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Dedication

It is so common
to be almost traditional

to dedicate a work of science
to one’s teachers, or to one’s parents,

as the first teacher. As if one felt the need
to give back for what has been taken.

But a work of science,
and I have tried here to create a work of science,

always includes a big amount of taking from previous researchers,
and teachers -see bibliography-. Then adding a little bit,
according to one’s ability, and then giving back, not to

one’s teachers, but to the whole community, and to
other people as well, who might find the work

interesting, and bring it on. It is for those
people that this work has been written.

And to them that it is dedicated.
So,

my philosophical doctorate:
to whoever might find it interesting
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Chapter 1

Introduction

This work focuses on change. Qualitative change and quantitative change; on the
difference between the two and generally on how a quantitative change can trigger
a qualitative change. If we study a process, a system, a problem, we generally start
by defining the ’elements of the problem’: the ’molecules’ in the reaction vessel;
the ’cell types’ in the organism; the ’parties’ in the political system. Once we
have determined the elements involved and the rules that define how each element
affect the others, the problem has now been qualitatively defined; what remains to
find out are how the exact quantities of each element (molecule, party, cell type)
vary with time; as such the problem is now a ’quantitative’ problem. Solving this
problem is usually done through the study of a differential equation. Either an ODE
(ordinary differential equation), or a PDE (partial differential equation). Observing
the amount of techniques that have been developed to solve differential equations
we should be surprised that we have such a feeble predictive ability on reality, as a
whole: We can predict a single chemical experiment, maybe even the development
of a living organism; but we have no ability to predict ’evolution’ in its most general
form. We might be able to predict the most probable result in a political election; but
we have no way to predict history as a whole. And the key reason why we can easily
study the first, and we avoid to look at the second, is that the former are quantitative
problems, while the later qualitative ones. Generally in a quantitative problem all
the elements are well known and present from the beginning, in a qualitative one
new elements (novelty) might appear, and elements can disappear which also can
bring us to new qualitative situations.

1.1 Quality versus Quantity: Constructive Dy-

namical Systems

Our world is changing, qualitatively and quantitatively. We might characterize the
nature of a dynamical process according to the type of novelty production exhibited.
For example, the friction-less swinging pendulum implies a process where the novelty

11



12 CHAPTER 1. INTRODUCTION

is only quantitative. Whereas the process of biological evolution is highly creative
and generates qualitative novelties, which then spread in a quantitative way through
the biosphere.

Fontana and Buss (1994) called processes and systems that display a production
of novel elements, constructive (dynamical) processes and constructive (dynamical)
systems, respectively. Constructive systems can be found on all levels of scientific
abstraction: in nuclear physics, where the collision of atoms or subatomic particles
leads to the creation of new particles; in molecular chemistry, where molecules can
react to form new molecules; or in social systems, where communication can lead to
new communication (Luhmann 1984). As different element react, generating new
elements. Each element can then interact with the existing elements, generating
what is known as a combinatorial explosion. As a result of a combinatorial explosion
it is not hard, but sometime inevitable, to create something that is absolutely new,
e.g. a molecule or a poem that is unique in the whole known universe.

Despite the fact that a large amount of interesting dynamical processes are con-
structive, classical systems theory does not, conveniently, take novelty into account.
Classical systems theory assumes a given static set of components (Murray 2004;
Heij, Ran, and Schagen 2006). For example, a classical systems analysis would first
identify all components and their relations; then would identify a state space with
fixed dimensionality, and then study the behavior of the system in such space. For
example to study a pendulum a scientist would describe its state as specified by
angle, radius, and angular velocity and plot the orbit in that state space.

This kind of analysis assumes that all components are always present in the system,
and the change in time will mainly be a changed in the relative amount, thus a quan-
titative change. What we claim here is that this represents only a tiny percentage of
systems, but in the great majority of cases (of systems) new object are produced. A
simple example would be any natural system that evolves. Not only are new objects
produced but objects previously present diminish in quantity and might eventually
disappear. Thus the movement is not so much a quantitative movement in a fixed
state space, but a qualitative movement that goes from a state space to a different
state space, as new objects appear and old objects disappear.

The lack of a theory for constructive dynamical systems has been presented, identi-
fied and discussed in detail by Fontana and Buss (1994) in the context of a theory
for biological organization. As a partial solution, they suggested the important con-
cept of a (biological) organization as a set of objects (molecules in that context)
algebraically closed and dynamically self-maintaining. Before defining a (chemical)
organization precisely in Chapter 2, we shall give a brief overview of the concept,
here. The concept will be then defined precisely, and generalized to be applicable
to different systems.
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1.2 Organization Theory: In Brief

An organization is defined as a set of objects that is closed and self-maintaining.
Closure means that no new object can appear because of the interaction within the
set (Section 2.2.1). As such no novelty can spontaneously appear. Self-maintaining
means that every consumed object of the set has a way to be generated within
the set, so that it does not disappear from the system (Section 2.3.1). Although
those two properties do not assure that a set of objects will remain unchanged in
time, the lack of them does imply that the system will eventually qualitatively move
to a different set of objects (Section 3.3). To study systems that exhibit novel
behavior we need to start, maybe counter-intuitively, by defining which subsystems
would not produce a novel behavior. Those subsystems (the organizations) will then
become the fixed points and the landmark to follow the changes in our (constructive
dynamical) system.

In a vast class of systems, which we call consistent (Section 2.4), it is possible to
define a generator operator such that from any set of objects an organization is
uniquely defined. The organization generated by a set A represents the largest
possible set of objects that can stably exist when starting with A (Section 2.6).

This implies that the set of all organizations partitions the set of all possible sets
of objects. Thus, as the system qualitatively progress from one set to another we
can follow it on the more tractable set of all possible organizations (Section 3.4).
The study of this movement together with a theorem relating fixed points to orga-
nizations will be the core concepts of Section 3.1, where the dynamical analysis is
presented. While Chapter 4 will then address a study of how evolution would look
from an ’organization theory’ point of view; with examples.

Chapter 6 will then study a combinators based artificial chemistry. The system,
which was originally intended to investigate artificial life issues, will here be pre-
sented, as an example of a organization theory applied to an open ended artificial
chemistry. While on the chapters (Chapter 5, and Chapter 7) we investigate how
space changes both artificial chemistries and organization theory. The first studying
an example in a non euclidean space (a triangular planar graph), and the second on
a more traditional euclidean space. The conclusion (Chapter 8) summarizes then
what has been learned by this work.

1.3 Reaction Systems

The theory described herein aims at understanding reaction systems. A reaction
system consists of objects, and interaction rules among objects that lead to the
appearance or disappearance of other objects.

Reaction systems are used not only to model chemical phenomena, but their appli-
cations range from ecology (Schuster and Sigmund 1983) to proto-biology (Segré,
Lancet, Kedem, and Pilpel 1998) to systems biology (Puchalka and Kierzek 2004),
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bioinformatics, computer science (Banâtre and Métayer 1990) and reach even the
study of language (Luhmann 1984) and social systems (Dittrich, Kron, and Banzhaf
2002). For this reason the same concept took different labels in different contexts.
What gets referred to as a “species” in ecology might be referred as a “molecule”
in chemistry, as a “word” in study of language, as a “token” (Petri 1962) or “pro-
cess” (Banâtre and Métayer 1990) in computer science, and as a “cultural meme” or
“communication” in sociology (Luhmann 1984). All this refers to the same concept:
objects, that through the reaction laws generate other objects. Instead of using
always the neutral and vague term “object”, in this work, we will use a series of
terms as absolutely equivalent: “molecule”, “molecular species”, or simply “species”.
While we will avoid to use the, too context specific, terms like “language” or “word”.
The interactions among molecules that lead to the appearance or disappearance of
molecules will be called a reaction.

Note that we have to distinguish between a reaction system as an abstract descrip-
tion of all possible molecules (and their reactions), and an actual reaction vessel,
which contains concrete instances of molecules from the set of all possible molecules.

As we will see in the course of this work, the description of a reaction system can
be subdivided into three parts: (1) the set of all possible molecules M, (2) the set
of all possible reactions among all the possible molecules R, and (3) the dynamics
(e.g. kinetic laws), which describes how the reactions are applied to a collection of
molecules inside a reaction vessel (see e.g. Érdi and Tóth (1989) and Heinrich and
Schuster (1996)).

1.4 Closed Sets Versus Closed Systems

In this thesis we shall speak profusely about closed sets. Both organizations, and
semi-organizations are closed sets, and as such closed sets represents one of the
algebraic roots of this thesis (the other being semi-self-maintainence). It should be
very clear that closed sets and closed systems are not the same concept. A system is
said to be open if it exchanges both energy and matter with the environment, closed
if it exchanges only energy, and isolated if it does not exchange neither energy nor
matter. Biochemical systems are generally open: they often exchange both matter
and energy with the environment. While a set of molecules is said to be closed if its
reaction does not generate any molecule outside the molecules originally in the set
(Section 2.2.1). Chemical organization theory can be applied equally well to open,
closed and isolated systems. The algebraic concept of closure, and the biochemical
concept of closure are ’false friends’1 between the algebraic language and biochemical
language.

1False Friend: a word or expression that has a similar form to one in a person’s native language,
but a different meaning
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1.5 The Stoichiometric Matrix

Let x, be the vector of the relative quantities of the molecules (x ∈ R|M|). In our
work we shall limit ourselves to reaction systems of the form

ẋ = Mv(x) (1.1)

where M = (ni,j) is the stoichiometric matrix, and v is the flux vector of the speed
of the reactions . We will also require that the speed of the i-th reaction vi = 0 if
and only if at least one of the reactants is absent from the soup.

The stoichiometric matrix has a central position in this work. If the system consists
of m molecules, and r reactions, the stoichiometric matrix M will contain m rows,
and r reactions. As such each cell mi,j identifies a molecule i and a reaction j, and
codes for the net production of that molecule i in that reaction j. A positive value
in a cell mi,j in the stoichiometric matrix will indicate a net production of molecule
i, while a negative number shall indicate a net loss of such molecule.

It should be noted that the stoichiometric matrix does not code for all the infor-
mation regarding a reaction system. The most important information lost is all the
information regarding catalytic molecules.

For example consider the two following systems:

M = {a, b, c}, (1.2)

R = { (1.3)

a→ 2b, (1.4)

b→ 2a, (1.5)

c→ 2c, (1.6)

a→ ∅, (1.7)

b→ ∅, (1.8)

c→ ∅}. (1.9)

and

(1.10)

M = {a, b, c}, (1.11)

R = { (1.12)

a + c→ 2b + c, (1.13)

b→ 2a, (1.14)

c→ 2c, (1.15)

a→ ∅, (1.16)

b→ ∅, (1.17)

c→ ∅}. (1.18)
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The two reaction systems are the same, equation by equation. Only in Equation 1.4,
there is a difference with respect to Equation 1.13. In the first example the c molecule
does not appear at all, in the second it appears as a catalyst. Both systems have
the same stoichiometric matrix:

M =

−1 2 0 −1 0 0
2 −1 0 0 −1 0
0 0 1 0 0 −1

 (1.19)

So the difference cannot be discerned from it at all. But the behavior of the systems
will sensibly be different.

To extract more information (as we shall do in Section 3.3) we will from time to
time consider two other matrixes: M+ = n+

i,j, and M− = n−i,j, where M+ will
represent the molecules produced, and M− the molecules destroyed. Then, of course,
M = M+ −M−.

A molecule which has a catalytic activity will be present as a positive quantity on
both matrixes. If we consider the previous example we notice that the produced
molecules matrix, M+, and the destroyed molecules matrix, M−, are different in
the two examples.

M = {a, b, c},R = {a→ 2b, b→ 2a, c→ 2c, a→ ∅, b→ ∅, c→ ∅} (1.20)

has produced molecules matrix

M+ =

0 2 0 0 0 0
2 0 0 0 0 0
0 0 2 0 0 0

 , (1.21)

and destroyed molecules matrix

M- =

1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

 (1.22)

While the second example

M = {a, b, c},R = {a + c→ 2b + c, b→ 2a, c→ 2c, a→ ∅, b→ ∅, c→ ∅} (1.23)

has matrixes

M+ =

0 2 0 0 0 0
2 0 0 0 0 0
1 0 2 0 0 0

 (1.24)

and

M- =

1 0 0 1 0 0
0 1 0 0 1 0
1 0 1 0 0 1

 (1.25)
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If we want to study the evolution of a system described by the stoichiometric matrix
M = {ni,j} for i = 1, . . . ,m, and j = 1, . . . , r,

we can write:

dxi

dt
=

r∑
j=1

ni,jvj(xi) i = 1, . . . m (1.26)

If we write the vector of the substances as x = (x1, x2, . . . , xm)T , and the flux rate
as v = (v1, v2, . . . , vr)

T we can write the previous equation as:

dx

dt
= Mv(x) (1.27)

Which is the format we shall use in this work.

And now we can express formally the requirement for the system we shall be study-
ing. We are interested in every reaction system on < MR > such that, given x
state of the system, v flux vector with v ≥ 0, given M = ni,j stoichiometric matrix,
with M = M+ −M−, as explained above, then the two equations below are true:

ẋ = Mv(x) and (1.28)

vj(x) = 0 ⇔ ∃i | n−i,j = 0, and xi = 0 (1.29)

That is, the first derivative of the state of the system is given by the stoichiometric
matrix multiplied by the flux vector state of the state of the system. And we shall
accept any flux vector, bigger or equal to zero, and such that the flux is equal to
zero if and only if at least one of the reactant (the molecules on the left side of the
equation) is missing.

1.6 Reaction Kinetics

Although in our theory we consider any reaction system that can be expressed
by the Equations 1.28 and 1.29, most of the reaction will follow the mass action
kinetics law. Such law states that the rate of a reaction is directly proportional to
the concentration of each participating molecule (Klipp, Herwig, Kowald, Wierling,
and Lehrach 2005). This is just one of the possible v(x) functions that we might
consider, but by far the most common one considered in this work.

When a reaction network follows the law of mass action kinetics, under the (false)
assumption that molecular quantity is continuous, no molecular species would dis-
appear in a finite amount of time.

Let’s look for example at a uni-molecular reaction:

A→ products (1.30)
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the rate of disappearance of A will follow [A(t)] = [A(0)]e(−kt). If we assume A to
be continuous, and [A(0)] > 0, then [A(t)] would never reach 0 in a finite time.

Not only is [A(t)] > 0 for all time if [A(0)] > 0, but also if at any time [A(ti)] > 0
then for all t > ti A(t) > 0.

In other words the law of mass action kinetics has as a side effect, that in no system
that follows it, can a molecule ever reach zero in a finite amount of time.

If we consider bimolecular reaction as

A + B → products (1.31)

or
A + A→ products (1.32)

the equations get more complicated, but the disappearing molecules still disappear
following an exponential law. The details can be found in Klipp, Herwig, Kowald,
Wierling, and Lehrach (2005) and in Houston (2001).

To approximate reality better in our system we shall use a threshold that defines
when the last molecule finally does disappear. The details can be found in Chapter
2 and Chapter 3.

1.7 Artificial Chemistries

We shall now present artificial chemistries, as they will be the basic tool that we
use to clarify and test organization theory. From a strictly mathematical point of
view, a formal artificial chemistry (AC) is not different from a reaction system.
Yet, historically they have been developed by a different scientific community, with
different aims, and which investigated different areas of the space of all the possible
reaction network.

So although artificial chemistries are reaction networks, when we shall speak about
them we shall refer to particular reaction systems, often made up of infinite different
molecules, a high diversity, and often too complex to be simply studied through
ordinary differential equations.

Yet because artificial chemistries are reaction systems we might from time to time
confuse the two concepts. Speak about small reaction networks as an artificial
chemistry, or refer to huge AC as a reaction system. Remembering that the difference
is essentially an historical one.

An artificial chemistry is a system composed of a set of possible molecules M; a
multiset of present molecules in a Soup S, with each element of S present inM; and
an interaction rule R (Dittrich 2001). The set of possible molecules can be finite
or infinite (Speroni di Fenizio, Dittrich, Ziegler, and Banzhaf 2000). In some cases
M is finite and so small that all possible molecules can be listed (Ono and Ikegami
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2000). In other cases this is practically or theoretically impossible. Either because
it is too big, or because it is infinite. In every moment only a finite multiset of the
possible molecules are present in the system2. This multiset will be called soup. In
some AC the size of the soup (number of molecules inside it, also called population
size) will be kept constant (Banzhaf 1994a), in some others vary as the experiment
proceeds (Speroni di Fenizio 1999).

Artificial chemistries usually proceed in discreet steps. It is not possible to give a
totally general rule that is valid for all artificial chemistries on what happens at each
time step. We will present here a common interaction rule.

LetM be the space of all possible molecules, let ∗ be an interaction rule that takes
n elements (thus of arity n) and that returns mM⊕M⊕···⊕M molecules. That is that
returns a multiset of molecules, where the size of the multiset depends only upon
the particular n molecules taken. A reaction can also lead to the destruction of the
molecules, thus the result can also be the empty set, ∅.

∗ :M⊕M⊕ · · · ⊕M→M,M, . . . ,M∪ ∅ (1.33)

Often n = 2 and the returned multiset is restricted to a single molecule, and in those
cases the interaction rules becomes simply:

∗ :M⊕M→M (1.34)

Which we shall just write
M+M→M. (1.35)

using the chemical notation. Normally at every time step n molecules are randomly
chosen. The n molecules interact and generate a multiset of molecules. What
happens next is different from case to case (i.e. from artificial chemistry to artificial
chemistry). In some system the generating molecules (the original n elements) are
eliminated from the soup and the new multiset is instead inserted, as in Chapter
6 and in Refs. (Speroni di Fenizio 1999; Speroni di Fenizio 2000a). In other cases
(especially if the n elements generate a singular molecule) another random molecule
is extracted, eliminated from the soup and the generated molecule is inserted instead.
This is, in fact, the most common interaction rule (Fontana 1992a; Bersini 2000; Ono
and Ikegami 2000; Dittrich, Ziegler, and Banzhaf 1998), and we shall use it in the
artificial chemistry in Chapter 4. This can also be written as:

∗(M,M,M)→ (M,M,M), (1.36)

And, with a, b and x randomly chosen from the soup, as

a + b + x→ a + b + a ∗ b. (1.37)

2A multiset, sometimes called a family, is loosely speaking, a set where more elements can be
identical. A more precise definition is: A set-like object in which order is ignored, but multiplicity
is explicitly significant.(Weisstein 2002)
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Where it is obvious that a and b react catalytically to generate a ∗ b, while using
up x in the process. It is also obvious that in those cases the population size of the
system will remain constant.

Depending on how the operation is defined, there will be different artificial
chemistries. Since most AC include only reactions between couples of molecules,
and since every reaction with more molecules can be broken down as a series of
simpler two molecules reactions, we shall (without losing generality) only consider
artificial chemistries where two molecules react, and generate a third molecule. De-
pending on how the reaction rule has been generated, we will have different type
of artificial chemistries. And, although it is possible to generate reaction rules of
one type that mimic the reaction rules generated with another type, it is not always
easy. And the distinction seems to be quite precise. For an example of trying to
generate a random reaction rule similar to an evolved one, you can refer to Section
2.7.

Given an artificial chemistry, three main types can be listed.:

1. Randomly generated artificial chemistries;

2. Algorithmic artificial chemistries;

3. Hand constructed artificial chemistries

4. Evolved artificial chemistries.

Random artificial chemistries are the most simple to do. Every time two elements
interact the result is randomly chosen from a set of possible results. If the number of
possible molecules is fixed the result will just be one (or more) molecules from that
set, or the empty set if the reaction between the two molecules is not possible. If
instead the number of possible molecules is not fixed, then, with a certain probability,
a new molecule would be generated and added to the soup, thus adding to the
complexity of the AC (Bagley and Farmer 1992). Interestingly the complexity of
random artificial chemistry is generally very low, with very few, if any, organization.
We study the case in Section 2.7.

In Algorithmic artificial chemistries the molecules just follow a low level logic
(Banzhaf 1994b; Hashimoto and Ikegami 1995; McCaskill 1988; Suzuki and Tanaka
1998). An example of this is shown in Chapter 6, using combinators as molecules.
Combinators, similar to LISP programs have universal computation capability, and
applied one to the other generate new combinators, thus filling up the infinite re-
action table in an interesting non random way. In this work algorithmic operation
is the most used for bigger examples. Chapters 6 and 7 both use the combinators
chemistry, while Chapter 4 uses a reaction network with 32 bits binary strings as
molecules. Strictly speaking any algebraic operations between the set of molecules
can be used, although not all of them will bring interesting results. In passing we
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note that the space of possible artificial chemistries is wider than the space of alge-
braic gruppoid, since it is also possible to have molecules that do not react with each
other (elastic), or that can generate different results with different probabilities.

Hand constructed artificial chemistries, are normally used when the number of ele-
ments is fixed. Here the whole table of all possible reactions is generated (Suzuki
and Tanaka 1998)(Ziegler and Banzhaf 2001). This table can be generated in many
ways. The table then defines what would be the reaction out of every possible
interaction. Of course if the elements are just inserted in the table randomly the
result would not be different from the previous case. Yet is possible to define some
reactions in particular ways and fill the rest of the table in a random way, or keep
the rest of the table empty, thus creating systems that would have an extremely low
probability of appearing randomly. Most small examples in this thesis have been
carefully constructed to explain particular points. For example any reaction network
in Chapter 2 has been so constructed.

Evolved artificial chemistries : if we take any biological reaction network, its com-
ponent has evolved to a set that sustains life. Such a set is not random and is
not algorithmic. Networks that have been constructed, naturally evolved or evolved
through a genetic algorithm, are all in this sense similar. They can be expected to
contain interesting complexity inside, although it is not generally possible (at least
for now) to predict this complexity just by investigating the operation.

To conclude, artificial chemistries are particular reaction networks that we shall use
to illustrate particular points in our work. Also artificial chemistries, historically
represent the the cradle from which organization theory first came out (Fontana
and Buss 1996), and for this reason we chose, where possible to keep most of the
references to artificial chemistries. Yet the applications of organizations theory go
far beyond the limited scope of ACs, hopefully reaching back not only to biology
and engineering, but also to linguistic, sociology and chemistry; following the appli-
cations of reaction networks as well as the ones of artificial chemistries.

1.8 Conclusions

In this work we shall focus on change, qualitative, and quantitative. The two types of
change are different although at times a quantitative change brings on a qualitative,
while qualitative change always subsumes a quantitative one. To study change we
shall study reaction networks in general, and artificial chemistries in particular.
Sometimes through ordinary differential equations, sometimes through numerical
simulations. We will also define some new concepts that help us map the changes in
reaction network. Key among those definition will be the definition of Organization.
To properly calculate the organizations we will have to use the stoichiometric matrix
of a system, as well as the complete list of the reaction in the reaction network.
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Chapter 2

Organization Theory: Static Part

The foundation of the whole thesis: in this chapter we are only concerned with the
static structure of a reaction system, that is, the moleculesM and the reactions R.
Instead of considering a state, e.g. a concentration vector, we limit ourself to the
analysis of the set of molecular species present in that state. Here we give the pre-
cise definitions of: organization, semi organization, closed set, semi-self-maintaining
set, and self-maintaining set. Different type of systems are also defined: General
Systems, and Consistent Reaction Systems. We define 3 basic operators: generate
closed set, generate semi-self-maintaining set, generate self maintaining set, and for
Consistent Reaction Systems we also study the algebra of generators, the set of all
the sets that can be generated by any set. And how those sets relate to each other.
We use all this to define the operators, generate semi-organization, and generate
organization. Those generators are then used to partition the state space in classes
of equivalence (called shadows). We conclude the chapter with a study of the lattice
of a random catalytic flow system.

2.1 Algebraic Chemistry

We introduce the concept of an algebraic chemistry, which effectively is the reaction
network (including stoichiometric information), but that neglects the dynamics (ki-
netic laws). The algebraic chemistry represents the required input data structure,
from which we will derive the organizational structure of the reaction system.

Definition 2.1 (algebraic chemistry) Given a set M of elements, called
molecules, and a set of reaction rules R given by the relation R : PM(M)×PM(M).
We call the pair 〈M,R〉 an algebraic chemistry.

For simplicity, we adopt the notation from chemistry to write reaction rules. Instead
of writing ({s1, s2, . . . , sn}, {s′1, s′2, . . . , s′n′}) ∈ R we write: s1 + s2 + · · · + sn →
s′1 + s′2 + · · · + s′n′ . Given the left hand side molecules A = {s1, s2, . . . , sn} and
the right hand side molecules B = {s′1, s′2, . . . , s′n′}, we write (A→ B) ∈ R instead

23



24 CHAPTER 2. ORGANIZATION THEORY: STATIC PART

Figure 2.1: Example with four species. Reaction network (a “2” means that two
molecules are produced) and graphical representation of the lattice of all sets. The
vertical position is determined by the set size. The solid lines depict the lattice of
organizations.

of (A, B) ∈ R. A → B represents a chemical reaction equation where A is the
multiset of molecules on the left hand side (also called reactants) and B the multiset
of molecules on the right hand side (also called products or educts).

Input and Output. There are many processes that give rise to an inflow and
outflow, such as, incident sunlight, decaying molecules, or a general dilution flow.
In this work we interpret the reaction rule ∅ → a as an input of a, and a→ ∅ as an
output of a ( ∅ denoting the empty set). In the example that follows (Fig. 2.1) b, c
and d decay spontaneously.

Example 2.1 (algebraic chemistry) In this chapter we will illustrate the new
concepts using a small example where there are just four molecular species M =
{a, b, c, d}, which react according to the following reaction rules R = {a + b →
a + 2b, a + d → a + 2d, b + c → 2c, c → b, b + d → c, b → ∅, c → ∅, d → ∅}. A
graphical representation of this reaction network can be found in Figure 2.1.
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2.2 Semi-Organization, a Closed and Semi-Self-

Maintaining Set

In classical analysis, we study the movement of the system in state space. Instead,
here, we consider the movement from one set of molecules to another. As in the
classical analysis of the dynamics of the system, where fixed points and attractors
are considered more important than other states, some sets of molecules are more
important than others. In order to find those sets, we introduce some properties
that define them, namely: closure, semi-self-maintenance, semi-organization, self-
maintenance, and finally being an organization. All definitions herein refer to an
algebraic chemistry 〈M,R〉.

2.2.1 Closed Sets

The first requirement, called closure, assures that no new molecule can be generated
by the reactions inside a set or equivalently that all molecules that can be generated
by reactions inside a set are already inside the set.

Definition 2.2 (closed set) A set C ⊆ M is closed, if for all reactions (A →
B) ∈ R, with A a multiset of elements in C (A ∈ PM(C)), then B is also a multiset
of elements in C (B ∈ PM(C)).

Given a set S ⊆ M, we can always generate its closure GCL(S) according to the
following definition:

Definition 2.3 (generate closed set) Given a set of molecules S ⊆ M, we de-
fine GCL(S) as the smallest closed set C containing S. We say that S generates the
closed set C = GCL(S) and we call C the closure of S.

We need to prove that this definition is unambiguous: let us suppose, ad absurdum,
that we can find two smaller closed sets U, V with S ⊆ U, V and U 6= V . Since
the intersection of closed sets is trivially closed, so U ∩ V would be closed too but
S ⊆ U ∩ V . Thus we have found a closed set smaller than U and V that contains
S, against the supposition. q.e.d.

Example 2.2 (closed sets) In our example testbed (Example 2.1) there are 10
closed sets: {}, {a}, {b}, {d}, {a, b}, {b, c}, {a, d}, {a, b, c}, {b, c, d} and {a, b, c, d}.
The empty set is closed, because there is no input. If there would be an input, the
smallest closed set would be the closed set generated from the input set. Assume,
for example, that the reaction rule ∅ → c is added to the set of reaction rules R.
In order to find the closed set generated by the input set {c}, we have to add all
reaction products among molecules of that set and insert them into that set, until no
new molecule can be inserted anymore (for infinite systems, a limit has to be taken).
So, the smallest closed set would be {c, b}, and there would be a total number of 4
closed sets left, namely: {b, c}, {a, b, c}, {b, c, d} and {a, b, c, d}.
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A common algebraic concept that we shall use very often, from now on, is the
lattice1.

Given the generate closed set operator we can trivially define two basic operations,
a union operation (U tCL V ) and an intersection operation (U uCL V ):

U tCL V ≡ GCL(U ∪ V ), and (2.1)

U uCL V ≡ GCL(U ∩ V ). (2.2)

Trivially, closed sets, with the operations tCL and uCL, form a lattice
〈OCL,tCL,uCL〉.

Closure is important because the closed set generated by a set (its closure) rep-
resents the largest possible set that can be reached from a given set of molecules.
Furthermore a set that is closed cannot generate new molecules and is in that sense
more stable respect to novelty. As such the concept of closure alone can already give
valuable insight into the structure and organization of complex chemical networks
as shown by (Ebenhöh, Handorf, and Heinrich 2004).

2.2.2 Semi-Self-Maintaining Sets

The next property, called semi-self-maintenance, assures that every molecule that
is consumed within a set, is produced within that set.

We say that a molecule k ∈ M is produced within a set C ⊆ M, if there exists a
reaction (A → B), with both A, B ∈ PM(C), and #(k ∈ A) < #(k ∈ B). In the
same way, we say that a molecule k ∈ C is consumed within the set C, if, there is a
reaction (A→ B) with A, B ∈ PM(C), and #(k ∈ A) > #(k ∈ B).

Definition 2.4 (semi-self-maintaining set) A set of molecules S ⊆M is called
semi-self-maintaining, if all molecules s ∈ S that are consumed within S are also
produced within that set S.

Example 2.3 (semi-self-maintaining sets) In our example system (Exam-
ple 2.1) there are 8 semi-self-maintaining sets: {}, {a}, {a, b}, {b, c}, {a, d},
{a, b, c}, {a, b, d}, and {a, b, c, d}.

2.2.3 Semi-Organizations

Taking closure and semi-self-maintenance together, we arrive at the concept of semi-
organization.

Definition 2.5 (semi-organization) A semi-organization O ⊆ M is a set of
molecules that is closed and semi-self-maintaining.

1A lattice, is a partially ordered set (poset) in which any two elements have a greatest lower
bound and a least upper bound (Wikipedia 2004).
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Example 2.4 (semi-organization) In our example system (Example 2.1) except
{a, b, d}, all semi-self-maintaining sets are closed, so there are 7 semi-organizations:
{}, {a}, {a, b}, {b, c}, {a, d}, {a, b, c} and {a, b, c, d} .

2.3 Organization, a Closed and Self-Maintaining

Set

In a semi-organization, all molecules that are consumed are produced; yet this does
not guarantee that the total amount of mass can be maintained. A simple coun-
terexample is the following reversible reaction in a flow reactor: M = {a, b},R =
{a→ b, b→ a, a→ ∅, b→ ∅}. Both molecules, a and b, decay. O = {a, b} is a semi-
organization, because the set is closed, a is produced by the reaction b→ a, and b is
produced by the reaction a → b. But, obviously, the system {a, b} is not stable, in
the sense that there is no stable state in which the two molecules a and b have pos-
itive concentrations: both molecules decay and cannot be sufficiently reproduced,
and thus they will finally vanish.

The solution to this problem is to consider the overall ability of a set to maintain
its total mass. We call such sets simply self-maintaining.

2.3.1 Self-Maintaining Sets

Definition 2.6 (self-maintaining) Given an algebraic chemistry 〈M,R〉 with
m = |M| molecules and n = |R| reactions, and let M = (mi,j) be the (m × n)
stoichiometric matrix implied by the reaction rules R, where mi,j denotes the num-
ber of molecules of type i produced in reaction j. A set of molecules C ⊆ M is
called self-maintaining, if there exists a flux vector v ∈ Rn such that the following
three conditions apply: (1) for all reactions (A → B) with A ∈ PM(C) the flux
v(A→B) > 0; (2) for all reactions (A → B) with A /∈ PM(C), v(A→B) = 0; and (3)
for all molecules i ∈ C, the production rate fi ≥ 0 with (f1, . . . , fm)T = Mv.

v(A→B) denotes the element of v describing the flux (i.e. rate) of reaction A → B.
fi is the production rate of molecule i given flux vector v. It is practically the
sum of fluxes producing i minus the fluxes consuming i. For the example above,
the stoichiometric matrix becomes M = ((−1, 1), (1,−1), (−1, 0), (0,−1)), and
we can see that there is no positive flux vector v ∈ R4, such that Mv ≥ 0. In
fact, in that example, only the empty semi-organization {} is self-maintaining. In
case a and b would not decay, R = {a → b, b → a}, the set {a, b} would be (as
desired) self-maintaining, because there is a flux vector, e.g., v = (1.0, 1.0), such
that Mv = 0 ≥ 0 with M = ((−1, 1), (1,−1)).

Example 2.5 (self-maintaining) In our example system (Example 2.1) all semi-
self-maintaining sets, except {b, c}, are also self-maintaining, so there are 7 self-
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maintaining sets: {}, {a}, {a, b}, {a, d}, {a, b, c}, {a, b, d}, and {a, b, c, d}. The
criterion for self-maintenance will be illustrated by looking at the self-maintaining
set S = {a, b} in more detail. Let us first look at the stoichiometric matrix:

M =


0 0 0 0 0 0 0 0
1 0 −1 1 −1 −1 0 0
0 0 1 −1 1 0 −1 0
0 1 0 0 −1 0 0 −1

 (2.3)

Each column represents a reaction, and each row one molecular species. A positive
number implies that the molecule gets produced by the reaction while a negative that
the molecule gets consumed by the reaction. Now we have to find all the reactions
active within S, this means to find all reactions (A→ B) ∈ R where the lefthand side
A is a multiset from S (A ∈ PM(S)). There are two such reactions in the system:
a + b → a + 2b and b → ∅. These reactions correspond to column 1 and column
6 of the matrix M and to the fluxes v1 = v(a+b→a+2b) and v6 = v(b→∅), respectively.
According to the definition of self-maintenance, these two fluxes must be positive
while the remaining fluxes must be zero. Now, in order to show that S = {a, b} is
self-maintaining, we have to find positive values for v1 and v6 such that a and b are
produced at a non-negative rate. Here, this can be achieved by setting v1 = v6 = 1.
So that the flux vector v becomes:

v =



v1

v2

v3

v4

v5

v6

v7

v8


=



1
0
0
0
0
1
0
0


(2.4)

and

Mv =


0 0 0 0 0 0 0 0
1 0 −1 1 −1 −1 0 0
0 0 1 −1 1 0 −1 0
0 1 0 0 −1 0 0 −1





1
0
0
0
0
1
0
0


=


0
0
0
0

 =


f1

f2

f3

f4

 . (2.5)

As we can see, both molecules are produced at a non-negative rate (f1 ≥ 0) and
(f2 ≥ 0). So, we can conclude that {a, b} is self-maintaining. Note that we can also
chose v1 and v6 such that b is produced at a positive rate (f2 > 0), e.g., for v1 = 2
and v6 = 1 we get f2 = 1. Note further that, in Example 1, molecule a will always
be produced at zero rate (f1 = 0), independently on the flux v we chose.
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Lemma 2.1 Every self-maintaining set is semi-self-maintaining.

Proof: Given a self-maintaining set S ⊆ M, we have to show that every molecule
that is consumed by a reaction within the set S is produced by a reaction within
that set. Formally, we have to show that for all k ∈ S, if there is a reaction
(A → B) ∈ R with A ∈ PM(S), and #(k ∈ A) > #(k ∈ B), then there is also
reaction (A → B) ∈ R with A ∈ PM(S) and #(k ∈ A) < #(k ∈ B). So, we have
only to care for the molecules k that are consumed: molecules that are consumed
have a negative entry in the stoichiometric matrix. Since we demand for a self-
maintaining set that their net production is non-negative there must be at least one
additional positive entry, which represents a reaction rule in which k is produced.
q.e.d.

Note that the empty set is always self-maintaining (as it has nothing to maintain)
and the set of all possible molecules is always closed (as there is nothing that can
be added to it). On the other hand the empty set is not necessarily closed, and the
set of all possible molecules is not necessarily self-maintaining.

2.3.2 Organizations

Closure and self-maintenance, together, lead to the central definition of this work:

Definition 2.7 (organization) A set of molecules O ⊆M that is both closed and
self-maintaining is called an organization.

An organization represents an important combination of molecular species, which
are likely to be observed in a reaction vessel on the long run. A set of molecules
that is not closed or not self-maintaining would not exists in the long run and would
not exist for a long time, because new molecules will appear and others will vanish,
respectively.

From Lemma 2.1 trivially follows that:

Lemma 2.2 Every organization is a semi-organization.

Example 2.6 (four species reaction system) In our example (Example 2.1)
there are 9 closed sets, 8 semi-self-maintaining sets, 7 self-maintaining sets, and
7 semi-organizations, 6 of which are organizations. Although the reaction system
is small, its organizational structure is already difficult to see when looking at the
rules or their graphical representation (Fig. 2.1). In Fig. 2.1, all 16 possible sets of
molecules are shown as a lattice.

Finding all organizations of a general reaction system appears to be computationally
difficult, one approach is to find the semi-organizations first, and then check, which
of them are also self-maintaining.
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2.4 Consistent Reaction Systems

The property of the set of organizations and semi-organizations depends strongly
on the type of system studied. In this section we discuss a class of systems, called
consistent reaction systems, where given any set we can “nicely” generate an orga-
nization and where the set of organizations always forms an algebraic lattice. We
will gradually build the definition of a consistent system by presenting some useful
intermediate concepts:

Definition 2.8 (semi-consistent) An algebraic chemistry 〈M,R〉 is called semi-
consistent, if given any two sets A and B, both semi-self-maintaining, then their
union A ∪ B is still semi-self-maintaining; and given any two sets A and B, both
self-maintaining, then their union A ∪B is still self-maintaining.

This definition trivially implies that given any set C there always exists a bigger
(semi-)self-maintaining set contained in C. Note also that because in general systems
the intersection of closed sets is closed, then also for every set C, there is a smallest
closed set containing C.

We now start to define three basic operators: generate closure, generate semi-self-
maintenance, and generate self-maintenance.

Definition 2.9 (generate semi-self-maintaining set) Given a semi-consistent
algebraic chemistry, on a set M, and given a set of molecules C ⊆ M, we define
GSSM(C) as the biggest semi-self-maintaining set S contained in C. We say that C
generates the semi-self-maintaining set S = GSSM(C).

Definition 2.10 (generate self-maintaining set) Given a semi-consistent alge-
braic chemistry, on a setM, and given a set of molecules C ⊆M, we define GSM(C)
as the biggest self-maintaining set S contained in C. We say that C generates the
self-maintaining set S = GSM(C).

For semi-consistent reaction systems, GSM(C) is always defined, because the union
(∪) of two self-maintaining sets is self-maintaining; and further, every set is either
self-maintaining, or it contains a unique biggest self-maintaining set. Thus from
every set we can generate a self-maintaining set. As usual, the union tSM and
intersection uSM of self-maintaining sets S1, S2 are defined as S1tSM S2 ≡ GSM(S1∪
S2) = S1 ∪S2, S1 uSM S2 ≡ GSM(S1 ∩S2), respectively. Thus also the set of all self-
maintaining setsOSM , in a semi-consistent system, forms a lattice 〈OSM ,tSM ,uSM〉.
Equivalently we can generate the lattice of semi-self-maintaining sets.

Note that we make no requirement that the largest semi-self-maintaining set in C
be itself self-maintaining. In other words we do not require that the largest semi-
self-maintaining set and the largest self-maintaining set be the same.

Lemma 2.3 In semi-consistent systems the following statements are equivalent:
the closure of a (semi-)self-maintaining set is (semi-)self-maintaining and the
(semi-)self-maintaining set generated by a closed set is closed.
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Proof: Let us suppose that the first statement is true, we shall prove the second:
Let C be a closed set. Let S = GSM(C) be the self-maintaining set generated by
C. Let D be the closure of S. Then D ⊆ C, because the closure of S cannot
produce any molecule not contained in the closed set C. So S ⊆ D ⊆ C. But D is
self-maintaining (because the closure of a self-maintaining set is closed). Yet S by
construction is the biggest self-maintaining set in C. Thus S = D. So S is closed.
Let us now suppose that the second statement is true, we shall prove the first:
Let S be a self-maintaining set. Let C = GCL(S) be the closure of S. Let D be
the self-maintaining set generated by C. Then S ⊆ D, because D is the biggest
self-maintaining set, and if not we could take the union between S and D, which
would still be a self-maintaining set, bigger than D. Since the self-maintaining
set generated by a closed set is closed, then D is closed. So D is closed and self-
maintaining. But since C is the closure of S, then C has to be the smallest closed set
containing S. Thus C ⊆ D. So C = D. Thus C is closed and then the closure of S
must return the smallest closed set that contains S. So C must be self-maintaining.
q.e.d.

Definition 2.11 (consistent) A semi-consistent algebraic chemistry is called con-
sistent if the closure of a semi-self-maintaining set is semi-self-maintaining and the
closure of a self-maintaining set is self-maintaining.

With Lemma 2.3 this implies also that the (semi-)self-maintaining set generated by
a closed set is also closed. Trivially, the self-maintaining set generated by a semi-self-
maintaining set is semi-self-maintaining and the semi-self-maintaining set generated
by a self-maintaining set is the set itself, thus is self-maintaining.

In other words consistent reaction systems are systems where the three generator
operators behave nicely with respect to each other: each operator can be used after
any other, and the acquired properties are not lost when the new operator is applied.
This gives us the possibility to define the (semi-)organization generated by a set.

There are many ways in which we can generate a semi-organization from a set.
We will present here the simplest one, which implicitly assumes that molecules are
produced quickly and vanish slowly. This assumption leads to the largest possible
semi-organization generated by a set:

Definition 2.12 (generate semi-organization) Given a consistent algebraic
chemistry and a set of molecules C ⊆ M, we define GSO(C) as GSSM(GCL(C)).
We say that C generates the semi-organization O = GSO(C).

Finally, in consistent reaction systems, we can also generate uniquely an organi-
zation, (here, again, the largest organization that can be generated from a set)
according to the following definition:

Definition 2.13 (generate organization) Given a set of molecules C ⊆ M, we
define G(C) as GSM(GCL(C)). We say that C generates the organization O =
G(C).
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The following lemma summarises the situation for consistent reaction systems:

Lemma 2.4 In a consistent reaction system, given a set C, we can always
uniquely generate a closure GCL(C), a semi-self-maintaining set GSSM(C), a semi-
organization GSSM(GCL(C)), a self-maintaining set GSM(C), and an organization
GSM(GCL(C)).

Following the same scheme as before, the union (tSO) t and intersection (uSO) u
of two (semi-)organizations U and V is defined as the (semi-)organization generated
by their set-union and set-intersection: (U tSO V ≡ GSO(U ∪ V ), U uSO V ≡
GSO(U ∩ V )), U t V ≡ G(U ∪ V ), U u V ≡ G(U ∩ V ), respectively. Thus, for
consistent reaction systems, also the set of all (semi-)organizations (OSO) O forms
a lattice (〈OSO,tSO,uSO〉) 〈O,t,u〉. This important fact should be emphasised by
the following lemma:

Lemma 2.5 Given an algebraic chemistry 〈M,R〉 of a consistent reaction system
and all its organizations O, then 〈O,t,u〉 is a lattice.

Knowing that the semi-organizations and organizations form a lattice, and that we
can uniquely generate an organization for every set, is a useful information. In
order to find the whole set of organizations, it is impractical just to check all the
possible sets of molecules. Instead, we can start by computing the lattice of semi-
organizations, and then test only those sets for self-maintenance. Furthermore, if
the semi-organizations form a lattice, we can start with small sets of molecules and
generate their semi-organizations, while the tSO operator can lead us to the more
complex semi-organizations.

Now we will present three types of consistent systems, which can be easily (ie. in
linear time) identified by looking at the reaction rules.

2.4.1 Catalytic Flow System

In a catalytic flow system all molecules are consumed by first-order reactions of the
form {k} → ∅ (dilution) and there is no molecule consumed by any other reaction.
So, each molecule k decays spontaneously, or equivalently, is removed by a dilution
flow. Apart from this, each molecule can appear only as a catalyst (without being
consumed).

Definition 2.14 (catalytic flow system) An algebraic chemistry 〈M,R〉 is called
a catalytic flow system, if for all molecules i ∈ M: (1) there exists a reaction
({i} → ∅) ∈ R, and (2) there does not exist a reaction (A → B) ∈ R with (A →
B) 6= ({i} → ∅) and #(i ∈ A) > #(i ∈ B).

Examples of catalytic flow system are the replicator equation (Schuster and Sigmund
1983), the hypercycle (Eigen 1971; Eigen and Schuster 1977), the more general cat-
alytic network equation (Stadler, Fontana, and Miller 1993), or AlChemy (Fontana



2.4. CONSISTENT REACTION SYSTEMS 33

1992a). Furthermore some models of genetic regulatory networks and social system
(Dittrich, Kron, and Banzhaf 2002) are catalytic flow systems.

The proof that a catalytic flow system is a consistent reaction system will be given
later as part of the more general proof that the more general reactive flow system
with persistent molecules is a consistent reaction system (Lemma 2.1).

Example 2.7 (Catalytic Flow System) As an example, we present a three-
membered elementary hypercycle (Eigen 1971; Eigen and Schuster 1977) under flow
condition. The set of molecules is defined as:

M = {a, b, c} (2.6)

and the reaction rules as:

R = { (2.7)

a + b → a + 2b, (2.8)

b + c → b + 2c, (2.9)

c + a → c + 2a, (2.10)

a → ∅, (2.11)

b → ∅, (2.12)

c → ∅}. (2.13)

We can see, that all three molecules decay by first-order reactions (representing the
dilution flow), and that no molecule is consumed by any of the three remaining
reactions.

Lemma 2.6 In a catalytic flow system, all semi-self-maintaining sets are self-
maintaining.

Proof: We proof the lemma by constructing a flux vector v = (v1, . . . , vn), n = |R|,
that follows the self-maintaining conditions. From the definition note that in a
catalytic flow system all molecules are consumed by first-order reactions of the form
{k} → ∅ and there is no molecule consumed by any other reaction. Also from the
definition of a catalytic flow system we know that all molecules decay. Given a semi-
self-maintaining set S ⊆M we construct v as follows:
(i) set all fluxes for reactions among molecules that are not a subset of S to 0:
v(A→B) = 0 for (A→ B) ∈ R, A /∈ PM(S).
(ii) Since all molecules decay we set all fluxes of molecules from S that correspond
to decay reactions to 1:
∀i ∈ S, v({i}→∅) = 1.
(iii) Because S is semi-self-maintaining, there must be for each i ∈ S one or more
reactions of the form (A → B) ∈ R, A ∈ PM(S) where i is produced. We set the
flux of those reactions to v(A→B) > 1.
Since all reactions are purely catalytic, no molecule is consumed by (iii). On the
other hand each molecule in S is generated by (iii) with a flow greater than the
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dilution flow. Thus we found a flow that meets the conditions of a self-maintaining
set, thus S is self-maintaining. q.e.d.

Note that, as before, when writing v(A→B) we use the reaction A → B as an index
in order to refer to the flux vector’s element corresponding to this reaction.

Lemma 2.7 In a catalytic flow system, every semi-organization is an organization.

Proof: follows immediately from Lemma 2.6. q.e.d.

In a catalytic flow system we can easily check, whether a set O is an organization by
just checking whether it is closed and whether each molecule in that set is produced
by that set. Furthermore, given a set A, we can always generate an organization by
adding all molecules produced by A until A is closed and then removing molecules
that are not produced until A is semi-self-maintaining. With respect to the inter-
section and union of (semi-)organizations the set of all (semi-) organizations of a
catalytic flow system forms an algebraic lattice (see below). A result which has
already been noted by (Fontana and Buss 1994).

2.4.2 Reactive Flow System

In a reactive flow system all molecules are consumed by first-order reactions of the
form {k} → ∅ (dilution). But in addition to the previous system, we allow arbitrary
additional reactions in R. Thus note how a catalytic flow system is a particular kind
of reactive flow system.

Definition 2.15 (reactive flow system) An algebraic chemistry 〈M,R〉 is called a
reactive flow system, if for all molecules i ∈M, there exists a reaction ({i} → ∅) ∈
R.

This is a typical situation for chemical flow reactors or bacteria that grow and
divide (Puchalka and Kierzek 2004). In a reactive flow system, semi-organizations
are not necessarily organizations. Nevertheless, both the semi-organizations and
the organizations form a lattice 〈O,t,u〉. Moreover, the union (t) and intersection
(u) of any two organizations is an organization. Also the proof that a reactive
flow system is a consistent reaction system will be given later as part of the same
general proof that the more general reactive flow system with persistent molecules is
a consistent reaction system (Lemma 2.1).

Example 2.8 (Reactive Flow System) As an example, we take the three-
membered elementary hypercycle as before, but add an explicit substrate s. The
set of molecules is defined as:

M = {a, b, c, s} (2.14)
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and the reaction rules as:

R = { (2.15)

a + b + s → a + 2b, (2.16)

b + c + s → b + 2c, (2.17)

c + a + s → c + 2a, (2.18)

a → ∅, (2.19)

b → ∅, (2.20)

c → ∅, (2.21)

s → ∅}. (2.22)

We can see, that again all molecules decay by first-order reactions (representing the
dilution flow), but now a molecule, s, is consumed by other reactions (Eq. 2.16-2.18).
Note that in this example there is only one organization (the empty organization),
and even no semi-organization that contains one or more molecules, because there is
no inflow of the substrate. If we would add a reaction equation ∅ → s representing an
inflow of the substrate, we would obtain two organizations: {s} and the “hypercycle”
{a, b, c, s}.

2.4.3 Reactive Flow System with Persistent Molecules

In a reactive flow system with persistent molecules there are two types of molecules:
persistent molecules P and non-persistent molecules. All non-persistent molecules
k ∈ M \ P are consumed (as in the two systems before) by first-order reactions of
the form {k} → ∅ ; whereas a persistent molecule p ∈ P is not consumed by any
reaction at all.

Definition 2.16 (reactive flow system with persistent molecules) An algebraic
chemistry 〈M,R〉 is called a reactive flow system with persistent molecules, if
we can partition the set of molecules in persistent P and non-persistent molecules
P̄ (M = P ∪ P̄ , P ∩ P̄ = ∅) such that: (i) for all non-persistent molecules i ∈ P̄ :
there exists a reaction ({i} → ∅) ∈ R; and (ii) for all persistent molecules i ∈ P :
there does not exist a reaction (A→ B) ∈ R with #(i ∈ A) > #(i ∈ B).

An example of a reactive flow system with persistent molecules is Example 2.1, where
a is a persistent molecule. The reactive flow system with persistent molecules is the
most general of the three systems where the semi-organizations and organizations
always form a lattice, and where the generate organization operator can be properly
defined. As in a reactive flow system, in a reactive flow system with persistent
molecules not all semi-organizations are organizations.

The previously mentioned fact that reactive flow system with persistent molecules,
reactive flow system and catalytic flow system are consistent will be now formulated
as a proposition and proven by Lemmas 2.8-2.13. Since a catalytic flow system is
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a particular kind of reactive flow system, and a reactive flow system is a particular
kind of reactive flow system with persistent molecules, it is sufficient to consider a
reactive flow system with persistent molecules.

Proposition 2.1 A reactive flow system with persistent molecules is consistent.

Proof: we need to show that: (1) given any couple of (semi-)self-maintaining sets,
their union is (semi-)self-maintaining (thus is a semi-consistent system); (2) given
a (semi-)self-maintaining set the closure of it is (semi-)self-maintaining. We shall
also prove, although not strictly necessary that (3) given a closed set the (semi-)self-
maintenance generated by it, is closed. We shall do this in Lemmata from 2.8 to
2.13.

Lemma 2.8 In a reactive flow system with persistent molecules, given two semi-
self-maintaining sets, A, B ⊆M, their set-union A ∪B is semi-self-maintaining.

Proof: In a reactive flow system with persistent molecules there are two types of
molecules: persistent molecules P and non-persistent molecules. We need to prove
that there are production pathways for each non persistent molecule. From the
definition we know that all non-persistent molecules k ∈ M \ P of a reactive flow
system with persistent molecules are used-up by first-order reactions of the form
{k} → ∅ (meaning that they decay spontaneously). Because A and B are self-
maintaining, there must be a production pathway of these molecules already inside
A or B. Thus A ∪B is semi-self-maintaining. q.e.d.

Lemma 2.9 In a reactive flow system with persistent molecules, given two self-
maintaining sets, A, B ⊆M, their set-union A ∪B is self-maintaining.

Proof: In a reactive flow system with persistent molecules there are two types
of molecules: persistent molecules P and non-persistent molecules. A persistent
molecule p ∈ P is not used-up by any reaction of R. So, a persistent molecule
cannot have a negative production rate in any set. From the definition we know
that all non-persistent molecules k ∈M\P of a reactive flow system with persistent
molecules are used-up by first-order reactions of the form {k} → ∅ (meaning that
they decay spontaneously). Because A and B are self-maintaining, there must be a
positive production of these molecules in order to compensate their decay. In the
union of A and B there might by additional reactions that use up non-persistent
molecules, but since there are pathways in A or B to produce them in arbitrary
quantity (note that the definition of self-maintenance requires only that a flux vector
exists), we can still find a flux vector such that they are produced at a non-negative
total rate. q.e.d.

Lemma 2.10 In a reactive flow system with persistent molecules, given a closed set
the semi-self-maintaining set generated by it, is closed;
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Proof: Let C be a closed set and S = GSSM the semi-self-maintaining set generated
by C. Let us assume ad absurdum that S is not closed. Then we can find a molecule
a /∈ S that can be produced by S. If S ∪ {a} is semi-self-maintaining, then we have
a set that is bigger than S and semi-self-maintaining, against the definition of S
as the biggest semi-self-maintaining set in C. If instead S ∪ {a} is not semi-self-
maintaining, then there exist a molecule in S∪{a} that is not being generated. This
molecule cannot be a, because a is generated by S. So this molecule would have
to be b ∈ S. If b is persistent, then it does not need to be generated. If b is not
persistent, then there is an outflow that destroys b, thus b must have been generated
from within S. So b is still being generated in S ∪ {a}. So, also this possibility is
excluded. Thus the set S has to be closed. q.e.d.

Lemma 2.11 In a reactive flow system with persistent molecules, given a semi-self-
maintaining set the closure of it is semi-self-maintaining.

Proof: Follows directly from the previous Lemma 2.10 and Lemma 2.3, which we
can apply because Lemma 2.8 and Lemma 2.9 assures that a reactive flow system
with persistent molecules is semi-consistent. q.e.d.

Lemma 2.12 Given a self-maintaining set the closure of it is self-maintaining.

Proof by induction: Let S be a self-maintaining set and C = GCL(S) = S∪C1∪C2∪
. . . its closure, where C1 contains all molecules from S and the molecules that can be
generated directly by S. Ci+1 contains all molecules from Ci and the molecules that
can be generated directly by Ci. Now, let us suppose that Ci is self-maintaining.
Then a flux vector v exists for Ci fulfilling the self-maintenance condition. Let us
consider all molecules in Ci+1 \Ci. Each of those molecules is produced by the flux
vector v at a non negative rate. So we need now to find a flux vector v′ for Ci+1.
Let us start by taking the same flux vector v we had for the molecules of Ci. We
can produce the non persistent molecules in Ci at an arbitrary large rate. In fact
we can consider the molecule that is generated the least as being overproduced at
a rate of 1. Each of the new molecules can also be generated at a rate bigger or
equal than 1 by the reactions in Ci. Now we need to build the flux v′, but v′ is equal
to v for each reaction among molecules that are contained in Ci. Let us consider
that we have n new reactions, with m being the maximum stoichiometric coefficient
of those reactions, we can then define the speed of the new reactions as 1

m(n+1)
,

guaranteeing that every molecule in Ci+1 is produced at a positive rate. Thus Ci+1

is self-maintaining. q.e.d.

Lemma 2.13 Given a closed set the self-maintaining set generated by it is closed.

Proof: Follows directly from the previous Lemma 2.11 and Lemma 2.3, which we
can apply because Lemma 2.8 and Lemma 2.9 assures that a reactive flow system
with persistent molecules is semi-consistent. q.e.d.

And this concludes the proof that a reactive flow system with persistent molecules
is consistent. q.e.d.
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As a summary, from a practical point of view, we can first calculate the set of
semi-organizations. If our system is a catalytic flow system, we automatically obtain
the lattice of organizations. Otherwise we have to check for each semi-organization
whether it is self-maintaining or not. If we have a consistent reaction system, then
we are assured of obtain a lattice, where there is a unique smallest and largest
organization, and where we can easily obtain the intersection and union of two
organizations from the graphical representation of the lattice (see examples). For a
general reaction system, the set of organizations does not necessarily form a lattice.
Nevertheless, this set of organizations represent the organizational structure of the
reaction network, which can be visualised and which can provide a new view on the
dynamics of the system by mapping the movement of the system in state space to
a movement in the set of organizations, as will be shown in Section 3.1.

2.5 General Reaction Systems

When we consider general reaction systems, ie. algebraic chemistries without any
constraints, we cannot always generate a self-maintaining set uniquely. This implies
that in a general reaction system neither the set of organization nor the set of semi-
organizations necessarily form a lattice. Examples of this can be found in planetary
atmosphere chemistries (Yung and DeMore 1999).

Example 2.9 (General reaction system without a lattice of organization)
In this example we present a reaction system where the set of organizations does
not form a lattice, and where we can not always generate an organization for any
given set of molecules:

M = {a, b, c}, R = {a + b→ c}. (2.23)

This example can be interpreted as an isolated system, where there is no inflow nor
outflow. a and b simply react to form c. Obviously, every set that does not contain a
together with b is an organization. So, there are 6 organizations: {}, {a}, {b}, {c},
{a, c}, and {b, c}. As illustrated by Fig. 2.2, there is no unique largest organization
and therefore the set of organizations does not form a lattice. Furthermore, given
the set {a, b, c}, we can not generate an organization uniquely, because there does
not exist a unique largest self-maintaining set contained in {a, b, c}. There are two
self-maintaining sets of equal size: {a, c} and {b, c}. Why can not this happen in a
reactive flow system with persistent molecules? In a reactive flow system with persis-
tent molecules, the set-union of two self-maintaining sets is again self-maintaining.
Therefore two largest self-maintaining sets within a set A can not exist, because their
union would be a larger self-maintaining set within A (see Lemma 2.9). Note that
although we cannot generate an organization, still those organizations in Figure 2.2
are well defined. And each organization represents a combination of molecules that
can stably exist in a reaction vessel, which does not allow an outflow of any of the
molecules according to the rules R.
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{}

{a} {b} {c}

{a, c} {b, c}

Figure 2.2: Example of a general reaction system that does not have a lattice of
organizations. There are three molecules M = {a, b, c} and just one reaction rule
R = {a + b→ c}

2.6 Algebra of Generators

2.6.1 Generated Sets

Some basic properties of generators shall be introduced here. Although they are
mostly trivial to a mathematically trained eye, the interdisciplinary nature of this
work requires them to be gone through to show how some algebraic results can be
reached. Those results will then be incorporated to produce Figure 2.6, and Table
2.1

Lemma 2.14 Let 〈M,R〉 be a semi-consistent algebraic chemistry, let T be a set,
subset of M. Let S be the self-maintaining set generated by T (S = GSM(T )), let
Q be the semi-self-maintaining set generated by T (Q = GSSM(T )), then S is also
the self-maintaining set generated by Q (S = GSM(Q)).

Proof: By construction S is self-maintaining. But every self-maintaining set is also
semi-self-maintaining, thus S is semi-self-maintaining. But Q, being the semi-self-
maintaining set generated by T is the biggest semi-self-maintaining set in T , and it
contains any other semi-self-maintaining set in T . Thus S ⊆ Q. But S is also the
biggest self-maintaining set in T , thus it has to be the biggest self-maintaining set
in any subset of T that contains S. Thus S is the biggest self-maintaining set in Q.
So S is the self-maintaining set generated by Q.q.e.d.

Lemma 2.15 Let 〈M,R〉 be a general algebraic chemistry, let S, T be sets, subsets
of M, with S ⊆ T , then GCL(S) ⊆ GCL(T ).

Proof: We need to prove that any molecule in GCL(S) is also present in GCL(T ).
Let a be a molecule present in GCL(S). Then a set of molecule X0 ≡ {x1, x2, . . . , xn}
exists in S (Xi ∈ S), such that their reaction produce a new set of molecules, X1,
whose reaction produces a second set of molecules X2, whose reaction..., whose re-
action produces an m-th set of molecules Xm that contains a. With (Xi ⊆ GCL(S)).
But S ⊆ T , thus X0 ⊆ T , which implies that Xi ⊆ GCL(T ), so Xm ⊆ GCL(T ), thus
a ∈ GCL(T ). q.e.d.
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Lemma 2.16 Let 〈M,R〉 be a semi-consistent algebraic chemistry, let S, T be sets,
subsets of M, with S ⊆ T , then GSSM(S) ⊆ GSSM(T ).

Proof: Let us suppose ad absurdum that GSSM(S) 6⊆ GSSM(T ). Then we can
consider U ≡ GSSM(S)∪GSSM(T ). Since both GSSM(S) and GSSM(T ) are contained
in T , then U ⊆ T . But since both GSSM(S) and GSSM(T ) are semi-self-maintaining
also their union is semi-self-maintaining. Thus U is a set contained in T , bigger
than GSSM(T ), and (semi-)self-maintaining, which is not possible. Thus GSSM(S) ⊆
GSSM(T ).q.e.d.

Lemma 2.17 Let 〈M,R〉 be a semi-consistent algebraic chemistry, let S, T be sets,
subsets of M, with S ⊆ T . Then GSM(S) ⊆ GSM(T ).

Proof: The proof follows step by step the reasoning of the previous Lemma
2.16.q.e.d.

Lemma 2.18 Let 〈M,R〉 be a consistent algebraic chemistry, let T be a set, subset
of M. Then GCL(GSSM(T )) ⊆ GSSM(GCL(T )).

Proof: Since GSSM(T ) ⊆ T then, by applying Lemma 2.15 we have
GCL(GSSM(T )) ⊆ GCL(T ). But both GSSM(GCL(T )) and GCL(GSSM(T )) are
closed and semi-self-maintaining. And since GSSM(GCL(T )) is the biggest semi-
self-maintaining set in GCL(T ) then GCL(GSSM(T )) ⊆ GSSM(GCL(T )).q.e.d.

Lemma 2.19 Let 〈M,R〉 be a consistent algebraic chemistry, let T be a set, subset
of M. Then GCL(GSM(T )) ⊆ GSM(GCL(T )).

Proof: The proof follows step by step the reasoning of the previous Lemma
2.18.q.e.d.

Lemma 2.20 Let 〈M,R〉 be a consistent algebraic chemistry, let T be a set, subset
of M. Then GCL(GSM(T )) = GSM(GCL(GSSM(T ))).

Proof: From Lemma 2.18 we know that

GCL(GSSM(T )) ⊆ GSSM(GCL(T )) (2.24)

From Lemma 2.15, since

GSM(T ) ⊆ GSSM(T ) (2.25)

then

GCL(GSM(T )) ⊆ GCL(GSSM(T )) (2.26)

From the definition of self maintenance

GSM(GCL(T )) ⊆ GSSM(GCL(T )) (2.27)
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and from Lemma 2.19

GCL(GSM(T )) ⊆ GSM(GCL(T )) (2.28)

Thus
GCL(GSM(T )) ⊆ GSSM(GCL(T )) (2.29)

Since
GCL(GSSM(T )) ⊆ GSSM(GCL(T )) (2.30)

then

GSM(GCL(GSSM(T ))) ⊆ GSM(GSSM(GCL(T ))) = GSM(GCL(T )) (2.31)

But both GCL(GSM(T )) and GSM(GCL(GSSM(T ))) are closed and self-maintaining;
both are contained in GCL(GSSM(T )). And GSM(GCL(GSSM(T ))) is the biggest
self-maintaining set in GCL(GSSM(T )). So

GCL(GSSM(T )) ⊆ GSM(GCL(GSSM(T ))) (2.32)

Thus since
GCL(GSSM(T )) ⊆ GSM(GCL(GSSM(T ))) (2.33)

and
GSM(GCL(GSSM(T ))) ⊆ GSM(GCL(T )) (2.34)

then
GCL(GSSM(T )) = GSM(GCL(GSSM(T ))) (2.35)

q.e.d.

We shall now build the lattice of all the sets that we can produce using the three basic
generators GCL, GSSM , GSM . We shall apply, one by one, the lemmata explained
before to understand how the sets relate to each other. Most of the lemmata require
the set to be a semi-consistent system. But some (Lemmata 2.18, 2.19, and 2.20)
require it to be a consistent system. And since we will need them all to be valid to
build the final picture (Figure 2.6, Table 2.1), we shall assume that our system is a
consistent reaction system from the very beginning, although in the figures we will
clarify if necessary.

First of all we shall start with a basic set T , subset of M in a 〈M,R〉 consistent
algebraic chemistry.

Applying the generate semi-self-maintaining set and generate self-maintaining set
to the set T , generates (Lemma 2.14) a short, three nodes chain (Figure 2.3), with

T ⊇ GSSM(T ) ⊇ GSM(T ) = GSM(GSSM(T )). (2.36)

Given the previously generated chain we can apply the monotony of the closure
(Lemma 2.15) and obtain for each set its closure. The three closures are then
orderly contained in each other (Figure 2.4).
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set regenerating itself via self−maintainance

T

sSM(T)

SM(T)

closed set

organization

set

set regenerating itself via closure

semi−organization

semi−self−mamintaining set

self−maintaining set

set regenerating itself via semi−self−maintainance

Figure 2.3: Applying the generate semi-self-maintaining set and self-maintaining set
to the set T , generates a short chain in a semi-consistent algebraic chemistry.

Up to now we just needed the system to be semi-consistent. To proceed further
we require that the algebraic chemistry is not just semi-consistent, but a consistent
algebraic chemistry. Thus, in a consistent algebraic chemistry, by then applying
the generate semi-self-maintaining set to the closure of T (GCL(T )), we generate
GSSM(GCL(T )). This set is both closed and semi-self-maintaining, and is, in general,
the semi-organization generated by T . It also contains (Lemma 2.18) the other semi-
organization generated: GCL(GSSM(T )) (Figure 2.5).

And finally we generate the last set by applying the GSM generator to either (Lemma
2.14) the closed set GCL(T ) or to the semi-organization GSSM(GCL(T )). The re-
sulting organization GSM(GCL(T )) will contain (Lemma 2.19) the smaller organi-
zation GCL(GSM(T )). We also should notice (Lemma 2.20) that the organization
GCL(GSM(T )) is equal to the organization GSM(GCL(GSSM(T ))). (Figure 2.6).

In this way, from the original set T we have generated 7 distinct sets. Two are
organizations, 4 semi-organizations, 3 self-maintaining, 6 semi-self-maintaining, and
5 closed sets. By applying any of the generators to each set we always get another
of those 8 sets. The complete list being shown in Table 2.1.
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set regenerating itself via self−maintainance

T

sSM(T)

C(sSM(T))

SM(T)

closed set

organization

set

set regenerating itself via closure

C(T)

C(SM(T))
SM(C(SM(C(T))))

semi−organization

semi−self−mamintaining set

self−maintaining set

set regenerating itself via semi−self−maintainance

Figure 2.4: In a semi-consistent algebraic chemistry, given a set T , after generating
the semi-self-maintainance of it, and the self-maintainance of it, we can apply the
closure (through Lemma 2.15) and obtain six sets, in the relationship shown above.
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set regenerating itself via self−maintainance

T

sSM(T)

C(sSM(T))

SM(T)

closed set

organization

set

set regenerating itself via closure

C(T)

sSM(C(T))

C(SM(T))
SM(C(SM(C(T))))

semi−organization

semi−self−mamintaining set

self−maintaining set

set regenerating itself via semi−self−maintainance

Figure 2.5: In a consistent reaction system, by then applying the generate semi-self-
maintaining set to the closure of T (GCL(T )), we generate GSSM(GCL(T )). This set
is both closed and semi-self-maintaining, and is, in general, the semi-organization
generated by T . It also contains (Lemma 2.18) the other semi-organization gener-
ated: GCL(GSSM(T )).

2.6.2 Shadow of an Organization

In the previous section we have seen how in a consistent reaction system, given
a set T , it is always possible to generate two (not always different) organizations:
GSM(GCL(T )) and GCL(GSM(T )). Since GSM(GCL(T )) ⊇ GCL(GSM(T )) in the
Definition 2.13 we used

G(T ) ≡ GSM(GCL(T )) (2.37)

to make sure we always considered the biggest possible organization generated. Us-
ing this definition we can now define an equivalent relation ∼, and say that two sets,
T and R, are equivalent, if they generate the same organization: G(T)=G(R). And
we will write

T ∼ R (2.38)

This equivalence relation generates a partition on the set of all possible sets P(M).
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set regenerating itself via self−maintainance

T

sSM(T)

C(sSM(T))

SM(T)

closed set

organization

set

set regenerating itself via closure

C(T)

sSM(C(T))

C(SM(C(T)))

C(SM(T))
SM(C(SM(C(T))))

SM(C(T))

semi−organization

semi−self−mamintaining set

self−maintaining set

set regenerating itself via semi−self−maintainance

Figure 2.6: Example of all the generators in a consistent reaction system. Fi-
nally we generate the last set by applying the GSM generator to either (Lemma
2.14) the closed set GCL(T ) or to the semi-organization GSSM(GCL(T )). The re-
sulting organization GSM(GCL(T )) will contain (Lemma 2.19) the smaller organi-
zation GCL(GSM(T )). We also should notice (Lemma 2.20) that the organization
GCL(GSM(T )) is equal to the organization GSM(GCL(GSSM(T ))). Thus limiiting to
seven the maximum number of sets that can be generated by any set in a consistent
reaction system, applying the generators in any order.
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Set Type GCL GSSM GSSM

T set GCL(T ) GSSM (T ) GSM (T )
GCL(T ) closed set GCL(T ) GSSM (GCL(T )) GSM (GCL(T ))

GSSM (T ) semi-self-maintaining set GCL(GSSM (T )) GSSM (T ) GSM (T )
GSM (T ) self-maintaining set GCL(GSM (T )) GSM (T ) GSM (T )

GSSM (GCL(T ) semi-organization GSSM (GCL(T ) GSSM (GCL(T ) GSM (GCL(T )
GSM (GCL(T ) organization GSM (GCL(T ) GSM (GCL(T ) GSM (GCL(T )

GCL(GSSM (T )) semi-organization GCL(GSSM (T )) GCL(GSSM (T )) GCL(GSM (T ))
GCL(GSM (T )) organization GCL(GSM (T )) GCL(GSM (T )) GCL(GSM (T ))

Table 2.1: Sets generated by applying the 3 generators in a consistent reaction
system. Each row represents one of the sets, and each column represents one of the
operator. By applying the operator to the set we obtain the set indicated in the
cell. As it can be noted the 8 sets are closed with respect to the 3 operators.

And since the unary function G is idempotent2, then we can take the set of all
possible organizations (O) as a set of class representatives of ∼. In mathematical
terms we can write

P(M)/ ∼≡ O (2.39)

The equivalence relation also defines a set of class of equivalence which we shall call
shadow. So each organization has as a shadow a set of sets: the class of equivalence
of all the sets that generate that organization.

Definition 2.17 (Shadow of an Organization) Given a consistent alge-
braic chemistry 〈M,R〉 with m = |M| molecules, n = |R| reactions, and
P(M) the set of all possible sets of molecules, let O be an organization, let
SO ≡ {T ∈ P(M)|T ∼ O}, then SO will be defined as the shadow of the organiza-
tion O.

Now that we have defined the concept of shadow we go back to
our 8 sets generated in a consistent reaction system, and we inves-
tigate the shadow they belong to (Figure 2.7). The sets are T ,
GCL(T ), GSSM(T ), GSM(T ), GSSM(GCL(T ), GSM(GCL(T ), GCL(GSSM(T )), and
GCL(GSM(T )). It is trivial to show that they split into two different groups:

T ∼ GCL(T ) ∼ GSSM(GCL(T ) ∼ GSM(GCL(T )) (2.40)

and

GSSM(T ) ∼ GSM(T ) ∼ GCL(GSSM(T )) ∼ GCL(GSM(T )) (2.41)

So depending if the first generator that we apply is the closure or not, we fall into
the first shadow, or into the second one.

Since from every set we can generate an organization, we can now follow the dynamic
of the system by mapping each state of the system in its equivalent organization.
This topic will be at the center of most of the next chapters.

2An unary function is said to be idempotent if when applied twice to any element it gives the
same result as if it had been applied only once
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Figure 2.7: Given a set, the seven sets that can be generated using the three gen-
erators operators fall into two different shadows. Depending if the first operator
applied is the closure or not. See Section 2.6.2
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2.6.3 Shadow of a Closed Set

Not only can we define a class of equivalence of states of the system depending on
which organization they generate. We can also do this depending on which closed
set do they generate through the generate closed set operator. 3 Those classes of
equivalence will then be called shadow of a closed set, and partition the state space.
Each set in the same shadow of a closed set share with the others an interesting
property: the number of necessary equations in an ordinary differential equation
system that describes the reaction network is a constant through out each shadow
of a closed set. And is exactly the number of molecules in the generated closed set.

Formally we define another equivalent relation ∼C , and say that two sets, T and R,
are equivalent, if they generate the same closed set: GCL(T ) = GCL(R). And we
will write

T ∼C R (2.42)

Definition 2.18 (Shadow of a Closed Set) Given a consistent algebraic chem-
istry 〈M,R〉 with m = |M| molecules, n = |R| reactions, and P(M) the set of all
possible sets of molecules, let C be a closed set, let SC ≡ {T ∈ P(M)|T ∼C C},
then SC will be defined as the shadow of the closed set C.

Given a closed set C, with cardinality m (m = |C|), for every set T in SC , T can
be represented by an ODE system composed of m differential equations (always the
same for every T ). And T cannot be represented by less equations, since for each
molecule in C we need to include one differential equation, while no molecule outside
of C can be generated.

It is trivial to notice that each set in the shadow a closed set falls into the same
shadow of an organization. So, not only we can partition the state space into shadow
of organizations, but each shadow is itself partitioned inside into shadow of closed
set. And each of those sets is represented by the same ODE system.

2.7 Random Artificial Chemistries

An interesting investigation is the study of what would be the average lattice for
a random artificial chemistry. Of course the resulting lattice will depend upon the
way in which the random artificial chemistry has been constructed.

To start this investigation let us start with an example. Let us suppose we build a
random catalytic flow system (Section 2.4.1) made of n molecules. Each molecule a
will have a first order outflow: a→ ∅ and each reaction will be purely second order
catalytic reactions (i.e. the reacting molecules will not be used up by the reaction,

3Obviously we can also do the same with the other operators: generate self maintaining set,
generate semi-self-maintaining set
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Figure 2.8: Random Reaction Network Lattice. Most of the random reaction net-
work will generate extremely simple lattices, like the three in this figure. The Empty
Organization, the Complete Organization and none, one or two 1-Molecule Organi-
zation.

and every reaction will be generated by the collision of exactly two molecules). Defin-
ing the reaction will be now equivalent to filling up the reaction table. The reaction
table is a table that has the first reacting molecule in the first column, the second
reacting molecule in the first row, and in the cells inside the result of the reaction.
For en example of such table you can refer to Table 5.1, in Chapter 5. Let us suppose
that we randomly build the table of reactions by placing in each cell of the table a
random molecule. Then the resulting lattice will most often contain two or three
organizations: the empty organization, the complete organization and sometimes a
small, auto-catalytic 1 molecule, organization. A second one molecule organization
might appear sometimes, but more complex organizations have a probability too
low to be observed.

Why? In a system with no inflow the empty organization is always there. Like-
wise the complete organization is nearly always there. If every single molecule is
generated at least one time in the table (that is, the molecule appears anywhere as
a result of a reaction at least one time) then the set of all molecules is semi-self-
maintaining. But since this is a catalythic flow system semi-self-maintaining sets
are also self-maintaining. On the other hand the set of all molecules is closed by
definition. Thus it is an organization. In fact each molecule will be generated by
some reaction with a probability p equal to:

p = 1− (
n− 1

n
)n2

(2.43)

Which approximates 1 very rapidly as n grows.

But what about the other organizations? The probability that 1 molecule is itself
an organization is equal to 1

n
. The probability that among n molecules none is an

organization is

pn
0 = (1− 1

n
)n (2.44)
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Less than 0.37 for n < 100.000.000. Thus with a probability which is about 0.37
there are no organizations of size 1. Generally given a reaction network with n
molecules the probability pn

1 of it containing 1 organization of size 1 is

pn
1 = n ∗ (

1

n
∗ (1− 1

n
)n−1) (2.45)

And more generally the probability that given n molecules, there are exactly m one
molecule organizations is

pn
m =

(
n

m

)
∗ ((

1

n
)m ∗ (1− 1

n
)n−m) (2.46)

This seems to indicate that of the random reaction network, about one third has no 1-
molecule organization, one third has one 1-molecule organization, and the remaining
third has more organizations.

But as soon as we move toward bigger sets the probability of them being closed
drops rapidly. If we take a set of m molecules, for it to be an organization it
must be closed. As such none of the m2 reactions create a molecule outside the
set. And the probability of this is (1 − n−m

n
)m2

. This probability is very low, so
each set of m molecule will generally generate among its m2 reactions one of the
remaining n − m molecules. Thus the random catalytic flow system almost never
contains organizations bigger than a single molecule. One third of the time there
will be no 1-molecule organization, one third of the time there will be one 1-molecule
organization, and one third two or more 1-molecule organization.

How does this example generalize to reaction network that are not catalytic flow
systems? Although the type of network might be different, the problem we face,
with the difficulty of a set of molecules to be closed, and thus permit the existence
of an organization, is not limited to catalytic flow systems. Generally with every
type of random reaction network we tried the results were always similar: few, if
any, tiny organizations, one huge organization, and nothing in between. Of course
an exhaustive search among different type of network might be an interesting future
expansion to this work. Yet the results seemed to be general enough to draw some
conclusions.

2.7.1 Consequences

The difficulty of creating a reaction network with an interesting lattice of organi-
zation, mirrors an actual limit in our understanding about complexity. The topic
of what is complexity, is a difficult one, and it is beyond the scope of this work.
Yet we cannot abstain from noting how it is easy to construct a rule that creates
many organizations4, but it is hard to find a random rule that creates an interesting

4For example the n molecules reaction rule, where each molecule only reacts with itself recreating
itself, generates the n dimensional hypercube as a lattice, with 2n organizations
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Figure 2.9: The Lattice of the Toy Model, 705 molecules, 1163 reversible reactions,
generate 78 organizations. The system is not random yet it is based on an artificial
chemistry embedded with the conservation laws on the number of atoms involved in
a reaction. Could the high number of organizations be caused by the conservation
laws?

irregular lattice, with organizations of different sizes. Adding some parameters in
the creation of the table does not seem to help very much. For example, we tried to
increase the probability that a molecule would recreate itself in a reaction, but the
result was just to increase the number of 1-molecules organizations.

A different possibility might involve adding some general rules on which reactions
are possible and which are not. For example if all the molecules are made up of a
basic set of atoms, and the atoms need to be conserved through each reaction, then
the possible results of a reaction are strongly limited, and the probability of a set
being closed is much higher. For example, an artificial chemistry that follows those
rules is the Toy Chemistry by Benko, Flamm, and Stadler (2003)). In Figure 2.9
we can observe how rich the lattice of organizations is of this artificial chemistry.
But the Toy Model is not a random reaction network, thus we are not sure if the
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abundance of organizations is purely due to the conservation laws, or from other,
still undiscovered reasons.5.

2.8 Conclusions

Given a reaction network it is possible to identify special subsets, that we call
organizations. If the reaction network follows some basic properties 2.4, the set
of organizations forms a lattice, and each set of molecules generates one and only
one organization. Thus creating a partition on the set of all the possible sets of
molecules. We call each of those partitions the shadow of an organization. Shadow
of organizations can be further divided into shadow of closed set, and each shadow
of a closed set share the same minimum ODE system. Organizations are quite
rare in a fully random reaction network, but if the reaction network follows some
basic guidelines, if for example it follows the conservation of mass, the number of
organization rises. In the next chapters we will see how to follow the dynamic of a
system through the lattice of organizations (Chapter 3), and visualize the evolution
of a system as a movement in the space of organizations (Chapter 4).

5In passing we note that the combinators chemistry presented in Chapter 6 uses atoms, but the
atoms are not conserved in each singular reaction. Thus we cannot claim the conservation laws as
an explicative principle behind the rich lattice of organizations we observe there.



Chapter 3

Organization Theory: Dynamic
Part

Once the framework of organizations has been laid, the dynamics of a reaction
system can be followed through a down-movement (from an organization to a sub-
organization), an up-movement (from an organization to a wider one) and side-
movement (from one organization to another, neither of which contains the other).
A theorem that proves how fixed points exist as instances of organizations is also
presented, showing the relevance of organization theory.

3.1 Dynamic Analysis

The static theory deals with moleculesM and their reaction rules R, but not with
the evolution of the system in time. To add the dynamics to the theory, we have
to formalize the dynamics of the system. In a very general approach, the dynamics
is given by: a state space X and a formal definition (mathematical or algorithmic)
that describes all possible movements inside X. Given an initial state x0 ∈ X,
the formal definition describes how the state changes over time. For simplicity, we
assume a deterministic dynamical process, which can be formalised by a phase flow
(X, (Tt)t∈R) where (Tt)t∈R is a one-parametric group of transformations from X to
X. Tt(x0) denotes the state at time t of a system that has been in state x0 at t = 0.

3.2 Connecting to the Static Theory

A state x ∈ X represents the state of a reaction vessel, which contains molecules from
M. In the static part of the theory we consider just the set of molecular species
present in the reaction vessel, but not their concentrations, spatial distributions,
velocities, and so on.

53
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Now, given the state x of the reaction vessel, we need a function that maps this state
uniquely to the set of molecules present. Vice versa, given a set of molecules A ⊆M,
we need to know, which states from X correspond to this set of molecules. For this
reason we introduce a mapping φ called abstraction, from X to P(M), which maps
a state of the system to the set of molecules that are present in the system, when
the system is in that state. The exact mapping can be defined precisely at a later
stage, depending on the state space, on the dynamics, and on the actual application.

The concept of instance is the opposite of the concept of abstraction. While φ(x)
denotes the molecules represented by the state x, an instance x of a set A is a state
where exactly the molecules from A are present according to the function φ.

Definition 3.1 (instance of A) We say that a state x ∈ X is an instance of
A ⊆M, iff φ(x) = A

In particular, we can define an instance of an organization O (if φ(x) = O) and
an instance of a generator of O (if G(φ(x)) = O). Loosely speaking we can say
that x generates the organization O. Note that a state x of a reactive flow system
with persistent molecules, reactive flow system, and catalytic flow system is always
an instance of a generator of one and only one organization O, as explained in
section 2.6.2. This leads to the important observation that a lattice of organizations
partitions the state space X, where a partition XO implied by organization O (its
shadow) is defined as the set of all instance of all generators of O: XO = {x ∈
X|G(φ(x)) = O}. Note that as the system state evolves over time, the organization
G(φ(x(t))) generated by x(t) might change (see below, Figs. 3.1 and 3.2).

3.3 Fixed Points are Instances of Organizations

Now we will describe a theorem that relates fixed points to organizations, and by
doing so, underlines the relevancy of organizations. We will show that, given an
ordinary differential equation (ODE) of a form that is commonly used to describe
the dynamics of reaction systems, every fixed point of this ODE is an instance of an
organization. We therefore assume in this section that x is a concentration vector
x = (x1, x2, . . . , x|M|), X = R|M|, xi ≥ 0 where xi denotes the concentration of
molecular species i in the reaction vessel, and M is finite. The dynamics are given
by an ODE of the form ẋ = Mv(x) where M is the stoichiometric matrix implied by
the algebraic chemistry 〈M,R〉 (reaction rules). v(x) = (v1(x), . . . , vn(x)) ∈ R|R|

is a flux vector depending on the current concentration x, where |R| denotes the
number of reaction rules. A flux vj(x) describes the rate of a particular reaction j.
For the function vj we require only that vj(x) is positive, if and only if the molecules
on the left hand side of the reaction j are present in the state x, and otherwise it
must be zero. Often it is also assumed that vj(x) increases monotonously, but this
is not required here. Given the dynamical system as ẋ = Mv(x), we can define the
abstraction of a state x formally by using a (small) threshold Θ ≥ 0 such that all
fixed points have positive coordinates greater than Θ.
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Definition 3.2 (abstraction) Given a dynamical system ẋ = f(x) and let x be a
state in X, then the abstraction φ(x) is defined by

φ(x) = {i|xi > Θ, i ∈M}, φ : X → P(M), Θ ≥ 0 (3.1)

where xi is the concentration of molecular species i in state x, and Θ is a threshold
chosen such that it is smaller than any positive coordinate of any fixed point of
ẋ = f(x), xi ≥ 0.

Setting Θ = 0 is a safe choice, because in this case φ always meets the definition
above. But for practical reasons, it makes often sense to apply a positive threshold
greater zero, e.g., when we take into consideration that the number of molecules in
a reaction vessel is finite.

Theorem 3.1 Hypothesis: Let us consider a general reaction system whose re-
action network is given by the algebraic chemistry 〈M,R〉 and whose dynamics are
given by ẋ = Mv(x) = f(x) as defined before. Let x′ ∈ X be a fixed point, that is,
f(x′) = 0, and let us consider a mapping φ as given by Def. 3.2, which assigns a
set of molecules to each state x. Thesis: φ(x′) is an organization.

Proof: We need to prove that φ(x′) is closed and self-maintaining:
(a) Closure: Let us assume that φ(x′) is not closed, then there exist a molecule k,
k /∈ φ(x′), generated by the molecules in φ(x′). Since, x′ is a fixed point, f(x′) =
Mv(x′) = 0. First we decompose the stoichiometric matrix M into two matrices
of the same size of M, M+ and M−, separating all positive from the negative
coefficients, respectively, such that M = M+ + M−. Since, by definition, v(x′) is
always non-negative, then M+v(x′) ≥ 0, and M−v(x′) ≤ 0. Let ẋ+

k and ẋ−k be
the k-th row of M+v′(x) and M−v′(x), respectively, which represent the inflow
(production) and outflow (destruction) of molecules of type k. The fixed point
condition implies that ẋ+

k + ẋ−k = ẋ′k = 0. Since we assumed that k is produced by
molecules from φ(x′), ẋ+

k must be positive, ẋ+
k > 0 and thus ẋ−k must be negative,

ẋ−k < 0. But this leads to a contradiction, in fact: there are two possible cases:
either x′k is equal to zero or x′k is higher than zero. If x′k = 0, then ẋ−k must be
zero, too, by definition of flux (intuitively because a molecule not present cannot
vanish). If, instead, x′k is bigger than zero, still x′k must be smaller or equal to our
chosen threshold. Or x′k would be part of φ(x), against the hypothesis. But we have
explicitly chosen Θ to be smaller than every positive coordinate of any fixed point.
Thus this is also not possible.

(b) Self-Maintenance: We have to show that φ(x′) is self-maintaining. Since x′

is a fixed point Mv(x′) = 0, which fulfils condition (3) of the definition of self-
maintenance (Def. 6). From the requirements for the flux vector v, it follows directly
that v(A→B)(x

′) > 0 for all A ∈ PM(φ(x′)), which fulfils condition (1) of Def. 6.
Following the same contradictory argument as before in (ii), x′k must be zero for k /∈
φ(x), and therefore v(A→B)(x

′) = 0 for A /∈ PM(φ(x)), which fulfils the remaining
condition (2) of self-maintenance. q.e.d.
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From this theorem it follows immediately that a fixed point is an instance of a closed
set, a semi-self-maintaining set, and of a semi-organization. Let us finally mention
that even if each fixed point is an instance of an organization, an organization does
not necessarily possess a fixed point. A well known example is exponential growth:
M = {a}, R = {a → 2a}, ẋ = Mv(x) with M = 1 and v(x) = x. There are two
organizations, the empty organization {} and the organization {a}, which represent
an exponentially growing population. Obviously there is no fixed point with x > 0.

Further note that given an attractor A ⊆ X, there exists an organization O such
that all points of A are instances of a generator of O. In fact, it might be natural to
suppose that all points of an attractor are actually instances of O, yet it is not clear
if this is true for all systems or just for some. In other words, given an attractor, all
points of it are contained in the shadow of an organization. But it is not sure if the
attractor is contained in the organization itself, or only in its shadow.

3.4 Movement from Organization to Organization

Not all systems can be studied using ODEs. In particular a discrete system is usually
only approximated by an ODE. In a discrete dynamical system, the molecular species
that are present in the reaction vessel can change in time, e.g, as the last molecule
of a certain type vanishes. In an ODE, instead, this does not generally happen,
where molecules can tend to zero as time tends to infinity. So, even if in reality a
molecule disappears, in an ODE model it might still be present in a tiny quantity.
The fact that every molecule ends up being present in (at least) a tiny quantity,
generally precludes us noticing that the system is actually moving from a state where
some molecules are present, to another state where a different set of molecules is
present. Yet this is what happens in reality, and in this respect, an ODE is a
poor approximation of reality. A common approach to overcome this problem is to
introduce a concentration threshold Θ, below which a molecular species is considered
not to be present. We use this threshold in order to define the abstraction φ, which
just returns the set of molecules present in a certain state. Additionally, we might
use the threshold to manipulate the numerical integration of an ODE by setting a
concentration to zero, when it falls below the threshold. In this case, a constructive
perturbation (ie. a perturbation that causes a new molecular species to appear) has
to be greater than this threshold.

3.4.1 Downward Movement

Not all organizations are stable. The fact that a flux vector exits, such that no
molecule of that organization vanishes, does not imply that this flux vector can
be realized when taking dynamics into account. As a result a molecular species
can disappear. Each molecular species that disappears simplifies the system. Some
molecules can be generated back. But eventually the system can move from a state
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Figure 3.1: Example of an up-movement caused by a constructive perturbation,
followed by a downward movement. (a) reaction network, (b) concentration vs.
time plot of a trajectory, (c) lattice of organizations including trajectory.

that generates organization O1 into a state that generates organization O2, with O2

always below O1 (O2 ⊂ O1). We call this spontaneous movement a downward move-
ment. Figure 3.2 illustrates this downward movement using the four-species example
(Example 2.1 and Fig. 2.1). The simulation is performed by numerical integration
of an ODE assuming mass-action kinetics. Starting with high concentration of all
four molecular species (ie. starting in organization {a, b, c, d}) the system moves
spontaneously down to organization {a, b, c} and finally to organization {a, b}.

3.4.2 Upward Movement

Moving up to an organization above requires that a new molecular species appears
in the system. This new molecular species cannot be produced by a reaction among
present molecules (condition of closure). Thus moving to an organization above is
more complicated then the movement down and requires a couple of specifications
that describe how new molecular species enter the system. Here we assume that
new molecular species appear by some sort of random perturbations or purposeful
interference. We assume that a small quantity of molecules of that new molecular
species (or a set of molecular species) suddenly appears. Often, in practice, the
perturbation (appearance of new molecular species) has a much slower time scale
than the internal dynamics (e.g., chemical reaction kinetics) of the system.

Example 3.1 (Upward and downward Movement) Assume a system with
two molecular species M = {a, b} and the reactions R = {a→ 2a, b→ 2b, a + b→
a, a →, b →}. All combinations of molecules are organizations, thus there are four
organizations (Fig. 3.1). Assume further that the dynamics is governed by the ODE
ẋ1 = x1 − x2

1, ẋ2 = x2 − x2
2 − x1x2 where x1 and x2 denote the concentration of

species a and b, respectively. We map a state to a set of molecules by using a small,
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positive threshold Θ = 0.1 > 0 (Def. 3.2). Now, assume that the system is in state
x0 = (0, 1) thus in organization {b}. If a small quantity of a appears (constructive
perturbation), the amount of a will grow and b will tend to zero. The system will
move upward to organization {a, b} in a transient phase, while finally moving down
and converging to a fixed point in organization {a}. This movement can now be
visualised in the lattice of organizations as shown in Fig. 3.1.

Figure 3.2: Lattice of organizations of Example 1, including up-links and down-links.
Furthermore a trajectory is shown starting in organization {a, b, c, d} moving down
to organization {a, b}.

3.4.3 Visualising Possible Movements in the Set of Organi-
zations

In order to display potential movements in the lattice or set of organizations, we can
draw links between organizations. As exemplified in Figs. 3.1 and 3.2, these links
can indicate possible downward movements (down-link, blue) or upward movements
(up-link, red). A neutral link (black line) denotes that neither the system can
move spontaneously down, nor can a constructive perturbation move the system up.
Whether the latter is true depends on the definition of “constructive perturbation”
applied. For the example of Fig. 3.2 we defined a constructive perturbation as
inserting a small quantity of one new molecular species.

The dynamics in-between organizations is more complex than this intuitive presen-
tation might suggest, for example in some cases it is possible to move from one
organization O1 to an organization O2, with O2 above (or below) O1 without pass-
ing through the organizations in-between O1 and O2. In Fig. 3.2 this is the case for
an upward movement from organization {a} to organization {a, b, c} caused by a
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constructive perturbation where a small quantity of c has been inserted (simulation
and trajectory not shown).

3.5 Conclusion

Being able to partition the state space of the system into a set of shadows, home-
omorphic to the set of organizations means that we can now follow the dynamic
of the system through the shadows (or the organizations as their representatives).
Each shadow becomes a qualitatively different system, and although the system can
cross the threshold between shadow and shadow, still, in absence of external noise,
this movement can only happen downward. Simplifying the work of an external
observer. A very complex system with hundreds of moleculesM, and 2|M| possible
sets, can be split into a lattice of few organizations. Thus into a set of few, quali-
tatively different, systems (e.g. Refs. (Centler, Speroni di Fenizio, Matsumaru, and
Dittrich 2007)).

And although fixed points are instances of organizations, still no satisfactory def-
inition has been given for stable organizations, nor were we able to assure that
attractors were instances of organizations. We know that each attractor is fully con-
tained into the shadow of a single organization. But by no means does this imply
that its basin of attraction is so. And maybe in the interplay between the basin of
attraction of an attractor, and the shadow of the organizations that contains it, a
formal satisfactory definition of stable organizations might, in future, be found.

Also there is no definition for the basin of attraction of an organization, yet. The lack
of those definitions, while leaving the door open for future, exciting research, forces
us to use organization theory mainly as a descriptive tool, more than a predictive
one.

In the next chapters we shall investigate how the movement from organization to
organization can be used to describe the evolution of a system. We shall apply our
theory first to a simple binary string reaction network (chapter 4). Then to a more
complex reaction network made up of combinators (chapter 6).
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Chapter 4

Organization Theory and
Evolution

With Naoki Matsumaru

This chapter investigates how chemical evolution appears in the light of chemical
organization theory. We identify two main dimensions of chemical evolution: the
“actual evolution” of the reaction vessel and the “organizational evolution” of the
set of molecular species reachable from the actual set of chemical species present in
the vessel. The organizational evolution can be described precisely as a movement
through the set of chemical organizations. We further investigate the three types
of movements: upwards, downwards, and sidewards by observing them through
simulation studies on a constructive artificial chemistry.

4.1 Introduction

Chemical evolution (i.e., prebiotic evolution) is concerned with the period of life’s
history that precedes the arrival of the first living organism (Maynard Smith and Sza-
thmáry 1995). Since Miller’s pioneering work (Miller 1953; Miller and Urey 1959),
prebiotic chemistry has been studied in various laboratory experiments (Lazcano
and Bada 2003). On the other hand, there are theoretical attempts to study chemi-
cal evolution. These theoretical approaches can be classified roughly into replicator
centered and network centered approaches. The first approach assumes replicating
molecules as the central unit of chemical evolution (Figure 4.1 b). Models like the
quasispecies (Eigen 1971) or in-silico RNA evolution (Fontana and Schuster 1998)
have characterized the capacity of chemical systems to store, transmit, and gain
information.

The other line of research investigates how auto-catalytic networks (Eigen 1971;
Kauffman 1971; Rossler 1971) emerge and evolve (Figure 4.1 a). An auto-catalytic

61
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Figure 4.1: Two common pictures (for example (Hofbauer and Sigmund 1984)): a
prebiotic chemical evolution (a), a Darwinian evolution (b). In the Darwinian evo-
lution model the same self replicating entity makes copies of itself. Some of those
copies are produced with some errors, and this brings mutation, variability and
speciation. When a different species is generated a new branch is born. So the Dar-
winian evolution model is that of a branching tree, coming from a common ancestor.
Instead the prebiotic chemical evolution is generally seen as a single branch evolu-
tion. Lacking boundaries between the different parts of the reaction system, and
since each molecule can potentially interact with every other there is no speciation
in this model: the system evolves as a whole. In passing we note that there is also
a general unspoken assumption that as time progress both systems increase in com-
plexity. Also this assumption will be partially challenged by our work. If we accept
that given two organizations, O and P such that if O < P the O is less complex
than P then the system will be seen as at times increasing and times decreasing in
complexity. The dots in this system represent the states of the system between one
phenomena of increase in complexity and another. We will argue (Figure 4.7) that
those dots can be identified as organizations but the path followed by the system is
generally more complex and less straightforward.

set can be defined as a set of molecules where each molecule is catalytically produced
by at least one molecule from that set (Jain and Krishna 1998).

Such definition is strongly related to our definition of organization, as an auto-
catalytic network is a particular semi-self-maintaining set. An example of an auto-
catalytic network is the hypercycle model (Eigen and Schuster 1977), where no
molecule reproduces itself alone, but the whole set is involved in the reproduction
process. It has been shown in silico that auto-catalytic networks emerge under
various conditions (Farmer, Kauffman, and Packard 1986) and can possess complex
dynamical properties (Jain and Krishna 2001). We want in this chapter to study
how such a network could evolve into more complex structures. And how chemical
organization theory can be used to track this evolution through different levels of
complexity.
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Figure 4.2: Schematic description of the difference between the actual evolution of
a system, and the organization evolution. A movement from state xg to a state
xg+1 in state space is mapped to a movement from organization Og to organization
Og+1. The actual evolution of the state (below in the figure) x from g to g + 1 does
not necessarily lead to a change of the organizations (above in the figure), which
explains the difference between actual evolution and organizational evolution. See
Chapter 3 and below for details.

4.2 Chemical Organization Theory

We are reminded (Chapter 2) that chemical organization theory, by analyzing the
reaction network in a system extracts a set of organizations (closed, and self-
maintaining sets), and uses them to make inferences about the system. As shown
in Chapter 2, for consistent reaction systems the set of organizations form a lattice.
Which can be visualized with a Hasse diagram. Two organizations are connected
by a line if the upper organization strictly contains the lower one and there is no
other organization in-between them. An upward movement will be seen in the Hasse
diagram as a movement from an organization below to an organization above. A
downward movement will be seen as a movement to an organization below, and a
sideward movement will be seen as a movement to an organization which is neither
above nor below, but on the side.

Given an algebraic chemistry 〈M,R〉 with X the state space, then the dynamical
movement can be followed in the set of organizations L as described in Chapter 3.
We call this movement organizational evolution in order to distinguish from the
actual evolution, the movement in the set space of the state x of the reaction vessel
(Figure 4.2).

As described above, the dynamical movement on the organizational level can be
categorized into three directions: upwards, downwards, and sidewards. Downward
movement is ascribed mostly by the disappearance of a molecular species from the
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reaction vessel, consumed by internal reactions or decay. Upward movement, on the
other hand, is brought by external perturbation such as mutation or insertion of
new molecules. Furthermore, the new species must be truly novel, in the sense that
it could not be produced by any sequence of chemical reactions among the species
present in the reaction vessel.

Upward and downward movements are generally sufficient to describe the dynamical
behavior. Sideward movement, instead, occurs usually as a combination of the two
movements above: the system is excited by some external perturbation and triggers
an upward movement; then some species would disappear and cause a downward
movement. If the series of movements results in an organization in which some of
the original species are missing and some of the members are new, the movement is
categorized as sidewards.

The upward and sideward movements are particularly significant in the field of
evolution. When considering all sub-organizations in the reaction network, upward
movement and sideward movement represents an actual evolution of the system from
a state to a different and potentially more complex state. An upward movement in
fact will lead to a new state that includes the previous one, containing all the
previous molecules, and new ones. So the new organization would represent a new
state of the system. A new species (if we are representing biological evolution),
a new ecology (if we are modeling evolutionary ecology), a new language (in the
linguistic field), and so on.

In all cases while a single molecule would represent one of the objects of the system
(a molecule, a species, a word, . . . ). A new organization would represent a new state
of the system, a new set of objects (molecules, species, words), that would sustain
itself, creating a higher order structure. The organization theory would thus permit
us to see the evolution of the system from one of state to the other as the movement
from one of those sets to another.

To represent those passages we investigated two different examples. One follows
below in this chapter, and uses a binary string artificial chemistry, and another
in Chapter 6, uses a reaction network made with combinators. In both cases the
system is a consistent reaction system, and in both cases under the joint constraint
of having to recreate its molecules and being subjected to a random noise explores
the space of possible organizations, moving upward, downwards and sidewards as
predicted. It should be noted that if the random noise is eliminated the system only
moves downward, again as predicted.

4.3 Experimental Setup

An artificial chemistry system called automata chemistry (Dittrich and Banzhaf
1998) is used to generate chemical evolution. Molecular species are binary strings
s ∈ {0, 1}32 with a constant length of 32 bit. Two strings can catalyze the production
of a third string: s1 + s2 ⇒ s3. One of the strings s1 is mapped to an automaton
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As1 according to a well defined instruction table (we used code table II in (Dittrich
and Banzhaf 1998) allowing self-replication).

The other, s2, serves as input to As1 , and the result of the reaction is the product
s3 = As1(s2). In each time step, two string are randomly chosen to catalytically
react. After the reaction the reactants are inserted back into the reactor while one
randomly chosen molecule in the reactor is replaced by the product in order to keep
the total number of the objects in the reactor constant at value N . In short, the
system is a catalytic flow system in a well stirred reactor (Chapter 2). In one
generation, N steps are executed.

Theoretically speaking the automata chemistry consists of 232 = |M| binary strings
as molecular species and reactions among them, forming the algebraic chemistry
〈M,R〉. Since it is impractical to consider the entire network, however, only the
small part related to the reactor state xg ∈ X at generation time g is considered
as 〈Mg,Rg〉 whereMg = GCL(φ(xg)) is the set of molecules that can be generated
from xg.

Given the algebraic chemistry 〈Mg,Rg〉, we compute all organizations to extract
the lattice of the organizations of the reaction network. Since the whole lattice of
the reaction network is very wide, we shall just study the sub-organizations in the
organization present in the reactor, and use them to infer about the general lattice.

4.4 Results

In order to study downward movements, we simulate our artificial chemistry without
any external perturbations like mutation (Sec. 4.4.1). Then, in Section 4.4.2, we
will demonstrate upward and side movements by introducing moderate mutations,
which at times would cause constructive perturbations. Finally, in Section 4.4.3 we
present a third experiment, again with no external mutation, to describe the relation
between diversity of the system and organizational evolution. A short discussion on
how qualitative change is related to a movement in the shadow of an organization
is presented, and how those changes are sudden and discrete.

4.4.1 Dynamical Behavior as Downward Movement

The reactor of size N = 1000 is heterogeneously initialized with N random objects.
Figure 4.3 shows the typical dynamical behavior of the simulated chemical evolution
when no external mutations are introduced. The dynamic is shown in three forms:
the concentration change of the major species is plotted to view the dynamical
change in the reactor, the diversity (number of different molecular species) in the
reactor is plotted, the lattice of organizations.

The last is done by plotting a series of Hasse diagrams, visualizing the situation at
generations L200, L400, L500, and L700 (Figure 4.3, bottom). In the lattice plot some
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Figure 4.3: Dynamical behavior of automata chemistry showing several downward
movements. The reactor of size N = 1000 is filled initially with one copy each of N
species of random binary string with fixed length 32 bits. Top: concentration profile
of the reactor with respect to some prominent species. Middle: diversity as the
number of different species present in the reactor. Bottom: lattice of organizations
at generation 200, 400, 500, and 700. Dotted boxes and lines are the organizations
and links missing compared with the previous lattice structure.



4.4. RESULTS 67

organizations have a letter in it. This letter, this label, indicates the species that are
new for that organization and are not contained in any of the organizations below
it. When no letter is found in an organization box, then the set of the molecules
in the organization is simply the set union of all the contained sub-organizations.
Notice that since the organizational structure depends on the qualitative state of
the reaction vessel (which molecules are present) the result is not affected while the
diversity does not change, thus only four lattices are presented.

At g = 200, there are eight species in the reactor, and those species form the biggest
organizations: O200 = G(S200) = S200. By their interaction those eight species form
forty-six organizations as shown in the leftmost Hasse diagram Figure4.3. In the
next 200 generations, four species are drained so that the diversity value of the
reactor becomes four. As the new organization is contained in the previous one,
what we are observing is a downward movement. The second lattice in Figure 4.3 is
obtained by imposing the lattice L400 on L200. The solid lines represent the lattice
at g = 400, and the dotted lines the organizations from L200 vanished during the
200 generations.

The sets of species present in the reactor at generation g = 200 and 400 are the
organizations: O200 = G(S200) = S200 and O400 = G(S400) = S400. We know (and
can easily verify) that O400 ⊂ O200 since species present in the reactor only disappear
and no new species appears in those 200 generations. Similarly, this argument is
applicable between S400 and S500 and between S500 and S700. Under these simulation
settings the only species that can possibly be produced come from the reactions
among the molecules in the reaction vessel, but this can never bring a system to an
organization above, as this would breach the closure property. Thus only downward
movements are possible.

4.4.2 Observing Upward and Sideward Movement

To demonstrate upward and sideward movement, a mutation process is introduced.
Every 100 generation, ten molecules are randomly chosen and mutated by inverting
a random bit. The reactor is initialized homogeneously with N = 1000 copies of a
certain species, so the diversity value is 1 in the beginning. Figure 4.4 (top) shows
the dynamical behavior of the concentration profile with respect to the prominent
species, and the number of the species existing in the reactor is plotted as diversity.
The rapid increase of the diversity every 100 generation is caused by the ten new
mutants. The organizational structure in the reaction network is computed every
10 generation. At the moment of the mutation event, the network is analyzed
just before the mutation, and the effect of the mutation is observed only after ten
generations. At the bottom, the dynamical change of the lattice structure from
g = 360 is depicted. The organizations and links are drawn in bold lines if inherited
from the previous structure, while those of the old structure not inherited in the
new one are plotted in dotted lines.

Starting with two organizations (empty set and a two species set) at g = 360, the
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Figure 4.4: Dynamical behavior of automata chemistry exhibiting upward and side-
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diagrams depicting organizational structure in the reaction network. Starting from
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mutation at g = 400 introduces ten new species to the reaction system and the
reaction network is expanded. After ten generations, the reaction system settles
to a four species organization, with 5 sub-organizations. This lattice structure is
sustained in the next 200 generations including one, potentially disruptive mutation-
event at g = 500. Temporarily, the next mutation-event at g = 600 bring the system
up to a ten species organization, with thirty-three sub-organizations in the reaction
network as observed at g = 610. After 20 generations, all of the new organizations
have vanished, and the lattice structure comes back to that prior to the mutation
at g = 600.

These are typical upward and downward movements. The mutation process pro-
duces new species outside of the closure and causes upward movement. The dilution
flow removes species from the reaction vessel randomly, and the system goes to the
organization below. Since the concentration of the new species is very low, the new
organizations brought about by the upward movement have a statistical disadvan-
tage. Thus, the upward movement is mostly canceled.

A sideward movement is observed between O800 and O900. The mutation process at
g = 800 introduces new species to the reactor system and pushes the system into
the bigger organization consisting of sixteen species. Ninety-eight organizations are
found in the reaction network. Each of the sixteen species is maintained for a rela-
tively long period (90 generations), but four of the species are eventually depleted.
In consequence the lattice structure L900 has 32 organizations. As illustrated in
Figure 4.4 bottom, four organizations associated with species e and f are missing in
L900 in comparison with L800.

4.4.3 Diversity and Organization

In the previous examples, the generated organization from the reactor state is mostly
the same as the abstraction (i.e., G(φ(x)) = φ(x)). In other words, the set of
species present in the reactor is an organization. In that case the diversity (number
of different species present) seems an adequate representation of the evolutionary
behavior. However, the benefit of applying the generate function becomes evident in
Figure 4.5, where we can see that a decrease in diversity does not necessarily imply
a decrease of the generated organization (downward movement).

For this simulation the reactor of size N = 1000 is initialized with sixteen species,
which form a reaction network holding 146 organizations as shown in Figure 4.6
(left). Mutation is disabled so that the only downward movement can occur. The
reactor is in the biggest organization at the top of the lattice structure, and there are
four organizations directly below as shown in Figure 4.6 (right). The organizational
structure is sustained for a long time ≈ 800 generations until a series of species
destruction causes the reaction system to move downwards. Around generation 200,
the diversity is reduced due to the disappearance of the species from the reactor,
and the reduction is dynamically compensated for by regenerating the disappeared
species.
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The organization generated from the reduced set of species is, however, unchanged
during that period. The system remains in the shadow of the same organization
(Section 2.6.2), and the same organization is eventually regenerated in toto. In this
respect the change that happens at generation 200 is not a real qualitative change.
The system does not change shadow, and although some molecules disappear they
are promptly replaced. If we were to study the ordinary differential equations of the
system we would not have to modify the set of equations around generation 200.
This because although the molecules present in the reactor have diminished, still all
the other molecules can be regenerated. So they would still appear in the ODE.

Vice versa, when in generation 800 the diversity drops from 16 to 8, and enough
different species are lost due to a random stochastic event, the effect is shown in
the generated organization. The system moves from the shadow of an organization,
with 16 molecules, to the shadow of another organization, with only 8 molecules. If
we were to consider the ordinary differential equations of the system, we would now
write a simplified system, a system of only 8 equations, one for each of the 8 remain-
ing molecules. While the other 8 molecules, are not only lost from the reactor, but
lost forever, they cannot be recovered. As such the system has now gone through a
real simplification. The ODE describing the system is now really simpler (8 equa-
tions instead of 16). And the system has qualitatively changed moving from one
type of system to another type of system. And, although the movement in the state
space was smooth, the actual qualitative transition was sudden and abrupt. When
the last molecule who could potentially regenerate back the previous organization
was gone, in that instant, the system simplified, moved from 16 to 8 equations. It
did this without becoming a 15, 14, . . . , 9 equation system. A qualitative change
is thus a sudden change in the number of equations that describe the system. A
change that happens when the system crosses the boundary between the shadow of
one organization and the shadow of another.

As a last point in the relation between diversity and movement in the organizational
level, we should note that not only does a loss in diversity not necessarily imply a
downward movement, but it is also possible (although admittedly rare), that a
downward movement is associated with an actual increase in the number of species
present in the reactor. This happens when the involved generated organizations are
composed of so many different molecules that not all are present in the reactor, ever.
Especially for organizations made up of an infinite number of different molecules.

Something similar can be observed in Figures 6 and 7 in Ref. (Dittrich and Banzhaf
1998), where no mutations are present, and yet the system increases its diversity at
times. So, even a process that appears like a creative evolutionary process on the
actual level can in fact be just a downward movement on the organizational level,
while an upward movement can be accompanied by a decrease of diversity, e.g., in
case some new molecular species occupies a large portion of the reaction vessel.

This brings in the concept that the relationship between diversity and movement
in the lattice of organizations is not trivial. And it is appropriate to differentiate
between the qualitative evolution, the movement in the space of organization which
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Figure 4.5: Dynamical behavior of automata chemistry exhibiting long-term preser-
vation of an organization and then downward movement. The reactor of size
N = 1000 is initialized with sixteen species, and the organizational structure in
the reaction network among those species consists of 146 organizations as shown in
Figure 4.6 (left). Top: concentration profile of the reactor with respect to the promi-
nent species and diversity as the number of unique species present in the reactor.
Bottom left: zoomed into [150:250] to show in detail the dynamical behavior com-
pensating for qualitative disturbance. Bottom right: zoomed into [780:850] where
stochastic effects eventually caused downward movement.

we called organizational evolution, and the actual evolution, the evolution ’inside
the box’, the movement in the state space, as has been summarized in Figure 4.2.

4.5 Conclusions

In this chapter, we have demonstrated that chemical organization theory can provide
another level of explanation with which to understand chemical evolution. With the
help of the theory, we can consider two levels of chemical evolution: (1) the actual
evolution of the reaction vessel, that is, the arrival and disappearance of chemical
species; and (2) the “organizational evolution”, that is, the change of the organiza-
tion generated by the current set of molecules present in the vessel (Section 4.4.3
and Figure 4.2). Our results suggest that actual evolution of the reaction vessel
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Figure 4.6: Organizational structure in the reaction network of the sixteen species
with which the reactor for Figure 4.5 is initialized. Left: the whole lattice structure
containing 146 organizations. Right: four organizations directly below the biggest
organization (labeled as 145). For each link to below, the missing species are listed.
Since twelve species constitute the organization labeled as 144, for instance, the
link to that organization is associated with four species. The downward movement
demonstrated in Figure 4.5 is from organization 145 to 140.

does not trivially imply an organizational evolution and vice versa. We have char-
acterized, as it is usual in evolution theory, the actual evolution of the reactor by
the differences of its diversity, which reflects the arrival and disappearance of chem-
ical species. The evolution on the organizational level was characterized instead as
downward, upward, or sideward movement in the organization space. As suggested
by our experimental results (Figures 4.3 to 4.5), downward movement correlates
with decreasing diversity whereas an upward movement correlates with increasing
diversity. However, in general, the relationship between the actual level (actual
state of the system) and the organizational level (organization the system is in) is
not so simple. We have shown that there can be a decrease or increase in diver-
sity without any change on the organizational level. Or even, counter-intuitively,
an increase in diversity associated with a downward movement, and a decrease in
diversity associated with an upward movement.

We also noted (Section 2.6.3) how the qualitative change in the system that under-
goes a downward movement is sudden, happens when the system moves from the
shadow of a closed set to another, and is associated with an actual simplification of
the system of ordinary differential equations associated with the system. As such
we now can see the evolution of a system as undergoing some sudden qualitative
changes: a qualitative evolution. But a qualitative evolution is also more similar to
our intuition about the world in general. If we think about biological or technolog-
ical evolution, we think of processes where new elements appear (new species, new
tools), and old ones are replaced. Where the type of system changes, as time goes
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Figure 4.7: (a) Again the picture of prebiotic evolution from Figure 4.1, while (b)
presents a more complete picture of prebiotic evolution. In (a) Each dot represents
a stable states of the system. A state that does not give rise to external molecules
(so it is closed), and such that each molecule can be regenerated inside (and thus
self-maintaining). So those dots represent the organizations through which the sys-
tem passes. Notice how in this vision the system always increases in complexity.
This would be equivalent to having a system evolving only through upward move-
ments. The second picture (b) is instead the model of prebiotic evolution as it
would appear after our investigation. Here the system visits in order the organiza-
tions A, B, C,D, E, F, G, H, J,H,K,H,L, M, N, P . Not all movement are upward
movements, but some are downward movements, like between C and D. When
the system goes through an upward movement immediately followed by a different
downward movement (like between B, C, and D) we can say that the system went
through a sideward movement (in our example from B to D). Also sometimes a
system will move into an organization, just to go back to the previous one. Like
between organization H and organizations J and K.
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by, and the equations needed to solve it change themselves. We do not think, by
and large, of systems where the elements present are the same, and what changes
are just the relative quantities. As such organizational evolution provides a picture
which clarifies where actual changes of the system where. When the system moved
from one organization to another; when can we speak about a particular system, and
when a qualitative change has happened, and we are faced with a different system.
Allowing us the possibility to tell the tale as we understand it.

In respect to the standard prebiotic chemical evolution model (Figure 4.1 a), the
model that comes out of our investigation (Figure 4.7 b) is more complex, less linear,
and less predictable. The system still evolves as a whole, with no branching, and
no speciation, but the system does not always move toward greater complexity.
Instead it can also simplify. Compare the traditional picture in Figure 4.7(a), with
the new picture in Figure 4.7(b). In both cases the dots in the figure represent
dynamically stable states. Such states are the organizations. States that now we
can characterize as being closed and self-maintaining. We can also see how the
system moving through those states goes through qualitative jumps. And each
state would require a different system of Ordinary Differential Equations, and not
just different values for the same ODE.



Chapter 5

Organizations in Space

Reaction systems are not only present in well stirred reactors. Here we investigate
what extra information we gain by applying organization theory to a reaction system
embedded in a two dimensional space. We will observe the system at different
zoom levels, and different organizations will appear. We shall investigate how these
organizations move through the space, and which zoom levels become more pregnant
with information on the state of the system

5.1 Introduction

We have already pointed out how data about inorganic and organic chemical reaction
systems are increasing rapidly; how dynamical reaction system models are growing
in size, too. For example, a dynamic model of earth’s atmospheric ozone chemistry
consists of about 60 molecular species (Lehmann 2002), a stochastic model of the
central sugar metabolism of E. Coli. comprises 100 molecular species (Puchalka
and Kierzek 2004), and models of combustion chemistry can easily exceed several
hundred molecular species, e.g., 506 species in Ref. (Moreac, Blurock, and Mauss
2006).

Those systems are either studied in a well-stirred reactor setting or in an Euclidean
reaction space. Visualizing the dynamics of the spatial system presents two different
difficulties: 1) At each location the state of the system is represented by a concen-
tration vector and this is by itself hard to represent. 2) Although the changes follow
local rules, the system as a whole might undergo changes that become apparent only
when a whole region is taken into account. In those cases we say that the system
has undergone a change at a larger spatial scale.

As such it becomes important, in every moment, for the researcher to select the
most relevant scale. Can this selection be done automatically?

In this chapter we will use chemical organization theory to represent the state of a
system in an area; thus mapping a vector (the molecules present with their concen-
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trations) into a discrete set (the organization generated by such vector). By varying
the size of the vicinity we can produce a number of descriptions of the state of the
system. Then by comparing the result with an equivalent system made by the same
set of molecules randomly placed, we obtain information on which area of the system
and which spatial scales are more interesting.

5.2 Example

We will illustrate the theoretical concepts by using two abstract chemical reaction
systems consisting of 2 and 16 molecular species, respectively.

The 16 species systems is taken from (Banzhaf 1993a). This system is especially
well suited for our purpose, since it posses an interesting (and large) lattice of
organizations (see below), which can not be expected in a randomly created reaction
network.

R 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 - - - - - - - - - - - - - - - -
1 - 1 - 1 4 5 4 5 - 1 - 1 4 5 4 5
2 - - 1 1 - - 1 1 4 4 5 5 4 4 5 5
3 - 1 1 1 4 5 5 5 4 5 5 5 4 5 5 5
4 - 2 - 2 8 10 8 10 - 2 - 2 8 10 8 10
5 - 3 - 3 12 15 12 15 - 3 - 3 12 15 12 15
6 - 2 1 3 8 10 9 11 4 6 5 7 12 14 13 15
7 - 3 1 3 12 15 13 15 4 7 5 7 12 15 13 15
8 - - 2 2 - - 2 2 8 8 10 10 8 8 10 10
9 - 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
10 - - 3 3 - - 3 3 12 12 15 15 12 12 15 15
11 - 1 3 3 4 5 7 7 12 13 15 15 12 13 15 15
12 - 2 2 2 8 10 10 10 8 10 10 10 8 10 10 10
13 - 3 2 3 12 15 14 15 8 11 10 11 12 15 14 15
14 - 2 3 3 8 10 11 11 12 14 15 15 12 14 15 15
15 - 3 3 3 12 15 15 15 12 15 15 15 12 15 15 15

Table 5.1: The reaction table R :M×M →M∪ {−} of the 16-species example
artificial chemistry (ntop) taken from Banzhaf (1993a).

The set of molecules is M = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, a, b, c, d, e, f} and the reaction
rules R are given by Tab. 5.1. In the following, given two molecules i, j ∈ R,
R(i, j) ∈ M denotes the molecule produced by i and j according to Tab. 5.1. An
entry R(i, j) =“-” denotes that i and j do not react. For simulation, we represent a
chemical reactor by a 2-dimensional matrix (p(x,y)) with x ∈ {0, 1, . . . , xsize−1} and
y ∈ {0, 1, . . . , ysize − 1} denoting a spatial coordinate in the reactor. Each location
(x, y) contains one molecule p(x,y) ∈ M. As usual, we assume periodic boundary
conditions, such that, for example, p(−1,−1) = p(xsize−1,ysize−1). The dynamics are
simulated by the following conventional update scheme: Let r ∈ N denote a reaction
radius. (1) Randomly choose a location (x1, y1) and two further locations (x2, y2),
(x3, y4) in the neighborhood specified by the reaction radius with |x1 − x2| ≤ r,
|y1−y2| ≤ r, |x1−x3| ≤ r, |y1−y3| ≤ r. (2) IfR(p(x1,y1), p(x2,y2)) 6= “−′′ replace p(x3,y3)

with the product R(p(x1,y1), p(x2,y2)).(3) Advance time counter t← t + 1
xsizeysize

. We
call the unit of t, a generation since it consists of as many update steps as there are
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molecules in the reactor. The algorithm simulates a second-order catalytic reaction
system under flow condition (like the Hypercycle (Eigen and Schuster 1977) or the
replicator equation (Schuster and Sigmund 1983)) where the outflow assures that
the total number of molecules is constant. If the reactor size and reaction radius
tend to infinity, the dynamics can be described by a continuous ordinary differential
equation (Banzhaf 1993b; Stadler, Fontana, and Miller 1993) of the form ẋ = f(x),
where x denotes the concentration of the molecular species.

The second example is a trivial two molecular system. Being a very simple system
this example permits us to study some basic properties without getting lost in
unnecessary details.

R 0 1
0 1 0
1 0 0

Table 5.2: Reaction table of the example chemistry. The same example (with dif-
ferent symbols) has been used in Figure 3.1.

The set of molecules isM = {0, 1} and the reaction rules R are given by Tab. 5.2.
R = {0 + 0 → 0 + 0+, 0 + 1 → 0 + 1 + 0, 1 + 0 → 1 + 0 + 0, 1 + 1 → 1 +
1 + 0, 0 → ∅, 1 → ∅} The reaction dynamic, the boundary conditions, and all the
other details are similar to the previous example.

5.3 Organization Theory for Catalytic Flow Sys-

tems

In the following we recall a basic definition of chemical organization theory for
catalytic flow systems (Section 2.4.1). In a sense a simplified version of the theory
is presented, as only this simplified version is needed in this chapter (for the formal,
complete definition, please refer to Chapter 2). Let M be the set of all possible
molecules and let R be the reaction rules. We call a set of molecules C ⊆ M
closed, if the molecules in C produce only molecules already contained in C Given
an arbitrary set A ⊆ M we can always find a smallest closed set that contains A.
We say that A generates the closed set C = GCL(A). A complementing property
is self-maintenence. In a catalytic flow system, we call a set C self-maintaining, if
every molecule of C is produced by at least one reaction of molecules contained in
C. In a catalytic flow system, given a set A ⊆ M we can always find a biggest
self-maintaining set contained in A. We say that A generates the self-maintaining
set C = GSM(A).

Now taking closure and self-maintenence together, we arrive at the definition of
organization. An organization O ⊆ M is a set of molecules that is closed and
self-maintaining, In a catalytic flow system, given a set A we can generate an
organization (uniquely) by first generating the closure of A and then generating
the self-maintaining set of the closure. We say that A generates organization
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O = G(A) = GSM(GCL(A)). In a catalytic flow system organizations form a lattice,
and in order to obtain the lattice of organizations, we define a union and an inter-
section operator simply by taking the set union (set intersection) and then applying
G to the result in order to arrive at an organization. So given two organizations
O1, O2 ∈ O, the organization union t and the organization intersection u are as
O1 tO2 = G(O1 ∪O2) and O1 uO2 = G(O1 ∩O2), respectively. The set of all orga-
nizations O together with the organization union and intersection form an algebraic
lattice 〈O,t,u〉. This lattice can be visualized as a Hasse-diagram (e.g., Figure 5.2
on the right), which reveals the hierarchical structure of the reaction system. The
example system that we shall use has 16 species and 54 organizations.

5.4 The Well Stirred Example

As we study the experiment, we will often face the problem of understanding how
important the actual positions of the molecules in space are. A similar study was
presented by Lindgren, Eriksson, and Eriksson (2004), trying to ascertain the infor-
mation stored in a chemical system by the position of the molecules.

To do this we shall consider, in every timestep, side by side to the actual experiment,
a second copy of it, that we shall refer to as the well stirred experiment. The
well stirred experiment, will generally contain exactly the same molecules as the
actual experiment. But the actual position of the molecules will be now randomly
changed. By comparing the actual experiment, with the well stirred experiment,
using neighborhoods of various radius, we shall uncover how relevant the information
we are gathering to the actual position of the molecules is.

5.5 Spatial Organization

Let us first define the set of all locations L = {(x, y)|x ∈ {0, 1, . . . , xsize − 1},
y ∈ {0, 1, . . . , ysize}}.

In order to calculate the organization at location (x, y) ∈ L given a scale R we first
take the set of all molecules in the neighborhood of (x, y) including the molecule at
this position:

UR
(x,y) = {p(x′,y′) : |x− x′| ≤ r, |y − y′| ≤ r} (5.1)

Then we generate the organization from this set:

O
(R)
(x,y) = G(UR

(x,y)). (5.2)

We can now count the frequency of occurrence of each organization at each scale.
Given an organization O ∈ O we define

c(O,R) =
|{(x, y) ∈ L : O

(R)
(x,y) = O}|

|L|
(5.3)



5.6. RESULTS 79

as the relative occurrence of organization O at scale R where |L| = xsizeysize is
the total number of locations where local organizations can be found. So, c(O,R)
denotes the concentration of organization O at scale R.

In order to interpret c(O,R) we can compare it with the expected number of local
organization in a well-stirred reactor that contains exactly the same molecules, but
where the positions of the molecules are randomly assigned. We denote the expected
concentration of organization O at scale R in a well-stirred reactor of the same
geometry as c̄(O,R) . Practically we estimate it by first shuffling the molecules in
the reactor sufficiently (e.g., selecting randomly 10xsizeysize times two molecules and
swapping them) and then measuring c̄ in the same way as c before. For the results
shown here, we repeated this procedure four times and averaged the four samples.

As a measure of how c diverges form c̄ we simply take the Euclidian distance:

dR =

√∑
O∈O

(c(O,R)− c̄(O, R))2 (5.4)

So, dR measures how at scale R the concentration vector of local organizations
is different from the expected concentration vector assuming that the molecules
are well-stirred. Consequently, dR can be used as an indicator for choosing the
appropriate scale, which reveals the effect of the spatial topology.

5.6 Results

5.6.1 Waves of change

One of the simplest results that we observe is how clearly the general dynamic of
the experiment appears. Let us consider the simple 2 molecular type example, table
5.2 , and let us consider an homogeneous state of the system, where every molecule
present is of type 1. We now stir such state by introducing from the outside a
molecule of type 0. Such fluctuation is equivalent to the ε fluctuation presented
in (Dittrich and Speroni di Fenizio 2007; Matsumaru, Speroni di Fenizio, Centler,
and Dittrich 2006). As time progresses, the fluctuation expands, until it makes the
whole experiment move from an homogeneous state 0, to an homogeneous state
1. But this transformation does not happen to the whole experiment at the same
time. It starts where we introduced the fluctuation (in the right upper corner, in
the left side of figure 5.1), and expands through the whole experiment. Such a
wave becomes apparent if we consider neighborhoods of intermediate radius. In
such representations the area internal to the wave, contains only the B organization
(molecule 1). The area which has not yet been touched by the wave contains only
the A organization (molecule 0), and the boundary area, contains the C organization
(molecules 0 and 1). As the time progress the wave position moves, switching the
state of the system from all 0 to all 1. If we fully ignore the spatial positions of the
different neighborhoods, and we consider just their total number, we notice how A
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Figure 5.1: Example of a wave. (A) A 14× 14 section of the 2-dimensional reaction
space (100×100 grid) at generation 10 (1 generation = 10000 elementary reactions).
Each number represents a molecule. The shaded region is organization C = {0, 1}
at scale 2. Organizations A = {1} and B = {1} are kept white. (B) Effect of
the spatial structure at different scales R over time measured as the Euclidean
distance dR between the distribution of organizations of the unperturbed grid and
the distribution of organizations of a well-stirred grid (with the same amount of
molecules). R ∈ {1, 2, 3, 4, 5, 6, 8, 10, 14, 18, 24, 30}. Catalytic reaction rules: 0+0⇒
0, 0 + 1⇒ 0, 1 + 1⇒ 1.

organization monotonically decreases, the B organization monotonically increases,
and the C organization increases at the beginning, and then decreases.

5.6.2 Different Scales Map to Different Parts of the Lattice

For each radius that we use to study the system we obtain a different image, where
on each point a different organization is present. If we take two different sets of
molecules, A, and B. With A ⊂ B then the organization generated by A is contained
in the organization generated by B: A ⊂ B then GA ⊆ GB. For this reason, as
we increase the radius of the neighborhoods, the organizations represented will tend
to raise in the lattice of organizations. In each point we will thus move from the
organization generated by a single molecule, to the organization generated by the
whole set of molecules in the experiment.

5.6.3 Extreme Scales

As we consider different radii of our analysis, we should also consider what happens
when we take an extremely small radius, the kind of radius that only covers a single
molecule; or an extremely big radius, the kind of radius that would cover the whole
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Figure 5.2: Illustration of how at different scales R ∈ {0, 1, 8} the spatial organi-
zations tend to map to different parts of the lattice of organizations (right). With
increasing scale, spatial organizations tend to map to larger organizations located
higher in the Hasse-diagram. Left: Spatial organizations in the 100 × 100 reactor
at generation t = 400 of a typical simulation of the 16-species example chemistry
(NTOP). Each color refers to an organization. Right: Hasse-diagram of the lattice
of organizations of the 16-species example (NTOP).
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experiment. We shall call the first one the zero radius view (or zero view), and the
second one the whole radius view (or whole view).

In the first case the organizations that would appear would only be the organizations
generated by a single molecule. Those organizations are commonly (but not always!)
in the lower part of the lattice. And any other bigger neighborhood that contains
this molecule will generate an organization that contains this organization. Also
any neighborhood which does not cover any molecules would appear as the empty
organization, also any molecule that does not generate an organization will disappear
too, only appearing as the empty organization.

Let us now consider the standard spatial representation of a system that gives us
the position of each molecule, On the one hand, the main defect of this represen-
tation of the data is its inability to abstract relevant information, while presenting
a huge mass of irrelevant data. On the other hand such representation has the
benefit of completeness. In respect to which, the zero view presents the same main
defect, an excess of irrelevant information, while not even maintaining the benefit
of completeness.

Let us now consider, instead, the whole radius view. It consists of only one neigh-
borhood, repeated on every point. The neighborhood consists of the whole set of
molecules present in the experiment. It is totally irrelevant where we center the
neighborhood, since the radius is so big as to cover the whole space, always. In this
case the organization that will appear will be the highest organization possible in the
experiment. Any other studied neighborhood, of any radius, will always present an
organization contained (but not necessarily strictly contained) in this organization.
If we now compare the well stred experiment with the actual experiment, in the
whole radius view, we notice that we are recovering no extra information. On every
point the neighborhoods are the same. Since both the well stirred experiment, and
the whole radius view are totally ignoring any space information, the data obtained
is exactly the same.

Also if we compare the two experiments in the zero radius view, we find many
similarities. The set of neighborhoods will be exactly the same, but the position will
be different. As such the zero radius view of the actual experiment is maintaining
the space information. But not processing it in any way. If we were to draw the
graph of the organizations in time in the actual experiment (like figure 5.3) for the
zero radius view, and compare it with the same graph for the well stirred experiment
we would see exactly the same graph.

5.6.4 Different Scales Show Different Things

While views with neighborhoods of smaller radii tend to have more information con-
tained than views with neighborhoods with bigger radii, still a lot of this information
is stored in the actual position of the neighborhoods, and hard to discern. Instead
when larger radii are considered it becomes more obvious some large scale effects
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are taking place. This becomes evident if we consider the diagrams 5.3 on the left.
In the first three the different organizations present in the reactor at various time,
for three different neighborhood radii, are shown. Radius, 1, 3, and 6. On the right
the same diagram is presented for the second three for the well stirred reactor.

It is very hard to discern any changes in the first diagram, the diagram at radius
1. This result is counterintuitive as the first diagram contains a more fine grained
image of the state of the system. Instead on the middle plate it is more evident how
some organizations are rapidly taking over the system, and the experiment is going
through a phase transition somewhere between generation 20 and 30. On the third
plate the changes are even more steep.

While this would suggests that we should just consider neighborhoods of a fairly large
size, we can’t unfortunately simply define a minimum size. Nor are all the radii above
a certain value equally interesting. From a certain point onward, the representation
of the state of the system will simply present an abrupt phase transition.

As in figure 5.3 we compare the pictures on the right (actual molecular position),
with the pictures on the left (well stirred case), we notice how there seem to be no
major changes in the R=1, and R=6 radius. Instead on the R=3 the whole area
A, present in the actual experiment, is absent in the well stirred version. Why?
This is due to a clustering effect in the artificial chemistry, that tends to more
rapidly transform single molecules, than patches of molecules. Then those patches
remain and appear in the representation, as it more often happens that a whole
neighborhood is fully contained within a patch. But when those molecules are
spread over the whole experiment, their effect seems to disappear.

Since such clusters only appeared in an analysis of some specific radii, it is now
obvious that to study an experiment we shall investigate which those radii are. And
they shall give us information on the size of the clusters that are present. Such radii
will generally be the ones in which the difference between the well stirred experiment,
and the actual experiment, are wider.

To calculate the difference we employ the Euclidean distance. As an example we
show how the Euclidean distance changes for different times, for different radii, for
the wave experiment (figure 5.1, on the left the representation of the wave, on the
right the representation of the various distances). We can notice how the system
passes through 5 phases: from generation 1 to generation 30, one after the other
the various sizes become the more relevant, as the wave breaks every cluster, and
travels through the system. Between generation 30 and generation 45 there are
no big clusters, and the more fine grained a representation is, the better it is to
obtain information on the system. Between generation 45 and generation 65 a new
big cluster is being formed. Such cluster is only present if we are not randomly
spreading the molecules. And as the cluster becomes bigger and bigger one after
the other bigger radii become more relevant.

A second example uses the NTOP chemistry (5.1), In this case the system is ini-
tialized in a random state and soon starts to generate clusters. As time progresses
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Figure 5.3: Relative occurrence (concentration) c(O,R) (left) and c̄(O,R (right)
of all organizations O ∈ O over time for the normal spatial reactor (left) and the
well-stirred reactor (right). Each color represents an organization.
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Figure 5.4: Effect of the spatial structure at different scales R for the 16 species
example (NTOP). Displayed is the Euclidean distance dR between the distribution
of organizations of the unperturbed grid and the distribution of organizations of a
well-stirred grid (with the same amount of molecules). R ∈ {1, 2, 3, 4, 8, 14, 24, 30}.
Note that compared to Fig. 5.1 this system is initialized randomly. So, it takes
some time before structures at large scale (e.g. R = 24 or R = 30) become visible.
Grid size 100 × 100. Error bars omitted, because the error made when estimating
c̄ is much smaller than the fluctuations caused by the stochasticity of the chemical
systems (cf. Fig. 5.3).

bigger and bigger clusters are generated. We can observe this, by noticing how the
euclidean distance between the actual experiment and the well stirred experiment
(figure 5.4) increases in order for increasingly bigger ranges. First it raises for range
1, then 2, then 3, 4, 6, 8, 14, 24 and finally 30. The actual diagram is very compli-
cated and a complete analysis of that is beyond the scope of this work. Yet it clearly
shows which ranges should be taken into consideration when we want to study a
certain experiment, in a particular moment. Which was our intention, from the
beginning.

5.7 Conclusion and Outlook

Although organization theory was first developed in a well-stirred reactor setting,
nothing prevents it from being further investigated in a spatial background. In
our investigation we have shown that this is not only possible but can give rise to
further information about the system. Organizations, in this, not only provide a
way to look at the whole system and its changes, but how those changes spread
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through the system. What kind of clustering is formed, and what size range should
be employed to observe the significant changes that are happening in the experiment.
Without being distracted by details or lost in too broad a landscape. Interestingly,
there is little in our approach that is specific to organization theory, and a similar
approach can indeed be used with other techniques the identify sub-networks.



Chapter 6

The Combinators’ Artificial
Chemistry

As a test bed for organization theory another artificial chemistry is presented. The
artificial chemistry uses combinators. First combinators are presented, then three
different experiments of increasing complexity are presented. And for each the
organizations in the system are shown. Some obvious limits to chemical organization
theory are also exposed when dealing with a reaction network with lattices of infinite
size. The previous result from Fontana and Buss (1994), the L1 organizations are
also explained in terms of organization theory.

6.1 Introduction

In this chapter we shall investigate the application of the organization theory to an
abstract model: a combinators’ artificial chemistry. Combinators are closed func-
tions that transform strings with balanced parenthesis1, into other strings with bal-
anced parenthesis. Since combinators themselves can be written as strings with bal-
anced parenthesis, they can easily be used as the ’object’ of a system; the molecules
of the artificial chemistry. A molecular reaction will then be the application of one
combinator (as function) to another combinator (as data). And the resulting com-
binator will then be added to the list of available molecules to be used either as a
function or as data.

Combinators are closely related to lambda expressions, and the idea to use lambda
expressions to build an artificial chemistry was first presented by Fontana (1992b).
His results were then reproduced a first time using combinators in my master thesis
(Speroni di Fenizio 2000b). The aims in building this artificial chemistry, (as the
original AlChemy, by Fontana) were twofold. On the one hand there was the need to
build a simple chemistry where the molecules could represent the objects in a system

1A string with balanced parenthesis is a string that for every open parenthesis there is a closed
parenthesis, after it. And that for every closed parenthesis there is an open parenthesis before it.

87
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that would explore different qualitative states (Fontana and Buss 1996). On the
other hand the same system was designed to explore the possibilities in building
a living system from the bottom-up (Fontana and Buss 1994). To start with the
chemistry and to tweak it until it would generate a living system. In both regards
the AlChemy system, as well as the later combinators’ artificial chemistries, gave
mixed results.

The idea to use AlChemy to explore systems that would qualitatively change
was part of Fontana’s quest to build a theory of constructive dynamical systems
(Fontana and Buss 1996). In this quest the theory of organizations (see Chap-
ters 2 & 3) tries to be a meaningful stepping stone. As such the search for a theory
of constructive dynamical systems and the various versions of the artificial chem-
istry based on combinators or lambda terms proceeded in parallel. And those models
were the first applications of the theory. Applications from the real world followed
later (Matsumaru, Centler, and Klaus-Peter Zauner 2004; Matsumaru, Speroni di
Fenizio, Centler, and Dittrich 2005; Matsumaru, Lenser, Hinze, and Dittrich 2007;
Centler, Speroni di Fenizio, Matsumaru, and Dittrich 2007)

6.1.1 Building the Simplest Living System

The idea of building a living system out of an artificial chemistry is rooted in the
idea that life itself is a process. And as such it is independent from the medium
on which the process is being generated. Thus an artificial chemistry in which a
life process would self organize would not simulate life, but synthesis it. The idea
in itself is not new and can be traced back to Langton (1986), and Ray (1992).
The novelty in the lambda calculus example, from which the combinators’ model
was then derived, was that the building blocks would be able to have unlimited
complexity (like biological macromolecules), while being parameters-free. It is thus
clear the difference of this type of artificial chemistry from other systems like finite
artificial chemistries and cellular automaton (CA), on the one side and agent based
models, and Tierra like models on the other. In the first type of model the number
of molecules is limited, in the second type the element that is replicating (an agent
or an organism in Tierra) is not an emergent entity, but is predefined in the coding
of the program.

The second important prerequisite before being able to even consider building life, is
being able to answer the question: “what is life?”. Scientists from various disciplines
would answer this question differently, ranging from a list of necessary conditions,
to some abstract philosophical concept. The list of necessary conditions was then
generally not the same for different researchers and the only attribute common to all
those definitions was the constant presence of a certain number of counter examples,
which would limit the validity of each and every definition.

Eventually the artificial life community seemed to have reached a consensus on a
short description:
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Although the definition of life is notoriously controversial, there is general
agreement that a localized molecular assemblage should be considered
alive if it continually regenerates itself, replicates itself, and is capable of
evolving. Regeneration and replication involve transforming molecules
and energy from the environment into cellular aggregations, and evolu-
tion requires heritable variation in cellular processes. The current con-
sensus is that the simplest way to achieve these characteristics is to house
informational polymers (such as DNA and RNA) and a metabolic system
that chemically regulates and regenerates cellular components within a
physical container (such as a lipid vesicle)(Rasmussen, Chen, Deamer,
Krakauer, Packard, Stadler, and Bedau 2004).

Which could be expressed as a list of requirements:

1. a container (that gets regenerated and replicated);

2. a metabolism;

3. and the ability to process some basic information.

And although it is always possible to find some counter examples the list seems to
offer a good starting point. All the elements in the list seem to be necessary, and
even if they are not sufficient, an artificial system able to satisfy them all, is an
interesting system, able to teach us more about life itself.

While the definition is addressed more towards a physical instanciation of it, this
by no means should be considered as a limit, and the definition can be transposed
to fit a virtual environment. And thus the metabolism becomes:

A metabolism takes in material from its host environment and reassem-
bles it in order to propagate the form of the host organism (Bagley and
Farmer 1992)

Notice how in this later definition no reference is made to the type of process that
permits it, nor to the material that makes up the environment, the organism and the
process. In short the same definition can be used for carbon based physical beings,
and for silicon based computer processes. Provided you could define what was the
environment, what the material and what the organism.

The container requirement too can be expressed for a system in a virtual environ-
ment: given a space with a topology and a distance, the organism needs to be able
to generate a membrane that works as a boundary, that identifies and separates the
organism as a separate unit. Such boundary needs to be continuously regenerated
by the organism to assure self healing.

Such a membrane would obviously be impossible to achieve in a well stirred reactor.
To face this challenge we embedded the system in a triangular planar graph, and
we describe our findings in Chapter 7
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6.1.2 A Short Description of AlChemy

AlChemy (ArtficiaL Chemistry) is an artificial chemistry whose molecules are
lambda terms in normal form (Fontana 1992b). The molecules float in a well
stirred reactor. When they collide they can react. The new term is generated by
applying one term to the other, and then normalizing the result. If the normal form
is not found after p beta-reduction (p being a constant defined at the beginning
of the experiment), the two molecules are deemed non-reactive, or elastic, and the
collision does not lead to a reaction. If instead the normal form could be reached,
the result is added to the reactor. All the reactions are considered to be catalytic
and the two reacting molecules are not used up in the process. Instead, to keep the
population from exploding, a random molecule is destroyed for each new molecule
that is produced. Thus the reaction can be seen as: A + B + X → A + B + A(B).
In a second edition of the system Fontana added some extra constraints to the re-
actions which could take place. In particular he inserted a filter that would avoid
any reaction which would regenerate one of the reactants. Such constraints stopped
the system from settling down to too simple organizations, and pushed it to slightly
more complex, ones.

6.1.3 Different Levels

”more elements of the world I inserted in the model,
more levels of emergence I was able to reach”
from Steen Rasmussen’s presentation at Artificial Life VI.

As explained previously in the introduction of this chapter, combinators were used
as molecules of an artificial chemistry. We made various changes to the AlChemy
model, and with each change recorded the results. Each change in the system was
carefully chosen to move the system from being more abstract and general to being
more specific and realistic.

The first change only consisted in rewriting the system to use combinators instead
of lambda terms. Although combinators and lambda terms are computationally
equivalent, we wanted to make sure that the way in which they were expressed
was irrelevant to the result of the experiments. From a scientific point of view we
wanted to recreate the previous results, confirming them, before bringing forward
the research.

The results (Section 6.3) did confirm Fontana’s results. When working with com-
binators, the system would reach a simple organization often made up of only one
self reproducing molecule. If we inserted the same filters Fontana inserted, that
is, if we considered illegal any reaction that would recreate one of the generating
molecules, the system (Section 6.3.2) would qualitatively change until it reached a
more complex (but still quite simple) organization.
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In this first level we only considered 6 basic combinators. As such a reaction would
either be elastic or generate exactly one resulting organization. We later (Section
6.5) relaxed this constraint with more interesting results. Refer to the table 6.2 for
the complete list of experiments done, with the complete list of changes between
them.

On the second level (Section 6.4) we started limiting the number of atoms available
in the system as a whole. This with the aim of studying the effect of the constraints
that was coming from the existence of the conservation laws on the number of
atoms. This induced a bigger diversity on the molecules themselves. Limiting
the possibility for few (or a single) molecules to dominate the whole experiment.
A similar result was also observed by Shenhav, Kafri, and Lancet (2004), in an
artificial chemistry (GARD) in the lipid world context. We also kept the reaction
catalytic and the number of different atoms at 6. The system would often reach
more complex organizations, but it would also freeze when the number of available
atoms was too low, and most of them were being used up in reactions.

On the third level (Section 6.5) we started exploring a different kind of reaction.
Up to now the reaction was always a catalytic reaction: where two molecules would
collide, give rise to a third molecule and a different one was washed away. This kept
the population size fixed. As such the system was, according to our definition in
Section 2.4.1 a catalytic flow system. We changed the reaction so that given two
molecules reacting, none was being used up in the reaction. Also the result would
not just be a single combinator but a multiset of combinators. The conservation
laws of matter were then used to limit the reactions that would produce too many
molecules respect to the reactions that would produce fewer molecules. Eventually
the system always achieved a balance where on average each reaction would produce
two molecules. And would move away from this state only temporarily, if it was
moving from one organization to another.

We also inserted a small influx and a small outflux. The outflux had the effect
of limiting the damage done by molecules that would not react with any other
molecules. There was always a small probability that they would be washed away,
retransformed into basic atoms and recycled by other reactions. The influx instead
provided a small but constant background noise that would give the system the
possibility to follow upward movements as well (see Section 3.4.2). In a similar way
to the experiments in Chapter 4, Section 4.4.2.

Finally in the last stage we started to explore the effect of embedding the molecules
in a spatial background. Giving a neighborhood to each molecule. This was done
by placing each molecule as a node in a triangular planar graph. The result was
published at the European Conference of Artificial Life (Speroni di Fenizio, Dittrich,
and Banzhaf 2001) and will be presented in the Chapter 7, specifically devoted to
artificial chemistries in space.
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6.2 The System

6.2.1 The Atoms

The system uses 6 basic atoms; to those a 7th was added later. Each combinator is a
string composed of those basic atoms, and substrings. Each substring will itself con-
tain atoms and substrings, and so on. Every substring in a string will be identified by
a couple of parenthesis. So if we have the combinator: BK(SK)(SKW )B(C(CI))
it can be decomposed into 6 sub-parts:

1. an atom B;

2. an atom K;

3. a substring SK;

4. a substring SKW ;

5. an atom B;

6. a substring C(CI);

Each of the basic atoms is different and acts upon the rest of the string in a different
way. Each atom has a certain arity α, and when the atom is followed by α atoms or
substrings it will act upon them and modify them: destroying, rearranging, copying
them, or gathering in substrings, following its predefined pattern.

For example the atom B has arity 3, and pattern BXY Z → X(Y Z). So if a
combinator starts with a B and followed by at least three other objects. Then the
atom B can act, and the result of this action will be that the B disappears, and
the third and fourth object get bundled together into a substring (also called a sub-
combinator). This action is generally called a β-reduction, or just a reduction. So
if the combinator was BBBB, we are only allowed to reduce the first B, generating
B(BB): a combinator made up of two parts, an atom B and the sub-combinator BB.
In this new combinator the first atom B is followed by a single sub-combinator, and
as such it cannot be reduced. If the original combinator was longer the remaining
parts would be added later. So, for example, if the combinator was BBBBB, we
would generate B(BB)B. But again the resulting combinator would not be long
enough for the first B to be reduced, it is in fact 3 sub-combinators long, while it
needs to be 4 sub-combinators long. If the original combinator was even longer,
let’s say BBBBBB, then the result would be B(BB)BB. And now the first B is
followed by 3 objects: the sub-combinator (BB), the atomic sub-combinator B and
the atomic sub-combinator B. So it can be reduced again: B(BB)BB → (BB)(BB)

Although combinators are defined as strings with balanced parenthesis, from the
theory of combinators we know that (Hindley and Seldin 1986) some of those paren-
thesis can be eliminated, without modifying the identity of the combinator.
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So, for example, any couple of parenthesis that encloses a single atom can be elimi-
nated. Example: (B) → B Any couple of parenthesis that enclose no atoms at all
can be eliminated as well. Example: B()B → BB In any string (or substring) that
starts with a parenthesis, this parenthesis (and its closing companion ’)’ ) can be
eliminated as well. Example: (BB)B → BBB but also B((BB)) → B(BB) be-
cause the substring in the second position would be (BB) which should be simplified
to BB.

In fact any string could also be written in a very complicated way by adding all the
parenthesis at the beginning of the string. Then the string BB(BBB) could equiv-
alently be written as (((B)B)(((B)B)B)), and the general consensus is that writing
a combinator with as few parenthesis as possible also keeps it as understandable as
possible. In this work we too shall follow this procedure.

Now that we have clarified the way parenthesis are used inside combinators, we
go back to our first example, the combinator BBBBBB, which can be β-reduced
to B(BB)BB and then to (BB)(BB). At that point the first parenthesis can be
eliminated reaching the form BB(BB).

Not only can we reduce the first atom of a string, but also the first atom of any
substrings. So, for example, the combinator B(BBBB) is composed of the atom
B and the substring BBBB. This can be then β-reduced to B(BB). So, putting
back the sub-combinator into the original combinator we would have generated the
the string B(B(BB)). Notice how whatever happens inside a substring does not
affect the rest of a string. Also notice how, although we never will meet two open
parenthesis one after the other, we can and do meet two closed parenthesis, one
after the other.

Generally we will not extract the substring to reduce it, but just reduce it while
embedded, so we will simply write B(BBBB)→ B(B(BB)).

Not every combinator can be reduced. We have already met some combinators
which could not be reduced: B, BB, BBB, B(BB), BB(BB), and B(B(BB)), are
some of the most simple examples of combinators that cannot be further reduced.
Such combinators are said to be in normal form.

But up to now we have not faced the problem of the order of the reduction. In a
string there might be more atoms which can be reduced. That is, more atoms which
are at the beginning of a substring (or of the string) which are followed by as many
atoms or substrings as their arity.

The combinator BBB(BBBB) is a good example. Should this combinator be re-
duced by reducing the first B or the first B in the substring? In the first case we
reduce it to BBB(BBBB) → B(B(BBBB)), and in the second case we reduce it
to BBB(BBBB)→ BBB(B(BB)).

To solve this we recall that in combinatorial logic an important property is present:
confluence. Such property (proven by the theorem of Church Russell (Hindley and
Seldin 1986)) states that if the same combinator V is reduced in two different forms
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(a)

Z

X

T

Y

(b)

B(B(B(BB)))

BBB(BBBB)

B(B(BBBB)) BBB(B(BB))

Figure 6.1: The Property of Confluence: the order with which we reduce the com-
binators, is irrelevant if we only use the atoms B, C, I, K, S, W, and impose no
limits on the length of the process. Practically since we only accept reactions that
reach a normal form in maxreductiontime, that do not use more than maxdepth in-
ternal parenthesis,... we are forced to normalize each combinator in the same way
(explained in table 6.3)

X and Y, then there exist a third form Z, such that X can be reduced Z and Y can
be reduced to Z.

In our previous example:

BBB(BBBB)→ B(B(BBBB))→ B(B(B(BB))) (6.1)

and
BBB(BBBB)→ BBB(B(BB))→ B(B(B(BB))). (6.2)

And B(B(B(BB))) is then the normal form of the BBB(BBBB) combinator.

While the confluence principle is general in theory, there are many reasons why
the confluence principle is not de facto always valid in our system (ref. Section
6.2.2 & 6.5). For this reason the exact sequence followed in a normalization proce-
dure is spelled out in code 6.3.

Up to now we have only presented one atom: B. In the system we initially used 6
different atoms: B, C, K, S, I and W . A seventh, R, was added later. In table 6.1
the whole list of atoms, and how they react is available.

The atoms are divided into: an identity, I; two atoms that reorder the rest of the
combinator, B and C; a destructor, K; two copiers, W and S (of which S also
rearranges the rest of the combinator); and a releaser R.

From a mathematical point of view those atoms are redundant. Inside them are
buried two different complete bases of the whole space of combinators: B, C, K, W ,
and S, K, I.

A base is a set of combinators such that given any alphabet abc...z, and any string
with balanced parenthesis T in that alphabet, it is always possible to find a combi-
nator X such that X applied to the complete list of all the letters of the alphabet
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Atom Arity Rule Notes
B 3 Bxyz → x(yz) Reorders
C 3 Cxyz → xzy Reorders
I 1 Ix→ x Identity
K 2 Kxy → x Destructor
S 3 Sxyz → xz(yz) Constructor &Reorders
W 2 Wxy → xyy Constructor
R 2 Rxy → x, y Releaser: y as a separate molecule

Table 6.1: Atomic Table for the Combinator Chemistry. Seven types of
atomic combinators are present. Six are traditional combinators, and one (R) has
been constructed ad hoc for the system. For each atom the minimum number of
combinators necessary for it to operate (Arity) is indicated, along with the modus
operandi (Rule) and a simplified description of what it does (Notes).

(abc...z) will generate the string T . So Xabc...z → T As such it is possible to recreate
the functionality of any combinator of the first list, using strictly only combinators
from the second list, and vice versa. For example the combinator CKB, from the
first list acts as one of the combinators in the second list. We leave the reader the
pleasure of discovering which of the three was thus recreated.

6.2.2 Differences Between the Space of Combinators and
the Specific Implementation

A number of properties that are valid in the theoretical space of combinators (e.g.
the property of confluence) are not equally valid in the combinator artificial chem-
istry. Since we did not use just one model, but a series of models, we will specify
for each model what is valid and what not. We shall thus give now an overview of
the various models, and then investigate the topic deeply later.

From the second level we started considering a finite amount of each atom, thus
making the different combinators compete for them, and using it to limit the model
itself. Of course if we have an infinite amount of every atom, it is really equivalent if
we use the combinator I or the combinator CKB. Instead if the number of I in the
system is limited, and so is the number of C, B, and K’s, then the combinators are
not equivalent anymore, as they use different prime materials. Some of which might
be available, while others might be absent. Thus making some reactions active,
while others, theoretically equivalent, inactive.

Also the size of combinators in the system is limited, both in the total terms of
number of atoms (combinator size), and in terms of number of parenthesis contained
in each other permitted (combinator depth).

For this reason different combinators, with equivalent functionality, but made up of
different atoms, are really different from the system’s point of view.
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Citation AlChemy Filter Atoms R Catalytic Outflow Inflow Result

Fontana (1992b) AlChemy No No No Yes Yes No L0
... and Buss (1994) ... with filter Yes No No Yes Yes No L1

Section Combinator AC Filter Atoms R Catalytic Outflow Inflow Result

6.3 Level 1 No ∞ No Yes Yes No L0
6.3.2 ... with filter Yes ∞ No Yes Yes No L1
6.4 Level 2 Y/N 2000 No No Slow Yes Freeze
6.5 Level 3 No 600 Yes No Slow Yes Evolut.

Table 6.2: General table of Experiments. The first two AlChemy experiments
were done by Fontana and Buss (1994) using λ-calculus. We recreated them using
combinators reaching similar results. As such the first two kinds of experiments
(Sections 6.3 & 6.3.2) had no constraints on the availability of atoms, and a
catalytic reaction system. Later we limited the number of atoms reaching a system
that would generally freeze (Section 6.4). Yet when we transformed the reaction
from catalytic to reactive, introduced a random inflow, while keeping the outflow
the system started to explore different organizations, and evolve (Section 6.5). The
Filter column indicates if molecules are allowed to recreate a copy of themselves
when they react. The Atoms indicates how many atoms are available for each
atom type. The R column indicates if the atom ’R’ is available. The R atom
releases sub combinators as separate molecules. The Catalytic column indicate if
the reaction is a Catalytic Flow System or a Reactive System. The Outflow specifies
if molecules randomly break up into their basic atoms (thus avoiding non-reactive
molecules from freezing too many atoms). The Inflow specifies if atoms randomly
self organize providing a constant background noise that can drive evolution and
change.
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Also in the combinator artificial chemistry, the confluence principle is absent. This
is due to three reasons:
a) The limited availability of atoms makes the path with which a combinator is
normalized relevant to the result. Two different paths would still lead to the final
result, but one path might be cut short because there are not enough free atoms
available to follow that line of reduction, while the other might lead to a successful
outcome.
b) The maximum length accepted for the combinators might make some reduction
paths impossible. Again, although two paths might theoretically lead to the same
result, practically one of them might require to produce combinators that are too
long, and thus be halted, never reaching the result.
c) The R atoms, being different from all other atoms, and having an action that
affects the soup beyond the single combinator, is de facto incompatible with the
confluence principle. So as soon as we introduce such atom the confluence principle
is lost.

At this point it it now clear that the order with which the atoms are reduced is
important. In this work we reduced all combinators strictly following the same
order. The order itself was chosen to maximize the probability that a reaction could
take place even with a limited amount of free atoms. On table 6.3 the pseudo code
of the reducing process is presented.

The actual code is only slightly more complicated, as it also checks that the are
enough free atoms available in the pool, releases the reduced and the destroyed atoms
in the pool, checks that in no instant the combinator bigger than maxreactsize, checks
that the final process does not lead to a combinator which is bigger than maxsize
or which has more level of parenthesis maxdepth, checks that the reduction process
does not act for more than maxreductiontime reduction (to prevent combinators that
lead to infinite recursion reduction). Those four constants maxsize, maxreactsize,
maxdepth, and maxreductiontime define the size of the space of combinator we are
investigating.

6.2.3 The System

We now finally give a complete description of the system. The molecules of the
system are combinators in their normal form. The combinators are strings with bal-
anced parenthesis made up of an alphabet of up to 7 basic atoms. The total quantity
of each atom in the experiment is limited and can never grow beyond a threshold.
At each instance two molecules are randomly chosen and a reaction takes place.
Molecular reaction happen by applying one molecule to the other, and β-reducing
the results to normal form. The total number of reductions necessary to bring the
combinator to normal form is limited by a threshold (maxreductiontime), and if
the normal form cannot be reached within maxreductiontime β-reductions the two
combinators are considered to be elastic. Also the maximum size that a combinator
can reach during (maxreactsize), and after a reaction (maxsize) is limited, as well
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Function: Mark combinators that can be renormalized

foreach atom at the beginning of a (sub-)combinator do
if the atom is followed by more combinators than its arity then

mark atom
end

end

Function: Renormalize Combinator

Call function: Mark combinators that can be renormalized
while any atom is marked do

if any K can be reduced then
foreach marked K atom do

reduce the K atom
end

end
else

if any B or C or R or I atom is marked then
foreach marked B or C or R or I atom do

reduce it
end

end
else

if any S or W atom is marked then
reduce the most external one

end

end

end
Call function: Mark combinators that can be renormalized

end

Table 6.3: Renormalization Procedure: the confluence principle is not
valid (see Section 6.2) inside the combinator artificial chemistry. For this
reason the renormalization procedure is spelled out. Making sure that every
reaction leads to the same result. First the atoms that can be renormalized
are marked, then they are renormalized starting from the destructors, then
the combinators that modify the order of the elements in the combinator
(or releases sub combinator), and finally the copiers.
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as the maximum number of parenthesis contained one within the other (maxdepth).
Those four numbers maxsize, maxreactsize, maxdepth, and maxreductiontime define
the size of the space of combinators that we are investigating.

Also all the reactions can be defined as catalytic, or reactive. If they are reactive the
reacting combinators are used up in the reaction. If instead all reactions are defined
as catalytic then every reaction does not uses up the original molecules which are
maintained. Instead a random molecule is destroyed to keep the number of existent
molecules fixed.

Two other mechanisms are present to assure an inflow and an outflow of combinators.
They are usually used in a reactive system (as opposed to a catalytic system).
In every generation, each combinator has a certain probability (probdest) of being
destroyed, and with a certain probability (probadd) a new random combinator is
created and added. This probability follows a power law, and is defined as being
equal to 1 if the number of molecules is equal to, or smaller than minmolecules,
and halves every halfaddprob molecules. Those four numbers, probdest, probadd,
minmolecules, and halfaddprob define the speed of the flow that goes through the
system.

The last constants that define an experiment are the 7 numbers that define how
many atoms are present for each kind (MaxB, MaxC, MaxI, MaxK, MaxR, MaxS,
MaxW ).

Thus the parameters can be divided into 3 groups defining (a) the size of the space
of combinators, (b) the speed of the inflow and outflow, (c) the reactor size -amount
of available atoms. Together they define each experiment.

6.2.4 Computing a Partial Lattice of Semi-Organizations

Although we would have liked to explore the full lattice of sub-semi-organizations
of a semi-organization present, as the system progressed this was unfortunately
impossible.

The biggest difficulty that was faced was that the organizations (and the semi-
organizations) were too vast. The set of all possible molecules, although finite
(limited by the parameters) was so vast to be virtually impossible to map completely.
Sometimes a base for the whole space of combinators was present, thus the semi-
organization was the complete set of all the combinators. But more often it was just
a smaller, organization. Some of those ’smaller’ organizations were still huge. Too
big to be calculated. And sometimes were just the finite approximation that would
appear in the computer of an infinite organization. An example of this can be found
in the organization described in Section 6.3.3.

Studying such organizations would require huge manual labour to fully describe and
catalogue them. As such, in this work where they only represented a small example
of the applications of the organization theory, we simply computed a partial lattice.
This was computed by generating a partial semi-organization. That is, a set, subset
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Scope Parameter Value
Space size maxsize 20

” maxreactsize 50
” maxdepth 5
” maxreductiontime 100

Flow speed probdest 0.00015
” minmolecules 30
” halfaddprob 100

Reactor size MaxB 2000
” MaxC 2000
” MaxI 2000
” MaxK 2000
” MaxR 2000
” MaxS 2000
” MaxW 2000

Table 6.4: Parameters for a Combinator Artificial Chemistry. The first 4
define the size of the space of combinators we are studying: what are valid combi-
nators, what are valid reactions, and what are not. In terms of maximum length of
normal combinators accepted (maxsize). Maximum length accepted for a combina-
tor while it is being reduced (maxreactsize). Maximum number of sub parenthesis
permitted (maxdepth). Maximum time needed to reach a normal combinator for a
reaction to be considered valid(maxreductiontime). The next three define the speed
for the inflow and the outflow. The outflow is determined by the probability of each
molecule being destroyed in its basic atoms after each (physical) generation (prob-
dest). The inflow (when it is activated) follows a power law. With a probability
equal to 1 new random molecules are inserted if the population size is less than
minmolecules. The probability is halved for each halfaddprob molecules present in
the reactor. The last seven parameters define the physical size of the reactor. The
number of atoms available in the experiment. For more information please refer to
Section 6.2.3
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of the actual semi-organization, which included all the molecules that were present
and a part of the molecules that could be generated by them. The partial semi-
organization was generated by defining two parameters: t1 and t2.

The first approximation is done by studying the semi-organization generated by the
more common molecules in the reactor, and not by the list of all molecules in the
reactor. This helps to avoid some of the noise from molecules that seem to have
little impact. Note however that this approximation is very dangerous, as there
are (rare) molecules who are present in only one copy in the reactor, yet able to
totally transform the global behavior of the reactor. For example, a molecule A
such that A+B → A, can have devastating consequences if added to a simple semi-
organization made up of only copies of B. For an example please refer to (Speroni di
Fenizio and Banzhaf 2001).

Yet including every molecule present in the reactor was simply too complex, so a
simplification was necessary. As such we only consider the t molecules that are
present with a population size higher than t1. We shall call such set A1. By reacting
A1 with itself we generate a second set A2. A2 ∪ A1 was then used to generate A3.
As soon as An ∪ An−1 ∪ · · · ∪ A1 is bigger than t2 (our second parameter) we halt
the process, and although the set we obtained is not closed we act as if it is closed.
Note that this as if is not completely unrealistic. In this system each reaction is
only possible when there are enough free atoms present. As such it is very hard for
a system to produce too many molecules far from its main core (the set of basic
molecules present, with many copies, in the reactor). As such the reaction chain
(A1, A2, A3 . . . ) would at some point halt, we just ignore when.

Once we have a set which is approximately closed, we study its semi-self-maintenance
by taking away any molecules that cannot be generated by a reaction inside the set.
Again this is done by producing a chain of sets: B1, B2, . . . Bn. B1 = An ∪ An−1 ∪
· · · ∪A1, B2 is then the set of molecules in B1that cannot be generated by reactions
inside B1. Similarly from B2 we would extract B3, and from Bm−1, Bm. Until we
reach a set that is semi-self-maintaining. Please note that since we started from the
most common molecules in the reactor, often A1 will be semi-self-maintaining, thus
B1 will be semi-self maintaining, making the second part of the algorithm trivial.

In this way we produced a set of molecules which is semi-self-maintaining, and,
although not closed, often vast enough to fully contain all the molecules that are
generated in the experiment.

By studying those sets, as the experiment unfolded we could follow what semi-
organizations were competing for the reactor in the experiment.

6.2.5 Physical Time versus Biological Time

In the following chapter a certain number of pictures will show the modifications
of the system with respect to time. But how to calculate time is not always a
trivial problem. If we consider a soup of n molecules we can say that each reaction
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progresses the time-bar by 1/nth. of a generation. But what about an elastic
collision, will it still progress the time bar? If we are considering the time from a
strictly physical point of view, a collision, any collision will represent a 1/nth. step
in time.

But if we consider instead the time from the point of view of the organism that we are
trying to model (or synthesize), only reactions that actually happen (collisions that
are not elastic) make the system progress further. The first way of calculating time
is more akin to the normal concept of Newtonian time. The second to the biological
clock of the system itself. If all the reactions are elastic, then the Newtonian time is
flowing as usual, but the biological clock is not ticking at all. If instead none of the
reactions are elastic, then the two times flow at the same speed. In figure 6.2.a it is
possible to see a graph where the two time-scales are plotted one with respect to the
other for a particular experiment. As it can be noted the Biological time is nearly
frozen until the system finds the first organization at (Physical) generation 2357.
Then flows in a constant time until the system moves to a second organization at
(Physical) generation 10212. The second picture, figure 6.2.b, shows how the system
has effectively moved from one organization to the other at generation 10212. The
second generation using up a different set of basic atoms.

6.3 Level 1 Experiments

Level 1 experiments were performed to reproduce Fontana’s results, and to explain
those results in terms of chemical organization theory. For this we run the system
using only the first 6 types of atoms, without the R atom. Every reaction would be a
catalytic reaction: two molecules that react generate a single combinator out of the
underlying pool of free atoms. The reactants would not be used up in the reaction.
A continuous flow would destroy a molecule back into its basic components every
time a reaction was successful, thus keeping the total number of molecules fixed.
The total number of available atoms for each of the 6 types was kept large enough
so large to effectively provide all the necessary atoms for the simulations; without
introducing any type of basic material scarcity. The space was also very simple, a
well stirred reactor, where molecules would meet with equal probability.

6.3.1 Results

Fontana observed a ’Level 0’ organization emerging out of the soup. Where a Level
0 organization was essentially an organization generated by a single molecule A.
And such that: A+A→ A. And we did indeed observe the emergence of such basic
organization.

Exactly which was the molecule that emerged was changed from experiment to
experiment. Each of those molecules would generate, as a lattice of organization,
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Figure 6.2: Biological Time versus Physical Time. Physical time is time calculated
in terms of molecular reaction (elastic and un-elastic), while Biological time is time
calculated in terms of effective molecular reactions. Note the sharp transition at
Physical time 2357, and the most smooth one at Physical time 10212. Both transi-
tions happen as the system moves from one organization to another. This becomes
evident in the second image (b) where after generation 10212 the atoms being used
by the experiment change totally, while before generation 2300 the Biological time
was so slow that no data was taken
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Figure 6.3: Level 1: two pictures that represent the same experiment. A combinator
artificial chemistry is run as a Catalytic Flow System. In picture above we see how
does the diversity drops rapidly in time and settles to a single molecule. In the
picture below the lattice of organizations for the most common molecule are drawn
at various times: 18, 19, 20, 21, 22, 23, 26, 31, 33, 34, 35, 37, 41, 44 and 45.
Although they are all different, their root is common, and as the system runs, the
various organization compete for the soup, yet eventually only the root remains. In
the picture above the time when the lattices have been calculated is shown with a
tick on the X axis
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Scope Parameter Value
Space size maxsize 15

” maxreactsize 15
” maxdepth 7
” maxreductiontime 100

Flow speed probdest 0
” minmolecules ∞
” halfaddprob 0

Reactor size MaxB 200000
” MaxC 200000
” MaxI 200000
” MaxK 200000
” MaxR 0
” MaxS 200000
” MaxW 200000

Empty Set

L
0
 Organization

Figure 6.4: Lattice of an L0 Organization: the final lattice in which all catalytic
flow combinator artificial chemistries end up.

a simple chain, made up of two organizations, one above the other. Above the
organization generated by the single molecule, and below the empty set organization.

6.3.2 Reintroducing Fontana’s Filters

We also tested ’Fontana’s Filters’. That is defining as elastic any reaction that
would generate either of the reacting molecules. This was introduced by Fontana
trying to synthesize a more complex organization, than one consisting of only one,
self-reacting, molecule. In the original AlChemy this led to the appearance to more
complex, infinite organizations. A complete study of one of those organizations,
from the point of view of organization theory can be found in Section 6.3.3, Figure
6.6. On Figure 6.5 the results of one run are presented. Note that the system takes
much more time to converge than without the Fontana’s Filters. And when it does
the final organizations are not made up of few molecules but of an infinite set of
molecules all with the same basic pattern. A result that mirrors Fontana and Buss
(1994) AlChemy result.

6.3.3 Analyzing the Li,j Level One Organization

Fontana and Buss (1994) presented a series of organizations. One of them appeared
various time, and was generally referred as the simplest level 1 organization. It was
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Figure 6.5: Level 1 experiment: diversity of a system with no molecular
limit but with a filter that prevents a molecule recreating its self. Notice how
much longer it takes for the system to converge to a final simple organiza-
tion. Although the final lattice is similar to the final lattice in Figure 6.3
(and in Figure 6.4), in this case it represents an organization with infinite
molecules. This final organization (generation 605) containing the molecules:
BKK,K(BKK), K(K(BKK)), . . . , K(. . . K(BKK) . . . ). While the previ-
ous organization (generation 405), adds to those molecules the molecules:
BK(BKK), K(BK(BKK)), K(K(BK(BKK))), . . . , K(. . . K(BK(BKK)) . . . ).
While the first organization shown (generation 137) has also the infinte set
of molecules: BK(K(K(BKK))),K(BK(K(K(BKK)))),K(K(BK(K(K(BKK))))),
. . . ,K(. . . K(BK(K(K(BKK)))). . . ).
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made by a set of molecules, each molecule generally referred to as Li,j, and such
that i ≥ j. The reaction could be described as:

Li,j + Ll,k → Li−1,j−1 j > 1
Li,1 + Ll,k → Li+k−1,i+l−1

(6.3)

We want now to analyze this organization with the tools of organization theory
presented in this work. The first thing that we notice, and that was present also in
the original work, is that the molecules are divided in parallel ladders. If we plot
each molecule in the cartesian coordinate, we notice that each molecule steps down
diagonally by moving from Li,j to Li−1,j−1, Li−2,j−2, to... L1,j−i+1. But we also
notice that if we react two molecules in the same ladder, that is we react Li,j with
Ll,k, and i− j = l − k then the result is still in the same ladder. Thus each ladder
is necessarily closed. Also each ladder is self maintaining, since to generate Li,j we
just need to apply L1,j−i+1 + (L1,j−i+1 + ...(L1,j−i+1 + ()...)), i times, or equivalently
Li

1,j−i+1. Thus we have a first result, every ladder is itself an organization, with no
sub-organizations. The second result is that when molecules from different ladders
interact they always generate a molecule that belongs to one of the ladder of the
interacting molecules. Thus if we only have a molecules from a set of ladders their
mutual interaction will always belong to a ladder of the set. All this implies that if we
have n different ladders, the lattice of organizations is (trivially) the n-dimensional
hypercube Hn, and the actual total number of possible organizations would be 2n.
Each of the n basic organizations would be competing with the other n−1 for space
in the reactor. And as soon as one of them loses the last molecule it could not be
regenerated, thus the system would slowly, but invariably move from Hn to Hn−1 to
Hn−2, and finally to H1, when only one ladder would remain in the system.

6.4 Level 2 Experiments: Limiting the Prime Ma-

terial

Level 2 experiments were designed to test if it was possible to limit the amount of
atoms, to generate a higher diversity. The idea behind this was that each molecule
tend to use up the basic atoms in an uneven way. Using more of one kind than of
an other. By limiting the atoms we would stop the possibility of a single molecule
dominating the whole soup. As the one atom they were mainly using would termi-
nate. Thus effectively increasing the diversity. Before the molecules compete only
for the space in the reactor, now they compete for the atoms as well. This artificial
scarcity brings greater diversity.

Most of those simulations did not reach the end of the experiment, and instead
froze up. Reaching a state where too many different atoms were unavailable, and no
reaction was possible anymore. Sometimes different outcomes happened too: in a
catalytic flow system, if the quantity of available atoms was set too high, the system
would ignore the atoms all together, and just reach the standard L0 organization.
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Figure 6.6: Illustration of Level 1 organization presented by Fontana and Buss
(1994). In the figure on the left (a) each diagonal line represents an organization,
and each black dot represents a molecular type. Each diagonal contains infinite
molecules, and together a set of n diagonals will have as their lattice of organizations
an n dimensional hypercube. i.e, for n = 2 a square, for n = 3 a cube. In the figure
on the right, one of those lattices is shown. Each dot represents an organization.
The three dot on the third row represents the three diagonal line, the three dots
above them represent each couple of two diagonal lines, and the single higher dot
represents the organization containing all three diagonals.

If it was lower the system would freeze up. There might have been a very thin grey
area in between where the system would not just reach the simple organization,
nor would it freeze up. Such an area would have required a careful tuning of the
parameters, beyond the scope of this work. 2 The result did not change when the
filter was introduced to stop reactions among molecules that would recreate one of
the educts.

Some possible future work that might generate interesting results would include
adding a speed for the reactions proportional to the availability of the free atoms.
This would let some reaction slow down without bringing the system to an abrupt
stop. A second possibility, which has been partially investigated on the experiments
in Level 3 (Section 6.5) is to introduce an outflow that would get rid with a fixed low
probability of each molecule, and an inflow that would introduce new molecules with
an even smaller probability. The first washing away stuck molecules, and providing
new available atoms. The second using some of those atoms to introduce a level
of random noise. Since the number of molecules in this experiment was fixed, the
modification required a global restructuring of the model.

2Such tuning would have required, for example adjusting the parameters to fit a particular
organization, eliminating the other possibilities. We felt such work was betraying the bottom up
spirit of the experiment.
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6.5 Level 3 Experiments: Making the System

Non Catalytic

Level 3 experiments are very different from the previous levels. The system in no
longer a catalytic flow system, but a reactive flow system. In Level 3 experiments
molecules are being used up when they react. A new atom R is also present. R
releases a sub-combinator as a separate molecule:

Rab . . . → a . . . , b (6.4)

The R would act like the atom K, except that K would destroy the sub-combinator
b, while the R would release it. The effect of those two changes implied that the
population size is now variable through the experiment. Although theoretically the
system can sustain a never ending process with the R molecule in place, still the
probability that such an organization is present at the beginning is flimsy. Thus
to avoid the system from self-annihilating by losing a molecule at every reaction,
an inflow is present. The inflow is not constant, but follows a power law. If the
molecules in the reactor are very few then the inflow becomes strong pushing the
system up. If the molecules in the reactor are more then the inflow slows down
providing only a small random noise, useful to push the system from organization
to organization through an upward movements 3.4.2. To avoid having the system
freeze up after having too many atoms frozen into few non-reactive molecules, a
small outflow is also included. Every molecule has a little but constant probability
of being destroyed back into its basic atoms. This last characteristic of the system
also made sure that the system was still a consistent algebraic chemistry. Thus that
given any set we can generate an organization and that the set of organizations form
a lattice (Chapter 2). We should also note that with the molecule R in place the
confluence principle was invalid in yet another way. We have already explored how
the confluence principle was limited by the number of available atoms, the limited
time available for finding the result of an interaction, the maximum size a combinator
could assume. Yet all those limits stop some paths, but if they are not halted the
result would always be the same. In this case, instead, different path would lead to
different result, since in some paths a molecule might be released that would not
be released at all if the combinator where to follow a different normalization route.
So, for example the molecule Kc(Rab) could give two different results, depending of
wether the combinator K was applied before or after the combinator R. In the first
case it would normalize to the molecule c, in the second it would still normalize to
the same molecule c, but after having released the molecule b into the environment.
Still the result of a collision was unique since the normalization path followed was
always the same (see Pseudo-Code 6.3).

Once the modifications are all in place the system behaves very differently from
the previous version and became a source of novelty. It does not freeze anymore.
It does not just fall into a small one molecule organization, it reaches out, moving
from one organization to the other. We present here an example of an experiment.
The experiment has been chosen, among 30 others for having very clear transitions
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Figure 6.7: Level 3: A typical experiment with a reactive combinator system, al-
beit chosen among similar for the clarity of its transitions between different orga-
nizations. The run lasts 10 000 biological generations. And the system had 600
atoms for each type, 7 atomic types, molecules were destroyed when they reacted,
and each molecular reaction could produce more than one molecule, by releasing
sub-products half-way through the reaction. The system had both a slow inflow
of random molecules and a faster outflow of molecules. The lattice of the main
organizations is presented in Figure 6.8
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a)

b) c)

d)

Figure 6.8: The same experiment of Figure 6.7. The system went through various
organizations. (a) The Lattices of them all are drawn together. (b) The lattice of
the organization in generation 400 and 4000 (in red). (c) The lattice in generation
5000 and 7000 (in red). (d) The lattice in generation 7000 and 9000 (in red).
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from one organization to the other. Not all experiments have such clear transitions,
and in some cases the system reaches an organization and never leaves it for the
duration of the experiment. Still we could not prove that under the right conditions
(the right random molecule inserted) the system would not move to a different
organization. In Figure 6.7 we can see how the diversity, the population size and
the number of free atoms changed as the system was running. Notice how the three
measures change at the same time. As the system moves from one organization
to another. You can see the maps of the lattices in those organizations in Figure
6.8. The first figure shows the two lattices, generation 400, and generation 4000.
At generation 400 the system has not yet reached the first stable organization. At
generation 4000 the system is in a smaller organization, a sub-organization of the
organization from 3600 generation before. The organization at generation 5000 was
similar to the one at generation 4000. It wasn’t the same, but the difference was not
noticeable in our measurement3. Between generation 5000 and generation 7000 the
difference was huge. Many molecules that were present are not present anymore.
A new equilibrium has been found. And the same is true between generation 7000
and generation 9000. We want to stress out how those transitions are qualitative
transitions, and not quantitative transitions. It is not just that the molecules that are
present are present in different quantities, but that the actual mixture of molecules
present has changed. The system has qualitatively changed from one type to the
other, and we were able to follow it in its changes thanks to organization theory.

6.6 Limits of the Combinators Chemistry

What are the limits of the combinator chemistry, its possible future work, and
extensions. Limits can be defined only in respect to the aim we are focusing on.
The combinator chemistry has been as a bottom up example of artificial life. In
other words to create a context where a self sustaining, progressively complexifying
process could be synthesized in a virtual environment. The combinator chemistry
failed short of those expectations for three main reasons.

First and foremost the chemistry is too brittle. Each mutation to a single molecule
creates a different molecule with totally different characteristics. Such environment
is very difficult to explore, as every small mutation ends up generating a cascade of
quasi random effect. Those effects do indeed explore the space of possible strings,
but it is very hard to generate a partial solution that might approximate the desired
(or needed, in this case) effect.

Plus some molecules can be generated that cannot react with any other molecule.
Such molecules end up storing a great deal of basic atoms, and require the presence
of an outflow to free those atoms again, while risking to freeze the whole system by
making also the other reactions impossible.

3please refer to Section 6.2.4, for a discussion on how we could only measure a partial lattice of
the organization present
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The next two problems are, counter-intuitively, generated by an excess of efficiency,
more than by a defect of it.

In the combinator chemistry it is possible, and very easy, to generate a single uni-
versal copying machine. By a universal copying machine we intend a molecule a
such that ∀ b, a + b → b, (or in a non catalytic environment a + b → a, b, b).
No such machine exists in nature (yet!).

The existence of the copying machine (and the facility to generate it), provides an
easy solution to the system that will regenerate itself at each generation. Such
solution being composed of a single (or very few) molecules can hardly be modified.
While its speed will make sure that it does indeed spread through the whole soup,
crashing any diversity.

The situation is worsened by the brittleness of the combinator space that essentially
stops the molecule from being close to other molecules that could compete with it.
Once the system has found such a molecule it is essentially isolated, and it is quite
hard to evolve. The same limits were found by (Fontana and Buss 1994), and while
the two authors introduced a filter that would block any molecule from regenerating
itself, we tried here to push the system using a combination of random noise and an
artificial scarcity in the number of atoms. Our solution brought a limited evolution,
but no consistent result that would appear in every experiment. Sometimes the
system would still reach a simple organization that would resist the change from
any external random noise.

And finally the last problem we observed in the combinators artificial chemistry is
the facility of it to generate a base of the space of combinators. This is particularly
easy in our system as we are using as our basic atoms the exact combinators that
mathematicians have selected to define a general base for the space of combinators.
Such easiness implies that it is probable for a random set of molecules to generate
the largest possible organization; the organization that contains every molecule that
can be produced by the system. When this happens the lattice of organization
looses meaning. We are presented with the full lattice, and our ability to track the
system is heavily limited. The system will then very easily switch between being in
the universal all encompassing organization and being in a small local organization.
The process of evolution, theoretically slow and progressive, gets shortcut and we
are left with the limited view of the partial lattice of organizations.

Thus a different artificial chemistry, not so brittle, and where many molecules need
to interact to recreate the set itself (that is, where the minimum self-maintaining
sets are bigger than just one, two or few molecules) would potentially produce more
innovation and will explore a wider range of possible strings than the combinators
artificial chemistry. And if the artificial chemistry lacks a small finite base, it would
permit to our tool to follow it, in its evolution, more closely.
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6.7 Conclusions

In this chapter we have tried to apply chemical organization theory to an infinite
system with universal computation capabilities, the combinators’ artificial chemistry.
Such a system proved to be beyond the reach of this theory, although the theory was
still able to show some partial results. Like partial lattices of organizations, different
organizations when the system was acting in a qualitatively different way. We could
also follow the system as it moved through the range of possibilities. Yet due to
the limited nature of our tool we could only do this when the system had somehow
settled in an organization. We couldn’t follow it in each transition it went through.
This id due to the impossibility to compute the full lattice of organizations. In the
last chapter we shall explore what happens to the combinators’ artificial chemistry
as it gets embedded in a planar triangular graph.



Chapter 7

Combinators in Space

The combinator chemistry is laid on a planar triangular graph to investigate its
ability to naturally form a membrane that would separate different parts of the
experiments. Such a membrane permits different organizations to be present in
different parts of the experiment without a direct interaction. Thus permits different
parts of the lattice of organizations to be investigated and to compete; posing the
theoretical basis for Darwinian evolution on the lattice of organizations.

7.1 Introduction

Currently, much research is directed towards synthesizing life-like structures in dig-
ital media. This goal requires a deeper understanding of the term “alive” and its
consequences. Some threads of research have focused on reproduction and have
generated programs able to reproduce (Laing 1975; Pargellis 1996). Here we follow
a different path by focusing on the ability of any living system to self-repair and
to keep its identity as an entity separated from its environment (Fontana and Buss
1994; Varela, Maturana, and Uribe 1974). Under those assumptions the charac-
teristics of being alive must emerge from the interactions of simpler components.
Here we use an artificial chemistry with combinators as molecules. The combinator
chemistry is a universal artificial chemistry because it is implicitly defined and it
supports universal computation (it can simulate a Turing-machine). In order to
permit molecules to generate a “physical” membrane that separates one being from
another we embeded the artificial chemistry in a graph.

A common feature of artificial chemistries is the absence of any spatial conditions
(Farmer, Kauffman, and Packard 1986; Fontana and Buss 1994). Rather, molecules
are floating around, randomly colliding with each other. Counter-examples exist,
however, either in the form of cellular automata which define a space in which to
insert the elements (Banzhaf, Dittrich, and Eller 1999; Breyer, Ackermann, and
McCaskill 1999; Mayer and Rasmussen 1998; McMullin and Varela 1997; Ono and
Ikegami 2000), or by giving a position in a Euclidean space to each element and a
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range of interactions (Shackleton and Winter 1998; Zauner and Conrad 1998). Using
a cellular automaton (where each cell can hold one molecule) is simple and elegant,
but does not permit an unbounded growth of elements in a particular position. The
second alternative is more flexible in this regard, yet the number of interactions that
the model has to deal with grows as n! (where n is the local number of elements).
This is not efficient and in addition difficult to model, since interactions further
away will often be canceled by the effect of nearer ones.

Here we suggest a different approach in which an artificial chemistry is embedded
in a graph, with each molecule being a vertex of the graph and possible interactions
being allowed only along the edges of the graph. Here we suggest using a particular
graph, namely, a planar triangular graph. A planar triangular graph can be drawn on
a sphere without edge crossing, and with each face being triangular. This particular
type of graph can be manipulated by adding and deleting nodes with a minimal
local rearrangement of the edges. So we can add nodes near a selected node (like
in a 2D model). Yet if we circumscribe a set of connected nodes and insert n new
nodes, the number of new relations to be taken into account grows only linearly
with n.

Like in many artificial chemistries (and in ours in particular) not all molecules can in-
teract with each other. Special conditions may arise under which different molecules
that would have destroyed themselves in a well-stirred reactor can instead coexist
(Banzhaf, Dittrich, and Eller 1999; Durrett 1994). This gives rise to higher orga-
nizational levels (Mayer and Rasmussen 2000) by allowing the whole graph to split
into “effectively” separated components that temporarily act as different reaction
vessels. The separation into different components by membrane-like structures has
also been identified as an important aspect of “biological” information processing
(Pǎun 2000) and chemical evolution (Suzuki and Tanaka 2000).

In the following, we present the planar triangular graph as a feasible tool to model
spatial structures, apply it to an artificial chemistry based on combinators, and
then show how separate components arise naturally. These components can be
interpreted as proto-cells. For this purpose we also have to defined what a membrane,
a cell, and an autopoietic cell are in our system.

7.2 The Graph: Basic Definitions and Operators

Let G =< V, E > be a graph. G is planar if (and only if) it can be embedded
in a plane without edges crossing each other. Given a planar graph embedded in
the plane and a point x, we define the face (of G) to contain x as the set of all the
points in the plane which can be reached by x with a Jordan curve and whose points
are disjointed from G ((Wilson. 1972), p. 64). A face of G is called triangular if
there are exactly three vertices which can be reached from a point inside the face,
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through a Jordan curve. Or equivalently if the equivalent vertex in the dual graph1

G′ has three edges. A planar graph G is triangular if every face is triangular, or
equivalently if the dual of every face in G′ has exactly three edges.

Given the application-oriented field we are addressing, we will consider in this work
only graphs with at least five nodes. In order to manipulate a graph we need
the following operators to add and delete a node: Add node: Given any planar
triangular graph it is always possible to add a node to a face given as a parameter.
The new node is added to the list of nodes, and three edges are added connecting
the new node the three nodes of the face. This operation destroys the old face given
as a parameter and creates three new faces. Delete node: Given any triangular
planar graph with at least six nodes, and given any node x it is always possible
to delete x and the edges that were connected to x. In this way we create a new
planar graph G′ with all faces triangular except one. Subsequently, it is possible to
add edges connecting the nodes of this non-triangular face to restore the triangular
planar graph. We start adding edges from the node which has remained with only
two edges, since in a triangular planar graph each node possesses at least three
connections

We connect the nodes randomly inside the face, taking care never to connect pairs
of nodes which are already connected.

7.3 The Artificial Chemistry

Any artificial chemistry can be embedded in a graph. In our contribution we use
an artificial chemistry based on combinators, described in more detail in Chapter 6
and in (Speroni di Fenizio 1999; Speroni di Fenizio 2000b; Speroni di Fenizio and
Banzhaf 2001).

To deal with the spatial embedding of those experiments the dynamic is slightly
different. Instead of picking two random molecules, at every step we pick a random
molecule (x) and a random neighboring molecule (y). We then apply the first x
to the second x ⊕ y −→ x(y). As described in (chapter 6 ) (Speroni di Fenizio
1999; Speroni di Fenizio 2000b; Speroni di Fenizio and Banzhaf 2001), this creates a
(multi-)set of new molecules z1, . . . , zn. We insert the molecules z2, . . . , zn randomly
in the two faces next to the link x − y (Fig. 7.1). x is replaced with z1 (the result
of the combinator reduction) and y is finally deleted2. The process may appear
complicated, but has been carefully designed to be coherent for any n ≥ 1.

1The dual graph of a planar graph G is constructed by inserting a node for every face of G and
connecting nodes whose equivalent faces are neighbors.

2Note that the operation is slightly different from the operation described in (Speroni di Fenizio
1999) where z1 replaces x and y would be deleted. This change has been enacted to prevent
reactions of the type x⊕ y −→ x, y to switch the molecules. Thus we permit easy diffusion.
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Figure 7.1: Illustration of a reaction that creates membrane molecules.

7.4 Results

When observing the behavior of the system, we notice that different molecules tend
to cluster in different regions of the graph. At first glance we can immediately notice
how the graph helps the system to balance different organizations. So, different
organizations can be present at the same time (see Fig. 7.4, below), and different
parts of the system will be in different parts of the lattice of organization.

Definition and discovery of the membrane: A first theoretical definition of
membrane molecules is the set of all molecules who cannot interact with the molecule
they are linked with. This definition has a number of flaws: real membrane molecules
do interact with their neighbors. Their role is to keep their structure while thus
separating inside from outside. We suspect that some molecules in the system
do act like membrane molecules of biological cells. The second drawback is more
technical. We recall that a reaction is possible if the reduction computation of the
expression x(y) halts, and if the number of free atoms (in the global pool) is sufficient
to support the computation and the results. For this reason some molecules will be
unable to interact, regardless of the number of free atoms, while others are reactive
only “sometimes”. The first type of links will be called “absolutely” elastic; while the
second type “effectively” elastic. In Fig. 7.4 the absolutely elastic links are removed
before drawing the graph to show the formation of cells. This is imprecise, since
the membrane could be much thicker, comprising molecules which in theory could
interact, but in practice do not interact because the necessary atoms are missing
all of the time. In our experiments we discovered clusters of molecules which were
unable to interact and divided the graph into separated regions. Molecules which are
absolutely unable to interact with themselves obviously form the raw material for
membranes. As soon as such molecules cluster, all inner molecules of these clustered
non-reactive molecules will build the membrane. For this reason, here, we define as
membrane molecules those molecules which are absolutely unable to interact with
themselves, regardless of their effective position. Thus, molecules which would build
a membrane under the right conditions.

Definition of cell: As the membrane molecules appear and start to cluster, the
graph looses its homogeneity and starts to divide into different regions. If we delete
all absolutely elastic links of a graph G, we will obtain a new graph G′. In this new
graph any separated component containing more than one node will be regarded as
a cell. Such a definition is purely geometrical, and in no way infers anything about
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Figure 7.2: Example of two cells. Magnification of a sub-graph taken from generation
917. Red edges denote “absolutly” elastic (non-reactive) connections. Membrane
molecules: �(r) and �(y2). Inner molecules: ♦(b) and ◦(g). Note that the lower
left cell contains a different inner organization (♦and ◦) then the small upper left
cell (♦only).

the nature of the cell, or its possible evolution.

Autopoietic cell: Some cells exhibit stronger properties, so that they can be clas-
sified as autopoietic cells (example in Fig. 7.2). In the following we give a tentative
definition of what would be an autopoietic sub-system in an artificial chemistry em-
bedded in a graph. We will call I the set of elements inside a cell, and M the set of
elements from its membrane. A cell will be called autopoietic if: (1) either I is an
organization, and I produces M , or (2) I is an organization and I ∪M produces M
or (3) I ∪M is an organization.

We will call such an organization the cell organization. Autopoiesis also requires
that the cell organization is relatively stable with respect to an influx of random
noise, e.g., random molecules. So, we require the system to continuously produce
membrane molecules in order to maintain the cell as a separate unit. Under the influx
of random molecular noise molecules which cannot interact with the organization will
also be generated (Speroni di Fenizio and Banzhaf 2001). Being unable to interact,
those molecules will naturally connect to the membrane, and as the membrane grows
they will be expelled from the cell. In (Speroni di Fenizio and Banzhaf 2001) we
explain how metabolic organizations under the influx of random noise sometimes
produce long unusable molecules. In our system such molecules would end up being
part of the membrane. Under the right conditions (excessive number of atoms which
build up membrane molecules), such a membrane could also be overproduced, with
the effect of splitting the cell into separate cells. Even if all other requirements
were satisfied, not every organization producing membrane molecules would form
an autopoietic cell. In our system, if membrane molecules are produced too rapidly,
they tend to create big chunks and cannot form a smooth membrane, that would
otherwise be able to separate the inside from the outside (Fig. 7.4, middle).
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Figure 7.3: Time evolution of the concentration of important molecules, number of
different molecules (diversity), and productivity (probability that two neighboring
molecules can react).

Structure of the process - autopoietic mechanism: We will now discuss in
detail a concrete experiment3 which shows spontaneous formation of autopoietic
cells. This will be done by listing its molecules, both the membrane and the inner
ones. The main molecules that appeared in this experiment are:

combinator (molecule) symbol name
B(WR)(WR) ◦ g

SIR ♦ b
R � v1

RR � v2

combinator (molecule) symbol name
W (SS) � y1

S(R(W (SS)))(W (SS)) • w
SII � r

W (SI) � y2

3Parameter settings to replicate the experiment: Operation type x⊕ y −→ x(y). Atoms used:
B, C, K, R, I, S, W. Number of atoms: 1000 of each type. The influx of random molecules is
exponentially decaying with MinNMolecules = 25, HalfNMolecules = 150. Outflux probability
0.01. Random seed 789. MaxTry = 10000. MaxLength = 100, MaxDepth = 20. Starting number
of randomly generated molecules: 150 (initial population size).
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The left four being inner molecules; the right four being membrane molecules. Short
names are used to ease the following discussion. Two secondary membrane molecules
which less frequently appear are:

combinator (molecule) symbol name
S(B(WR)(WR))(B(WR)(WR)) • w2

S(SIR)(SIR) • w3

Membrane molecules can never interact with themselves, nor with other membrane
molecules. Note that any element of the form R(x) will react with anything else
and always creates x by that reaction. Thus R(x) can be seen as an intermediate
product. For this reason in our table we will list every molecule R(R(. . . (x) . . . ) as x.
Some of the inner molecules follow general rules. Let x, y ∈ S be arbitrary molecules
these general rules read: g ⊕ y −→ 4y; R(x)⊕ y −→ x, y; RR(x)⊕ y −→ R(y), x.

b = SIR acts differently on any molecule, as can be seen in the following table:

⊕ g b v1 v2 y1 w r y2

b 4g 2b v2 v1, v2 w elastic 2r 3y2

What is missing are the reaction products between membrane molecules and inner
molecules:

⊕ g b v1 v2

y1 w2, 3g w3, b n.h. n.h.
w elastic elastic n.h. n.h.
r 4g 2b n.h. n.h.
y2 13g elastic de facto 4b v2 2v1, v2

Some membrane molecules, interacting with inside molecules create intermediate
products w3 and w2. Both products cannot interact with themselves, nor with
membrane molecules. We list their interaction with inside molecules:

⊕ b w3

b 2b elastic
w3 4b elastic

⊕ g w2

g 2g 4g
w2 10g elastic de facto elastic

Interactions that do not appear because the corresponding molecules are not present
at the same time are marked “n.h.” (never happened).

From these tables we can conclude that y1 cannot be a membrane for b (� and ♦,
respectively, in Fig. 7.4 (a)) since in no way can it be generated by their interaction.
b instead can use r (� in Fig. 7.4) and y2 (� in Fig. 7.4 (b) and (c)) to create
cells as it effectively does (Fig. 7.2)). g (◦) can create cells using any of the above
membrane molecules. Yet with y1 and r (�) it generates them smoothly, ending up
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with an effective membrane (◦ and �). When y2 appears with g the formation of
membrane cannot be as clearly observed as in the other case, since the membrane
ends up generating clusters of too large a size. Either this is an effect of the explosive
reaction (w2 ⊕ g −→ 10g), or is an effect of the dynamics. The investigation of the
later case is beyond the scope of this chapter.

We showed examples from different organizations arising in one run, but where not
every membrane molecule was coupled to every organization to generate an effective
self-maintaining cell. The other cases seem to be in all regards autopoietic systems.

Different types of membrane compete: In our experiment we noticed how
different types of membrane tend to compete (Fig. 7.3, upper graph). Since they
often use the same type of atoms (S and W ) this no surprise. On the other hand,
inner molecules can feed upon a bigger variety of atoms, molecules are often divided
by the membrane into different cells that do not compete since they feed on different
atoms (Fig. 7.3, second graph from above).

Different runs generate different molecules: Up to now we have spoken about
one run only. When more runs are performed, sometimes other cells are generated,
based upon different molecules but with similar behavior. Another possible outcome
of a run are organizations so different that no membrane is present at all, e.g., where
the productivity4 stabilizes at exactly one.

Since each run generates a totally different experiment, with completely different
behavior, averaging over a number of runs would not give interesting data. For
this reason we choose to thoroughly present one run instead. For an analysis of
the variability of the possible organization that may appear in different runs see
(Speroni di Fenizio 2000b).

7.5 Conclusion

Our results were achieved by permitting any possible molecule to appear in the
system (at least in principle). The resulting organizations not only generated a
membrane in the ”physical” space, but also, through their network of interactions,
maintained exactly those molecules which continuously generated the cell.

What we observed is a special case of an autopoietic structure. In a general case
the molecules would not be required to remain constant through time. What would
remain constant instead is the network of interactions which generate the cell5. This
is equivalent to saying that a cell can be autopoietic even if it changes its component
types, as long as the new components still interact in the same functional way.

In our work the atoms were assumed to have a homogeneous concentration through-
out the entire graph. An interesting variation would be to consider them locally in
each face. This could give rise to a Darwinian process as cells have to destroy other

4Productivity measures the probability that a collision of two molecules is reactive.
5If the molecules remain constant this condition is automatically fulfilled
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cell’s molecules to free atoms for use in their faces. As we said earlier our results were
reached by studying an universal artificial chemistry. Each cell generates its own
table of interaction for its molecules. It would be an interesting problem to extract
these reaction tables and to use a fast and simple model to study the evolutionary
dynamics of cell assemblies.

From an organization point of view, this chapter presented an example of how it
is possible to explore different parts of the lattice in the same experiment. The-
oretically this would result in a simple speciation process happening. Practically
this would have required a wider computation resources than the ones available to
us. Also the cells were not very stable as the membrane was continuously destroyed,
although at a slow rate, to produce the molecules that were necessary for the system
to run (as explained in Section 6.5).
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(a) generation 560

(b) generation 968

(c) generation 1121

Figure 7.4: Two-dimensional embedding of the graph at generation 560, 968, and
1121. Absolutely elastic links are removed before embedding. Note that nearness in
the plane does not necessarily infer nearness in the planar graph. The embedding
algorithm places nodes without neighbors at the outset of the plane.



Chapter 8

Conclusions and Final Remarks

The popular definition of a Ph.D. thesis (Wikipedia/PhD 2006) is of a ”major,
original contribution” to one’s own research field. This naturally strikes as ambitious
and lacking any form of human humility, as if submitting a thesis, and then defending
it, required totally forgetting how small one’s place in the grand scheme of things
is, and even in the whole community of all the researchers who work on similar
problems. I challenge anyone to define which of his contributions will be major.
Especially at the time of writing. Only time can tell if any contribution will really
be relevant for a field of research. A contribution is equally not important because
of its size, but because of the size of what gets started because of it. Sometimes a
single, central, one line, theorem can be more important than pages and pages of
irrelevant side results.

If I had to summarize this work in its essence, I would find in chapter 2 and in
chapter 3 its core. It is here that Fontana and Buss (1996) the basic intuition of
constructive dynamical system gets expanded into a map of organizations. Not just
for catalytic flow systems, but for a wider range of systems. A map that partitions
the space of all possible states of a system into a finite discrete set, the set (often
lattice) of all possible organizations. A map that permits us to follow the dynamic
more easily, and the changes of a complex system. Such results are not just the core,
but in a sense, the main contribution of this work. Everything else is an expansion
of this, or tries to show its relevance.

Chapter 5 expands on it by studying how this would be modified when applied to
a spacial system, as opposed to a well stirred reactor. Chapter 4 uses it to explore
how evolution look like from an organization perspective. Chapters 6 and 7 apply it
(admittedly with mixed results), to a previously studied problem (Speroni di Fenizio
1999) a combinators artificial chemistry. Here the theory shows its ability to give
some insights, but also its predictable limit in being unable to fully map the set of
all possible organizations starting from a set of generators which posses universal
computation capability. It was probably the greatest act of hubris to even consider
that it might not have been so. With the addition of the introduction (Chapter 1)
and of this present conclusion (Chapter 8), this work is completed.
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But a work of science would not be really complete if it would not give us some
better understanding of nature. Leaving behind the technical detail we have learned
so far is that, indeed, there is change: qualitative change, not only quantitative.
And this change is fairly easy to generate, if a simple work like the present could
bring on so many different examples. In fact such change seems to be ubiquitous,
and it seems now that systems in which there is no qualitative change but only a
quantitative one are actually rarer. A second lesson that has been reached is that
such change is, generally, not smooth in its nature. This, we discovered, is true
in two distinct ways. If we consider a reaction system, that is defined on a set of
molecules, with a being one of those molecules. We could compare the three cases
of having [a] = 0, [a] = ε, [a] = 2ε. Although in net quantity the difference between
the first case and the second is the same as the net difference between the second
and the third, still if we study the behavior of the system, the difference between
the first two cases is huge. It is a qualitative difference. The differential equations
in the first case are different from the ones in the second case. Whereas the second
and the third case share the same set of equations. And this is a first way in which
change does not appear to be smooth generally in complex reaction systems.

The second way in which the phase space of a reaction system does not appear to
be smooth deals with how organizations partitions the phase space of a reaction
system. Adding a molecule might not be such a big change if it does not push
the system through the boundary between two different partitions. The system
might get unstable and move downward toward a simpler organization below. But
it will not move upward. The nature of the reaction system, will prevent this from
happening. And this is general, in the sense that it applies to any system that
can be written as a reaction system. Even if we might never be able to solve the
differential equations behind the reaction system. And this gives us some insight of
how some slight changes, some additions might simplify a system or might leave it
unchanged. But unless the right molecule is released the system will not move to a
more complex organization, that subsumes the previous one.

Understanding how natural systems posses attractors, basins of attractors, and how
sometimes a small change can lead to a huge difference has been an important un-
derstanding in science. Not only did they led us to correctly predict simple systems,
but they also gave us the intellectual tools to confront more complex systems. We
might not be able to solve them precisely, but we know what kind of behavior we
can expect a system to show.

Side by side with the technical way, in which this work might be useful in precisely
predicting reaction systems, the hope is that eventually the ideas taken from Fontana
and Buss (1996) will keep on growing, and affecting the society at large. There is
a long list of unsolved problems around chemical organization theory that waits to
be adressed: we know that fixed points are instances of organizations (Section 3.3),
and we know that attractors are fully contained in the shadow of an organization.
Are attractors, and limit cycles also instances of organizations, as fixed points? Can
we define an attractive organization, a stable organization? How does the concept
of organizations triangulate with the concept of attractors, and more generally of
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basins of attractions. Most of this work was spent studying consistent reaction
systems. What can we say about more general systems, like semi-consistent reaction
systems, and general systems? All those questions will need to be adressed for the
organization theory to grow to its fullness. What we presented in this work is just
the next step of a story that did not start here, and hopefully will not end here.

In fact while this thesis is being presented two other thesis are being written, us-
ing and applying chemical organization theory. Florian Centler is investigating the
applications of it to biological and physical networks, ranging from the metabolic
network of E.Choli (Centler, Speroni di Fenizio, Matsumaru, and Dittrich 2007;
Centler, Speroni di Fenizio, Matsumaru, and Dittrich 2007), to the atmospheric
photochemistry (Centler and Dittrich 2006) network of other planets. Naoki Mat-
sumaru is investigating how organization theory can be used to understand virus
dynamics (Matsumaru, Centler, Speroni di Fenizio, and Dittrich 2006), and how can
it be used to program a chemical system (Matsumaru, Centler, Speroni di Fenizio,
and Dittrich 2005; Matsumaru, Lenser, Hinze, and Dittrich 2007). While Christoph
Kaleta is confronting the more theoretical side of the theory, investigating the con-
nection with Petri nets (Kaleta, Centler, and Dittrich 2006), and expanding the
theory to account for negative links (Kaleta, Centler, Speroni di Fenizio, and Dit-
trich 2007).
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