
Homework 2 Solution

EE 451/551 Wind Energy

Due 11:00 pm, Jan 24, 2019. Submit online at
https://www.dropbox.com/request/azQQanrSzs3GvMBd96lw

Problem 1. Suppose a wind turbine captures 1MW of wind power when the wind speed is
15m/s and the coefficient of performance Cp is 0.1. Find the length of the blades. Assume
the density of air is 1 kg/m3.

Solution. Recall that the coefficient of performance is defined such that

Cp = pb
p̂

= (1/2)δAw (w2
u − w2

d)
(1/2)δAw3

u

,

where pb is the blade power and p̂ is the available wind power. Hence,

p̂ = pb
Cp

= 1 MW
0.1 = 10 MW.

The blade length can then be determined by

p̂ = 1
2δAw

3
u = 1

2δπr
2w3

u =⇒ r =
(

2p̂
δπw3

u

)1/2

= 43.431 m.

Problem 2. Consider a wind speed of 10m/s and a blade length of 50m. The constants of
the coefficient of performance are as follows:

Constant k1 k2 k3 k4 k5 k6 k7

Value 20 0.1 0.002 0.003 15 1 0.02

Plot the coefficient of performance as a function of the tip-speed ratio for pitch angles of 0°,
10°, and 30°. As the pitch angle increases, the peak coefficient of performance decreases.

Solution. The coefficient of performance of a wind turbine can be expressed by the empirical
formula

Cp = k1(Λ− k2β − k3β
3 − k4)e−Λk5 ,
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Figure 1: Coefficient of performance vs. tip speed ratio.

where
Λ = 1

λ+ k6β
− k7

1 + β3 ,

and λ denotes the tip speed ratio (TSR). Figure 1 shows the coefficient of performance as a
function of the tip speed ratio λ.

Problem 3. Wind turbines can be installed over a 10 km by 10 km region. If we want to
achieve a separation ratio of 8, how many wind turbines can be installed?

Solution. The land area required for a square array of wind turbines is governed by

Aland = [(N − 1)D + 2r]2 ,

where r is the blade length, D the shortest distance between turbines, and N the number of
turbines per row. Using the land area stated in the problem, we see that

Aland = [(N − 1)D + 2r]2 = 100 km2 =⇒ (N − 1)D + 2r = 10 km.

A separation factor of 8 implies that

S = D

2r = 8 =⇒ D = 16r.

Substituting this factor into the equation above yields

(N − 1)16r + 2r = 10 km =⇒ N = 1× 104 m + 14r
16r .

Hence, the number of turbines that can be installed depends on the blade length r. For blade
lengths near 32m that would be typical in on-shore applications, this equates to about 20
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turbines per row, or 400 total. For blade lengths near 50m that might be found in offshore
applications, this equates to about 13 turbines per row, or 169 total.

Problem 4. The following measurements are made at two potential sites for a wind farm:

Site A
Wind Speed Probability

2 1/5
3 2/5
10 2/5

Site B
Wind Speed Probability

3 1/10
5 3/5
7 3/10

Which site has higher average wind power output? Assume the same turbine is used at
both sites.

Solution. Recall from lecture that wind power scales with the cube of the wind speed

p = 1
2δAw

3.

Assuming the air density is the same at both sites, we can then compare the expected value
of the wind speed cubed for both sites. The expected value (equivalently expectation or mean)
is given by

E [X] =
N∑
i=1

xifX(xi) =
∑
ω∈Ω

X(ω)P (ω),

where X is a discrete random variable and Ω the sample space. Tabulating the cube of the
wind speed, we have:

Site A
w (m/s) w3 (m3/s3) prob.

2 8 1/5
3 27 2/5
10 1000 2/5

Site B
w (m/s) w3 (m3/s3) prob.

3 27 1/10
5 125 3/5
7 343 3/10

Calculating the expectation of the cube of the wind speed yields,

νa = 412.4 m3/s3

νb = 180.6 m3/s3,

where ν = w3. Thus, Site A has a higher expected wind power output than Site B.

Problem 5. The following measurements were made at a potential site for a wind farm
located at 100m elevation (see book for table). Compute the average wind speed and the
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standard deviation. If the turbines’ cut-in speed is 4m/s and the cut-out speed is 16m/s,
compute the percentage of the time the turbine can generate electricity.

Solution. The expected wind speed is w = 10.541 m/s. The standard deviation is the square
root of the variance, which can be expressed as

var(X) =
N∑
i=1

(xi − E [X])2fX(xi) =
∑
ω∈Ω
{X(ω)− E [X]}2 P (ω).

For the data set provided, the variance is var(X) = 30.972 m2/s2, and the standard deviation
is σ = 5.565 m/s. For the stated cut-in and cut-out speeds, the fraction of time during which
the turbines can generate electricity can be stated as

FX(16)− FX(4) =
∑

x∈[0,16]
fX(x)−

∑
x∈[0,4]

fX(x) = 0.673.

where FX is the cumulative distribution function. The expression above implies that the
turbine can generate power at wind speeds strictly greater than 4m/s and less than or
equal to 16m/s. Hence, the turbines can generate electricity 67.3% of the time. (You get a
slightly different answer depending on whether the cut-in and cut-out speeds are inclusive or
exclusive!)

Problem 6. A Gaussian distribution is used to describe wind speed at a given site. The
mean of the distribution is 8 and the variance is 2. How many hours of the year is the wind
speed greater than 10m/s? Assume there are 8760 hours in a year.

Solution. The wind speed is random and has the probability density function

fX(x) = 1√
2πσ2

e−(x−µ)2/2σ2
.

Instead of solving the problem directly, we can find how many hours of the year the wind
speed is less than or equal to 10m/s. This probability is given by

FX(10) = 1√
2πσ2

∫ 10

−∞
e−(x−µ)2/2σ2

dx = 0.921.

where X is a random variable representing the wind speed, and FX the cumulative distribution
function of X. Hence, the number of hours that the wind speed is greater than 10m/s is

[1− FX(10)] 8760 ≈ 689 h.

Problem 7. A Gaussian distribution is used to describe wind speed at a given site. The
mean of the distribution is µ and the variance is 2. Suppose the wind speed is greater than
9m/s for 5000 hours out of the year (assume there are 8760 hours in a year). What is µ?

Solution. As in the previous problem, the probability density function is given by

fX(x) = 1√
2πσ2

e−(x−µ)2/2σ2
.
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The wind speed is greater than 9m/s for 5000 hours out of the year which equates to

[1− FX(9)] = 0.571 =⇒ FX(9) = 0.429.

Finding the precise value of µ can be done in a number of ways. One thing we can say
immediately is that µ > 9 because FX(9) < 0.5. Starting from a guess of µ̂ = 9.5, we can use
the bisection method to find the solution. After a few steps, we arrive at the correct answer

µ = 9.252 m/s.

We can sanity check the solution using the integral

FX(9) = 1√
2πσ2

∫ 9

−∞
e−(x−9.252)2/2σ2

dx = 0.429.

Problem 8. (Bonus for undergraduate students, must attempt for graduate students.) There
are two wind farms with speed modeled with random variables W1 and W2.

a) Assume W1 is Gaussian with mean 5 and variance 1 and W2 is Gaussian with mean 4
and variance 1.5. The covariance between the two random variables is 0.5. What is the
distribution of W1 +W2?
Solution. The family of Gaussian distributions is closed under a linear map, i.e., any
linear combination of normally distributed random variables is also normally distributed.
Another related fact is that expectation is a linear operator, which implies that

E [W1 +W2] = E [W1] + E [W2] = 9.

By contrast, variance is not a linear operator, meaning that the resulting variance
cannot be found by taking the sum of the values stated in the problem. We must
consider the covariance between W1 and W2. It turns out that for a sum of two random
variables, the resulting variance follows the expression

var (aX + bY ) = a2 var(X) + b2 var(Y ) + 2ab cov(X, Y ).

(We won’t prove this here, but it’s a good exercise to work it out on your own.) Thus,
the variance of W1 +W2 is given by

var (W1 +W2) = var(W1) + var(W2) + 2 cov(W1,W2) = 1 + 1.5 + 1.0 = 3.5.

Equivalently, we could define the new random variable as an inner product such that

z = αTw =
[
a b

] [W1
W2

]
=
[
1 1

] [W1
W2

]
.

Solving for the variance of z, we have

var(z) = αTΣα =
[
1 1

] [1.0 0.5
0.5 1.5

] [
1
1

]
= 3.5,

where Σ is the covariance matrix corresponding to
[
W1 W2

]
. To summarize, the new

random variable W1 +W2 is normally distributed with mean µ = 9 m/s and variance
σ2 = 3.5 m2/s2.
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Figure 2: Probability density function of W1 +W2.

b) Now assume that W1 is uniform between 0 and 5 and W2 is uniform between 0 and 4.
Assume that W1 and W2 are independent to each other. Draw the pdf of W1 +W2.
Solution. Unlike Gaussian distributions, the family of uniform distributions is not
closed under linear transformation, i.e., the sum of two uniformly distributed random
variables is not necessarily uniformly distributed! We could solve a convolution integral
to get an analytical expression for the probability density function, but we’ll use a
computational approach instead. A probability density function can be estimated
empirically as a normalized histogram of samples drawn from the distribution. The
following lines of MATLAB code generate 10× 106 samples drawn from the new
composite distribution:

M = 10e6; % number of random samples to generate
w1 = 5.*rand(M,1); % w1, uniformly distributed [0,5]
w2 = 4.*rand(M,1); % w2, uniformly distributed [0,4]
v = w1 + w2; % w1 + w2

Figure 2 shows the resulting probability density function estimate. Notice that although
W1 and W2 are uniformly distributed, their sum is not! Since expectation is a linear
operator, the mean of this new distribution is E [W1 +W2] = E [W1] + E [W2] = 4.5.
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