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summary 

This paper reviews what is currently known about the behaviour 
of the t-statistic when one is no  longer sampling from a normal 
distribution. Suppose Y is a batch of data on which the t-test is 
performed. Briefly then, heavy-tailed components of Y give a light- 
tailed t, positive correlation among Y gives a heavy-tailed t, and 
positively skewed components of Y give a negatively skewed t. The 
emphasis is on understanding why one gets this type of behaviour, 
although some numerical tables are presented to illustrate the conclu- 
sions. 

1. Introduction 

Suppose Y = (Y , ,  Y2,. . . , Y,,) is a batch of n random variables 
with location parameter p ;  i.e. ( Y , - p ,  Y 2 - p , .  . . , Y , - p )  has a 
(joint) distribution which does not depend on p. We wish to test the 
null hypothesis Ho : p = p o  against such possible alternatives as 
H ,  : p # p o  or H ,  : p > p o  or HI : p < po. A test statistic very often used 
is known as Student’s t-sratistic (on n-1 degrees of freedom), and is 
defined by 

T, 5 { 7 - poXS2/n}-”*, 

where = Yi ) /n ,  and S2 = (crs ( Yi - Y)2} / (n  - 1). The properties 
of this statistic under Ho: p = po,  and when the batch is in fact a sample 
from a normal distribution, were developed by Gosset (“Student”) and 
Fisher, and are now well known. Ideally we would like the density of 
T,, for a sample from any given distribution; in the case of a normal 
sample, and S 2  are independent. Sansing & Owen (1974) derive the 
joint density function of Y and S 2  recursively, for samples from a 
population with density f (  .)>O a.e., everywhere continuous and hav- 
ing certain integral properties. They then go on to derive the density of 
T,. See also Tiku (1971). In  practice however, approximations or  
simulations are about all that can be done. Indeed Bowman, 
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Beauchamp & Shenton (1975) have shown that the formula of Geary 
(1947) to terms of order n-2, is remarkably accurate around the 0-05 
and 0.95 probability levels for T,,. 

In what follows we 'will be looking at properties of T,, under 
I f o :  = po, but for much less restrictive distributional assumptions on 
Y. We can (and henceforth will) assume without loss of generality that 
Y has location parameter po = 0, and look for the distribution of, 

T,, = ~/{SZ/n)"*. (1.1) 

Much of the content of this paper is not original; we are trying to draw 
together numerous results which have been published on the t-statistic, 
under as varied distributional assumptions as possible. The emphasis 
will be to understand why classical results do or do not hold; we prefer 
to give a "direction" of departure rather than large tables of percen- 
tage points. Such tables are usually available elsewhere and are ap- 
propriately referenced; small extracts from them are often used to 
illustrate a conclusion. Results presented are sometimes finite sample, 
sometimes asymptotic. 

For small samples from non-normal populations, the exact dis- 
tribution of T,, has been derived by such authors as Rider (1929) and 
Hotelling (1961). Bradley (1952) gave the cumulative distribution 
function as a power series which involved very complicated coeffi- 
cients. Gayen (1949) investigated the approximate distribution of T,, 
from distributions represented by the first few terms of the Gram- 
Charlier series. Lee & Gurland (1977) sampled from a normal mixture 
and computed tail probabilities of T,, by truncating a series of incom- 
plete beta functions. A simulation study for small samples ( 5  S n i 10) 
from Pearson, Weibull and Johnson S, and Su curves, appears in 
Pearson & Please (1975). A comparison of approximations to 5% and 
95% points and a Monte Carlo study is presented in Bowman, 
Beauchamp & Shenton (1977). 

This sample of the literature is not meant to be exhaustive; in the 
subsequent sections where the distributional assumptions on Y are 
more specific, we will present a fuller set of references. Section 2 
maintains an assumption of symmetry on the batch of data; in particu- 
lar it looks at the effect of sampling from heavy tails, although it does 
make some comment about the light-tailed case. Section 3 is specific- 
ally concerned with dependence within the batch of data. The be- 
haviour of T,, when the batch is an asymmetn'c sample, is the content 
of Section 4. Finally the various conclusions of the preceding sections 
are brought together in Section 5.  

At this juncture, it is convenient to define the following quantities 
associated with a random variable X: 
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where u is the standard deviation of X ,  and p3 and p4 are the third 
and fourth moments about the mean. The quantity a is used as a 
measure of skewness and p2 as a measure of heaviness of tails; 
1 s p2 < 3 is taken to mean that X has light tails, and BZ > 3 that X has 
heavy tails. 

2. A “Symmetric” Batch of Data 

A much more manageable statistic than T, itself is 

It is easy to see that 

T, = R,(n - l)”’/(n - R;)”’, (2.2) 

and that T, is a monotone function of R,. It also follows that whenever 
T, has a limiting distribution, R, has a limiting distribution and the 
two coincide; see Efron (1969). Efron’s paper looks at the behaviour 
of Student’s t in finite samples under symmetry conditions, in particu- 
lar orthant symmetry. 

The random vector V = (Vl, V,, . . . , V,) is said to possess orthant 
symmetry if it has the same distribution as V, = (6, V,, S2V2,. . . , S,V,,) 
for every choice of 6i = f. 1; i = 1,2,  . . . , n. An example would be if V 
contains independent random variables with distributions symmetric 
(about 0) but not necessarily identical. 

Further, the random variables V are said to be exchangeable if 
( V-(,), . . . , Vucn,) is equal in distribution to (V,, . . . , V,,) for all permu- 
tations u. An example would be if V is the result of a random sample. 

The main results can be paraphrased as follows: orthant symmetry 
guarantees that R, is “less dispersed” about the origin than the 
(light-tailed) random variable W, = IF-, Ai/nl”, where Ai are indepen- 
dent and identically distrubuted random variables, taking values + 1 
and -1 with probabilities f and f (Note that W, is just R,, with Yi = hi, 
which are extremely light-tailed). If in addition to orthant symmetry, Y 
is exchangeable, then Efron (1969) has shown that 

P,(R,) - 3 = -2nE( Y1/(YY)1’2)4. 

A Y which satisfies the above would be, for example, a random 
sample from a symmetric distribution. Suppose Y, = hi (light-tailed). 
Now E(U;)= l /n2  and hence @,(&)-3= -2/n. If Yi is a standard 
normal (moderate-tailed), then E(U:) = 3 / ( n ( n  +2)) and hence 
p z ( R )  - 3 = - 6 / (n  + 2). Thus R,, is lighter-tailed in the latter case; this 
point is highlighted by the following argument. 
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Suppose Y is a random sample from a distribution with finite 
fourth moment. Now consider: 

E (  U;) = n-2E[ Y;/{( y: + . . . + Y3/r1}~] .  
But by the strong law of large numbers, as n - , ~ ,  

n 2 E ( U ; ) - * E ( Y ~ ) / { E ( y : ) } 2 =  Pz(Yl), a.s. 
Therefore, 

n{P2(R,) - 3)- - 2P2( Y A  a.s. (2.3) 
Thus the larger is p2(Yl),  the smaller is P2(R, , ) .  

Consider now the following observation due to Tukey (1975). 
Suppose that y 1  = y2 = . . . = yn-l = 0, and yn = y .  Then, 

ji = y ln  and s 2 =  y2/n, 
and so, 

y/(s21n)”2 = sgn ( y ) ,  

no matter how large y or n is. This situation would in essence occur 
when sampling from a distribution which has a very “tight” distribu- 
tion about zero, except for a small proportion of gross contamination. 
Now since we usually work at significance levels of 5% or l o % ,  
rejection regions are usually above 1, and so the erratic value y has 
swamped both the numerator and denominator giving a very “passive” 
t-statistic. Logan, Mallows, Rice & Shepp (1973) looked at the asymp- 
totic distribution of R, (and hence of T,) when Y is a sample from a 
symmetric stable distribution with index a ( O C a S 2 ) ;  as a gets 
smaller, so Y, becomes heavier-tailed. Following on from Tukey’s 
observation, it is interesting to note that in their plots of the densities 
of R,, the points x = + 1, -1, have high probability around them for a 
at least up to 1.5. Finally, Sansing (1976) has shown that for a random 
sample from the (heavier-tailed) double exponential distribution, the 
tails of the density of Tn come down much faster than from a random 
sample of normals. 

An illustration of the phenomenon we have been describing can 
be seen in Figure 1 of Lee & Gurland (1977); it is clear from their 
equal probability contour plot that for a symmetric normal mixture 
about 0, the tails of T5 get lighter as the variance of the contaminating 
component gets larger. For n = 25, and sampling from the Pearson 
System, Bowman et al. (1977) present a contour plot in the (6, p2) 
plane; see their Figure 1. Along the 6 = 0 line we see that the size of 
the t-test drops below the nominal 5% level, as P2 moves above 3.4. 
Now as for the effect that a short-tailed sample Y will have on T,,, 
Scott & Saleh (1975) examine what happens to the size of the t-test 
when sampling from a symmetrically truncated normal distribution and 
from a rectangular distribution. Their Figure 5(b) shows that as trunca- 
tion becomes more severe, so the actual size of the test increases (the 
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TABLE 1 
The actual size of the t-test of assumed size 0.025 

Normal distribution symmetrically 
truncated at: 

n a = 3.0 (t = 2-0 a = 1.0 Rectangular on (-1,l) 

2 0.0251 0.0268 0.0324 0.0365 
8 0.0252 0.0264 0.0277 0.0280 

16 0.0252 0.0252 0.0259 0.0260 

121 0.0250 0.0250 0.0251 0.025 1 
31 0.0251 0.0252 0.0254 0.0254 

cut-off value defining the rejection region is being held fixed); exact 
probabilities are given by us in Table 1 and are an extract from their 
Table 1. 

Other references to the behaviour of T,, when Y is light-tailed are 
Rider (1929), Perlo (1953), Laderman (1939), and Gayen (1949). 

3. Presence of Correlation in the Batch 

To give some feeling for what effect positive or negative correla- 
tion might have on the t-test, we will assume that observations are 
identically distributed, but serially correlated: 

Var (x)= a’; i = 1 ,2 , .  . . , n 

cov (Yi, Yi+J = pa’; i = 1,2, . . . , n - 1; 

and all other observations are independent from each other. Then 
provided say, p2(Yi)<m and p >a, it is easy to show that in distribu- 
tion, 

Tn-+(l+2p)1/22, as n + m ;  

see ScheffC (1959, p. 338). Thus asymptotically at least, positive 
correlation leads to Student’s t having a larger variance and thus being 
heavier-tailed than usual; the reverse is true for negative correlation. 

Motivated by the work of Hotelling (1961), Ali (1973) has consi- 
dered the distribution of T, when Y is multivariate normal with 
E(Y)=O, and Var(Y)=Va2, where V has elements uii satisfying 
uii = 1, uii = p ;  i f  j ,  p > - ( n  - l)-’; i.e. constanf correlation. He has 
derived the density of T, to be 

g( t )=r(n/2){r((n-  1)/2)(7r(n- i))1’2(i+np/(i-p))1/2}-1 

x{(I+ np/(l-p))-’t’(n- I)-’+ I}-””. (3.1) 

Note that g( . ) is symmetric and agrees with the t-distribution on 
( n  - 1) degrees of freedom, when p = 0. We can also show that for 
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TABLE 2 
Pr{T8p t} for varying p and t in  (3.1) 

P 

t -0.1 0 0.1 

1 0.04860 0.17531 0.24546 
2 0.00325 0.04281 0.09469 
3 0.00035 0.00997 0.03274 
4 0.00006 0.00259 0.01133 

p = cln, c > - 1, T, converges in distribution to (1 + C)~’~Z .  Again 
positive (negative) correlation seems to lead to T, being heavy- (light-) 
tailed. An extract from the tables of Ali, presented here as Table 2, 
reinforces this. 

Viano & Oppenheim (1975) added the case of a Markou model to 
the other two cases; namely those of serial correlation and constant 
correlation. Here the correlation matrix of Y is given by uii =pIi-j1; 
i, j = 1,2, .  . .. , n. There is a comparison made with all three cases; our 
Table 3 is essentially their table on p. 207, and shows the actual size of 
the two sided t-test which has a size of 5 %  when p = O .  Positive 
correlation gives heavier tailed T,. In the presence of m-dependent 
serial correlation among Y, or an auto-regressive process of order m, 
Albers (1978) has recommended a modification to the one-sided r-test 
which gives correct confidence levels. The price paid is that under 
independence, one requires more observations (depending on m and 
test size a) in order to maintain the test power. 

Another way to relax the independence assumption on Y is to 
consider Y1, Yz, . . . , Y, as a sequence of martingale differences which 
are not in general independent, but are uncorrelared. Classical limit 
theorem results have been shown by Brown (1971) to remain true for 
sums of martingale differences. Then by using a result of Aldous & 
Eagleson (1978), it is easy to show the following result. 

TABLE 3 
Pr{lTnl>r?-, I p } ,  where tX-, is chosen so that Pr{lT,,l>r:-, I 

p = 0} = 0.05 
Serial Correlation Constant Correlation Markov 

P n = m  n = 4  n = 1 6  n = m  

-0.3 0.002 0.002 * 0.008 
-0.1 0.028 0.030 * 0.030 

0.0 0.050 0.050 0.050 0.050 
0.1 0.074 0.079 0.260 0.076 
0.3 0.123 0.145 0-460 0.150 

* does not exist because p C - 1/(n - 1). 



RELAXING ASSUMPTIONS IN THE ONE SAMPLE f-TEsT 149 

Tbeorem. If Y is a sequence of martingale differences, then as n+m, 
T, converges in distribution to Z 

Thus asymptotically at least, the martingale type of dependence 
makes no difference to the t-statistic; the problems arise when correla- 
tions within Y are introduced. 

4. Skewness 

Suppose that Y is a sample from a random variable whose mean is 
zero, but which is positively skewed; i.e. p3(YJ>0. Usually this 
means that the median of Y ,  is negative; see Groeneveld and Meeden 
(1977). Thus from a sample of size n from Y, more than 50% of the 
values are likely to be negative. Intuituvely then, we might suspect that 
a nominal 95% confidence interval k*t,*-, s, will in fact miss the 
mean ( = O )  too many times on the low side of zero resulting in a 
confidence interval with level somewhat lower than 95%. Of course, if 
Y, has a finite second moment then the confidence interval is valid for 
sufficiently large n. This is because as n-m, T, converges in distribu- 
tion to  2, the standard normal. How large n should be before a 
confidence interval can be trusted, depends on  the distribution of Y,. 
In this section we are considering the effect that a skewed Y ,  has o n  
Student’s t. Table 6 and Figures 1 and 2 of Bowman et al. (1977) 
support our initial idea that positive skewness results in the distribution 
of T, accumulating more probability for negative values, at the ex- 
pense of probability for positive values. For example for a= 0-7 
(and p2 = 3 )  their Table 6 shows that Pr{T2, < - 1.711) = 0-069( = 0.05 
for the non-skew case of Y1 normal) and Pr{T,> 1-711}= 0-036( = 
0-05 for the non-skew case) In Pearson & Please (1975) we see that 
for n = 10 for example, “the first striking departure from normal 
theory expectation occurs in the lower tail . . . when a= 0.6.” These 
authors do a large simulation when sampling from various non-normal 
distributions which include Johnson S, and S, curves, several Pearson 
and Weibull curves and some large-sample histograms. The robustness 
of four sample statistics is considered, of which one is the t-statistic. 

Early empirical studies of Neyman & Pearson (1928), “Sophister” 
(1928), and Nair (1941), showed that positive (negative) skewness in 
the population results is negative (positive) skewness in the distribution 
of T,. Johnson (1978) has quantified this observation by defining a 
modified f statistic, 

TL= T,, + p3{l/(6a2n)+ ( y -  ~ o ) 2 / ( 3 a 4 ) } n ’ ” / S ;  

where the correction term (with factor F ~ )  is chosen so that T; has no 
high-order bias and skewness, and is for practical purposes, considered 
as having Student’s t-distribution on n - 1 degrees of freedom. Now if 

4 
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p3( Y,) > 0, then because T; is approximately symmetric, T,, must have 
negative skewness. Johnson’s Table 1 illustrates this clearly for Y ,  
distributed as a chi-squared random variable on 2 degrees of freedom. 

Positive (negative) skewness of Yl leads to negative (positive) 
skewness of T,. The effect of the departure from symmetry of the Y is 
to influence the quantiles of Student’s t ;  skewness of T,, is causing the 
misspecification of confidence intervals, rather than bias. A final illust- 
ration of this can be found in Barrett & Goldsmith (1976), which 
considers the question of how large n should be before the nominal 
95 per cent confidence interval vzt t:-, S has indeed a level of 95 per 
cent. Their conclusions are that positive skewness often results in 
narrow confidence intervals which miss on the low side far more than 
those that miss on the high side. In fact for a badly skewed set of data 
they called “redwood,” there were 12.5 more misses on the low side 
than on  the high side (from a Monte Carlo run with 250 samples of 
size n = 15 from “Redwood”). Turning now to the actual confidence 
level, the same simulation from “Redwood” showed that at n = 20, the 
level of the.usua1 95 per cent confidence interval was around 90 per 
cent; they had to in fact go to a sample of size n = 40 before the level 
reached 95 per cent. 

5. Discussion 

We have tended to emphasize the direction rather than the 
magnitude of departure from normal theory, however the necessary 
tables of significance levels have been brought together in this paper, 
so that a practitioner can quickly find the  true size of his t-test. It is 
worthwhile lhough, to try to give some rule of thumb about how heavy 
tailed, correlated, or skewed the batch of data could be, for the t-test 
to still have an approximately valid significance level. Following Pear- 
son & Please (1975), we will consider a nominal 5 per cent (rejection) 
region to be approximately valid if its probability content lies in the 
interval [3 per cent, 7 per cent]. 

Pearson & Please (1975) concludes that: “For samples of n = 10, 
and increasing a the first striking departure from normal theory 
expectation occurs in the lower tail of a single sample t when a= 
0.6.’’ Figure 1 of Bowman et al. (1977) endorses the revious remarks, 

as 0.8 before the nominal 5 %  point of the  t-distribution on 24 degrees 
of freedom is no longer approximately valid. Using P2 as a measure of 
heaviness of tails, we see much more stability; indeed from Figure 1 of 
Bowman et al. (1977), for 1 .8s  P,S4-4, the probability levels are 
practically constant. Thus if both skewness and kurtosis are thou ht to 
be present, one essentially needs only worry about how large & is. 
This rule of thumb is further borne out by the probability contour plot 
of Lee & Gurland (1977); see their Figure 1. 

and shows that for n = 25, the skewness coefficient J- PI can be as high 



RELAXING ASSUMFTIONS IN THE ONE SAMPLE f-TEST 15 1 

When correlation is present in the batch, it is likely to be there in 
a more complicated way than described by the three models of Section 
3. Probably the most commonly encountered form of correlation is 
serial correlation. We saw in Section 3 how for large n and presence of 
only first order serial correlation pl, the distribution of T, is approxi- 
mately (1+2pl)”’Z. So in order that the nominal 5% point be approx- 
imately valid we need - 0 - 2 3 4 ~ 2 ~ ~  50-235. Hence a serial correlation 
larger in magnitude than 0.12 makes the classical distribution theory 
unreliable. Similarly if we believe there is some base level of correla- 
tion po present (constant correlation model), then npo larger in mag- 
nitude than 0.24 makes inferences based on Student’s t doubtful. 

In practice, the measures 6, p, and pl, will have to be estimated 
from the Y. We suggest the following estimates: 

b, = { f (Y, - T).in) . { (n  - 1)S’/r1}-~, 
i = l  

The joint distribution of 6 and b, is treated in Shenton & Bowman 
(1977). In the presence of heavy tails one might estimate r slightly 
differently, by first trimming or Winsorizing in the spirit of Devlin, 
Gnanadesikan & Kettenring (1979, and Huber (1977). Distributional 
properties for r (assuming multivariate normality) are well known and 
may be found in Anderson (1971), Sections 6.7.6, 6.8.2, and 6.10. 

Finally then, we give a qualitative summary of the paper. 
(i) Tails: Heavy-tailed Y ,  gives light-tailed T,,. Light-tailed Y1 gives 

heavy-tailed T,. 
(ii) Correlation : Positive correlation among Y gives heavy-tailed T,. 

Negative correlation among Y gives light-tailed T,. 
(iii) Skewness: Positive skewness of Yl gives negative skewness of T,. 
Negative skewness of Y ,  gives positive skewness of T,. 
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