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During the last years, several studies have been made aiming to assess the out-of-plane seismic response
of unreinforced stone masonry structures. This fact led to the development of a wide variety of models
and approaches, ranging from simple kinematic based analytical models up to complex numerical simu-
lations. Nevertheless, for the sake of simplicity, the out-of-plane seismic response of a masonry wall pier
may be obtained by means of a simple single-degree-of-freedom system while still providing good
results. In fact, despite the assumptions associated with such a simple formulation, it is also true that
the epistemic uncertainty inherent with the selection of appropriate input parameters in more complex
models may render them truly ineffective. In this framework, this paper focuses on the study of the out-
of-plane bending of unreinforced stone masonry walls (cantilevers) by proposing a simplified analytical
approach based on the construction of a linearized four-branch model, which is used to characterize the
linear and nonlinear response of such structural elements through an overturning moment-rotation rela-
tionship. The formulation of the four-branch model is presented and described in detail and the mean-
ingful parameters used for its construction are obtained from a set of experimental laboratory tests
performed on six full-scale unreinforced regular sacco stone masonry specimens. Moreover, a parametric
analysis aiming to evaluate the effect of these parameters’ variation on the final configuration of the
model is presented and critically discussed. Finally, the results obtained from the application of the devel-
oped four-branch model on real unreinforced regular sacco stone masonry walls are thoroughly analysed
and the main conclusions obtained from its application are summarized.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction and motivation that existing unreinforced masonry walls may be vulnerable to
As mentioned by several authors, stone masonry is one of the
oldest and most worldwide building technique still in use. If on
the one hand, it is true that unreinforced stone masonry can be
considered as one of the simplest type of structural systems con-
cerning its assemblage, on the other hand, it is simultaneously
one of the most complex construction systems in terms of perfor-
mance assessment, particularly concerning its out-of-plane seismic
response. In fact, among all the vulnerability issues associated with
the seismic response of traditional unreinforced masonry walls, the
out-of-plane wall response is undoubtedly the most important and
complex. Such fact is recognized amongst the scientific community
dedicated to the study of this type of structures and has been con-
vincingly demonstrated by recent earthquakes [1]. Thus, it is clear
future earthquakes and therefore should be studied for their out-
of-plane seismic resistance.

During the last years, several studies have been presented aim-
ing to assess the out-of-plane seismic response of unreinforced
stone masonry structures. This fact led to the development and
the use of a wide variety of approaches, ranging from simple kine-
matic based analytical models up to complex numerical simulations
[1]. Nevertheless, for the sake of simplicity, the out-of-plane seismic
response of a masonry wall pier can be obtained by means of a sim-
ple single-degree-of-freedom system while still providing good
results (see for example [2,3]). In fact, despite the assumptions asso-
ciated with such a simple formulation (nonlinearities associated
with material and construction practices, for example), it is also
true that the epistemic uncertainty inherent with the selection of
appropriate input parameters in more complex models may render
them ineffective and unreliable. In addition, the simplicity and the
low computational effort associated with single-degree-of-freedom
formulations make them very interesting both for structural stabil-
ity verification and assessment purposes.
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Bearing in mind the above reported framework, a simplified
four-branch model based on a single-degree-of-freedom idealiza-
tion of the out-of-plane response of unreinforced stone masonry
walls is presented and thoroughly described in this paper. The
model, based on an overturning moment-rotation relationship, is
conditioned by two meaningful parameters which are related to
the physical and mechanical features of the masonry walls. A para-
metric analysis aiming to evaluate the effect of these parameters
on the final configuration of the model is discussed and an exper-
imentally calibrated range for such parameters is proposed for
unreinforced regular sacco stone masonry. Finally, an application
of the developed four-branch model on real unreinforced regular
sacco stone masonry walls is presented and a comparison between
the results obtained and some displacement limits available in the
literature is further provided and discussed.
2. The use of single-degree-of-freedom approaches for the
analysis of the out-of-plane response of walls

Despite the already noted fact that several works have been
presented regarding the assessment of the out-of-plane behaviour
of unreinforced stone masonry structures, the truth is that limited
attention has been given in the past to the dynamic response of
out-of-plane mechanisms in the overall structural behaviour of
unreinforced masonry buildings. In fact, this issue has been usually
treated only based on the capacity of the structure to resist to lat-
eral static forces [4]. However, different studies have demonstrated
that unreinforced masonry walls subjected to dynamic loads can
resist accelerations higher than their static strength (for example
[5] or [6]) and that they tend to respond as rigid bodies subjected
to rocking, the reason why these elements are more sensitive to
displacement and velocity rather than acceleration.
2.1. Flexural-based approaches

Priestley was one of the first authors exploring this type of for-
mulation by means of an extension of the ultimate strength meth-
ods of design analysis which replaced the traditional methods
based on working stress calculations (excessively conservative)
[7]. By introducing the concept of ductility within an energy frame-
work, Priestley demonstrated that the level of seismic loading
required to cause failure tends to greatly exceed the predictions
obtained by simple ultimate strength calculations, especially in
the case of face-loaded walls. Such theoretical formulation was
experimentally validated through an extensive experimental pro-
gramme on shaking table face loaded walls. Having validated this
initial theoretical formulation, a novel procedure for ultimate load
estimation incorporating energy considerations based on the com-
puted load-deflection (or acceleration-displacement) curve was
further proposed by the author. The main disadvantages of this
approach lie in the fact that the energy demand calculation is very
sensitive to the selection of the elastic natural frequency and it is
relevant solely for a narrow band of frequencies. It is worth noting
that this topic was later addressed by Doherty in [6], who, in 2002,
presented a new simplified linearised displacement-based proce-
dure wherein a trilinear relationship is used to characterise the
out-of-plane response of unreinforced masonry walls by a nonlin-
ear force-displacement relationship.

This procedure, later used and improved by [3,8,9], is based on
the reserve capacity of rocking unreinforced masonry walls to dis-
place out-of-plane without overturning, arising as the wall’s post
cracking response is governed by stability mechanisms. That is to
say, the wall’s geometric instability will only occur when the dis-
placement exceeds its stability limit. Therefore, a cracked unrein-
forced masonry wall rocking with large horizontal displacements
may be modelled as a rigid body on simple one-way bending (can-
tilevers or simply supported walls spanning vertically between
supports). It is, however, important to note that the assumption
of rigid body behaviour is realistic only for low values of axial force,
being that, in the case of high compressive forces, the individual
deformation of the blocks can lead to a non-negligible decrease
of the maximum displacement motivated by the lateral deformabi-
lity of the wall prior to incipient rocking. As here depicted in Fig. 1,
the ‘‘semi-rigid’’ force-displacement relationship deviates from the
bilinear idealization behaviour assuming a curvilinear profile with
the maximum force lower than the rigid threshold resistance, F0

[10]. Thus, this behaviour can be idealized by a trilinear relation-
ship defined by three displacement parameters D1;D2 and Df and
the already mentioned force parameter F0, where D1 and D2 control
respectively the initial stiffness reduction and the strength reduc-
tion and Df represents the maximum stable displacement.

According to this formulation the lateral static strength and the
ultimate displacement of an unreinforced masonry wall subjected
to out-of-plane loads are therefore only conditioned by three
parameters: (i) geometry, (ii) boundary conditions and (iii) applied
vertical forces (including self-weight). This way the uncertainties
in the mechanical properties of the material (especially the elastic
modulus and the compressive strength of masonry) do not affect
significantly the results since the effective stiffness of the wall is
the key parameter of the procedure. From an elastic displacement
spectrum, the wall displacement demand is predicted indepen-
dently of its natural period, i.e., knowing the effective mass and
the effective stiffness, Me and Ke respectively, the fundamental per-
iod of rocking is determined given the boundary conditions, state
of degradation and level of pre-compression. The principal disad-
vantage of this formulation relies on the fact that parameters
D1;D2 and Df are quantified and calibrated purely on the basis of
experimental tests (i.e. not mechanically based). A new improved
formulation of this model was very recently proposed by [11].

2.2. Rigid body-based approaches

In 1963, Housner [12] presented one of the first studies on the
dynamic response of a slender rigid block supported on a base
undergoing horizontal accelerations. The author examined the free
and forced vibration responses to rectangular and half-sine pulse
excitations through the use of an energy approach which enabled
an approximate analysis of the dynamics of a rigid block subjected
to a white-noise excitation. In this study Housner has shown that
the rocking frequency of the wall decreases with the increase of
its initial rotation amplitude, presenting also the so-called ‘‘scale
effects’’ which are based on the observation that the larger of two
geometrically similar blocks could survive the excitation while
the smaller block topples. Following Housner’s work, Priestley
et al. [13] presented a study wherein the possibility of foundation
rocking of shear wall structures is investigated and where the
author compared Housner’s theory for free rocking of rigid blocks
with experimental results obtained from a simple structural model
with a number of different foundation conditions. In addition, a
simple design method for assessing maximum rocking displace-
ment, resorting to equivalent elastic characteristics and a response
spectrum, was also presented and validated. It is worth mentioning
that this methodology was later adopted by the FEMA 356 docu-
ment [14]. These two works were indeed pioneers in a field where
a large number of studies have been developed over the last decades
([15–21] are just some examples of those which were published
between 1980 and 2007).

More recently, Sorrentino et al. [22] took a step forward on the
application of the rigid-based principles with the study of the rock-
ing response of unreinforced masonry façade walls. In this work,
the façades are assumed to undergo one-sided rocking due to the



Fig. 1. Tri-linear simplified force-displacement model [2].
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presence of internal restraints, such as transverse walls and hori-
zontal structural elements. The dynamic model also accounted, in
a simplified way, for geometrical imperfections. Two sets of excita-
tions were considered and the overturning frequencies compared
against different parameters, such as aspect ratio, imperfection
level, energy damped due to impact against vertical restraint,
ground motion variability and direction of the rotation. In 2012,
Shawa et al. [23] developed a modelling strategy to reproduce
the out-of-plane dynamic behaviour of masonry façade walls
wherein these elements arise entirely separated from the trans-
verse walls. A single-degree-of-freedom system is considered on
the basis of this approach and a rocking motion for which an ana-
lytical formulation of the equation of motion is given. Starting from
existing rocking models, which concentrate damping at impact, the
authors formulated a new model that takes into account the asym-
metry resulting from the restraint provided by the transverse walls
and from out-of-plumb walls in their at rest configuration. More-
over, the analytic coefficient of restitution was reduced based on
a set of experiments performed on masonry walls undergoing free
rocking oscillations. According to the authors, this approach is
capable of modelling real behaviour, in terms of both entire time
history and maximum rotation, even if model parameters are
roughly assumed. Finally, experimental and numerical data gener-
ated through this approach were used to check the current Italian
seismic code assessment procedure.
3. Construction of the four-branch overturning moment-
rotation model

The four-branch overturning moment-rotation model herein
presented is based on the definition of four rotation parameters
(a) Four-branch idealization of the static M − θ relation

Fig. 2. Analytical idealization of the out-of-plane response of u
which define the limit rotations corresponding to cracking, hcr , to
yielding, hy, to the end of the maximum overturning moment pla-
teau, hl, and to the ultimate rotation, hu. Therefore, according to this
analytical formulation, hcr and hy are related to the elastic and the
effective stiffness of the wall, respectively, while hl and hu repre-
sents the rotation limit corresponding to the beginning of the
decay branch (strength reduction) and the rotational limit of the
wall. These four rotation parameters, associated with the three
limit overturning moments Mcr;Mmax and M0 allow the definition
of an overturning moment-rotation model able to idealize the
out-of-plane response of unreinforced masonry walls. The configu-
ration of the four-branch overturning moment-rotation model is
depicted in Fig. 2(a).

As schematically presented in Fig. 2(b), the construction of the
four-branch model can be outlined in a series of simple steps
which will be presented in detail in the following subsections.

3.1. Definition of the elastic branch

The elastic branch of the model is defined by means of the rela-
tionship between elastic overturning moment versus rotation, until
cracking. As it is recognized [24], if tensile strength is neglected,
the onset of cracking can be determined by the linear stress distri-
bution in the center of the masonry section, which is equal to zero
at the extreme fiber. Therefore, cracking moment capacity on the
onset of cracking, Mcr , can be calculated as follows.

Mcr ¼
ðN þWÞ � t

6
ðkN mÞ ð1Þ

where N represents the vertical pre-compression force acting on the
top of the wall and W and t are respectively the total weight of the
ship (b) Step-by-step construction of the model

nreinforced masonry walls through a four-branch model.



(a) when θ = 0 (b) when θ = θu (incipient rocking)

Fig. 3. Simplified analytical model: geometric parameters and acting loads.
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wall and its thickness (depicted in Fig. 3(a)). Accordingly, and taking
into account that until cracking the wall is working in the linear
elastic regime, the corresponding cracking rotation, hcr , can be cal-
culated resorting to Eq. (2).

hcr ¼
Mcr � h

3EI
ðradÞ ð2Þ

where E is the Elastic Modulus of the wall and I is the cross-sec-
tional moment of inertia computed on the basis of the average
thickness. From Eq. (1) and Eq. (2), it is then possible to obtain
the elastic branch of the four-branch model which is defined by
the points (0, 0) and (hcr ;Mcr). Regarding the Elastic Modulus value,
it is worth referring that, when no physical testing is possible, some
reference values can be found in [25–27]. Moreover, the elastic stiff-
ness of the wall, Kel, is given by:

Kel ¼
Mcr

hcr
ðkN m=radÞ ð3Þ
Fig. 4. Rigid-body static overturning moment-rotation relationship of rigid free-
standing walls.
3.2. Definition of the post-cracking branch

In order to obtain the post-cracking branch, the equivalent
effective stiffness of the wall, KEq

eff , is defined as a function of its
elastic stiffness, Kel, through a constant nk which relates the slope
of the elastic and the post-cracking branch, Eq. (4). Ranging
between 0 and 1.0, the value of nk depends on the morphological
characteristics of the masonry wall and therefore should be exper-
imentally determined (see Section 4).

Keq
eff ¼ nk � Kel ðkN m=radÞ ð4Þ

At this point it is necessary to find the maximum overturning
moment of the wall, Mmax, from which the rotation limits hy and
hl are indirectly defined by the vertical positioning of the nonlinear
plateu (see Fig. 2(a)).

As already introduced, the out-of-plane static response of an
unreinforced masonry wall can be analytically described, in an
easy but accurate way, through a simple analytical formulation
based on static equilibrium, considering rigid-body overturning
(that is, cracking at the base of the wall). Graphically described
in Fig. 3, the physical limits of such elements, both in terms of
strength and maximum stability displacement (represented herein
as static overturning moment, M0, and ultimate rotation, hu,
respectively), can be found resorting to Eqs. (5) and (6).

Thus, from the equilibrium to rotation of the free-standing wall
about the base corner, Fig. 3(b), the static overturning moment of
the masonry wall can be written as:

M0 ¼
W � t

2
þ Nðt � DNÞ ðkN mÞ ð5Þ
where M0 (¼ F � h) is the static overturning moment of the wall. DN

represents the distance between the interior edge of the wall and
the application point of the resultant of the vertical pre-compres-
sion force.

Once defined the equivalent effective stiffness of the wall, Keq
eff ,

and its static overturning moment, M0, the yielding rotation, hy,
can be obtained by Eq. (6) wherein Mmax is computed according
to Eq. (9).

hy ¼
Mmax �Mcr þ Keq

eff � hcr

Keq
eff

ðradÞ ð6Þ

Following the logic presented in Fig. 2(b), the post-cracking
branch of the model is then defined by the points (hcr ;Mcr) and
(hy;Mmax).

3.3. Construction of the overturning decay branch and definition of the
nonlinear plateau

As presented by several authors, namely by [2,9], the overturn-
ing decay branch associated with the out-of-plane response of a
free-standing wall can be represented by the static overturning
moment-rotation curve depicted in Fig. 4, which is mathematically
described by Eq. (8) where K0 is the tangent stiffness of the free-
standing wall and M0 is the static moment necessary to trigger
its overturning.

MðhÞ ¼ M0 � K0 � h ðkN mÞ ð7Þ

Thus, the final branch of the model herein proposed can be
completely defined on the basis of two fundamental consider-
ations. The first one is related with the maximum top displacement
admitted by the wall under out-of-plane static response, which is
considered here as 60% of its thickness, t. It is worth highlighting
that this value was already experimentally observed [28] and ana-
lytically validated [29] for unreinforced regular sacco stone
masonry walls. From this assumption, the ultimate rotation of
the wall hu is then given by Eq. (8).

hu ¼
0:6 � t

h
ðradÞ ð8Þ

The second assumption is that the maximum overturning
moment, Mmax can be related with M0 – given by Eq. (5) – by means
of a constant ns which should be calibrated on the basis of experi-
mental observation. As for the case of nk, a proposal calibrated for
regular sacco stone masonry walls will be further presented in Sec-
tion 4.

Mmax ¼ M0 � ns ðkN mÞ ð9Þ

Once defined Eq. (8), the tangent stiffness of the wall, K0, can be
then computed resorting to Eq. (10).
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K0 ¼ �
M0

hu
ðkN m=radÞ ð10Þ

Finally, solving Eq. (7) for Mmax, the limit rotation hl can be
expressed as:

hl ¼
Mmax �M0

K0
ðradÞ ð11Þ

According to the above, the final branch of the model is defined
by the points (hl;Mmax) and (hu, 0). Notwithstanding, a final verifi-
cation about the relative position of points (hy;Mmax) and
(hl;Mmax) should be carried out since in the case of a highly com-
pressed wall, some combinations of parameters nk and ns can led
to values of hl smaller than hy. In this situation, the limit rotation
hl is not attained in the out-of-plane response of the wall and the
four-branch model reduces to the three branch configuration
depicted in Fig. 5(b). In this case, the new final branch is therefore
defined by (hy;My) and (hu, 0), where hy and My represent the yield-
ing moment and the yielding rotation, respectively, and are
obtained by the resolution of the following system of linear
equations:

hy ¼ My�M0
K0

My ¼ Keq
eff � hy þ Mcr � Keq

eff � hcr

� �
8<
: ð12Þ

It is important to note that this phenomena, typical of highly
compressed walls with low strength capacity, was already
reported in past research works (for example in [29]). Fig. 5 pre-
sents side-by-side the two possible configurations of the four-
branch model.

As a final comment, it is worth underlining that the uncertainty
with the application of this formulation is concentrated on the def-
inition of the parameters nk and ns which depend on the physical
and morphological features of the masonry walls (e.g. quality of
the materials, degradation state, etc.). Hence, the ranges within
which these two constants should vary, considering regular sacco
stone masonry, will be discussed in the next section.
4. Calibration of parameters nk and ns based on experimental
data

4.1. Description of the experimental programme

The experimental results herein presented to calibrate parame-
ters nk and ns was obtained from an experimental programme con-
ducted by this research team in the Laboratory for Earthquake and
Structural Engineering, in FEUP, Portugal. Performed in the scope of
a national research project, this campaign aimed to study the out-
of-plane response of unreinforced regular sacco stone masonry
piers under different pre-compression status and resorting to two
different loading schemes. To fulfil this objective, six full-scale
(a) when θy/θ l < 1.0

Fig. 5. Two possible configurations of the four-branch model:
(1.30 m � 0.65 m � 2.50 m) sacco (double-leaf with poor infill)
stone masonry walls were constructed by professional masons
(see Fig. 6) and subjected to horizontal out-of-plane loading. The
first test setup, which is depicted in Fig. 7(a), was used to test three
of the six specimens and consisted on the application of a uniformly
distributed load by means of a system of airbags. The results corre-
sponding to these three airbag tests were denominated as OP PA1,
OP PA2 and OP PA3, respectively, where the prefix OP stands for
‘‘out-of-plane’’ and the suffix PA(i) refers to the setup used (PA for
airbag testing) and the number of the test (i = 1–3). The second test
setup used on the remaining three specimens consisted of the
application of a line-load through a displacement-controlled
hydraulic actuator at the top of the wall, Fig. 7(b). In accordance
with what has been said for the airbag tests, the three line-load
tests were denominated as OP PF1, OP PF2 and OP PF3 where PF
refers to the line-load test setup. Concerning the walls’ foundation,
it is worth noting that traditional Mediterranean masonry construc-
tions usually do not include any special foundation element, being
simply settled on soil with some layered bottom stones right below
the ground level. From this fact and in order to fully control the
boundary conditions of the experiments, all masonry walls (inde-
pendently of the pre-compression level and the test setup) were
tested on a cantilever configuration, settled on a concrete footing
(see Fig. 6).

Finally, in order to apply the vertical load, a hydraulic actuator
was installed at the top of the masonry specimen, reacting against
a steel frame, which was connected to the foundation through
hinged steel rods. In addition, load cells were coupled to the steel
roads in order to monitor the imposed force. The experimental
apparatus used is illustrated in Fig. 7.

The pre-compression forces used during the experiments were
chosen to reproduce a realistic vertical load according to the spec-
ifications presented in Table 1.

It is noteworthy that the values presented in Table 1 were
determined considering a unit weight for masonry c = 21 kN/m3

and two additional loads of 1.2 kN/m2 and 1.5 kN/m2, distributed
with a tributary length of 2 m in order to simulate, respectively,
the roof and floors loads of a traditional Mediterranean house. Fur-
ther information about this experimental campaign can be found
in [28].

4.2. Calibration of parameters nk and ns

The experimental data obtained from the out-of-plane airbag
and line-load tests are presented in Fig. 8(a) and (b), respectively,
in the form of hysteretic curves and envelopes.

In addition, the six four-branch curves obtained from the direct
application of the method over the experimental results are pre-
sented in Fig. 9 and the key issues from the experimental tests
are summarized and compared in Table 2. In this table, Mexp

max is
the maximum experimental overturning moment and Keff
(b) when θy/θ l ≥ 1.0

(a) regular configuration; and (b) trilinear configuration.



Fig. 6. Construction and preparation of the masonry walls.

(a) Airbag testing (b) Line-load testing

Fig. 7. Lateral view of the test setups with the application of a vertical pre-compression force [28].

Table 1
Overburden conditions used in each test.

Tests Overburden conditions Corresponding wall in real buildings

N (kN) rbase (kPa) wa

OP PA1 and OP PF1 0 52.5 0 Single-storey load-bearing wall
OP PA2 and OP PF2 52 113.3 1.17 Load-bearing ground storey wall of a 2-storey building
OP PA3 and OP PF3 140 227.5 3.15 Load-bearing ground storey wall of a 4-storey building

a w is the overburden ratio defined as the ratio of the axial load to the total weight of the masonry wall.
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Fig. 8. Overturning moment-rotation hysteretic curves and corresponding envelopes for airbag tests (a) and for line-load tests (b).
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Fig. 9. Four-branch models obtained from the direct application of the methodology over the experimental results.

Table 2
Experimental ranges of parameters nk and ns for regular sacco stone masonry walls.

Test Kexp
eff (kN m/rad) Kel (kN m/rad) Kexp

eff /Kel nk ½�nk � rnk � Mexp
max (kN m) M0 (kN m) Mexp

max/M0 ns ½�ns � rns �

OP PA1 14614.18

17493.61

0.84

[0.47; 0.87]

14.57 14.64 1.00

[0.84; 1.00]

OP PF1 6231.12 0.36 15.28 15.19 1.01
OP PA2 11643.17 0.67 28.30 32.84 0.86
OP PF2 17523.15 1.00 33.08 33.39 0.99
OP PA3 10164.58 0.58 47.33 61.44 0.77
OP PF3 9977.10 0.57 57.02 61.99 0.92

Mean value, �nk 0.67 Mean value, �ns 0.92
Stand. deviation, rnk

0.20 Stand. deviation, rns 0.08

1

λ0
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Fig. 10. Decrease in out-of-plane strength capacity with decreasing number of
headers (in [29], adapted from the original [31]).
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represents the experimental effective stiffness, which was directly
extracted from the experimental envelopes considering a tangent
line at 70% of Mexp

max.
As presented in Table 2, values of effective stiffness ranging

between 6231.1 kN m/rad and 17523.2 kN m/rad were obtained
in the out-of-plane tests. Although this range is quite large, it can
be considered acceptable taking into account the heterogeneity
of the intrinsic properties of the masonry itself, even in the case
of laboratory-made specimens. From the observation of Table 2,
average values of about 14.93 kN m, 30.69 kN m and 52.18 kN m
are obtained for Mexp

max, accounting for pre-compression forces of
0 kN, 52 kN and 140 kN respectively.

As mentioned in Section 3, in order to obtain a range of calibra-
tion for parameter nk, the experimental effective stiffness results,
Kexp

eff , were confronted with the analytically obtained elastic stiff-
ness of the walls, Kel on the basis of the ratio Kexp

eff =Kel (see Table 2).
It should be noted that Kel was computed through Eq. (3) consider-
ing an Elastic Modulus, E, of 0.49 GPa which was experimentally
obtained from a set of vibration tests properly described in [28].
Following the same line, the range of calibration for parameter ns

was obtained on the basis of the ratio Mexp
max=M0, wherein M0 is com-

puted through Eq. (5) with DN ¼ t=2. On the basis of the statistical
interpretation of the data summarized in Table 2 – by identifying
the representative mean values of �nk and �ns and defining the upper
and lower bounds ½�nk � rnk

; �nk þ rnk
� and ½�ns � rns ; �ns þ rns � – values

ranging between 0.47 and 0.87, and between 0.84 and 1.00, may be
used on the out-of-plane analysis of unreinforced sacco masonry
walls, respectively for parameter nk and ns. It is important to high-
light that, in terms of maximum strength, this range is in excellent
agreement with the experimental and numerical studies of Guiffrè
[30,31] and with the analytical observations of De Felice [29] who
refers, for similar masonry sections, maximum strength values of
about 93% of the static overturning force.
As widely recognized, the morphological characteristics of the
wall section that most influences its strength capacity are the
number of header blocks, which ensure the connection between
leaves, and the size of the stones. Concerning the effect of the head-
ers, both the results provided by Guiffrè in [30,31] and De Felice in
[29] have clearly highlighted the influence of the number and of
the relative position between header blocks, on the out-of-plane
strength capacity of the walls. In fact, a very strong relation
between the decrease of the ratio between the collapse load of
the real and the monolithic wall, k0, and the increase of the ratio
between the vertical distance s among headers and the thickness
b of the wall, s=b. As shown in the original figure of Guiffrè [31]
(Fig. 10), for values of ratio s=b lower than 1.31, values between
1.0 and 0.8 were observed for k0 (¼ Mexp

max/M0), a range that is in
good agreement with the range of calibration obtained for param-
eter ns wherein four out of the six specimens (except OP PF1 and
OP PA2) presented values lower than 1.0 for ratio s=b (see [28]).

Moreover, De Felice corroborated the above cited results of Gui-
ffrè by means of a series of quasi-static and dynamic analyses.
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Among other relevant results, the author showed that up to a cer-
tain number of headers (approximately 7% in the vertical cross-
section), the behaviour of the real section is close to that of a
monolithic one. Thus, and taking into account this statement, it
is worth highlighting that all the specimens used for the calibration
of ns present percentages of headers of about 25%, a fact that fur-
ther supports the obtained calibration ratio. Regarding the size of
stone, De Felice observed in [29] that the size alone is not sufficient
for detecting the out-of-plane strength. According to the author,
when the average size is large, a relative high strength seems to
be guaranteed. However, when the average size is rather small, a
wide spread in strength is observed. Notwithstanding this fact,
and as can be seen in Fig. 11(a), the great majority of the analyses
indicate out-of-plane strength capacity values ranging between 0.6
and 0.9, which is a result that corroborates the values obtained for
the headers. Following a similar research line, an indenting index
l=h which evaluates the length l of the line of least resistance that
can be traced along mortar joints was proposed by Doglioni and
Mirabella [32]. According to such formulation, the longer l for a
given wall’s height h, the more effective the interlocking among
stones (see Fig. 11(b)).

As a final note, it is important to point out that this kind of anal-
yses could provide an accurate and reliable range of values which
can be then used in order to adapt the four-branch model for the
analysis of different kinds of unreinforced stone masonry walls
on the basis of, for example, their vertical cross-section properties.

4.3. Parametric analysis

In this section a series of parametric analysis are presented and
discussed aiming at evaluating the sensitivity of the four-branch
model configuration, given by the relative position of rotation lim-
its hcr ; hy; hl and hu, in function of parameters nk and ns. In order to
perform such parametric analysis, a set of six reference walls were
selected so as to obtain a realistic but differentiated range, in terms
of their geometric characteristics and applied load. Table 3 pre-
sents the range of properties considered in the reference walls.
Note that for the sake of coherency with the previously presented
0,0
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0,8

1,0

right
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0

(a) Average stone size (dm2)
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Fig. 11. Relationship between the out-of-plane strength capacity of the wall sections, de
size of the stones; and (b) indenting index (adapted from [29]).

Table 3
Reference walls for the parametric analysis.

Wall t (m) b (m) h (m) h=t N (kN) W (kN) w

1 0.60 1.50 2.00 3.33 0 37.80 0.00
1N 0.60 1.50 2.00 3.33 50 37.80 1.32
2 0.60 1.50 2.50 4.17 0 47.25 0.00
2N 0.60 1.50 2.50 4.17 50 47.25 1.06
3 0.75 1.50 2.00 2.67 50 47.25 1.06
4 0.60 1.00 2.50 4.17 0 31.50 0.00
experiments, a unit weight of 21 kN/m3 and an Elastic Modulus of
0.49 GPa were also assumed [28].

As show in Table 3, three geometric slenderness ratios
(h=t ¼2.67, 3.33 and 4.17) and three different overburden condi-
tions (w ¼0, 1.06 and 1.32) were obtained from the pre-selected
geometrical and loading features. Besides, six individual values of
cracking moment, Mcr , cracking rotation, hcr , elastic stiffness, Kel,
static overturning moment, M0, and ultimate rotation, hu, were
computed resorting to Eqs. (1), (2), (5) and (8), respectively. In all
cases, the axial load was considered eccentric, i.e., DN was taken
equal to t=2 in Eq. (5). Thus, two initial sensitivity analyses were
carried out in order to evaluate the simultaneous influence of
parameters nk and ns (within the ranges ½�n� rn�) on the relative
position of hcr to hy and hy to hu (Figs. 12 and 13 respectively).
The 3D surface data presented in Fig. 12 shows that the ratio hcr

to hy, which defines the length of the second branch of the model,
is more sensitive to the variation of parameter nk than of parameter
ns. Notwithstanding this fact it is interesting to note that
the influence of ns in such ratio is not constant throughout all the
range of values. In fact, as can be seen in the upper part of the
0

0,0

0,2

0,4

0,6

0,8

1,0

1 2 3 4

right
left

(b) Indenting index

pending on whether the acceleration acts from the left or the right side: (a) average

Mcr (kN m) hcr (rad) Kel (kN m/rad) M0 (kN m) hu (rad)

3.78 0.00019 19845.0 11.34 0.180
8.78 0.00044 19845.0 26.34 0.180
4.73 0.00030 15876.0 14.18 0.144
9.73 0.00061 15876.0 29.18 0.144

12.16 0.00031 38759.8 36.47 0.225
3.15 0.00030 10584.0 9.45 0.144
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surface, the influence of ns is more meaningful for higher values of
parameter nk.

Following the same line, some important conclusions about the
influence of a wall’s geometry and loading conditions on the
behaviour of the yielding rotation limit, hy, can be pointed out from
the analysis of the six 3D surfaces presented in Fig. 13. To begin
with, the influence of the axial load on the final position of the
wall’s yielding rotation is clearly shown by the relative vertical
positioning of the surfaces corresponding to wall 1 to 1N,
Figs. 13(a) and (b), and to wall 2 to 2N, Figs. 13(c) and (d). In this
sense, starting from equal geometrical features, walls with higher
levels of axial load (higher overburden ratios) present higher val-
ues of yielding rotation, hy, and consequently higher hy=hu ratios.
It is worth highlighting that this result is in good agreement with
previous experimental observation (see for example [3,28]).

From the analysis of wall 3 to wall 2N, it is possible to notice
that thicker walls tend to present lower yielding rotation values,
Fig. 13(e). In both cases the influence of parameter nk on ratio
hy=hu is clear: the higher the value of parameter nk, the lower the
value of ratio hy=hu and the lower the influence of such parameter
on the yielding rotation value. A final comment for the non-influ-
ence of the walls’ width on the shape of the four-branch model, a
fact that is evidenced by the same spatial configuration of the 3D
surfaces corresponding to walls 2 and 4, Figs. 13(c) and (f).

A further analysis of the relation between parameter ns and the
ratio of the yielding rotation to the limit rotation, hy=hl, which in
practice reflects the development of the nonlinear plateau of the
wall, is presented in Fig. 14. From this analysis it is clear that the
higher the parameter ns, the smaller is the nonlinear plateau. In
fact, as can be clearly seen in this figure, the influence of parameter
ns is quite reduced in the range of �ls � rls

to �ls which means
that, within this range, the model can be considered relatively
well-conditioned regarding the obtention of the limit rotation, hl.
However, such influence becomes more significant for values of
ns between 0.93 and 0.99. This phenomena can be clearly observed
in the case of walls 1N and 2N.

In addition, for higher values of ns, Walls 1N and 2N present
ratios of hy=hl greater than 1.0, the already referred limit situation
wherein the limit rotation, hl, is smaller than the yield rotation, hy.
In those cases, the four-branch model acquires the trilinear config-
uration addressed in Section 3.3 and depicted in Fig. 5(b).
5. Discussion of the results and data interpretation

5.1. Application of the four-branch model

Figs. 15–17 present the results obtained from the application of
the four-branch model on the six masonry specimens introduced
in Section 4. For each one of the axial loading levels considered
in the tests (N = 0 kN, 52 kN and 140 kN), two final outputs are pre-
sented: (a) the comparison between the first three branches of the
model and the initial phase of the experimental overturning
moment-rotation envelope; and (b) the comparison between the
full four-branch model and the complete experimental envelope.
Moreover, the final configuration of the model (depicted in solid
red) is presented together with the lower and the upper bounds
½�nk � rnk

; �ns � rns � and ½�nk þ rnk
; �ns þ rns � (indicated in dot red),

respectively. The confrontation between the experimental and
the analytical results are additionally summarized in Table 4.

On the basis of the analysis of Figs. 15–17 and of Table 4, it is
rather clear that the proposed four-branch model generally pre-
sents a good agreement with the experimental envelopes. In fact,
for the three loading levels used, both the elastic range of the
out-of-plane response of the masonry specimens, and its maxi-
mum out-of-plane strength (in terms of overturning moment),
were satisfactorily captured by the model. Furthermore, as can
be seen in Figs. 15(a), 16(a), 17(a), the analytical limit of the first
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Fig. 15. Comparison between the experimental envelopes and the four-branch idealization for a pre-compression force of 0 kN: (a) analytical vs. experimental stiffness; and
(b) full model.
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branch of the model (hcr ; Mcr), which is related with the opening of
the first flexural crack, also seems to present a good fit to the elas-
tic phase of the experimental envelopes. Despite the small differ-
ences found in the slope of the two initial branches of the model,
it is important to note that depending on the characteristics of
the masonry wall (type and morphology of the masonry section
and overburden condition) such difference can be much more pro-
nounced. This fact supports the consideration of these two
branches to fully characterize the pre-yielding phase of the global
response. In addition, this issue is also important for the correct
definition of limit states, as presented afterwards in Section 5.2.

As presented in Table 4, and only considering the average values
of parameters �nk and �ns, a mean value of 1.0 was obtained for the
ratio between the experimental and the analytical effective stiff-
ness, KExp:

eff =KAnalitc:
eff , with an associated standard deviation value of

0.31. Concerning the ratio between the maximum experimental
and analytical overturning strength, MExp:

max=MAnalitc:
max , a mean value

of 1.03 and a standard deviation values of 0.10 were obtained. Still
regarding the deviations obtained, it is important to underline that
they are dispersed throughout the range of the results which indi-
cate that the formulation works properly independently of the
overburden ratio, w, considered.

Table 5 summarizes the final rotation ratios obtained from the
above analytical results and Fig. 18 shows the relationships found
between the two ratios hcr=hu and hy=hu, and the overburden condi-
tions. As presented in the table, for the combination of values of
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Fig. 16. Comparison between the experimental envelopes and the four-branch idealization for a pre-compression force of 52 kN: (a) analytical vs. experimental stiffness; and
(b) full model.

(a) (b)

Fig. 17. Comparison between the experimental envelopes and the four-branch idealization for a pre-compression force of 140 kN: (a) analytical vs. experimental stiffness;
and (b) full model.

Table 4
Comparison between experimental and analytical results in terms of effective stiffness and maximum overturning moment.

Test KAnalitc:
eff (kN m/rad) KExp:

eff =KAnalitc:
eff MAnalitc:

max (kN m) MExp:
max=MAnalitc:

max

�nk � rnk
�nk

�nk þ rnk
�nk � rnk

�nk
�nk þ rnk

�ns � rns
�ns

�ns þ rns
�ns � rns

�ns
�ns þ rns

OP PA1

8396.93 11692.24 15219.44

1.74 1.25 0.96
12.30 13.53 14.49

1.18 1.08 1.01
OP PF1 0.74 0.53 0.41 1.24 1.13 1.05
OP PA2 1.39 1.00 0.77

26.49 29.14 31.22
1.07 0.97 0.91

OP PF2 2.09 1.50 1.15 1.25 1.14 1.06
OP PA3 1.21 0.87 0.67

50.52 55.56 59.54
0.94 0.85 0.79

OP PF3 1.19 0.85 0.66 1.13 1.03 0.96

Mean value 1.39 1.00 0.77 Mean value 1.13 1.03 0.96
Stand. deviation 0.43 0.31 0.24 Stand. deviation 0.11 0.10 0.09

Table 5
Resultant rotation ratios.

Test w hcr=hu (%) hy=hu (%) hl=hu (%)

�n� rn
�n �nþ rn

�n� rn
�n �nþ rn

OP PA1 & OP PF1 0 0.18 0.75 0.65 0.58
16.00 7.61 1.00OP PA2 & OP PF2 1.17 0.39 1.61 1.41 1.26

OP PA3 & OP PF3 3.15 0.72 2.98 2.61 2.34
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Table 6
Comparison between different proposes for trilinear parameters Di=Df and the limit
rotation ratios hy=hu and hl=hu .

Trilinear model
Calibrated for regular brick masonry D1=Df D2=Df

Doherty et al. [2] (%) 6 28
Derakhshan, Ingham & Griffith [3] (%) 1 25
Derakhshan & Ingham [33] (%) 1–9 20–70

Four-branch model
Calibrated for regular sacco stone

masonry (%)
hy=hu ¼ 0:65—2:61 hl=hu ¼ 7:61
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w P 1:17 and ½�nþ rn�, the value of ratio hl=hu is lower than for ratio
of hy=hu, a phenomena that was already addressed in SubSections
3.3 and 4.3. Regarding Fig. 18, it is noteworthy that despite the fact
that the relation found between the overburden ratio, w, and both
the analysed ratios, hcr=hu and hy=hu, is constant throughout the
analysed range, the dispersion in the values of ratio hy=hu grows
significantly with the increase of the overburden ratio, w. This
observation is consistent with the results obtained from the para-
metric analysis presented in Section 4.3.

Despite the methodological differences between the herein pro-
posed four-branch model and the trilinear formulations described
in Section 2.2, the rotation ratios obtained from the first one (pre-
sented in Table 5) can be directly compared with the trilinear
parameters proposed for regular brick masonry walls (refer to
Fig. 1). Regarding this matter, it is only worth pointing out here
that, as expected, the ratios associated to the out-of-plane behav-
iour of sacco stone masonry walls are quite different from the ones
proposed in literature for regular brick masonry walls, which vary
between 1% and 9% in the case of ratio D1=Df , herein relatable with
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Fig. 19. Graphical comparison between the four-branch model and the trilinear models
Derakhshan & Ingham [33] for regular brick masonry walls with no axial compression.
hy=hu, and between 20% and 70% in the case of D2=Df , herein relat-
able with hl=hu (see Table 6 and Fig. 19).

It is worth noting that the comparison presented in Fig. 19
should be seen as merely representative, since the results presented
in this figure were obtained from the application of the trilinear
model and the four-branch approach to morphologically distinct
masonry sections (regular brick masonry regular sacco stone
masonry respectively) with different stiffness properties, which
justifies the relative position of the yielding point of each model.
A further discussion about the application of the existing trilinear
proposal to unreinforced sacco stone masonry walls can be found
in [34,35].

5.2. Definition of limit states

Finally, the ratios discussed in Section 5.1 can be also related
with three growing limit states defined for the out-of-plane
response: Limit State 1 (LS1, serviceability limit state) which
defines the opening of the first flexural crack; Limit State 2 (LS2),
related to maximum strength; and Limit State 3 (LS3) which gives
the maximum allowable damage. Moreover, in accordance to the
Italian code [36], a fourth limit state associated with failure (LS4)
can be further defined as 40% of the ultimate rotation, hu. The def-
inition of each one of these four limit states on the basis of the
average rotation ratio obtained in the previous section (see Table 5)
is presented in Table 7.

According the results presented in Table 7 the first limit state
was attained for rotation levels corresponding to 0.18%, 0.39%
and 0.72% of the ultimate rotation of the wall, hu, respectively for
each one of the three growing overburden levels considered. Fol-
lowing the same logic, and considering the average values of
parameters �nk and �ns, the second and the third limit state were
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Table 7
Rotation ratios and corresponding limit states.

Test w Limit State 1 Limit State 2 Limit State 3 Limit State 4
Opening of the first flexural crack Maximum strength Maximum allowable damage Failure

OP PA1
0

0:18% � hu 0:65% � hu

7:61% � hu 40% � hu

OP PF1
OP PA2

1.17
0:39% � hu 1:41% � hu

OP PF2
OP PA3

3.15
0:72% � hu 2:61% � hu

OP PF3
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Fig. 20. Definition of limit states on the four-brach curves obtained from different overburden ratios.
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attained for rotation levels of 0.65%, 1.41% and 2.61% (LS2) and
7.61% of the ultimate rotation of the wall (LS3). The definition of
the these four resultant limit states, considering the overburden
ratios presented in Table 7, is illustrated in Fig. 20.

6. Final remarks

An original simplified analytical approach based on the con-
struction of a linearized four-branch model for the analysis of the
out-of-plane response of unreinforced sacco stone masonry walls
was presented and discussed in this paper. The formulation was
calibrated on the basis of a set of results obtained from an experi-
mental campaign prepared for the effect wherein six full-scale
unreinforced regular sacco stone masonry specimens were tested
resorting to two different testing setups. From this calibration,
two ranges for values of parameters nk and ns which control respec-
tively the effective stiffness and the configuration of the nonlinear
plateau of the out-of-plane response were proposed for unrein-
forced sacco stone masonry walls. Moreover, a parametric analysis
of such parameters was discussed accounting for their relative
influence on the final configuration of the four-branch model and
finally, the results obtained from an application of the model were
presented and critically analyzed.

As a general comment, it is worth underlining the fact that,
despite the high level of simplification, this model manages to
reproduce in a very acceptable way some of the most relevant fea-
tures of the out-of-plane response of unreinforced masonry walls,
such as its maximum out-of-plane capacity, both in terms of over-
turning moment and rotation, as well as its elastic and effective
stiffness. In addition, the shape of the overturning decay branch
associated with the out-of-plane response of the wall (post nonlin-
ear plateau phase) is also well captured by the model.

Finally, it is important to recall the fact that, when compared
with more complex methodologies, this approach presents the
undeniable advantage of being, on the one hand, straightforward
in its application and, on the other, not affected by the epistemic
uncertainties inherent to the selection of appropriate input
complex parameters associated for example with the mechanical
characterization of the materials. Therefore, this simplified proce-
dure appears as a practical alternative to other simplified
approaches, which have been developed and calibrated either for
different types of nonlinear response or for different types of
masonry, both in terms of its arrangement and constitutive mate-
rials. Moreover, and as presented in the paper, if this model is
applied together with previous experimental and numerical results
[30,31,29], it can be easily applied to other masonry walls with dif-
ferent typologies and assemblages.
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