
CHAPTER 4

EXERCISE 4 . 1 .   Construct a graph G = (N, A) with 16 nodes numbered 1, 2, ..., 15, 16.  For every investment

opportunity available at the beginning of the kth  year, add an arc from node k to node (k+p), where p is the maturity

period of the investment opportunity in years.  Let the multiplier of that arc be the appreciation offered by the

corresponding investment (i.e., if the investment converts y dollars into 1.6y dollars, then the multiplier of that arc

is 1.6).  A maximum multiplier path from node 1 to node 16 would comprise of arcs which correspond to an

optimal plan of investment.  We show in the solution of Exercise 4.39 how to transform this problem into a

shortest path problem.

EXERCISE 4 . 3 .   Construct a graph G = (N, A) having (n+1) nodes, numbered 0, 1, 2, ..., n.  For each pair of
nodes [i, j] such that i < j, the network contains an arc (i, j).  The cost of the arc (i, j), denoted by cij, is set equal to

the cost incurred when all books with heights ranging between Hi+1 and Hj are arranged on the shelves designed for

books with height Hj.  Specifically, let cij = Cj Σ
j 
k=i+1 Lk + Fj.  A shortest path from node 0 to node n would

comprise of arcs which correspond to an optimal choice of shelves.

EXERCISE 4 . 5 .   Construct a graph G = (N, A) with nodes 0, 1, 2, ..., u.  For each node i ∈ N, add the following
arcs : (i, i+a1), (i, i+a2), (i, i+a3), ..., (i, i+ak) as long as i+al  ≤ u.  A number p can be changed if and only if there

is a directed path from node 0 to node p.

(a) Use the search algorithm described in Section 3.4 to identify all the nodes reachable from node 0 in G.  All
numbers in the range [l, u] corresponding to reachable nodes can be denominated using the coins a1, a2, ..., ak.

(b) A shortest path from node 0 to node p (i.e., consisting of the least number of arcs) would yield a denomination

with the least number of coins.  We can determine such a shortest path by performing a breadth-first search of G

with node 0 as the source node.

EXERCISE 4 . 7 .   Suppose we wish to serve customers on the path 1-2-...-n.  Let [i,j] = {i, i+1, ..., j-1} with j

>    i+1 be any interval of nodes.  Suppose we locate a concentrator at node k∈[i,j] to serve all the nodes in this

interval.  We incur a cost of ck for locating a concentrator at that node and a cost of cqk for homing any node q∈[i,j]

onto node k.  Therefore, ck[i,j] = ck+∑q∈[i,j] cqk is the cost of servicing all the nodes in the internal [i,j] by a

concentrator at node k.  Consequently, the optimal cost of servicing all the nodes in the internal [i,j] by some

concentrator in that interval is  Cij ≡ mini≤k≤j c
k[i,j].  Since some concentrator must serve each node on the path

from node 1 to node n, the contiguity assumption implies that every feasible solution to the problem decomposes

the path into a set of intervals [i,j].  Define a network on the nodes 1, 2, ..., n with an arc (i,j), with an associated

cost Cij, for each interval [i,j] .  Every path from node 1 to node n defines a partition of the path 1-2- ... -n into

intervals and the cost of this path is the cost of the optimal placement of a concentrator in each internal.  Therefore,

to find the optimal set of intervals, we find a shortest path from node l and n with respect to the costs Cij .

EXERCISE 4 . 9 .   Use a dynamic programming formulation (similar to that in Application 4.3) in which the

number of nodes used for each month is equal to the maximum possible number of steel erectors.  A node ik denotes

the number of erectors k in the i th  month.  Include an arc from node ik to node (i+1)r with the restriction that r ≥
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2k/3 and r-k ≤ 3 for all r.  The cost of the arc from ik to (i+1)r is set in accordance with the transfer costs and rules

determining shortage time and overtime.  An optimal solution to this formulation would give an optimal scheme of

manpower planning.

EXERCISE 4 . 1 1 .   Construct a network G representing only the constraints of the form x(jk) - x(ik) ≤ b(k) using

the method described in Application 4.5.  Next, add a dummy node s, and for each constraint of the form x(jk) ≤
b(k), add an arc (s, jk) with cost b(k).  Similarly, for each constraint of the form x(ik) ≥ b(k), add an arc (ik, s) with

cost -b(k).

EXERCISE 4 . 1 3 .   Construct a graph G = (N, A), in which each hour between 9 AM and 5 PM is represented by a

node and each possible duty has a corresponding arc.  The cost of such an arc is equal to the cost of the corresponding

duty hours.  Figure S4.13 illustrates this formulation.  A shortest path from the node corresponding to 9 AM to the

node corresponding to 5 PM determines an optimal crew scheduling.  In Figure S4.13, the shortest path is 9-1-4-5;

hence the optimal set of duty hours is 9-1, 1-4, and 4-5, with a total cost of 61 units.
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EXERCISE 4.15 .  Figure S4.15 gives the solution of the exercise.  The permanent labels of nodes are {0, 2, 6, 5,

6, 11}.

8 - 8 3 8 - 8 - 8 - 8 - .
7 - 7 - 7 3 7 - 7 - 7 - .
6 - 6 - 6 - 6 3 ← 6 5 ← 6 -
5 - 5 - 5 4 ← 5 - . 5 - 5 -
4 - 4 - 4 - . 4 5 4 - 4 -
3 - 3 - 3 - . 3 6 3 6 3 6 ←
2 - 2 2 ← 2 - 2 - 2 - 2 - .
1 - 1 - . 1 - 1 - 1 - 1 - .
0 1 ← 0 - 0 - 0 - 0 - 0 - .  FIGURE S4.15

EXERCISE 4 . 1 7 .   Figure S4.17 gives the network with the required arc lengths.  In this network, we can

construct a directed path of length k in the following manner:  The number k can be uniquely represented as   

Σk-1 
i=0 ai 2

i where each ai is 0 or 1.  For any 0 ≤ i ≤ k, if ai = 0 then in the network we traverse the path segment

(i+1)-(i+1)"- (i+2), and if ai = 1 then we traverse the path segment (i+1)-(i+1)'- (i+2).
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EXERCISE 4 . 1 9 .   Figure S4.19(a) gives a shortest path problem with negative arc lengths that Dijkstra's

algorithm solves correctly, and Figure S4.19(b) gives a shortest path problem that Dijkstra's algorithm solves

incorrectly.
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EXERCISE 4 . 2 1 .   (a) False.  The example shown in Figure S4.21(a) has two shortest path trees given in Figures

S4.21(b) and (c).

(b) False.  In the example shown in Figure S4.21(d), if we make each arc undirected then the shortest path length

from node 1 to node 3 decreases from 5 to 1.

(c) False.  Figure S4.21(e) gives a counterexample where increasing the length of each arc by k ≥ 2 units increases

the shortest path length from node 1 to node 3 by (k+1) units, which is not a multiple of k.

(d) False.  In the example shown in Figure S4.21(f), when we decrease the length of each arc by k units, then the

shortest path distance from node 1 to node 3 decreases by (k-1) units.

(e) False.  In the example shown in Figure S4.21(g), Dijkstra's algorithm would discover the path 1-2-3 as the

shortest path from node 1 to node 3 which is not a shortest path with the least number of arcs.
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EXERCISE 4 . 2 3 .   Whenever there are parallel arc between two nodes, eliminate all but the one with the

minimum cost; for any shortest path would use only the least cost arc.

EXERCISE 4 . 2 5 .   Suppose that P is a shortest path between some pairs of nodes, of length λ and the cost of an

arc (p, q) decreases by k units.  Let λ' denote the length of the modified shortest path P'.  Suppose that the shortest

path distance decreases by more than k units, i.e., λ' < λ-k.  Since P' can traverse the arc (p, q) at most once, the

length of the path P' in the original network is at most λ'+k < λ, contradicting that λ is the shortest path length in

the original network.

EXERCISE 4 .27 .  Apply Dijkstra's algorithm in order to construct a shortest path P between the two given nodes.

For each of the arcs in the shortest path P, find the amount by which the shortest path distance increases when that

arc is deleted from the network.  (Hence, we require at most (n-1) applications of Dijkstra's algorithm.)  The most

vital arc is the one whose deletion results in maximum increase of the shortest path distance.  The running time of

the algorithm is O(n S(n, m, C)), where S(n, m, C) is the time needed to solve a shortest path problem on a

network with n nodes, m arcs, and the largest arc cost equal to C.

EXERCISE 4 . 2 9 .   This algorithm is the similar to Dijkstra's algorithm and (i) we initialize the distance label of

node t to zero instead of node s; (ii) at each iteration we permanently label a node with the minimum distance label;
(iii) we examine the incoming arcs (i,j) of the node j permanently labeled and if d(i) > d(j) + cij, then we set d(i) =

d(j) + cij.

EXERCISE 4 . 3 1 .   In the example shown in Figure S4.31(a), adding a constant of two units to every arc emerging

from the node 1 changes its shortest path tree, shown in Figure S4.31(b), to the one shown in Figure S4.31(c).
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EXERCISE 4 . 3 3 .   It is obvious that if i be the node which is permanently labeled at any stage, then the nodes

whose distance labels might change during that iteration are only the nodes which are adjacent to i.  The current
distance label of any such node is at least d(i) + cmin.  Hence, it follows that the algorithm will never decrease the

distance label of any node in the least index nonempty bucket.  Since the width of each bucket is cmin, the number
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of buckets to be scanned in the case is at most nC/cmin+1.  Hence the running time of the Improved Dial's

implementation is atmost O(m + nC/cmin).

EXERCISE 4 . 3 5 .   Let W be the shortest walk from s to t.  Now, W cannot contain any cycle, otherwise there

will exist another (shorter) walk W' formed by deleting all cycles from W.  Hence W must be a path.  However, the

second shortest directed walk need not necessarily be a path as illustrated by the example in Figure S4.35 in which

the second shortest directed walk is s-1-2-3-1-t  which is not a path.
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EXERCISE 4 . 3 7 .   The maximum capacity algorithm is essentially the same as Dijkstra's algorithm, except that

we initialize the label of each node (including node s) to ∞. Further, we update the distance label of a node j ∈ S -  
if

and only if for some node i ∈ S, (i, j) ∈ A and d(j) < min{d(i), cij}.  In this case, we set d(j) = min{d(i), cij}.

EXERCISE 4 . 3 9 .   (a) It is easy to see that log(µ(P)) = -Σ  (i,j) ∈P log(1/µij).  Hence, µ(P) is maximum when -

log(µ(P)) is minimum.  It follows that the maximum reliability path problem may be solved by solving a shortest
path problem with log(1/µij) as the cost of each arc (i, j) ∈ A.

(b) This algorithm is essentially the same as Dijkstra's algorithm except that d(s) is initialized to 1.  Further, the
label of a node j is updated only if for some node i ∈ N, (i, j) ∈ A and d(j) < d(i).cij, in which case, we set d(j) to

d(i).cij.

(c) The algorithm in part (a) will not work, because when some of the coefficients µij are greater than 1, the

corresponding arc costs are negative.  The algorithm in (b) will also not work.  This is because the proof of the

algorithm in (b) is very similar to the proof of Dijkstra's algorithm and relies on the fact that no arc coefficient is

larger than 1.

EXERCISE 4 . 4 1 .   It may be easily observed that any path from s to t has at least one arc in common with any s-t

cut [S,  S 
-
].  It follows that the capacity of any path from s to t is less than or equal to the value of any cut [S, S 

-
]

where s ∈ S and t ∈ S -.  Further, let P be the maximum capacity path in the network G and let c be the capacity of

P.  Construct the network G' in which all arcs having costs less than or equal to c are removed from G.  Since c is

the maximum capacity path in G, it follows that no path exists from s to t in G'.  Now use the labeling algorithm

to detect a cut [So, So 
-
] in G' such that (So, So 

-
) = φ  (i.e., the set of forward arcs in the cut is empty).   Observe that

such a cut must always exist.  Hence the value of the cut (So, So 
-
) is less than or equal to c.  However, we know

that the value of any cut (and hence for the cut [So,So 
-
] too) is greater than or equal to the capacity of any path (and

hence c also).  It follows that the maximum capacity of any path from s to t is equal to the minimum bottleneck

value of any s-t cut.

EXERCISE 4 . 4 3 .   (a)  For any path P from node k to node l,  Σ (i, j) ∈P ch 
ij  = Σ (i, j) ∈P cij-h(k) + h(l), i.e.,

the length of the path with respect to the reduced arc costs differs from the actual path length by h(l) - h(k) units

(which depends only upon the labels at the endpoints of the path).  Hence, a shortest path with respect to the arc

lengths ch 
ij  is also a shortest path with respect to the arc lengths cij .    
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(b) When a shortest path is to be found from node s to node t, the algorithm cannot terminate until node t is

permanently labeled.  Since the distance label of any node i in the modified problem is less by h(s) - h(i) as compared

to the original problem, the distance label of node t is decreased most by such a transformation. As a result, node t

would tend to get permanently labeled more quickly than other nodes.  Hence, the modification improves the

empirical behaviour of the algorithm.

EXERCISE 4 . 4 5 .   (a) Use the forward and reverse Dijkstra's algorithms to obtain shortest paths P1 from s to p,

and P2 from p to t.  The shortest walk required is a concatenation of P1 and P2.  Such a walk need not necessarily be

a path.  For example, the shortest walk from node s to node t in Figure S4.45, subject to the constraint that the

walk pass through node 1 need not necessarily be a path.

(b) The algorithm for this part is almost the same as the one in (a), except that we apply Reverse-Dijkstra's

algorithm in step 2 to obtain the shortest path from node q to node t.  The required walk is a concatenation of the

shortest path from node s to node p, arc (p, q), and the shortest path from node q to node t.
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EXERCISE 4 . 4 7 .   The transformation required in this problem is exactly similar to the transformation in the

Knapsack problem in Application 4.3, except that we associate a traversal time of ri+1 with the arc (ik,

(i+1)k+wi+1), and a traversal time of zero with the arck (ik, (i+1)k).  Hence the problem reduces to the constrained

shortest path problem, in which we have to determine the shortest path from the source node to the sink node subject

to the constraint that the total amount of resource consumed does not exceed R.

EXERCISE 4 . 4 9 .   Define the traversal time τij of arc (i, j) as log(1/rij).  Now use the result of Exercise 4.46 to

obtain a shortest path from s to t subject to the condition that the traversal time of the path does not exceed log(1/r).

EXERCISE 4.51 .  The transformation described in Application 4.1 works for this problem as well, except that, in

this case a shortest path is to be found subject to the additional constraint that there may be at most p arcs in the

shortest path.  This is actually a special case of the shortest path problem studied in Exercise 4.46.

EXERCISE 4 . 5 3 .   (a) Let d'(i) denote the shortest path distances of nodes in G'.  To determine the shortest path
distances d(.) in G = (N1∪N2, A), set d(i) = d'(i) for all i∈N1.  Let B(j) denote the reverse adjacency list (i.e., the set

of incoming arcs) of a node j∈N2.  To determine the shortest path distances of nodes in N2, examine each node

j∈N2 one by one and compute d(j) = min{d(i) + cij  : (i, j) ∈ B(j)}.  Let Go be the set of tight arcs in Go, i.e., those

arcs (i, j) for which  cd 
ij  = cij  + d(i) - d(j) = 0.  To determine the tree of shortest paths, perform a depth-first search of

Go, starting at a source node s; the resulting search tree is a tree of shortest path in G.  Now let us study the time
complexity of the algorithm.  The algorithm takes O(m + n2K(K-1)) time to construct the network G' and takes S(n,

m, C) time to solve a shortest path problem in G'.  The rest of the operations take O(m) time.

(b) Construct the network G' in the same manner as we did in part (a) with the difference that each arc (i, j) in G for
which i∈N1 and j∈N1 is also present in G.  Then use precisely the same analysis.  The running time is the same as

in part (a).


