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Abstract 7 

We study numerically the effects of fault roughness on the nucleation process 8 

during earthquake sequences. The faults are governed by a rate and state friction law. The 9 

roughness introduces local barriers that complicate the nucleation process and result in 10 

asymmetric expansion of the rupture, non-monotonic increase in the slip rates on the 11 

fault, and the generation of multiple slip pulses. These complexities are reflected as 12 

irregular fluctuations in the moment rate. There is a large difference between first slip 13 

events in the sequences and later events. In the first events, for roughness amplitude 𝑏𝑏𝑟𝑟 ≤14 

0.002, there is a large increase in the nucleation length with increasing 𝑏𝑏𝑟𝑟 . For larger 15 

values of 𝑏𝑏𝑟𝑟 , slip is mostly aseismic. For the later events there is a trade-off between the 16 

effects of the finite fault length and the fault roughness. For 𝑏𝑏𝑟𝑟 ≤ 0.002, the finite length 17 

is a more dominant factor and the nucleation length barely changes with 𝑏𝑏𝑟𝑟. For larger 18 

values of 𝑏𝑏𝑟𝑟 , the roughness plays a larger role and the nucleation length increases 19 

significantly with 𝑏𝑏𝑟𝑟 . Using an energy balance approach, where the roughness is 20 

accounted for in the fault stiffness, we derive an approximate solution for the nucleation 21 

length on rough faults. The solution agrees well with the main trends observed in the 22 

simulations for the later events and provides an estimate of the frictional and roughness 23 

properties under which faults experience a transition between seismic and aseismic slip. 24 

 25 

  26 



1  Introduction 27 

A common view is that earthquakes occur via a shear rupture instability, in which 28 

the frictional resistance on a pre-existing fault decreases with increasing sliding or sliding 29 

velocity [e.g. Scholz, 2002]. As the instability occurs, the rupture propagates dynamically 30 

at a high speed close to the wave speed and with slip velocities much larger than the 31 

loading rate. Laboratory experiments on preexisting faults show that the development of 32 

the unstable rupture occurs via a nucleation process, which is characterized by roughly 33 

two phases: A quasi-static phase in which the rupture grows at a steady slow velocity 34 

with accelerating slip and a phase in which the rupture grows with accelerating speed 35 

[e.g. Dieterich, 1978; Okubo and Dieterich, 1984; Ohnaka and Shen, 1999; Nielsen et al., 36 

2010; Latour et al., 2013; McLaskey and Kilgore, 2013; Kaneko et al., 2016]. 37 

Rate and state friction constitutive laws [Dieterich, 1979; Ruina, 1983] have 38 

emerged as powerful tools for investigating various earthquake phenomena, including 39 

earthquake nucleation [Marone, 1998]. Numerical and theoretical models with rate and 40 

state fault friction are generally consistent with laboratory observations, but provide 41 

additional insight into the nucleation process, as well as up-scaling of the lab 42 

observations to natural faults. The models show that the exact behavior of the rupture 43 

during nucleation, and specifically how and to what extent the rupture expands between 44 

the initial localization of slip and slip rate and the dynamic stage of the rupture, is highly 45 

affected by the loading and initial conditions and the rate and state parameters and 46 

evolution laws [Dieterich, 1992; Kato and Hirasawa, 1996; Lapusta and Rice, 2003; 47 

Rubin and Ampuero, 2005; Ampuero and Rubin, 2008; Kaneko and Lapusta, 2008; Fang 48 

et al., 2010; Kaneko and Ampuero, 2011; Noda et al., 2013].   49 

A source of complexity in the nucleation process is expected to arise from the 50 

deviation of faults from planarity. High-resolution map traces of large continental strike-51 

slip earthquake surface ruptures and measurements of roughness on exhumed faults 52 

[Brown and Scholz, 1985; Power et al., 1987; Power and Tullis, 1991; Renard et al., 53 

2006; Sagy et al., 2007; Candela et al., 2009, 2012; Klinger, 2010; Bistacchi et al., 2011; 54 

Brodsky et al., 2011] show that faults are rough at all scales and can generally be 55 

described as self-affine fractal surfaces. The roughness of faults can be measured by the 56 

average deviation of the profile from planarity (RMS height), which for a profile with 57 



length Lf is expressed as ℎ�𝐿𝐿𝑓𝑓� = 𝑏𝑏𝑟𝑟𝐿𝐿𝑓𝑓𝐻𝐻, where 𝑏𝑏𝑟𝑟 is the RMS pre-factor and H is the 58 

Hurst exponent. Candela et al. [2012] compiled roughness data over nine decades of 59 

length scales and suggested that natural faults have a self-affine roughness geometry with 60 

H = 0.6 and 𝑏𝑏𝑟𝑟  ranging from 0.001 to 0.01 in the slip direction. However, while 61 

measurements at a particular wavelength bandwidth seems to fit H = 0.6, the data as a 62 

whole may be better fit with a larger value of H [Shi and Day, 2013]. 63 

Experimental observations show that, on the lab-scale, roughness affects frictional 64 

constitutive parameters such as stress drop and critical slip weakening distance and 65 

results in larger nucleation zones [Okubo and Dieterich, 1984; Ohnaka and Shen, 1999; 66 

Ohnaka, 2003]. On the scale of natural faults, the effects of roughness are not yet clear. 67 

Numerical studies have focused so far on the static response of rough faults [e.g. 68 

Dieterich and Smith, 2009] or on the effects of roughness on the dynamic stage of the 69 

rupture [e.g. Dunham et al., 2011; Fang and Dunham, 2013; Shi and Day, 2013; Bruhat 70 

et al., 2016].  71 

In this study, we use the numerical approach developed in [Tal, 2017; Tal and 72 

Hager, 2017] to explore the effects of roughness on the nucleation process of faults 73 

governed by rate and state friction laws. The simulations include sequences of at least 74 

two seismic cycles, thus enable us to examine the effect of the stress state and frictional 75 

conditions resulting from the rupture growth and arrest for a given slip event on the 76 

nucleation process at subsequent events. We focus on the scale of small earthquakes and 77 

consider faults with a length of 40 m. We choose the minimum roughness wavelength, 78 

λmin, to be at a size close to lab samples (20 cm) and thus use observed lab-scale rate and 79 

state friction laws without up-scaling the constitutive parameters. In addition, we use the 80 

estimation of Fang and Dunham [2013] for the additional resistance to slip from fault 81 

roughness and balance the energy of an expanding rupture [e.g. Rubin and Ampuero, 82 

2005] to derive an approximate solution for the nucleation length on rough faults 83 

governed by rate and state friction.  84 

2  Model description 85 

We examine effects of roughness on the nucleation of shear rupture on a 40 m 86 

long finite fault embedded in a 2-D elastic medium with dimensions 120 x 80 m (Figure 87 



1a). We assume a plane-strain model and apply the following boundary and initial 88 

conditions: (1) a prescribed slow horizontal velocity of 𝑉𝑉𝑏𝑏 = ±10−9 m/s at the top and 89 

bottom boundaries of the medium; (2) zero vertical velocities on all the boundaries; (3) 90 

initial stresses σxx0, σyy0, and σxy0; and (4) horizontal normal tractions on the left and 91 

right boundaries, σbxx = σxx0. This setup enables completely spontaneous nucleation of the 92 

rupture. We do not explicitly consider pore fluids in this study and assume that the 93 

stresses are effective stresses if the medium is saturated with fluids. We perform 25 94 

simulations. We consider three different fault geometries of self-affine fractals with Hurst 95 

exponent of H = 0.8, Geo-1, Geo-2, and Geo-3 (Figure 1b). For each geometry, we 96 

generate eight profiles, in which br ranges between 0.001, 0.002, 0.005 and 0.01 and λmin 97 

ranges between 0.2 m and 1 m. For reference, we also run a simulation with a smooth 98 

fault.  99 

The fault is governed by rate and state friction, which is given in the standard 100 

aging formulation [Dieterich, 1979; Ruina, 1983] by: 101 

 𝜇𝜇 = 𝜇𝜇∗ + 𝑎𝑎𝑎𝑎𝑎𝑎 �
𝑣𝑣 + 𝑣𝑣𝑡𝑡ℎ
𝑣𝑣∗

� + 𝑏𝑏𝑎𝑎𝑎𝑎 �
𝐿𝐿𝐿𝐿
𝑣𝑣∗
� (1) 

 
�̇�𝐿 = 1 −

𝐿𝐿(𝑣𝑣 + 𝑣𝑣𝑡𝑡ℎ)
𝐿𝐿

, (2) 

where a and b are rate and state constitutive parameters, v is the slip rate, 𝑣𝑣∗  is a 102 

reference slip rate, 𝜇𝜇∗ the steady-state friction at 𝑣𝑣 = 𝑣𝑣∗, 𝐿𝐿 is a state variable, and L is the 103 

characteristic sliding distance. We add a threshold velocity term, 𝑣𝑣𝑡𝑡ℎ =10-13 m/s, to avoid 104 

singularity at 𝑣𝑣 = 0. We do not consider the effect of normal stress variations on θ. The 105 

mechanical properties of the medium, friction law parameters, and initial stresses are 106 

given in Table 1. We use here the aging law for the state evolution law, which 107 

incorporates healing of the fault in stationary contact. We note that recent studies suggest 108 

that the “slip” evolution law provides a better fit to velocity-jump rock-friction 109 

experiments [e.g. Rathbun and Marone, 2013; Bhattacharya et al., 2015, 2017]. Ampuero 110 

and Rubin [2008] showed that these two slip laws result in differences in the nucleation 111 

process on smooth faults; it would be important to examine the behavior of rough faults 112 

governed by rate and state friction with the slip evolution law in future studies. 113 

Our numerical approach [Tal, 2017; Tal and Hager, 2017] is based on the mortar 114 

finite element formulation [Bernardi et al., 1993], in which non-matching meshes are 115 



allowed across the fault and the contacts are continuously updated; thus it enables slip 116 

that is large relative to the size of the elements near the fault, as well as an accurate 117 

modeling of the variation of normal stress during slip. We extend the 2-D large sliding 118 

mortar formulation of Popp et al [2009] and Gitterle et al. [2010] to dynamic problems 119 

and consistently implement the rate and state friction law into the method. The method 120 

uses Lagrange multipliers with dual spaces discretization [Wohlmuth, 2000] to enforce 121 

the continuity of stress, non-penetration condition, and frictional resistance on the fault in 122 

a weak integral sense. This concept is combined with the primal–dual active set strategy 123 

[Hüeber and Wohlmuth, 2005; Brunssen et al., 2007; Hüeber et al., 2008] to enable an 124 

efficient local elimination of the discrete Lagrange multipliers by static condensation and 125 

an efficient semi-smooth Newton algorithm for the solution of the nonlinear system of 126 

equations. Moreover, the discretization of the friction law involves a procedure to 127 

condense out the state variables, thus eliminating the addition of another set of unknowns 128 

into the system. The method uses a quasi-static backward Euler time discretization 129 

scheme when inertial effects are negligible and implicit Newmark scheme [Newmark, 130 

1959] for dynamic analysis. Because both schemes are implicit, the implementation of 131 

variable time stepping is straightforward, and the whole seismic cycle can be modeled, 132 

including a completely spontaneous nucleation process.  133 

We use a variable time step size: Based on the current values of slip rates we 134 

estimate the time step size at the next time step such that the average incremental slip of 135 

the 40 fastest nodes along the fault is generally below 0.4L (Appendix A). This procedure 136 

results in a time step size that represents the evolution of the friction coefficient well 137 

without reducing the time step size to values that lead to simulations with an excessive 138 

number of time steps. We switch between quasi-static and dynamic time integration 139 

schemes when the average slip rate at the 40 fastest nodes on the fault is larger than 5x10-140 
5 m/s. For the dynamic stages, we use the Newmark time integration scheme with small 141 

algorithmic damping (𝛽𝛽 = 0.35  and 𝛾𝛾 = 0.7 ) and also add an absorbing layer with 142 

gradual Raleigh damping near the boundaries of the model. We refine the mesh around 143 

the fault with hanging nodes in order to represent the geometry of the fault properly. This 144 

results in 2561 nodes along the fault with a mesh spacing of 1.56 cm, which is equal to 145 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚/13  and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚/64  for 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2  m and 1 m, respectively. Under plane-strain 146 



conditions, the smallest length scale to be resolved numerically for a growing nucleation 147 

zone on a fault governed by rate and state friction with the aging law scales roughly as 148 

𝐿𝐿𝑏𝑏 = 𝐺𝐺
1−𝜈𝜈

𝐿𝐿
𝑏𝑏𝑏𝑏

 [Ampuero and Rubin, 2008]. Here σ is the normal stress and G and ν are the 149 

shear modulus and Poisson’s ratio of the medium, respectively. With the parameters 150 

adopted in this study (Table 1), the average 𝐿𝐿𝑏𝑏 ≈ 53.3 cm and is resolved with about 34 151 

elements.  152 

Currently, the numerical method accounts only for an elastic rheology of the 153 

medium surrounding the fault. This approximation limits the amount of deformation that 154 

the medium can experience before unrealistic stresses larger than the Coulomb failure 155 

criterion accumulate in the material around the fault. Therefore, we set the total time of 156 

the simulation to the time during which two large events would occur, if a smooth fault 157 

were considered. Because we do not model a long sequence of earthquakes, the initial 158 

conditions have a significant effect on the results, despite the spontaneous nucleation. We 159 

conceptually begin the simulation at the end of an earthquake that ruptured the whole 160 

fault and choose the initial friction parameters accordingly. We assume that the 161 

earthquake approached a slip rate on the order of 1 m/s during the rupture and that the 162 

state variable and the friction coefficient had no time to evolve and are equal to their 163 

steady state values at this slip rate, 𝐿𝐿0 = 𝐿𝐿/1  and 𝜇𝜇0 = 𝜇𝜇∗ + (𝑎𝑎 − 𝑏𝑏) ln(1/𝑣𝑣∗) ≈164 

0.57, respectively. The initial shear stress is chosen such that 𝜎𝜎𝑥𝑥𝑥𝑥0 = 𝜇𝜇0𝜎𝜎𝑥𝑥𝑥𝑥0 . As the 165 

roughness of the fault increases, some segments along the fault may begin to slip under 166 

smaller shear stress. In these cases, the initial shear stress is smaller than 𝜇𝜇0𝜎𝜎𝑥𝑥𝑥𝑥0, but in 167 

order to maintain similar initial conditions in all simulations, we do not allow the state 168 

variable to evolve until the remote shear stress exceeds 𝜎𝜎𝑥𝑥𝑥𝑥0.  169 

  170 



3  Results 171 

3.1  The nucleation process 172 

To study the nucleation process, we need to define when the nucleation process 173 

begins, and when nucleation ends and the dynamic stage begins. For the friction 174 

parameters adopted in this study, the nucleation process involves stages both of 175 

localization and expansion of the rupture with accelerating slip rates [Rubin and 176 

Ampuero, 2005]. The determination of the exact stage in which those processes start is 177 

somewhat subjective, and becomes more complex with the addition of roughness. 178 

Therefore, we determine the beginning of the nucleation stage, from peaks in curves of 179 

the time evolution of the average shear traction on the fault, τav (Figure 2a). With this 180 

choice, the nucleation process may begin after the beginning of the localization, but this 181 

has no effect on the findings described in this paper.  182 

The transition to the dynamic stage of the rupture is defined at the time at which 183 

both the moment rate per unit length, �̇�𝑀0,1𝑑𝑑 = 𝐺𝐺 ∫ 𝑣𝑣(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑥𝑥𝐿𝐿𝑓𝑓
, is larger than a threshold 184 

value of 5 × 109 N/s and an active slip pulse moves at a speed larger than a threshold of 185 

20 % of the shear wave speed of the surrounding medium. Because with increasing 186 

roughness there are many fluctuations in the rupture velocity vr, the latter threshold is 187 

larger than that used by Kaneko and Lapusta [2008]. Figure 2b shows the evolution of τav 188 

during the first slip events in the sequences obtained for faults with λmin = 0.2 m, and br = 189 

0.001 and 0.002, as well as the transition to the dynamic stage. The nucleation begins 190 

with a very small decrease in τav, over a time of about 5,500 s and 27,000 s for br = 0.001 191 

and 0.002, respectively. For br = 0.002, the nucleation includes another stage of moderate 192 

decrease in τav over about 1000 s, in which there are some fluctuations in the rate of 193 

decrease. After the transition to the dynamic stage of the rupture, there is a rapid decrease 194 

in τav. For br = 0.001, there is a sharper transition into the dynamic stage. 195 

To examine the effect of roughness on the nucleation process, Figure 3 shows the 196 

evolution of slip u, slip rate v, and the friction coefficient µ along the fault during the 197 

sequences obtained for a smooth (planar) fault and for a rough fault with Geo-1, br = 198 

0.001, and λmin = 0.2 m. The evolution of µ is shown only for the first slip event in each 199 



sequence. We show here the evolution of µ, rather than the shear stress, because the large 200 

spatial variations in the normal and shear tractions on rough faults mask the behavior of 201 

the rupture. The contours of u are plotted for the loading, nucleation, and dynamic 202 

(propagation and arrest) stages of the seismic cycle. In the case of the first event of the 203 

sequence obtained for a smooth fault, the contours of v and µ are plotted for the 204 

nucleation and the whole dynamic stage. However, for better visualization of the 205 

nucleation stage, the contours of v and µ are shown only for the nucleation stage and for 206 

the beginning of the dynamic stage in other slip events. 207 

We begin with examining the behavior of the smooth fault (Figures 3a, 3c, and 208 

3e). Because the fault is finite, at the beginning of the first slip event on the smooth fault, 209 

the profiles of u and v have a maximum value at the center of the fault. Correspondingly, 210 

µ shows a very small reduction of about 0.02 % at the center. Consequently, there is a 211 

localization of u and v and further decrease in µ at the center, which is followed by 212 

expansion of the rupture in a crack-like fashion, with peaks in v and µ near the tips and 213 

relatively uniform values in the interior. This behavior was also observed in the 214 

simulations of Rubin and Ampuero [2005] and Fang et al. [2010] when similar a/b values 215 

where used. Both v and vr increase as the rupture expands, and the nucleation length lnuc, 216 

defined as the total length of the rupture at the transition to the dynamic stage, is about 217 

5.6 m. Note that we use the total length of the rupture, while some studies refer to the half 218 

rupture length. The complex arrest of the rupture and the dynamic effects result in non-219 

uniform distributions of µ and v at the end of the slip event, with maximum values about 220 

5 m from the ends of the fault. These become the initial condition for the second slip 221 

event, which begins with a localization of u and v at two locations 5.5 m from the left and 222 

right ends of the fault. However, because of small numerical errors during the dynamic 223 

stage of the rupture, the profiles of u and v are not perfectly symmetric, they have slightly 224 

larger values at the right hand side. This leads to rupture nucleation on the right side of 225 

the fault, again in a crack-like fashion, but with some effects of the location being close 226 

to the end of the fault. The nucleation length is larger, with 2𝑎𝑎𝑐𝑐 ≈ 8.5 m. It is important to 227 

note that, practically, the effect of numerical errors, which leads to the break in the 228 

symmetry of the second slip event, is negligible because it is much smaller than the effect 229 

of any heterogeneity of the fault. 230 



In the case of a rough fault with Geo-1, br = 0.001, and λmin = 0.2 m (Figures 3b, 231 

3d, and 3f), the nucleation process is more complex and highly affected by local 232 

geometric barriers, which slow down the expansion of the rupture and the increase in slip 233 

rate. At the beginning of the first slip event, there are already localizations of u and v, 234 

with the maximum values on a 5 m long segment at the center of the fault. A portion of 235 

this segment also experiences a reduction of about 2% in µ. It is important to note that the 236 

rupture initiates in this location because of the local slope of the fault (see Figure 1), 237 

rather than the effect of the finiteness of the fault. The slip rates at the beginning of the 238 

expansion process are a few orders of magnitude smaller than those in the initial event on 239 

the smooth fault. In general, smaller slip rates at this stage promote more expansion of 240 

the rupture before the transition to the dynamic stage [Fang et al., 2010]. The rupture 241 

expands to both sides and develops peaks in v and µ near the tips, but then it approaches a 242 

barrier on the right, and expands much faster to the left as a unilateral pulse. When the 243 

slip rate on the left front is about 10-3 m/s, a new slip pulse initiates on the left and 244 

propagates to right on the existing rupture. Because of a barrier on the left front of the 245 

rupture, the new pulse becomes more dominant and has a larger v. At the transition to the 246 

dynamic stage of the rupture, the total length of the rupture is about 9 m and there is a 247 

new pulse that propagates to the left. As new pulses initiate later in the nucleation 248 

process, the rerupturing process is associated with a smaller peak in µ, as well as a 249 

smaller reduction. As they join the stationary pulses at the fronts of the rupture, the peaks 250 

in µ instantaneously increase. Similar to the behavior observed on the smooth fault, the 251 

second slip event also starts next to one of the ends of the rough fault. The nucleation 252 

process during the second event is somewhat less complex than that of the first. Note that 253 

for the second slip event, the slip rates at the beginning of the expansion process are 254 

similar to those in the second slip event on the smooth fault and consequently they both 255 

have similar nucleation lengths. 256 

In general, the complexity of the nucleation process increases as br increases. In 257 

the first slip event on the fault with Geo-1, br = 0.002, and λmin = 0.2 m (Figures 4a, 4c, 258 

and 4e), the nucleation stage involves many new slip pulses, as well as stages where v 259 

decreases as the rupture grows. Moreover, the complexity in the nucleation process and 260 

the lower slip rates in the beginning of the expansion process lead to a large nucleation 261 



length of 2𝑎𝑎𝑐𝑐 ≈ 22 m. Similar to the fault with br = 0.001, the second slip event shows 262 

simpler behavior and larger slip rates at the beginning of the expansion process, thus the 263 

nucleation length is small. In the case of the rough fault with Geo-1, br = 0.005, and λmin 264 

= 0.2 m (4b, 4d, and 4f), there are three slip events. The first slip event is almost 265 

completely aseismic, with only 3 % of the total slip occurring during the dynamic stage 266 

of the rupture. Moreover, the loading stage involves much slip, which is partly 267 

accumulated during very slow slip events with a maximum slip rate of v ~ 10-8 m/s (see 268 

Figure 2c). Because these events barely affect the evolution of the average shear stress on 269 

the fault, they are not considered here as separate slip events. The nucleation lengths of 270 

the second and third slip events are 2𝑎𝑎𝑐𝑐 ≈ 15 and 33 m, respectively, and about 40 % of 271 

the slip accumulated during the third slip event is aseismic. 272 

As br increases, for slip events later in the sequences, small regions along the 273 

fault begin to open and the number of nodes that are not in contact increases. For 274 

example, Figure 5 shows the normal tractions at the beginning of the simulation and at 275 

the end of the first and second slip events on the fault with Geo-1, br = 0.005, and λmin = 276 

0.2 m. The spatial variations in the normal tractions generally correspond to the minimum 277 

wavelength; there are 14 non-contact nodes at the end of the first slip event and 280 at the 278 

end of the second slip event. When the active rupture passes through these nodes, they 279 

slip at rates similar to their neighboring nodes. However, non-contact nodes that are not 280 

on the active rupture, because of the dynamic waves radiated by the rupture, experience 281 

substantial variation in v, including transitions to negative values, where the logarithm is 282 

undefined. Moreover, the value of µ for the non-contact nodes is meaningless. Therefore, 283 

we do not plot the values of µ and v at the stages when they are not in contact.  284 

At stages when a portion of the fault already slips at a large slip rate, there are 285 

spikes, with large values of v at regions on the fault that are not part of the active rupture. 286 

These spikes correspond to nodes where the normal traction continuously decreases. As 287 

the normal traction decreases, there is a positive feedback: the decrease in the resistive 288 

forces leads to an increase in v and u, which leads to a further decrease in the normal 289 

traction. The slip rate at the spikes is significantly larger than for the surrounding nodes, 290 

but is generally smaller than 10-4 m/s. At these slip rates, the strain is so small that the 291 



deformation can be very local. Note also that the fault includes 2561 nodes, thus spikes 292 

that include several nodes also appear highly localized in the plots.  293 

3.2  Nucleation length 294 

The nucleation lengths, lnuc, of the fast slip events in the 25 simulated earthquake 295 

sequences are summarized in Figure 6. Only slip events where the slip accumulated 296 

during the dynamic stage of the rupture is more than half of the total slip are considered. 297 

In general, lnuc increases with increasing slope as br increases, but there is also substantial 298 

variability in the values as br increases. A significant effect is observed for whether the 299 

slip event is first or later in the sequence, where except for the smooth fault, the values of 300 

lnuc in the first slip events are larger than those of later events. In the case of the first slip 301 

events, lnuc increases rapidly with br for 𝑏𝑏𝑟𝑟 ≤ 0.002 and there are no fast slip events for 302 

larger br values. For slip events later in the sequence, there is a very small increase in lnuc 303 

with br for 𝑏𝑏𝑟𝑟 ≤ 0.002 and a large increase for higher br values. The effect of λmin on lnuc 304 

is negligible for 𝑏𝑏𝑟𝑟 ≤ 0.002. As br increases, lnuc significantly increases with decreasing 305 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚, where for 𝑏𝑏𝑟𝑟 = 0.01, there are fast slip events only for 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 1.  306 

The nucleation lengths obtained here for smooth faults are generally consistent 307 

with those in the studies of Rubin and Ampuero [2005] and Fang et al. [2010]. Rubin and 308 

Ampuero [2005] used a fracture energy balance to show that in the limit of large slip rates 309 

the nucleation length on smooth faults asymptotically approaches  310 

 
𝑎𝑎𝑐𝑐 =

2𝐺𝐺∗𝐿𝐿𝑏𝑏
𝜋𝜋𝜎𝜎(𝑏𝑏 − 𝑎𝑎)2, (3) 

where for plane strain 𝐺𝐺∗ = 𝐺𝐺/(1 − 𝜈𝜈). How closely the nucleation length approaches 𝑎𝑎𝑐𝑐 311 

depends on the loading rate and the initial conditions, which significantly affect the 312 

nucleation-zone expansion process [e.g. Rubin and Ampuero, 2005; Fang et al., 2010]. In 313 

this study, the values of lnuc for the first and second slip events on the smooth fault are 314 

0.45𝑎𝑎𝑐𝑐 and 0.7𝑎𝑎𝑐𝑐, respectively.  315 

3.3  Initiation of the rupture 316 

3.3.1  Location on the fault 317 



In all slip events, the nucleation process begins with localization of slip and slip 318 

rate and local reduction in the frictional resistance (see Figures 3 and 4). In this section, 319 

we examine the effects of roughness on the location where the nucleation process of fast 320 

slip events initiates, as well as the effects of the final conditions of the preceding slip 321 

events when the slip events are later in the sequence. As mentioned earlier, we define the 322 

beginning of the slip events at peaks in curves of the time evolution of the average shear 323 

stress on the fault. However, as the roughness increases, more slip is accumulated during 324 

the loading stage and the localization process begins in multiple regions before the 325 

beginning of the slip event (as we defined it), although with very small slip rates. We are 326 

interested in the region in which the actual rupture initiates, and study the location of this 327 

region in the rest of this section. To define an exact location, we search for a peak in the 328 

slip accumulated during the loading stage in this region (Figure 7). It is important to note 329 

that the complex nucleation process on rough faults may lead to a completely different 330 

location of the final slip pulse at the transition to the dynamic stage.  331 

In the first fast slip events in the earthquake sequences, the ruptures initiate at the 332 

center of the fault for Geo-1, 6 – 8 m from the ends of the fault for Geo-2, and 2.5 m from 333 

the center of the fault for Geo-3 (Figure 8).  These locations correspond to regions on the 334 

faults where the orientation is preferable for slip, i.e. regions with relatively large 335 

negative slopes of the fault topography and with no adjacent geometric barriers with a 336 

large positive slope. Note that the figure shows the absolute distance of the initial 337 

localization from the center of the fault |𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚|. In the case of Geo-2 and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m, the 338 

initiation of the actual rupture occurs at the left side of the fault for 𝑏𝑏𝑟𝑟 = 0.001 (Figure 339 

7). For 𝑏𝑏𝑟𝑟 = 0.002, the slope of this section is more negative, thus it starts to slide under 340 

smaller loading and the available energy is smaller. Moreover, the rupture has to 341 

propagate through barriers with larger amplitude. Therefore, the slip rate on this section 342 

does not accelerate and the actual rupture initiates on a section on the right that 343 

accumulated less slip during the loading stage.  344 

For slip events that are later in the sequences, |𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚| is determined by both the 345 

state of stress at the end of earlier events and the geometry of the fault. For 𝑏𝑏𝑟𝑟 ≤ 0.001, 346 

the later events initiate 4 – 6 m from the ends of the fault, where the shear stress at the 347 

end of preceding slip events is maximal. As 𝑏𝑏𝑟𝑟  increases, the effect of the geometry 348 



becomes more important. In the case of faults with 𝑏𝑏𝑟𝑟 ≥ 0.005 and Geo-1, the location 349 

where the later events initiate is always next to the center, but for Geo-2 and Geo-3 it is 350 

more scattered between few regions where the geometry of the fault is more favorable for 351 

slip. 352 

3.3.2  Loading stage 353 

To examine further the initiation of the rupture in later events, Figure 9 shows the 354 

evolution of shear tractions τt, v, θ, and µ at six loading stages between the end of the 355 

first slip event and the beginning of the second slip event for a smooth fault and a fault 356 

with Geo-1, br = 0.002 and λmin = 1 m. The figure also shows the six loading stages on 357 

curves of the average shear stress on the fault vs. time. For both geometries, the 358 

distributions of v, θ, and µ at stage #1 are not correlated with the local geometry of the 359 

fault. They result from the finiteness of the fault and the complex arrest of the rupture 360 

during the first slip event. The maximum values of v and µ at this stage are at both X = 5 361 

and 35 m for the smooth fault and X = 5 m for the rough fault. For the rough fault, there 362 

are large spatial variations in τt, which correlate with λmin/2. These are due to changes in 363 

the normal tractions on the fault as it slipped during the first slip event. Note that stage #1 364 

is defined at the stage where the average stress begins to increase consistently with time, 365 

which is 500 – 800 s after the dynamic stage of the rupture (see Figure 9).  366 

Consider the smooth fault. At stage #2, all the nodes on the smooth fault are in a 367 

stuck state, thus the slip rate considered for the friction calculation is the threshold 368 

velocity (eqn. 1 and 2) and µ is spatially constant. However, this does not seem to be an 369 

important issue because the shear tractions are not affected by the threshold velocity. At 370 

stages 3 – 5, τt, v, and µ increase with time, maintaining their distribution from stage 1. 371 

At stages 1 – 4, the term vθ/L in eq. 2 is much smaller than one, thus θ is spatially 372 

constant and equal to the time from the dynamic stage of the first slip event. At stage #5, 373 

θ varies spatially with a distribution that is a mirror image of the distributions of τt, v, and 374 

µ.  At stage #6, the localization in v begins, with a maximum value at 𝑋𝑋 ≈ 34.5 m. 375 

Correspondingly, there are reductions in τt, θ, and µ in this region.  376 



For the rough fault, some of nodes are at a stuck state with constant value of µ at 377 

stage #2, while other nodes slip with different values of v and µ. The large-scale 378 

distributions of v and µ at the slipping nodes correspond to their distributions at the end 379 

of the first slip event, but there are also small-scale variations that correspond to the 380 

roughness and the spatial variations of the normal tractions. At stages 3 – 5, τt, v, and µ 381 

increase with time, but the amplitude of the small-scale variations in v and µ decreases, 382 

especially on the left side of the fault, where both are larger. At stages 1 – 3, θ is spatially 383 

constant and equal to the time from the dynamic stage of the first slip event, while at 384 

stages 4 – 5 it varies spatially with a distribution that is a mirror image of the 385 

distributions of v and µ. At stage #6, v does not localize exactly at the region where the 386 

values of v and µ are maximum at stage #1, but there is a shift of 2.5 m to the right 387 

because the localization cannot take place on a region where the slope of the fault is 388 

positive, especially as br increases. The small-scale variations in v that correspond to 389 

λmin/2 are not observed in the region where the localization occurs. The localization is 390 

accompanied by reductions in τt, θ, and µ at the same region and the initial development 391 

of peaks in µ at the ends of this region.  392 

4  Discussion 393 

4.1  The effect of the initial conditions and fault geometry on the nucleation process 394 

The location of the slip event in the earthquake sequence has a large effect on the 395 

nucleation process, and especially whether the slip event is the first one, or later in the 396 

sequence. Moreover, the effect of roughness is generally larger for the first slip events. 397 

The first slip events share similar initial conditions, with initially homogeneous stress 398 

along the fault. As br increases, segments with preferable orientation slip earlier and 399 

under lower average shear load (See Figure 2), thus the available energy for the rupture 400 

process is smaller and the transition between the localization and expansion processes of 401 

the rupture is earlier. The earlier transition is accompanied by smaller slip rates (see 402 

Figures 3 and 4), which enable more expansion of the rupture before the transition to the 403 

dynamic stage. Moreover, the rupture has to propagate through barriers with larger 404 

amplitude, which complicates the nucleation process. For 𝑏𝑏𝑟𝑟 ≤ 0.002, these effects lead 405 



to significant increases in lnuc with br for the first events. For larger values of br, the first 406 

events are aseismic, or involve mostly aseismic deformation. 407 

For slip events that are later in the sequences, the initial stresses are not constant 408 

along the fault and are determined by the rupture process in the previous slip event, 409 

which is itself determined by the roughness and finiteness of the fault. The latter has a 410 

large effect on the arrest stage of the rupture. The non-constant initial stresses together 411 

with the roughness govern the loading and nucleation stages of the rupture in the later 412 

slip events. The small change in 𝑎𝑎𝑐𝑐 with 𝑏𝑏𝑟𝑟 for 𝑏𝑏𝑟𝑟 ≤ 0.002 for the later events, suggest 413 

that the effect of the finiteness of the fault on the initial stresses is the most dominant 414 

factor in the nucleation process for these values of 𝑏𝑏𝑟𝑟 . This is also reflected in the 415 

location where most of these events initiate for 𝑏𝑏𝑟𝑟 ≤ 0.001 and for some of the slip 416 

events on fault with 𝑏𝑏𝑟𝑟 = 0.002. For larger values of 𝑏𝑏𝑟𝑟, the roughness seems to play a 417 

larger role.  418 

We consider here only the elastic response of the medium surrounding the fault. 419 

For the first slip events in the sequences, the inclusion of more complex rheologies, such 420 

as damage, plasticity, or viscoelasticity, is not expected to have a large effect on the 421 

nucleation process because the deformations in the medium around the fault are not large 422 

yet. At later events there are two competing effects. On the one hand, off-fault inelastic 423 

deformation would decrease the stress concentrations at the tips of the fault and, in 424 

general, promote more homogeneous initial stresses on the fault, which would lead to a 425 

larger effect of roughness during the nucleation stage, as discussed above. On the other 426 

hand, the geometric barriers, which introduce substantial complexity into the nucleation 427 

process, are expected to be weaker with the inclusion of these rheologies.   428 

We believe that, for the frictional parameters adopted in this study, the fault 429 

length considered (Lf = 40 m) is sufficient to study the nucleation process and that the 430 

main findings of this study are valid also for larger fault lengths. For smooth faults with 431 

homogenous initial conditions, lnuc generally decreases with increasing fault length. 432 

However, the rate of decrease is quite small for most initial and loading conditions, 433 

including those of this study, and declines with increasing fault length [Fang et al., 434 

2010]. For rough faults, there is no correlation between the nucleation lengths and 435 



whether the rupture initiates next to the center or near the end of the fault; thus we do not 436 

expect different values of lnuc for larger fault lengths.  437 

4.2 Nucleation length and fault stability   438 

In this section, we aim to explain quantitatively the behavior of lnuc in the later 439 

slip events, where the nucleation process is generally less complex. Using a two-440 

dimensional static, linear elastic boundary element model, Dieterich and Smith [2009] 441 

quantified the additional resistance to slip from fault roughness. They suggested that 442 

stresses from geometric irregularities grow linearly with slip and produce backstresses 443 

that progressively impede slip. Thus, the relationship between the average slip on the 444 

fault, 𝐷𝐷�, and a uniform stress drop on the fault, ∆𝜏𝜏, can be approximated by a combined 445 

system stiffness as  446 

 (𝐾𝐾𝑠𝑠 + 𝐾𝐾𝑟𝑟)𝐷𝐷� = ∆𝜏𝜏, (4) 

where 𝐾𝐾𝑠𝑠 is the effective stiffness of a slipping patch on a smooth fault, which for an 447 

expanding rupture with half length 𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟 under plane strain condition is given by [Starr, 448 

1928]  449 

 
𝐾𝐾𝑠𝑠 =

2𝐺𝐺∗

𝜋𝜋𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟
, (5) 

and 𝐾𝐾𝑟𝑟 is a stiffness accounting for the additional resistance from the roughness. Using 450 

slip scaling arguments, Dieterich and Smith [2009] showed that 𝐾𝐾𝑟𝑟 scales with 𝐺𝐺∗𝑏𝑏𝑟𝑟
2/451 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 and depends weakly on H for 𝐻𝐻 ≥  0.75 . Fang and Dunham [2013] used a second-452 

order boundary perturbation analysis of small, quasi-static, frictionless, and uniform 453 

sliding across a band-limited self-similar interface (H = 1) in an elastic solid to derive a 454 

precise expression for the additional shear resistance, or roughness drag, as  455 

 
𝜏𝜏𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 = 𝐾𝐾𝑟𝑟𝐷𝐷� =

8𝜋𝜋3𝐺𝐺∗𝑏𝑏𝑟𝑟
2

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
𝐷𝐷�. (6) 

We assume a symmetric expansion process during the nucleation and use a 456 

fracture energy balance [e.g. Rubin and Ampuero, 2005], which is a more suitable 457 

approach for large a/b values, together with the combined stiffness system described by 458 

eqs. (4 – 6) to derive an approximate expression for the nucleation length on rough faults 459 

governed by rate and state friction (Appendix B) as 460 



 
𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟) =

2𝑎𝑎𝑐𝑐

�1 − 𝑎𝑎𝜇𝜇𝑟𝑟� + ��1 − 𝑎𝑎𝜇𝜇𝑟𝑟�
,     (7) 

with  461 

 
𝑎𝑎𝜇𝜇𝑟𝑟 = 4𝜋𝜋4

𝑎𝑎𝑐𝑐𝑏𝑏𝑟𝑟
2

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
< 1. 

(8) 

Note that 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟)  reduces to 𝑎𝑎𝑐𝑐  for a smooth fault (𝑏𝑏𝑟𝑟 → 0) . In addition, it becomes 462 

infinitely large for 𝑎𝑎𝜇𝜇𝑟𝑟 → 1 and is undefined for 𝑎𝑎𝜇𝜇𝑟𝑟 > 1; thus, an earthquake with large 463 

slip rates can nucleate only for 𝑎𝑎𝜇𝜇𝑟𝑟 < 1 . This suggests that the condition in eq. (8) 464 

provides the frictional and roughness conditions under which faults can slip seismically.  465 

The approximate solution for 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟) agrees well with the main trends observed in 466 

the simulations for the later events and can be used to estimate the lower bound of 𝑎𝑎𝑚𝑚𝑟𝑟𝑐𝑐 467 

for faults with large br. Figure 10 shows the ratio 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟)/𝑎𝑎𝑐𝑐 as a function of br for 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 =468 

0.2 and 1 m, as well as the values of lnuc obtained in the simulations for the later fast slip 469 

events, normalized by that of the smooth fault. Similarly to lnuc of the later events, the 470 

change in 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟)  is very small for 𝑏𝑏𝑟𝑟 ≤ 0.002 . For 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2  m, the ratio 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟)/𝑎𝑎𝑐𝑐 471 

increases rapidly at larger values of 𝑏𝑏𝑟𝑟 and is within the range of the simulation values for 472 

𝑏𝑏𝑟𝑟= 0.005, although at the lower part. For 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 1 m, the ratio increases less rapidly and 473 

is below the corresponding simulation values at 𝑏𝑏𝑟𝑟 = 0.005  and 0.01. The estimated 474 

transitions between seismic and aseismic behavior ( 𝑎𝑎𝜇𝜇𝑟𝑟 = 1 ) are consistent with 475 

simulations. For 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2, the transition is at 𝑏𝑏𝑟𝑟 = 0.0065, and the simulations show 476 

that faults with 𝑏𝑏𝑟𝑟 = 0.005 experience 2 or 3 fast slip events, but faults with 𝑏𝑏𝑟𝑟 = 0.01 477 

experience only slow slip events. For 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 1, the transition is at 𝑏𝑏𝑟𝑟 = 0.0145, and the 478 

simulation shows that faults with 𝑏𝑏𝑟𝑟 = 0.01 experience 2 or 3 fast slip events. 479 

4.3  Detection of the nucleation stage and its relationship to the final size of the event 480 

Near-source observations suggest that the seismic nucleation phase can be 481 

detected and that it is characterized by a relatively small moment rate with irregular 482 

fluctuations, which are followed by quadratic growth in the moment rate as rupture 483 

begins to propagate [Ellsworth and Beroza, 1995, 1998]. Lapusta and Rice [2003] 484 

performed simulations of earthquake sequences in a 2-D antiplane framework and 485 



showed that large earthquakes may have irregular moment rate in the beginning of the 486 

dynamic stage because of the heterogeneous stress field caused by arrest of previous 487 

events.  488 

The complexities in the nucleation process in the case of rough faults, such as 489 

irregular evolution of the slip rates and the rate of expansion of the rupture, also result in 490 

fluctuations in the moment rate. Figure 11a shows the evolution of the moment rate per 491 

unit length, �̇�𝑀0,1𝑑𝑑, in the slip events shown in Figures 3 and 4, except for the first slip 492 

event for 𝑏𝑏𝑟𝑟 = 0.005. To show all slip events in a single plot, the curves are aligned such 493 

that they all begin when �̇�𝑀0,1𝑑𝑑 exceeds the value of 106 N/s for the last time before it 494 

approaches the maximum value. At this scale, �̇�𝑀0,1𝑑𝑑 shows irregular behavior mostly for 495 

𝑏𝑏𝑟𝑟 = 0.005, with large variations that may be considered as sub-events. To examine the 496 

behavior near the transition to the dynamic stage, in Figure 11b, the curves are aligned 497 

such that they all begin when �̇�𝑀0,1𝑑𝑑 exceeds a value of 2x109 N/s for the last time before 498 

it approaches the maximum value. In the first slip events on a smooth fault and a fault 499 

with 𝑏𝑏𝑟𝑟 = 0.001, �̇�𝑀0,1𝑑𝑑 increases monotonically up to the peak value, while in other 500 

events it exhibits irregular fluctuations. The number of the fluctuations and their 501 

magnitudes generally increase with increasing 𝑏𝑏𝑟𝑟 . In the two events on the fault with 502 

𝑏𝑏𝑟𝑟 = 0.002 and the second event on fault with 𝑏𝑏𝑟𝑟 = 0.005, there is a relatively long 503 

stage of small and irregular �̇�𝑀0,1𝑑𝑑, which is followed by a stage of rapid increase toward 504 

the peak value. Note that the transition between these two stages occurs after the 505 

beginning of the dynamic stage of the rupture defined in this study.  506 

The behavior of �̇�𝑀0,1𝑑𝑑  at the two stages somewhat resembles the seismic 507 

nucleation phase observed by Umeda [1990] and Ellsworth and Beroza [1995, 1998]. 508 

While they observe that the duration, source dimension, and average slip associated with 509 

the nucleation phase scale with the moment of the eventual earthquake, we generally 510 

observe that the final size of the slip event decreases as �̇�𝑀0,1𝑑𝑑 shows a longer stage of 511 

irregular behavior. However, we study the behavior of small faults with the largest slip 512 

event equivalent to a magnitude 1.5 earthquake, while they examine moderate to large 513 

earthquakes, in which the nucleation phases themselves are much larger than the slip 514 

events in our study. Nakatani et al. [2000] analyzed the velocity waveforms of 17 515 



microearthquakes (0.3 ≤ 𝑀𝑀 ≤ 2.1) in Japan and showed that microearthquakes that start 516 

with a stronger initial rupture tend to grow larger, which is consistent with the trends 517 

obtained in our study. It is important to note, however, that other studies do not show a 518 

consistent relationship between the beginning of the nucleation phase and the final size of 519 

the earthquakes [e.g. Mori and Kanamori, 1996]. 520 

The irregular behavior of �̇�𝑀0,1𝑑𝑑  for 𝑏𝑏𝑟𝑟 ≥ 0.002, as well as the increase in 𝑎𝑎𝑚𝑚𝑟𝑟𝑐𝑐 521 

with 𝑏𝑏𝑟𝑟 at these 𝑏𝑏𝑟𝑟 values, increases the potential for detection of the nucleation phase, at 522 

least near the beginning of the dynamic stage, when the rupture is larger and the 523 

fluctuations are associated with larger deformations on the fault than at earlier 524 

stages. However, the lab-scale value of L = 20 µm for the characteristic slip distance 525 

used in our study leads to small nucleation zones, which are difficult to detect, even for 526 

the roughest faults. If the values of L for natural faults are much larger than the values 527 

obtained in laboratory experiments [e.g. Scholz, 1988; Marone and Kilgore, 1993] and 528 

the roughness parameters that are significant in the rupture process allow seismic 529 

behavior, the deformation during the nucleation should be large enough to be detected. 530 

However, it is important to note that we consider here only the “aging" formulation for 531 

the state evolution law. The “slip” state evolution law predicts a smaller nucleation length 532 

than does the “aging" law for the values of a and b adopted here [e.g. Ampuero and 533 

Rubin, 2008].  534 

5  Conclusions 535 

We study numerically the effects of roughness on the nucleation of earthquakes 536 

on faults governed by rate and state friction, and subjected to slow loading. Our 537 

numerical approach accounts for all stages in the seismic cycle, and in each simulation 538 

we model a sequence of two earthquakes or more. This enables studying the effects of 539 

heterogeneities left by the arrest of a slip event on the nucleation process in a 540 

subsequent event. 541 

Roughness introduces local barriers that complicate the nucleation process and 542 

result in asymmetric expansion of the rupture, stages where the rupture expands but the 543 

slip rates on the fault decrease, and the generation of new slip pulses, which rerupture 544 

regions that already slipped.  545 



A significant effect is observed for whether the slip events are first or later in the 546 

earthquake sequence, with larger effects of the roughness for the first events, where the 547 

initial conditions are homogenous. For the first events, there is a large increase in the 548 

nucleation length with 𝑏𝑏𝑟𝑟 for 𝑏𝑏𝑟𝑟 ≤ 0.002, and a transition to aseismic or mostly aseismic 549 

deformation for larger 𝑏𝑏𝑟𝑟 values. Moreover, in the first events the ruptures always initiate 550 

where the local geometry of the fault is most favorable for slip. For slip events later in the 551 

sequence, the initial stress field and frictional conditions are determined by the rupture 552 

growth and arrest in previous slip events, which are themselves determined by the 553 

finiteness of the fault and the roughness. This leads to a trade-off between the effects of 554 

the finiteness of the fault and the roughness. For 𝑏𝑏𝑟𝑟 ≤ 0.002, the effects of finiteness of 555 

the fault on the initial stresses is a more dominant factor in the nucleation process, the 556 

nucleation length barely changes with 𝑏𝑏𝑟𝑟, and most of the events initiate close to the ends 557 

of the fault. For larger values of 𝑏𝑏𝑟𝑟 , the roughness seems to play a larger role, the 558 

nucleation length increases with 𝑏𝑏𝑟𝑟 , and location where the events initiate is more 559 

variable. 560 

To explain the behavior of the later events more quantitatively, we derive an 561 

approximate solution for the nucleation length on rough faults as 2𝑙𝑙𝑐𝑐

�1−𝑙𝑙𝜇𝜇𝜇𝜇�+��1−𝑙𝑙𝜇𝜇𝜇𝜇�
, with 562 

𝑎𝑎𝜇𝜇𝑟𝑟 = 4𝜋𝜋4 𝑙𝑙𝑐𝑐𝑏𝑏𝜇𝜇
2

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
< 1 . The solution agrees well with the main trends observed in the 563 

simulations for the variation of 𝑎𝑎𝑚𝑚𝑟𝑟𝑐𝑐 with 𝑏𝑏𝑟𝑟 and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 and provides insight on the effect 564 

of frictional and roughness properties on the transition between seismic and aseismic slip 565 

behavior. 566 

The complexities in the nucleation process are reflected as irregular fluctuations 567 

in the moment rate, especially for 𝑏𝑏𝑟𝑟 ≥ 0.002. The irregular behavior of �̇�𝑀0,1𝑑𝑑 and the 568 

increase in the nucleation length at these 𝑏𝑏𝑟𝑟 values increase the potential for detection of 569 

the later stages in the nucleation process. 570 

Appendix A. Variable time step size 571 

We adopt the following criteria to estimate the time step size at the next time step. 572 

(1) Based on the current values of slip rates, we aim that the average incremental slip of 573 

the 40 fastest nodes along the fault, ∆u40, will be smaller than 0.4L; (2) To model the 574 



healing stage accurately, the size of the next time step cannot be larger than that of the 575 

current one by more than 1.5; and (3) At the end of the dynamic stages the time step 576 

cannot exceed a value of 50 µs until the kinetic energy in the medium is dissipated. 577 

Figure A.1 shows the evolutions of ∆u40, the maximum incremental slip for each time 578 

step, ∆u1, and the time step size, ∆t, during a simulation on fault with Geo-1, br = 0.001, 579 

and λmin = 1 m. By adjusting the time step based on the 40 fastest nodes, we significantly 580 

reduce the number of time steps during the dynamic stages of the events, which include 581 

about 93% of the total number of time steps, but represent the evolution of the friction 582 

coefficient well. During the loading and nucleation stages, the slip rate peaks are 583 

generally wide and the difference between ∆u1 and ∆u40 is smaller than 25 %, thus ∆u1 is 584 

generally less than 0.5L. ∆u1 is smaller than 0.3L during the loading stage (except for six 585 

time steps with larger values with maximum of 0.55L) and increases from 0.3L to 0.5L 586 

during nucleation stage. During the dynamic stages of the rupture, ∆u1 increases up to 587 

values of about 0.9L. However, considering the evolution of the shear traction and slip 588 

rate with slip for a given node (Figure A.2), the maximum slip rate, and consequently the 589 

maximum incremental slip, is at the stage where the shear stress decreases linearly with 590 

slip, thus the evolution of the friction coefficient is represented well also with slip 591 

intervals larger than 0.5L. Moreover, the observed slip-weakening behavior matches that 592 

expected for dynamic ruptures on faults obeying rate and state friction law [e.g. Bizzarri 593 

and Cocco, 2003; Rubin and Ampuero, 2005]. The observed equivalent slip-weakening 594 

distance, 𝑑𝑑𝑐𝑐 ≈ 28𝐿𝐿 , agrees with estimate of 𝑑𝑑𝑐𝑐 = 𝐿𝐿ln(𝑣𝑣/𝑣𝑣𝑚𝑚), where 𝑣𝑣𝑚𝑚  is the slip rate 595 

prior to the arrival of the rupture tip and is about 10-11 m/s for that node. Similarly, the 596 

peak to residual shear traction drop, 𝜏𝜏𝑟𝑟−𝑟𝑟 ≈ 32 MPa, agrees with the estimate of 𝜏𝜏𝑟𝑟−𝑟𝑟 =597 

𝑏𝑏𝜎𝜎𝐿𝐿ln(𝑣𝑣/𝑣𝑣𝑚𝑚). 598 

Appendix B. A fracture energy balance based derivation for the nucleation length 599 

on rough faults 600 

Assuming that the ratio a/b is large and promotes expansion and that expansion is 601 

relatively symmetric with a uniform stress drop, we use a fracture energy balance 602 

approach [e.g. Rubin and Ampuero, 2005] to derive an approximate estimation for the 603 

nucleation length on rough faults governed by rate and state friction. Consider a growing 604 



shear rupture with total length of 2𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟 , the strain energy release per unit length is 605 

[Lawn, 1993]  606 
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Substituting 𝐷𝐷� from eqn. (4 – 6)  607 
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The reduction in mechanical energy per increment of crack length is given by [Lawn, 608 

1993] 609 
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At the transition from the nucleation to the dynamic stage, the rupture is in equilibrium 610 

and Genergy is balanced by the fracture energy Gc, which for rate and state friction with 611 

large v yields [Rubin and Ampuero, 2005] 612 
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where 𝑣𝑣𝑚𝑚 denotes the value of v just prior to the arrival of the rupture tip. We note that the 613 

derivation does not account for the effect of normal stress perturbations on Gc., which 614 

can induce short slip accelerations transients and even foreshocks during the nucleation 615 

process, as observed in the simulations (see Figure 11). 616 

Equating eqn. (B3) and (B4), substituting the large v estimate of stress drop ∆𝜏𝜏 =617 

𝜎𝜎(𝑏𝑏 − 𝑎𝑎)ln �𝑣𝑣
𝑣𝑣𝑚𝑚
�, and replacing 𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟 by the half length of the rupture at equilibrium, 𝑎𝑎𝑐𝑐𝑟𝑟𝑚𝑚𝑡𝑡, 618 

give 619 
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We substitute  620 
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and arrange the terms to obtain a quadratic equation as 621 

 𝜋𝜋2𝐵𝐵(4𝐴𝐴𝐵𝐵 − 1)𝑎𝑎𝑐𝑐𝑟𝑟𝑚𝑚𝑡𝑡2 +  𝜋𝜋(4𝐴𝐴𝐵𝐵 − 1)𝑎𝑎𝑐𝑐𝑟𝑟𝑚𝑚𝑡𝑡 + 𝐴𝐴 = 0. (B7) 

The roots of the equation are given by 622 
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with a positive value only for 623 
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To simplify further we multiply by (1−4𝐴𝐴𝐴𝐴)+�(1−4𝐴𝐴𝐴𝐴)
(1−4𝐴𝐴𝐴𝐴)+�(1−4𝐴𝐴𝐴𝐴)

 and obtain  624 
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1
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, 1 − 4𝐴𝐴𝐵𝐵 > 0. (B10) 

The final expression for the nucleation length is given by 625 

 
𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟) = 2𝑎𝑎𝑐𝑐𝑟𝑟𝑚𝑚𝑡𝑡 =
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,    𝑎𝑎𝜇𝜇𝑟𝑟 < 1, (B11) 

where 𝑎𝑎𝜇𝜇𝑟𝑟 ≡ 4𝐴𝐴𝐵𝐵 = 𝑙𝑙𝑐𝑐
2
8𝜋𝜋4𝑏𝑏𝜇𝜇2

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
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Figures 810 
 811 

 812 
Figure 1: (a) The problem set up: a 40 m long finite fault is embedded in a 2D elastic medium 813 
with dimensions 120 x 80 m, which is subjected a prescribed slow horizontal velocity 𝑉𝑉𝑏𝑏 =814 
±10−9 at the top and bottom, zero vertical velocities on all the boundaries, initial stresses σxx0, 815 

σyy0, and σxy0, and horizontal normal tractions on the left and right boundaries σbxx = σxx0. During 816 
the dynamic stages, the model includes an absorbing layer with gradual Rayleigh damping. (b) 817 
The fault profiles examined in this study. We consider a total of three different general 818 
geometries, and for each geometry, eight profiles are generated with roughness pre-factor values 819 
of br = 0.001, 0.002, 0.005 and 0.01 and minimum wavelength of λmin = 0.2 m and 1 m. For 820 
reference, we also run a simulation with a smooth fault. 821 
 822 



 823 
Figure 2: (a) The evolution of τav vs. time for the eight profiles of Geo-1, as well as for a smooth 824 

fault. (b) The evolution of τav vs. time during the first slip events in the sequences obtained for 825 
faults with λmin = 0.2 m, and br = 0.001 (right) and 0.002 (left). (c) The evolution of the maximum 826 
slip rate on the fault vs. time for the eight profiles of Geo-1, as well as for smooth faults. 827 
 828 
  829 



 830 
Figure 3: Profiles of u, v, and µ along the fault for a smooth fault (a, c, and e) and a rough fault 831 

with Geo-1, br = 0.001, and λmin = 0.2 m (b, d, and f). The time interval between the contours is 832 
variable for the loading and nucleation stages and equal to 1 ms for the dynamic stage. The 833 
contours of µ are shown only for the first slip event in each sequence. The contours of u are 834 
plotted for all the stages in the seismic cycle, i.e. the loading (dashed purple), nucleation (red), 835 
and dynamic (black) stages, where the dynamic stage includes both the propagation and arrest of 836 
the rupture. The final stage of each slip event is shown in blue. In the case of the first event of the 837 
sequence obtained for a smooth fault, the contours of v and µ are plotted for the whole dynamic 838 
stage, with gray contours for the arrest phase. However, for better visualization of the nucleation 839 
stage, the contours of v and µ are shown only for the nucleation stage and the beginning of the 840 



dynamic stage in other slip events. Moreover, the contours of µ are shown only for the first event 841 
in each sequence and we plot only six contours (with different colors) for the nucleation stage. 842 
 843 

 844 
Figure 4: Profiles of u, v, and µ along rough faults with Geo-1, λmin = 0.2 m, and br = 0.002 (a, c, 845 
and e) and 0.005 (b, d, and f). The contours of u are plotted for all the stages in the seismic cycle, 846 
i.e. the loading (dashed purple), nucleation (red), and dynamic (black) stages, where the dynamic 847 
stage includes both the propagation and arrest of the rupture. The time interval between the 848 
contours is variable for the loading and nucleation stags and equal to 1 ms for the dynamic stages. 849 
The final stage of each of the slip events is shown in blue. For br = 0.005, the contours of v are 850 
shown only for the first and second slip events of the sequence. For better visualization of the 851 



nucleation stage, the contours of v and µ are shown only for the nucleation stage and the 852 

beginning of the dynamic stage. Moreover, the contours of µ are shown only for the first event in 853 
each sequence and we plot only six contours (with different colors) for the nucleation stage. 854 
 855 

 856 
Figure 5: The normal tractions along the fault at the beginning of the simulation and at the 857 

ends of the first and second slip events for fault with Geo-1, br = 0.005 and λmin = 0.2 m. 858 

Note that at the end of the second slip event, the normal traction is slightly larger than 859 

300 MPa for some of the nodes.   860 
 861 
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 863 
Figure 6: The nucleation lengths of the fast slip events in the 25 simulated earthquake sequences. 864 
Only slip events where the slip accumulated during the dynamic stage of the rupture is more than 865 
half of the total slip are considered. Slip events that are the first in the sequence are shown in 866 
blue, while later events are shown in red, both with open circles for faults with 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m and 867 
‘+’ symbols for faults with 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 1 m. The solid curves represent the average values for the first 868 
(blue) and later (red) slip events on faults with 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m (solid) and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m (dashed).  869 
 870 
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 872 
Figure 7: Profiles of u and v for the loading (purple) and the beginning of the nucleation stage 873 
(red) during the first slip events in the sequences obtained for faults with Geo-2, λmin = 0.2 m, and 874 
br = 0.001 (a and c) and 0.002 (b and d).  875 
 876 
  877 



 878 
Figure 8: The locations where the fast slip events in the 25 simulated earthquake sequences 879 
initiate at the beginning of the nucleation stage. The plot shows the absolute distance of the 880 
locations from the center of the fault. Slip events that are the first in the sequence are shown in 881 
blue, while later events are shown in red, both with open circles for faults with 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m and 882 
‘+’ symbols for faults with 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 1 m. 883 
  884 



 885 
Figure 9: The evolution of shear tractions τt, v, θ, and µ at six loading stages between the end of 886 
the first slip event and the beginning of the second slip event for a smooth fault and a fault with 887 
Geo-1, br = 0.002 and λmin = 1 m. The six loading stages are shown on the curves of the average 888 
shear stress on the fault vs. time.   889 
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 892 
Figure 10. The ratio 𝑎𝑎𝑐𝑐(𝜇𝜇,𝑟𝑟)/𝑎𝑎𝑐𝑐 as a function of br for 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 0.2 m (black curve) and 1 m (blue 893 

curve). The values of lnuc for the later fast slip events in the simulations normalized by that of the 894 
second event on the smooth fault are also shown. The error bars represent the range of the 895 
nucleation lengths that were obtained for a given combination of 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚  and br. The predicted 896 
transitions between stable and unstable fault slip behavior are also shown, as well as whether, in 897 
the simulations, the faults experienced sequences of only fast slip events (Un), fast and slow slip 898 
events (Un+St), and only slow slip events (St).  899 
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 902 
Figure 11: (a) Curves of the evolution of �̇�𝑀0,1𝑑𝑑 during 18 s near their maximum values for the 903 
first (solid) and later (dashed) slip events in the earthquake sequences shown in Figures 3 and 4, 904 
except for the first slip event for 𝑏𝑏𝑟𝑟 = 0.005. To show all slip events in a single plot, the curves 905 

begin at the time when the moment rate exceeds a value of �̇�𝑀0,1𝑑𝑑 = 106 N/s for the last time 906 
before it approaches its maximum value. The black circles denote the transition between the 907 

nucleation and the dynamic stages, as is defined in this study. (b) The evolution of �̇�𝑀0,1𝑑𝑑 during 908 
0.05 s near its maximum value for the same slip events. The curves are aligned such that they all 909 

begin when �̇�𝑀0,1𝑑𝑑  exceeds a value of 2x109 N/s for the last time before it approaches the 910 
maximum value. The black circles denote the transition between the nucleation and the dynamic 911 
stages. 912 
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 914 
Figure A1: (a) The evolutions of ∆u40/L (‘+’ symbol) and ∆u1/L (circles) during a simulation on a 915 

fault with Geo-1, br = 0.001, and λmin = 1 m. The simulation includes two events; for each event 916 
the loading, nucleation, and dynamic stages are shown in different colors. (b) The evolution of the 917 
time step size.  918 
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 921 
Figure A2: The evolutions of τt and v with u/L for a node located at a distance of 10 m from the 922 
right end of the fault during the second slip event in a simulation on fault with Geo-1, br = 0.001, 923 
and λmin = 1 m. Note that the slip is calculated from the beginning of the simulation and that the 924 
later stages of the event are not shown. 925 
  926 



 Tables 927 
 928 
Table 1. Model Parameter Values 929 

Parameter  Value 

Frictional properties 
Direct-effect parameter a 0.01 
Evolution-effect parameter b 0.012 
Reference velocity v* 10-6 m/s 
Reference friction µ* 0.6 
Characteristic sliding distance L 20 µm 
Initial friction  µ0 0.57  
Initial state variable θ0 1 s 

Bulk properties 
Young’s modulus E 60 GPa 
Poisson’s ratio ν 0.25 
Density ρ 2700 kg/m3 

Initial remote stresses  
Horizontal stress  σxx0 100 MPa 
Vertical stress  σyy0 100 MPa 
Shear stress  σxy0 57 MPa 
 930 
 931 
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