equation (a) – The x- direction Momentum Equation 

Inertia terms are of the order 1.  

  is of the order 1  

 is of the order  .  
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 However after multiplication with 1/Re, the sum of the two second order derivatives should produce at least 

one term which is of the same order of       magnitude as the inertia terms. This is possible only if the Reynolds 

number (Re) is of the order of .  

 It follows from that  will not exceed the order of 1 so as to be in balance with the remaining 

term. 

Finally, equation (28.4), (28.5) and (28.6) can be rewritten as  

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

As a consequence of the order of magnitude analysis,  can be dropped from the x direction 

momentum equation, because on multiplication with (1/ Re) it assumes the smallest order of magnitude. 

Equation (b) - y direction momentum equation 

 All the terms of this equation are of a smaller magnitude than those of Eq. (a).  

 This equation can only be balanced if  is of the same order of magnitude as other terms.  

 Thus they momentum equation reduces to  

  This means that the pressure across the boundary layer does not change. The pressure is impressed on the 

boundary layer, and its value is determined by hydrodynamic considerations.  

 This also implies that the pressure p is only a function of x. The pressure forces on a body are 

solely determined by the inviscid flow outside the boundary layer. 

The application of Eq. (a) at the outer edge of boundary layer gives 

                                                                                                                                                    (d) 
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In dimensional form, this can be written as  

             (e) 

On integrating Equation (e) the well-known Bernoulli's equation is obtained 

P + ½ ρ U2 = Constant             (f) 

Finally, it can be said that by the order of magnitude analysis, the Navier-Stokes equations are simplified 

into equations given below.  

          (g) 

              (h) 

             (i) 

These are known as Prandtl's boundary-layer equations. 

 The available boundary conditions are: 

Solid surface    
 

  

or 
 

 

 

Outer edge of boundary-layer 

 

  

 

 

The unknown pressure p in the x-momentum equation can be determined from Bernoulli's Eq. (f), if the 

inviscid velocity distribution U(x) is also known. 

We solve the Prandtl boundary layer equations for  and  with U obtained from the outer 

inviscid flow analysis. The equations are solved by commencing at the leading edge of the body and moving 

downstream to the desired location 

It allows the no-slip boundary condition to be satisfied which constitutes a significant improvement over the 

potential flow analysis while solving real fluid flow problems.  

The Prandtl boundary layer equations are thus a simplification of the Navier-Stokes equations. 

BOUNDARY LAYER COORDINATES 

 The boundary layer equations derived are in Cartesian coordinates. 

 The Velocity components u and v represent x and y direction velocities respectively. 

 For objects with small curvature, these equations can be used with - 

a. x coordinate : stream wise direction 

b. y coordinate : normal component  

 They are called Boundary Layer Coordinates. 
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APPLICATION OF BOUNDARY LAYER THEORY  

 The Boundary-Layer Theory is not valid beyond the point of separation. 

 At the point of separation, boundary layer thickness becomes quite large for the thin layer approximation to 

be valid. 

 It is important to note that boundary layer theory can be used to locate the point of separation itself. 

 In applying the boundary layer theory although U is the free-stream velocity at the outer edge of the 

boundary layer, it is interpreted as the fluid velocity at the wall calculated from inviscid flow considerations 

(known as Potential Wall Velocity)  

 Mathematically, application of the boundary - layer theory converts the character of governing Navier-Stroke 

equations from elliptic to parabolic 

 This allows the marching in flow direction, as the solution at any location is independent of the conditions 

farther downstream. 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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