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PREFACE 

This volume contains the full-length papers presented in the 1st International Conference on 

Uncertainty Quantification in Computational Sciences and Engineering (UNCECOMP 2015) that was 

held on May 25-27, 2015 on the Crete Island, Greece.  

UNCECOMP 2015 is a Thematic Conference of ECCOMAS and a Special Interest conference of the 

International Association for Structural Safety & Reliability (IASSAR).  

 The objective of UNCECOMP 2015 Conference is to act as a forum for the recent research efforts 

and progress towards analysis and design processes under uncertainty, with emphasis in multiscale 

analysis and design of complex systems. The aim of the conference is to bring together researchers 

seeking an interaction of stochastic methods and computational mechanics in order to obtain 

reliable predictions of the behavior of physical systems.  The UNCECOMP conference serves as a 

forum for facilitating the exchange of ideas and as a platform for establishing links between research 

groups with complementary activities.    

 The UNCECOMP 2015 Conference is supported by the National Technical University of Athens 

(NTUA), the European Committee on Computational Solids and Structural Mechanics of ECCOMAS 

(ECCSM), the Greek Association for Computational Mechanics and the John Argyris Foundation. 

The editors of this volume would like to thank all authors for their contributions. Special thanks go 

to the colleagues who contributed to the organization of the Minisymposia and to the reviewers 

who, with their work, contributed to the scientific quality of this e-book.  

 

M. Papadrakakis 

National Technical University of Athens, Greece 

 

V. Papadopoulos 

National Technical University of Athens, Greece  

 

G. Stefanou 

Aristotle University of Thessaloniki, Greece 
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Abstract. The paper deals with the statistical inverse problem for the identification of a non-
Gaussian tensor-valued random field in high stochastic dimension. Such a random field can
represent the parameter of a boundary value problem (BVP). The available experimental data,
which correspond to observations, can be partial and limited. A general methodology and
some algorithms are presented including some adapted stochastic representations for the non-
Gaussian tensor-valued random fields and some ensembles of prior algebraic stochastic models
for such random fields and the corresponding generators. Three illustrations are presented: (i)
the stochastic modeling and the identification of track irregularities for dynamics of high-speed
trains, (ii) a stochastic continuum modeling of random interphases from atomistic simulations
for a polymer nanocomposite, and (iii) a multiscale experimental identification of the stochastic
model of a heterogeneous random medium at mesoscale for mechanical characterization of a
human cortical bone.
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1 INTRODUCTION

The problem related to the identification of a model parameter (scalar, vector, field) of a
boundary value problem (BVP) (for instance, the coefficients of a partial differential equation)
using experimental data related to a model observation (scalar, vector, field) of this BVP, is a
problem for which there exists a rich literature, including numerous textbooks. In general and
in the deterministic context, there is not a unique solution because the function, which maps the
model parameter (that belongs to an admissible set) to the model observation (that belongs to
another admissible set) is not a one-to-one mapping, and consequently, cannot be inverted. It is
an ill-posed problem. However, such a problem can be reformulated in terms of an optimization
problem consisting in calculating an optimal value of the model parameter, which minimizes
a certain distance between the observed experimental data and the model observation that is
computed with the BVP and that depends on the model parameter. In many cases, the analysis
of such an inverse problem can have a unique solution in the framework of statistics, that is
to say when the model parameter is modeled by a random quantity, with or without external
noise on the model observation. In such a case, the random model observation is completely
defined by its probability distribution (in finite or in infinite dimension) that is the unique trans-
formation of the probability distribution of the random model parameter. This transformation
is defined by the functional that maps the model parameter to the model observation. Such a
formulation is constructed for obtaining a well-posed problem that has a unique solution in the
probability theory framework. We refer the reader to [1] and [2] for an overview concerning
the general methodologies for statistical and computational inverse problems, including general
least-square inversion and the maximum likelihood method [3], and including the Bayesian ap-
proach [4, 5, 6, 7, 8, 9].

A non-Gaussian second-order random field is completely defined by its system of marginal
probability distributions, which is an uncountable family of probability distributions on sets of
finite dimension, and not only by its mean function and its covariance function as for a Gaus-
sian random field. The experimental identification of such a non-Gaussian random field then
requires the introduction of an adapted representation in order to be in capability to solve the
statistical inverse problem. For any non-Gaussian second-order random field, an important type
of representation is based on the use of the polynomial chaos expansion, for which the devel-
opment and the use in computational sciences and engineering have been pioneered by Roger
Ghanem in 1990-1991 [10]. An efficient construction has been proposed in [11, 12], which
consists in combining a Karhunen-Loève expansion (that allows for doing a statistical reduced
model) with a polynomial chaos expansion of the statistical reduced model. This type of con-
struction has then been re-analyzed and used for solving boundary value problems using the
spectral approach (see for instance [13, 14, 15, 16, 17, 18, 19, 20, 21]). The polynomial chaos
expansion has also been extended for an arbitrary probability measure [22, 23, 24, 25, 26]. New
algorithms have been proposed for obtaining a robust computation of realizations of high de-
grees polynomial chaos [27, 28]. The polynomial chaos expansion has also been extended to the
case of the random coefficients [29], to the construction of a basis adaptation in homogeneous
chaos spaces [30], and for a multimodal random vector [31].

The statistical inverse problem for identifying a non-Gaussian random field as a model pa-
rameter of a BVP, using polynomial chaos expansion has been initialized in [32, 33], used in
[34, 35], and revisited in [36]. In [37], the construction of the probability model of the random
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coefficients of the polynomial chaos expansion is proposed by using the asymptotic sampling
Gaussian distribution constructed with the Fisher information matrix, and used for model val-
idation [38]. This work have been developed for statistical inverse problems that are rather in
low stochastic dimension, and new ingredients have been introduced in [39, 40, 28] for statis-
tical inverse problems in high stochastic dimension. In using the reduced chaos decomposition
with random coefficients of random fields [29], a Bayesian approach for identifying the pos-
terior probability model of the random coefficients of the polynomial chaos expansion of the
model parameter of the BVP has been proposed in [41] for the low stochastic dimension and
in [42] for the high stochastic dimension. The experimental identification of a non-Gaussian
positive matrix-valued random field in high stochastic dimension, using partial and limited ex-
perimental data for a model observation related to the random solution of a stochastic BVP, is a
difficult problem that requires both adapted representations and methodologies [39, 40, 42, 43].
A complete development concerning advanced representations of non-Gaussian matrix-valued
random fields and their identification by solving a statistical inverse problem can be found in
[40, 43, 44, 45].

The present paper deals with the challenging problem related to the statistical inverse prob-
lem for the identification of a non-Gaussian tensor-valued random field in high stochastic di-
mension. Such a random field can, for instance, be the parameter of a boundary value problem.
The available experimental data can be, either a large experimental data base for the random
field itself that is to be identified, or can be a partial and limited experimental data base cor-
responding to an observation of the stochastic BVP. For the statistical inverse identification of
non-Gaussian tensor-valued random fields, the methodology and the algorithms presented here-
inafter are extracted from [39, 40, 28, 46, 47, 43, 44]. An important step in the methodology
is the construction and the use of algebraic prior stochastic models (APSM) of such a non-
Gaussian random field for which some advanced generators have been developed. The APSM
and the associated generators presented and used hereinafter are those that have been published
in [44, 45, 48, 49, 50, 51, 52, 53, 54, 55, 40, 56, 57, 58]. Three illustrations are presented: the
stochastic modeling of track irregularities for high-speed trains and its experimental identifica-
tion [59], the stochastic continuum modeling of random interphases from atomistic simulations
for a polymer nanocomposite [60], and the multiscale identification of the random elasticity
field at mesoscale of a heterogeneous microstructure using multiscale experimental observa-
tions [61, 62, 63].

Notations. The following notations are used:
x = (x1, . . . , xd) is a vector inRd with d ≥ 1 an integer.
Mn,m(R) is the set of all the(n×m) real matrices.
Mn(R) is the set of all the(n× n) real matrices.
MS

n(R) is the set of all the symmetric(n× n) real matrices.
M+

n (R) is the set of all the positive-definite symmetric(n× n) real matrices.
M+

n (R) ⊂ MS
n(R) ⊂ Mn(R).

[In] is the(n× n) real unity matrix.
tr{[A]} is the trace of the square matrix[A].

APSM: algebraic prior stochastic model.
BVP: boundary value problem.
KLE: Karhunen-Loëve expansion.
OAPSM: optimal algebraic prior stochastic model.
PCE: polynomial chaos expansion.
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2 PROBLEM TO BE SOLVED AND DIFFICULTIES

2.1 Statistical inverse problem to be solved in high dimension

The statistical inverse problem consists in identifying a non-GaussianM+
n (R)-valued ran-

dom field{[A(x)], x ∈ Ω} indexed by a bounded subsetΩ of Rd, with d an integer greater or
equal to1. This identification is performed in using an experimental data set constituted ofνexp

deterministic vectorsuexp,1, . . . , uexp,νexp belonging toRnu, which correspond to independent
realizations of a random model observationU with values inRnu of a computational model,
which is written as

U = h([A(x1)], . . . , [A(xNp)]) , (1)

in which x1, . . . , xNp areNp given points inΩ, and whereh is a given deterministic nonlinear
mapping fromM+

n (R)× . . .×M+
n (R) intoRnu. In general, mappingh is not explicitly known

but is numerically constructed with the computational model. It should be noted that mapping
h could be re-parameterized in replacing the set of random matrices{[A(xk)], k = 1, . . . , Np}
by a random vectorY with values in an adapted subsetY of Rns with ns = Np n(n+ 1)/2.

2.2 An example of statistical inverse problem in high dimension

The experimental identification of the stochastic model of the elasticity field at mesoscale of
a material for which the elastic heterogeneous microstructure cannot be described in terms of
constituents, such as the cortical bone (see Figure 1) is an example of statistical inverse problem
in high dimension. In such a case, the experimental identification of the non-Gaussian matrix-
valued random field{[A(x)], x ∈ Ω} that models the apparent elasticity field at mesoscale is an
interesting illustration.

Figure 1: Cortical bone at mesoscale (left) and at microscale (right). Photo : Julius Wolff Institute, Charit -
Universittsmedizin Berlin.

2.3 Difficulties of the statistical inverse problem in high dimension

The non-Gaussian second-order matrix-valued random field{A(x), x ∈ Ω} must verify some
important algebraic properties such as a deterministic or random boundedness, symmetry, pos-
itiveness, some invariance properties (for instance, induced by material symmetries), etc. In
order to preserve a generality with respect to the chosen class in which the random field has to
be identified, the polynomial chaos expansion (PCE) of the second-order random field is pro-
posed, yielding a statistical inverse problem in high dimension. This is a challenging problem
due to the high dimension and due to the fact that the random field is with values in a subset
of M+

n (R), which can be very complicated to describe and to explore for computing the PCE
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coefficients from experimental data, and consequently, a direct approach cannot be used, and
some adapted parameterizations and efficient algorithms must be developed.

3 METHODOLOGY FOR THE STATISTICAL INVERSE PROBLEM

For the statistical inverse problem related to the identification of a non-Gaussian vector- or
matrix-valued random field in high dimension using partial and limited experimental data, the
methodology consists in

(1) constructing an algebraic prior stochastic model of the random field and in identifying its
hyperparameters using experimental data (Step 1);

(2) choosing an adapted representation for performing its polynomial chaos expansion in
high dimension (Step 2);

(3) identifying a posterior stochastic model (Step 3).
This methodology is developed in details in [44, 45] for which the first developments and algo-
rithms have been published in [39, 42, 40], for which additional complements concerning the
algorithms that can be found in [27, 28], and for which mathematical developments concerning
representation of random fields and mathematical analysis of stochastic elliptic boundary value
problem are given in [43].

3.1 Step 1: Construction of an algebraic prior stochastic model (APSM) and its identifi-
cation using experimental data

(i) The first stage in Step 1 concerns the construction of an adapted family,{[AAPSM
(x; b)], x ∈

Ω}, of algebraic prior stochastic models for the non-GaussianM+
n (R)-valued random field

{[A(x)], x ∈ Ω}, defined on a probability space(Θ, T ,P), indexed by a bounded domainΩ
in Rd. This family of APSM depends on a vector-valued hyperparameterb belonging to an
admissible setBad that is assumed to be in low dimension. For instance, such a hyperparameter
is made up of the statistical mean matrix, some dispersion parameters, the spatial-correlation
lengths, etc. An important example of construction of a APSM will be given after. It should be
noted that in high dimension, the real possibility to correctly identify random field[A], through
a stochastic boundary value problem, is directly related to the capability of the constructed
APSM to represent fundamental properties such as lower bound, positiveness, invariance re-
lated to material symmetry, mean value, support of the spectrum, spatial-correlation lengths,
level of statistical fluctuations, etc.

(ii) The second stage is related to the calculation of an optimal value,bopt, of hyperparameter
b of the APSM using the maximum likelihood method for random model observationU of
the computational model, and the experimental data set,uexp,1, . . . , uexp,νexp for U. The optimal
value is written as

bopt = arg max
b∈Bad

νexp∑

ℓ=1

log pU(uexp,ℓ; b) , (2)

in which u 7→ pU(u; b) is the probability density function of random model observationU, es-
timated with the computational modelU = h([A

APSM
(x1; b)], . . . , [A

APSM
(xNp ; b)]). The optimal

PASM (OAPSM) of the random field[A] is denoted by[A
OAPSM

] and is such that, for allx in Ω,
[A

OAPSM
(x)] =: [A

APSM
(x, bopt)]. Finally, ν independent realizations of the OPASM can easily be

computed using the APSM withb = bopt,

{[AOAPSM
(x; θℓ)], x ∈ Ω} , ℓ = 1, . . . , ν , (3)
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in which θ1, . . . , θν are inΘ.

3.2 Step 2: Choosing an adapted representation for performing the polynomial chaos
expansion in high dimension and identification of a prior stochastic model using ex-
perimental data

Step 2 is devoted to the construction of a polynomial chaos expansion of random field[A
OAPSM

]
that is defined by an optimal algebraic prior stochastic model. Such a PCE will be used for ex-
tending the PCE representation in the set of all theM+

n (R)-valued non-Gaussian second-order
random fields by randomizing the coefficients (see Step3). However, such a PCE cannot be
carried out with a direct approach because all the algebraic properties, such as the boundedness
and and the positiveness of the random field for which the PCE should be performed, must be
satisfied. Consequently, an indirect approach is performed consisting in constructing, in a first
stage, an adapted representation for{[AOAPSM

(x)], x ∈ Ω} for which ν independent realizations
have been computed (see Eq. (3)).

(i) The change of representation for random field[A
OAPSM

] consists in introducing a class of
lower-bounded random fields, normalized, and releasing some constraints, such that

[A
OAPSM

(x)] = G([GOAPSM
(x)]) , ∀ x ∈ Ω , (4)

in which G is an invertible transformation fromMS
n(R) into M+

n (R). Consequently, from
Eq. (3),ν independent realizations of theMS

n(R)-valued random field,{[GOAPSM
(x)], x ∈ Ω},

can be deduced such that, for allx in Ω,

[G
OAPSM

(x, θℓ)] = G−1([A
OAPSM

(x, θℓ)]) , ℓ = 1, . . . , ν . (5)

Example of an invertible transformation. Some general invertible transformations and their
mathematical analyses can be found in [40, 43, 44]. For instance, we can consider the following
class of representation defined by

[A
OAPSM

(x)] =
1

1 + ε
[L(x)]T {ε[In] + expM([G

OAPSM
(x)])} [L(x)] , ∀x ∈ Ω , (6)

in which ε is a positive real number, where[L(x)] is a deterministic(n × n) real matrix that is
introduced for the normalization, and whereexpM denotes the exponential for symmetric ma-
trices, for which the inverse is the logarithmlogM of positive-definite matrices. In such a class,
the lower bound is the deterministic positive-definite matrix[Cℓ(x)] = ε

1+ε
[L(x)]T [L(x)], and

for all random matrix[G
OAPSM

(x)] with values inMS
n(R), the random matrix[A

OAPSM
(x)]− [Cℓ(x)]

is almost surely positive definite.

(ii) It is now possible to perform a PCE of theMS
n(R)-valued random field{[GOAPSM

(x)], x ∈
Ω}. The general methodology consists in performing a Karhunen-Loëve expansion (KLE) of
the random field, followed by a PCE of the coordinates of the KLE (see [10, 12]). Concerning a
new approach devoted to the KLE of vector-valued random fields with a scaling and the use of an
optimal basis, we refer the reader to [46, 47], and for the KLE of matrix-valued random fields, to
[40, 43, 44]. It should be noted that, in the framework of statistical inverse problem with partial
and limited experimental data, the covariance operator of random field[A] cannot be estimated
with nonparametric statistics due to the lack of data and consequently, the KLE of the random
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field cannot be constructed by this way. However, with the methodology that is proposed, the
covariance operator of random field[G

OAPSM
] can be estimated using the realizations computed

with Eq. (5). The truncated KLE of random field[G
OAPSM

] is constructed at the orderm, and then
the coordinates of this expansion are expressed as a truncated PCE. Assuming that[G

OAPSM
] is a

second-order and mean-square continuous random field, then the truncated KLE at orderm is
written as,

[G
OAPSM(m)(x)] = [G0(x)] +

m∑

i=1

√
λi [Gi(x)] ηOAPSM

i , ∀x ∈ Ω , (7)

in which, for all x in Ω, the random matrix[G0(x)] = E{[GOAPSM
(x)]} is the mean value in

M
S
n(R), and whereηOAPSM = (ηOAPSM

1 , . . . , ηOAPSM
m ) is a non-Gaussian random vector with values in

Rm, which is centered and for which its covariance matrix is[CηOAPSM] = [Im] (the components
of ηOAPSM are uncorrelated and normalized, but are statistically dependent). From Eqs. (5) and
(7), ν independent realizations of random vectorηOAPSM are computed,

ηOAPSM
i (θℓ) =

1√
λi

∫

Ω

tr{[Gi(x)]T ([G
OAPSM

(x, θℓ)]− [G0(x)])} dx , ℓ = 1, . . . , ν . (8)

The truncated PCE of the non-Gaussian random vectorηOAPSM is denoted byηchaos(N,Ng) and
is written as,

ηOAPSM ≃ ηchaos(N,Ng) = [z]T Ψ(Ξ) , (9)

in which the matrix[z] of the coefficients belongs to the compact Stiefel manifoldVm(R
N) ⊂

MN,m that is defined by

Vm(R
N) =

{
[z] ∈ MN,m(R) ; [z]

T [z] = [Im]
}
. (10)

In Eq. (9), the random vectorΞ = (Ξ1, . . . ,ΞNg
) with values inRNg has a probability distribu-

tionPΞ(dξ) = pΞ(ξ) dξ (onRNg) that is assumed to be given and that must verify,
∫

R
Ng

‖ξ‖m pΞ(ξ) dξ < +∞ , ∀m ∈ N .

The random vectorΨ(Ξ) = (Ψα(1)(Ξ), . . . ,Ψα(N)(Ξ)) is made up of the multivariate polyno-
mials (the chaos) that are orthonormal with respect toPΞ(dξ),

E{Ψ
α(j)(Ξ) Ψ

α(k)(Ξ)} =

∫

R
Ng

Ψ
α(j)(ξ) Ψα(k)(ξ) pΞ(ξ) dξ = δjk . (11)

If Nd ≥ 1 is the maximum degree of the polynomials, then the integerN is given by

N =
(Ng +Nd)!

Ng!Nd!
− 1 . (12)

♦ If Ξ is the normalized Gaussian random vector, thenΨ
α(j)(Ξ) = (Φ

α
(j)
1
(Ξ1)×. . .×Φ

α
(j)
Ng

(ΞNg
))

in whichΦ
α
(j)
k

(Ξk) is the usual normalized Hermite polynomial onR (see [10, 12]).
♦ If the Gaussian measure is replaced by an arbitrary probability measure for which the real-
valued random variablesΞ1, . . . ,ΞNg

are statistically independent, see [22].
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♦ For an arbitrary measure for whichΞ1, . . . ,ΞNg
are statistically dependent, see [31].

For these three cases, if the degreeNd of the polynomials is high, then the realizationsΨ(Ξ(θℓ)
cannot be computed with usual algorithms. An efficient algorithm must be used for obtaining
a robust computation of realizations for the high degrees polynomial chaos. For the details of
such an algorithm, see [27, 28, 31].

(iii) The next stage consists in calculating (1) the coefficients that are represented by ma-
trix [z] and (2) the optimal values ofNg andN in order to obtain an error that is sufficiently
small betweenηOAPSM andηchaos(N,Ng). For each fixed value ofN andNg, an optimal value
[z0(N,Ng)] ∈ Vm(R

N) ⊂ MN,m of [z] is computed with the maximum likelihood method,

[z0(N,Ng)] = arg max
[z]∈Vm(RN )

ν∑

ℓ=1

log p
ηchaos(N,Ng)(η

OAPSM(θℓ) ; [z]) , (13)

in which the realizationsηOAPSM(θℓ) are given by Eq. (8) and where the probability density
function y 7→ p

ηchaos(N,Ng)(y ; [z]) of random vectorηchaos(N,Ng) is estimated at pointy =
ηOAPSM(θℓ) by the multidimensional kernel density estimator and by using a great number of
independent realizations that are generated with the stochastic model defined by Eq. (9). The
optimization problem defined by Eq. (13) is solved with the efficient random search algorithm
on the manifoldVm(R

N ), which is detailed in [39, 28]. The optimal valuesNopt andNopt
g of

N andNg can be computed as explained in [28], which corresponds to an improvement of the
following one that consists in minimizing the error function(N,Ng) 7→ err(N,Ng) defined by

err(N,Ng) =
1

m

m∑

i=1

∫

BIi

| log10 pηOAPSM
i

(e)− log10 pηchaos
i (N,Ng)

(e ; [z0(N,Ng)])| de , (14)

in which BIi is the support of the kernel density estimator ofpηOAPSM
i

. The error function defined
by Eq. (14) allows the accuracy of the tail of the distributions to be quantified. In order to
simplify the notation, the optimal valuesNopt andNopt

g are re-written asN andNg. Once the
optimal value[z0(N,Ng)] has been computed, the optimal representation{[AOAPSM

(x)], x ∈ Ω}
of the random field{[A(x)], x ∈ Ω} can then be deduced:

[A
OAPSM

(x)] = A(m,N,Ng)(x,Ξ, [z0]) , ∀ x ∈ Ω , (15)

in which the mapping(x,Ξ, [z0]) 7→ A(m,N,Ng)(x,Ξ, [z0]) is explicitly defined by Eqs. (4), (7),
and (9), in which[z0] means[z0(N,Ng)].

(iv) The last stage of Step 2 consists in performing the experimental identification of the
prior stochastic model{[Aprior(x)], x ∈ Ω} of random field{[A(x)], x ∈ Ω}, which is defined by

[Aprior(x)] = A(m,N,Ng)(x,Ξ, [zprior]) , (16)

in which [zprior] ∈ Vm(R
N) ⊂ MN,m is computed with the maximum likelihood method for

random model observationU of the computational model, using the experimental data set
uexp,1, . . . , uexp,νexp relative toU. We then have

[zprior] = arg max
[z]∈Vm(RN )

νexp∑

ℓ=1

log pU(m,N,Ng)(uexp,ℓ; [z]) , (17)

8
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in which u 7→ pU(m,N,Ng)(u; [z]) is the probability density function of random model observa-
tion U, estimated with the computational modelU = h([Aprior(x1)], . . . , [Aprior(xNp)]) in which
[Aprior(xk)] = A(m,N,Ng)(xk,Ξ, [zprior]) with k = 1, . . . , Np. The optimization problem defined
by Eq. (17) is solved with a random search algorithm that explores the neighborhood of a subset
of Vm(R

N ) centered in[z0]. For that, a parameterization

[z] = R[z0]([w], σ) (18)

of Vm(R
N) (based on [64]) depending of a positive parameterσ, is used. The function[w] 7→

[z] = R[z0]([w], σ) is a mapping fromMN,m(R) ontoVm(R
N) such thatR[z0]([0], σ) = [z0]

and, if [w] belongs to a subset ofMN,m(R) centered in[w] = [0] and with a sufficiently small
diameter controlled byσ, then[z] = R[z0]([w], σ) belongs to a subset ofVm(R

N ) approxima-
tively centered in[z] = [z0]. This parameterization allows for exploring a subset ofVm(R

N),
centered in[z0] ∈ Vm(R

N), and for which its ”diameter” is controlled byσ.

3.3 Step 3: Identifying a posterior stochastic model

For constructing a posterior stochastic model{[Apost(x)], x ∈ Ω} of random field{[A(x)], x ∈
Ω}, matrix[z] of the PCE is modeled by a random matrix[Z] with values inVm(R

N), for which
the statistical fluctuations are in a subset ofVm(R

N ) centered around[zprior] computed in Step 2.
A prior stochastic model[Zprior] of [Z] is thus introduced in using the representation defined by
Eq. (18),

[Zprior] = R[zprior]([W
prior], σ) (19)

in which [Wprior] is a centered and normalized random matrix whose probability distribution
and its generator are known. For a sufficiently small value ofσ, the statistical fluctuations of
theVm(R

N)-valued random matrix[Zprior] are approximatively centered around[zprior]. The
Bayesian update allows the posterior distribution of the random matrix[Wpost] with values
in MN,m(R) to be estimated using the experimental data setuexp,1, . . . , uexp,νexp and the prior
stochastic model of the random model observationU = h([Aprior,prior(x1)], . . . , [Aprior,prior(xNp)])
in which [Aprior,prior(xk)] = A(m,N,Ng)(xk,Ξ, [Zprior]) with k = 1, . . . , Np. The posterior stochas-
tic model[Apost] of random field[A] is then given by

[Apost(x)] = A(m,N,Ng)(x,Ξ,R[zprior]([W
post])) , ∀x ∈ Ω . (20)

The identification procedure can then be restarted from Step 2 if necessary for improving the
identification.

4 ALGEBRAIC PRIOR STOCHASTIC MODEL

In this section, we present some elements related to the development of an algebraic prior
stochastic model for the non-Gaussian positive-definite matrix-valued random fields with sta-
tistical fluctuations in a given symmetry class and in the anisotropic class. All the details of this
development can be found in [48, 49] concerning the stochastic model for the anisotropic sta-
tistical fluctuations. The case for which dominant statistical fluctuations belong to the isotropic
class with anisotropic statistical fluctuations has been introduced in [65] and has been gener-
alized to all the symmetry classes in [56] and included references. A very general theory is
then proposed in [56, 58, 45, 44] for the general case for which there are simultaneously some
statistical fluctuations in a given symmetry class and statistical fluctuations in the anisotropic
class.
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4.1 Algebraic prior stochastic models for non-Gaussian matrix-valued random field

The construction of an algebraic prior stochastic model for a non-GaussianM+
n (R)-valued

random field{[AAPSM
(x)], x ∈ Ω} is defined hereinafter in the framework of the 3D linear elas-

ticity (n = 6). A symmetry class, induced by a material symmetry, is defined as a subset
M sym

n (R) of M+
n (R), whose algebraic dimension isns ≤ n(n + 1)/2 (see its construction in

[56]). For instance,ns = 2 for the isotropy,ns = 5 for the transverse isotropy, andns = 21
for the anisotropy. For allx fixed in Ω, theM+

n (R)-valued random matrix[A
APSM

(x)] is, in
mean, close to a given symmetry classM sym

n (R) that is independent ofx and exhibits dominant
statistical fluctuations in the symmetry classM sym

n (R) with some anisotropic statistical fluctua-
tions inM+

n (R) (around this symmetry class), which is controlled independently of the level of
statistical fluctuations in the symmetry class.

4.2 Representation of the random field

The algebraic representation of the random field{[AAPSM
(x)], x ∈ Ω} is constructed such that

[A
APSM

(x)] = [Cℓ] + [A(x)] , ∀ x ∈ Ω , (21)

in which [Cℓ] is theM+
n (R)-valued deterministic lower bound assuring the uniform ellipticity

for the stochastic elliptic operator constructed with random field[A
APSM

]. The non-Gaussian
M+

n (R)-valued random field{[A(x)], x ∈ Ω} is written as

[A(x)] = [S]T [M(x)]1/2[G0(x)] [M(x)]1/2 [S] , (22)

in which{[M(x)], x ∈ Ω} is a non-GaussianM sym(R)-valued random field that models the dom-
inant statistical fluctuations in the symmetry class defined byM sym(R) (see its construction and
its generator in [56]), where{[G0(x)], x ∈ Ω} is a non-GaussianM+

n (R)-valued random field
that models the anisotropic statistical fluctuations around the symmetry class (see its construc-
tion and its generator in [48, 49]). The random fields{[M(x)], x ∈ Ω} and{[G0(x)], x ∈ Ω}
are statistically independent. The invertible deterministic matrix[S] that belongs toMn(R) is
introduced for the normalization (see its construction in [56, 44]). It should be noted that the
generator of independent realizations of random field{[M(x)], x ∈ Ω} proposed in [56, 44]
is based on an efficient MCMC algorithm constructed in using a nonlinear Itô stochastic dif-
ferential equation associated with a second-order Hamiltonian dissipative nonlinear dynamical
system.

5 APPLICATION 1

This application deals with the stochastic modeling in high dimension of track irregularities,
for nonlinear stochastic dynamic simulations of high speed trains. All the details and the results
given for this application are extracted form the work published in [28, 46, 47, 59, 66]. The
objectives are the following. The first one consists in performing the experimental identifica-
tion of a stochastic modeling of the track geometry for portions of same length, using a set of
realizations corresponding to the experimental measurements of the track geometry for several
TGV lines (high speed train lines). The second one is the validation of the identified stochastic
model of the track geometry by using a comparison between the experimental measurements
of the dynamical responses of a TGV train and the simulations performed with the nonlinear
stochastic dynamical model of the TGV train for which the track geometry is the identified
stochastic model.
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5.1 Description of track irregularities

The irregularities of the track geometry are parameterized by4 parameters,X1(s), X2(s),
X3(s), andX4(s), as a function of the curvilinear abscissas (see Figure 2-left). As an example,
Figure 2-right displays the values of the irregularities for the4 parameters. The track portions
have a same lengthS with S < 10, 000m and are sampled with a spatial step∆s. Consequently,
the track geometry is represented by a random vectorX = (X1,X2,X3,X4) with values in
NS = 4×(S/∆s+1) in whichXj = (Xj(0), Xj(∆s), . . . , Xj(S)). Random vectorX is in high
dimension (NS greater than10, 000). The experimental measurements of the track geometry
have been carried out forνexp = 1, 730 track portions of lengthS with spatial sampling∆s
yieldingνexp independent realizationsx1, . . . , xνexp in RNS of X.

X  (s)

X  (s)

X  (s)

1

2
X  (s)

3

4

x

y

titre

data1 data2 data3 data4 data5X1 X2 X 3 X4CH

Curvilinear abscissa  s

Figure 2: Parameterization of the irregularities of the track geometry (left figure). Example of track irregularities
for the four parametersX1(s), X2(s), X3(s), X4(s) as a function of curvilinear abscissas and CH is the horizontal
curvature.

5.2 Stochastic modeling and experimental identification of the track irregularities

The stochastic modeling of the track irregularities and its experimental identification are
performed following the methodology described hereinbefore and are detailed in [28, 66]. The
estimationŝX of the mean value and[ĈX] of the covariance matrix of random vectorX are calcu-
lated using the independent realizationsx1, . . . , xνexp with νexp = 1, 730. The principal compo-
nent analysis allows for writing the approximationX ≃ X̂+

∑m
i=1

√
λi ηi wi with m = 940 that

yields a relative error less than1%. The polynomial chaos expansion of the random vectorη =
(η1, . . . , ηm) with values inRm is written asη ≃ ηchaos(N,Ng) =

∑N
j=1 yj Ψ

α(j)(Ξ) in which
the components of the random vectorΞ = (Ξ1, . . .ΞNg

) are independent random variables uni-
formly distributed on[−1 , 1] and where the normalized multivariate polynomials are written as
Ψα(j)(Ξ) = Φ

α
(j)
1
(Ξ1) × . . . × Φ

α
(j)
Ng

(ΞNg
) with Φ

α
(j)
k

(Ξk) the normalized univariate Legendre

polynomial. The integersN andNg are identified in the statistical inverse procedure as ex-
plained in Section 3. The vector-valued coefficientsyj for j = 1, . . . , N are estimated using the
maximum likelihood method for which an algorithm adapted to the high dimension is used (see
Section 3). The error is estimated with the following error function depending onN andNg,
which is written as err(N,Ng) =

∑m
i=1

∫
BIi

| log10 pηi(e)− log10 pηchaos
i (N,Ng)

(e ; y1, . . . , yN )| de,
in which BIi is the interval bounding the experimental valuesηexp

i . Figure 3 displays the graph
of functionN 7→ err(N,Ng) for Ng = 3 andNg = 4. The convergence is reached forNg = 3
andN = 2, 925.
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Figure 3: Graph of functionN 7→ err(N,Ng) for Ng = 3 (solid line) andNg = 4 (dash-dotted line).

5.3 Validation using the nonlinear dynamical responses of a TGV train

A validation of the identified stochastic model of the track geometry can be obtained in com-
paring the experimental measurements and the simulations for the dynamical responses of a
TGV train. A track of5 km has been considered for which the track geometry has been mea-
sured and for which the dynamical responses of a TGV train has also been measured. The
simulation of the nonlinear stochastic dynamics of the TGV train exited by the general stochas-
tic model of the whole track geometry (which has been experimentally identified as described in
the previous section). Figure 4 displays the comparisons between experimental measurements
and the simulations. Two types of analysis are presented. The first one is related to a statistical
analysis in comparing the mean number of upcrossings. The second one deals with a spectral
analysis in comparing the power spectral density function. The observed responses of the train
are4 transverse contact forces between rail and wheel,C1, C2, C3 andC4, at wheelsets of bogies
in the TGV train. The experimental measurements are denoted byC exp

j and the corresponding
simulated quantities are denoted byC sim

j . It can be seen that the comparisons are really good
for mean number of upcrossings and for the power spectral density function.
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j for 4 transverse contact
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6 APPLICATION 2

This application is devoted to the stochastic continuum modeling of random interphases
from atomistic simulations for a polymer nanocomposite. All the details and results given for
describing this application are extracted form the work published in [60]. The objective is to
construct, in the framework of continuum mechanics, a prior stochastic model of the matrix-
valued random elasticity fieldx 7→ [Ameso(x)] describing the random elastic behavior of the
interphase between an amorphous polymer and a silicon nano-inclusion inserted in the polymer,
and to identify the hyperparameters of the prior stochastic model of[Ameso] by using the atomistic
simulations that are considered as some simulated experiments by solving a statistical inverse
problem.

6.1 Physical description, molecular dynamics modeling, and simulation procedure

The polymer nanocomposite is made up of an amorphous polymer containing one silicon
nano-inclusion. The amorphous polymer is constituted of long chains with CH2 sites, repre-
sented through a coarse graining with stiffness potentials and the Lennard Jones potential. The
silicon nano-inclusion is an amorphous bulk of SiO2 molecules for which a fully atomistic de-
scription is done in terms of Si and O atoms, for which the Coulomb potential is used. The
interaction CH2 - SiO2 is taken into account by the Lennard Jones potential. As an illustration,
Figure 5 displays 3D and 2D views.

Figure 5: Example: 3D view of the distribution for80 polymer chains (left figure) and a 2D view showing the
SiO2 nano-inclusion (right figure), for a domain that is a cube with a side of13.5 × 10−9m in which the silicon
sphere has a diameter6× 10−9m.

All the simulations are carried out with a target volume fraction of4.7%. For computation,
the simulation domain is a cube with6.8× 10−9m side and contains10 polymer chains. Each
polymer chain has1, 000 CH2 sites yielding a total of10, 000 CH2 for the polymer bulk. The
SiO2 nano-inclusion is a sphere with3 × 10−9m diameter. The number of Si atoms is275 and
the the number of O atoms is644.

The simulation procedure is constituted of two main steps: the first one is related to atomistic
simulations of the polymer nanocomposite and the second one to the statistical inverse problem
for the identification of a prior continuum stochastic model of the random elasticity field that
describes the random elastic behavior of the interphase.

13



C. Soize, J.M. Allain, C. Desceliers, D. Duhamel, C. Funfschilling, H. Gharbi, J. Guilleminot, T.T. Le,
M.T. Nguyen, and G. Perrin

6.2 Atomistic simulations with 10 chains

Atomistic simulations are done for a set of configurations in order to generate a set of realiza-
tions that are used for identifying the prior stochastic continuum model of the random elasticity
field of the interphase (in the framework of continuum mechanics). For the simulations, the
temperature isT = 100 oK and the pressureP is the control variable. The adapted conditions
are introduced for simulating6 traction and shear mechanical tests. A time-spatial averaging is
computed in order to estimate the apparent strain that allows for deducing the components of
the apparent elasticity matrix in the sense of continuum mechanics. The simulations have been
done with the molecular dynamics software, Lammps, for20 configurations that have required
4 months of computation with48 cores. The simulations have allowed for identifying the inter-
phase thickness,e, which is about2 × 10−9m. An analysis with respect to the diameter of the
silicon nano-inclusion (3, 6, and9.6nm) shows that the interphase thickness is independent of
the diameter.

Example of a partial result obtained with the atomistic simulation. As an example, Figure 6
displays the polymer densityρn in the nano-composite divided by the pure polymer density
ρp as a function of the distancer from the center of the sphere representing the silicon nano-
inclusion.
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Figure 6: Polymer densityρn in the nano-composite divided by the pure polymer densityρp as a function of the
distancer in nanometer from the center of the sphere representing the silicon nano-inclusion for the case of80
polymer chains in a domain that is a cube with a side of13.5× 10−9m in which the silicon nano-inclusion sphere
has a diameter6× 10−9m.

6.3 Statistical inverse problem for the identification of a prior stochastic continuum
model of the interphase

The prior stochastic model of the non-Gaussian matrix-valued random elasticity fieldx 7→
[Ameso(x)] is chosen is the class of transversally isotropic material symmetries [56]. Using the
spherical coordinates, there are5 dependent random fields that have to be identified as previ-
ously explained. The hyperparameters that have to be identified are the dispersion parameter
allowing for controlling the statistical fluctuations level and the spatial-correlation lengths. The
finite element method is used for solving the6 stochastic boundary value problems correspond-
ing to the6 mechanical tests. For the system with10 polymer chains, there are190, 310 four
nodes finite elements with one Gauss point,34, 187 nodes and102, 561 degrees of freedom

14



C. Soize, J.M. Allain, C. Desceliers, D. Duhamel, C. Funfschilling, H. Gharbi, J. Guilleminot, T.T. Le,
M.T. Nguyen, and G. Perrin

(see Figure 7). The maximum likelihood method is used for estimating the optimal values of

Figure 7: Finite element mesh for modeling the interphase in continuum mechanics.

the hyperparameters of the prior stochastic model of the non-Gaussian matrix-valued random
field x 7→ [Ameso(x)] defined in the interphase. For that, the observed random quantity is chosen
as the random apparent elasticity matrix[Aapp] related to the domain.The probability density
function of [Aapp] is estimated with200 realizations that are computed by stochastic homog-
enization, using the finite element solutions of the6 stochastic BVP with the prior stochastic
modelx 7→ [Ameso(x)] in the interphase. The likelihood function is evaluated for[Aapp, MD] com-
puted with the the molecular dynamics experiments. About2 days of computation are required
for computing one realization for each configuration, and one month of computation with8
cores is required for the total computation.

Result of the identification. The optimal values of the hyperparameters are the following:0.2
for the dispersion parameter,e/4 = 5 × 10−10m for the radial spatial correlation length, and
3.5×10−9m for the (average) angular spatial correlation length. Figure 8 displays a realization
of the random fieldx 7→ [Ameso(x)]11 in the interphase (inGPa) yielding a mean value in the
interphase of5.4GPa while [Ameso] is constant in the inclusion and in matrix, and such that
[Ameso]11 = 72GPa in the inclusion, and[Ameso]11 = 5GPa in the matrix.

4

6

8

10

12

14

Figure 8: Realization of the random fieldx 7→ [Ameso(x)]11 in the interphase (inGPa).
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7 APPLICATION 3

This application is devoted to the multiscale identification [61, 63] of the prior stochastic
model of the apparent material properties at mesoscale, using a multiscale experimental digital
image correlation [61, 62], at macroscale and at mesoscale.

7.1 Difficulties and multiscale identification

The problem consists of the experimental identification of the vector-valued hyperparameter
b of the prior stochastic model of the non-Gaussian matrix-valued random field{[Ameso(x; b)],
x ∈ Ωmeso} that models the apparent elasticity field at mesoscale. The hyperparameterb is
made up of the statistical mean matrix,E{[Ameso(x)]}, and other parameters that control the
statistical fluctuations such as the spatial-correlation lengths and a dispersion coefficient. The
difficulties of this problem are induced by the fact that the mean valueE{[Ameso(x)]} cannot
directly be identified using only the measurements of the displacement fieldumeso

exp at mesoscale
in Ωmeso, and requires macroscale measurements. Consequently, some experimental multiscale
measurements are required and must be made simultaneously at macroscale and at mesoscale.

7.2 Experimental digital image correlation at macroscale and at mesoscale

Only a single specimen, submitted to a given load applied at macroscale, is tested (see Figure
9). A measurement of the strain field at macroscale is carried out inΩmacro (spatial resolution
10−3m, for instance). Simultaneously, the measurement of the strain field at mesoscale is
carried out inΩmeso(spatial resolution10−5m, for instance).

Figure 9: Macroscale and mesoscale measurements of the strain field of a single specimen.

7.3 Hypotheses and strategy for solving the statistical inverse problem

The hypotheses used for solving the statistical inverse problem are the following: (i) there
is a separation of macroscaleΩmacro from mesoscaleΩmeso that is thus a representative volume
element (RVE); (ii) at macroscale, the elasticity tensor is constant (independent ofx); (iii) at
mesoscale, the random apparent elasticity field is homogeneous.
The strategy for solving the statistical inverse problem consists in constructing (i) a prior deter-
ministic model of the macro elasticity matrix,[Amacro(a)], at macroscale, depending on a vector-
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valued parametera belonging to an admissible setAmacro, and (ii) a prior stochastic model of the
non-Gaussian matrix-valued random field{[Ameso(x; b)], x ∈ Ωmeso} that represents the apparent
elasticity field at mesoscale and that depends on a vector-valued hyperparameterb belonging to
an admissible setBmeso.

7.4 Defining numerical indicators for solving the multiscale statistical inverse problem

For solving the multiscale statistical inverse problem, three numerical indicators are intro-
duced, which are:

• a macroscopic numerical indicatorJ1(a) that allows for minimizing the distance between
the experimental strain deformation at macroscale and the computed strain deformation
at macroscale.

• a mesoscopic numerical indicatorJ2(b) that allows for minimizing the distance between
the experimental statistical fluctuations of the strain deformation at mesoscale and the
statistical fluctuations of the computed random strain deformation at mesoscale.

• a macroscopic-mesoscopic numerical indicatorJ3(a, b) that allows for minimizing the
distance between the elasticity matrix[Amacro(a)] at macroscale and the effective elasticity
matrix [Aeff(b)] constructed by a stochastic homogenization using the RVEΩmeso.

Macroscopic numerical indicator. The macroscopic numerical indicatorJ1(a) that allows for
minimizing the distance between the experimental strain deformation at macroscale and the
computed strain deformation at macroscale, is defined by

J1(a) =
∫

Ωmacro
‖εmacro

exp (x)− εmacro(x; a)‖2F dx , (23)

in which εmacro
exp (x) is the strain field measured inΩmacro and whereεmacro(x; a) is computed in

solving the following boundary value problem at macroscale,

−divσmacro= 0 in Ωmacro,

σmacronmacro= fmacro on Σmacro,

umacro= 0 on Γmacro,

σmacro= C
macro(a) : εmacro , a ∈ Amacro,

in whichCmacro(a) is the fourth-order elasticity tensor whose matrix representation is the(6×6)
symmetric matrix[Amacro(a)], and where the prior deterministic model of the macro elasticity
matrix, [Amacro(a)], at macroscale, depends on vector-valued parametera ∈ Amacro.

Mesoscopic numerical indicator. The mesoscopic numerical indicatorJ2(b) allows for mini-
mizing the distance between (i) the normalized dispersion coefficient,δmeso(x; b), which charac-
terizes the statistical fluctuations of the computed random strain deformation at mesoscale, and
(ii) the corresponding normalized dispersion coefficient,δmeso

exp , deduced from the experimental
strain deformation at mesoscale. This numerical indicator is written as,

J2(b) =
∫

Ωmeso
(δmeso

exp − δmeso(x; b))2 dx . (24)
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The quantitiesδmeso(x; b) andδmeso
exp are defined by

δmeso(x; b) =

√
V meso(x; b)
‖εmeso

exp ‖F
, V meso(x; b) = E{‖εmeso(x; b)− εmeso(b)‖2F}

δmeso
exp =

√
V meso

exp

‖εmeso
exp ‖F

, V meso
exp =

1

|Ωmeso|

∫

Ωmeso
‖εmeso

exp (x)− εmeso
exp ‖2F dx

in which‖ · ‖F is the Frobenius norm, and where the spatial averagingsεmeso(b) andεmeso
exp on the

RVE,Ωmeso, are defined by

εmeso(b) =
1

|Ωmeso|

∫

Ωmeso
εmeso(x; b) dx , εmeso

exp =
1

|Ωmeso|

∫

Ωmeso
εmeso

exp (x) dx .

For allb fixed inBmeso, the mesoscale strain fieldεmeso(x; b) is calculated by solving the mesoscale
boundary value problem,

−divσmeso= 0 in Ωmeso,

Umeso= umeso
exp on ∂Ωmeso,

σmeso= C
meso(b) : εmeso , b ∈ Bmeso,

in which umeso
exp is the displacement field measured on the boundary∂Ωmeso of the mesoscale do-

mainΩmeso, whereCmeso(b) is the non-Gaussian fourth-order tensor-valued elasticity field whose
matrix representation is the prior stochastic model of the non-Gaussian matrix-valued random
field {[Ameso(x; b)], x ∈ Ωmeso} (random apparent elasticity field at mesoscale) that depends on
vector-valued hyperparameterb ∈ Bmeso. SinceΩmeso is assumed to be an RVE, then for allb in
Bmeso, we haveεmeso(b) = εmeso

exp almost surely (a.s).

Macroscopic-mesoscopic numerical indicator. The macroscopic-mesoscopic numerical indica-
torJ3(a, b) allows for minimizing the distance between the macro elasticity tensorCmacro(a) at
macroscale and the effective elasticity matrix[Aeff(b)] constructed by a stochastic homogeniza-
tion using the RVEΩmeso. This indicator is written as,

J3(a, b) = ‖[Amacro(a)]−E{[Aeff(b)]}‖2F . (25)

The stochastic homogenization (from meso to macro) is formulated in homogeneous constraints
(that is better adapted for the 2D plane stresses) withσmeso= Cmeso(b) : εmeso.

7.5 Statistical inverse problem formulated as a multi-objective optimization problem

The statistical inverse problem then consists in identifying the optimal valuesamacro of the
vector-valued parametera in Amacroandbmesoof the vector-valued hyperparameterb in Bmesoby
solving the following multi-objective optimization problem,

(amacro, bmeso) = arg min
a∈Amacro,b∈Bmeso

J (a, b) , (26)

in whichminJ (a, b) = (minJ1(a),minJ2(b),minJ3(a, b)). For solving this multi-objective
optimization problem (see [61, 63]):
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• the deterministic BVP at macroscale is discretized using the FEM;

• the stochastic BVP at mesoscale is discretized using the FEM and is solved using the
Monte Carlo method;

• the multi-objective optimization problem is solved using the genetic algorithm, and a
Pareto front is iteratively constructed at each generation of the genetic algorithm;

• the initial valuea(0) of a ∈ Amacro is computed by solving the optimization problem,
a(0) = argmina∈Amacro J1(a), using the simplex algorithm;

• the hyperparameterb is chosen inBmeso as the point on the Pareto front that minimizes
the distance between the Pareto front and the origin.

7.6 Multiscale experimental measurements of a cortical bone in 2D plane stresses

The experimental measurements for the identification of the elasticity field at mesoscale of a
heterogeneous microstructure by multiscale digital image correlation [61, 63] have been carried
out at LMS of Ecole Polytechnique [61, 62] (see Figure 10). The specimen is a cubic bovine
cortical bone with dimensions0.01 × 0.01 × 0.01m3. The dimensions, the spatial resolution
and the applied force to the specimen for the multiscale measurements (see Figure 11) are the
following:

• Ωmacro : 0.01× 0.01m2 meshed with a10× 10-points grid yielding a spatial resolution of
10−3 × 10−3m2;

• Ωmeso : 0.001×0.001m2 meshed with a100×100-points grid yielding a spatial resolution
of 10−5 × 10−5m2.

• Applied force:9, 000N .

A comparison between a reference image and a deformed image obtained by digital image
correlation experimental method is shown in Figure 12 for the cubic bovine cortical bone sample
at macroscale. The experimental displacement field measured at macroscale is shown in Figure
13, and the experimental displacement field measured at mesoscale is shown in Figure 14.

Figure 10: Specimen of the cubic bovine cortical bone (left) andmeasuring bench (right).
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Figure 11: Dimensions, applied force and boundary conditions of the specimen for the multiscale measurements.

Figure 12: Comparison between a reference image (left) and a deformed image (right) at macroscale for the cubic
bovine cortical bone sample.

7.7 Stochastic computational model and results obtained by the multiscale identification
procedure

Stochastic computational model. The details concerning the construction of the stochas-
tic computational model can be found in [61, 63]. A 2D-plane-stresses modeling is used. At
macroscale, the material is assumed to be homogeneous, transverse isotropic, linear elastic,
and the parametera is defined asa = (Emacro

T , νmacro
T ) in whichEmacro

T is the transverse Young
modulus andνmacro

T is the Poisson coefficient. At mesoscale, the material is assumed to be
heterogeneous, anisotropic, linear elastic, the statistical mean value is assumed to be transverse
isotropic, and the statistical fluctuations are anisotropic. The prior stochastic model of the appar-
ent elasticity field at mesoscale is deduced from the full anisotropic stochastic case previously
described and coincides with the prior stochastic model introduced in [49, 40, 44]. The hyper-
parameterb is defined byb = (ET , νT , L, δ) in whichET is the statistical mean value of the
transverse Young modulus,νT is the statistical mean value of the Poisson coefficient,L is the
spatial-correlation length that is assumed equal for the three cartesian directions, and whereδ
is the dispersion parameter that allows the statistical fluctuations of the apparent elasticity field
to be controlled.
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exp }2 in directionx2 (right) for
the experimental displacement at macroscale.

0 2 4 6 8 10

x 10
−4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10

−3

 

 

2.5

2.6

2.7

2.8

2.9

3

3.1

3.2

3.3

3.4

x 10
−5

0 2 4 6 8 10

x 10
−4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10

−3

 

 

5.6

5.8

6

6.2

6.4

6.6

x 10
−5

Figure 14: Component{umeso
exp }1 in directionx1 (left figure) and component{umeso

exp }2 in directionx2 (right figure)
for the experimental displacement at mesoscale.

Results obtained by the multiscale identification procedure[61, 63]. The optimal valueamacro=
(Emacro

T , νmacro
T ) is such thatEmacro

T = 6.74 × 109 Pa andνmacro
T = 0.32. The optimal values

of the components ofbmeso = (Emeso
T , νmeso

T , Lmeso, δmeso) areEmeso
T = 6.96 × 109 Pa, νmeso

T =
0.37, Lmeso = 5.06 × 10−5m, andδmeso = 0.28. The identified spatial-correlation length is
in agreement with the assumption introduced concerning the separation of the macroscopic and
the mesoscopic scales, and is of the same order of magnitude than the distance between adjacent
lamellae or osteons in bovine cortical femur. The identified values ofa andb are coherent with
the values published in the literature.

8 CONCLUSION

A general methodology and some algorithms have been presented for identifying a non-
Gaussian tensor-valued random field in high stochastic dimension. This random field can con-
stitute the parameter of a boundary value problem (BVP) for which only partial and limited
experimental data are available for the observation. Taking into account the high dimension-
ality and the non-Gaussian character of the random field that has to be identified by solving a
statistical inverse problem, an algebraic prior stochastic modeling and/or an adapted stochastic
representation must be constructed so that the inverse problem can be effectively solved. Three
applications in different domains have been presented and demonstrates the efficiency of the

21



C. Soize, J.M. Allain, C. Desceliers, D. Duhamel, C. Funfschilling, H. Gharbi, J. Guilleminot, T.T. Le,
M.T. Nguyen, and G. Perrin

methodology proposed.
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Abstract. Monte Carlo methods are most versatile regarding applications to the reliability
analysis of high-dimensional nonlinear structural systems. In addition to its versatility, the
computational efficacy of Monte Carlo method is not adversely affected by the dimensionality
of the problem. Crude Monte Carlo techniques, however, are very inefficient for extremely
small failure probabilities such as typically required for sensitive structural systems. Therefore
methods to increase the efficacy for small failure probability while keeping the adverse influence
of dimensionality small are desirable.

On such method is the asymptotic sampling method. Within the framework of this method,
well-known asymptotic properties of the reliability index regarding the scaling of the basic
variables are exploited to construct a regression model which allows to determine the reliability
index for extremely small failure probabilities with high precision using a moderate number of
Monte Carlo samples.

The basic concepts underlying this method are explained in detail. Its applicability is demon-
strated by solving the first passage problem involving several thousands of random variables.
All results are cross-checked agains crude Monte Carlo results with an extremely large sample
size. It is shown that the necessary number of samples can be reduced by several orders of
magnitude as compared to crude Monte Carlo.
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1 INTRODUCTION

Recent developments in structural reliability are focussing on efficient Monte Carlo simula-
tion methods capable of treating problems with several thousands of random variables. Such a
large number of variables frequently arises in the discrete (spectral) representations of random
processes and random fields. Classical structural reliability methods such as the First Order Re-
liability methods (FORM) in many cases cannot be applied due to the lack of efficient gradient
evaluation, or even due to non-differentiability. Monte Carlo methods on the other hand do not
require gradients, and therefore are generally very robust.

A fairly recent overview of currently available Monte Carlo simulation methods for structural
reliability assessment with an attempt to evaluate their suitability for high-dimensional problems
involving several thousands of random variables has been presented in the Benchmark study
[10].

Specifically, in the present paper the relatively recent Asymptotic Sampling Method [2, 11, 4]
is discussed in detail. This method and other recent developments in structural reliability are
focussing on Monte Carlo simulation methods designed to explore the geometric properties of
the safe (or failure) domain by scaling the spatial coordinates [7, 8]. This can be achieved
by either expanding/shrinking the space, or by up/downscaling the standard deviations of the
uncorrelated Gaussian variables.

It is demonstrated how Asymptotic Sampling - which provides an asymptotically unbiased
estimation procedure for the failure probability - can be applied to systems reliability (series and
parallel) analysis as well as the first-passage problem in random vibration analysis. Numerical
examples on one hand demonstrate the high computational efficacy and on the other hand allow
to quantify the inherent bias and statistical uncertainty.

2 ASYMPTOTIC PROPERTIES

Due to a result by Breitung [1] it is known that for an arbitrary reliability problem the relia-
bility index β as computed from the First Order Reliability Method (FORM) is asymptotically
exact as the reliability index tends to infinity, or alternatively, as the standard deviation of the
basic variables in Gaussian space expressed as σ = 1/f tends to zero. As stated by [1, 6], the
reliability index then asymptotically depends linearly on f or, in scaled notation

lim
f →∞

β( f )

f
= const. (1)

In order to exploit this asymptotic relation, [2] suggested to utilize the formulation

β( f ) = A f + B

f
(2)

In this equation, the exponent −1 of f in the second term has been chosen arbitrarily. The only
requirement to satisfy the asymptotic property in Eq. 1 is that this term vanishes as f → ∞.
Here a slightly modified version is suggested

β( f ) = A f + B

f p
(3)

with p > 0 which can be adjusted to the specific problem at hand. In order to demonstrate these
asymptotic relations, consider a two-dimensional systems reliability problem with two failure
modes described by the limit state equations (cf. Fig. 1)

g1(X1, X2) = δ−X1; g2(X1, X2) = δ−X2 (4)
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These limit state functions (half planes in R2) define two failure sets F1 and F2, respectively.
Both X1 and X2 are initially assumed to be standard Gaussian variables.

X1

X2

F2

F1

g2 = δ−X2

δ

δ

g1 = δ−X1

Figure 1: Systems reliability problem

For a parallel system, failure is defined by the intersection of the individual failure sets, i.e.

Fp =F1 ∩F2 (5)

while for series system it is defined by the union of the failure sets

Fs =F1 ∪F2 (6)

For both cases, the generalized reliability index β=Φ−1(1−PF ) can be computed analytically,
i.e.

βp =Φ−1[1−Φ(−δ)2]; βs =Φ−1[1−2Φ(−δ)+Φ(−δ)2]; (7)

Here Φ(·) denotes the standard normal cumulative distribution function and Φ−1(·) is its inverse.
For the case δ = 3, these reliability indexes become βs = 2.78 and βp = 4.63. If the standard
deviations of the variables X1, X2 are divided by a factor of f , then the reliability indexes become

βp ( f ) =Φ−1[1−Φ(−δ f )2]; βs =Φ−1[1−2Φ(−δ f )+Φ(−δ f )2]; (8)

In view of Eq. 1, the quantities βp ( f )/f and βs ( f )/f are shown as functions of f in Figs. 2a and
2b, respectively, for the case δ = 3. The results show that the scaled reliability index indeed
approaches a constant values as f →∞.

Carrying out a least-squares regression on these functions based on Eq. 3 yields approxi-
mations shown in Figs. 2a and 2b. Both coefficients A and B as well as the exponent p were
determined by the nonlinear optimization algorithm CONMIN [13] implemented in the soft-
ware package slangTNG [5]. For the parallel system, it was found that p = 0.29 and for the
series system p = 0.62. In both cases, the regression model fits the true curve extremely well.

An alternative view on the asymptotic properties can be obtained by studying the CDF of the
safety margin Z = g (X1, X2), specifically in the lower tails. For the series system as outlined
above, a single limit state function g combining both failure modes can be written as

g (X1, X2) = min(g1, g2) = min(δ−X1,δ−X2) (9)
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Figure 2: Exact solution and regression model for parallel system (left) and series system (right)

By introducing the safety margin Z = g (X1, X2) we obtain a random variable whose CDF is
given by

FZ (z) = 1−FX1 (δ− z)FX2 (δ− z) (10)

Each value of the CDF can be associated with a reliability index by means of

βz =Φ−1 [1−FZ (z)] (11)

If the standard deviation of the random variables are divided by a scaling factor f , then the
above expressions become

FZ (z, f ) = 1−FX1 (δ f − z f )FX2 (δ f − z f ) (12)

and the scaled reliability index is

βz( f )

f
= 1

f
Φ−1 [1−FZ (z)] (13)

Fig. 3 shows this function for different values of the scaling factor f for the series system. For
the parallel system, the analogous results are shown in Fig. 4. Additionally, these figure contain
Monte-Carlo simulation results based on 200 samples. It can be seen that the curves have
an excellent agreement. It should be noted that for improved statistical stability, an advanced
simulation technique based on Sobol sequences [12] has been utilized. In Figs. 3 and 4, the
failure probability can be found from the scaled reliability index at z = 0 and f = 1. It can be
seen that this point is hardly reached by the Monte Carlo samples (especially for the parallel
system).

A somewhat different representation is obtained by plotting the value of the CDF (expressed
in terms of the scaled reliability index) as a function of the safety mating z and the scaling
parameter f . For the series systems, this is shown on Fig. 5a. Once these asymptotic relations
are established, the asymptotic sampling procedure attempts at estimating the regression curves
from Monte Carlo samples. Due to the sampling uncertainty, estimates for β( f ) are more stable
for small values of f , or conversely, for a given sampling error margin fewer samples are re-
quired. This implies, that typically the regression curve will be based on samplings with factors
f < 1 and then be used to extrapolate the curve β( f ) to the value f = 1 (which corresponds to
the actual situation).
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Figure 3: CDF of safety margin expressed as scaled reliability index for series system

-2 -1 0 1 2 3 4
0

2

4

6

8

10

Value of safety margin Z

C
D

F
ex

p
re

ss
ed

as
β
=
Φ

−1
[1
−F

Z
(z

) ]

f =1.0

f =0.4

f =0.2

Figure 4: CDF of safety margin expressed as scaled reliability index for parallel system

The same function is then obtained by a regression over the Monte-Carlo samples obtained
from 5 different values of f , namely f = 0.1, 0.4, 0.6, 0.8, 1.0. The sample size is 500 for each
value of the scaling factor f . The regression function chosen is

β̂(z, f ) = c1 f + c2 f −p + c3z + c4z f −p (14)

with p fixed at the value of 1.3. This result is shown in Fig. 5b. The reliability index for the
original series system is then obtained by evaluation the expression for β̂(z, f ) at z =0 and f =1.
This results in β̂s = 2.74. For the parallel system, the same analysis yields the results as shown
in Fig. 6a and 6b. In these figures, the locations of the support points of the regression analysis
are indicated by dots. The reliability index for the actual system is β̂p =4.66. Both reliability
indexes are very close to the exact results given above.

3 FIRST PASSAGE PROBLEM

3.1 Problem definition

For applications in time-dependent problems as those arising structural dynamics, the ap-
propriate reliability formulation leads to the first-passage problem. Here the failure domain is
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Figure 5: Exact solution (left) and regression model (right) for series system
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Figure 6: Exact solution (left) and regression model (right) for parallel system

typically written as
DF = {(X1, . . . Xn) | max

1≤i≤N
hi (X1, . . . Xn) ≥ ξ} (15)

In this equation, h(.) denotes a response quantity of interest, and ξ is a critical threshold value of
this response. The random variables Xi usually denote the random excitation (e.g. earthquake
or wind) which is discretized in time. A schematic sketch is shown in Fig. 7. Note that due
to the principle of causality, the values of h at point i in time can only depend on the basic
variables X1 . . . Xi (i.e. on those in the past put to the present as expressed by the index i ), and
not on those in the future. Also note that Eq. 15 formally defines the failure of a series system
with a large number of individual failure domains Fi .

3.2 Linear SDOF system

As a simple first-passage problem, consider the transient response of an SDOF oscillator
governed by the differential equation

mẍ + cẋ +kx = w(t ) (16)
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Figure 7: Schematic sketch of first passage problem

in which w(t ) is a stationary white noise with intensity D0. For the numerical treatment, the
white noise is replaced by a sequence of i.i.d. normal variables Xi spaced uniformly at time
interval δt . The variables have zero mean and a variance σ2

F = D0
∆t . Numerical values are k =

1 N/m, m = 1 kg, c = 0.1 kg/s, D0 = π
50 m2/s3, ∆t = 0.15 s. The total time considered is T =

40 s. For reference, the stationary limit of the standard deviation of the displacement response
is σX = 0.5605 m. The failure criterion considered is that the maximum absolute value of the
response x(t ) exceeds a threshold value ξ anywhere in the entire time duration [0,T ]. Threshold
values considered are ranging from 1 to 5 m (i.e. up to about 9 times the stationary standard
deviations).

The asymptotic sampling procedure is carried out using 5 runs of 1000 simulations each.
The runs have different scaling factors f for the excitation (ranging from 1 to 1/3) thus covering
different regions of the first passage probability. Note that these 5000 simulations cover the
entire range of threshold values ξ considered simultaneously, i.e. the analysis does not have to
be repeated for different threshold values.

Fig. 8 shows the distribution function of the peak response expressed in terms of the scaled
reliability index β/f for different values of the scaling factor f . It can clearly be seen that
significantly larger values of the response (and therefore larger range of the distribution func-
tion) can be reached by reducing the value of f . For f = 1, the reachable threshold value ξ is
approximately 2 with a sample size of 1000. For f = 0.5, the reachable threshold is about 4.

The results of the regression based on Eq. 14 are shown in Fig. 9. For reference, the results
of the Monte Carlo run with f = 1 are shown in this figure as well. As mentioned above, his
curve barely reaches a threshold level of ξ = 2. Furthermore, the results for levels ξ = 2.5 and ξ
= 3 are confirmed by Monte Carlo runs with sample sizes of 10.000 and 5.000.000, respectively.
In this range the results match perfectly. Higher threshold levels could not be confirmed with
reasonable computational effort.

3.3 SDOF system with sliding pendulum seismic isolation

The structural model considered here is represented by a single-degree-of-freedom oscilla-
tor. The structure is supported by a seismic protection device (a sliding isolation pendulum
(SIP) system, see e.g. [9]). The mechanical model of the device together with the structure
to be protected is shown in Fig. 10. This model contains a friction element with a maximum
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Figure 9: Exceedance probability of SDOF systems under white noise

transmissible force r which is computed from the weight G of the structure acting on the fric-
tion device and the friction coefficient µ. A re-centering spring due to the pendulum effect is
included. Its spring constant can be computed from the weight of the structure and the effective
radius of curvature R of the pendulum system.

The spring k represents the structural stiffness, the structural mass is given by m. The
displacement of the structural mass is given by the variable x, the offset of the friction device
by the variable z. In order to represent structural damping, a viscous damper c is added in
parallel to the spring k. In the following computations, the structural damping is represented by
a damping ratio ζ = 0.02.

The earthquake excitation is introduced in terms of the ground acceleration a(t ) which is
modeled as an amplitude-modulated white noise:

a(t ) = w(t )e(t ) (17)

in which w(t ) is stationary white noise with spectral density S0 = 0.01 m2/s3 and e(t ) is given
as

e(t ) = 4
[
exp(−0.25t )−exp(0.5t )

]
(18)

The total time duration is T = 25 s, the time step chosen is ∆t = 0.05 s.
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Figure 10: Mechanical model for structure and seismic protection device

For this system, the force Fr in the friction element can be computed from the equilibrium
condition

Fr + G

R
z = k(x − z) → Fr = K x −

(
k + G

R

)
z (19)

If there is no slip, then the rate of change of this force due to the rates ẋ and ż is therefore

Ḟr = K ẋ −
(
k + G

R

)
ż (20)

Slip in the friction element occurs under one of the the following two conditions:

(Fr ≥ r ∧ ẋ > 0)∨ (Fr ≤−r ∧ ẋ < 0) (21)

If one of these conditions is met, then there is no increment in the force Fr , i.e. Ḟr = 0 and
therefore

ż = k

k + G
R

ẋ (22)

Otherwise we have ż = 0. Together with the state vector form of the equation of motion

ẋ = y

ẏ =−k(x − z)− c(y − ż)+a(t )
(23)

this results in a system of three first-order differential equations which can be solved e.g. by the
Runge-Kutta method. In the numerical analysis the values for the structural parameters are m
= 1 kg, k = 100 N/m, c = 0.1 Ns/m. The acceleration of gravity g = 9.81 m/s2, and the friction
coefficient µ = 0.04.

The primary purpose of the seismic isolation lies in reducing the forces transmitted from the
ground into the structure. This effect is easily quantified in terms of the maximum acceleration
of the structural mass m. Fig. 11 compares the CDF of the peak acceleration for different values
of the radius of curvature R of the sliding isolation pendulum system.

It can be seen that the probability of exceeding large acceleration values is dramatically re-
duced by the SIP. Since the compete tail of the first-passage distribution is obtained, reliability-
based optimization of sliding pendulum systems as presented e.g. in [3] can be further im-
proved.

3.4 Nonlinear MDOF systems

An MDOF system with Duffing type nonlinearity as presented in [10] is analyzed. This
system is driven by an earthquake excitation a(t ) which is defined as the output of a 4th order
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linear filter driven by non-stationary white noise w(t ). The noise is defined by its covariance
function

E [w(t )w(t +τ)] = Iδ(τ) ·h(t ); h(t ) =


t/2 , 0s ≤ t ≤ 2s
1 , 2s ≤ t ≤ 10s
exp

(−0.1(t −10)
)

, t ≥ 10s
(24)

with I = 0.08 m2/s3. The linear filter is given by the equations

Ẋ(t ) = AEQ X(t )+BEQ w(t ); a(t ) = CEQ X(t ) (25)

AEQ =


0 1 0 0

−Ω2
1g −2ζ1gΩ1g 0 0

0 0 0 1
Ω2

1g 2ζ1gΩ1g −Ω2
2g −2ζ2gΩ2g

 BEQ =


0
1
0
0

 (26)

CEQ =
[
Ω2

1g 2ζ1gΩ1g −Ω2
2g −2ζ2gΩ2g

]
(27)

Numerical values chosen are Ω1g =15 rad/s, ω2g = 0.3 rad/s, ζ1g = 0.8 and ζ2g = 0.995. The
MDOF system is governed by the equations

Mü(t )+Cu̇(t )+K
(
u(t )

)
u(t ) = F(t ) = ma(t ) (28)

in which the matrices are given as

M =


m1 0 . . . 0
0 m2 . . . 0
...

... . . . ...
0 0 0 m10

 ; m =


m1

m2
...

m10

 (29)

C =


c1 + c2 −c2 . . . 0
−c2 c2 + c3 . . . 0

...
... . . . ...

0 0 . . . c10

K =


k̄1 + k̄2 −k̄2 . . . 0
−k̄2 k̄2 + k̄3 . . . 0

...
... . . . ...

0 0 . . . k̄10

 (30)
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k̄i = ki

(
1+ε

(ui (t )−ui−1(t )

δur e f

)2
)
; i = 1, · · · ,10 (31)

The system parameters are chosen as δur e f = 0.02 m, ε = 0.1, m1 = ·· · = m10 = 10.000 kg, k1 =
k2 = k3 = 40 MN/m, k4 = k5 = k6 = 36 MN/m, k7 = k8 = k9 = k10 = 32 MN/m, ci = 2ζi

√
mi ki

and ζi = 0.04 for i = 1, · · · ,10. The time duration is T = 20 s and the time step is chosen as
∆t = 0.005 s. Therefore the load discretization requires 4000 random variables. The failure
criterion is the relative displacement between stories 9 and 10 exceeding a threshold value ξ.
Here a range of threshold values from 0.01 m to 0.05 m is considered. The asymptotic sampling
procedure is carried out with 5 runs with 1000 simulations each. The scaling factor f is thereby
varied between 0.33 and 1.0.

The resulting reliability index for the first passage probability depending on the value of the
threshold level ξ is shown in Fig. 12.
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Figure 12: First passage probability of nonlinear MDOF system under non stationary colored noise. Monte Carlo
results are taken from [10].

4 CONCLUSIONS

In view of the results as obtained it may be concluded that the suggested Monte Carlo based
method using Asymptotic Sampling to compute the tail probabilities of stochastic dynamic re-
sponse quantities performs remarkably well. The method provides asymptotically unbiased
estimated for the tails of the distribution function. The examples as analyzed here also show
that the treatment several thousands of random variable does not pose any difficulties. This very
useful property is due to the sole use of Monte Carlo sampling without any specific assumptions
such as location of the design point or similar. Therefore the method as presented is particu-
larly suitable for the analysis of high-dimensional problems such as the first-passage in random
vibrations. For this class of problems it can be seen that:

• The results agree very well with accurate results in the probability range which is verifi-
able by Monte Carlo simulation.

• The proposed method can readily predict extremely small failure probabilities with sub-
stantially reduced computational effort as compared to conventional MC-based approaches.
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Due to its efficacy, the method is especially well-suited for computationally demanding prob-
lems such as reliability-based structural optimization.
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Abstract. Composite materials are created as a quite complex architecture which includes a
fibre reinforcement structure and matrix material. Many material parameters play a role when
composite structures are modelled, e.g. in finite element models. In addition to the properties
of the raw fibre and matrix materials which are used, also geometrical parameters have a
significant effect on structural characteristics.

With the multitude of model parameters which have to be taken into account, the effect of
uncertainty becomes even more complicated. For many parameters the range or the distribution
is not well known. The objective of this paper is to develop a consistent approach to identify and
to quantify the effect of uncertainty and variability as concisely as possible, in order to allow
for structural analysis which takes into account variability in a realistic way.

In addition to the identification of probability distribution functions which are established,
parameter correlations between different positions along a tow and between two tows are also
determined.
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1 INTRODUCTION

Composite materials are attractive for weight sensitive applications in highly loaded struc-
tural components. There are many sources of uncertainty, because of a multitude of design and
process parameters which may be uncertain or variable. Typical applications like aircraft struc-
tures are subject to very strict performance requirements, implying that uncertainty needs to be
taken into account in the analysis and qualification processes. The first part of the presentation
gives an overview of typical sources of uncertainty which play a role in the design and analysis
of composite materials. In addition to the properties of the raw materials (fibre and matrix) as
such, the architecture and the geometry of the fibre reinforcement also play an important role:
yarn placement and spacing, waviness, cross-sectional area, etc.

The second part of the paper focusses on the quantification of variability in composite mate-
rial stiffness properties. A correct representation of the materials geometry and properties can
only be achieved by (i) collecting enough experimental data on the spatially correlated random
fluctuations of uncertain tow path parameters and (ii) deriving probabilistic information for the
macroscopic properties from the lower scale mechanical characteristics. This work presents
the general approach and successive steps to build random virtual specimen, which can subse-
quently be used to evaluate the spatial variation in the mechanical properties such as stiffness.
The methodology is applied on a typical woven textile composite.

Experimental data are collected of the random geometrical structure of the woven textile
composite. Tow path properties are analysed on the short- and long-range, i.e. spanning several
unit cells. The spatial variation of each tow parameter is decomposed in non-stochastic, periodic
systematic trends and nonperiodic stochastic fluctuations. The systematic trend represents the
average behaviour of the tow parameter, while the stochastic characteristics are given in terms of
the standard deviation and correlation length. The next step is the generation of virtual random
structures possessing the same statistical properties as the experimental sample. The random
tow path is obtained starting from a Monte Carlo Markov chain algorithm, originally proposed
for ceramic composites, where the transition matrix of each tow component is calibrated with its
experimental standard deviation and correlation length. The approach provides fluctuations of
each single tow parameter using distinct Markov chains to ensure a different degree of variations
on the lower and the macro-scale, as observed from experiments. A virtual specimen is obtained
by combining these generated deviations with the experimental systematic trends.

This paper presents the general approach and successive steps to build random virtual speci-
mens, which are subsequently used to evaluate the spatial variation in the mechanical properties.
This work focusses on the stiffness tensor of the material with orthotropic characteristics. The
proposed methodology is applied on a typical woven textile composite.

2 STATE-OF-THE-ART IN UNCERTAINTY MODELLING IN COMPOSITES

2.1 Literature review

All material properties exhibit scatter. Two types of scatter occur, in time and in space. Scat-
ter in time is a fluctuation of mechanical properties that is due to some physical or chemical
mechanism or to changing environmental conditions to which the material sample is subjected.
Most of these mechanisms are well understoo. Scatter in space is the effect that material proper-
ties are not constant over the area or the volume of one and the same component in one specific
material. In composites scatter is caused by differences in (1) fibre orientations and in fibre
positions and fibre paths, and in (2) material processing effects, an in a later stage also by (3)
the onset of fatigue damage. Examples of processing effects are deviations of organised textile
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reinforcement that are due to processing (dimensions and position of yarns, taking into account
local compression of the yarns and the fibrous plies). The scale on which these differences
occur is the size of a unit cell.

Probabilistic methods are used to describe scatter in properties. Probability distribution func-
tions (pdf) can be established for all uncertain parameters, taking into account the correlation
between different parameters. The result of the analysis can be interpreted in a statistical sense,
and the probability of every output quantity depends on the input probabilities and their cor-
relations. It is important that all these inputs must be validated in order for the result to allow
for a statistical interpretation. Unfortunately this fact is often neglected by many scientists, and
assumptions are made on the input pdfs [1]. The definition of an input pdf is then subjective,
and so is the result. Freudenthal [2] states that “ignorance of the cause of variation does not
make such variation random.”. The availability of objective and validated data is thus required.

Scatter in material properties directly determines quality of the material, the product or the
effect of a processing step. The most common application of stochastic analysis is reliability
analysis of load carrying structures. This type of analysis predicts the probability of failure of a
structural component, based on the pdfs of all product parameters, including material properties,
geometrical characteristics and loading. It is usually done using Stochastic Finite Element
analysis.

Composite materials are usually modelled in a multi-scale approach. This research considers
the meso- and the macro-scales.

2.2 State-of-the-art in stochastic modelling for material behaviour and material process-
ing

The research community has already spent much work on stochastic characteristics of com-
posite materials. The texture is described by Langelaan et al. [3]. Zeman [4] and Sejnoha [5]
have developed a mathematical framework for the determination of the unit cells of plain weave
fabric composites with reinforcement imperfections, and they treat imperfections in a combined
manner. Desplentere et al. [6] have developed an integrated approach for the simulation of the
RTM process with uncertain permeability over the volume of the textile reinforcement. En-
druweit et al. [7] and Markicevic et al. [8] have used a similar technique to predict the quality
variations in components that are processed by RTM. They are able to predict the probability
of dry spots in the component. This analysis is required in the development of a robust process
with stable quality.

Almost all the published work deals with randomness of local properties, without taking into
account the correlation of properties between different positions in a component. Knowledge
of this correlation is however essential to correctly model spatial distribution of properties, as
that affects the global behaviour of the component. The numerical formalisms that are needed
for the correct description of the spatial scatter with correlation are already available for a long
time. The concept of random fields [9, 10] can be seen as a two- or three-dimensional extension
of a traditional scalar or vector stochastic process. In the application of material properties,
a parameter value at one position in the material is stochastic, but its variation with the two
(thin plate) or three (thick plate or volume) dimensions of the components has to be considered
as well. The Karhunen-Loève decomposition expresses the spatial distribution of the random
variable as a summation of well-chosen basis functions that are each multiplied by a random
weighting factor. The basis functions are chosen such that for Gaussian stochastic processes the
random coefficients are uncorrelated and thus independent random variables. These functions
further have the appropriate mathematical properties to improve numerical performance. The
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basis functions are calculated from an eigenvalue problem on the covariance matrix. The co-
variance matrix expresses the correlation between values of the parameter that is considered at
two different positions. It thus plays a central role in the description of spatial scatter. In con-
junction with stochastic finite elements, an exponential function is often used for the covariance
kernel. An essential parameter is the correlation length. A realistic value of correlation length
is required for the random field to correctly describe the stochastic behaviour of the modelled
parameter.

Significant contributions have been made in the development of material models with un-
certain parameters. Chung and de Borst [11] developed a stochastic simulation of fibre metal
laminates (Glare). In their work, they make assumptions on the randomness of the modulus of
the composite layer.

There is now a severe lack on practical data on real material systems and on concepts to
generate reliable and useful data in a format that can be fed into the powerful numerical models
that are available. All authors content themselves with making assumptions, e.g. on the covari-
ance function of the Young’s modulus and the correlation length. They have done sensitivity
analyses and they prove that the correlation length has a very large effect on the final result,
yet validated data are not available. Charmpis et al. [12] propose two approaches to achieve
significant advances in realistic material modelling : (1) establishing experimental data on the
spatially correlated random fluctuations of uncertain material properties, and (2) deriving prob-
abilistic information for macroscopic properties from the lower scale mechanical characteristics
of materials. Although the need for experimental data was identified already in the 80ies, it ap-
pears that no evident step in this direction has been made until a few years ago. The second
approach is essentially a multi-scale approach.

2.3 Effect of parameter scatter on material stiffness properties

Composite materials are attractive because they offer wide opportunities for tailored solu-
tions in addition to excellent mechanical performance. The designer has many degrees of free-
dom, including the selection of raw materials for both the matrix and the fibre reinforcement,
the architecture of the fibre reinforcement (unidirectional fibres, woven fabrics, knitted fabrics,
braided fabrics, non-crimp fabrics, . . . , each with its own variants), the fibre volume fraction,
the number of layers and the orientation of layers. For the analyst, this large set of design de-
grees of freedom translates into a wide range of model parameters, and inevitably also a wide
range of uncertain or imprecise material data.

Figure 1 illustrates some of these effects. The left hand side of the figure shows the variation
of the elastic orthotropic stiffness constants for different orientations of a uniaxially reinforced
glass fibre composite lamina with respect to the applied uniaxial tensile load. E11 is the modulus
in the longitudinal direction along the fibre orientation, and Exx is the modulus in the loading
direction that has an angle θ with respect to the fibre direction. The graph shows a significant
decrease of stiffness with increasing misalignment of the fibre. The right hand side of the
figure is valid for a cross-ply (0◦-90◦) carbon-epoxy system. The graph shows the variation
of the Young’s modulus for different alignments of the the fibre orientations with respect to
the loading direction. The graphs show that the equivalent material stiffness depends strongly
on the fibre placement. An imprecise placement of the fibre inevitably leads to a change of
stiffness with respect to the nominal values. The left hand side of the graph also shows that the
orthotropic elastic constants are inter-related.

Another geometrical parameter that determines the homogenised stiffness characteristics of
a textile composite material is the so-called crimp factor. It is a measure of the waviness of the
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Figure 1: Dependency of in-plane material parameters on the orientation θ of the major fibre axis to the loading
direction; top: variation of the elastic constants of a continuous E-glass fibre lamina [13]; bottom: variation of the
tensile Young’s modulus for a cross-ply carbon-epoxy composite [14]

yarn through the thickness of the panel. A general tendency is that the equivalent modulus of a
textile composite increases with decreasing crimp.

2.4 Multi-scale models for spatial variation of material properties

Research has brought forward significant advances in models that describe different aspects
of material non-homogeneity. Extensive research efforts are currently ongoing to develop a
multi-scale modelling procedure at successive scales. Depending on the type of material, the
micro-scale describes properties with a reference length in the order of 10−6 − 10−4m, the
meso-scale describes properties with a reference length in the order of 10−4−10−2m, and entire
component structural behaviour is described on the macro-scale, with reference lengths in the
order of 10−2 − 100m and above. The step from a lower level to a higher level is made using
homogenisation procedures, that assign overall properties at a higher scale based on lower scale
data. So far, these models are mainly deterministic. When these models will be well established,
they present an excellent opportunity to introduce variability at the appropriate level, and to
predict the propagation of their effect to a higher level, and ultimately to the entire component.
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Charmpis and Schuëller [12] have already made proposals to materials researchers to develop
these models. Experiments will however always be required to validate these models.

Multi-scale models also have the advantage that spatial variation of homogenised properties
can be described based on lower scale characteristics. This presents opportunities for realistic
quantification of random fields, for which experimental data are currently missing.

3 QUANTIFICATION OF VARIABILITY ON COMPOSITE GEOMETRY IN CAR-
BON FIBRE WEAVES

The objective of this section is to develop a consistent modelling strategy which can be used
to generate virtual samples of a composite reinforcement architecture. The statistics of the set
of samples which are generated should match the statistics of a typical real composite panel.
Figure 2 summarises the entire procedure.

Figure 2: The general methodology for modelling data uncertainty in composite reinforcement geometry consists
of three steps: 1- acquisition of geometry data; 2- processing of statistical data and correlation within one tow and
between adjacent tows; 3- generation of virtual tow realisations which have the same statistics as the experimental
data set

3.1 Modelling strategy

Realistic woven specimens are acquired that are replicas of experimental samples. Random-
ness is introduced in the numerical models at the meso- and macro-level; scatter in the matrix
and fibre properties are not considered. Variability of each tow path is defined for the cen-
troid co-ordinates (x, y, z), tow aspect ratio AR, tow area A and orientation θ in cross-section
which fully describe a woven reinforcement. Figure 2 presents an overview of the multi-scale
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framework, where three main steps can be distinguished to obtain such random representations:

1. The first step is the collection of experimental data and the subsequent statistical analysis,
according to the procedure proposed by Bale et al. [15]. Two length scales are considered,
one on the level of the representative volume element using µCT and the other on the scale
of multiple unit cells. The former set gives precise positional and cross-sectional data on
the meso-level, identifying full details of 3D geometry. The latter data set is required to
describe long-scale deviations from the nominal reinforcement pattern.

(a) Characterisation of the short-range scatter (meso-scale) with samples close to the
unit cell size.

(b) Characterisation of the long-range variation (macro-scale) with samples spanning
several unit cells.

(c) Statistical analysis of the tow path parameters in terms of average trends, standard
deviation and correlation lengths. For each parameter, the average trend and the
local deviation are separated:

εj,t,pi = 〈εj,t,pi 〉+ δεj,t,pi (1)

where i refers to the location, j to the tow number, t to the tow genus (warp or weft)
and p to the ply or sample.

Vanaerschot et al. [16] give full details on the analysis procedure and statistical data
processing.

2. The second step is the stochastic multi-scale modelling of the reinforcement architecture
that is experimentally identified in step 1.

(a) Definition of systematic and handling trends from the experimental data.

(b) Generation of zero-mean deviations correlated along the tow path using the Monte
Carlo Markov chain method.

(c) Generation of zero-mean deviations correlated along and between neighbouring tow
paths using the cross-correlated series expansion technique.

For the generation of geometry data, two options are available. When cross-correlation
between adjacent tows are not taken into account, the procedure by Blacklock et al. [17]
is used. The representation is done using a Markov process. Each tow parameter is gen-
erated in an independent way, and for the calibration step, standard deviation and the
nearest neighbour correlation information is used. When cross-correlations are taken into
account, a cross-correlated series expansion is used, based on Karhunen-Loève decom-
position, as proposed by Vorechovský et al. [18, 19]. Vanaerschot et al. [20] give full
details on the generation of an approximated random field.

3. Construction of virtual specimens in the WiseTex software

(a) Simulation of the nominal model with matrix and fibre properties from the manu-
facturer.

(b) Redefinition of the reinforcement information with the produced tow paths.
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Figure 3: WiseTex model of a twill 2/2 unit cell

(c) Recalculations of the path orientation vectors and length, in addition to the updated
general unit cell properties.

The WiseTex [22] software suite is developed at the Materials Engineering Department
of KU Leuven. It is a pre-processor for the generation of virtual 3D models of a wide
range of textile composite architectures. The pre-processor prepares for the generation of
finite element models for the mechanical analysis of composite structures.

This step of the analysis generates virtual specimens which have the same statistical char-
acteristics as the samples on which the experimental data acquisition was done. For each
virtual sample, a WiseTex model is generated, with the original nominal tow path being
overwritten by updated paths. Discrete random tow path realisations are interpolated and
accompanied with information on the orientation vectors of each tow cross-section, the
path length for each segment between two discrete locations and with new, off-nominal
unit cell dimensions and properties.

Vanaerschot et al. [21] present details of the procedure for generating virtual samples.

The entire methodology allows for the generation of a set of statistically relevant samples. In
a subsequent analysis step, these models are used for the investigation of the homogenised
properties of a composite panel.

When other topologies than woven are considered, additional parameters should be quanti-
fied to allow a full description, e.g. the braid angle for braids and the distortion of the z-yarn in
case of non-crimp fabrics.

3.2 Application to a carbon fibre twill weave

This section presents an application to the methodology which is described above.

3.2.1 Sample data

The entire procedure is applied on a polymer textile composite with a twill 2/2 woven topol-
ogy (Hexcel R©G0986 Injectex), with 6K carbon fibre AS4C tows. The matrix is an expoxy
resin Epikote R©828LVEL with Dytek R©DCH-99 hardener. The samples are prepared in a Resin
Transfer Moulding (RTM) process and the unit cell size is 11.4mm×11.4mm. Figure 3 shows a
virtual WiseTex model of one unit cell of the sample on which data have been collected. Some
of the samples on which data have been acquired have 7 layers, others have only a single layer.

46



Andy Vanaerschot, Stepan V. Lomov, David Moens and Dirk Vandepitte

Figure 4: Post-processed image of a cross-section of the composite sample (one unit cell, 7 layers)

Figure 5: Image of an optical scan of the composite sample (one single layer)

3.2.2 Geometry data acquisition

Two sets of measurements have been conducted on two different types of samples of the
composite:

• For the characterisation of short-range scatter µCT scans have been taken on samples with
dimensions close to the unit cell size. These samples have 7 layers. Figure 4 shows a post-
processed image of one cross-section. Colours indicate the tows which are intersected.
Olave et al. [23] discuss the details of this measurement campaign.

• For the characterisation of longe-range scatter optical scans have been taken on samples
with dimensions equal to several unit cell size. These samples have only one layer. Figure
5 shows an image of an optical scan.
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Figure 6: Representation of the out-of-plane position of the tow centroid over one unit cell: the solid line represents
the average trend and the dotted line shows local variations with respect to the average trend

3.2.3 Statistical processing of tow data

Statistical analysis is conducted on the date of each individual tow. Figure 6 shows the result,
for variations of the out-of-plane centroid position. The average trend corresponds to the first
term in equation (1) and the deviation is represented by the second term in the equation. The
average trend in the figure exhibits a wavy pattern, marking the crossing of one warp tow over
or under a weft tow.

3.2.4 Modelling of tow data

In the modelling step, models are generated which extend over 10 unit cells, with the length
of one unit cell being represented by 32 equi-distant points. Short-range periodic trends and
long-range handling trends are combined. Figure 7 shows the trends for the warp and weft
genus, for each of the five tow attributes which are measured. It was found that simulated
trends correspond to experimental trends when cross-correlation is taken into account. Figure 8
compares the lateral deviation of the warp tow centroid. A very good match between simulations
and experiments is found.

3.2.5 Generation of virtual models

In the final step, 3D models are generated in the WiseTex pre-processor. Figure 9 shows
models of one unit cell and one larger sample. The reader should pay attention to the spac-
ings between tows. The figure shows clearly that spacings in the generated virtual models are
irregular.

4 CONCLUSIONS

This research is an effort to develop physically realistic virtual models of real carbon fi-
bre reinforced composite samples. The approach consists of three successive phases: (1) the
collection of spatial experimental data with complete statistical analysis, including short-range
(meso-scale) geometrical scatter and long-range (macro-scale) geometrical variation, and statis-
tical analysis in terms of average trend, standard deviation and correlation length, (2) stochastic
multi-scale modelling of the reinforcement, including the definition of systematic and handling
trends as they are extracted from the experimental data, and (3) the construction of virtual spec-
imens in the WiseTex pre-processing software.

The methodology is demonstrated for a carbon-epoxy 2/2 twill woven composite. The com-
parison between experimental and simulated deviation trends is found to be good. Randomly
generated virtual specimens possess the target statistical information.
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Figure 7: Trends on each of the tow attributes: the left hand graphs apply for the warp genus, and the right hand
column applies to the weft genus; the top line graphs show the out-of-plane position of the tow centroid for one
unit cell; the second line graphs represent the lateral in-plane deviation of the tow centroid for 10 unit cells; the
third and fourth line graphs show the aspect ratio and the cross-section, respectively, each for one unit cell
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Figure 8: Comparison of lateral deviations trend for the warp tow: left = experimental — right = simulated

Figure 9: WiseTex generated models of one layer of the composite; left: one unit cell — right: larger sample
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In a next phase of research, these models will be used to identify the effect of intra-sample
geometrical variability on homogenised properties of a composite panel.
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Abstract. Polynomial chaos expansions have proven powerful for emulating responses of com-
putational models with random input in a wide range of applications. However, they suffer from
the curse of dimensionality, meaning the exponential growth of the number of unknown coeffi-
cients with the input dimension. By exploiting the tensor product form of the polynomial basis,
low-rank approximations drastically reduce the number of unknown coefficients, thus providing
a promising tool for effectively dealing with high-dimensional problems. In this paper, first,
we investigate the construction of low-rank approximations with greedy approaches, where the
coefficients along each dimension are sequentially updated and the rank of the decomposition is
progressively increased. Furthermore, we demonstrate the efficiency of the approach in different
applications, also in comparison with state-of-art methods of polynomial chaos expansions.
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1 INTRODUCTION

Surrogate modeling is an effective approach for propagation of uncertainty from the input
to a response quantity of interest through complex computational models. In this, a computa-
tional model is substituted by a meta-model that possesses similar statistical properties with the
original model, but has a simple functional form and is therefore easy to evaluate.

Polynomial Chaos Expansions (PCE) constitute a popular meta-modeling technique, which
has proven its efficiency in a wide range of applications. The key concept in PCE is to ex-
pand the response quantity of interest onto a basis of orthonormal multivariate polynomials
obtained as tensor products of univariate polynomials in the random input parameters. By con-
struction, the size of the multivariate basis and thus the number of unknown coefficients grow
exponentially with the input dimension, rendering the classical PCE approach inefficient in
high-dimensional problems. A remedy to this limitation is the use of sparse PCE, as demon-
strated in [1, 2, 3]. Recently, a new class of models called Low-Rank Approximations (LRA)
has been introduced ([4, 5, 6]) and is further investigated in this paper.

LRA exploit the tensor-product form of the polynomial basis to express the random response
as a sum of a few rank-one functions. Such representations drastically decrease the number of
unknown coefficients, which grows only linearly with the input dimension. Existing algorithms
for building LRA are based on greedy approaches, where the polynomial coefficients along
each dimension are sequentially updated and the rank of the approximation is progressively in-
creased. The sizes of the associated error-minimization problems may be orders of magnitudes
smaller than those in the classical PCE approach. However, such constructions involve open
questions that call for further investigations.

In this paper, we shed light on the construction of LRA by investigating stopping criteria
in the sequential updating of the polynomial coefficients and optimal rank selection based on
cross-validation. Moreover, we confront LRA with state-of-art PCE methods and demonstrate
the singular efficiency of the former in example applications involving the deflection of a beam,
an analytical benchmark function and heat diffusion with spatially varying diffusion coefficient.

2 UNCERTAINTY PROPAGATION WITH META-MODELS

2.1 Mathematical setting

We consider a computational model,M, with M -dimensional random input, X . Due to the
uncertainties in the input, the response quantity of interest, Y , becomes random. Therefore, the
computational model represents the map

X ∈ DX ⊂ RM 7−→ Y =M(X) ∈ R, (1)

where DX is the support of X . In general, the map Y =M(X) is not known analytically and
may correspond to a complex process.

A meta-model M̂(X) mimics the behavior of M(X), while having a simple functional
form. We herein focus on non-intrusive meta-modeling approaches, in which the original
computational model is treated as a ”black box”. Building a meta-model in a non-intrusive
manner requires an Experimental Design (ED) comprising a set of realizations of the input
vector, E = {χ(1), . . . ,χ(N)}, and the corresponding evaluations of the original model, Y =
{M(χ(1)), . . . ,M(χ(N))}.
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2.2 Error estimates

For a set of realizations of the input vector, X = {x1, . . . ,xn} ⊂ DX , and a function
x ∈ DX 7−→ a(x) ∈ R, we introduce the discrete L2 semi-norm

‖ a ‖X=

(
1

n

n∑
i=1

a2(xi)

)1/2

. (2)

A good measure of accuracy of the meta-model response, Ŷ , is the mean-square error of the
difference Y − Ŷ , called generalization error. Employing the notation in Eq. (2), the general-
ization error is estimated by

ÊrrG =
∥∥∥M−M̂∥∥∥2

Xval

, (3)

where Xval = {x1, . . . ,xnval
} is a sufficiently large set of realizations of the input vector,

denoted validation set. The estimate of the relative generalization error, êrrG, is obtained by
normalizing ÊrrG with the empirical variance of Yval = {M(x1), . . . ,M(xnval

)}.
However, meta-models are typically used in cases when a large number of model evalua-

tions is not affordable. It is thus desirable to estimate the generalization error using only the
information contained in the ED. One such error estimate is the empirical error, ÊrrE , given by

ÊrrE =
∥∥∥M−M̂∥∥∥2

E
, (4)

where the index E emphasizes that the average is carried out over the ED. The relative em-
pirical error, êrrE , is obtained by normalizing ÊrrE with the empirical variance of Y =
{M(χ(1)), . . . ,M(χ(N))}. Unfortunately, the empirical error tends to underestimate the gen-
eralization error, which might be severe in cases of overfitting.

A good compromise between accurate error estimation and affordable computational cost is
the use of Cross-Validation (CV) techniques. The CV-based error measures can provide fair
approximations of the generalization error by relying only on the ED. In the general case of
k-fold cross-validation, first, the ED is randomly partitioned into k sets of approximately equal
size. Then, a meta-model is built considering all but one of the partitions and the excluded set
is used to evaluate the generalization error; by alternating through the k sets, k meta-models
are obtained. The average generalization error of the k meta-models provides an estimate of the
generalization error of the meta-model built with the full ED.

3 POLYNOMIAL CHAOS EXPANSIONS

We assume that the components of X = {X1, . . . , XM} are independent with joint Prob-
ability Density Function (PDF) fX(x) and marginal PDFs fXi

(xi), i = 1, . . . ,M . A PCE
approximation of Y =M(X) in Eq. (1) has the form ([7])

Ŷ =MPCE(X) =
∑
α∈A

yαΨα(X), (5)

where {Ψα,α ∈ A} is a set of multivariate polynomials that are orthonormal with respect to
fX , {yα,α ∈ A} is the set of corresponding polynomial coefficients and α = (α1, . . . , αM)
are multi-indices.
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The multivariate polynomials that comprise the PCE basis are obtained by tensorization of
appropriate univariate polynomials, i.e.

Ψα(X) =
M∏
i=1

P (i)
αi

(Xi), (6)

where P (i)
αi is a polynomial of degree αi in the i-th input variable belonging to a family of poly-

nomials that are orthonormal with respect to fXi
. For instance, a uniform variable with support

[−1, 1] is associated with the family of Legendre polynomials, whereas a standard normal vari-
able is associated with the family of Hermite polynomials. Other cases can be treated through
an isoprobabilistic transformation of X to a basic random vector. Cases with mutually depen-
dent input variables can also be treated through an isoprobabilistic transformation (e.g. Nataf
transformation) to a vector of independent standard variables.

The set of multi-indices A in Eq. (5) is determined by an appropriate truncation scheme. A
common scheme, also employed in the subsequent example applications (Section 5), consists in
selecting multivariate polynomials up to a total degree pt, i.e. {Ψα, α ∈ NM :

∑M
i=1 αi ≤ pt}.

The corresponding number of terms in the truncated series is

cardA =

(
M + pt

pt

)
=

(M + pt)!

M !pt!
. (7)

For other advanced truncation schemes, the reader is referred to [2]. Note in Eq. (7) the expo-
nential growth of the number of terms with M , which is known as the curse of dimensionality.

Once the basis has been specified, the set of coefficients y = {yα, α ∈ A}may be computed
by minimizing the mean-square error of the approximation over the ED, i.e.

y = arg min
υ∈RcardA

∥∥∥∥∥M−∑
α∈A

υαΨα

∥∥∥∥∥
2

E

. (8)

Eq. (8) represents an Ordinary Least-Squares (OLS) minimization problem that can be solved
using well-known techniques. However, the required size of ED may be prohibitively large in
cases with large M . More efficient solutions schemes can be devised by considering respective
regularized problems. For example, the Least Angle Regression (LAR) method ([8]) disregards
insignificant terms from the set of predictors, thus yielding sparse meta-models. A variation
is the hybrid LAR method ([2]), which employs the LAR algorithm to select the best set of
predictors and subsequently, estimates the coefficients using OLS.

A good measure of the accuracy of a PCE meta-model is the Leave-One Out (LOO) error,
obtained by CV with k = N (see Section 2.2). According to the description of the CV approach,
this would require building N different meta-models, by sequentially setting apart each point
of the ED. However, algebraic manipulations allow evaluation of the LOO error from a single
PCE based on the full ED: Let us denote by hi the i-th diagonal term of matrix Ψ(ΨTΨ)−1ΨT,
where Ψ = {Ψij = Ψj(χ

(i)), i = 1, . . . , N ; j = 1, . . . , cardA}. Then, the LOO error can
be computed as

ÊrrLOO =
1

N

N∑
i=1

(
M(χ(i))−MPCE(χ(i))

1− hi

)2

. (9)

The relative LOO error, êrrLOO, is obtained by normalizing ÊrrLOO with the empirical variance
of Y = {M(χ(1)), . . . ,M(χ(N))}. Because êrrLOO may be too optimistic, one may use
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instead a corrected estimate, given by ([9])

êrr∗LOO = êrrLOO

(
1− cardA

N

)−1 (
1 + tr((ΨTΨ)−1)

)
. (10)

.

4 LOW-RANK APPROXIMATIONS

A canonical decomposition of Y =M(X) in Eq. (1) has the form

Ŷ =
R∑
l=1

bl

(
M∏
i=1

v
(i)
l (Xi)

)
, (11)

where v(i)l denotes a univariate function of Xi and bl is the normalizing coefficient of the rank-1
function in the parenthesis. The number of terms R in Eq. (11) defines the rank of the decom-
position, leading to the name Low-Rank Approximations (LRA) in cases when R is small.

Of interest herein are LRA with v(i)l (Xi) expanded onto a polynomial basis that is orthonor-
mal with respect to the marginal fXi

(see Section 3), i.e.

Ŷ =
R∑
l=1

bl

(
M∏
i=1

(
pi∑
k=0

z
(i)
k,l P

(i)
k (Xi)

))
, (12)

where P (i)
k is the k-th degree univariate polynomial in the i-th input variable, of maximum

degree pi, and z(i)k,l is the coefficient of P (i)
k in the l-th rank-1 term. A representation of Y =

M(X) in the form of Eq. (12) drastically reduces the number of unknowns compared to Eq. (5).
For example, when pi = p for i = 1, . . . ,M , the number of unknowns is P = ((p+1)M+1)R,
which grows only linearly with M .

LRA can be efficiently built with greedy approaches that involve progressive increase of the
rank of the decomposition by adding rank-1 terms and successive updating of the polynomial
coefficients along separate dimensions (see e.g. [4, 6]). We herein adopt the skeleton of the
algorithm proposed by [4], comprising a sequence of pairs of a correction step, where a rank-1
tensor is built, and an updating step, where the normalizing coefficients are determined/updated.
Details are given in the sequel.

Let Ŷr denote the rank-r approximation of Y =M(X), i.e.

Ŷr =
r∑
l=1

blwl, (13)

with

wl =
M∏
i=1

(
pi∑
k=0

z
(i)
k,l P

(i)
k (Xi)

)
, (14)

and let Rr = Y − Ŷr denote the corresponding residual.
In the r-th correction step, the rank-1 tensor wr is built, by solving the minimization problem

wr = arg min
ω∈W
‖Rr−1 − ω‖2E , (15)
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where W denotes the space of rank-1 tensors. In the first correction step, one has R0 = Y .
Eq. (15) is solved by first, assigning initial arbitrary values to the polynomial coefficients and
then, successively updating the coefficients in each dimension i = 1, . . . ,M , while ”freez-
ing” the coefficients in all other dimensions at their current values. Thus, the coefficients in
dimension j, z(j)r = {z(j)1,r . . . z

(j)
pj ,r}, are obtained as the solution of

z(j)r = arg min
ζ∈Rpj

∥∥∥∥∥Rr−1 −

(∏
i6=j

pi∑
k=0

z
(i)
k,r P

(i)
k

)(
pj∑
k=0

ζk P
(j)
k

)∥∥∥∥∥
2

E

. (16)

The above minimization problem is of size pj + 1, where typically pj < 20, and can be easily
solved using OLS.

Note that a correction step may involve several iterations over the set of dimensions; the
optimal number of iterations remains an open question. We herein propose a stopping criterion
that combines the number of iterations over the set {1, . . . ,M}, denoted Ir, and the decrease
in the relative empirical error between two successive iterations, denoted ∆êrrr. The relative
empirical error, êrrr, is obtained by normalizing

Êrrr = ‖Rr−1 − wr‖2E (17)

with the empirical variance of Y = {M(χ(1)), . . . ,M(χ(N))}. According to the proposed
criterion, the algorithm exits the r-th correction step if either Ir reaches a maximum allowable
value, Imax, or ∆êrrr becomes smaller than a threshold, ∆êrrmin.

After the completion of a correction step, the algorithm moves to an updating step, in which
the coefficients b = {b1, . . . , br} are obtained as the solution of

b = argmin
β∈Rr

∥∥∥∥∥M−
r∑
l=1

βlwl

∥∥∥∥∥
2

E

. (18)

In the r-th updating step, the value of the element br is determined for the first time, whereas the
values of the elements {b1, . . . , br−1} are updated from their previous values. The minimization
problem in Eq. (18) is of size r (recall that small ranks are of interest in LRA) and can be easily
solved using OLS.

In the above algorithm, the progressive adding of rank-1 terms results in a set of LRA of
rank {1, . . . , r} at the r-th step. [5] propose selection of the optimal rank, R ∈ {1, . . . , rmax},
with 3-fold CV (see Section 2.2). By using 3-fold CV, one obtains three meta-models for each
rank {1, . . . , rmax} as well as the respective error estimates. The rank R corresponding to the
smallest average error over the three meta-models is identified as optimal. Then, a new meta-
model of rank R is built using the full ED. The average error for the selected rank provides an
estimate of the generalization error of the final LRA.

5 EXAMPLE APPLICATIONS

5.1 Beam deflection

In this example, we use LRA to represent the mid-span deflection of a simply supported beam
under a concentrated load acting at the midpoint of the span. Table 1 shows the distributions
of the M = 5 input random variables of the model, i.e. the width, b, and height, h, of the
rectangular cross section, the length, L, the Young’s modulus, E, and the load, P . All input

58



Katerina Konakli and Bruno Sudret

Table 1: Distributions of input random variables.

Variable Distribution mean CoV
b (m) Lognormal 0.15 0.05
h (m) Lognormal 0.3 0.05
L (m) Lognormal 5 0.01

E (MN/m2) Lognormal 3e4 0.15
P (MN) Lognormal 0.01 0.20

random variables are independent. The mid-span deflection as a function of the input variables
reads Y = PL3/4Ebh3.

In the following analysis, we consider ED of varying sizes drawn with Sobol sampling and a
validation set of size nval = 106 drawn with Monte Carlo Simulation (MCS). We note that a val-
idation set is typically not available in a real-case scenario, but is used herein to obtain reliable
estimates of the generalization errors and thus, assess the accuracy of our approaches. Em-
ploying an isoprobabilistic transformation of the input variables to standard normal variables,
Hermite polynomials are used to build the basis functions.

We first investigate selection of optimal rank among a set of candidate values {1, . . . , 20}.
After preliminary investigations, the common polynomial degree is set to p1 = . . . = p5 = 5 and
the stopping criterion in the correction step is defined by Imax = 50 and ∆êrrmin = 10−8. For
different sizes of the ED, the left graph of Figure 1 compares the rank identified as optimal using
the 3-fold CV approach with the actual optimal rank leading to the minimum generalization
error; the corresponding relative generalization errors are shown in the right graph of the same
figure. We observe that although the two ranks do not coincide in all cases, the differences in
the corresponding generalization errors are negligible. We highlight the accuracy of LRA, even
when the size of the ED is as small as N = 50.

50 100 200 500 1000

1

10

20

N

R

ED (3-fold CV)
validation set
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Figure 1: Beam deflection: Selected rank (left) and corresponding relative generalization error (right) for varying
sizes of the experimental design.

Next, we examine optimal values of the error threshold in the correction step, while other
parameters are fixed to their values above. For three different sizes of the ED and ∆êrrmin
varying from 10−9 to 10−4, the left graph of Figure 2 shows the relative generalization errors
for ranks selected with 3-fold CV. The right graph of the figure shows the corresponding total
number of iterations in the 20 steps,

∑
Ir. We observe that for the smaller ED, setting a smaller

threshold ∆êrrmin significantly improves the LRA accuracy, but increases the required number
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of iterations; the value of ∆êrrmin has a lesser effect for the larger ED.
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Figure 2: Beam deflection: Relative generalization error (left) and corresponding total number of iterations (right)
for varying error thresholds in the stopping criterion.

We now confront LRA with PCE, using the same polynomial family to build the bases and
computing the PCE coefficients with the hybrid LAR method (see Section 3). For both ap-
proaches, we consider meta-models of optimal polynomial degrees: in LRA, the optimal com-
mon maximum degree, p, is selected with 3-fold CV, whereas in PCE, the optimal maximum
total degree, pt, is identified by means of the corrected LOO error (see Eq. (10)). Other param-
eters in LRA are the same as in Figure 1. For N varying in 20 − 500, the left and right graphs
of Figure 3 respectively show the selected polynomial degrees and the corresponding relative
generalization errors. For all considered N , LRA outperform PCE, yielding meta-models that
are 2 to 3 orders of magnitude more accurate. It is remarkable that only N = 20 points suffice
to build LRA with an accuracy of the order of 10−4.
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Figure 3: Beam deflection: Optimal polynomial degrees (left) and corresponding relative generalization errors
(right) of LRA and PCE meta-models for varying sizes of the experimental design.
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5.2 Sobol function

In this example, we use LRA to approximate the Sobol function, given by

Y =
M∏
i=1

|4Xi − 2|+ ci
1 + ci

, (19)

where X = {X1, . . . , XM} are independent random variables uniformly distributed over [0, 1]
and c = {c1, . . . , cM} are non-negative constants. We herein consider the case with M = 8 and
c = {1, 2, 5, 10, 20, 50, 100, 500}T. As in the previous example, we employ Sobol sampling to
draw ED of varying sizes and MCS to draw a validation set of size nval = 106.

We confront LRA with PCE, using Legendre polynomials for the bases and computing the
PCE coefficients with the hybrid LAR method. As in the previous example, the optimal degrees
are identified by means of 3-fold CV and the corrected LOO error in LRA and PCE, respectively.
After preliminary investigations, the parameters in the stopping criterion in LRA are set to
Imax = 50 and ∆êrrmin = 10−4 (in this case, use of a smaller ∆êrrmin was found to have a
minor effect on the accuracy of the meta-model, while significantly increasing the number of
iterations). For N varying in 50− 500, the left graph of Figure 4 shows the selected polynomial
degrees, whereas the right graph shows the corresponding relative generalization errors. For all
considered N , LRA clealry outperform PCE. Note that the small regression problems involved
in the construction of LRA allow use of higher-degree polynomials that are more appropriate
for representing the Sobol function (recall that p is the polynomial degree of each univariate
function in LRA, whereas pt is the total degree of the multivariate basis of the PCE).
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Figure 4: Sobol function: Optimal polynomial degrees (left) and corresponding relative generalization errors
(right) of LRA and PCE meta-models for varying sizes of the experimental design.

5.3 Heat diffusion with spatially varying diffusion coefficient

We consider a two-dimensional stationary heat diffusion problem defined on the square do-
main D = (−0.5, 0.5) × (−0.5, 0.5) shown in Figure 5, where the temperature field T (z),
z ∈ D, is described by the partial differential equation

−∇(κ(z)∇T (z)) = 500IA(z), (20)

with boundary conditions T = 0 on the top boundary and ∇Tn = 0 on the left, right and
bottom boundaries, where n denotes the vector normal to the boundary. In Eq. (20), A =

61



Katerina Konakli and Bruno Sudret

(0.2, 0.3)×(0.2, 0.3) is a square domain withinD (see Figure 5) and IA is the indicator function
equal to 1 if z ∈ A and 0 otherwise. The diffusion coefficient, κ(z), is a lognormal random
field defined by

κ(z) = exp[aκ + bκ g(z)], (21)

where g(z) is a standard Gaussian random field and the parameters aκ and bκ are such that the
mean and standard deviation of κ are µκ = 1 and σκ = 0.3, respectively. The random field g(z)
is characterized by an autocorrelation function ρ(z, z′) = exp (−‖z − z′‖2/0.22). The quantity
of interest, Y , is the average temperature in the square domainB = (−0.3,−0.2)×(−0.3,−0.2)
within D (see Figure 5).

To facilitate solution of the problem, the random field g(z) is represented using the Expan-
sion Optimal Linear Estimation (EOLE) method ([10]). By truncating the EOLE series after
the first M terms, g(z) is approximated by

ĝ(z) =
M∑
i=1

ξi√
li
φT
i Czζ. (22)

In the above equation, {ξ1, . . . , ξM} are independent standard normal variables;Czζ is a vector
with elements C(k)

zζ = ρ(z, ζk), where {ζ1, . . . , ζn} are the points of an appropriately defined
mesh in D; and (li,φi) are the eigenvalues and eigenvectors of the correlation matrix Cζζ with
elements C(k,l)

ζζ = ρ(ζk, ζl), where k, l = 1, . . . , n. We select M = 53 in order to satisfy

M∑
i=1

li/
n∑
i=1

li ≥ 0.99. (23)

The underlying deterministic problem is solved with an in-house finite-element analysis code
developed in Matlab environment. The employed finite-element discretization with triangular
Delaunay elements is shown in Figure 5.

Figure 5: Domain and finite element mesh in heat diffusion problem.

In the following, we confront LRA with PCE (in conjunction with hybrid LAR), in which the
basis functions are made of Hermite polynomials. We use an ED of size N = 200 drawn with
Sobol sampling to build the meta-models and a MCS-based validation set of size nval = 104 to
assess their accuracy. Figure 6 shows the temperature fields corresponding to two samples of
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the ED. The polynomial degree and rank of the optimal LRA meta-model (based on 3-fold CV)
are p = 1 and R = 1, respectively; the total polynomial degree of the optimal PCE meta-model
is pt = 1 (based on the LOO error). In Figure 7, we compare the kernel smoothing estimates
of the PDF of Y obtained with the LRA and PCE meta-models to the reference PDF based on
the validation set. In the left graph, the PDFs are shown in the normal scale, whereas in the
right graph, they are shown in a logarithmic scale to highlight the behavior at the tails. The
PDF estimate obtained with the LRA meta-model is obviously superior, providing a fairly good
approximation of the reference PDF over the whole range of the response values.

Figure 6: Heat diffusion problem: Example realizations of the temperature field.
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Figure 7: Heat diffusion problem : Comparison of the PDF estimates based on LRA and PCE (using an experi-
mental design of size N = 200) to the reference PDF (left: normal scale, right: logarithmic scale).

6 CONCLUSIONS

Low-Rank Approximations (LRA) comprise an effective tool for uncertainty propagation
in problems with high-dimensional input. In this paper, we considered LRA built with poly-
nomial functions and shed light on their construction with greedy approaches. Furthemore, we
demonstrated the accuracy of LRA in example applications involving the deflection of a simply-
supported beam, the Sobol function and a two-dimensional stationary heat-diffusion problem
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where the diffusion coefficient is a random field. In the same applications, we showed that LRA
outperform the popular meta-modeling technique of polynomial chaos expansions, by using the
same polynomial families to build the basis functions.
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Abstract. Polynomial chaos expansions (PCE) are widely used in the framework of uncertainty
quantification. However, when dealing with high dimensional complex problems, challenging
issues need to be faced. For instance, high-order polynomials may be required, which leads to a
large polynomial basis whereas usually only a few of the basis functions are in fact significant.
Taking into account the sparse structure of the model, advanced techniques such as sparse
PCE (SPCE), have been recently proposed to alleviate the computational issue. In this paper,
we propose a novel approach to SPCE, which allows one to exploit the model’s hierarchical
structure. The proposed approach is based on the adaptive enrichment of the polynomial basis
using the so-called principle of heredity. As a result, one can reduce the computational burden
related to a large pre-defined candidate set while obtaining higher accuracy with the same
computational budget.

65



Chu V. Mai, Bruno Sudret

1 INTRODUCTION

Nowadays, uncertainty quantification (UQ) has become a key topic in computational science
and engineering applications. Its formulation comprises uncertainty propagation, which deals
with propagating the uncertainties in the input parameters of a computational model to the
output quantities of interest. Typical applications include, e.g. conducting reliability analysis
of complex systems, estimating the statistical distribution of the outputs, computing sensitivity
indices, etc.

Uncertainty propagation is traditionally conducted by means of sampling-based methods
such as Monte Carlo simulation, importance sampling and subset simulation. These methods,
however, are often not suitable for practical problems because of the computational cost re-
lated to evaluating complex models repeatedly to obtain a sufficient accuracy. For this reason,
inexpensive-to-evaluate surrogate models have been of particular interest as substitutes of the
full models. One way of building surrogate models is by means of the spectral approach, in
which the quantity of interest (QoI) is considered as a function of the input parameters in a
suitable functional space and then projected onto an appropriate basis. Multiple basis choices
are available in the literature, including trigonometric, radial basis, wavelet and polynomial
functions. In particular, the use of polynomial chaos expansions (PCE) has been found highly
effective in numerous applications, see e.g. [1, 2, 3, 4].

Building a polynomial chaos expansion requires determining the coefficients corresponding
to the polynomial chaos basis. For black-box type problems, it is impossible to directly estimate
the polynomial chaos coefficients by means of intrusive approaches that require prior knowl-
edge of the governing equations of the systems. In such cases, one has to rely on non-intrusive
methods such as projection, regression which require only a finite number of observations of
the system. Among those, least-square minimization methods have received particular interest
[5, 6]. However, they are facing the so-called curse-of-dimensionality, i.e. the computational
cost increases exponentially with the dimension of the input space. This is the case, e.g. when
a large number of basis elements is involved but only a small number of experiments (observa-
tions) is available, which is not sufficient for the accurate estimation of the coefficients. Several
numerical methods have been proposed recently for alleviating such issue, including compres-
sive sensing [7], l2-norm regularized regression [8] and least angle regression [9]. Most of the
existing methods rely on considering a set of candidate polynomials that is selected a priori,
then computing the corresponding coefficients either by setting up a constrained optimization
problem or by making assumptions on the structure of the system. Recently, [10] and [11]
proved that in some cases it can be more effective to apply an adaptive basis PCE approach
instead. In this paper, we introduce a novel hierarchical method that consists in updating the
candidate set adaptively instead of fixing it.

The paper is organized as follows: in Section 2, we recall briefly the non-intrusive regression-
based approach for computing PCE. In Section 3, the hierarchical adaptive method for PCE is
introduced. For the sake of illustration, we prove the effectiveness of the proposed method on
two numerical examples.
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2 POLYNOMIAL CHAOS EXPANSIONS

2.1 Polynomial chaos expansions

Consider a system with uncertain input parameters whose behavior can be described by the
following equation:

Y =M(X), (1)

in whichX = {X1, . . . , XM}T is a vector ofM independent uncertain input parameters and Y
is the output quantity of interest. For the sake of simplicity, and without loss of generality, one
considers only the case of a scalar-valued output. Note that one does not know Eq. (1) explicitly
when the computational model is of a black-box type.

In the Hilbert space of square-integrable functions of variables {Xi, i = 1, . . . ,M}T, one
can select a basis of orthonormal univariate polynomials {ψik, k ∈ N}, also known as polyno-
mial chaos functions [12, 13], associated with the probability density measure PXi

(dxi) = fXi
(xi)dxi.

For instance when Xi is a uniform (resp. standard normal) random variable, the corresponding
basis consists of orthonormal Legendre (resp. Hermite) polynomials. The polynomial chaos
expansion of Y reads:

Y =
∑
α∈NM

yαψα(X) (2)

where α = (α1, . . . , αM) is a multi-index with αi, i = 1, . . . ,M denoting the degree of the

polynomial in the direction of Xi, ψα(X) =
M∏
i

ψiαi
(Xi) are multivariate polynomials obtained

by the tensor product of univariate polynomials and yα are the associated coefficients.
The regression-based adaptive sparse polynomial chaos expansions (SPCE) consists of two

sequential steps. First, a set of candidate polynomial chaos basis is chosen a priori (see Sec-
tion 2.2). Second, the relevant basis are selected from the candidate set and the corresponding
coefficients are computed (see Section 2.3). The two steps are described subsequently.

2.2 Truncation schemes

In practice, an approximate form of PCE in Eq. (2) with a finite number of terms must be
used:

Y ≈
∑
α∈A

yαψα(X) (3)

The set of multi-indices A is obtained by truncating the NM space. We present herein two
truncation schemes that were recently proposed in [14].

In the first scheme, one assumes that the main effects and the low-degree interaction effects
are more important than high-degree interaction effects. Thus, in the multi-indices space, the
relevant terms lie in the subspace defined as follows [14]:

A ≡ AM,p
q = {α ∈ NM : ||α||q =

(
M∑
i=1

αqi

)1/q

6 p } (4)

where 0 < q < 1 is the parameter governing the hyperbolic truncation scheme and p is the
prescribed maximum degree of the polynomials. Note that in the special case when q is assigned
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the value of 1, the standard truncation scheme is recovered:

A ≡ AM,p = {α ∈ NM : ||α||1 =
M∑
i=1

αi 6 p} (5)

Given a prescribed value of p, the size of the polynomial basis obtained with the hyperbolic
truncation scheme increases as q increases and attains its maxima at q = 1.

In the second scheme, one assumes that low-rank effects are more important than high-
rank effects, i.e. two-dimensional interaction terms are more relevant than three-dimensional
interaction terms and so on. This assumption is based on the so-called hierarchy principle [15]
which states that the model can be approximated by low-rank terms. The low-rank truncation
scheme reads [14]:

A ≡ AM,p
r = {α ∈ NM : ||α||0 =

M∑
i=1

1αi>0 ≤ r, ||α||1 =
M∑
i=1

αi 6 p} (6)

in which ||α||0 is the rank of the multivariate polynomial ψα, defined as the total number of
non-zero component indices αi, i = 1, . . . ,M . The prescribed rank r is chosen as a small
integer value, e.g. r = 2, 3, 4.

The proposed schemes, namely hyperbolic and low-rank truncation, usually result in a can-
didate basis of manageable size. The two strategies consist in selecting a set of candidate basis
a priori, from which a sparse subset is then retained. The accuracy of the PCE is measured by
means of error estimates, e.g. empirical error or leave-one-out (LOO) error εLOO [16].

2.3 Least angle regression

Given a candidate set generated by a truncation scheme (see Section 2.2) and an experimental
design (a set of input values X and the corresponding observed output Y of the model), one has
to determine the relevant basis and the associated coefficients of the expansion:

Y ≈
∑
α∈A

yαψα(X ) (7)

This is an example of the variable selection problem in statistics. To this purpose, a wide variety
of methods is available, including ordinary least-squares, compressive sensing and least-angle-
regression.

Least angle regression (LAR) [17] is an iterative regression method for variable selection,
which was proven to be particularly powerful when the number of regressors is much larger
than the number of experiments, and only a few of them are relevant. Assuming that the model
of interest respects the principle of sparsity, i.e. it can be approximated using a relatively small
number of polynomials, LAR is used to derive sparse polynomial chaos expansions (SPCE) in
[9]. At each iteration, a basis set is retained with the associated coefficients and a measure of
accuracy, e.g. the leave-one-out error, is computed. At the end of the process, based on the
accuracy measure, one can choose the best performing PCE model. Note that after detecting
the relevant basis by LAR, one should recompute the coefficients using ordinary least-square
method (hybrid-LAR) [14]. The LAR algorithm can be summarized as follows:

1. Initialize the set of candidate regressors to the full basis and the set of selected regressors
to ∅.
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2. Initialize all coefficients equal to 0. Set the residual equal to the output vector.

3. For each iteration until the stop condition is satisfied or all the regressors have been ana-
lyzed, perform the following steps:

• Determine the most correlated candidate basis element to the current residual and
add it to the selected basis

• Move simultaneously all the coefficients associated with the selected basis until
another basis element is as correlated with the residual as they are. Update the
residual.

4. Choose the best iteration based on a prescribed error estimate, e.g. εLOO.

Readers are referred to [9] for further details. The algorithm is schematically illustrated in
Figure 1, in which the adaptive selection of the relevant basis is presented for the first 5 terms
in the expansion. The SPCE based on low-rank hyperbolic truncation and LAR is hereafter
considered as the reference approach.

(a) Candidate set (b) Iteration 1 (c) Iteration 2

(d) Iteration 3 (e) Iteration 4 (f) Iteration 5

Figure 1: Least angle regression in the multi-index space. p = 5, r = 2 and q = 0.75 are used for the truncation
schemes. The cross symbols (x) represent the candidate basis. The dot symbols (•) represent the basis selected by
LAR in the current iteration.
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3 HIERARCHICAL ADAPTIVE POLYNOMIAL CHAOS EXPANSIONS

Recently, [10] and [11] proved that adaptive basis scheme can be more efficient than fixing
a candidate basis a priori. Moreover, [10] propose a novel adaptive-basis non-intrusive spec-
tral projection-based approach for PCE. An initial basis is enriched by adding candidate sets
associated with adaptive sparse grids and removing the unimportant PC basis elements with
minor contributions to the variance. In [11], it is assumed that a basis function is admissible, or
potentially relevant, only if its backwards neighbors exist in every dimension. Given the same
computational budget, the authors observe that adaptive basis selection schemes provide more
accurate PCE than predefined basis schemes.

In this section, we introduce a novel adaptive basis SPCE scheme which relies on LAR and
the so-called principle of heredity. We emphasize that the models of interest are also assumed
to follow the principle of sparsity.

3.1 Principle of heredity

Heredity is a biological process in which the characteristics of parents are passed down to
their child through the genes. This process is represented by Mendel’s principle of heredity
[18] which was recently generalized in a statistical sense in [19]. According to the principle
of heredity, if two factors are not relevant in the model, it is likely that their interaction is also
irrelevant. This principle is nowadays used for the detection of important interaction effects
(interaction screening) in high and ultra-high dimensional problems. It was incorporated in
variable selection techniques, e.g. forward selection scheme [20], LAR [15] and structured
variable selection and estimation [21].

Herein, we introduce the use of the heredity principle in the context of SPCE. Consider a
the model Y (X) with X denoting the vector of M independent input parameters. Based on
the hierarchy principle, one assumes that Y can be approximated with only main effects and
two-dimensional interaction effects as follows:

Y = y0 +
∑
β∈A1

yβψβ(X) +
∑
γ∈A2

yγψγ(X) + ε (8)

where A1 =
{
β ∈ NM : ||β||0 = 1, ||β||1 6 p

}
and A2 =

{
γ ∈ NM : ||γ||0 = 2, ||γ||1 6 p

}
,

i.e. the second (resp. third) summand consists of univariate (resp. bivariate) polynomials; y0 is
the constant term, yβ and yγ are the coefficients of the expansion and ε is the truncation residual
error.

The heredity principle states that the interaction term ψγ(X) ≡ ψiγi(Xi)ψ
j
γj
(Xj), i 6= j is

active in the model only if the parent terms ψiγi(Xi) and ψjγj(Xj) are also present [20]. More
precisely, two forms of the heredity principle may be considered, namely weak heredity and
strong heredity:

• Weak heredity indicates that given an active interaction term ψiγi(Xi)ψ
j
γj
(Xj), at least one

of the two parent terms ψiγi(Xi) and ψjγj(Xj) exist in the model.

• Strong heredity implies that both parent terms ψiγi(Xi) and ψjγj(Xj) must be active for the
interaction term ψiγi(Xi)ψ

j
γj
(Xj) to be included in the model.

Figure 2 illustrates the principle in the example of a four-dimensional model, which requires
only first degree univariate polynomials and their interactions.
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Active

Inactive

(a) Weak heredity

Active

Inactive

(b) Strong heredity

Figure 2: Heredity principle

To introduce the principle of heredity in SPCE, we need to combine this principle with the
LAR method. To this end, [15] introduced distinct generalized LAR algorithms for strong and
weak heredity. The proposed algorithms, however, cannot solve problems in which both strong
and weak heredity are active simultaneously, e.g. one group of variables follows strong heredity,
another group follows weak heredity. A clear distinction between strong and weak heredity in
a practical problem is, however, quasi-impossible a priori. This limitation is overcome by the
approach proposed in the next section.

3.2 Hierarchical adaptive PCE

An iterative approach, named hierarchical adaptive PCE, is proposed to incorporate both
forms of heredity in the LAR scheme. After detecting the most relevant term in the current
iteration, the heredity principle is used for updating the current candidate set (which is used for
later iterations). The proposed scheme works as follows:

1. Generate an initial candidate set, which consists of one-dimensional (1-D) polynomial
chaos basis

2. For each iteration, perform the following steps until the stop condition is satisfied:

(a) Find the most relevant term in the current candidate set.

(b) If it is a 1-D term

i. Generate interaction terms between the 1-D term selected in this iteration and
the remaining 1-D terms in the current candidate set.

ii. Compare the relevance of the selected 1-D term with the generated interaction
terms. The relevance of a basis element is represented by the correlation coef-
ficient between it and the current residual. If the selected 1-D term remains the
most relevant, then:
• Compute the associated coefficients as in LAR
• Update the candidate set by adding the interaction terms generated in the

current iteration.
iii. otherwise, select the most relevant interaction term, compute the associated

coefficients as in LAR
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(c) otherwise, it is an interaction term. Compute the associated coefficients as in LAR.

(d) Extract the selected term from the candidate set. Update the residual. Check the
stop condition.

The approach is illustrated in Figure 3 until six terms are active in the expansion. In iteration 4,
the interaction term (α1, α2) = (2, 3) is selected after its parent terms (2, 0) and (0, 3) have been
selected in the previous iterations. Thus, the selection in the current iteration follows the strong
heredity principle. In iteration 5, the 1-D term (5, 0) is selected first, but it is less relevant than
its child interaction term (5, 3), which is generated on-the-fly. The latter is therefore selected
instead of its parent term. Only one parent of this interaction term, i.e. (α1, α2) = (0, 3), is
currently active. This selection illustrates the weak heredity principle. In iteration 6, the weak
heredity prevails again when the interaction term (2, 4) is selected instead of its parent (0, 4).

Now we explain the superiority of the proposed approach compared to [15], in which authors
proposed distinct algorithms for strong and weak heredity. If only the strong heredity principle
is used, then 1-D terms must always be selected before their interaction terms. This may intro-
duce error, when the interaction effects are important [22]. If one uses only the weak heredity
(which already covers the strong heredity), the interaction terms would quickly include the full
candidate basis. In addition, in practical problems, it is impossible to know in advance whether
the considered model follows the heredity principle or not, and if it does, in which form. In
particular, a group of variables may follow the strong form whereas another group the weak.
Our approach is flexible in the sense that both forms of heredity principle can be considered
simultaneously in each iteration.

It is worth to emphasize that one can also apply the hyperbolic and low-rank truncation
schemes when generating the interaction terms according to the heredity principle. This helps
reducing further the size of the candidate set. In this case, the proposed approach can be consid-
ered as an extension of the reference approach except that the candidate polynomial chaos basis
is updated iteratively by means of the principle of heredity. The size of the candidate set in the
proposed algorithm increases iteratively, while remaining always smaller than that of the refer-
ence approach. Therefore, it is expected to outperform the the reference approach, in particular
when the considered model requires anisotropy in the polynomial basis, i.e. high polynomial
degrees in certain directions versus low degrees in others.

As a summary, this approach allows one to update the candidate basis in each iteration using
the heredity principle rather than using a fix candidate set. One can discard a large number of
interaction terms that are not relevant and just focus on the significant ones that are selected
on-the-fly.

4 NUMERICAL EXAMPLES

The proposed hierarchical adaptive PCE (hereafter denoted by h-LAR) is implemented in
UQLab [23] (the Uncertainty Quantification toolbox in Matlab) developed at the Chair of Risk,
Safety & Uncertainty Quantification (ETH Zürich, Switzerland), which already includes the
reference approach (hereafter denoted by LAR).

Let us examine the effectiveness of h-LAR with respect to LAR by means of two numerical
examples.
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(a) Initial candidate (b) Iteration 1 (c) Iteration 2

(d) Iteration 3 (e) Iteration 4: strong heredity (f) Iteration 5a

(g) Iteration 5b: weak heredity (h) Iteration 6a (i) Iteration 6b: weak heredity

Figure 3: Hierarchical adaptive PCE based on the heredity principle in the multi-index space. p = 5 and r = 2 are
used for the truncation scheme. Second-rank PCE are assumed to be sufficiently accurate. The cross symbols (x)
represent the candidate basis. The dot symbols (•) represent the basis selected in the current step.

4.1 Sobol’ function

We consider the Sobol’ function [14]:

Y =
8∏
i=1

|4Xi − 2|+ ci
1 + ci

(9)

in which c = {1, 2, 5, 10, 20, 50, 100, 500}T and the input parameters are uniform random vari-
ables Xi ∼ U [0, 1], i = 1, . . . , 8. The Sobol’ function is highly anisotropic in that it requires
high polynomial degree for low-i dimensions.
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We first investigate the effect of the experimental design’s size on the accuracy of the result-
ing PCE models. For a given size (e.g. 100, 150, 200, 300, 400, 500, 1000), one repeats the Latin
hypercube sampling (LHS) of the experimental design 100 times then builds the correspond-
ing PCE by means of LAR and h-LAR. The mean value and 95% confidence interval of the
estimated LOO errors are depicted in Figure 4. Note that LOO error is chosen as an indicator
of accuracy because it is much more sensitive to overfitting than the commonly used empiri-
cal error [16]. h-LAR performs significantly better than LAR with faster convergence rate and
smaller variability due to LHS.

As a further validation, given an ED of size 200, we compute the PCE by the two approaches
using the same truncation options (p = 30, q = 0.5, r = 2). Using the computed PCE, we
predict the output values on a new set of input parameters {X i, i = 1, . . . , 105}. The predicted
values of the output and its probability density function (PDF) are compared with the values
and the PDF computed with the analytical model. The results are shown in Figure 5. Similarly,
Figure 6 depicts the results when an ED of size 300 is used. The corresponding results (e.g.
polynomial degree giving the best accuracy, relative validation error εV and number of retained
polynomials Nr) of the PCE are given in Table 1. In both cases, h-LAR outperforms LAR in
predicting specific values of the output as well as its statistical distribution. One sees that given
the same computational budget (i.e. the same ED), h-LAR allows one to reduce the validation
error by a factor of 5. The best degree in h-LAR is higher than that in LAR, which leads to a
larger number of selected terms in the expansion.
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Size of the experimental design
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o
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Low−rank hyperbolic truncation PCE

Hierarchical adaptive PCE

Figure 4: Mean value and 95% confidence interval of the leave-one-out error as a function of the experimental
design’s size. The mean values and confidence intervals are obtained with 100 Monte Carlo realizations.

Method Size of ED q r Best degree εV Nr

LAR 200 0.5 2 7 5.95× 10−2 37
h-LAR 200 0.5 2 9 1.6× 10−2 100
LAR 300 0.5 2 9 2.2× 10−2 88
h-LAR 300 0.5 2 20 4.3× 10−3 154

Table 1: Options and results of the utilized PCE
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(a) Low-rank hyperbolic truncation scheme
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Figure 5: Sobol’ function - Experimental design of size 200 - PDF of the output.

4.2 Schwefel function

We now consider a modified version of the Schwefel function [24] which reads:

Y =−
20∑
i=1

(
i

20
+ 0.5)Xi sin(

√
i

20
|Xi|)

+
1

3000

∑
j∈S1

(
j

20
+ 0.5)Xj sin(

√
j

20
|Xj|)

∑
k∈S2

Xk

(10)

where Xi ∼ U [−500, 500], i = 1, . . . , 20, S1 = {1, 3, 5, 6, 8} and S2 = {15, 18, 20}. This is
a complex function with many local minima. The first term is modified in such a way that the
function requires high polynomial degree in high-i dimensions and the second term is added to
the function in order to introduce interaction effects between some of the dimensions.

Given an ED of size 1, 000, we compute the PCE of the Schwefel function by means of the
two approaches with the same truncation options, i.e. p = 30, q = 0.25, r = 2. The values
of the function on 105 samples of the input parameters are predicted by the two PCE models
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(a) Low-rank hyperbolic truncation scheme
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Figure 6: Sobol’ function - Experimental design of size 300 - PDF of the output.

and compared with the values obtained with the numerical functions. The outcomes of the PCE
are presented in Table 2. The relative validation error of h-LAR is smaller than that of LAR,
whereas more polynomials are retained by h-LAR. For this numerical model, h-LAR performs
slightly better than LAR.

Method Size of ED q r Best degree εV Nr

LAR 1000 0.25 2 23 2.2× 10−2 556
h-LAR 1000 0.25 2 30 1.03× 10−2 671

Table 2: Options and results of the utilized PCE

5 CONCLUSIONS AND PERSPECTIVES

In modern engineering and computational sciences, polynomial chaos expansions (PCE)
have been widely used as a powerful tool for uncertainty quantification. The application of
PCE to high-dimensional complex problems might be, however, hindered due to computational
limitations. The reference sparse PCE technique relies on selecting the relevant polynomial ba-
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sis functions from a candidate set defined a priori by means of appropriate truncation schemes.
Recent research shows that it can be more effective to compute PCE with an adaptive basis
enrichment approach instead.

In the current paper, we propose a novel hierarchical adaptive-basis approach, which con-
sists in selecting the important basis elements from an iteratively enriched candidate basis. The
proposed approach is based on combining the least-angle-regression method with the principle
of heredity. The latter, which originated in a biological context, is herein utilized in a statis-
tical sense for detecting the potentially relevant interaction effects in the model. Using some
numerical models, we proved the effectiveness of our approach.

Further investigations are required in order to take into account higher interaction order. In
addition, the current approach updates the candidate basis set only by adding new terms, while
it can also be important to remove irrelevant terms during the process, which may contribute to
further decreasing the computational costs and increasing the accuracy of PCE.
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Abstract. The quasi-periodic oscillation of the vocal folds causes perturbations in the length
of the glottal cycles which are known as jitter. The observation of the glottal cycles variations
suggests that jitter is a random phenomenon described by random deviations of the glottal cycle
lengths in relation to a corresponding mean value and, in general, its values are expressed as
a percentage of the duration of the glottal pulse. The jitter has been the subject for researchers
due to its important applications such as identification of pathological voices (nodulus in the
vocal folds, paralysis of the vocal folds, or even, the vocal aging, among others). Large values
for jitter variation can indicate a pathological characteristic of the voice. The objective of this
paper is to construct a stochastic model of jitter using a mechanical model of the vocal folds.
This model assumes complete right-left symmetry of the vocal folds and considers motion of the
vocal folds only in the horizontal direction. The corresponding stiffness of each vocal fold is
considered as a stochastic process and its modelling is proposed. The probability density func-
tions of the fundamental frequency related to the voices produced are constructed and compared
for different levels of jitter. Some samples of synthesized voices in these cases are obtained.
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1 INTRODUCTION

The systems of voice production are important sensorial structures which permit human
beings communicate, share information, exchange ideas, feelings, emotions, intentions, etc.
The inefficiency of these structures or its absent can make even the social life more difficult. In
addition, there are people who depend upon theirs voices to work, such as broadcasters, singers
and other. So, the interest in evaluating the vocal structures remains in their importance for the
human voice production.

One can say, in a figurative sense, that speech does not start in the lungs, but in the brain.
After the message is created in the mind, it is necessary to make a plan to physically produce the
corresponding sound to transmit the information. An air stream coming from the lungs passes
through the trachea, vocal and nasal structures, and reaches the mouth. In particular, in voiced
speech production, where vowels are included, the production of the voice signal is due to the
oscillation of the vocal folds, which modifies the airflow, before continuous, into pulses of air
(the so-called glottal signal) which will be further filtered and amplified by the vocal tract and,
finally, radiated by the mouth.

However, the oscillations of the vocal folds are not exactly periodic and the pulses of air,
which compose the glottal signal, have not exactly the same time duration. The small random
fluctuation in each glottal cycle length is called jitter and its study is particularly important
in different areas related to the voice generation. It can be used to measure voice quality, to
indicates the presence of pathologies related to the voice, and even to recognize speakers [1, 2,
12].

The objective of this paper is to construct a stochastic model of jitter based on the determin-
istic model created by Flanagan and Landgraf [4] to produce voice, with some modifications
brought from the Ishizaka and Flanagan [5] model and other introduced by the authors. The
idea is to consider the stiffness of the one-mass model as a stochastic process, to model it and
to solve the corresponding stochastic differential equations. The synthesis of voice signals will
be obtained considering different levels of jitter.

2 Deterministic model used

The deterministic model used as start is the one-mass model proposed by Flanagan and Land-
graf to generate voice. The complete model is composed by two subsystems: the subsystem of
the vocal folds (source) and the subsystem of the vocal tract (filter). The two subsystems are
coupled by the glottal flow. During the phonation, the filter is excited by the sequence of pulses
of the glottal signal. Each vocal fold is represented by a mass-stiffness-damper system and
constitute a symmetric system composed by two vocal folds. The vocal tract is represented by
a standard configuration of concatenated tubes [3, 11].
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Figure 1 illustrates a sketch of the model.

Figure 1: Sketch of the Flanagan and Landgraf model (1968).

Thesystem of differential equations to be solved can be divided in three parts: (i) A coupling
equation between the glottal flow and the vocal tract (Eq. (1)); (ii) A system of differential
equations related to the sound acoustic propagation through the vocal tract vocal (Eq. (2)); (iii)
A equation related to the dynamics of the vocal folds (Eq. (3)).

The complete model considered here has some modifications in relation to the original Flana-
gan and Landgraf model. Some of them are in the Ishizaka and Flanagan model, and other
according to Cataldo et al. [6, 8].

The coupling equation is given by Eq. (1):

(Rv +Rk)Ug + Lg
dUg

dt
+ L1

dUg

dt
+

1

C1

∫ t

0

(Ug − U1)dt̂− Ps(t) = 0 , (1)

whereRv = 12µdℓ2Ag−3, Rk = 0, 44ρ | Ug | Ag−2 andLg = ρdAg−1, µ is the air cinematics
viscosity,d is the vocal fold thickness,ℓ is the length of each vocal fold,Ag is the glottal area,
ρ is the air density andUg is the acoustic volume velocity through the glottis.
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The equations related to the wave acoustic propagation throughthe vocal tract are given by
Eq. (2):





(L1 + L2)
dU1

dt
+ (R1 +R2)U1 +

1

C2

∫ t

0

(U1 − U2)dt
′ +

1

C1

∫ t

0

(U1 − Ug)dt
′ = 0

(L2 + L3)
dU2

dt
+ (R2 +R3)U2 +

1

C3

∫ t

0

(U2 − U3)dt
′ +

1

C2

∫ t

0

(U2 − U1)dt
′ = 0

...

...

(Ln−1 + Ln)
dUn−1

dt
+ (Rn−1 +Rn)Un−1 +

1

Cn

∫ t

0

(Un−1 − Un)dt
′

+
1

Cn−1

∫ t

0

(Un−1 − Un−2)dt
′ = 0

(Ln + LR)
dUn

dt
+RnUn − LR

dUR

dt
+

1

Cn

∫ t

0

(Un − Un−1)dt
′ = 0

LR
d(UR − Un)

dt
+RRUR = 0

(2)

wheren is the number of tubes considered and the configuration of the vocal tract is the same
used in [11].

These equations consider the vocal tract representation as a transmission line ofn cylindri-
cal tubes, with area sections given byA1, A2, . . . , An, and tube lengths given byℓ1, ℓ2, . . . , ℓn.

The correspondinginductancesare given byLn =
ρℓn
2An

andthecapacitancesgiven byCn =

(ℓnAn/ρc
2), with c as the sound velocity. To take into account the lost of the vocal tract,re-

sistancesin series are used and calculated byRn = (Sn/A
2
n)
√

ρµω/2, whereSn is the length
of then-th circumference andω is the oscillation frequency of the vocal folds. The line trans-
mission ends with a radiation load such that the inductance is given byLR = (8ρ/3π)

√
πAn

andthe resistance givenRR = (128ρc/9π2An), whereAn is the last section cylindrical area
(corresponding to the mouth).

The vocal folds dynamics is given by Eq. (3):

M
dx2

dt2
+ C

dx

dt
+Kx = F (t) , (3)

wherex(t) is the displacement of the mass,F (t) =
1

2
(P1(t) + P2(t))ℓd is the force upon the

mass, withP1(t) = Ps(t) − 1, 37PB(t), Ps is the subglottal pressure,P2 = −0.50PB(t) and

PB(t) =
1

2
ρ | Ug(t) |2 Ag(t)

−2, whereUg is the glottal flow velocity andAg is the glottal are

given byAg(t) = Ag0 + ℓx(t), with ℓ the length of each vocal fold.
At the moment of the collision of the vocal folds, when the displacement of the mass reaches

the critic valuex0 = −Ag0

ℓ
, the glottis closes andAg(t) andUg(t) remains null untilx(t) > x0.

At this moment, the damping is given byC + C∗ and the force is given byF (t) =
1

2
Ps(t)ℓd,

withC∗ = 2α
√
MK. The values of the parameters used can be found in [7, 8, 10].

In previous works [8, 9, 10], the tension parameter of the vocal folds was considered as a
random variable and its probability density function was constructed, identified by solving an
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inverse stochastic problem and updated using Bayesian statistics. Here,K is considered as a
stochastic process, namedK(t). The corresponding differential stochastic equation is obtained
by substitutingK in Eq. (3) byK(t). The modelling used forK(t) will be explained in details
in the following of this paper.

3 Jitter modelling

Jitter has called the attention of researchers who believe it can be measured using the voice
signal and can be used for discriminating healthy speakers from those with voice pathological
characteristics, and other characteristics related, as aging voice, for example. From the second
middle of eighties years, the research has become less clinical and more methodological. The
methods used to measure jitter, and other characteristics of the voice signal, changed consider-
ably.

One of the first works to quantify jitter was proposed by Lieberman [3] and it was charac-
terized by a factor which considered all perturbations greater than0.5 ms. Other preliminary
studies were based on calculations of a typical value related to the differences between the
lengths of the cycles and their mean values or, more rarely, from the instantaneous frequencies
and their mean values. Basically, these studies agree with the fact that typical values of jitter
are between0.1% and1% of the fundamental period, for the so-called normal voices; that is,
without characteristics of pathologies. It is important to say that, in general, jitter decreases as
the fundamental frequency increases. The majority of the authors conclude that it is possible
to discriminate healthy voices from pathological voices using jitter characteristics and even to
recognize speakers [13, 19, 20, 21, 22].

In general, the authors who work with models of jitter do not consider mathematical models
for the voice production and just a few consider stochastic models [14, 15, 16].

3.1 K(t) modelling

Let K(t) be a stochastic process corresponding to the stiffness in the model used here. So,
the Eq. (3) can be rewritten as Eq. (4):

M
dx2

dt2
+ C

dx

dt
+K(t)x = F (t) . (4)

The following properties of the stochastic process{K(t), t ∈ R}, indexed byR, with values in
R+, are introduced in order to obtain a solution for Eq. (3):

(i) For all t, 0 < K0 ≤ K(t), whereK0 is a positive constant.

(ii) {K(t), t ∈ R} is a stationary stochastic process.

(iii) {K(t), t ∈ R} is a second-order stochastic process, mean-square continuous, with mean
valueK = E{K(t)} > K0 > 0. The centered stochastic processKc(t) is such thatK(t) =
Kc(t) +K. The autocorrelation function ofKc(t) is written asRKc

(τ) =
∫ +∞

−∞
eiωtSKc

(ω) dω
in whichSKc

(ω) is the power spectral density function.

(iv) The varianceσ2
K of the random variableK(t), for all fixed t, is such thatσ2

K = RKc
(0).

For all t fixed,K(t) is modeled as follows:

K(t) = K0 + (K −K0)f(Z + Z(t)) , (5)
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with 0 < K0 < K and the functionf : R → R
+ is acontinuous function and should be chosen

such that
E{f(Z + Z(t))} = 1 and E{f(Z + Z(t))2} < +∞ .

Choosingf(z̃) = z̃2, K(t) is rewritten asK(t) = K0 + (K − K0)(Z + Z(t))2, where
{Z(t), t ∈ R} is a second-order stochastic process, indexed byR, with real values, centered,
mean square continuous, spectral densitySZ(ω) and physically realizable; that is,Sz(ω) satis-
fies the following condition:

∫ +∞

−∞

ℓnSz(ω)

1 + ω2
dω > −∞ . (6)

Stochastic processZ is constructed according to a finite dimension Markov realization [18] that
is written as:

{
Z(t) = UY (t)
dY (t) = −BY (t)dt+ AdW (t) ,

(7)

in whichW is theR-valued normalized Wiener process indexed by[0,+∞[, whereA is a real
constant,B a positive real constant andU a real constant. Taking the particular caseU = 1,
the previous Itô stochastic differential equation can be written as an equality of generalized
stochastic processes [17, 18]:

dZ(t)

dt
= −BZ(t) + A

dW (t)

dt
, (8)

with Z(0) = Z0 aR-valued second-order random variable. Note thatW can defined a general-

ized stochastic process whose generalized derivative
dW

dt
is aR-valued generalized stochastic

process indexed byR+, whose extension onR is stochastically equivalent in the wide sense to

the normalized Gaussian white noiseN =
dW (t)

dt
, which is not a second-order stochastic pro-

cess, but for which the power spectral density function is written, for all realω, SN (ω) =
1

2π
.

Thefrequency response functionH of the linear filterh∗ associated with Eq. (8) is written as

H(ω) =
A

iω +B
.

Thepower spectral density function of the Gaussian stationary stochastic second-order stochas-
tic processZ = h ∗N is such that

SZ(ω) = |H(ω)|2 SN (ω) ,

which is thus written as

SZ(ω) =
1

2π

A2

ω2 +B2
.

Therefore,

E {(Z + Z(t))2} = 1 ⇔ Z2 + E{Z(t)}2} = 1 ⇔ Z2 +

∫ +∞

−∞

SZ(ω)dω = 1

⇔ Z2 +

∫ +∞

−∞

SZ(ω)dω = 1 ⇔ Z2 +

∫ +∞

−∞

A2

2π(ω2 +B2)
dω = 1

⇔ Z2 +
A2

2B
= 1 ⇔ Z2 = 1− A2

2B
≥ 0 .
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So,1− A2

2B
> 0 ⇔ A <

√
2B .

4 Simulations

The objective of this section is to simulate voice signals considering the stochastic model
proposed and, consequently, with jitter.

The subglottal pressure is not considered constant during all the time of simulation, but a
functionps, according to the results obtained in [6], given by:

ps(t) =





8000 sin (5πt) , 0 ≤ t < 0.1
8000 , 0.1 ≤ t ≤ 1.9

8000 sin

(
5πt

9

)
, 1.9 ≤ t < 2 .

and the corresponding plot is given in Fig. 2. The parameters used corresponding to the
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Figure 2: Subglottal pressure.

deterministic model have the following values:Ag0 = 0.05 cm2, ρ = 1.2 × 10−3g/cm3,
c = 346.3×102 cm/s, µ = 1.86×10−5 g/(cm2s),M = 0.24 g,L = 1.4 cm, d = 0.3 cm,K0 =
40.000 g/s2. For the damping coefficient, it was consideredC = 0 andα = 1, i.e, only during
the collision the damping was considered, as in [4]. An analysis has been performed in order
to determine the number of necessary realizations. The constantsA andB in Eq. 8 are taken as
A = 40 andB = 1, 000, 000. The number of realizations isN = 2 × 88, 200 = 176, 400, with
a time step∆t = 1/fs = 1/88200 s. The time of simulation for each realization is then given
by N ×∆t = 2 s. The expected valuesE{K(t)} andE{K(t)2} are independent oft, and are
estimated by

E{K(t)} = lim
t→+∞

K(t) , K(t) =
1

t

∫ t

0

K(t′)dt′ , (9)

E{K(t)2} = lim
t→+∞

K2(t) , K2(t) =
1

t

∫ t

0

K(t′)2dt′ , (10)

which allows for verifying when the ergodicity property is reached.
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Only the first1, 000 points are considered for plotting the graphs shown in Fig. 3.
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Figure 3: (a) Grapht 7→ K(t). (b) Grapht 7→ K2(t).

Since stochastic process is stationary, the Cumulative Distribution Function (CDF) of the ran-
dom variableK(t) or any fixedt, is independent oft is denoted byFK(k), and such that

FK(k) = Proba{K(t) ≤ k} = E{1[−∞,k](K(t))}

1[−∞,k](k
′) =

{
1 , if k′ ≤ k
0 , if k′ > k.

Due to the ergodic property of stochastic processK,

FK(k) = lim
t→+∞

FK(k; t) , FK(k; t) =
1

t

∫ t

0

1[−∞,k](K(t′))dt′ .
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Figure 4 shows the graphs oft 7→ FK(k; t) for different values ofk, considering only the first
1000 time steps of the time simulation.
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Figure 4: For several values ofk, grapht 7→ FK(k; t). The lower graph corresponds to the minimum value ofk,
and the upper graph to its maximum value.

Two samples of voice signals are simulated, one considering only the deterministic model,
without jitter (A = 0) and the others with different levels of jitter (A = 40 andA = 160).
Samples of the glottal signals (Ug) simulated are shown in Fig. 5, considering the case in which
an/a/ vowel is produced. It can be observed the variation of the amplitude, called shimmer,
associated to the jitter.
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Figure 5: Glottal signal without jitter(a) and with jitter (b)A = 40 and (c)A = 160, synthesized by the described
model.
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The output pressure is calculated by byPR(t) =
d

dt
UR(t) andthe plots corresponding to the

glottal flows (Fig. 5) are given in Fig. 6.
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Figure 6: Output pressure signal without jitter(a) and with jitter (b)A = 40 and (c)A = 160, synthesized by the
described model.

It is difficult to observe the variation of the fundamental frequency in these plots. A good
way to observe the variation of the fundamental frequency is to construct the probability density
function (pdf) associated to it.

Then, two voice signals are simulated corresponding to different values ofA, or two different
levels of jitter, and the pdf’s are constructed (Fig. 7).
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Figure 7: Probability density functions of the fundamental frequency considering two different levels of Jitter:
A = 40 (continuous line) andA = 160 (dashed line).

Some results obtained with the vowels synthesis, in the deterministic case, and with two
different levels of jitter (A = 0, A = 40 andA = 160) can be found and heard in
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https://www.dropbox.com/s/mwaq3u6ad96po7x/male140Hz.zip?dl=0, wheredetn corresponds
to the case without jitter,N1 corresponds toA = 40 andN2 corresponds toA = 160.

4.1 Jitter measurements

The jitter features are also calculated using the Praat voice analysis software [23]. Praat
reports different types of measures for jitter, which are listed below.

4.1.1 Absolute

It is the cycle-to-cycle variation of the fundamental frequency,i.e, the average absolute dif-
ference between consecutive periods, in seconds, expressed as Eq. (11):

Jitabs=
1

N − 1

N−1∑

i−1

| Ti − Ti+1 | (11)

whereTi are the lengths of each glottal cycle andN the number of periods considered.

4.1.2 Local

It is the average absolute difference between consecutive periods, divided by the average
period. It is given by Eq. (12):

Jitloc =

1

N − 1

N−1∑

i−1

| Ti − Ti+1 |

1

N

N∑

i=1

Ti

(12)

In general,1.040 is considered as a threshold for pathology.

4.1.3 RAP

It is the relative average perturbation, the average absolute difference between a period and
the average of it and its two neighbors, divided by the average period. In general,0.680 is
considered as a threshold for pathology.

4.1.4 PPQ5

It is the five-point period perturbation quotient, computed as the average absolute difference
between a period and the average of it and its four closest neighbors, divided by the average
period. In general,0.840 is considered as a threshold for pathology; as this number was based
on jitter measurements influenced by noise, the correct threshold is probably lower.

4.1.5 DDP

It is the five-point period perturbation quotient, computed as the average absolute difference
between a period and the average of it and its four closest neighbors, divided by the average
period.
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4.1.6 Summary of the jitter measurements

Using the signals synthesized, with two different levels of jitter, the Praat software was used
for measuring jitter, considering approximately the same number of periods and during the time
the subglottal pressure is constant. Then, Tab. (1) is constructed:

Vowel level Abs Loc RAP PPQ5 DDP
A N1 43.2e-6 0.6 % 0.361 % 0.367 % 1.084 %

N2 182.21e-6 2.553 % 1.522 % 1.504 % 4.566 %
E N1 32.122e-6 0.448 % 0.254 % 0.272 % 0.761 %

N2 133.35e-6 1.575 % 0.808 % 0.852 % 2.453 %
I N1 36.821e-6 0.504 % 0.313 % 0.285 % 0.939 %

N2 116.614e-6 1.599 % 0.948 % 1.028 % 2.845 %
O N1 32.200e-6 0.483 % 0.271 % 0.318% 0.813 %

N2 149.048e-6 2.197 % 1.225 % 1.388 % 3.674 %
U N1 41.421e-6 0.577 % 0.360 % 0.313 % 1.080 %

N2 190.009e-6 2.650 % 1.659 % 1.414 % 4.977 %

Table 1: Jitter measurements calculated by using Praat software.

5 Conclusions

A methodology to construct a stochastic model for creating jitter in a mechanical model for
producing voice is proposed. Such a model considers the stiffness related to the vocal folds as a
stochastic process and the corresponding voice signals are simulated and the probability density
function of the fundamental frequency constructed for different values of the parameters associ-
ated to the stochastic model. The comparison between the probability density functions shows
that the fundamental frequency has variations in relation to a mean value, showing that jitter
was generated. The voice signals were also synthesized and it can be perceived the different
sounds related to a normal voice, without jitter, and to two different levels of jitter, one of them
very similar to a normal voice, with a low percentage of variation of the fundamental frequency
and other with a much greater variation, characterizing a hoarse voice, which can indicate a
characteristic of pathology.
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Abstract. Since the end of last century, ventricular assist devices (blood pumps) became one
of the most common therapeutic instruments for the treatment of cardiac insufficiency, more
than 23 million people are suffering from heart failure worldwide. To this end, computational
fluid dynamics (CFD) is widely used in order to get insight into patient specific blood flow be-
haviour. Despite the fact that a great number of blood pumps are successfully used in practice,
there are still many parameters within the CFD simulation, which face uncertainties due to, for
example, variations in manufacturing processes or patient specific data. This makes uncertainty
quantification an important tool in classical CFD analysis.

We consider the Polynomial Chaos expansion with stochastic Galerkin projection in that
context. It provides a powerful mean of computing the propagation of uncertainties at once by
solution of one single deterministic, and coupled system. A part of the uncertainties we consider
are of geometric type, which model an uncertain angular speed of the rotor segment of the pump.
We adapt the Multiple Reference Frame method to map the rotation to a stationary reference
system and transfer the geometric uncertainty to the Navier-Stokes equations as additional
coriolis and centrifugal forces. We compare numerically a Krylov subspace method with mean
based preconditioning against a multilevel Polynomial Chaos method for the solution of the
governing equations, and verify our results against deterministic reference computations.
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1 INTRODUCTION

Nowadays, medical devices have been undergoing a revolution and high-tech equipments
are used for different purposes among the fields of health care. The innovation in biomedical
devices in last decades grows significantly aiming at safer, more accurate and less invasive
ways to treat patients. In this context, technical blood pumps became one of the most common
therapeutic instruments for the treatment of cardiac insufficiency, e.g., replacing the pumping
functionality of the human heart during surgery [2, 4, 9, 17, 25]. The verification and validation
of such a device by numerical simulation is very difficult as it requires knowledge about various
model parameters. These often face uncertainties, which may arise for example by variations in
manufacturing processes or in patient specific blood characteristics.

In this paper, we analyse a blood pump model based on the incompressible Navier-Stokes
equations with uncertain geometric and model specific parameters. The geometry is adapted
from a benchmark problem of the U.S. Food and Drug Administration [1]. A part of the pump
consists of a rotor with uncertain speed of rotation. Our goal is to map the geometric uncertainty
to the model equations by making use of the Multiple Reference Frame (MRF) method from
deterministic CFD [3, 6, 11, 13]. Thereby, the flow equations can be considered on a stationary
reference domain, while the rotation is modeled by additional coriolis and centrifugal forces
in the momentum equations. We consider the steady state Navier-Stokes equations for laminar
flow with artificially decreased fluid density for stabilization. Although, in a more realistic
scenario an instationary flow with a high Reynolds number needs to be assumed, our solution
can serve as an initial guess, which significantly can improve convergence in the time-dependent
case. Furthermore, our work provides insight into the use of efficient numerical methods for the
MRF method with Uncertainty Quantification in fluid flow problems.

The spatial part is discretized by the finite element method. Assuming a point wise second
order stochastic solution, spectral methods provide a powerful tool in case of a smooth depen-
dence of the system response on the uncertain parameters. Polynomial Chaos (PC) expansions
[10, 27] express the solution as a series of predefined random functionals without prior informa-
tion on the probability law of the solution. The PC basis functionals are orthogonal multivariate
polynomials in the random input variables whose probability distribution is defined a priori.
The coefficients within the expansion need to be determined computationally. One popular ap-
proach is the use of non-intrusive methods, such as Monte Carlo or sparse-grid collocation [16].
An alternative, yet powerful approach is the stochastic Galerkin projection [10, 15], which we
focus on in this work. It has been successfully applied to fluid flow problems with uncertain
parameters, see e.g. [12, 14, 15, 22, 24]. The governing equations are projected on the space
spanned by the Polynomial Chaos basis requiring the solution of a single fully coupled sys-
tem. However, for that case the development of efficient preconditioners and solvers is a big
challenge and is still in its infancy.

The remainder of this paper is structured in the following way. In Section 2 we introduce the
model equations with uncertain parameters and show how the MRF method can be used to map
the geometric uncertainty to the parameter space. Section 3 describes corresponding numerical
solution methods, which we use for the numerical results presented in Section 4. We conclude
this work and provide an outlook on open research questions in Section 5.
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2 MODEL EQUATIONS

We consider the incompressible Navier-Stokes equations in steady state formulation using
primitive variables ~u for velocity and p for pressure:

(~u(~x) · ∇)~u(~x)− ν∆~u(~x) +∇p(~x) = 0, ~x ∈ D, (1)
∇ · ~u(~x) = 0, ~x ∈ D, (2)

~u(~x) = ~g(~x), ~x ∈ Γi, (3)
~u(~x) = 0, ~x ∈ Γw ∪ Γr, (4)∫

Γo

ν∇~u(~x) · ~n(~x)− p(~x)~n(~x) d~x = 0. (5)

The flow is considered onD ⊂ R3 with Γi ⊂ ∂D and Γo ⊂ ∂D defining the Dirichlet inflow and
outflow boundary, respectively (compare Figure 1). At Γw ∪ Γr we prescribe no-slip boundary
conditions. ~n denotes the outward unit normal vector on Γo.

The parameters of the flow are the kinematic viscosity ν > 0 and the Dirichlet boundary
condition ~g. Note that (5) is called the variational ”do-nothing” or variational ”free-stream”
boundary condition, since it does not prescribe anything at Γo. It can be derived from a varia-
tional setting of the momentum equation (1). The inflow boundary condition ~g is modelled by
a Poiseuille profile centred at (0, 0), i.e.,

~g(~x) := ~g(x1, x2, 0) := −Umax(1− (x2
1 + x2

2)/L2)~e3, x2
1 + x2

2 ≤ L2, (6)

where ~x := (x1, x2, x3), and ~e3 := (0, 0, 1). L > 0 denotes the radius of the circular inflow
boundary, and Umax > 0 corresponds to the maximum absolute value of the profile in −~e3

direction. The rotor has diameter D = 0.052[m] for which we assume a fixed angular speed
ω > 0 with axis of rotation ~e3. The dynamics of the flow can be characterized by the Reynolds
number Re, defined as

Re :=
ωD2

ν
. (7)

2.1 Multiple reference frame method (MRF)

D

(a) 2d cross section showing a slice of the rotor. (b) 3d surface with cutting plane for (a).

Figure 1: Geometry of the blood pump. The reference domain for the MRF method DR is
highlighted in (a).

A part of the domain D is moving in time due to the rotation of the rotor. Our goal is to map
the rotation to the equations (1)–(5), and solve them on a stationary reference system. To this
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end, we split D into two parts: DI and DR (compare Figure 1). On DI an inertial coordinate
system is used, which does not require any modification to (1)–(5). ForDR we define a reference
velocity ~uR by

~uR = ~u− ω~e3 × ~x, (8)

for ~x ∈ DR. Since the reference domain is stationary, we need to prescribe additional forces in
the momentum equation to take into account the movement of the domain DR. We assume a
time-independent angular speed, i.e., ω̇ = 0. Therefore, including a coriolis force 2ω~e3×~uR(~x)
and a centrifugal force ω2~e3 × ~e3 × ~x in the momentum equation is sufficient (no Euler force
required). The modified equations read:

(~uR(~x) · ∇)~uR(~x) + 2ω~e3 × ~uR(~x) + ω2~e3 × ~e3 × ~x
−ν∆~uR(~x) +∇p(~x) = 0, ~x ∈ DR, (9)

∇ · ~uR(~x) = 0, ~x ∈ DR, (10)

~uR(~x) = ~h(~x), ~x ∈ Γr. (11)

Here, Γr ⊂ ∂DR denotes the boundary on the rotor on which the rotation of the flow is pre-
scribed by a Dirichlet boundary condition (compare Figure 1). Specifically, we define

~h(~x) := ~h(x1, x2, 0) :=

−ωx2

ωx1

0

 = ω~e3 × ~x. (12)

Note that no boundary condition needs to be prescribed at the intersection of DI and DR. The
coupling between these two domains is provided in a natural way, since the reference geometry
is not moving, therefore the associated finite element mesh connects the corresponding degrees
of freedom. T his can be incorporated easily for assembling the stiffness matrix by introducing
marks for each domain and checking their value within the assembly routine to choose the
correct set of equations.

2.2 Uncertainty model

The flow equations are allowed to have three different sources of parametric uncertainty: 1)
the Dirichlet boundary condition ~g, 2) the angular speed ω, and 3) the kinematic viscosity ν.
We model each of them by independent, uniformly distributed random variables ξi ∼ U(−1, 1),
i = 1, 2, 3 such that

~g(x) = ~g0(x) + σ1~g0(x)ξ1, x ∈ Γi (13)
ω = ω0 + σ2ω0ξ2, (14)
ν = ν0 + σ3ν0ξ3. (15)

In order to ensure positivity, we assume that the variation factors σi satisfy 0 < σi < 1 for
i = 1, 2, 3. The mean ~g0 of the Dirichlet boundary condition is defined as the Poiseuille profile
introduced in (6). We combine the random variables in one random vector ξ := (ξ1, ξ2, ξ3). By
using ξ we actually map an abstract probability space (Ω,A,P) with sample space Ω, sigma-
algebra A ⊆ 2Ω, and probability measure P to the subset Ξ ⊆ R3, which along with the
probability distribution of ξ and a corresponding Borel set also defines a probability space. We
therefore do not need to pose our problem in terms of Ω, we rather can express all stochastic
quantities in terms of ξ. Note that this results in an additional explicit dependence of the velocity
and pressure variables on ξ.
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2.3 Stochastic Galerkin projection

We employ a Polynomial Chaos (PC) expansion for the velocity and pressure components
of the flow [28, 29]. Specifically, we expand these quantities in terms of an infinite series using
orthogonal polynomials in ξ:

~u(~x, ξ) =
∞∑
i=0

~ui(~x)ψi(ξ), p(~x, ξ) =
∞∑
i=0

pi(~x)ψi(ξ), (16)

where we assume that ~u and p are square-integrable with respect to ξ point wise in ~x, i.e.,
~u(~x), p(~x) ∈ L2(Ξ). {ψi}∞i=0 denote the Chaos Polynomials, which in our case correspond to
normalized Legendre Polynomials. These are orthogonal with respect to the constant probabil-
ity density function of ξ, i.e., ∫

[−1,1]3
ψi(ξ)ψj(ξ)

1

23
dξ = δij, (17)

where δij denotes the Kronecker delta function, i.e., δij = 0, if i 6= j, δii = 1 otherwise. Since
infinite sums are not feasible for numerical computation a truncation is employed by prescribing
a maximum total polynomial degree d ∈ N such that

~u(~x, ξ) ≈
P∑
i=0

~ui(~x)ψi(ξ), p(~x, ξ) ≈
P∑
i=0

pi(~x)ψi(ξ), (18)

where P + 1 = (d+ 3)!/(d!3!). For a convergence analysis regarding the classical formulation
of Polynomial Chaos in the Gaussian case see [5]. The generalized case is treated in [8].

We discretize the stochastic space by the stochastic Galerkin projection, see for example
[15]. We illustrate the procedure on the set of equations (9)–(11) on the reference domain.
In a similar way, the same procedure can be applied to the system (1)–(5) as well. First, the
truncated PC expansions are inserted into the equations (9)–(11), resulting in:

P∑
i,j=0

(~uR,i · ∇)~uR,jψiψj +
P∑

i,j=0

2ωi~e3 × ~uR,jψiψj

+
P∑

i,j=0

ωiωj~e3 × ~e3 × ~xψiψj −
P∑

i,j=0

νi∆~uR,jψiψj +
P∑
i=0

∇piψi = 0, (19)

P∑
i=0

∇ · ~uR,iψi = 0, (20)

P∑
i=0

~uR,iψi = (ω0ψ0 + ω2ψ2)~e3 × ~x, (21)

where we stopped noting the dependence of the velocity and pressure components on ~x and ξ
for notational convenience. We artificially define

ωi := 0, i 6= 0, 2, ω2 := σ2ω0, νi := 0, i 6= 0, 3, ν3 := σ3ν0 (22)

for ease of illustration. Note that by definition we have ψ0(ξ) = 1, ψ1(ξ) = ξ1, ψ2(ξ) = ξ2, and
ψ3(ξ) = ξ3. Now the resulting system gets multiplied by some ψk, k = 0, . . . , P , and the L2
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inner product on L2(Ξ) denoted by 〈·, ·〉 is taken on the equations. Using the orthogonality of
the polynomials we arrive at the discretized system:

P∑
i,j=0

(~uR,i · ∇)~uR,jcijk +
P∑

i,j=0

2ωi~e3 × ~uR,jcijk

+
P∑

i,j=0

ωiωj~e3 × ~e3 × ~xcijk −
P∑

i,j=0

νi∆~uR,jcijk +∇pk = 0, ~x ∈ DR (23)

∇ · ~uR,k = 0, ~x ∈ DR (24)
~uR,k = ωk~e3 × ~x, ~x ∈ Γr (25)

for k = 0, . . . , P , and cijk := 〈ψiψj, ψk〉.
In summary, the following set of equations need to be solved on DI and DR, respectively:

P∑
i,j=0

(~ui · ∇)~ujcijk −
P∑

i,j=0

νi∆~ujcijk +∇pk = 0, ~x ∈ DI (26)

∇ · ~uk = 0, ~x ∈ DI (27)
~uk = 〈~g(x), ψk〉, ~x ∈ Γi (28)

~uk(~x) = 0, ~x ∈ Γw, (29)
P∑

i,j=0

∫
Γo

νi∇~uj(~x) · ~n(~x)cijk − pk(~x)~n(~x) d~x = 0. (30)

P∑
i,j=0

(~ui · ∇)~ujcijk +
P∑

i,j=0

2ωi~e3 × ~ujcijk

+
P∑

i,j=0

ωiωj~e3 × ~e3 × ~xcijk −
P∑

i,j=0

νi∆~ujcijk +∇pk = 0, ~x ∈ DR (31)

∇ · ~uk = 0, ~x ∈ DR (32)
~uk = ωk~e3 × ~x, ~x ∈ Γr, (33)

for k = 0, . . . , P . Note that since the equations are posed on a stationary reference system,
we do not need to distinguish between reference variables ~uR, pR and inertial variables u, p in
equations (26)–(33). We continue with a brief discussion of our used solvers in the following
section.

3 NUMERICAL METHODS

The quadratic non-linearity in the convective term of the momentum equations (26) and (31)
is linearised using Newton’s method. In each Newton iteration a linear system needs to be
solved for ~u and p given some linearisation point ~v and q. The corresponding momentum and
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mass equations read:
P∑

i,j=0

(~uj · ∇)~vicijk +
P∑

i,j=0

(~vi · ∇)~ujcijk −
P∑

i,j=0

νi∆~ujcijk +∇pk = −r(~v, q), ~x ∈ DI , (34)

P∑
i,j=0

(~uj · ∇)~vicijk +
P∑

i,j=0

(~vi · ∇)~ujcijk

+
P∑

i,j=0

2ωi~e3 × ~ujcijk −
P∑

i,j=0

νi∆~ujcijk +∇pk = −r(~v, q), ~x ∈ DR, (35)

∇ · ~uk = −∇ · ~vk, ~x ∈ D, (36)

where the momentum residual r(~v, q) is defined as the evaluation of (26) and (31) at the velocity
~v and pressure q given by the Newton iteration. The next Newton iterates, say ~unew and pnew
are given by ~unew := ~v + ~u, pnew := q + p.

The spatial part of equations (34)–(36) is discretized by the finite element method using
Lagrangian Taylor-Hood elements of degree two and one for the velocity and pressure PC co-
efficients, respectively [26].

3.1 Mean based preconditioner

After discretization of the spatial part, we obtain a linear system of equations for the Newton
system (34)–(36). We use a Krylov subspace method to compute its solution. Specifically, we
employ the generalized minimal residual method (GMRES [21]). Choosing a good precondi-
tioner is crucial to speed up the convergence of GMRES. In [18, 19] a mean based precondi-
tioner has been analysed, which is effective if the stochastic variations σi, i = 1, 2, 3 do not
become too large.

The stiffness matrix A(~v) ∈ R(P+1)N,(P+1)N associated to a finite-element discretization
using N degrees of freedom of equations (34)–(36) at linearisation point ~v can be written in
terms of the Kronecker product:

A(~v) =
P∑
i=0

Gi ⊗ Ai(~v), (37)

where Ai(~v) ∈ RN,N , i = 0, . . . , P denote the Kronecker factors and Gi ∈ RP+1,P+1, i =
0, . . . , P denote the stochastic Galerkin matrices defined by (Gi)j,k := cijk. The Kronecker
factors Ai(~v) can be extracted from equations (34)–(36). A Kronecker factor Ai(~v) corresponds
to the finite element discretization of:

(~u · ∇)~vi + (~vi · ∇)~u− νi∆~u+∇p, ~x ∈ DI , (38)
(~u · ∇)~vi + (~vi · ∇)~u+ 2ωi~e3 × ~u− νi∆~u+∇p, ~x ∈ DR, (39)

∇ · ~u, ~x ∈ D, (40)

where ~u and p represent deterministic velocity and pressure variables associated to Ai(~v) =
Ai(~vi). The mean based preconditioner B is then defined as

B := I ⊗ A0(~v) = I ⊗ A0(~v0), (41)

which has the attractive feature that it is block-diagonal and therefore applicable in a decoupled
way with respect to the stochastic space. This gives a natural parallelism in the preconditioning
step.
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3.2 Multilevel method

As an alternative to using Krylov subspace methods for solving the linear system of equa-
tions for the Newton system (34)–(36) we consider a multilevel approach, which is inspired
by multigrid algorithms for deterministic problems. It has already been successfully applied to
elliptic equations with random parameters in [20, 23].

The Polynomial Chaos expansion presents a natural hierarchy with respect to the total poly-
nomial degree. Let Sd denote the space spanned by the Chaos Polynomials up to the total degree
d ∈ N, i.e.,

Sd := span{ψ0, . . . , ψPd
}, (42)

with Pd + 1 = (d+M)!/(d!M !), where M denotes the dimension of ξ, i.e., in our case M = 3.
We can express the hierarchy by a nested sequence of spaces

S0 ⊆ S1 ⊆ · · · ⊆ Sd. (43)

Given some total degree d suppose we can write the spatially discretized Newton step (34)–(36)
in the following way:

Pd∑
i=0

(Gi ⊗ Ai)yd = −bd, (44)

with yd, bd ∈ R(Pd+1)N denoting the solution and residual vector in the Newton system. Here,
we assume N degrees of freedom for the finite element discretization. We stopped noting
the dependence of Ai on the linearisation vector ~v for notational convenience. We can adapt
the idea from deterministic multigrid algorithms to the nested subspace structure given in (42)
with ”grid level” d. To exchange information between different levels, we define a restriction
operatorRd−1 as the L2 projection of Sd onto Sd−1, and a prolongation operator Pd as a natural
inclusion operator from Sd−1 to Sd. As a smoothing operator we employ θ iterations of the mean
based preconditioner, i.e., given an initial iterate yd0 we perform θ iterations of the following
form:

ydk+1 := Bdydk := ydk + (Id ⊗ A0)−1(bd −
Pd∑
i=0

(Gi ⊗ Ai)ydk), (45)

where k is the iteration index, and Id denotes the identity matrix of dimension Pd+1. For d = 0
we obtain the mean problem A0y0 = b0. A brief overview of the multilevel method is provided
in Figure 2. Note that in the multilevel method only solutions to the mean operator A0 need to
be computed if full cycles (down to d = 0) are used.

4 NUMERICAL RESULTS

We use the inexact Newton method for solving the non-linear system in (26)–(33). In contrast
to the classical Newton method, it only requires approximate solutions within each Newton step
in order to obtain convergence. Thereby, we employ the strategy ”choice 1” of Eisenstat and
Walker [7] with initial ”forcing term” equal to 0.5, i.e., the first Newton system needs to be
solved to a relative accuracy of 0.5. The relative accuracy is then decreased for each following
Newton iteration by the ”choice 1” strategy.

For the solution of the linear systems arising in the Newton iterations we employ the GMRES
and Multilevel (ML) method as described in the previous section. Since both methods require
multiple solves with respect to the mean operator A0 – either for the preconditioner in GMRES
or the smoothing operator in ML – we need to define an ”inner” solver for these systems as well.
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1: if (d = 0) then
2: solve A0y0 = b0 (system size N )
3: else
4: yd = Bθdyd (pre-smoothing, θ times)
5: rd := bd −

∑Pd

i=0(Gi ⊗ Ai)yd (compute linear residual on level d)
6: rd−1 = Rd−1rd (restrict residual to level d− 1)
7: for m = 0 to m < µ do
8: ML(cd−1, rd−1, d− 1) (correction computation on level d− 1, µ times)
9: end for

10: cd = Pdcd−1 (prolongate correction to level d)
11: yd = yd + cd (update solution with correction on level d)
12: yd = Bθdyd (post-smoothing, θ times)
13: end if
Figure 2: One cycle of the multilevel method: ML(yd, bd, d) given a vector yd and right hand
side bd on level d. µ = 1 results in a V -cycle, µ = 2 in a W -cycle.

Inflow maximal speed (m/s) 0.55 Inflow speed variation (σ1) 10%
Dynamic viscosity (N · s/m2) 0.0035 Viscosity variation (σ3) 10%
Angular speed (rad/s) 261.8 Angular speed variation (σ2) 10%
RPM 2500 Density (Kg/m3) 1.035

Table 1: Model parameter values.

We again rely on the GMRES method with incomplete LU preconditioning for that case, which
should not be confused with the ”outer” GMRES solver for the stochastic Galerkin system.
SinceA0 omits a saddle point structure, we apply the LU factorization on the upper left diagonal
block of the matrix A0.

Furthermore, we analyse two variants of the ML method, the first one of which solves each
system withA0 to a relative accuracy below 10−12, while the second one uses a relative accuracy
of 10−1. We denote these two variants by MLexact and MLappr, respectively. The relative
error tolerances for the ”outer” solvers, GMRES and ML, are provided by the inexact Newton
method, which itself is iterating until an absolute or relative error is achieved below 10−9.

As described in section 2.2, we consider three independent and uniformly distributed uncer-
tain parameters in our numerical model: the inflow boundary velocity, the kinematic viscosity
and the rotor’s angular speed. Their values and stochastic variation factors are provided in Ta-
ble 1. As defined in section 2 this results in a mean Reynolds number Re ≈ 200. We compare
three different total polynomial degrees (d = 3, d = 4 and d = 5) for the PC expansion, which
result in 20, 35 and 56 PC modes for the velocity and pressure variables, respectively. The dis-
cretization of the spatial component is done by Lagrangian finite elements with degree 2 for the
velocity and degree 1 for the pressure PC modes. This results in 919,334 degrees of freedom
per PC mode (for both velocity and pressure) using a finite element mesh with 192,451 cells.

Table 2 provides a comparison of the computational cost associated to each method. We
first compare GMRES with MLexact. Both methods perform similar in terms of number of
iterations, while MLexact demonstrates a slightly more robust convergence behaviour. How-
ever, MLexact requires more solutions to the mean operator A0, more evaluations of residuals
and more iterations in average for the solution of the mean systems associated to A0. The
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Newton iter. (d = 3) Newton iter. (d = 4) Newton iter. (d = 5)
1 2 3 4 1 2 3 1 2 3

GMRES

Niter 1 2 3 - 1 2 3 1 2 3
Nres 2 3 4 - 2 3 4 2 3 4
NA0 23 60 80 - 23 102 140 23 136 224
N iter,A0 706 931 967 - 706 755 933 706 619 893

MLexact

Niter 1 1 1 - 1 1 2 1 1 1
Nres 11 11 11 - 14 14 27 17 17 17
NA0 55 68 67 - 107 139 278 180 251 251
N iter,A0 758 1380 1804 - 715 1307 919 600 1093 1346

MLappr

Niter 1 1 3 2 1 1 3 1 1 1
Nres 11 11 31 21 14 14 40 17 17 33
NA0 57 69 207 138 108 139 417 183 251 502
N iter,A0 63 95 137 338 49 75 107 41 63 102

Table 2: Comparison of 3 different polynomial degrees of the PC expansion. Niter denotes the
number of GMRES iterations or V-cycles, respectively. Nres denotes the number of residual
computations, NA0 denotes the number of systems, which need to be solved with the mean
matrix A0, and N iter,A0 denotes the averaged number of GMRES iterations, which are required
to compute solutions with A0. The average is taken in each Newton iteration over all system
solves associated to A0.

increase in computational effort with respect to the Newton iteration is related to the inexact
Newton approach, which decreases the relative error tolerances in each iteration and therefore
requires more iterations in each Newton step. In contrast, MLappr outperforms both GMRES
and MLexact. Although for d = 3 one additional Newton iteration is required for MLappr, the
dominant computational cost is significantly lower. We measure this cost in terms of Cs, which
is defined as the product of the number of system solves associated to A0 and the average num-
ber of GMRES iterations used for A0, i.e., Cs = NA0N iter,A0 as defined in Table 2. The savings
in computational cost are highlighted in Fig. 3.

Figure4 depicts the mean of the solution for the pressure and velocity. The highest pressure
can be observed in the area of inlet because of the prescribed inflow boundary condition for
the velocity. Within the rotor segment the pressure is varying on both sides due to Coriolis
and centrifugal forces. As expected, the velocity around the blade’s outer edge (near to rim) is
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(c) PC degree d = 5.

Figure 3: Comparison of the computational cost of GMRES, MLexact and MLappr.
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Figure 4: Mean of the flow profile and pressure.

much higher than in the area around the hub. Overall, the mean of the flow demonstrates a stable
laminar behaviour, which has been verified with deterministic reference computations. To this
end, we computed the l2 difference between each deterministic reference and the corresponding
stochastic point evaluation of the PC expansion of the stochastic solution at various points in
the stochastic domain. The maximum of these errors was slightly below 10−6 for the case d = 3
with smaller values for larger polynomial degrees of the PC expansion.

In Figure 5 we depict the standard deviation of the velocity components and the pressure
variable. For the pressure, most uncertainty has impact on the inlet part, while for the ~e1 and
~e2 component of the velocity the dominant uncertainty is close to the rim in the rotor domain.
Note that only minor uncertainty can be observed in the outlet part. We expect this to increase
significantly for a higher Reynolds number flow.

5 CONCLUSIONS

We presented a numerical simulation of a bloop pump with uncertain parameters. To this
end, we showed how to adapt the Multiple Reference Frame method to transfer the uncertain
angular speed of the rotor to the governing equations. This enables the use of the stochastic
Galerkin projection with Polynomial Chaos for discretization of the dependence of the flow
profile and pressure on the uncertain parameters.

We focused on a stabilized flow by artificially increasing the kinematic viscosity of the fluid.
This results in a steady state laminar flow regime, which can be used as an initial iterate for
an unsteady simulation for higher Reynolds numbers. We analysed three different numerical
solution methods, GMRES, exact Multilevel and approximate Multilevel. While GMRES dis-
played faster convergence than exact Multilevel, the approximate version clearly outperformed
the other two with significantly less numerical cost. In addition, we verified our results against
deterministic reference solutions, which showed high accuracy even for a third order PC expan-
sion. In principle, the proposed methods can be reused for other stochastic fluid flow problems
as well.

Our current work is focused on the extension of the CFD analysis to the time-dependent case
for higher Reynolds number flows. Although, we employed the stochastic Galerkin projection
in this work, the computed PC expansion of the flow profile and pressure can be evaluated at
any point in the parameter space. Therefore, in the unsteady case both the stochastic Galerkin
projection and non-intrusive methods can reuse the computed solution.
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Figure 5: Standard deviations for the flow profile and pressure.
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Abstract. The recent improvements in turbomachinery design combined to the unavoidable
requirements of kerosene savings require to analyze the exceptional operating regime of bladed
disks, for which large deformations and large displacements can occur. It seems then quite
appropriate to consider the geometrically nonlinear effects in the computational models ded-
icated to the analysis of mistuned turbomachinery bladed-disks. A special attention has to be
first given to the case of geometrically nonlinear tuned bladed disks. The large set of nonlinear
coupled differential equations issued from the finite element model of the tuned structure has to
necessarily be solved in the time domain, leading us to establish a reduced-order strategy. The
operators of the corresponding mean nonlinear reduced-order model are then deduced from its
explicit construction as shown in the context of three-dimensional solid finite elements. One
also has to focus on the modeling of the external load, corresponding to a frequency band cho-
sen for the excitation, which has to be selected according to usual turbomachinery criterions.
The external load has to be defined in the time domain but has to represent a uniform sweep
in the frequency domain. We then propose to implement the mistuning uncertainties by using
the nonparametric probabilistic framework . We then obtain a stochastic reduced-order model,
which requires to solve a reasonable set of uncertain nonlinear coupled differential equations
in the time domain, yielding appropriate efficient and dedicated algorithms to be constructed.
Such computational strategy provides an efficient computational tool, which is applied on a fi-
nite element model of an industrial centrifugal compressor with a large number of degrees of
freedom. This allows new high complex dynamical behaviors to be put in evidence.

107
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1 INTRODUCTION

In general, the natural cyclic symmetry of turbomachinery bladed disks is broken because
of manufacturing tolerances and material dispersions, which create small variations from one
blade to another one. Such phenomena, referred to mistuning, can generate localization effects
combined to a dynamic amplification of the forced response [1]. Many research efforts have
been carried out on this subject, including reduced-order models with probabilistic approaches
in the numerical modeling, for taking into account the random character of mistuning [2, 3] and
giving rise to strategies for the robust design of such structures [4]. Another essential aspect is
to consider the geometric nonlinear effects in the computational models occurring when excep-
tional operating speeds of bladed disks are analyzed due to geometric nonlinearities induced by
large deformations and large displacements [5, 6]. Such situation is realistic when considering a
flutter kind phenomenon induced by unsteady aerodynamic coupling and yielding low damping
levels. Since the unsteady aerodynamic coupling is not considered in this paper, the nonlinear
domain is simulated by increasing the magnitude of the external load, while performing forced
response calculations. The present paper proposes a methodology adapted to geometric nonlin-
ear analysis of mistuned bladed disks combined with an industrial realistic application. The first
part is devoted to the development of an adapted nonlinear reduced-order computational model
for the tuned structure, referred as the MEAN-NL-ROM. It is explicitly constructed in the con-
text of three-dimensional solid finite elements [7] by using an appropriate projection basis [8]
obtained here by a linear tuned eigenvalue analysis. In a second Section, once the MEAN-NL-
ROM is established, mistuning is taken into account by implementing uncertainties through the
nonparametric probabilistic framework [9, 10], yielding a nonlinear stochastic computational
model referred as the STOCH-NL-ROM. The numerical algorithm used for solving such set of
nonlinear stochastic coupled differential equations is explained. Finally, a numerical applica-
tion, consisting of a finite-element model of an industrial integrated bladed disk with about 2,
000, 000 dof is considered. The geometric nonlinear effects are analyzed and quantified through
the dynamic analysis of the magnification factor in both tuned and mistuned cases.

2 CONSTRUCTION OF THE MEAN-NL-ROM RELATED TO THE TUNED STRUC-
TURE

This Section is devoted to the construction of the MEAN-NL-ROM related to rotating bladed-
disks structures with cyclic symmetry. In the present work, the bladed disk under consideration
is assumed (1) to be made up of a linear elastic material and (2) to undergo large displacements
and large deformations inducing geometrical nonlinearities.

2.1 Description of the geometric nonlinear boundary value problem

The structure under consideration is a bladed-disk structure with aM -order cyclic symmetry.
Thus, the geometrical domain, the material constitutive equation, and the boundary conditions
related to the generating sector are invariant under the 2π/M rotation around its axis of sym-
metry. Moreover, the bladed disk undergoes a rotational motion around the axis of symmetry
with constant angular speed Ω. The structure is made up of a linear elastic material and is as-
sumed to undergo large deformations inducing geometrical nonlinearities. A total Lagrangian
formulation is chosen, which means that the dynamical equations are expressed in the rotating
frame of an equilibrium configuration considered as a prestressed static configuration. Let W be
the three-dimensional bounded domain corresponding to such reference configuration and sub-
jected to the body force field g(x, t), in which x denotes the position of a given point belonging
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to domain W. The boundary ∂W is such that ∂W = G∪S with G∩S = ∅ and the external unit
normal to boundary ∂W is denoted by n. The boundary part G corresponds to the fixed part of
the structure (in the local rotating frame (x1, x2, x3)) whereas the boundary part S is subjected
to the external surface force field G(x, t). Note that the external force fields are derived from the
Lagrangian transport into the reference configuration of the physical body/surface force fields
applied in the deformed configuration. The external load can represent, for instance, the un-
steady pressures applied to the blades. The displacement field expressed with respect to the
reference configuration is denoted as u(x, t).

2.2 MEAN-NL-ROM

Let C be the admissible space defined by

C = {v ∈ Ω , v sufficiently regular , v = 0 on G} . (1)

The vector q = (q1, . . . , qN) of the generalized coordinates is then introduced as a new set
of unknown variables by projecting the reference nonlinear response u(x, ·) on the vector space
spanned by the finite family {�1, · · · ,�N} of a given vector basis of C. The MEAN-NL-ROM
is then described by the approximation uN(x, t) of order N of u(x, t) such that

uN(x, t) =
N∑

β=1

�
β(x) qβ(t) , (2)

in which q is solution of the nonlinear differential equation

Mαβ q̈β + (Dαβ+C(Ω)αβ) q̇β + (K(e)
αβ+K(c)(Ω)αβ+K(g)

αβ) qβ +K(2)
αβγ qβ qγ +K(3)

αβγδ qβ qγ qδ = Fα .
(3)

The usual convention of summation over Greek or Latin repeated indices is used. Let ρ(x) be
the mass density field expressed in the reference configuration and let a = {aijk`}ijk` be the
fourth-order elasticity tensor, which satisfies the usual symmetry, boundedness, and positive-
definiteness properties. In Eq. (3), the reduced operators [M ], [K(g)] and [K(e)] are the mass,
geometrical stiffness, and elastic stiffness real (N × N) matrices with positive-definiteness
property, for which entries are defined by

Mαβ =

∫
W
ρϕαi ϕ

β
i dx . (4)

K(e)
αβ =

∫
W
ajk`m ϕ

α
j,k ϕ

β
`,m dx , (5)

K(g)
αβ =

∫
W
σ
(g)
ij ϕαs,i ϕ

β
s,j dx , (6)

where the second-order symmetric tensor field �(g) = {σ(g)
ij }ij represents the Cauchy con-

straints acting on the reference configuration, and where ψi,j = ∂ψi

∂xj
. The rotational effects

are taken into account through the reduced operators [C(Ω)] and [K(c)(Ω)], which represent the
gyroscopic coupling term with antisymmetry property and the centrifugal stiffness term with
negative-definiteness property, which are written as

Cαβ(Ω) =

∫
W

2 ρ [R]ijϕ
α
j ϕ

β
i dx , (7)
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K(c)
αβ(Ω) =

∫
W
ρ [R]ik [R]kjϕ

α
j ϕ

β
i dx , (8)

where the (3 × 3) matrix [R] is such that [R]ij = −Ω εij3, where εijk is the Levi-Civita
symbol such that εijk = ±1 for an even or odd permutation and εijk = 0 otherwise. It
should be noted that the centrifugal effects are assumed to be sufficiently small so that the linear
stiffness reduced matrix [K(Ω)] = [K(e)] + [K(c)(Ω)] + [K(g)] is positive definite, yielding only
stable dynamical systems to be considered. The geometric nonlinearities are taken into account
through the quadratic and cubic stiffness contributions K(2)

αβγ and K(3)
αβγδ which are written as

K(2)
αβγ =

1

2

(
K̂
(2)

αβγ + K̂
(2)

βγα + K̂
(2)

γαβ

)
, (9)

K̂
(2)

αβγ =

∫
W
ajk`m ϕ

α
j,k ϕ

β
s,` ϕ

γ
s,m dx , (10)

K(3)
αβγδ =

1

2

∫
W
ajk`m ϕ

α
r,j ϕ

β
r,k ϕ

γ
s,` ϕ

δ
s,m dx . (11)

It can easily be shown that tensor K(2)
αβγ has permutation-invariance property and that tensor

K(3)
αβγδ has positive-definiteness property. Concerning the reduced damping operator, a modal

damping model is added. Finally, the reduced external load is written as

Fα =

∫
W
giϕ

α
i dx +

∫
S
Giϕ

α
i ds , (12)

Concerning the choice of the projection basis, the one related to the linear eigenvalue prob-
lem of the rotating tuned conservative structure, for which the gyroscopic coupling effects are
ignored, is chosen. Since the tuned structure has a perfect cyclic symmetry, the use of the dis-
crete Fourier transform allows for rewriting the eigenvalue problem of the whole tuned structure
into uncoupled sub-eigenvalue problems related to the generator sector with appropriate bound-
ary conditions [13, 14]. The eigenvectors of the whole tuned structure are then reconstructed in
its corresponding physical space. Note that these eigenvectors are ordered by increasing values
of their corresponding eigenvalues λα, α ∈ {1, . . . , N} and verify the following orthogonality
properties,

Mαβ = δαβ , K(g)
αβ + K(c)(Ω)αβ + K(e)

αβ = λα δαβ , (13)

where δαβ is the Kronecker symbol such that δαβ = 1 if α = β and δαβ = 0 otherwise. It
should be noted that such projection basis issued from a linear eigenvalue problem is used for
the construction of the MEAN-NL-ROM, which means that a systematic convergence analysis
with respect to N is carried out so that the MEAN-NL-ROM is representative of the nonlinear
dynamical behavior of the structure.

2.3 Numerical aspects for the construction of the nonlinear reduced operators

The MEAN-NL-ROM is explicitly constructed from the knowledge of the projection basis.
It is carried out in the context of the three-dimensional finite element method, for which the
finite elements are chosen as isoparametric solid finite elements with 8 nodes with a numerical
integration using 8 Gauss integration points. Concerning the construction of the quadratic and
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Evangéline Capiez-Lernout, Christian Soize, and Moustapha Mbaye

cubic nonlinear stiffness operators, the methodology presented in [11] is used. In particular,
due to the chosen strategy for the mistuning modeling, it should be underlined that the K̂(2)

αβγ

and K(3)
αβγδ nonlinear stiffness entries have to be explicitly known. The numerical procedure

uses the symmetry properties of the reduced operators, combined with the use of distributed
calculations in parallel computer in order to optimize its efficiency. The main steps, which
can be found in details in [11], require (1) the computation of the elementary contributions of
each type of internal forces projected on the vector basis, (2) the finite element assembly of
these elementary contributions, (3) the computation of the reduced operators by projecting each
assembled internal force on the projection vector basis.

2.4 Strategy for the construction of the external load

In the present case, the presence of the geometric nonlinearities yields the nonlinear differ-
ential equation Eq. (3) to be solved in the time domain, the frequency content of the nonlinear
dynamical response being a posteriori post-analyzed by using a Fast-Fourier-Transform (FFT).
The reduced excitation issued from the external load is assumed to be splitted according to a
spatial part and to a time-domain part such that

Fα(t) = f0 rα g(t) , (14)

in which f0 is a coefficient characterizing the global load intensity, where r is a RN -vector cor-
responding to the spatial modal contribution of the external load, and where g(t) describes the
time evolution of the load. Similarly to the usual linear analysis of structures with M -order
cyclic symmetry, the excitation is constructed with a cyclic spatial repartition and a constant
phase shift (2π h)/M from one blade to another one, so that only the eigenfrequencies cor-
responding to a given h circumferential wave number are excited. Note that the use of the
cyclic symmetry property has no real interest for expressing the nonlinear response according
to its harmonic components because a decoupling between the harmonic components cannot
be obtained. Moreover, it should be recalled that the usual linear analysis of bladed-disk struc-
tures requires to display the eigenfrequencies of the structure with respect to its circumferential
wave number. It can be shown that the eigenmodes corresponding to localized blade modes are
characterized by straight lines contrary to the eigenmodes corresponding to global coupled disk-
blade modes. It is well known that the mistuning important effects of response amplification are
concentrated in ”veering” zones for which the coupling between the disk motion and the blade
motion is the strongest. For this reason, the nonlinear dynamical analysis has to be performed
in a chosen frequency band of excitation and not for a single frequency excitation. Because of
the geometric nonlinearities, the use of a harmonic excitation seems to be inappropriate because
the set of nonlinear coupled differential equations should be solved for each harmonic excita-
tion considered. The strategy is to simultaneously and uniformly excite all the frequencies of
the given frequency band of excitation so that only one computation of the nonlinear dynamical
problem is required. In Eq. (14), the function g(t) is defined by

g(t) =
2π∆ν

π
sincπ(t∆ν) cos(2π s∆ν t) , (15)

where x 7→ sincπ(x) is the function defined by sincπ(x) = sin(π x)/(π x). Note that the
Fourier transform of such function is

ĝ(2πν) = 1B̃e
(2πν) , (16)
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in which 1B̃(x) = 1 if x ∈ B and 0 otherwise, and where B̃e = {−Be}
⋃
{Be} with

Be = [2π (s− 1/2) ∆ν, 2π (s+ 1/2) ∆ν] . (17)

It should be noted that such time-evolution excitation allows a forced-response problem and
not a time-evolution problem with initial conditions to be considered. The forced-response
problem is thus approximated by an equivalent time-evolution problem with zero initial condi-
tions over a finite time interval, which includes almost all of the signal energy of the excitation.

3 UNCERTAINTY QUANTIFICATION INDUCED BY THE MISTUNING

The random nature of the mistuning is then considered by implementing the nonparamet-
ric probabilistic approach, which presents the capability to include both the system-parameter
uncertainties and the model uncertainties induced by modeling errors (see [9] for a complete
review on the subject). Since the analysis is carried out for the class of integrated bladed disks
that are manufactured from a unique solid piece of material, the uncertainties are not consid-
ered to be independent from one blade to another one (in opposite to the case of a fan). The
MEAN-NL-ROM is constructed by modal analysis without any sub-structuring techniques.

3.1 Nonparametric probabilistic model for the mistuning

It is assumed that only the linear operators of the structure are concerned with the mistuning
phenomenon. The linear reduced operators [M], [D], [C(Ω)], [K(g)], [K(c)(Ω)], and [K(e)] of the
MEAN-NL-ROM are replaced by the random matrices [M], [D], [C(Ω)], [K(g)], [K(c)(Ω)], and
[K(e)] defined on the probability space (Θ , T , P) such that E{[M]} = [M], E{[D]} = [D],
E{[C(Ω)]} = [C(Ω)], E{[K(g)]} = [K(g)], E{[K(c)(Ω)]} = [K(c)(Ω)], and E{[K(e)]} = [K(e)], in
which E is the mathematical expectation.

Let [A] be a (N ×N) matrix issued from the MEAN-NL-ROM with positive-definite prop-
erty. For instance, it represents, the mass, the damping, the geometrical stiffness, the linear
elastic stiffness or the centripetal stiffness. The corresponding random matrix [A] is then writ-
ten as

[A] = [LA]T [GA(δA)] [LA] , (18)

in which [LA] is the (N × N) upper triangular matrix issued from the Cholesky factorization
of [A], and where [GA] is a full random matrix with values in the set of all the positive-definite
symmetric (N ×N) matrices.

When [A] is the gyroscopic coupling matrix, the corresponding random matrix [A] is then
written as

[A] = [UA] [LA]T [GA(δA)] [LA] , (19)

in which the matrices [UA] and [LA] are the (N×N) matrices defined by [LA] = [SA]1/2 [BA]T

and [UA] = [A] [BA] [SA] [BA]T , in which the (N × N) full matrix [BA] is constituted of the
eigenvectors of [A] [A]T and where the (N × N) diagonal matrix [SA] is the singular values,
issued from the single value decomposition (SVD) of matrix [A]. Note that the probability dis-
tribution and the random generator of [GA(δA)] is detailed in [9]. The dispersion of random ma-
trix [GA] is controlled by the hyperparameter δA belonging an admissible set D. Consequently,
the mistuning level of the bladed-disk is entirely controlled by the R6-valued hyperparameter
d = (δM , δD, δC , δKg , δKc , δK), belonging to the admissible set D6.
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3.2 STOCH-NL-ROM of the mistuned bladed-disk

For constructing the STOCH-NL-ROM, the deterministic matrices in Eq. (3) are replaced
by the random matrices. The deterministic displacement field uN(·, t) becomes a random field
UN(·, t) that is written, for all x ∈ W, as

UN(x, t) =
N∑

β=1

�
β(x) Qβ(t) , (20)

in which the RN -valued random variable Q(t) = (Q1(t), · · · ,QN(t)) is solution of the following
set of stochastic nonlinear differential equations,

Mαβ Q̈β + (Dαβ+C(Ω)αβ) Q̇β + (K(e)
αβ+K(c)(Ω)αβ+K(g)

αβ) Qβ +K(2)
αβγ Qβ Qγ +K(3)

αβγδ Qβ Qγ Qδ = Fα .
(21)

3.3 Numerical aspects for solving the STOCH-NL-ROM

The solution of the STOCH-NL-ROM is calculated using the Monte Carlo numerical sim-
ulation. For each realization θ belonging to Θ, the set of N deterministic nonlinear coupled
differential equations is considered and solved with an implicit and unconditionally stable in-
tegration scheme (Newmark method with the averaging acceleration scheme). Introducing the
notation Qi(θ) = Q(ti; θ), related to each sample time ti, the following set of N deterministic
nonlinear equations is solved for computing Qi(θ)

[K eff
i (θ)] Qi(θ) + F NL(Qi(θ)) = F eff

i (θ) , (22)

in which the effective (N × N) matrix [K eff
i (θ)] and the effective force vector F eff

i (θ) are eas-
ily computed at each timeti. Note that matrix [K eff

i (θ)] has no particular signature due to the
presence of the gyroscopic coupling matrix. The nonlinear term F NL(Qi(θ)), issued from the
presence of the geometric nonlinearities, is written as

F NL
α (Qi(θ)) = K(2)

αβγ Qi,β(θ)Qi,γ(θ) + K(3)
αβγδ Qi,β(θ)Qi,γ(θ)Qi,δ(θ) . (23)

For each sampling time ti, the computation of solution Qi(θ) is addressed by the fixed point
method because this iterative scheme is few time consuming and does not require the evalua-
tion of the tangential matrix. Nevertheless, when the algorithm does not converge, it is replaced
by the Crisfield arc-length method [?]. Such algorithm introduces a new additional scalar pa-
rameter �i that multiplies the right-hand side member of the nonlinear equation. In this case, at
each sampling time ti, this nonlinear equation is written as

[K eff
i (θ)] Qi(θ) + F NL(Qi(θ)) = �i(θ)F

eff
i (θ) . (24)

The nonlinear equation is solved step by step, each incremental step being characterized by a
given arc length. For a given step, an iterative scheme requiring one evaluation of the tangential
matrix allows a solution (Qi(θ), �i(θ)) to be computed. Note that the tangential matrix can
algebraically evaluated from Eq. (23). An adaptive arc length, depending on the number of
iterations necessary to obtain the convergence of the preceding increment is also implemented
according to [?] in order to accelerate the computation. An unusual procedure is then added to
the algorithm, because Eq. (22) has to be solved instead of Eq. (24). In the nonlinear dynamical
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context, parameter �i is deterministic and has to be controlled in order to reach the value 1.
This implies that the state of the algorithm corresponding to the preceding increment has to
be stored. When �i(θ) is found to be upper than 1, the algorithm is rewind to the preceding
increment and the computation is set again with the half of the arc-length. Such additional
procedure is repeated until parameter �i(θ) reaches 1 within a numerical tolerance set to 10−6.
Even if such procedure is time consuming, because of the necessary evaluations of the tangential
matrix and due to the procedure controlling the value of parameter �i, its main advantage is its
capability of capturing high-nonlinear mechanical behaviors.

4 NUMERICAL APPLICATION

The structure under consideration in an industrial centrifugal compressor belonging to the
class of integrated bladed disks. Due to proprietary reasons, the number M of blades character-
izing the order of the cyclic symmetry of the structure cannot given. The finite element model of
the structure is constructed with solid finite elements and is constituted of about 2, 000, 000 de-
grees of freedom. The structure is in rotation around its revolution axis with a constant velocity
Ω = 30, 750 rpm. Since the dynamic analysis is carried out in the rotating frame of the struc-
ture, the rigid body motion due to the rotation of the structure corresponds to a fixed boundary
condition at the inner radius of the structure. The bladed disk is made up of a homogeneous
isotropic material. A modal damping model is added for the bladed disk.

The cyclic symmetry is used for constructing the reduced matrices of the mean linear reduced-
order model (MEAN-L-ROM). Let ν0 be the first eigenfrequency. In the application, a 5 − th
engine-order excitation located at the tip of each blade is considered. The excitation frequency
band is chosen such that B2

e = [1.78 , 2.34] and is characterized by function g(t) defined with

parameters s = 4,
∆ν

ν0
= 0.51 from the initial time ν0 tini = −11.79 and with a time dura-

tion ν0 T = 184. Figure 1 shows the graphs t/t0 7→ g(t) and ν/ν0 7→ ĝ(2πν) for excitation
frequency band B2

e.
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Figure 1: Representation of the external load in the time domain and in the frequency domain: graph of t/t0 7→ g(t)
(upper graph) and ν/ν0 7→ ĝ(2πν) (lower graph) for B2

e = [1.78 , 2.34] .

The chosen observation is the displacement uj(t) corresponding to the out-plane displace-
ment located at the tip of each blade j. Let k0 = arg maxj

(
maxν/ν0∈B û

NL
j (2πν)

)
for which

114
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ûNL
j (2πν) is the Fourier transform of uNL

j (t). In the frequency domain, the observationw(2πν)
corresponding to the selected blade out-plane displacement is defined by w(2πν) = ûk0(2πν).
Figure 2 displays the graphs ν/ν0 7→ wL(2πν) (upper graph) and ν/ν0 7→ wNL(2πν) (lower
graph) corresponding to a load intensity f0 = 2.75N . The spreading of the vibrational energy
over the whole frequency band of analysis B is due to the nonlinear geometric effects and is
characterized through secondary response peaks. For high frequencies that are located outside
B2
e in dimensionless frequency band [3 , 3.34], the dynamical response induced by the geometric

nonlinearities is negligible.
Nevertheless, some new resonances appear with the same order of magnitude than the main

resonance in the dimensionless frequency band Bsub = [1 , 1.5] (Note that, in this band, there
exist several tuned eigenfrequencies of the structure, which are only excited through the cho-
sen excitation under the linear assumption). It can be seen that the main resonance amplitude,
located in Bsub, is nearly twice the resonance amplitude located in B2

e. We put then in evi-
dence a complex dynamical behavior that can be potentially dangerous because non-expected
resonances with non-negligible amplitudes appear outside excitation frequency band B2

e.
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Figure 2: Frequency domain observation ν/ν0 7→ w(2πν) related to the linear (upper graph) and the nonlinear
(lower graph) cases for B2

e = [1.78 , 2.34] and f0 = 2.75N .

In the present case, the MEAN-NL-ROM is constructed by modal analysis without sub-
structuring techniques. The uncertainties are not considered as independent from one blade
to another one, which is coherent with the structure under consideration belonging to the
class of integrated bladed disks, that are manufactured from a unique solid piece of metal.
In the present analysis, for a better understanding of the phenomenon, only the matrices re-
lated to the linear part are random. The mistuning level is thus controlled by the R5-vector
d = (δM , δD, δC , δKc , δK). The analysis is focussed for the excitation frequency band B2

e

that exhibits the complex dynamic situation described above. The load intensity is fixed to
f0 = 2.5N and the uncertainty level is set to d = (δM , δD, δC , δKc , δK) = (δ, 0.2, 0.2, 0.2, δ),
in which δ = δM = δK . Thus, the effects of mass and elastic uncertainties combined to un-
certainties for the rotational effects are taken into account in the analysis. For fixed ν/ν0 ∈ B,
let Y (2πν) be the random dynamic amplification factor defined by

Y (2πν) =
W (2πν)

maxν/ν0∈B w(2πν)
. (25)
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Figure 3: Stochastic analysis: frequency domain observation Y NL(2πν) related to the nonlinear case for δK =
δM = 0.16 and for δKc

= δC = δD = 0.2: mean model (thick line), mean of the stochastic model (thin dashed
line), confidence region (gray region).
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Figure 4: Quantile analysis of amplification factors Y NL
∞ (upper graph) and Z NL

∞ (lower graph) with respect to
mistuning level δ with Pc = 0.5 (• symbol), Pc = 0.9 (� symbol), Pc = 0.95 (� symbol)

Figures 3 shows the confidence region of the nonlinear observation Y NL(2πν) for δ = 0.16.
It is seen that the extreme values related to Y NL(2πν) yield moderate amplification even if the
confidence region remains relatively broad. Although not presented in the present paper, it can
be shown that, on the contrary, the linearized assumption clearly increases this amplification. It
can then be deduced that the geometric nonlinear effects clearly inhibit the amplification of the
random response in B2

e.
From now on, the analysis is focussed on the quantification of the amplification with respect

to δ. Let Y∞ be the random amplification factor defined by Y∞ = maxν/ν0∈B Y (2πν). We then
define the second random amplification factor, Z∞, such that

Z∞ =
maxν/ν0∈Bsub

W (2πν)

maxν/ν0∈Bsub
w(2πν)

. (26)
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Figure 4 compares the similar graphs obtained with random observations Y NL
∞ and Z NL

∞ .
Again, it is observed that the geometric nonlinear effects yield a limited sensitivity to mistuning
uncertainties for observation Y NL

∞ . In Fig. 4, a special attention must be given to Z NL
∞ . In

particular, these graphs exhibit a maximum, yielding the possibility to define some robustness
areas that limit the dynamic amplification. It then points out, not only a complex sensitivity to
uncertainties, but also high amplification levels that may yield unexpected amplifications.

5 CONCLUSIONS

The paper has presented an advanced methodology adapted to the mistuning analysis of
bladed disks in the context of high amplitude loads inducing strong geometric nonlinear effects.
The numerical results presented display new complex dynamical behaviors of the dynamical
response of the blades. In particular, the numerical results demonstrate that the life duration
of the industrial bladed disk can be very sensitive to the presence of geometric nonlinearities
combined with mistuning effects.
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Abstract. Magneto-rheological fluid, due to its perfect controllability behaviors adaptive to 
operation conditions, serves as a promising materials building a family of intelligent control 
devices usually applied in performance control and risk reduction of engineering structures. 
While the complex dynamics of the fluid result in essential challenges on the accurate opera-
tion of control devices, of which the quantification of randomness inherent in this suspension 
system is a critical issue. In the present paper, a meso-scale model for dynamic yield analysis 
of magnetorheological fluids (MRFs) is developed. This model originates from the fracture 
mechanism of chains involved in the suspension system and accounts the fact that the particle 
chains go through the rotation, translation and fracture under steady magnetic fields and ho-
mogenous shear fields. The benefit of the chains-fracture model is that its critical parameter 
just hinges upon the rotation angle. The structured behavior of particle chains of magne-
torheological fluids under magnetic and shear fields is simulated using a perspective software 
for large-scale atomic/molecular massively parallel simulation (LAMMPS). The applicability 
of the developed meso-scale model in the analysis of stochastic fluctuation of dynamic yield of 
MRFs is investigated based on the data of molecular dynamics simulation. 
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1 INTRODUCTION 

It is understood that the particle dynamics simulation of micro-scale level of materials is 
viewed as the most efficient means revealing the suspensions-structured performance and dy-
namic yield behavior of magnetorheological fluids. Klingenberg et al made a prior investiga-
tion on the response of electricrheological fluids under the small shear-rate field using the 
molecular dynamics simulation [1]. Bonnecase and Brady built up the 2D non-thermal model 
in virtue of Stokesian dynamics, whereby the static and dynamic yield of electricrheological 
fluids were analyzed [2]. Ekwebelam et al explored the size and ingredient of magnetorheo-
logical suspensions and their effect upon the yield behavior using the particle dynamics simu-
lation [3]. While the previous investigations mostly limited in the small-scale simulation (tens 
of particles) where the aggregate performance of suspension chains cannot be exposed perti-
nently. The few large-scale simulation exclusively ignored the effect of Brownian motion of 
suspensions upon the micro-structured performance. In recent years, we carried out the large-
scale simulations of magnetorheological fluids and micro-structured analysis of suspensions, 
which reveals the physical mechanism of dynamic yield behavior of magnetorheological flu-
ids [4,5]. 

As regards the analysis of dynamic yield of rheological fluids, using the micro-scale meth-
od such as the molecular dynamics simulation usually involves the loop-calculation upon in-
ter-action of particles, which needs much computational cost. While the non-particle 
simulation method such as the finite element method could derive the approximate solution 
but not to mention the stochastic fluctuation analysis. It is well recognized that the macro-
scale behavior of materials depends upon the structured motion and evolution of the materials 
at micro and meso scales. For this understanding, the present paper proposes a meso-scale an-
alytical model of dynamic yield of magnetorheological fluids, which includes the fracture 
mechanism of particle chains under shear fields from their rotations and translations. On this 
basis, the analysis of stochastic fluctuation of dynamic yield of MRFs is investigated. 

2 CRITERION OF PARTICLE CHAINS FRACTURE 

Due to the behavior of magnetorheological fluids, the suspensions subjected to magnetic 
fields would form into chain-cluster structures along with the direction of magnetic field [4]. 
In case of steady status of these structures, the chains, when subjected to the shear field, 
would go through the evolution steps; see Fig.1 as follows: 

(i) Chains along with the direction of magnetic field before the loading of shear field. 
(ii) Rotation and translation of chains subjected to the shear field. 
(iii) Reaching to a critical value of rotation or translation, the chain would jump into frac-

ture somewhere and becomes to shorter chains. 

Figure 1: Schematic diagram of chain fracture under shear fields. 
It is seen that at the moment of chain fracture, two particles somewhere in the chain have a 

small relative movement which results in the chain becoming to upper and lower shorter 
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chains. There is an assumption in the present investigation that the relative distance of the two 
shorter chains is s, and the relative movement is translation; see Fig.2. According to the iden-
tification criterion of chains [4]: the distance between particle surfaces is less than the 0.05 
times of summation of two particle radius, and the angle of line connecting two particle cen-
ters and the direction of magnetic field is less than 10 deg.; the minimum number of involved 
particles in a chain is set to 2. It is understood that if a chain happens to be broken, it should 
beyond one of the two restraints at least. The discussion relevant to the two cases is provided 
as follows: 

Figure 2: Schematic diagram of relative movement of chains.     Figure 3: Relationship of distance and angle 
restraints upon the critical value of relative distance of particle surfaces. 

(1) Distance Restraint 
Since the distance between particle surfaces is less than the 0.05 times of summation of two 

particle radius, we have 

   2 2
sin cos ( ) 0.05 ( )i j i j i js r r s r r r r              (1) 

The critical value of relative distance is then given by 
2 2 2( ) sin 0.08( ) ( ) sini j i j i js r r r r r r        (2) 

(2) Angle Restraint 
Since the angle of line connecting two particle centers and the direction of magnetic field is 

less than 10 deg., we have 
sin

cos cos10i js r r

s




  
   (3) 

The critical value of relative distance is then given by 

cos10 sin
i jr r

s






(4) 

Fig.3 shows the relationship of distance and angle restraints upon the critical value of rela-
tive distance of particle surfaces ( i jr r r  ). It is seen that the distance restraint acts more 

seriously than the angle restraint. Therefore, the fracture criterion of particle chains is that the 
distance between particle surfaces is more than the 0.05 times of summation of two particle 
radius. 

3 FRACTURE MODEL OF MESO SCALE 

The present fracture model describes the physical process of particle chains subjected to 
shear fields which starts from the rotation and translation to the fracture. Since the key mo-
ment of this process is the instant of the chain broken, so the critical value of distance restraint 
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is the point. Fig. 4 shows the force diagram of the two parts of broken chains, where the parti-
cle number of the chain is n; the rotation angle and relative distance at the moment of fracture 
are θ and s, respectively.  

Figure 4: Force diagram at the moment of chain broken. 

The magnetic moment could be denoted by 

0sin sinm cT mH MV H            (5) 

where m denotes the magnetized intensity of particles; H denotes the magnitude of magnetic 
strength; 0 denotes the vacuum permeability; M denotes the unit magnetized intensity; 

cV denotes the total volume of particles in the chain. 

     Since the unit magnetized intensity M  is a function of the magnitude of magnetic strength 
H and the magnetisability  : 

M H (6) 
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where  p H denotes the relative permeability of particles; c denotes the relative permeabil-

ity of fluids. 
   It is well recognized that the shear strength of magnetorheological fluids is contributed by 
the total energy of unit volume released by particle chains at the broken moment: 

1
z x

column contacts

r F
V

    (9) 

where  denotes the shear stress of magnetorheological fluids at the simulation cell; V de-
notes the volume of simulation cell; the component of resultant force at projection of Z axis is 
given by 

    cosd ij r ix jF F rF     r (10) 

where  d ijF r  denotes the dipole force between particles;  r ijF r denotes the short-range force 

between particles. 
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In virtue of the principle of moment-equilibrium, the magnetic moment could also be ex-
pressed by 

    cosm d ij r ijT F F r l     r                                           (11) 

We then have 
cos

cos
m

x

T
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                                                         (12) 

and  
coszr l                                                               (13) 

Assuming there is only one broken contact in a chain, then  
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and k denotes the id number of the chain; , ,,k i k jr r denote radius of the two particles at the con-

tact surface, respectively. 
   The rotation angles of all the chain at an instant of time are induced by a homogenous shear 
field. Their values exist small variation due to the randomness inherent in the initial condition 
of suspension particles and due to the effect of Brownian motion, which indicates that the 
mean of these angles features the population sufficiently. In this case, we have a simple model 
upon the shear stress of magnetorheological fluids: 
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4 CASE STUDIES 

A large-scale atomic/molecular massive parallel simulator (LAMMPS) [6] is employed, 
which provides an embedded routine for large-scale and 3D Brownian dynamics simulation. 
The initial topology and initial velocity of suspensions are generated as statistically independ-
ent with a uniform distribution and a Maxwell–Boltzmann distribution, respectively. The 
neighbor list algorithm with the strategy of radius cutoff is used to assess the interaction be-
tween particles. The boundaries at the 3D are represented by a sheared periodic boundary 
condition. The physical parameters of magnetorheological fluids for simulation are listed in 
Table 1. 

All the simulations are carried out with dimensionless units. The regulation of the basic 
dimensionless units and their relationship with SI units are rendered by the reference [4]. The 
simulation cell in the dimensionless units is (L*

X, L*
Y, L*

Z) = (20*, 10*,10*). Magnetic field 
strengths are valued by 20 kA/m, 100 kA/m and 200 kA/m which denote low, medium and 
high magnetic fields, respectively. The shear rate of homogeneous shear field is 1000 sec-1. 
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 Table 1. Physical parameters of magnetorheological fluids for simulation 
Parameters Values 

Radius of particles 5×10-6m 

Mass of particles 1×10-13kg 

Volume ratio between suspensions and matrix 0.3 

Relative permeability of matrix μc 1.0 

Relative permeability of particles μp 1000 

Viscosity of matrix 0.3Pa·s 

Density of matrix 3.6×103kg·m-3

Temperature 298K 

Figure 5: Mean of rotation angles of chains along with the loading of homogenous shear fields.   Figure 6: Mean 
of shear stress of magnetorheological fluids in case of low, medium and high magnetic fields. 

   Fig. 5 shows the mean of rotation angles of chains, of one simulation sample (random sam-
pling of initial condition of suspension particles), along with the loading of homogenous shear 
fields in case of low, medium and high magnetic fields, respectively. Using the simple model 
Eq.(16) and a collection of random sampling, we then have the mean of shear stress of mag-
netorheological fluids; see Fig.6. The mean and mean plus standard deviation of shear stress 
of magnetorheological fluids in case of medium magnetic field are shown in Fig.7. It is seen 
that there arises a significant stochastic fluctuation of dynamic yield of magnetorheological 
fluids: the maximum of coefficient of variation is up to 0.5. 

Figure 7: Mean and mean plus standard deviation of shear stress of magnetorheological fluids in case of medium 
magnetic field. 
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5 CONCLUSIONS  

Using the large-scale atomic/molecular massive parallel simulator (LAMMPS), a meso-
scale model of dynamic yield analysis of magnetorheological fluids is proposed. The model 
originates from the fracture mechanism of chains and accounts for the fact that the particle 
chains go through the translation, rotation and fracture under steady magnetic fields and ho-
mogeneous shear fields. The benefit of the chains-fracture model is that its critical parameter 
just hinges upon the rotation angle. Case studies indicate that the model is efficient for the 
dynamic yield analysis of magnetorheological fluids, and there exists a significant stochastic 
fluctuation of dynamic yield. The on-going work is the relationship analysis between rotation 
angles of particle chains and magnetic field strengths or shear rates of shear fields so as to de-
rive an analytical meso-scale model of dynamic yield of magnetorheological fluids avoiding 
the high computational cost at the molecular dynamics simulations. 
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Abstract. Modeling and simulation of two-phase flows in a porous random media is a highly
challenging task due the non-linearity of the wetting process, the time and space scales at
stake and the very large spatial variability and anisotropy of the intrinsic permeability. In the
particular case of an injection problem being statistically invariant for any rotation around
the axis of the well a coupled 3D/rotation-invariant probabilistic model is proposed following
the methodology introduced in [1] and [2]. The idea of a variational coupling between a
probabilistic local model and a deterministic or probabilistic model is developed here in the
context of a coupling along a surface and not over a volume. 3D/2D coupling is also considered.
The implementation in a general purpose Finite Element Code is then addressed and illustrated
in the context of Risk assessment of geological storage of carbon dioxide.
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1 OUTLINE

Two-phase flow in porous media is classically modeled using a two-field diffusion equation:

da
∂u

∂t
+ div(−c∇u+ γ) = 0 (1)

applying in a given domain Ω where u(x, y, z, t) is vector valued, da, γ second-order-tensor
valued and c symmetric fourth-order tensor valued. Appropriate boundary conditions on ∂Ω
are also assumed, either of Dirichlet or Neumann types:

u = u0, (c∇u) · n = q0 (2)

where n is the outer normal vector. In the context of two-phase flow in porous media, the dif-
fusion tensor da and the hydraulic conductivity tensor c are strongly non-linear functions of
the pressure fields u. The classical Van Genuchten model [3] is used to represent these depen-
dencies in the present study but more complex models could be considered. The underlying
intrinsic permeability is an anisotropic tensor valued random field modeled using a non-linear
filtering of independent Gaussian random fields. The non-linear mapping is defined using a the
Principle of maximum entropy as already proposed for elastic tensor in [4]. Hence only a 3D
probabilistic model can give access to the random field u and the related saturation front be-
tween the two phases. Moreover, in the case of geological storages, the lateral external bound of
Ω ’ is quite remote to be included into numerical modeling, nevertheless, no equivalent bound-
ary conditions at finite distance have been proposed in literature in the non-linear case. The
basic idea developed in this paper consists in noticing that even though the random field u is
fully a 3D field, all its marginal probability density functions are invariant with respect to any
rotation around a vertical axis, as long as the domain and the boundary conditions satisfy this
invariance property. As a consequence, the mean field and the related mean fluxes are also
rotation invariant. Assuming that the mean pressure field satisfies a diffusion equation similar
to equation 1 but with rotation invariant coefficients, the general framework introduced in [1]
allows the coupling of a 3D probabilistic model at moderate distances from the axis and a 2D
rotation-invariant model for the mean field for large radius. Following [2], this model can easily
be extended to a probabilistic 2D rotation-invariant model for large radius. This methodology
has been applied to the risk assessment of geological storage of carbon dioxide (see figure 1).
In particular it is shown that only a few hundreds of Monte-Carlo simulations can give access
to reliable statistics on the maximum horizontal extension of the carbon dioxide cloud thanks
to a tremendous variance reduction induced by the spatial variability of the permeability field.

2 COUPLING OF 2D-AXISYMMETRIC AND 3D FORMULATIONS

2.1 Axisymmetric solution at finite distance

First, let us state the equations on the 3D model so that the approximate solution satisfies
the rotation-invariant conditions in the outer domain. Let us call S ⊂ Ω a cylindrical surface
bounded by the two planes z = z± with a circular cross-section of radius R and let Ω− ⊂ Ω be
the inner domain and Ω̃+ be the outer domain (Figure 1). In the outer domain Ω̃+ both physical
properties and boundary conditions are assumed to have a cylindrical symmetry (therefore,
tensor c has to be orthotropic with respect to the z axis). The solution u is rotation invariant
only when properties and boundary conditions share the same property.

Let us now consider an approximate 3D solution ũ−(x, y, z) satisfying the field Equation
1 in Ω− together with the boundary conditions on ∂Ω ∩ ∂Ω−, and ũ+(r, z) an axisymmetrical
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e Ωe

Ω−

Ω̃h+

α

h

Sh

R

Figure 1: View from above of the considered 3D domain consisting of three parts: Ω−, the domain where the
original 3D formulation of the problem applies, Sh - zone with significant tangent conductivity, Ωe - 3D slice of a
little thickness e conceived to represent the equivalent axisymmetric solution of the problem in Ω̃h+

solution of Equation 1 in Ω̃+ satisfying the boundary conditions on ∂Ω∩∂Ω̃+ with the following
compatibility conditions on S:

1

2π

∫ 2π

0

ũ−dθ = ũ+(z,R) , ∀z ∈]z−, z+[ (3)∫ 2π

0

(c−∇ũ−) · erRdθ = qR(z) , ∀z ∈]z−, z+[ (4)

1

R
∂θũ− = 0 on S (5)

crr∂rũ+ =
qR(z)

2πR
, ∀z ∈]z−, z+[ (6)

where er is the outer normal vector of S. Due to orthotropy crr is the radial hydraulic conduc-
tivity and qR(z) is the vector of radial fluxes crossing S at a given depth z, the fluxes tangent to
S vanish.

Penalization of rotation-invariance Equation 5 stating that the solution is rotation-invariant
at R is difficult to implement in a Finite Element framework. However, noticing that its left
hand side is one of the components of the gradient, a penalization technique is used. Let Sh
be a tube of thickness h and internal radius R, Ω̃h+ = Ω̃+ \ Sh and let cεh be the orthotropic
hydraulic conductivity tensor defined on Sh as:

cεh = czzez ⊗ ez + ε−1(cθθeθ ⊗ eθ + crrer ⊗ er)
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for any small ε. Equation 5 is replaced by the following field equations and boundary conditions
on Sh

div(−cεh∇uh) = 0 in Sh (7)
uh = ũ− for r = R (8)
uh = ũ+ for r = R + h (9)

(c−∇ũ− − cεh∇uh) · er = 0 for r = R (10)
(c+∇ũ+ − cεh∇uh) · er = 0 for r = R + h (11)

Taking the variational form for any virtual field v = vo(z) + v1(θ, z)x−R
h

leads to:∫
S

(
R + h

R
c+∇ũ+ − c−∇ũ−) · ervodS +∫
S

(
R + h

R
c+∇ũ+) · erv1dS =∫

Sh

(czz∂zuh · ∂zv + ε−1crr(
1

h
∂ruhv1 +

r −R
hr2

∂θuh∂θv1))dV (12)

Taking v1 = 0 and h→ 0 leads to the balance of fluxes assuming that ∂zuh · ∂zv is bounded:

(c+∇ũ+ − c−∇ũ−) · er = 0 on S (13)

leading to Equation 4.
Hence taking now vo = 0 yields:

(1 +
h

R
)

∫
S

(c−∇ũ−) · erv1dS =∫
S

(czz∂z

(∫ R+h

R

uh(r −R)
r

R
dr

)
∂zv1dS +∫

Sh

(εh)−1crr(∂ruhv1 +
r −R
r2

∂θuh∂θv1))dV (14)

After some calculations the leading terms are:∫
S

(c−∇ũ−) · erv1dS =∫
S

(czz∂zuh∂zv1dS +

(ε)−1

∫
S

crr(∂ruhv1 +
1

R
∂θuh∂θv1)dS (15)

Taking the limit for ε→ 0 leads to:

∂ruh = 0 (16)
1

R
∂θuh = 0 (17)

Hence ũ+ = uh = ũ− and 1
R
∂θũ− = 0 yielding Equations 3 and 5.
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2.2 Equivalent equations on an outer slice

To implement the coupling in a general purpose 3D Finite Element software, the equations
for the rotation invariant part also need to be expressed in 3D. In this section we find new
coefficients for equivalent 3D equations in the outer domain Ω̃+.

The divergence of any function of cylindrical coordinates g(r, z) can be expressed through
the 2D divergence by definition:

divg =
1

r
(∂r + ∂z) (rg) =

1

r
div2D(rg) (18)

Hence Equation 1 for ũ+ on Ω+ can be written as:

rda
∂ũ+

∂t
+ div2D(−cr∇ũ+ + rγ) = 0 (19)

Therefore, the field ue is defined as the solution of

dae
∂ũe
∂t

+ div2D(−ce∇ũe + γe) = 0 (20)

on the 3D thin vertical slice Ωe = Ω ∩ Se with Se = {(x, y, z) : R cosα < x,−e/2 < y <
e/2, z− < z < z+}, where e = 2(R+h) sinα is the thickness of the slice. The new coefficients
are dae(x, y, z) = 2πx

e
da(r = x, z), ce(x, y, z) = 2πx

e
c(r = x, z), γe(x, y, z) = 2πx

e
γ(r = x, z).

The following boundary conditions apply:

∂yũe = 0 for y = ±e/2 (21)
ũe = ũ+(R + h, z) for x = (R + h) cosα (22)

Since the slice and the boundary conditions are invariant with respect to y so is the field ũe. In
addition, it obviously satisfy

ũe(x, y, z) = ũ+(r = x, z)

Moreover the two solutions being equal we can also show that the related fluxes coincide:

qR =

∫ 2π

0

c∇ũ+(R+h)dθ = 2π(R+h)c∂rũ+ = ece(x = (R+h), y, z)∂xue =

∫ e/2

−e/2
ce∂xuedy

2.3 Approximate 3D solution on the entire cylinder-slice domain

Combining the two above methods, we can define the approximation solution ũhe satisfying
Equation 1 on a composite domain Ω− ∪ Sh ∪ Ωe shown in Figure 1

ũhe = ũ− in Ω− (23)
ũhe = ũh in Sh (24)
ũhe = ũe in Ωe (25)

with the following vanishing flux boundary conditions:

∂rũhe = 0 for r = R + h, θ = [α, 2π − α] (26)
∂yũhe = 0 for y = ±e/2, x > (R + h) cosα (27)
∂zũhe = 0 for z = z± (28)
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3 NUMERICAL IMPLEMENTATION

The coupled model consists of 3 domains in which the same structure of equations is fol-
lowed with different coefficients according to the developments in Section 2. The inner zone
has a cylindrical mesh, tetrahedral elements are used in the vicinity of the injection well allow-
ing sufficient refining, the totality of inner zone numbers 1.1 · 104 elements. The transition zone
Sh is represented by one layer of cylindrical elements (Figure 2). The entire problem is solved
for 1.5 · 105 degrees of freedom.

Figure 2: The mesh of the coupled model: 3D zone and rotation-invariant continuation, the transition zone (Sh) is
highlighted in red.

A lognormal random field of permeability introduced into the model [5] has the following
characteristics: the mean value and standard deviation are 10−13 m2 and 4.9 · 10−27 m2 for the
horizontal component; 10−14 m2 and 4.9 · 10−28 m2 respectively for the vertical component;
correlation function in the form of a squared cardinal sine is chosen with correlation lengths
(`x, `y, `z) = (50 m, 50 m, 20 m).

In the context of Risk Assessment the quantity of interest considered in this study is the
probability that the maximal extent of the carbon dioxide (rmax) exceeds a certain radius r0. The
performed 100 simulations are insufficient to obtain maximal extent statistics for a fixed angle
θ. Nevertheless, we define an estimator of the cumulative density function of the maximum
radius using angular averaging. To do so, an indicator function h which equals to 0 for radius
exceeding r0 is considered:

h(ω, r0 − rmax(θ)) =

{
1, rmax ≤ r0

0, rmax > r0

(29)

The statistical quantity h(r0) representing the ensemble average of the function h(r0) would
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give the cumulative probability at radius r0:

h(r0) = E(h(ω, r0 − rmax)) =

∫
Ω

h(ω, r0 − rmax)dP (ω) = (30)

=

∫ +∞

0

h(r0 − r)prmax(r)dr = P (rmax < r0),

where ω = {ωi}, i=1,...100 is the number of the sample.
Introducing the spatial average H(ω, r0) allows an estimate of the cumulative probability in

the following way:

P (rmax < r0) = H(r0) ≈ Ĥ(r0) =
1

N

N∑
i=1

H(ωi, r0) (31)

Computing P(rmax < r0) for each r0 gives the whole CDF curve of the maximal lateral spread
rmax. The resulting complementary cumulative distribution function (1-Ĥ(r0)) is shown in
Figure 3 together with the N=100 samples of 1-H(ωi, r0).
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Figure 3: Estimate of the complementary cumulative density function (CCDF) of the maximal lateral spread (in
black) for the case of heterogeneous permeability; the curves 1-H(ωi, r0) for each model output: 100 samples
(in green), the theoretical 95% confidence interval is computed as

√
P (1− P )/100 and Chebyshev 95% bound

is computed as ±kσ, where k = 1/
√

1− 0.95 and σ is the standard deviation of the values 1-H(ωi, r0) for each
given r0.

The asymptotic standard deviation of the estimator Ĥ(r0) is expressed as [6]:

σĤ =

√
1

N
H(r0)(1−H(r0)) ≈

√
1

N
Ĥ(r0)(1− Ĥ(r0)).
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4 CONCLUSIONS

The main contributions of the work are:

• A theoretical framework for a coupling of 3D and rotation invariant models is proposed
for diffusion-type problems

• The coupling is implemented in a 3D Finite Element model. The model predicts the
underground fluxes during and after CO2 injection in a deep saline aquifer.

• Developed statistical estimator gives access to probabilistic quantities of interest such as
threshold exceedence probability for the maximal extent of the carbon dioxide after 10
years of injection.
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Abstract.
This paper presents a method to analyze the transitory response of complex and nonlinear

systems, which are excited by non-Gaussian and non-stationary random fields, by solving of a
statistical inverse problem with experimental measurements. Based on a double expansion, it
is particularly adapted to the modeling of stochastic processes that are only characterized by a
relatively small set of independent realizations. First, an adaptation of the classical Karhunen-
Loève expansion is presented. Indeed, for the past fifty years, the use of reduced basis has spread
to many scientific fields to condense the statistical properties of stochastic processes, and among
these bases, the Karhunen-Loève basis plays a major role as it allows the minimization of the
total mean square error. Secondly, the random vector, which gathers the projection coefficients
of the stochastic process on this basis, is characterized using a polynomial chaos expansion
approach. The dimension of this random vector being very high (around several hundreds),
advanced identification techniques are introduced to allow performing relevant convergence
analyses and identifications. The non-Gaussian non-stationary stochastic process is identified
using the experimental measurements and consequently, constitutes a realistic stochastic mod-
eling. The proposed method is then applied to the modeling of seismic accelerations from a
measured data set.
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1 INTRODUCTION

For the last decades, the use of simulation has kept increasing in the analysis of complex and
non-linear mechanical systems that are excited by stochastic processes (wind, seism, wave). It
is indeed a very interesting tool for robust and optimized conception, better knowledge of the
critical situations, and more precise reliability analyses. In such analyses, much attention has
therefore to be paid to the characterization of the input variability, as it completely drives the
relevance of the results. However, the knowledge of these input stochastic processes is generally
limited to a finite set of independent realizations that stem from experimental measurements.
When such stochastic processes are indexed by parameters that are defined on a compact do-
main, methods based on a two-steps approach have given very interesting results to identify in
inverse the distribution of a priori non-Gaussian and non-stationary stochastic processes. The
first step of these methods is generally the approximation of the stochastic process, X , by its
projection on a finite set of deterministic functions. Following on the work achieved in [1], this
paper proposes thus an innovative method, which is particularly adapted to the seismic case, to
construct optimized basis from a relatively small set of independent realizations. By introduc-
ing an original adaptation of the Karhunen-Loève expansion [2], such a method allows us to
maximize the representativeness of the projection basis with respect to the available informa-
tion.

The second step is then the identification of the multidimensional distribution of the vector
gathering the projection coefficients associated with the former step. In that context, it will
be shown to what extent the polynomial chaos expansion (PCE) method (see [3, 4, 5]) can be
used to identify such a distribution in very high dimension, even if the number of available
realizations is very small.

Section 2 introduces the method we propose to identify the statistical distribution of non-
Gaussian and non-stationary stochastic processes from a set of independent realizations. Sec-
tion 3 illustrates then the possibilities of such a two-steps method on the generation of seismic
accelerations that are realistic and representative of an experimental data set.

2 STATISTICAL IDENTIFICATION

2.1 Theoretical frame

Let (Θ, C, P ) be a probability space. LetH = L2(Θ,R) be the space of all the second-order
random vectors defined on (Θ, C, P ) with values in R, equipped with the inner product 〈·, ·〉,
such that for all U and V inH,

〈U, V 〉 =

∫
Θ

U(θ)V (θ)dP (θ) = E [UV ] , (1)

where E [·] is the mathematical expectation. Let P(Ω) be the space of all the second-order R-
valued stochastic processes, indexed by the compact interval Ω = [0, T ], where T < +∞. Let
H = L2(Ω,R) be the space of square integrable functions on Ω, with values in R, equipped
with the inner product (·, ·), such that for all u and v in H,

(u, v) =

∫
Ω

u(s)v(s)ds. (2)

Let X be an element of P(Ω). Without loss of generality, it is supposed that the mean value
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of X is equal to zero:

E [X(·, t)] = 0, ∀ t ∈ Ω, (3)

and we denote by RX its covariance function, such that for all t, t′ in Ω,

RX(t, t′) = E [X(·, t)X(·, t′)] . (4)

It is assumed that the maximum available information about X is given by ν independent
realizations, {X(θ1, ·), . . . , X(θν , ·)}. For any M ≥ 1, based on this available set, the idea of
the first step is to identify the M -dimension projection family F (M)

opt = {fm, 1 ≤ k ≤M} that
minimizes, among all the families F (M) in HM , the amplitude of the truncation residue:

F (M)
opt = arg min

F(M)∈HM

∥∥∥X − X̂(M)(F (M))
∥∥∥2

2
, (5)

∥∥∥X − X̂(M)(F (M))
∥∥∥2

2

def
= E

[(
X − X̂(M)(F (M)), X − X̂(M)(F (M))

)]
, (6)

where, for any family F (M), X̂(F (M)) is the projection of X on F (M).

2.2 Optimality of the Karhunen-Loève decomposition

The classical Karhunen-Loève (KL) basis associated with X , K = {km, 1 ≤ m}, corre-
sponds to the Hilbertian basis that is constructed as the eigenfunctions of covariance function
RX , such that: ∫

Ω

RX(t, t′)km(t′)dt′ = λmkm(t), (7)

(km, k`) = δm`, λ1 ≥ λ2 ≥ · · · → 0, (8)

with δm` the kronecker symbol, which is equal to one if m = ` and zero otherwise. Equation
(7) is generally called Fredholm problem (see [6] for further details about its solving). Such a
KL basis keeps playing an important role for the definition of reduced basis as it can be shown
that projection family K(M) = {km, 1 ≤ m ≤M} is optimal in the sense that, for all family
F (M) in HM and all M ≥ 1:∥∥∥X − X̂(K(M))

∥∥∥2

2
≤
∥∥∥X − X̂(F (M))

∥∥∥2

2
. (9)

2.3 Enrichment of the KL decomposition

As presented in Section 2.2, the KL basis is based on the knowledge of the covariance func-
tion, RX . In cases when the maximal available information is characterized by a set of indepen-
dent realizations, {X(θ1, ·), . . . , X(θν , ·)}, such a covariance function is however not exactly
known, but can be assessed by its empirical estimator, R̂X , such that:

RX(t, t′) ≈ R̂X(t, t′)
def
=

1

ν

ν∑
n=1

X(θn, t)X(θn, t
′). (10)
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However, there is no reason for the projection basis computed from the solving of the Fred-
holm problem associated with R̂X , K̂ =

{
k̂m, 1 ≤ k

}
, with:∫

Ω

R̂X(t, t′)k̂m(t′)dt′ = λ̂mk̂m(t), λ̂1 ≥ λ̂2 ≥ · · · → 0, (11)

to be still optimal with respect to the minimization of error

ε2(F (M))
def
=
∥∥∥X − X̂(F (M))

∥∥∥2

2
, F (M) ∈ HM . (12)

More precisely, it can be noticed that, by construction of function R̂, only the ν first element
of K̂ are adapted to X , whereas the other elements are orthogonal to the available realizations:

(km, X(θn, ·)) = 0, m > ν, 1 ≤ n ≤ ν. (13)

When interested in the identification of projection basis whose dimension M is higher than
ν, it has been shown in [1] that very promising results could be obtained from the solving of an
optimization problem on the choice of the kernel on which the Fredholm problem is based. In
particular, if we introduce function R̃ such that:

R̃(t, t′) =


1

T+t′−t

∫ T+t′−t
0

R̂(x+ t− t′, x)dx if 0 ≤ t− t′ ≤ T ,
1

T+t−t′
∫ T+t−t′

0
R̂(x, x+ t′ − t)dx if 0 ≤ t′ − t ≤ T ,

R̂(t, t′) otherwise.

(14)

solving the following optimization problem:

α? = arg min
α∈[0,1]

ε2(B(M)(α)), (15)

where B(M)(α) = {kαm, 1 ≤ m ≤M} gathers the M solutions of the Fredholm problem as-
sociated with the kernel A(α, t, t′) = αR̂(t, t′) + (1 − α)R̃(t, t′) of highest eigenvalues, could
allow us to identify very relevant projection families for X .

When confronted to very non-stationary stochastic processes, such an enrichment of the
kernel can still be improved. In this prospect, for Nc an integer greater than 1, let K(Nc, t, t

′)
be the function defined on [0, T ] such that, for all 0 ≤ p, q ≤ Nc − 1 and for all (t, t′) in
[qT/Nc, (q + 1)T/Nc]× [pT/Nc, (p+ 1)T/Nc]:

K̃(Nc, t, t
′) =


1

T
Nc

+u′−u

∫ T
Nc

+u′−u
0 R̂(x+ u− u′, x)dx if u′ = t′ − pT

Nc
≤ u = t− qT

Nc
,

1
T
Nc

+u−u′
∫ T

Nc
+u−u′

0 R̂(x, x+ u− u′)dx if u = t− qT
Nc
≤ u′ = t′ − pT

Nc
,

R̂(t, t′) otherwise.
(16)

Indeed, whereas R̃ corresponds to a global enrichment, K̃(Nc, ·, ·) allows a more local en-
richment by applying the transformation from R̂ to R̃ not on the whole domain [0, T ] × [0, T ],
but on a series of subdomains [qT/Nc, (q + 1)T/Nc]× [pT/Nc, (p+ 1)T/Nc], 1 ≤ p, q ≤ Nc.

Therefore, by solving the following updated optimization problem:

(α?, N?
c ) = arg min

α∈[0,1], Nc≥1
ε2(B(M)(α,Nc)), (17)
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with B(M)(α,Nc) =
{
kα,Nc
m , 1 ≤ k ≤M

}
the set of solutions of the Fredholm problem asso-

ciated with A(α,Nc, t, t
′) = αR̂(t, t′) + (1 − α)K̃(Nc, t, t

′) of highest eigenvalues, still lower
values of M can be chosen for a required projection error.

2.4 Inverse polynomial chaos identification

Once stochastic process X has been projected on the reduced basis,

B(M)(α?, N?
c ) =

{
b
α?,N?

c
1 , . . . , b

α?,N?
c

M

}
, (18)

such that:

X ≈ X̂? =
M∑
m=1

C?
mk

α?,N?
c

m , (19)

where M has been chosen to guarantee that∥∥∥X − X̂?
∥∥∥2

2
≤ e, (20)

with e > 0 a required precision, the multidimensional distribution of the projection random vec-
tor,C? = (C?

1 , . . . , C
?
N), has to be identified from the available set of ν independent realizations

of C?, {C?(θ1), . . . ,C?(θν)}, with:

C?
m(θn) =

(
X(θn, ·), kα

?,N?
c

m

)
, 1 ≤ n ≤ ν, 1 ≤ m ≤M. (21)

When analyzing complex stochastic processes, M can be very large, and specific statistical
identification methods have to be used. Among these methods, the polynomial chaos expansion
(PCE) method [3] has given very promising results, even in cases when M � ν ([5, 4, 7]). This
technique is based on a direct projection of C? on a polynomial hilbertian basis, { ψj(ξ), 1 ≤
j }, of all the second-order random vectors with values in RM , such that:

C? =
+∞∑
j=1

y(j)ψj(ξ), (22)

where ξ = (ξ1, . . . , ξM) is a random vector, whose distribution is chosen and known. In prac-
tice, such an infinite sum has to be truncated. Therefore, two truncation parameters are generally
introducted, which are denoted by N and Ng, such that:

C? ≈
N∑
j=1

y(j)ψj(ξ1, . . . , ξNg). (23)

For given values ofN andNg, the values of the PCE projection coefficients,
{
y(j), 1 ≤ j ≤ N

}
,

have now to be identified from the available independent realizations ofC? (see [4, 5] for further
details).

Finally, once all these parameters M , N , Ng are identified according to convergence analy-
ses, once PCE projection coefficients

{
y(j), 1 ≤ j ≤ N

}
are computed, the statistical proper-

ties of X are completely known:

X ≈
M∑
m=1

kα
?,N?

c
m

N∑
j=1

y(j)
m ψj(ξ1, . . . , ξNg), (24)
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and for each realization of (ξ1, . . . , ξNg), we have access to a particular realization of X , which
is realistic and representative of the available realizations gathered in {X(θ1, ·), . . . , X(θν , ·)}.

3 APPLICATION TO A SEISMIC DATA SET

Let X = {X(θ, t), θ ∈ Θ, t ∈ Ω} be the ground acceleration associated with a seism of
duration T , at a given spatial point and in a given direction. For confidentiality reasons, only few
numerical values are given in the following. This section aims now at showing in what extent
the complete parametrization presented in Section 2 can give very relevant results when trying
to generate realistic and representative seismic accelerations, even if the available information
is characterized by a relatively small set of independent realizations.

In this work, only ν = 97 independent realizations of X are supposed to be known. As an
illustration, three independent realizations of X are represented in Figure 1. Stochastic process
X is by construction neither stationary nor Gaussian. From these ν independent realizations,
it is possible to approximate the covariance function of X from its empirical estimator, which
allows us to identify the projection basis K̂ =

{
k̂m, 1 ≤ m

}
. Figure 2 compares therefore the

relevance of such a basis to the projection basis
{
k̂α

?

m , 1 ≤ m
}

and
{
k̂
α?,N?

c
m , 1 ≤ m

}
, which

stem from the solving of Eqs. (15) and (17) respectively. Hence, to guarantee that the pro-
jection error is lower than 0.01, it can be seen that, whereas 1613 elements would have been
needed for

{
k̂m, 1 ≤ m

}
, only 614 are needed for

{
k̂
α?,N?

c
m , 1 ≤ m

}
, with α? = 0.22 and

N?
c = 10. We then define C? as the projection vector of X on the first M = 614 elements{
k̂
α?,N?

c
m , 1 ≤ m ≤M

}
. From the ν independent realizations of X , ν realizations of C? are

therefore deduced. A polynomial chaos expansion is thus computed to identify the multidimen-
sional distribution ofC? from this available information. The germ, on which this expansion is
based, is chosen as a Ng-dimension random vector, for which components are independent and
uniformly distributed between -1 and 1. To maximize the likelihood of the PCE approximation
ofC? at the ν available realizations, the values of N and Ng are chosen equal to 1365 and 4 re-
spectively. The PCE projection coefficients have then been identified according to the advanced
algorithms defined in [4, 5].

At last, from any independent realization of ξ, it is possible to generate a realistic and repre-
sentative realization of X .

4 CONCLUSION

When the available information is a finite set of independent realizations, a method to iden-
tify the statistical characteristics of a non-Gaussian and non-stationary stochastic process has
been presented in this work. Based on an adaptation of the Karhunen Loève expansion and a
polynomial chaos expansion, this methods allows us to generate new realizations of this stochas-
tic process, which are representative of the measured ones, from a frequency and statistical point
of view. Such a method has been applied to the modeling of random seismic accelerations, in
order to make possible the stochastic analysis of the dynamical response of non-linear struc-
tures.
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Figure 1: Representation of three independent realizations of X .

Figure 2: Comparison of the error evolutions of projection basis {km, 1 ≤ m},
{
kα

?

m , 1 ≤ m
}

and{
k
α?,N?

c
m , 1 ≤ m

}
with respect to M . These errors are computed from the only ν available realizations from

a leave-one-out procedure.
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Abstract. This paper presents a novel approach for quantification of the estimation un-
certainty on the results obtained from joint input-state estimation in structural dynamics.
The uncertainty accounted for originates from measurement errors and unknown stochastic
excitation, that is acting on the structure besides the forces that are to be identified. The un-
certainty quantification approach is applied for a joint input-state estimation algorithm that
is used for force identification and response estimation in structural dynamics. The approach
can, however, be extended to other force and state estimation algorithms. The uncertainty
on the estimated quantities can be used to design a sensor network and to determine the
optimal noise statistics that are applied for joint input-state estimation. The uncertainty
quantification approach is verified using numerical simulations.
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1 Introduction

Accurate online reconstruction of the dynamic forces acting on a structure and its
corresponding response behavior, referred to as the system state, are of great impor-
tance to many engineering applications. Very often the input, i.e. the dynamic forces,
cannot be measured directly, e.g. for wind loads, whereas the response of the structure
cannot be measured at all physical locations, due to practical and economical consid-
erations. In these cases, the forces and system states have to be determined indirectly
from dynamic measurements of the response using system inversion techniques, and
can be used to extrapolate the response to unmeasured locations.

The paper presents a novel approach for quantification of the estimation uncer-
tainty on the results obtained from joint input-state estimation in structural dynamics.
The uncertainty originates from measurement errors and unknown stochastic excita-
tion, that is acting on the structure besides the forces that are to be identified. The
uncertainty quantification approach is applied for a Kalman filter based joint input-
state estimation algorithm. The algorithm was originally proposed by Gillijns and De
Moor in [2], was then introduced in structural dynamics by Lourens et al. in [4], and
was further extended by Maes et al. in [6]. The uncertainty quantification approach
can be easily extended to other force and state estimation algorithms presented in the
literature, e.g. [3, 8, 9]. The uncertainty quantification approach is verified using nu-
merical simulations.

The outline of the paper is as follows. Section 2 presents the mathematical for-
mulation, which includes the joint input-state estimation algorithm and the approach
to calculate the uncertainty introduced by unknown stochastic excitation and mea-
surement errors. Section 3 shows a verification of the proposed methodology, using
numerical simulations. Finally, in Section 4, the work is concluded.

2 MATHEMATICAL FORMULATION

2.1 System model

In structural dynamics, first principles models, e.g. finite element (FE) models, are
widely used. In many cases, modally reduced order models are applied, constructed
from a limited number of structural modes. When proportional damping is assumed,
the continuous-time decoupled equations of motion for modally reduced order models
are given by:

z̈(t) +Γż(t) +Ω
2z(t) =Φ

TSp(t)p(t) (1)

where z(t) ∈ R
nm is the vector of modal coordinates, with nm the number of modes

taken into account in the model. The excitation force is written as the product of a ma-
trix Sp(t) ∈Rndof×np, specifying the force locations, and a time history vector p(t) ∈ Rnp ,
with np the number of forces. For the remainder of this paper, the matrix Sp(t) is as-
sumed to be time-invariant. The results, however, can be readily extended to the case
where Sp(t) is varying with time. The number of degrees of freedom is denoted by ndof.
Γ ∈ Rnm×nm is a diagonal matrix containing the terms 2ξjωj on its diagonal, where ωj

and ξj are the natural frequency and modal damping ratio corresponding to mode j,
respectively. Ω ∈ Rnm×nm is a diagonal matrix as well, containing the natural frequen-
cies ωj on its diagonal, and Φ ∈ Rndof×nm is a matrix containing the mass normalized
mode shapes φj as columns.
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The decoupled governing equations can be written in state-space form, which after
time discretization reads:

x[k+1] =Ax[k] +Bp[k] (2)

where x[k] = x(k∆t) and p[k] = p(k∆t), k = 1, . . . ,N ,∆t is the sampling time step, andN is
the total number of samples. The state vector x[k] consists of the modal displacements
and velocities:

x[k] =

[

z[k]
ż[k]

]

(3)

When applying a zero order hold assumption on the input vector p[k], the expressions
for the state-feedback matrix A and the state-input matrix B in Eq. (2) are given by:

A =exp

([

0 Inm
−Ω2 −Γ

]

∆t

)

(4)

B =
(

A− Ins
)

[

0 Inm
−Ω2 −Γ

]−1 [
0

Φ
TSp

]

(5)

where Inm ∈ Rnm×nm and Ins ∈ Rns×ns are identity matrices. The reader is referred to [1]
for a detailed overview of common time discretization schemes. As an alternative to
models based on first principles, models can be directly identified from experimental
vibration data using system identification techniques, see e.g. [10, 11, 13].

The output vector d(t) ∈ Rnd is generally written as:

d(t) = Sd,aΦz̈(t) +Sd,vΦż(t) +Sd,dΦz(t) (6)

where Sd,a, Sd,v, and Sd,d ∈ Rnd×ndof are matrices relating the measured accelerations,
velocities and displacements or strains, respectively, to the degrees of freedom in
the model. The output vector is composed of nd,d displacement or strain measure-
ments, nd,v velocity measurements and nd,a acceleration measurements, where nd is
the sum of nd,d, nd,v, and nd,a.

Eq. (6) is transformed into its state-space form, using Eq. (1):

d[k] =Gx[k] + Jp[k] (7)

where d[k] = d(k∆t). The expressions for the state-output matrix G and the direct
transmission matrix J do in general not depend on the time discretization scheme,
because Eqs. (6) and (7) do not involve a time lag. The expressions for G and J are
given by:

G =
[

Sd,dΦ−Sd,aΦΩ
2 Sd,vΦ−Sd,aΦΓ

]

(8)

J =
[

Sd,aΦΦ
TSp

]

(9)

The force vector p[k] in Eqs. (2) and (7) corresponds to the forces acting on the struc-
ture that are to be estimated. In addition, unknown additional forces are acting on
the structure, assumed to be stochastic. This additional stochastic excitation, as well
as measurement errors and modeling errors, are accounted for in the system model by
stochastic noise processes, i.e. process noise w[k] and measurement noise v[k]. When
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the noise processes are added to Eqs. (2) and (7), the following discrete-time combined
deterministic-stochastic state-space description of the system is obtained:

x[k+1] =Ax[k] +Bp[k] +w[k] (10)

d[k] =Gx[k] + Jp[k] + v[k] (11)

where x[k] ∈ Rns is the state vector, d[k] ∈ Rnd is the measured output vector, and p[k] ∈
R

np is the input vector, to be estimated, with ns the number of system states, nd the
number of outputs, and np the number of inputs. The process noise vector w[k] ∈ Rns

and measurement noise vector v[k] ∈Rnd generally account for unknown stochastic ex-
citation and modeling errors. In addition, the measurement noise vector v[k] accounts
for measurement errors. The process noise vectors due to stochastic excitation and
modeling errors are denoted by wS[k] and wE[k], respectively. The measurement noise
vectors due to stochastic excitation, measurement errors, and modeling errors, are de-
noted by vS[k], vM[k], and vE[k], respectively. The following expressions are obtained:

w[k] =wS[k] +wE[k] (12)

v[k] = vS[k] + vM[k] + vE[k] (13)

The vectors wS[k] and vS[k] corresponding to the stochastic excitation are given by:

wS[k] = B′pS[k] (14)

vS[k] = J′pS[k] (15)

where pS[k] ∈ R
npS is the vector of stochastic forces acting on the structure, and the

matrices B′ ∈ Rns×npS and J′ ∈ Rnd×npS relate the state vector x[k+1] and the output vec-
tor d[k] to the vector of stochastic forces pS[k], respectively.

Consider in addition a vector de(t) ∈ Rnde of output quantities that are to be identi-
fied from the measured data and the system model, hereafter referred to as the vector
of extrapolated output quantities:

de(t) = Sde,aΦz̈(t) +Sde,vΦż(t) +Sde,dΦz(t) (16)

where the matrices Sde,a, Sde,v, and Sde,d ∈ R
nde×ndof relate the identified accelerations,

velocities and displacements or strains, respectively, to the degrees of freedom in the
model (see also Eq. (6)). After transformation of Eq. (16) into its state-space form, using
Eq. (1), and adding measurement noise, the following (discrete-time) output equation
corresponding to the extrapolated output quantities is obtained:

de[k] =Gex[k] + Jep[k] + ve[k] (17)

The matrices Ge ∈ Rnde×ns and Je ∈ Rnde×np are obtained from Eqs. (8) and (9), respec-
tively, by replacing the selection matrices Sd,a, Sd,v, and Sd,d with thematrices Sde,a, Sde,v,
and Sde,d, respectively. The measurement noise vector ve[k] in Eq. (17) accounts for
stochastic excitation and modeling errors and is therefore generally written as:

ve[k] = J′epS[k] + veE[k] (18)

where the matrix J′e ∈Rnde×npS relates the extrapolated output vector de[k] to the vector
of stochastic forces pS[k], and veE[k] is the component of ve[k] due to modeling errors.
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Under the assumption of stationary noise processes, the stochastic forces pS[k] are
characterized by the autocorrelation (AC) function Rp

S
p
S
(τ) and corresponding Power

Spectral Density (PSD) function Sp
S
p
S
(ω), that form the Wiener-Khinchin transforma-

tion pair:

Rp
S
p
S
(τ) ≡ E{pS(t + τ)pT

S (t)} =
1

2π

∫ +∞

−∞
Sp

S
p
S
(ω)exp(iωτ)dω (19)

Sp
S
p
S
(ω) =

∫ +∞

−∞
Rp

S
p
S
(τ)exp(−iωτ)dτ (20)

where i =
√
−1. The discrete AC Rp

S
p
S
[l] is obtained as Rp

S
p
S
(l∆t), with l the time

lag and ∆t the sampling time step. In case the stochastic forces correspond to finite
bandwidth white noise, the AC Rp

S
p
S
[l] and PSD Sp

S
p
S
(ωn) are given by:

Rp
S
p
S
[l] = Cpδ[l] (21)

Sp
S
p
S
(ωn) = Cp/F (22)

where Cp ∈RnpS×npS is the covariance matrix of the stochastic forces, e.g. σ2
p
S
InpS

for npS
independent stochastic forces with equal standard deviation σp

S
. F is the sampling

frequency (in Hz) used in the discretization process, ωn = 2π(n−1)/(N∆t), and δ[l] = 1
for l = 0 and 0 otherwise.

The measurement errors vM[k] are defined similarly by the AC Rv
M
v
M
[l] and corre-

sponding PSD Sv
M
v
M
(ωn), which, in case the measurement errors for all output signals

correspond to finite bandwidth white noise, are given by:

Rv
M
v
M
[l] = RMδ[l] (23)

Sv
M
v
M
(ωn) = RM/F (24)

where RM ∈ Rnd×nd is the measurement error covariance matrix.

2.2 Joint input-state estimation algorithm

Throughout the derivation of the joint input-state estimation algorithm in [6], the
system matrices A, B, G, J, Ge, and Je are assumed known. In addition, it is assumed
that the sensor network meets the conditions for instantaneous system inversion de-
rived in [5]. The noise processes w[k] and v[k] are assumed to be zero mean and white,
with known covariance matrices Q, R, and S, defined by:

E

[(

w[k]

v[k]

)

(

wT
[l] vT[l]

)

]

=

[

Q S

ST R

]

δ[k−l] (25)

with R > 0,

[

Q S

ST R

]

≥ 0.

The noise process ve[k] is assumed to be zero mean and white, with known covari-
ance matrices Re and Rc, defined by:

E

[

ve[k]v
T
e[l]

]

= Reδ[k−l], and E

[

ve[k]v
T
[l]

]

= Rcδ[k−l] (26)
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When the data vector includes accelerations and the noise processes w[k] and v[k]
account for additional stochastic forces, other than the ones included in the input
vector p[k], the process noise and measurement noise are inherently correlated [7]
(i.e. S , 0). This correlation is not accounted for in the original joint input-state es-
timation algorithm proposed in [2], but is accounted for in the algorithm proposed
in [6]. The joint input-state estimation algorithm proposed in [6] is outlined next.

Joint input-state estimation consists of estimating the forces p[k] and states x[k], from
a set of response measurements d[k]. A state estimate x̂[k|l] is defined as an estimate
of x[k], given the output sequence d[n], with n = 0,1, . . . , l. The corresponding error
covariance matrix, denoted by Px[k|l], is defined as:

Px[k|l] ≡ E

{

(x[k] − x̂[k|l])(xT[k] − x̂
T
[k|l])

}

(27)

where E{·} indicates the expectation operator. An input estimate p̂[k|l] and its error
covariance matrix Pp[k|l] are defined similarly. The cross covariance matrices Pxp[k|l]
and Ppx[k|l] are defined as:

Pxp[k|l] = PT
px[k|l] ≡ E

{

(x[k] − x̂[k|l])(pT
[k] − p̂

T
[k|l])

}

(28)

The filtering algorithm is initialized using an initial state estimate vector x̂[0|−1] and
its error covariance matrix Px[0|−1]. The estimate x̂[0|−1] is assumed unbiased and in-
dependent of the noise processes w[k] and v[k] for all k. The algorithm proceeds by
computing the force and state estimates recursively in three steps, i.e. the input esti-
mation step, the measurement update and the time update:

Input estimation

R̃[k] =GPx[k|k−1]G
T +R (29)

M[k] =
(

JTR̃−1[k]J
)−1

JTR̃−1[k] (30)

p̂[k|k] =M[k]

(

d[k] −Gx̂[k|k−1]
)

(31)

Pp[k|k] =
(

JTR̃−1[k]J
)−1

(32)

Measurement update

K[k] = Px[k|k−1]G
TR̃−1[k] (33)

x̂[k|k] = x̂[k|k−1] +K[k]

(

d[k] −Gx̂[k|k−1] − Jp̂[k|k]
)

(34)

Px[k|k] = Px[k|k−1] −K[k]

(

R̃[k] − JPp[k|k]J
T
)

KT
[k] (35)

Pxp[k|k] = PT
px[k|k] = −K[k]JPp[k|k] (36)
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Time update

x̂[k+1|k] = Ax̂[k|k] +Bp̂[k|k] (37)

N[k] = AK[k]

(

Ind − JM[k]

)

+BM[k] (38)

Px[k+1|k] =
[

A B
]

[

Px[k|k] Pxp[k|k]
Ppx[k|k] Pp[k|k]

][

AT

BT

]

+Q−N[k]S
T −SNT

[k] (39)

From the estimated state vector x̂[k|k] and force vector p̂[k|k], the response can be es-
timated at any arbitrary location in the structure, using the following modified output
equation:

d̂e[k|k] =Gex̂[k|k] + Jep̂[k|k] (40)

where d̂e[k|k] ∈Rnde is an estimate of the extrapolated output vector de[k], obtained from
the system described by Eqs. (10) and (17). The error covariance matrix corresponding
to the output estimate d̂e[k|k] is given by:

Pde[k|k] ≡ E

{

(de[k|k] − d̂e[k])(d
T
e[k|k] − d̂

T
e[k])

}

=GePx[k|k]G
T
e + JePp[k|k]J

T
e +GePxp[k|k]J

T
e + JePpx[k|k]G

T
e +Re

−Z[k]R
T
c −RcZ

T
[k] (41)

with Z[k] =GeK[k]

(

I− JM[k]

)

+ JeM[k].

In the equations above, the system is assumed to be time-invariant. The algorithm
can, however, be readily extended to time-variant systems, by replacing the systemma-
trices A, B, G, J, Ge, and Je with the system matrices A[k], B[k], G[k], J[k], Ge[k], and Je[k],
depending on the time step k.

The gain matrices M[k] and K[k] are determined such that the input estimates p̂[k|k]
and state estimates x̂[k|k] are minimum variance and unbiased [2]. The uncertainty on
the force and state estimates, quantified by the trace of the error covariance matri-
ces, tr(Pp[k|k]) and tr(Px[k|k]), is minimized, and the error on the estimated forces p̂[k|k]
and states x̂[k|k] does not depend on the actual forces p[k]. In the presence of modeling
errors, the system described by Eqs. (10) and (11) does not represent the true dynamic
behavior of the structure. The force and state estimates obtained from the joint input-
state estimation algorithm are then no longer minimum variance and unbiased, and
the force and state error covariance matrices Pp[k|k], Px[k|k], and Px[k+1|k], as defined by
Eqs. (32), (35), and (39), respectively, do not correspond to the true error on the biased
estimates. Similarly, the expression for the output covariance matrix corresponding
to the extrapolated output vector Pde[k|k] in the presence of modeling errors does not
correspond to the true error on the biased output estimates. The influence of model-
ing errors is beyond the scope of this paper, which focuses on estimation errors that
originate from additional stochastic excitation and measurement errors.

2.3 Filter transfer functions at steady state

If the conditions for instantaneous system inversion presented in [5] are satisfied,
the joint input-state estimation algorithm is stable, and the error covariance matri-
ces Pp[k|k], Px[k|k], Px[k|k−1], Pxp[k|k], and Ppx[k|k] evolve towards a steady state value as
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the joint input-state estimation algorithm propagates in time. As a result, the gain
matrices M[k] and K[k], as well as the matrices R̃[k] and N[k], evolve towards a steady
state value. The steady state value of the matrices depends on the noise covariance
matrices Q, R, and S, on the forces to be estimated, as well as on the sensor configura-
tion. When the filtering algorithm has reached steady state, the filtering Eqs. (31), (34),
and (37) become:

p̂[k|k] =Mss(d[k] −Gx̂[k|k−1]) (42)

x̂[k|k] = x̂[k|k−1] +Kss(d[k] −Gx̂[k|k−1] − Jp̂[k|k]) (43)

x̂[k+1|k] = Ax̂[k|k] +Bp̂[k|k] (44)

where Mss and Kss are the steady state gain matrices obtained from Eqs. (30) and (33),
respectively. Thematrices are calculated by recursively applying Eqs. (29), (30), and (32)
(input estimation), Eqs. (33), (35), and (36) (measurement update), and Eqs. (38) and (39)
(time update), until convergence towards a steady state value is observed from the ma-
trix values. Note that the calculation for the steady state gain and error covariance
matrices is similar to solving the recursive Riccati differential equation for the steady
state value of the state error covariance matrix, in case of the classical Kalman filter [1].

By applying the z-transformation to Eqs. (42) – (44), the following system of equa-
tions is obtained:
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where p̂(z) is the z-transform of p̂[k|k], d(z) is the z-transform of d[k], and x̂m(z) is
the z-transform of x̂[k|k−m]. Inversion of the system of equations (45) and substitut-
ing z = exp(iω∆t), directly yield the transfer function matrices that relate the Fourier
transform of the estimated force vector p̂[k|k], denoted by p̂(ω), and the Fourier trans-
form of the estimated state vectors x̂[k|k] and x̂[k|k−1], denoted by x̂0(ω) and x̂1(ω), re-
spectively, to the Fourier transform of the output vector d[k], denoted by d(ω):
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(47)

The transfer function matrix Hd̂ed
(ω) that relates the Fourier transform of the esti-

mated output vector d̂e[k|k], denoted by d̂e(ω), to the Fourier transform of the output
vector d[k], is obtained from Eq. (40) by applying the z-transformation and introducing
subsequently Eq. (46):

d̂e(ω) =Hd̂ed
(ω)d(ω) (48)

with
Hd̂ed

(ω) =GeHx̂0d(ω) + JeHp̂d(ω) (49)
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2.4 Uncertainty on the estimated quantities

When unknown stochastic excitation and measurement errors are present, and in
absence of modeling errors (i.e. wE[k] = 0, vE[k] = 0), introducing Eqs. (12) and (13)
into Eqs. (10) and (11), and applying subsequently the z-transformation, yields the
following expression for the Fourier transform of the state vector x[k] and the output
vector d[k]:

x(ω) =Hxp(ω)p(ω) +Hxp
S
(ω)pS(ω) (50)

d(ω) =Hdp(ω)p(ω) +Hdp
S
(ω)pS(ω) + vM(ω) (51)

where Hxp(ω) and Hxp
S
(ω) are the transfer function matrices that relate the Fourier

transform of the state vector x[k], denoted by x(ω), to the Fourier transform of the
force vector p[k] and the vector of stochastic forces pS[k], denoted by p(ω) and pS(ω),
respectively:

Hxp(ω) = (exp(iω∆t)Ins −A)
−1B (52)

Hxp
S
(ω) = (exp(iω∆t)Ins −A)

−1B′ (53)

The matrices Hdp(ω) and Hdp
S
(ω) are the transfer function matrices that relate the

Fourier transform of the output vector d[k], denoted by d(ω), to the Fourier transform
of the force vector p[k] and the vector of stochastic forces pS[k], respectively:

Hdp(ω) =GHxp(ω) + J (54)

Hdp
S
(ω) =GHxp

S
(ω) + J′ (55)

Introducing Eq. (18) into Eq. (16) and applying subsequently the z-transformation,
yields the following expression for the Fourier transform of the output vector de[k]

corresponding to the extrapolated output quantities:

de(ω) =Hdep(ω)p(ω) +HdepS
(ω)pS(ω) (56)

where Hdep(ω) and HdepS
(ω) are the transfer function matrices that relate the Fourier

transform of the output vector de[k], denoted by de(ω), to the Fourier transform of the
force vector p[k] and the vector of stochastic forces pS[k], respectively:

Hdep(ω) =GeHxp(ω) + Je (57)

HdepS
(ω) =GeHxp

S
(ω) + J′e (58)

Introducing Eq. (51) in Eq. (46) yields the error on the Fourier transform of the
estimated force vector p̂[k|k]:

p̃(ω) ≡ p(ω)− p̂(ω)

= (Inp −Hp̂d(ω)Hdp(ω))p(ω)−Hp̂d(ω)Hdp
S
(ω)pS(ω)−Hp̂d(ω)vM(ω) (59)

Introducing Eq. (51) in Eq. (46), and taking into account Eq. (50), yields the error
on the Fourier transform of the estimated state vector x̂[k|k−m]:

x̃m(ω) ≡ x(ω)− x̂m(ω)

= (Hxp(ω)−Hx̂md(ω)Hdp(ω))p(ω) + (Hxp
S
(ω)−Hx̂md(ω)Hdp

S
(ω))pS(ω)

−Hx̂md(ω)vM(ω) (60)
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Introducing Eq. (51) in Eq. (48), and taking into account Eq. (56), yields the error
on the Fourier transform of the estimated output vector d̂e[k|k]:

d̃e(ω) ≡ de(ω)− d̂e(ω)

= (Hdep(ω)−Hd̂ed
(ω)Hdp(ω))p(ω) + (HdepS

(ω)−Hd̂ed
(ω)Hdp

S
(ω))pS(ω)

−Hd̂ed
(ω)vM(ω) (61)

Eqs. (59) – (61) show that the errors on the estimated quantities consist of three com-
ponents. The first term in the right hand side of Eqs. (59) – (61) is due to modeling
errors. In absence of modeling errors, this term equals zero and therefore vanishes.
The second and third term in the right hand side of Eqs. (59) – (61) are due to ad-
ditional stochastic excitation and measurement errors, respectively. In the following,
the focus will go to the errors that originate from additional stochastic excitation and
measurement errors.

In absence of modeling errors, and assuming the stochastic forces pS[k] and the mea-
surement errors vM[k] to be stationary andmutually uncorrelated (i.e.E{pS[k]vM[l]} = 0),
the PSD function of the error on the estimated force vector p̃[k|k] (≡ p[k] − p̂[k|k]) is di-
rectly obtained from Eq. (59):

Sp̃p̃(ω) = Hp̂d(ω)Hdp
S
(ω)Sp

S
p
S
(ω)H∗dp

S
(ω)H∗p̂d(ω) +Hp̂d(ω)Sv

M
v
M
(ω)H∗p̂d(ω) (62)

where �∗ denotes the Hermitian transpose of a matrix. The AC function of the error
is obtained as the inverse Fourier transform of the PSD function (Eq. (19)). The PSD
function and AC function of the error on the estimated state vector x̃[k|k−m] (≡ x[k] −
x̂[k|k−m]) and the error on the estimated extrapolated output vector d̃e[k|k] (≡ de[k]−d̂e[k|k])
are obtained similarly from Eqs. (60) and (61), respectively. The PSD function of the
errors is given by the following expressions:

Sx̃mx̃m(ω) = (Hxp
S
(ω)−Hx̂md(ω)Hdp

S
(ω))Sp

S
p
S
(ω)(H∗xp

S
(ω)−H∗dp

S
(ω)H∗x̂md(ω))

+Hx̂md(ω)Sv
M
v
M
(ω)H∗x̂md(ω) (63)

Sd̃ed̃e(ω) = (HdepS
(ω)−Hd̂ed

(ω)Hdp
S
(ω))Sp

S
p
S
(ω)(H∗depS

(ω)−H∗dp
S
(ω)H∗

d̂ed
(ω))

+Hd̂ed
(ω)Sv

M
v
M
(ω)H∗

d̂ed
(ω) (64)

In the case where the additional stochastic excitation and the measurement errors
meet the white noise assumption, and if the covariance matrices Cp and RM, defined
in Eqs. (21) and (23), respectively, are known, the covariance matrices Q, R, and S
characterizing the actual process noise w[k] and measurement noise v[k] are obtained
from the following equation:

[

Q S

ST R

]

=

[

B′

J′

]

Cp

[

B′T J′T
]

+

[

0 0
0 RM

]

(65)

Applying the matrices Q, R, and S obtained from Eq. (65) for joint input-state estima-
tion in this case yields minimum variance and unbiased errors on the estimates of the
forces and system states. The AC of the error on the estimated force vector p̃[k|k] and
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state vector x̃[k|k−m], for a time lag l = 0 by definition equals the corresponding steady
state error covariance matrix obtained from the joint input-state estimation algorithm:

Rp̃p̃[0] = Pss
p and Rx̃mx̃m[0] = Pss

xm (66)

where Pss
p and Pss

xm are the steady state error covariance matrices Pp[k|k], Px[k|k] (m =
0), and Px[k|k−1] (m = 1), obtained from Eqs. (32), (35), and (39), respectively. The
covariance matrices Re and Rc, characterizing the actual measurement noise ve[k], are
obtained from the following equation:

[

Re Rc

]

= J′eCp

[

J′Te J′T
]

(67)

The AC of the error on the estimated extrapolated output vector d̃e[k|k] for a time lag l =
0 by definition equals the corresponding steady state error covariance matrix Pde[k|k]
obtained from Eq. (41), applying the matrices Re and Rc obtained from Eq. (67):

Rd̃ed̃e[0]
= Pss

de
(68)

where Pss
de

is the steady state error covariance matrix, obtained from Eq. (41).

If the noise covariance matrices Q, R, and S assumed for joint input-state estima-
tion do not correspond to the true covariance of the white noise processes, or if the
true noise processes do not meet the white assumption, the errors on the force, state,
and response estimates obtained from the joint input-state estimation algorithm are
not minimum variance. In addition, the error covariance matrices Pp[k|k], Px[k|k−m],
and Pde[k|k] do no longer give the covariance of the error on the estimated quantities.
Eqs. (59) – (61) remain valid, however, so that the PSD function of the actual error on
the estimated quantities is still obtained from Eqs. (62) – (64).

The approach for quantification of the estimation uncertainty presented in this sec-
tion, for the case of joint input-state estimation, can be extended to other force and
state estimation algorithms. This extension is performed by replacing the filter trans-
fer functions presented in Section 2.3 with the transfer functions of the force or state
estimation algorithm under consideration.

3 VERIFICATION EXAMPLE

The uncertainty quantification procedure is illustrated and verified using numerical
simulations. The structure under consideration is the cantilever steel beam shown in
Figure 1. The beam has a rectangular cross section with a width of 50.8 mm and a
height of 25.4 mm. The beam has a length of 1 m. The Young’s modulus and material
density are taken as 210 GPa and 7750 kg/m3, respectively.

x

y

z

d1 d2 d3 d4

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

a11

p

Figure 1: Side view cantilever beam, force and sensor configuration (p: force, ai : accelerometer i, and di :
displacement sensor i).

The beam is modeled using 100 2D finite element (FE) Euler-Bernoulli beam el-
ements. Only bending in the vertical plane is considered. The first four natural fre-
quencies obtained from the beammodel are 21.4 Hz, 133.7 Hz, 374.0 Hz, and 731.6 Hz.
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The corresponding bending mode shapes in the vertical plane are shown in Figure 2.
A modal damping ratio of 2.5% is assumed for the four modes.
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Figure 2: Mass normalized mode shape along the neutral axis of the beam, for (a) mode 1, (b) mode 2,
(c) mode 3, and (d) mode 4. The undeformed neutral axis is shown by a black dashed line. The markers
indicate the sensor positions (marker colors: see Figure 1). The arrow indicates the force location.

3.1 System model

A discrete-time modally reduced order state-space model is constructed from the
first four bending modes of the beam. A zero order hold assumption on the input
vector p[k] is applied in the discretization of the system, using a sampling rate of 4 kHz.
The state-feedback matrix A and the state-input matrix B are calculated from Eqs. (4)
and (5). The state-output matrix G and the direct transmission matrix J are calculated
from Eqs. (8) and (9).

In the following analysis, the response vector d[k] includes a subset of ten vertical
accelerations, a1 – a10, and four vertical displacements, d1 – d4. The input p[k], to be
estimated, consists of one vertical force p, applied at a distance of 0.1 m from the free
end of the beam. The output de[k], to be estimated, consists of one vertical accelera-
tion, a11. The locations of the specified inputs and outputs are shown in Figure 1.

3.2 Joint input-state estimation

The joint input-state estimation algorithm introduced in Section 2.2 is first applied
for the identification of an impact force and the estimation of the corresponding ex-
trapolated response, in the absence of measurement errors and additional stochastic
excitation. The impact force is a triangular pulse that increases linearly from zero at
time t = 0.2 s to 100 N at t = 0.202 s, before decreasing linearly to zero at t = 0.204 s.
From the conditions for instantaneous system inversion derived in [5], it is found that
the output vector d[k] should contain at least one acceleration and one displacement
measurement. By including an acceleration measurement, direct feedthrough from
the system input p[k] to the output d[k] is ensured through the matrix J in Eq. (9).
This direct feedthrough is necessary for instantaneous system inversion, i.e. inversion
without any time delay. The displacement is required in order to obtain a stable system
inverse with a unique solution (see also [5]). The system response d[k] in this case con-
sists of one acceleration a9 and one displacement d4, see also Figure 1. The response
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is obtained from a forward time domain calculation, hereby applying the impact force
time history p[k] as input to the state-space model given by Eqs. (10) and (11).

The initial state vector x̂[0|−1] and its corresponding error covariance matrix Px[0|−1]
are both assigned a zero value for the application of the joint input-state estimation
algorithm. No additional stochastic excitation is present. The noise covariance ma-
trices Q and S are therefore assumed zero. Although no additional stochastic excita-
tion and measurement errors are present, the matrix R must be positive definite, and
can therefore not be assigned a zero value (see also Section 2.2). A standard devia-
tion σM,a = 10−2 m/s2 and σM,d = 10−6 m is assumed for the measurement error on
the acceleration and displacement signals, respectively. This choice, however, does not
affect the results obtained in this section.

Figure 3 compares the estimated force obtained from joint input-state estimation
to the applied impact force. Figure 4 compares the estimated acceleration â11 to the
corresponding actual acceleration, obtained from a forward time domain calculation.
The estimated force and extrapolated response perfectly agree with the true force and
response, respectively. This illustrates that, in the absence of additional stochastic
excitation and measurement errors, the algorithm is able to perfectly reconstruct the
actual forces and system states, which can be used to extrapolate the response to any
location in the structure.

0 0.5 1 1.5 2
−50

0

50

100

150

Time [s]

F
or

ce
 [N

]

0.2 0.21 0.22 0.23
−50

0

50

100

150

Time [s]

F
or

ce
 [N

]

0 200 400 600 800 1000
0

0.05

0.1

0.15

0.2

Frequency [Hz]

F
or

ce
 [N

/H
z]

(a) (b) (c)

Figure 3: (a) Time history, (b) detail time history, and (c) amplitude of the narrow band frequency
spectrum of the applied impact force (blue dashed line) and the estimated force (red solid line). The
begin and end of the impact are indicated in (b) by a vertical dashed line.
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Figure 4: (a) Time history, (b) detail time history, and (c) amplitude of the narrow band frequency
spectrum of the actual acceleration a11 (blue dashed line) and the estimated acceleration (red solid
line). The begin and end of the impact are indicated in (b) by a vertical dashed line.

3.3 Filter transfer functions at steady state

The transfer functions of the joint input-state estimation algorithm at steady state,
derived in Section 2.3, relate the estimated quantities to the measured data. The trans-
fer functions can be used to quantify the uncertainty on the results obtained from
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joint input-state estimation, that is introduced by additional stochastic excitation and
measurement errors, as will be illustrated in Section 3.4. Apart from their use in the
quantification of the errors, the transfer functions also yield insight into the way the
algorithm weighs the available response data, as illustrated in this section.

Figure 5 shows the transfer functionsHp̂d(ω) that relate the Fourier transform of the
estimated force p̂ to the Fourier transform of acceleration a9 and displacement d4 (note:
for notational convenience, the elements of a matrix X are indicated by X throughout
the entire paper). The transfer function Hp̂d(ω) has been calculated for the sensor con-
figuration assumed for joint input-state estimation in Section 3.2. The noise covariance
matrices Q and S are assumed zero, i.e. no stochastic excitation present. For the mea-
surement errors and so the noise covariance matrix R, two different cases are consid-
ered. For the first case, the noise statistics are assumed identical to the ones assumed in
Section 3.2, i.e. σM,a = 10−2 m/s2 and σM,d = 10−6 m. For the second case, a lower mea-
surement uncertainty is assumed for the displacement measurement, using a standard
deviation σM,d = 10−7 m for the measurement error on the displacement signal. The
measurement uncertainty for the acceleration measurement is assumed identical to the
first case, i.e. σM,a = 10−2 m/s2. The transfer function Hp̂d(ω) that relates the Fourier
transform of the estimated force p̂ to the Fourier transform of acceleration a9 (Fig-
ure 5a) in both cases is characterized by a dip at the second, third, and fourth natural
frequency, and a peak at the antiresonance frequencies of the transfer function Hdp(ω)
that relates the Fourier transform of the output vector d[k] to the Fourier transform
of the force vector p[k]. For frequencies lower than the second natural frequency, the
transfer function Hp̂d(ω) strongly depends on the standard deviation σM,d assumed in
the calculation of the transfer function. This variation with the standard deviation σM,d

is related to the way the algorithm weighs the acceleration and displacement data, as
explained next. The transfer function Hp̂d(ω) that relates the Fourier transform of the
estimated force p̂ to the Fourier transform of the displacement d4 (Figure 5b) strongly
depends on the measurement uncertainty on the displacement measurement assumed.
For the first case (σM,d = 10−6 m), the transfer function Hp̂d(ω) is not characterized
by any clear dips or peaks. For the second case, which corresponds to a lower mea-
surement uncertainty for the displacement measurement (σM,d = 10−7 m), the transfer
function Hp̂d(ω) for most frequencies differs one order of magnitude from the trans-
fer function in the first case and shows some clear peaks and dips that depend on the
natural frequencies and the antiresonance frequencies of the transfer function Hdp(ω).
This can be explained as follows. For each frequency ω, the joint input-state esti-
mation algorithm weighs the displacement and acceleration data in the estimation of
the forces and system states, such that the errors on the estimated forces and system
states are minimum variance. The weighing is based on the process and measurement
noise covariance matrices, Q, R, and S. At low frequencies, the information is mostly
contained in the displacement data, whereas at higher frequencies the displacement
data in case of large measurement uncertainty becomes non-informative due to mea-
surement noise. The absence of clear peaks and dips in the transfer function Hp̂d(ω)
that relates the Fourier transform of the estimated force p̂ to the Fourier transform of
the displacement d4 for the first case therefore indicates that the displacement data
only contribute to the estimated force at very low frequencies. The value of the trans-
fer function Hp̂d(ω) that relates the Fourier transform of the estimated force p̂ to the

Fourier transform of the displacement d4 at 0 Hz is equal to 5.53 × 104 N/m. This
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value does not depend on the noise statistics assumed for joint input-state estimation,
and perfectly corresponds to the static stiffness of the beam.
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Figure 5: Amplitude of the transfer function Hp̂d(ω) that relates the Fourier transform of the estimated

force p̂ to the Fourier transform of (a) acceleration a9 and (b) displacement d4, for case 1 (σM,d = 10−6 m,
blue dashed line) and case 2 (σM,d = 10−7 m, red solid line). The undamped natural frequencies are
indicated by vertical dashed lines. The antiresonance frequencies of the transfer functions Hdp(ω) that
relate the Fourier transform of (a) acceleration a9 and (b) displacement d4 to the Fourier transform of
the force p are indicated by vertical dotted lines.

Figure 6 shows the transfer functions Hd̂ed
(ω) that relate the Fourier transform of

the estimated acceleration â11 to the Fourier transform of acceleration a9 and displace-
ment d4. For the measurement uncertainty on the response data, the two cases in-
troduced in the previous paragraph are considered. The transfer functions Hd̂ed

(ω)
depend on the relation of the output d[k] to the input p, as described by the transfer
functions Hdp(ω), on the relation of the output de[k] to the input p, as described by the
transfer functions Hdep(ω), and on the noise covariance matrices, Q, R, and S, that de-
termine the weighing of the data in the estimation. The transfer function Hd̂ed

(ω) that
relates the Fourier transform of the estimated acceleration â11 to the Fourier transform
of acceleration a9 (Figure 6a) does not show a clear variation with the standard devia-
tion σM,d assumed. The transfer function Hd̂ed

(ω) that relates the Fourier transform of

the estimated acceleration â11 to the Fourier transform of displacement d4 (Figure 6b),
on the other hand, shows a clear variation with the standard deviation σM,d over the
entire frequency range of interest. In addition, this transfer function for both values
of σM,d is characterized by peaks and dips. The four modes included in the system
model cannot be distinguished from a single acceleration measurement. Taking into
account the displacement in the estimation of the system states will lead to a decreased
uncertainty on the estimated (modal) states and, therefore, on the estimated extrapo-
lated response. The presence of clear peaks and dips in the transfer function that re-
lates the Fourier transform of the estimated acceleration â11 to the Fourier transform
of the displacement d4 indicates that the displacement data contribute to the estimated
acceleration â11 for the entire frequency range of interest.

3.4 Error on the estimated quantities

This section illustrates how the error covariance matrices obtained from the joint
input-state estimation algorithm (Section 2.2) or, more generally, the AC and PSD func-
tions of the errors, directly obtained from the filter transfer functions (Section 2.3), can
be used to quantify the uncertainty on the estimation results. Two cases are consid-
ered, corresponding to different types of additional stochastic excitation: the first case
considers white noise stochastic excitation, the second case considers colored noise
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Figure 6: Amplitude of the transfer function Hd̂ed
(ω) that relates the Fourier transform of the esti-

mated acceleration â11 to the Fourier transform of (a) acceleration a9 and (b) displacement d4, for case
1 (σM,d = 10−6 m, blue dashed line) and case 2 (σM,d = 10−7 m, red solid line). The undamped nat-
ural frequencies are indicated by vertical dashed lines. The antiresonance frequencies of the transfer
functions Hdp(ω) that relate the Fourier transform of (a) acceleration a9 and (b) displacement d4 to the
Fourier transform of the force p are indicated by vertical dotted lines. The antiresonance frequencies of
the transfer functionHdep(ω) that relates the Fourier transform acceleration a11 to the Fourier transform
of the force p are indicated by vertical dash-dotted lines.

stochastic excitation. In the first case, all assumptions made for the derivation of the
joint input-state estimation algorithm are met. In the second case, the white noise
assumption is violated.

It follows immediately from Eqs. (59), (60), and (61) that the errors on the estimated
quantities introduced by measurement errors and additional stochastic excitation are
independent of the actual force p[k], which is therefore assumed zero in the following
analysis. The data d[k] passed to the joint input-state estimation algorithm consists of
acceleration a9 and displacement d4, and is obtained from Eqs. (10) – (15), for p[k] = 0.

The error on the estimated response vector d̂e[k|k], which consists of acceleration â11,

is calculated as d̃e[k|k] = de[k] − d̂e[k|k], where the response vector de[k] obtained from
Eqs. (10), (17), and (18), for p[k] = 0. A sampling period T = 500 s is assumed in the
analysis.

Ten uncorrelated vertical stochastic forces are considered, acting at the locations
of accelerometers a1 – a10 (see Figure 1). For the case where white noise stochastic
excitation is considered, the stochastic forces are drawn independently from a normal
distribution with zero mean value and a standard deviation σp

S
of 0.1 N. For the

cases where colored noise stochastic excitation is considered, the Fourier transform
of the jth stochastic force (j = 1, . . . ,10) is calculated for N/2 discrete frequencies ωn

(= 2π(n − 1)/(N∆t); n = 1, . . . ,N/2) from the following equation:

pSj (ωn) = exp(iφn)
√

N∆tSpSjpSj (ωn) (69)

with SpSjpSj (ω) the PSD function of the stationary stochastic force, for component j, N

the number of time steps in the simulation, and ∆t the sampling time step. The phase
angle φn is drawn independently from a uniform distribution over the interval [0,2π],
see also [12]. The time history pSj[k] is subsequently obtained from the (discrete)
inverse Fourier transform of pSj(ωn). The PSD function of the stationary stochastic
forces SpSjpSj (ω) is assumed identical for the npS components, and is given by:

SpSjpSj (ω) =
ω

(1 +ω)2
(70)
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Figure 7 shows the PSD function of the stochastic forces and its corresponding AC
function. The AC function shows a clear correlation of the stochastic forces over time,
whereas the PSD function shows that the stochastic forces are mainly dominated by
low frequency components.
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Figure 7: (a) AC function and (b) PSD function of the stochastic forces applied in the simulations (blue
solid line) and comparison to the equivalent white noise assumed for joint input-state estimation (red
dashed line).

The measurement errors vM[k] are drawn independently from a normal distribu-

tion with zero mean value and a standard deviation of 10−6 m and 10−2 m/s2 for the
displacement and acceleration measurements, respectively.

The noise covariance matrices Q, R, and S, assumed for joint input-state estimation,
are calculated from Eq. (65). Note that the joint input-state estimation algorithm as-
sumes white process and measurement noise, i.e. a flat PSD function over the entire
frequency range for both the measurement errors and stochastic forces. For colored
noise stochastic forces, however, the white noise assumption is not satisfied. Equiva-
lent white noise with stochastic force covariance matrix Cp = Rp

S
p
S
[0] is assumed. Fig-

ure 7 compares the true noise AC and PSD function to the ones of the equivalent white
noise. Another choice of the matrix Cp will lead to different errors on the estimated
quantities.

White noise stochastic excitation Figure 8 shows the evolution of the error variance
of the estimated force p̂ and the estimated acceleration â11 with time. The variances
are found as the diagonal values of the error covariance matrices Pp[k|k] and Pde[k|k],
obtained from the joint input-state estimation algorithm. The error variance for both
estimated quantities evolves over time towards a steady state value. For both estimated
quantities only a very a short time period is required to reach steady state. This justifies
the steady state assumption made in sections 2.3 and 2.4 for the calculation of the filter
transfer functions and the quantification of the errors on the results obtained.

Figures 9 and 10 show the time history, the sample AC and PSD function of the
error on the estimated force p̂ and the estimated acceleration â11, respectively, as ob-
tained from the numerical simulations. The sample PSD function is estimated using
Welch’s method, hereby applying a window length of 2048 samples and an overlap of
66%. The sample AC function of the error on both estimated quantities shows a sig-
nificant correlation with time, resulting in a non-flat PSD function. The sample PSD
function of the errors shows a peak at the antiresonance frequencies of the transfer
functions Hdp(ω). This indicates that the estimation errors depend on the zeros of the
transfer functions Hdp(ω). Unstable zeros lead to large errors on the estimated quanti-
ties, due to the amplification of measurement errors and, therefore, should be avoided.
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Figure 8: Evolution of the error variance of (a) the estimated force p̂ and (b) the estimated accelera-
tion â11, for white noise stochastic excitation.

Figures 9 and 10 also compare the sample AC and PSD function of the error on the es-
timated quantities to the AC and PSD obtained from Eqs. (19), (62), and (64). The
comparison shows an almost perfect agreement. The small difference between both is
mainly due to the finite time window considered in the simulations and small leakage
errors in the estimation of the PSD.
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Figure 9: (a) Time history, (b) sample AC function (blue solid line) and AC function obtained from
analytical expressions (red dashed line), and (c) sample PSD function (blue solid line) and PSD function
obtained from analytical expressions (red dashed line) of the error on the estimated force p̂, for white
noise stochastic excitation. The undamped natural frequencies are indicated by vertical dashed lines
in (c). The antiresonance frequencies of the transfer functions Hdp(ω) that relate the Fourier transform
of acceleration a9 and displacement d4 to the Fourier transform of the force p are indicated by vertical
dotted lines in (c).

Tables 1 and 2 compare the estimated steady state error variance of the estimated
force p̂ (Pss

p ) and acceleration â11 (Pss
de
), respectively, to the mean squared errors ob-

tained from the numerical simulations, and the AC of the errors for time lag l = 0
(Rp̃p̃[0] and Rd̃ed̃e[0]

). For the present case of white noise stochastic excitation, both the
error variance and the AC of the errors for a time lag l = 0 give the true variance of the
errors on the estimated quantities, as already indicated in Section 2.4.

Colored noise stochastic excitation Figures 11 and 12 show the time history, the
sample AC and PSD function of the error on the estimated force p̂ and the estimated
acceleration â11, respectively, as obtained from the numerical simulations. The figures
also compare the sample AC and PSD function of the error on the estimated quantities
to the AC and PSD obtained from Eqs. (19), (62), and (64). As in the previous case of
white noise stochastic excitation, the comparison shows an almost perfect agreement.
The AC of the error on both estimated quantities again shows a significant correlation
with time.

Tables 1 and 2 compare the estimated steady state error variance of the estimated
force p̂ (Pss

p ) and acceleration â11 (Pss
de
), respectively, to the mean squared errors ob-
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Figure 10: (a) Time history, (b) sample AC function (blue solid line) and AC function obtained from
analytical expressions (red dashed line), and (c) sample PSD function (blue solid line) and PSD function
obtained from analytical expressions (red dashed line) of the error on the estimated acceleration â11, for
white noise stochastic excitation. The undamped natural frequencies are indicated by vertical dashed
lines in (c). The antiresonance frequencies of the transfer functionsHdp(ω) that relate the Fourier trans-
form of acceleration a9 and displacement d4 to the Fourier transform of the force p are indicated by
vertical dotted lines in (c).

tained from the numerical simulations, and the AC of the errors for time lag l = 0
(Rp̃p̃[0] and Rd̃ed̃e[0]

). For colored noise stochastic excitation, the error covariance ma-
trices obtained from the joint input-state estimation algorithm do not present the true
error variance, since the white noise assumption is violated. The true value of the vari-
ance of the errors on the estimated quantities if found, however, from the AC of the
errors for a time lag l = 0, as computed in Section 2.4.

Stochastic loads Pss
p

1
N

∑N
k=1 p̃

2
[k|k] Rp̃p̃[0]

White noise 5.18× 10−2 N2 5.18× 10−2 N2 5.18× 10−2 N2

Colored noise 1.17× 101 N2 1.27× 101 N2 1.28× 101 N2

Table 1: Comparison of the steady state error variance of the estimated force p̂ (Pss
p ), the mean squared

force error obtained from the numerical simulations ( 1N
∑N

k=1 p̃
2
[k|k]), and the AC of the force error for

time lag l = 0 (Rp̃p̃[0]).

Stochastic loads Pss
de

1
N

∑N
k=1 d̃

2
e[k|k] Rd̃ed̃e[0]

White noise 2.69× 10−2 (m/s2)2 2.69× 10−2 (m/s2)2 2.69× 10−2 (m/s2)2

Colored noise 6.35 (m/s2)2 2.67 (m/s2)2 2.67 (m/s2)2

Table 2: Comparison of the estimated steady state error variance of the estimated extrapolated ac-
celeration â11 (Pss

de
), the mean squared acceleration error obtained from the numerical simulations

( 1N
∑N

k=1 d̃
2
e[k|k]), and the AC of the acceleration error for time lag l = 0 (Rd̃ed̃e[0]

).

The previous calculations show that the uncertainty on the estimated force, the sys-
tem states, and the extrapolated response, can be quantified by means of their PSD
and AC function, assuming the PSD function of the (stationary) measurement errors
and stochastic forces to be known. The uncertainty quantification approach can be
used next to design a sensor network which minimizes the uncertainty on the esti-
mated quantities, and to determine the optimal noise statistics that are applied for
joint input-state estimation (see also [6]).
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Figure 11: (a) Time history, (b) sample AC function (blue solid line) and AC function obtained from
analytical expressions (red dashed line), and (c) sample PSD function (blue solid line) and PSD function
obtained from analytical expressions (red dashed line) of the error on the estimated force p̂, for colored
noise stochastic excitation. The undamped natural frequencies are indicated by vertical dashed lines
in (c). The antiresonance frequencies of the transfer functions Hdp(ω) that relate the Fourier transform
of acceleration a9 and displacement d4 to the Fourier transform of the force p are indicated by vertical
dotted lines in (c).
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Figure 12: (a) Time history, (b) sample AC function (blue solid line) and AC function obtained from
analytical expressions (red dashed line), and (c) sample PSD function (blue solid line) and PSD function
obtained from analytical expressions (red dashed line) of the error on the estimated acceleration â11, for
colored noise stochastic excitation. The undamped natural frequencies are indicated by vertical dashed
lines in (c). The antiresonance frequencies of the transfer functionsHdp(ω) that relate the Fourier trans-
form of acceleration a9 and displacement d4 to the Fourier transform of the force p are indicated by
vertical dotted lines in (c).

4 CONCLUSIONS

This paper presents a method for quantification of the uncertainty on the results
obtained from joint input-state estimation, introduced by measurement errors and un-
known stochastic excitation, that is acting on the structure besides the forces that are
to be identified. Numerical simulations show that the uncertainty on the estimated
force, the system states, and the extrapolated response, can be quantified by means of
their power spectral density and autocorrelation function, assuming the power spec-
tral denity function of the (stationary) measurement errors and stochastic forces to be
known. The uncertainty quantification approach can be used to design a sensor net-
work which minimizes the uncertainty on the estimated quantities, and to determine
the optimal noise statistics that are applied for joint input-state estimation.
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Abstract. Available methods for structural model updating are employed to develop high 

fidelity models of the soil-foundation-structure of Metsovo bridge using ambient vibration 

measurements. The Metsovo bridge, the highest bridge of the Egnatia Odos Motorway, is a 

two-branch balanced cantilever ravine bridge. Ambient vibration measurements are available 

during different construction phases of the bridge. Operational modal analysis software is 

used to obtain the modal characteristics of the bridge for the various sets of vibration 

measurements. The modal characteristics are then used to update a detailed numerical model 

of the bridge based on solid finite elements. A Bayesian method for parameter estimation is 

used for estimating the parameters of the soil-foundation-structure models under the different 

construction phases. The inference is based on modal properties identified using the 

experimental measurements from a number of sensor configuration setups. HPC based on the 

Transitional MCMC technique, integrated with model reduction tools and surrogate X-

TMCMC techniques, are used to carry out the Bayesian parameter inference. The 

discrepancies in the identified parameters using ambient vibrations under the different 

construction phases are discussed. The effectiveness of the updated models and their 

predictive capabilities are assessed. 
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1 INTRODUCTION 

The evaluation of the actual dynamic characteristics of bridges, such as modal frequencies, 

modal damping ratios and mode shapes, through vibration measurements, as well as the 

development of high-fidelity finite element models (FE), has been attracting an increasing 

research effort worldwide. Measured response data of bridges mainly from ambient vibrations 

offer an opportunity to study quantitatively and qualitatively their dynamic behaviour. These 

vibration measurements can be used for estimating the modal characteristics of the bridges, as 

well for calibrating the corresponding FE models used to simulate their behaviour. The 

information for the identified FE models and their associated uncertainties are useful for 

checking design assumptions, for validating the assumptions used in model development, for 

improving modelling and exploring the adequacy of the different classes of FE models, for 

identifying possible soil-structure interaction effects, and for carrying out more accurate 

robust predictions of structural response. These models are representative of the initial 

structural condition of the bridge and can be further used for structural health monitoring 

purposes. 

Bayesian methods for modal identification and structural model updating are used to 

develop high fidelity FE models of bridges using modal characteristics and their uncertainties 

identified from ambient vibration measurements. Recent developments in Bayesian 

methodologies [1] based on ambient vibration measurements are used for estimating the 

modal frequencies and mode shapes of structures and their uncertainties. Due to the large size 

of the bridges, the mode shapes of the structure are assembled from a number of sensor 

configurations that include optimally placed reference sensors as well as moving sensors. The 

modal properties and their uncertainties are then integrated within Bayesian model updating 

formulations to calibrate the parameters of large scale FE models as well as their associated 

uncertainty. Existing Bayesian formulations are extended to include uncertainties in the modal 

characteristics that are identified by the Bayesian modal estimation methodology. For 

complex posterior distributions, stochastic simulation algorithms can be conveniently used to 

sample from these distributions for parameter estimation, model selection and uncertainty 

propagation purposes. This requires a large number of system re-analyses which can increase 

substantially the computational effort to excessive levels if one simulation for high-fidelity 

large-order models requires several minutes or even hours to complete. Fast and accurate 

component mode synthesis techniques, consistent with the FE model parameterization, are 

used to achieve drastic reductions in computational effort [2]. Further computational savings 

are achieved by adopting parallel computing algorithms such as the Transitional MCMC to 

efficiently distribute the computations in available multi-core CPUs [3].  

The proposed framework is demonstrated by calibrating two FE models of the Metsovo 

Bridge in two different construction phases. It is demonstrated that high performance 

computing and model reduction tools integrated within Bayesian tools can be used to calibrate 

the uncertainty in these models within very reasonable computational time, despite the very 

large number of DOF of the order of hundreds of thousands or even several million. 
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2 BAYESIAN FORMULATION FOR MODEL UPDATING 

The Bayesian methodology is used to calibrate the parameters of a FE model and estimate 

the uncertainties in these parameters using vibration measurements. According to the 

methodology, if   denotes the parameters of the FE model, the uncertainty in the parameters 

given measured data D  is quantified by the posterior distribution that is obtained from Bayes 

theorem as 

( | ) ( )
( | )

( )

p D
p D

p D

  
  (1) 

where ( | )p D   is the likelihood, ( )   is the prior distribution of the uncertain parameters 

and ( )p D  is the evidence of the finite element model. 

To apply the Bayesian formulation for parameter estimation of linear FE models, we 

consider that the data consist of modal frequencies ˆ
r  and mode shapes 0,ˆ rN

r R  , 

1, ,r m , experimentally estimated using ambient vibration measurements, where m  is the 

number of identified modes and 0,rN  the number of measured components for mode r . There 

are a number of techniques for estimating the modal frequencies and mode shapes from 

output only vibration measurements. Herein we use the Bayesian modal parameter estimation 

method proposed in [1]. In addition to the most probable values of the modal frequencies, the 

uncertainty in the modal frequencies is also quantified by Gaussian distributions and the 

standard deviation of such distributions for all identified modal frequencies is estimated. 

The likelihood is built up using the following model prediction error for the modal 

frequencies and mode shapes. The prediction error equation for the r -th modal frequency is 

2 2 ( ) ( )ˆ ( ) e m

r r r re e      (2) 

where ( )r   is the model predictions of the r -th modal frequency for a particular value of 

the parameter set  , ( )e

re  is the experimental error taken to be Gaussian error of zero mean 

and standard deviation ,e r  identified from the modal identification technique, ( )m

re is the 

model error assumed to be Gaussian with zero mean and standard deviation 2

,
ˆ

r r  , and 

,r    is the model prediction error parameter for the modal frequencies, assumed herein 

to be the same for all modes. Following the formulation in [4], which avoids the use of mode 

correspondence, the prediction error equation for the r-th mode shape is  

( ) ( )ˆ ( ) e m

r r r r       (3) 

where ( ) ( ) ( )r r r r rL a a       is the model predictions of the r -th mode shape, ( )  is 

the matrix of model mode shapes ( )r  , 1, ,r m  predicted from a particular value of the 

parameter set  , ( )e

r  is the experimental error taken to be Gaussian of zero mean and 

covariance matrix identified from the modal identification technique, ( )m

r  the model error 

assumed to be Gaussian with zero mean and covariance matrix 2 2

,
ˆ|| ||r r I  , and ,r    is 

the model prediction error parameter for the mode shapes, assumed herein to be the same for 

each mode. The vector 1 ˆ( ) [ ( ) ( )] ( )T T

r r r r r ra a           is chosen to guarantee that 

( )r   is closest to ˆ
r . The model prediction error parameters   and   are considered to 
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be unknown and are incorporated in the unknown parameter set   in the Bayesian 

formulation. 

Given (2) and (3) one readily derives that the likelihood function required in (1) is given by 

2 2

1 1 1
( | ) exp ( ) ( )

2 2m M
p D J J 

   

  
   

 
   

  

 (4) 

where 

22

2 2

ˆ|| ( ) ( ) ||ˆ( ) ( ) ( ) ( ) ( )
( ) ,         ( )

ˆˆ ( ) ( ) || ||

T Tm m
r r rr r r r r

T
r rr r r r

aa a a a
J J

a a
 

       
 

    

  
    (5) 

2( ) [ ( )]rdiag     and 0,1

m

rr
M N


 . The formulation is quite flexible to account for 

different number of measured components per mode shape, arising usually from the mode 

shape assembling process, as well as to avoid the mode correspondence which is often a non-

trivial task in model updating formulations. 

Figure 1: Longitudinal view of the Metsovo bridge. 

The Bayesian tools for identifying FE models as well as performing robust prediction 

analyses are Laplace methods of asymptotic approximation and stochastic simulation 

algorithms. These tools require a moderate to very large number of repeated system analyses 

to be performed over the space of uncertain parameters. Consequently, the computational 

demands depend highly on the number of system analyses and the time required for 

performing a system analysis. In this work the Transitional MCMC (TMCMC) stochastic 

simulation algorithm [5] is employed. High performance computing techniques are integrated 

within the TMCMC tool to efficiently handle large number of DOF in FE models. Fast and 

accurate component mode synthesis techniques [2] are used, consistent with the FE model 

parameterization, to achieve drastic reductions in computational effort. Further computational 

savings are achieved by adopting parallel computing algorithms to efficiently distribute the 

computations in available multi-core CPUs [3]. 

3 DESCRIPTION OF BRIDGE AND INSTRUMENTATION 

The ravine bridge of Metsovo (Anthohori-Anilio tunnel), shown in Figure 1, of Egnatia 

Motorway is crossing the deep ravine of Metsovitikos river, 150m over the riverbed. This is 

the highest bridge of the Egnatia Motorway, with the height of the tallest pier equal to 110m. 

The total length of the bridge is 537m. The bridge has 4 spans of length 44.78m, 117.87m, 

235m, 140m and 3 piers of which M1(45m) supports the boxbeam superstructure through pot 
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bearings (movable in both horizontal directions), while M2(110m) and M3(35m) piers 

connect monolithically to the structure. 

Acceleration measurements were collected under normal operating conditions of the bridge 

in order to identify the modal properties of the structure (natural frequencies, mode shapes, 

damping ratios) which constitutes the first step of FE model calibration. The measured data 

were collected using 5 triaxial and 3 uniaxial accelerometers paired with a 24-bit data logging 

system and an internal SD flash-card for data storage. The synchronization of the sensors was 

achieved by using a GPS module in each of the sensors, hence they could be programmed to 

start and stop recording at exactly the same time for the desired duration. An important aspect 

of the measurement system is the fact that it is wireless, since this allowed for multiple sets of 

repeated measurements which is required for accurate mode shape identification. The 

excitation of the bridge during the measurements was primarily due to road traffic, which 

ranged from motorcycles to heavy trucks, and environmental excitation such as wind loading 

and ground micro-tremor, which classifies this case as output-only or ambient modal 

identification. 

0 100 200 300 400 500 600
0

5

10

15

Length [m]
 

Figure 2: Positions of sensors along deck; Moving sensors (red circles) and reference sensors (green circles). 

Given the limited number of sensors and the large length of the deck, multiple sets of 

measurements had to be performed in order to identify the higher, more complex mode shapes 

accurately. Specifically, the entire length of the deck was covered in 13 configurations with 

sensors located approximately 20m apart as shown in Figure 2. Each configuration was 

recording for 20 minutes with a sampling rate of 100 Hz, and then remained idle for 10 

minutes to allow time to move the sensors in the next position. One tri-axial and three 

uniaxial sensors (one vertical and two horizontal), one at each side of the bridge, remained at 

the same position throughout the whole measurement process. These sensors are indicated by 

the filled green circles in Figure 2, and are called the reference sensors. Their purpose is to 

provide common measurement points along different configurations so as to enable the 

procedure of mode shape assembling [6]. The locations of the reference sensors, and the 

distance between successive configurations (20m) were selected based on an optimal sensor 

location theory [7] so as to provide the highest information content for identifying the modal 

parameters of the structure. For optimizing the location of the reference sensors, the 

information entropy [7] was minimized as a function of the location of the reference sensors. 
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The mode shape components identified in each sensor configuration are differently scaled, 

and these components were combined into the full mode shape at all measured DOFs of the 

structure. A mode shape assembly methodology, similar to the one in [6] was followed to 

resolve this issue of different scaling and produce the desired full mode shape from the local 

mode shapes taking advantage of the above mentioned optimally placed reference sensors. 

This is achieved by minimizing the difference between the full mode shape and each of the 

configuration mode shapes in a least squares sense. 

The pier M3 balanced cantilever had also been instrumented after the construction of all its 

segments and before the construction of the key segment that will join with the balanced 

cantilever of pier M2 (Figure 3). The total length of M3 cantilever was at the time of its 

instrumentation 215m while its total height is 35m. 

Six uniaxial accelerometers were installed inside the box beam cantilever M3 of the left 

carriageway of Metsovo ravine bridge. The accelerometer arrays, are shown in Figure 3. Due 

to the symmetry of the construction method (balanced cavtilevering) and as the same number 

of segments were completed on both sides of pier M3, the instrumentation was limited to the 

right cantilever of pier M3, following two basic arrangements: a) according to the 1
st

arrangement two (2) sensors were supported on the head of pier M3, one measuring 

longitudinal and the other transverse accelerations (Μ3L, Μ3T), while the remaining four (4) 

accelerometers were supported on the right and the left internal sides of the box beam’s  webs 

, two (2) distant  46m and two (2) distant 68m from M3 axis, respectively (LV3, RV4, LV5, 

RV6). All four were measuring vertical acceleration. b) according to the 2
nd

 arrangement the

last two sensors of the 1
st
 arrangement were fixed in a section near the cantilever edge, distant

93m from M3 axis, while the other four remain in the same positions. In both arrangements 

the sixth sensor was adjusted to alternatively measure both in vertical and in transverse 

horizontal direction (RV6 or RT6). 

Figure 3: Positions of sensors in M3 construction phase. 

4 EXPERIMENTAL ESTIMATION OF MODAL PROPERTIES 

For the extraction of modal properties from the ambient acceleration data, a Bayesian 

methodology [1] was followed based on the FFT (Fast Fourier Transform) of the acceleration 

time histories in a specific, user-defined frequency band of interest. This user-defined 

frequency band must include the resonant frequency and be wide enough so as to comprise all 

the dynamics associated with that mode, but not so wide so as to introduce unnecessary 

modeling error. For the definition of an appropriate frequency band, the Power Spectral 

Densities (PSD) of the acceleration time histories were used along with their Singular Value 

Spectrums (SVD). Note that the identification methodology does not use these quantities, 

only the FFT is used in a specific band of interest. The PSD and SVD were used for finding 

the appropriate bands where resonant frequencies are most likely to exist, and to qualitatively 

check the recorded data between different sensors. The SVD plot has also the ability to reveal 
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closely spaced modes that are not apparent in the power spectrum, such is the case in the 

second and third modes of the Metsovo Bridge. The number of possible modes in a frequency 

band is of importance to the identification algorithm. The PSD and SVD plots revealing the 

first 3 natural frequencies are presented in Figure 4. Note that in the SVD plot there are two 

peaks near 0.6 Hz, indicating the existence of two closely spaced modes. 
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Figure 4: PSD and SVD plots revealing the first 3 lowest modal frequencies. 

Following the Bayesian identification methodology and the mode shape assembling 

algorithm, the natural frequencies and damping ratios of the structure were extracted, and the 

mode shape components of each configuration were combined to produce the full mode 

shapes of the structure at all or part of the sensor locations covered by the 13 configurations. 

For comparison purposes, Table 1 presents the mean and the standard deviation of the 

experimentally identified modal frequencies for the lowest 10 modes of the Metsovo bridge. 

Representative assembled mode shapes are shown in Figure 5 and compared with the mode 

shapes predicted by the nominal FE model of the bridge. 

The modal properties of the pier M3 at the construction phase were also extracted by the 

same procedures, without the need to resort to mode shape assembling because only one 

sensor configuration was utilized in that case. 

The modal properties of the pier M3 and the entire bridge were used as experimental data 

for the Bayesian model updating of the two respective FE models. 

Mode Type Modal Frequencies (Hz) 

Experimental Nominal Model Calibrated Model 

Mean 

Std 

Deviation Mean 

Std 

Deviation 

1 Transverse 0,3063 0,0007 0,3180 0,3076 0,0049 

2 Transverse 0,6034 0,0014 0,6220 0,5960 0,0071 

3 Bending 0,6227 0,0008 0,6460 0,6236 0,0081 

4 Transverse 0,9646 0,0084 0,9890 0,9227 0,0276 

5 Bending 1,0468 0,0066 1,1120 1,1095 0,0107 

6 Transverse 1,1389 0,0049 1,1730 1,1381 0,0117 

7 Bending 1,4280 0,0042 1,5160 1,4664 0,0167 

8 Transverse 1,6967 0,0112 1,7110 1,6444 0,0172 

9 Bending 2,0053 0,0054 1,9340 1,8322 0,0203 
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10 Transverse 2,3666 0,0025 2,3520 2,2192 0,0252 
 

Table 1: Comparison of experimental and model predicted frequencies. 

          

  

Figure 5: Identified and model predicted mode shapes: left to right: first transverse, first bending, fourth 

transverse, third bending. 

5 MODEL UPDATING OF M3 AND BRIDGE 

A detailed FE model of the M3 pier is created using 3-dimensional tetrahedral quadratic 

Lagrange finite elements. An extra coarse mesh is chosen to predict the lowest 20 modal 

frequencies and mode shapes of the pier. The FE model has 46,593 FEs and 226,179 DOFs. 

The model is parametrized by 2 parameters having to do with the modulus of elasticity of the 

deck and pier respectively. The soil boundary conditions were modeled by embedding the pier 

foundation inside a large block of material whose material properties were parametrized. 

Thus, the soil properties become an additional parameter resulting in a total of 3 structural 

parameters to be calibrated. These parameters multiply some nominal values of the modulus 

of elasticity of the materials of the deck, pier and soil. Their identified value and uncertainty 

tells us how far from the nominal values the real values are. 
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Figure 6: FE model of M3. 

Model reduction is used to reduce the model and thus the computational effort to 

manageable levels. Specifically, a parameterization-consistent component mode synthesis 

(CMS) technique is applied. Details can be found in reference [2]. The reduced model 

resulting in a number of 518 generalized coordinates, with errors in the estimates for the 

lowest 20 modal frequencies to be less than 0.02%. Thus, using CMS a drastic reduction in 

the number of generalized coordinates is obtained which can exceed three orders of 

magnitude, without sacrificing in accuracy with which the lowest model frequencies are 

computed. The time to solution for one run of the reduced model is of the order of a few 

seconds which should be compared to the 2 minutes required for solving the unreduced FE 

model. Also, in order to further reduce the time to solution, the computations were performed 

in parallel using 24 cores available from three 4-core double threaded computers. 

The prior distribution of the parameters was assumed to be uniform with bounds in the 

domain [0.2,2] x [0.2,2] for the deck and pier parameters, in the domain [0.01,10] for the soil 

parameter and in the domain [0.001,1] x [0.001,1] for the prediction error parameters   and 

 . The domain for the soil parameter was deliberately chosen larger in order to be able to 

explore the full effect of the soil stiffness on the model behavior and its comparison with the 

experimentally identified modal frequencies and mode shapes. The calibration is done using 

the lowest 10 modal frequencies and mode shapes identified for the structure. Representative 

results are obtained in this paper using TMCMC to generate samples from the posterior PDF 

of the structural model and prediction error parameters and then the uncertainty is propagated 

to estimate the uncertainty in the predicted modal frequencies of the bridge. 

Figure 7 shows the TMCMC samples for the deck and pier parameters which are centered 

around 1 for both parameters. Figure 8 shows samples for the deck and soil parameters. The 

soil parameter samples fall in the range [0.2,10] which implies that the soil parameter can not 

drop below 0.2 and retain the fit with the experimental data. Above that value the soil 
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becomes too stiff and behaves like a fixed boundary condition, and there is no point in 

increasing it further. The posterior marginal distributions for all the parameters of M3 are 

shown in Figure 9. The parameter uncertainty is propagated to estimate the uncertainty in the 

model predicted modal frequencies. A comparison of the updated model predictions with the 

experimental data is shown in Figure 10.  

Figure 7: 2D TMCMC sample projections for deck and pier parameters. 

Figure 8: 2D TMCMC sample projections for deck and soil parameters. 
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Figure 9: Posterior marginal distributions for all the model parameters. 
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Figure 10: Uncertainty propagation to modal frequencies. 

A similar procedure was followed for the entire bridge. A detailed FE model of the entire 

bridge is created using 3-dimensional tetrahedral quadratic Lagrange finite elements. An extra 
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coarse mesh is chosen to predict the lowest 20 modal frequencies and mode shapes of the 

bridge. The FE model has 97,636 FEs and 562,101 DOFs. 

Figure 11: FE model of Metsovo bridge. 

The model parameters multiply the nominal values of the properties that they model. The 

first parameter is associated to the deck modulus of elasticity. The next two parameters are 

associated to the bearings (3 bearings at each side). The next 3 parameters are associated to 

the modulus of elasticity of the three piers. The soil-structure interaction has been taken into 

account by embedding  the piers and bearings of the bridge into large soil blocks with 

parametrized properties. So the final structural parameter is the modulus of elasticity of the 

soil blocks. 

Again, the same procedures as with the M3 model were used, combining model reduction 

techniques with TMCMC sampling to perform the Bayesian model updating, using as data the 

experimentally identified modal frequencies and mode shapes of the bridge. Representative 

results demonstrating the fit with the experimental data are shown in Table 1. 

6 CONCLUSIONS 

The proposed Bayesian methodology for FE model parameter estimation using modal 

properties is flexible to take into account the uncertainties in the modal estimates computed 

by recently developed Bayesian techniques as well as the different number of mode shape 

components used for each mode identified by assembling the mode shape from a number of 

different sensor configurations. Model non-intrusive stochastic simulation algorithms used in 

Bayesian tools for model uncertainty quantification and calibration, model selection and 

propagation requires a moderate to large number of FE model simulation runs. For large order 

FE models with hundred of thousands or even million DOFs and localized nonlinearities 

encountered in structural dynamics, the computational demands involved may be excessive, 

especially when a model simulation takes several minutes, hours or even days to complete. 

Drastic reductions in the time to solution are achieved by integrating model reduction 

techniques to substantially reduce the order of high fidelity large order FE models, and 

175



Costas Argyris, Costas Papadimitriou, Panagiotis Panetsos and Panos Tsopelas 

parallelization techniques to efficiently distribute the computations in available multi-core 

CPUs. Application of the Bayesian method to the Metsovo bridge in two distinct construction 

phases demonstrated its computational efficiency and accuracy. Specifically, using model 

reduction techniques and parallelization strategies within TMCMC with the available 

computing resources, the computational effort was drastically reduced to manageable levels 

for the high fidelity high-order FE model of the bridge of hundreds of thousands of DOF. In 

particular, it is demonstrated that the proposed CMS method is efficient in drastically 

reducing the model to a few hundred degrees of freedom without compromising the accuracy 

of the results. The model reduction techniques and parallel implementation strategies allowed 

for two to three orders of magnitude reduction of computational time. 
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Abstract. In Structural Health Monitoring (SHM) applications, observed discrepancies be-

tween identified and numerically calculated dynamic characteristics of structures have to be 

carefully interpreted and evaluated. Structural damage is not always responsible for those 

discrepancies, which can also be attributed to the initial assumptions adopted for the numeri-

cal models. In the present work a model updating framework is applied for a structure-

foundation-soil experimental test–case, where discrepancies were observed between identi-

fied and numerically computed dynamic characteristics of an undamaged bridge-foundation-

soil system. The scope is to interpret the observed discrepancies, to validate alternative nu-

merical approaches of simulating soil-structure-interaction and to investigate how the re-

finement of the numerical models influences the model updating results. To this end, a steel 

strucure comprising an equivelnt scaled system of an under-construction isostatic deck-pier-

caisson part of Metsovo bridge, in Greece, was studied in the laboratory. The Stochatsic Sub-

space Identification (SSI) method was implemented in order to identify the dynamic charac-

teristics (natural frequencies, modeshapes, damping ratios) of the structure. Numerical 

models with different level of modeling complexity were developed and were then updated un-

til correlation was achieved between identified and numerically calculated natural frequen-

cies. The results indicated that the soil’s initially adopted shear modulus G was overestimated 

thereby requiring appropriate calibration. After model updating takes place, all considered 

numerical models provide natural frequency estimates that are in good agreement with those 

identified based on ambient vibrations, indicating that less refined numerical models can be 

implemented in SHM applications in an efficient manner, provided soil parameters are accu-

rately accounted for. 
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1 INTRODUCTION 

The management and maintenance of significant civil engineering technical projects is 

based nowadays to a great extent on Structural Health Monitoring applications (SHM). SHM 

involves mainly the identification of the dynamic characteristics of a structure over time, in 

order to monitor any changes to its structural components that may indicate structural damage. 

Furthermore, SHM involves the development of numerical models that perform similarly to 

the actual structural response, so that they can be utilized for its reliable assessment. The vali-

dation of the assumptions adopted to the nominal FE models is essential, given that models 

are inevitably governed by simplified assumptions and idealizations, regarding the simulation 

of the geometry, the material properties and the boundary conditions, leading commonly to 

discrepancies between the measured and the numerically predicted dynamic characteristics of 

a structure. 

 In cases where such discrepancies are observed and especially when the structure is 

founded on flexible soil deposits, a meaningful enhancement lies in the improvement of the 

simulation of the structure-foundation-soil stiffness, since error is likely to be introduced in 

the analysis when the soil-structure interaction effect is not accurately accounted for (Crouse 

et al. [1] and Chaudhary [2]). Advanced methods exist that consider the entire structure-

foundation-soil system as a whole (Wolf [3]), but have high computational demands. Alterna-

tive methods have also been developed, involving kinematic and inertial decoupling of the 

superstructure-foundation-soil system by replacing soil with Winkler type springs. For the 

case of embedded foundations, a wide range of formulas have been proposed in the literature 

for the determination of the spring coefficients based on the foundation shapes and the foun-

dation subsoil (Elsabee and Morray [4], Dominguez and Roesset [5], Gazetas et al [6], Ga-

zetas and Gerolymos [7], Varun et al [8]).  

The accurate simulation of the structure-foundation-stiffness is however linked both to the 

method used to represent the soil stiffness as well as to the determination of the actual soil 

properties. In this respect, one other common practice lies in the updating of the nominal soil 

parameters assigned to the FE models. Model updating uses the identified modal data and 

formulates an optimization problem in which the optimal values of the parameters of a FE 

model are commonly attained via minimization of a measure of the residuals between the 

measured and numerically predicted modal characteristics. Some of the available algorithms 

can be found in the work of Teughels et al. [9], Lam et al. [10], Christodoulou and Papadi-

mitriou [11]).  

Along these lines, in the present work a model updating framework is applied for a struc-

ture-foundation-soil experimental test–case, where discrepancies were observed between 

identified and numerically computed dynamic characteristics of an undamaged bridge-

foundation-soil system [12]. Despite the fact that the soil-foundation stiffness was modeled 

using three distinct methods, of different level of modeling refinement, the observed discrep-

ancies where of the same order (12%), indicating that the nominal adopted G shear modulus 

was overestimated. The scope of the present work is to interpret the observed discrepancies, 

to validate alternative numerical approaches of simulating soil-structure-interaction and to 

investigate how the refinement of the numerical models influence the model updating results. 

2 BENCHMARK STRUCTURE 

2.1 Structural system 

The Metsovo ravine bridge is an already constructed reinforced concrete bridge located at 

the northwestern part of Egnatia Highway, in Greece. The bridge was constructed by the bal-
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anced cantilever construction method, which made feasible the modal identification of indi-

vidual, structurally independent bridge segments during construction. Therefore, the modal 

characteristics of the M3 pier-deck segment were identified by Panetsos et al. [13] prior to the 

construction of the key sections connecting it to the remaining segments of the bridge (Figure 

1, background). As a result, the M3 pier-deck segment was temporary acting as an independ-

ent balanced cantilever. The total length of the deck supported on the M3 pier was, at the time 

that the measurements were obtained, 215m, while the height of the pier was 32m. The latter 

is founded via a large caisson embedded in thick interchanges of sandstone and limestone, 

which roughly correspond to soil class A according to Eurococe 8.  

Utilizing the already identified modal characteristics of the M3 pier-deck segment, a scaled 

replica was constructed [12]. The scale was set to 1:100 mainly due to the long 215m deck of 

the T-shaped prototype cantilever and the laboratory space limitations. At this scale the con-

struction of an exact replica of the concrete deck section was not feasible as it would result to 

web and flange dimensions as thin as 22 mm and 3 mm. Therefore, an equivalent scaled steel 

structure was designed to have similar dynamic characteristics with those of the prototype 

concrete M3 pier-deck cantilever (Figure 2, only the superstructure). After appropriate dimen-

sional optimization (using the FE software ABAQUS 6.12) relying on standard sections 

available in the market, the steel balanced cantilever was formed using the following com-

mercially available sections: (a) a 90X90X3 HSS hollow steel section of 215cm length corre-

sponding to 1:100 replication of the prototype deck, (b) a 100X100X5 HSS hollow steel 

section of 6,15cm length corresponding to the prototype central deck-segment, (c) two 

80X20X3 HSS hollow steel sections of 32cm length corresponding to 1:100 replication of the 

prototype M3 pier, and (d) a 100X100X5 steel plate that was used as the base of the pier.  

In [12] the modal equivalence of the concrete M3 pier-deck segment with its steel replica 

is examined. The steel replica (Figure 2, only the superstructure) was fixed at its base to rep-

resent the stiff soil conditions of the prototype and its modal characteristics were identified 

based on low intense hummer impacts. It has been observed that the natural frequencies of the 

equivalent scaled structure present a 6.34% average deviation compared to those expected 

from the prototype’s ideal 1:100 scaled structure, indicating good agreement between the 

equivalent (steel) and the prototype (concrete) bridge pier. 

2.2 Soil conditions 

Having established a level of confidence between the prototype structure and its equivalent 

replica, alternative soil conditions were applied to the scaled superstructure. In the present 

study the superstructure, as shown in Figure 2, was fixed on a circular concrete (C30/37) 

foundation (15cm diameter and height) that was embedded in stabilized soil. The stabilized 

soil consisted of clay (CL), 24% water and 4% lime. The total height of the soil deposit was 

30cm and its dry density was determined as ρs=1.86t/m
3
. Two sensors were placed inside soil,

measuring the velocity of the shear waves (VS) and two measuring the compression waves 

(VP). In [12] it was shown that the VS measurements were not reliably measured leading to an 

overestimated value of Gnominal (186MPa). In the present work the VP measurements were uti-

lized in order to re-estimate the Gnominal. Finally, based on Equations 1 and 2 and by assuming 

a representative value v=0.35 for this type of soil, the Gnominal was determined as 51MPa. 
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Figure1: Metsovo bridge M3 pier-deck segment prior (background) and after its connection with the M2 pier-deck 

segment (foreground).  

Figure 2: Steel scaled structure of the M3 pier-deck segment founded on stabilized soil (left), detail of the labora-

tory model before its placement in the soil deposit (right, up) and detail of the concrete foundation (right, down). 

Figure 3: Arrangement of the 3 reference sensors RS1-RS3 and alternative positions of the portable sensors S4-S6

in Configurations C1, C2 and C3. 
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3 SYSTEM IDENTIFICATION 

3.1 Instrumentation 

The dynamic characteristics (natural frequencies, modeshapes, damping ratios) of the 

scaled structure founded on stabilized soil (Figure 2) were identified based on hammer im-

pulses, to simulate a broadband excitation similar to ambient excitations applied to the actual 

M3 pier-deck segment. The measurements were performed at the laboratory of Soil Mechanics 

at the Bauhaus University Weimar, in Germany. The soil was placed in a 95cm laboratory box 

that was fixed on a 1X1m
2 

shaking table. Six triaxial accelerometers (along the longitudinal,

transverse and vertical directions) were installed on the structure: five on the deck and one at 

the base of the pier. Three alternative configurations were formed. Three of the six sensors, 

namely RS1, RS2 and RS3 were considered to be the reference sensors (RS) having the same 

location (left side, middle and right side of deck respectively) at all configurations. The port-

able sensors S4, S5 and S6 were placed in alternative positions. The locations of the portable 

sensors were (Figure 3): 

 Configuration1 (C1): S4 at 25cm, S5 at 82cm and S6 at base of pier,

 Configuration 2 (C2): S4 at 52cm, S5 at 52cm and S6 at 15cm and

 Configuration 3 (C3): S4 at 80cm, S5 at 25cm and S6 at 32cm.

3.2 Stochastic subspace identification 

An output-only ambient vibration-based system identification was applied to the developed 

scaled structure. The natural frequencies were identified by means of the covariance-driven 

Stochastic Subspace Identification method (Peeters and De Roeck [14]) using MACEC 

(Reynders and De Roeck [15]), which is a Matlab toolbox for operational modal identifica-

tion. Herein a brief overview of the method is provided in place of an in depth presentation, 

which lies beyond the scope of this paper.  

To begin with, the dynamic behaviour of a discrete mechanical system consisting of n 

masses connected with springs and dampers is described by the following differential equa-

tion: 

( ) ( ) ( ) ( )  MU t CU t KU t F t  (3) 

where M, C, K are the mass, damping and stiffness matrices and F(t) is the excitation force. In 

civil engineering structures, where parameters are distributed, Equation 3 is obtained as the 

finite element approximation of the system with only n degrees of freedom. Equation 3 need 

be manipulated for use with system identification methods since: (a) this equation is in con-

tinuous time whereas measurements are sampled at discrete-time instants, (b) it is impossible 

to measure all dofs as implied by this equation and (c) there is some modeling and measure-

ment noise, which need be accounted for.  In this respect, the Stochastic Subspace Identifica-

tion method assumes that the dynamic behavior of a structure, excited by white noise, can be 

described at the k
th

 sample time by the following discrete-time, linear, time-invariant, stochas-

tic, state-space model of Equation 4: 

1k k kx Ax w   (4a) 

k k ky Cx   (4b) 
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where kx  is the internal state vector,  ky  is the measurement vector, kw  is the process noise 

due to disturbances and modeling inaccuracies, k  is the measurement noise due to sensor 

inaccuracy, A is the discrete state matrix containing the dynamics of the system and, C is the 

output matrix that translates the internal state of the system into observations. The state space 

matrices are then identified based on the measurements and by using QR-factorization, Singu-

lar Value Decomposition (SVD) and least squares robust numerical techniques. Once the state 

space model is found, the modal parameters (natural frequencies, damping ratios and 

modeshapes) are determined by an eigenvalue decomposition.  

Five natural frequencies (Figure 5) were identified at the steel scaled structure founded on 

stabilized soil, namely a rotational one, the 1
st
 longitudinal, a transverse one, the 2

nd
 longitu-

dinal and finally one bending mode. 

4 NUMERICAL MODELS 

4.1 Modelling of superstructure 

All numerical simulations were carried out with the FE-Code ABAQUS 6.12 [16]. Three 

FE models were developed. The resulting FE models simulated the superstructure of the con-

structed scaled model commonly using three-dimensional 8-node linear brick elements. The 

mesh size of the superstructure was 1X1 to all FE models. Stainless steel was assigned as the 

material of the superstructure with E=210GPa, v=0.3 and ρ=7.46t/m
3
 (measured mass of su-

perstructure 20.46kg).  

4.2 Modelling of soil-foundation stiffness 

The developed numerical models simulated the dynamic stiffness of the soil-foundation 

system with three alternative methods having different level of modeling complexity.   

4.2.1 Method 1: Holistic method 

In the first method the dynamic stiffness of the soil-foundation system was simulated as 

whole [3] in the three dimensional space using 8-node linear brick elements for the foundation 

and 10-node quadratic tetrahedron elements for the soil deposit (Figure 4.a). The mesh size of 

the foundation was 1X1 whereas the mesh size of the soil 5X5. In this approach, the resulted 

FE model had approximately 200,000 DOFs. Regarding the soil properties an isotropic ho-

mogenous material was assigned to the 3D soil volume with the properties that are mentioned 

in Section 2.2. A C30/37 class concrete (E=32GPa, v=0.30) was assigned to the caisson with 

density ρ=2.71t/m
3 

(the mass of the foundation was measured 7.56kg).  

 

 
                (a)                                               (b)                                                (c) 

Figure 4: Developed numerical models with alternative level of modeling complexity regarding the simulation of 

the soil-foundation stiffness: (a) a holistic method with 3D solid finite elements [3] (Method 1), (b) a 6+6 DOF 

springs method suggested by Kausel [17], and Varun et al [8] (Method 2) and (c) a 6-DOF spring method intro-

duced by Elsabee et al. [4] (Method 3).   
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1. Rotational (14.88Hz) 1. Rotational (15.04Hz)

2. 1st Longitudinal (19.16Hz) 2. 1st Longitudinal (19.88Hz)

3. Transverse (46.38Hz) 3. Transverse (44.92Hz)

4. 2nd Longitudinal (56.86Hz) 4. 2nd Longitudinal (56.92Hz)

5. Bending (85.04Hz) 5. Bending (87.15Hz)

Figure 5: Identified and numerically predicted modeshapes of the calibrated 6+6 DOF springs model (Method 2). 
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4.2.2 Method 2: Intermediate embedded circular foundation model 

A second method to model the foundation-soil system was selected, based on the formulas 

proposed for intermediate embedded circular foundations (length-to-diameter aspect ratio 

2<D/B<6). In this case, the foundation was simulated in the same manner as in the first meth-

od but the soil was now simulated via use of springs instead of a 3D soil volume (Figure 4.b). 

In particular, the subsoil at the tip of the caisson was modeled as a 6-DOF spring, while the 

stiffness of the surrounding soil was modeled by an additional 6-DOF spring assigned at the 

middle of the foundation height. The former 6-DOF stiffness matrices were obtained from the 

theory of surface circular foundations on a stratum over rigid base as suggested by Kausel [17] 

and the latter 6-DOF stiffness matrices by the solution of Varun et al. [8] for cylindrically 

shaped intermediate embedded foundations. In those formulas the 12 nominal spring coeffi-

cients were calculated based on the Gnominal shear modulus that was determined by the VP sen-

sors (51MPa). 

4.2.3 Method 3: Shallow embedded cylindrical foundation model 

In the third method selected herein, the foundation was once again simulated in the same 

manner as in the first case, whereas now the soil was replaced by 6-DOF Winkler type springs 

(Figure 4.c) in the middle of the caisson’s height. The spring coefficients were obtained from 

the theory of shallow embedded cylindrical foundations (length-to-diameter aspect ratio 

D/B<2) placed on a homogenous soil stratum over bedrock, as proposed by Elsabee and 

Morray [4]. Again the nominal measured shear modulus Gnominal=51MPa was utilized to de-

termine the 6 spring coefficients. 

5 CALIBRATION OF NUMERICAL MODELS 

5.1 Method 

A FE model updating application aims to estimate the values of the structural parameter  θ 

of a developed numerical model so that the natural frequencies and mode shapes { ( )r  , 

 r  , r=1,..,m} predicted by this model accurately approximate the experimentally obtained 

modal characteristics { ˆ
r , ˆr , r=1,..,m},  where m is the number of modes of interest. The 

objective function J(θ) represents an overall measure of fit between the measured and the 

model predicted modal characteristics. Namely, the first norm in Equation 5 represents the 

measure of fit between the measured and the model predicted frequency for the r -th mode, 

while the second norm represents the difference between the measured and the model predict-

ed eigenvector for the r -th mode, through the Modal Assurance Criterion (MAC). In Equation 

6 the closest the MAC value is to one the closer the fit and the minimum the value of the se-

cond norm in Equation 5. Herein, no weighted values were implemented to the two norms 

since the assumption of equal weighted residuals is adopted. 
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The matlab optimization toolbox [18] was utilized for the minimization of the objective 

function J(θ). The fminserach algorithm was selected to be the optimization algorithm. This 

algorithm is an unconstrained nonlinear minimization algorithm that uses the Nelder-Mead 

simplex algorithm as described in Lagarias et al. [19].  

5.2 Calibrated soil-foundation stiffness 

In [12] the natural frequencies of the steel replica of the M3 pier-deck segment were identi-

fied under fixed support conditions. The respective developed numerical model predicted 

natural frequencies corresponding to an average error as lows as 2.12%. This verified that the 

nominal values assigned to the material properties of the superstructure were realistic and that 

they do not need to be subjected to calibration. Moreover, since there was no uncertainty con-

cerning the modelling of the superstructure, the discrepancies observed between the measured 

and model-predicted natural frequencies for the case of the stabilized soil were attributed to 

the determination of the actual soil stiffness.  Therefore, the parameter θ selected to be updat-

ed is the soil’s stiffness related parameter that scales the contribution of the G nominal value 

that was assigned to the initial FE models. Thus, the nominal FE models correspond to pa-

rameter values θ=1. 

The model updating results for the steel scaled structure of the M3 pier-deck segment of 

Metsovo bridge that was founded on stabilized soil are presented in Table 1. As shown in Ta-

ble 1 the average percentage error Δω between the measured modal frequencies and the modal 

frequencies predicted by the three optimal FE models is 2.10% for the 3D-Soil FE model 

(Method 1), 2.10% for the 6+6 DOF springs FE model (Method 2) and 2.33% for the 6-DOF 

springs FE model (Method 3). The measured average error Δω is of the same order for all FE 

models with the 2.12% average error Δω measured at the fixed case, where no assumptions 

regarding the soil conditions were adopted, verifying the successful model updating. Further-

more the Modal Assurance Criterion (MAC) was utilized in order to compare the measured 

mode shapes with those numerically predicted. As observed in Table 1 all MAC values are 

close to 1 indicating the good agreement between the measured and the model predicted mode 

shapes for all three optimal FE models.  

Steel scaled structure founded on stabilized soil 

Identified FE models  (calibrated) 

SSI Method 1: 

3D-Soil 

Method 2: 

6+6 DOF 

springs 

Method 3: 

6-DOF 

springs 

θ=0.83 θ=0.81 θ=0.87 

No Modeshape f(Hz) ζ(%) f(Hz) MAC f(Hz) MAC f(Hz) MAC 

1 Rotational 14.88 0.37 15.05 0.99 15.04 0.99 15.09 0.99 

2 1
st
 Longitudinal 19.16 0.85 19.74 0.99 19.88 0.99 19.54 0.99 

3 Transverse 46.38 1.56 44.84 0.99 44.92 0.99 44.61 0.99 

4 2
nd

 Longitudinal 56.86 3.27 57.34 0.93 56.92 0.93 57.77 0.93 

5 Bending  85.04 1.81 86.88 0.99 87.15 0.99 87.33 0.99 

Average Δf(%) 2.10 2.10 2.33 

where θ is the Goptimal to the Gnominal aspect ratio 

Table 1: Natural frequencies of the steel scaled structure founded on stabilized soil, identified with the Stochastic 

Subspace Identification method (SSI) versus the calibrated numerical predictions of the three developed numeri-

cal models. 
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The above-mentioned results were obtained after the calibration of the soil’s G shear mod-

ulus. Table 1 presents the θ values that were predicted by the updating algorithm for all de-

veloped numerical models. Since θ is actually the Goptimal to Gnominal aspect ratio and the 

Gnominal was measured in laboratory 51MPa, the values θ=0.83, θ=0.81 and θ=0.87 correspond 

to Goptimal=43MPa for the 3D-Soil model of Method 1, Goptimal=41MPa for the 6+6 DOF 

springs model of Method 2 and Goptimal=45MPa for the 6-DOF springs model of Method 3, 

respectively. The optimal values of the soil’s G shear modulus (41-45MPa) are in good 

agreement at all numerical models despite their different level of modeling refinement, 

demonstrating their equivalence in representing soil-foundation stiffness. Furthermore, all cal-

ibrated numerical models predicted that the soil’s nominal G shear modulus had to be reduced 

by 19-13%. This demonstrates that the VP were more reliably measured than the VS since now 

the 51 MPa nominal G shear value is much closer to the optimal ones (41-45MPa), compared 

to the Gnominal=186MPa calculated based on the VS measurements. However, the inherent un-

certainty associated with the measurement of soil properties, even under laboratory control 

conditions is highlighted, in both measurements. 

Based on the above-mentioned results it is evident that all developed FE models managed 

to successfully represent the soil-foundation stiffness after the optimal calibration of the 

measured G shear modulus. Eventually, it may be suggested that after proper updating, Win-

kler type models (Method 2 and Method 3) are capable of accurately accounting soil-

foundation stiffness at low computational cost, compared to the more refined 3D holistic 

models (Method 1) at least for cohesive soil deposits as clay is. 

6 CONCLUSIONS 

In the present work a model updating framework is applied for a structure-foundation-soil 

experimental test–case, where discrepancies were observed between identified and numerical-

ly computed dynamic characteristics of an undamaged bridge-foundation-soil system. The 

scope lies in interpreting the observed discrepancies, validating alternative numerical ap-

proaches of simulating soil-structure-interaction and in investigating how the refinement of 

the numerical models influences the model updating results. In this context, the dynamic 

characteristics (natural frequencies, modeshapes, damping ratios) of a steel scaled replica of 

the under construction M3 pier-deck segment of Metsovo bridge were identified in laboratory 

based on low intense hummer impacts. The structure was studied for two cases of soil condi-

tions (stabilized soil and Hostun sand). Three methods were adopted to simulate the soil com-

pliance of the stabilized soil, namely: (a) a holistic method with 3D solid finite elements [3], 

(b) a 6+6 DOF springs method suggested by Kausel [17] and Varun et al [8] and (c) a 6-DOF 

spring method introduced by Elsabee et al. [9]. The conclusions drawn after the model updat-

ing can be summarized as follows: 

 The updated numerical models predict natural frequencies and mode shapes that are in

good agreement with those identified by the ambient vibration measurements, having 2%

average error, after the calibration of the soil’s G shear modulus.

 The optimal value of soil’s G shear modulus was reliably identified given that numerical

models of different refinement predicted after calibration similar values (Goptimal=41-

45MPa). The results showed that soil’s nominal G shear modulus was overestimated and

that it had to be approximately 20% reduced. The observed discrepancies between Goptimal

and Gnominal  values highlight the inherent uncertainty associated with the measurement of

soil properties even under laboratory control conditions (heterogeneous soil, sensor sen-

sitivity, process error).
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 The fact that the updated results rendered similar Goptimal values (41-45MPa) for all de-

veloped numerical models indicates additionally that the refinement of the soil-stiffness

did not influence radically the model updating results, as expected. This verifies the effi-

ciency of the suggested methods in simulating soil-foundation stiffness and their model-

ing equivalence.

 Eventually, it may be suggested that at least for the case of cohesive soil types such as

clay, simpler Winkler-type models (Method 2 and Method 3), are adequately capable of

numerically predicting soil stiffness at low computational cost compared to the 3D holis-

tic methods (Method 1), when reasonable assumptions are adopted regarding the soil

properties.
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Abstract. The dynamic characterization of structures is essential for assessing their response 

subjected to dynamics loads, which mainly consists of the modal properties, namely the natu-

ral frequencies, damping ratios and mode shapes. In the construction of super tall building, 

the modal properties will have significant change with the increase of the structure height. 

After the main structure is completed, the modal properties in the first few years are also at-

tracting much attention. This paper presents the work on the operational modal analysis of a 

super tall building with the height of 632m situated in Shanghai, China. A recently developed 

fast Bayesian method is utilized to perform modal identification, which provides an effective 

mean to identify the modal properties and assess their accuracy.  In this study, the modal 

properties of Shanghai Tower in different construction stages and their associated uncertain-

ty are determined, where interesting trends are observed for the modal parameters. After the 

main structure is completed, a field test is also performed in a typical floor to investigate the 

modal properties. The results obtained would be beneficial to understand the structural be-

havior of this super tall building. 

1 INTRODUCTION 

The Shanghai Tower, situated in Lujiazui financial and trade zone, Shanghai, China, is a 

super tall Mega frame-tube-outrigger structure with a height of 632m. The tower has 121 

floors above the ground and 5 floors under the ground, which serve for hotels, offices, tourism, 

restaurant, conference room, shopping mall, etc. and can be taken as a vertical city. The inter-

nal office plane of the structure is constituted by nine rotunda superimposed on each other 

with eight zones divided. The curtain wall outside of the tower spins upwards, with the di-

ameter decreasing from 83.6 m in Zone 1 to 42 m in Zone 8.  As many as six two-storey out-
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rigger truss and eight boxy space circular truss are set in eight electromechanical floors zone. 

The mega frame is composed by the boxy space circular truss and the giant column, forming a 

Mega frame-tube-outrigger lateral resistant system. As one of the tallest buildings in the 

world, the structural safety is attracting much attention. A sophisticated long-term structural 

health monitoring system has been designed to monitor the structural behavior in both con-

struction and service stages. In this paper, the focus will be on the acceleration response 

measured in construction and after the main structure has been completed. Ambient vibration 

test is used to collect data with the structure under working condition. The ambient vibration 

tests can be divided into two parts. The first part is a series of tests in different construction 

stages; the second part is an ambient vibration test measuring one typical floor of the building.  

2 AMBIENT VIBRATION TESTS 

2.1 Test in different construction stages 

To assess the structural condition under construction, fifteen ambient vibration tests are 

performed during about two and a half years from May, 2012 to December, 2014. The num-

ber of floors finished and the corresponding time to carry out the field test are shown in Table 

1. In each test, two locations are measured. The first one is at the top of core tube while the 

second one is at the top composite slabs after completion of concrete pouring. In each location, 

2 uniaxial accelerometers are utilized to measure the structural response. The sampling fre-

quency is set to be 20 Hz.  

 

Setup 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Year/ 

Month 

12 

05 

12 

07 

12 

08 

12 

10 

13 

01 

13 

03 

13 

05 

13 

07 

13 

08 

13 

12 

14 

02 

14 

03 

14 

07 

14 

10 

14 

12 

Floors 61 68 71 81 94 102 111 120 125 125 125 125 125 125 125 

Table 1 Measurement time and floors 

2.2 Field test in a typical floor 

After the main structure is completed, it is interesting to know the modal properties of a 

typical floor and investigate the motion in different modes from a plan view. It is desired to 

measure different corners of the tube. Since the renovation has begun in the lower floors, 

which makes it difficult to access some corners through the tube. Meanwhile, in the meas-

urement, higher floors are preferred since the vibration amplitude is relatively larger than 

those in lower floors. Taking into account above factors, 101th floor is chosen, where the 

filled walls inside the tube have not been finished and it is convenient to perform the sensor 

alignment and cable layout. Nine locations are desired to be measured bi-axially, as shown in 

Figure 1, including eight locations in the eight corners of the tube, and one location in the cen-

ter of the whole structure. Sensor alignment is essential since it may affect the identified mode 

shape, and the modeling error during alignment cannot be reflected in the data analysis pro-

cess. To determine the direction of the sensor channels accurately, in the beginning, a com-

pass is used. However, this equipment cannot work well inside the building due to some 

unknown factors. To solve this problem, the core walls are taken as the references. Since the 

walls in eight corners are also different, double checking is necessary to ensure the sensors in 

X and Y directions are consistent. 

If there were enough sensors for measuring all the 18 degrees of freedom (dofs), one could 

have finished the test in one setup with synchronized data. However, at the time of test only 4 

channels at 2 locations can be measured at a time. It is necessary to design multiple setups to 
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finish the whole measurement. In order to provide common information for all the setups, two 

reference channels are set in location 11. During the whole measurement, the reference loca-

tion is kept unchanged. The setup plan can be found in Table 2. Note that the measurement 

was not arranged in a particular order. This is because that at the time of measurement, some 

persons were still working around. Arrangement in this manner is to minimize the influence 

due to the noise from these construction work. Before the actual setups, a baseline test, Setup 

0, was performed with all the four sensors placed near to Location 11, as shown in Figure 2 

(a). This setup could provide baseline information and help detect the potential problems that 

may arise in some particular channels in subsequent setups.  

11

12

21 22

41 42

31

32

00x

y

Figure 1: Setup plan 

Setup Channels 1 and 2 Channels 3 and 4 

1 11 31 

2 11 32 

3 11 42 

4 11 22 

5 11 21 

6 11 12 

7 11 41 

8 11 00 

Table 2: Setup plan 

In each setup, at least 40 minutes is required, including 30 minutes for data collection and 

10 minutes for roving the sensor. To ensure the data quality, once the data in a particular setup 

is finished, some spectrum analysis will be carried out. If there is some problem, the meas-

urement will be repeated. Figure 2 (b) shows the measurement in one particular setup. The 

whole measurement is performed from 10am to 7pm in a working day. The sampling frequen-

cy is set to be 2048 Hz and then in the analysis the data was decimated by 32 to a sampling 

rate of 64 Hz.  
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(a)                                                                                  (b) 

Figure 2: (a) All the sensor and data acquisition system; (b) Measurement in one setup 

3 METHODOLOGY 

To analyze the measured data, a recently developed Bayesian method is employed to per-

form ambient modal identification incorporating multiple setups (including single setup). The 

theory is outlined briefly. For the details, please refer to [1][2]. 

Let 
2( ) [Re ;Im ] ( 1,..., )ini

k ik ik sR i n  Z F F denotes an augmented vector comprising the real 

and imaginary part of the FFT ikF  of the measured data at frequency fk in Setup i; sn is the 

number of setup;
( ){ }i

i k ZD  denote the FFT data of the selected frequency band in Setup i and 

{ : 1,..., }i si n D D denote the collection of all setups. It is assumed that the data in different 

setups are statistically independent. Next, we define the modal parameters needed to be opti-

mized. The modal parameter set θ  is set to be: 

 
4

[ , , , : 1,..., ; ] sn nn

i i i ei sf S S i n R R 
   θ φ  (1) 

where , , , ( 1,..., )i i i ei sf S S i n  are the natural frequency, damping ratio, PSD of modal force 

and PSD of prediction error of Setup i, respectively ; φ  denotes the global mode shape; n  is 

the total number of measured dofs. The global mode shape φ  are the same in all the setups 

and so it can be obtained directly in the process of optimization. For the remaining modal pa-

rameters, each setup is parameterized with separate values to consider the variation of these 

parameters in different setups.  

Assuming a uniform prior distribution, using Baye’s Theorem, the posterior PDF of θ  

given the data in all setups can be expressed as, 

 1 2 1 2( | ) ({ , ,..., }| ) ( | ) ( | )... ( | )
s sn np p p p p θ θ θ θ θD D D D D D D  (2) 

The modal parameters in Setup i does not depend on the modal parameters of other setups. 

Thus 

 
1

( | ) ( | , , , , )
sn

i i i i ei i

i

p p f S S


θ φD D  (3) 

It is more convenient to work with negative log-likelihood function (NLLF). In terms of 

the NLLF, this means 

 
1

( ) ( )
sn

i i

i

L L


θ θ  (4) 

where { , , , , }i i i i ei if S Sθ φ with in

i i R φ L φ ; in n

i R


L  is the selection matrix; in is the 

number of measured dofs in Setup i and  

 
( ) 1 ( )1

( ) [ln det ( ) ( ) ]
2

i T i

i i ik i k ik i k

k

L  θ C θ Z C θ Z  (5) 
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where det(.)denots the determinant ; 

2

0
( )

2 20 i

T

i ii ik ei
ik i nT

i i

S D S 
  

 

φ φ
C θ I

φ φ
(6) 

denotes the theoretical covariance matrix of the FFT data at the k -th frequency abscissa in 

Setup i; i

i

n

n R
2

2 I denotes the identity matrix; 
2 2 2 1( , ) [( 1) (2 ) ]ik i i ik i ikD f        (7) 

with / fik i kf  . 

Theoretically, maximizing posterior PDF in (3) is equivalent to minimizing the NLLF in (4) 

to obtain the MPV of modal parameters. However, if directly performing the optimization, 

there will be some computational problems, i.e., the optimization process is ill-conditioned 

and if the number of modal parameters is too large, it may be not converged. In view of this, 

well-separated mode case is focused. The NLLF is reformulated as follows by eigenvalue de-

composition technique, and it allows efficient computation. 

1 1

2 1

1 1

( ) (ln 2) ( 1) ln

ln( ) ( )

s s

s s

n n

i fi i fi ei

i i

n n
T

i ik i ei ei i

i k i

L n N n N S

S D S S d

 



 

   

   

 

 

θ

L φ φ A φ φ

(8) 

where fiN  denotes the number of FFT ordinates in the selected frequency band in Setup i; and 

21 1

1

( ) ( / )
sn

T n n

ei i ei i ik i ik i

i k

S S S D R  



   A φ L φ L D L (9) 

Re Re Im Im i in nT T

ik ik ik ik ik R


  D F F F F (10) 

(Re Re Im Im )T T

i ik ik ik ik

k

d   F F F F (11) 

Based on (8), partial analytical solutions of the MPV of modal parameters have been derived, 

leading to a fast iterative algorithm that can be practically implemented even for a large num-

ber of dofs and setups. For details, please refer to [1]. 

In addition to the MPV, Bayesian method can also be used to determine the associated pos-

terior covariance matrix, which is equal to the inverse of the Hessian matrix. Analytical ex-

pressions for calculating the Hessian matrix have been derived and for the details, please refer 

to [2]. This makes the posterior uncertainty of modal parameters can be determined analyti-

cally without resorting to finite difference.  

4 DATA ANALYSIS 

4.1 Data in different construction stages 

In this study, the data in the second location with the length of 20 min were analyzed.  Fig-

ure 3 shows the PSD spectrum of the measured data at the first time of the measurement. 

Clear peaks can be found indicating structural modes. It is seen that the natural frequency of 

the first mode is larger than 0.3 Hz.  

Figure 4 shows the identified natural frequencies and damping ratios in different construc-

tion stages for the first two modes, where each parameter is shown with a dot at the MPV and 

an error bar covering +/- 2 posterior standard deviations.  It is seen that the natural frequen-

cies tend to decrease following with the increase of the number of floors finished. After the 

main structure was completed, the increase speed becomes slow and tends to be stable. It is 
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also found that the uncertainty of the natural frequency is quite small, which also verify that 

the decrease of the natural frequency is not attributed to the identified error since there is no 

overlap of the error bar among neighbored setups. For the damping ratio, whose values are all 

around or less than 1%, with the increase of floors, no obvious trend can be found. Comparing 

with the natural frequency, damping ratios have a relatively high uncertainty. 
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Figure 3: PSD spectrum in the first measurement 
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      (a)                                                                            (b) 

Figure 4: Identified modal parameters in different construction stages: (a) Mode 1, (b) Mode 2 

4.2 Data in a typical floor 

Based on the field test, nine setups data were collected. Figure 5 shows the PSD spectrum 

of Setup 1. It is seen that below 1 Hz, there are about eight obvious peaks. Based on the 
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Bayesian method mentioned, Modal identification will be performed on these eight potential 

modes.  
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Figure 5: PSD spectrum of the data in Setup 1 

Note that the first two modes are closely-spaced modes. According to the analysis before, 

these two modes are mainly along x and y directions, respectively. The Bayesian method in-

corporating multiple setups introduced in last section now can only work well on the well 

separated modes. Therefore, the data in x and y directions are analyzed separately. For other 

modes, i.e., Mode 3 to Mode 8, since from the singular value decomposition (SVD) spectrum, 

all the modes are well-separated modes and so they are identified using the data in both x and 

y directions together.  Figure 6 to Figure 9 show the identified natural frequencies, damping 

rations and PSD of modal force in different setups of Modes 1 to 8, where each parameter is 

shown with a dot at the MPV and an error bar covering +/- 2 posterior standard deviations. It 

is seen that the natural frequencies have a small variations among different setups with a small 

posterior uncertainty, while this is not the fact for the damping ratio and PSD of modal force, 

especially for the PSD of modal force, which can reflect the environment changing across 

several hours. It is also interesting to find that the posterior uncertainty of modal parameters 

can reflect the data quality consistently and the uncertainty of these three modal parameters 

are larger than those of other setups, for example, setup 4 of mode 1, setup 2 of mode 2, setup 

3 of mode 3, setup 4 of mode 4, setup 4 of mode 5, setup 4 of mode 7 and setups 7 and 8 of 

mode 8. 

Figure 10 to Figure 13 show the mode shapes of the eight identified modes. The values 

above the figures are averaged natural frequency and damping ratio of nine setups with the 

values in the parenthesis being the posterior c.o.v. (coefficient of variations). Consistent with 

the investigation above, the posterior c.o.v. of natural frequency is less than 1%, which is 

much smaller than those of damping ratio with the order of magnitude of a few tens percent. It 

is seen that the first two modes are translational modes in x and y directions, respectively. The 

third mode is the first torsional mode of the building with the torsion center located at the cen-

ter of the tube. Similar to the mode 1 to mode 3, the fourth to sixth modes are translational 

modes in x and y directions, and the second torsional mode, respectively. The mode 7 and 

mode 8 are also translational modes in x and y directions. From the mode shapes, it is seen 

that although the design of this structure is special, the mode shapes are regular. Table 3 

shows the comparison between averaged posterior c.o.v. and the sample c.o.v. among differ-

ent setups.  It is seen that the latter tend to be larger than the former, but they have similar or-

der of magnitude, although these two quantities reflect the different concepts.   
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      (a)                                                                            (b) 

Figure 6: Identified modal parameters and the associated uncertainty: (a) Mode 1; (b) Mode 2 
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      (a)                                                                            (b) 

Figure 7: Identified modal parameters and the associated uncertainty: (a) Mode 3; (b) Mode 4 
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Figure 8: Identified modal parameters and the associated uncertainty: (a) Mode 5; (b) Mode 6 
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Figure 9: Identified modal parameters and the associated uncertainty: (a) Mode 7; (b) Mode 8 
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Figure 10: Identified mode shapes: (a) Mode 1; (b) Mode 2 
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Figure 11: Identified mode shapes: (a) Mode 3; (b) Mode 4 
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Figure 12: Identified mode shapes: (a) Mode 5; (b) Mode 6 
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Figure 13: Identified mode shapes: (a) Mode 7; (b) Mode 8 
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Mode 1 2 3 4 5 6 7 8 

f(%) 
PC.O.V. 0.35 0.34 0.24 0.19 0.18 0.14 0.14 0.40 

SC.O.V. 0.50 0.37 0.28 0.14 0.21 0.22 0.11 0.64 

z(%) 
PC.O.V. 61 45 37 32 31 26 19 18 

SC.O.V. 87 49 54 63 33 34 24 83 

Table 3 Posterior c.o.v. and sample c.o.v. 

5 CONCLUSIONS 

This paper presents the work on ambient vibration tests and modal identification using a 

Bayesian method. To monitoring the modal properties in different construction stages, 15 

field tests have been carried out with the number of the floors increasing from 61/F to 125/F. 

In this process, the natural frequencies decrease obviously at first, and then tend to be stable 

after the main structure is completed. The posterior uncertainty of natural frequency is quite 

small, indicating the identification of this quantity is accurate. This also reflects that the de-

crease of natural frequency is not attributed the identification error since there is no overlap 

for the error bar. For the damping ratio, which have a larger uncertainty, no obvious trend can 

be found in different construction stages. The ambient vibration test in a typical floor is also 

presented to investigate the modal properties in this floor by nine setups due to the limitation 

of the number of sensors. It is found that there are more than 8 modes below 1 Hz, including 

three translational modes in x direction, three translational modes in y direction and two tor-

sional modes. The identified results show that although the design of this structure is highly 

innovative and full of art, the dynamic characteristics are regular.  By investigating the poste-

rior uncertainty of modal parameters in different setups, the problematic data in some setup 

can be reflected, where all the modal properties in this setup will have a larger uncertainty. 

Finally, by comparing the posterior c.o.v. and sample c.o.v. among different setups, it is found 

although these two quantities are with different concepts but they have similar order of mag-

nitude.  
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Abstract. Uncertainties associated with eigenvalue problems play an important role in the 

dynamic analysis of engineering systems, which are perhaps the most essential to determine 

system dynamic behaviors. Due to lack of knowledge or incomplete, inaccurate, unclear in-

formation in the modeling, there are limitations in using only one framework (probability the-

ory) to quantify the uncertainty in the eigenvalue problem because of the impreciseness of 

data or knowledge. This study explores the use of evidence theory for frequency analysis of a 

structural system in the presence of epistemic uncertainty. The evidence theory is used to 

quantify the uncertainty present in the structure’s parameters such as material properties. In 

order to alleviate the computational difficulties in the evidence theory based uncertainty 

quantification (UQ) analysis, a differential evolution based interval optimization for compu-

ting bounds method is developed. Numerical example problems that illustrate the developed 

algorithm with comparison to probability and interval eigenvalue solution are presented, and 

the computational efficiency and accuracy of this approach method are also investigated. 
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1 INTRODUCTION 

Uncertainties are unavoidable in the description of real-life engineering systems. When un-

certainties are considered in structural dynamic problems, uncertainty quantification of struc-

tural natural frequencies play a crucial role as the dynamic response is governed by the 

frequencies. Uncertainties can be broadly divided into two categories depended on their natu-

ral: aleatory uncertainty and epistemic uncertainty [1]. Aleatory uncertainty is also referred to 

as irreducible uncertainty or inherent uncertainty due to the inherent variation associated with 

the physical system or the environment under consideration. Epistemic uncertainty, on the 

other hand, derives from lacking of knowledge or only grasping limit information in the mod-

eling process. Several epistemic uncertainty quantification techniques have been explored, 

such as fuzzy set theory [2], possibility theory [3], interval analysis [4, 5, 6], evidence theory 

[7, 8] and random sets [9] etc. Among the above-mentioned methods, evidence theory has a

much more flexible framework to quantify epistemic uncertainty from the perspective of its 

theoretical body. Evidence theory is widely used in uncertainty reasoning [10], pattern classi-

fication [11], data fusion [12], structural uncertainty analysis [13] and reliability analysis [14]. 

Nevertheless, evidence based uncertainty propagation involves computationally extremely 

demand due to uncertainty variable is represented by many discontinuous sets, instead of a 

smooth and continuous explicit probability density function in probability theory, which re-

sults in that evidence theory is still remains challenging for application in complex engineer-

ing problems though it has exhibited promising advantages in uncertainty modeling. 

In this work, frequency analysis of a structural system with epistemic uncertainty is pre-

sented. Evidence theory is used to quantify the uncertainty present in the structure’s parame-

ters such as material properties. In order to alleviate the computational difficulties in the 

evidence theory based uncertainty quantification (UQ) analysis, a differential evolution based 

interval optimization for computing bounds method is developed. A typical example with ale-

atory and epistemic uncertainties is investigated to demonstrate accuracy and efficiency of the 

proposed method by comparing with interval algorithm and probability theory. 

2 UNCERTAINTY QUANTIFICATION WITH EVIDENCE THEORY 

2.1 Fundamentals of evidence theory 

Evidence theory (DST) was first proposed by Dempster [7] and extended by Shafer [8]. 

With respect to a single measure in probability theory, evidence theory employs belief and 

plausibility measures to characterize uncertainty by indicating the confident degree to believe 

that event is true and not false, respectively. Similar with finite sample space in classical 

probability theory, frame of discernment (FD) is used in DST to denote the entire collection 

of mutually exclusive and exhaustive possible elementary propositions, and it is always repre-

sented by a symbol Ω. As a central concept of DST, basic belief assignment (BBA) is defined 

as a mapping from power set 2Ω→ [0, 1] to express the degree of belief in a proposition and 

should satisfy the following axioms: 









0)(
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as long as m(A)>0, then subset A is named focal element. In the light of concept for belief and 

plausibility, the expression of these two measures for proposition B can be obtained from fol-

lowing: 




BAmBBel
BA

 allfor )()( (3) 

 


   all for)()( BAmBPl
BA 

 (4) 

where A represents different elements in 2Ω. On account of the evocation of insufficient ex-

perimental data or empirical knowledge, the belief degree of event A cannot represent the con-

fident degree of A
~

, that is     1
~
 ABelABel , while     1

~
 ABelAPl , which are

completely different from probability distribution function(PDF) in probability theory, that 

is     1
~
 ApAp . The expression of this relationship shows in Figure 1. 

Bel(A) Epistemic Uncertainty

Bel(Ã )Pl(A )

0 1

Figure 1: Uncertainty description of proposition. 

In comparison with probability theory, evidence theory allows evidence stemming from 

different sources and employs the rules of combination to aggregate. One of most important 

combination rules is Dempster’s rule which has following formulation: 
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where   ))( 21 (CmAmCA  can be viewed as contradict or conflict among the information

given by the independent knowledge sources. 

2.2 Uncertainty propagation with differential evolution 

In the process of uncertainty propagation, the mathematical form of physical or finite ele-

ment model can be abstractly expressed as: 

),( dxy vf (6) 

where y= [y1, y2, …, yn] is the vector of system responses, and xv=[x1,x2, …,xn] is the vector of 

uncertain input, d is the vector of deterministic input, f is transfer function. Just like in nature 

to the joint probability distribution density in probability theory, a joint belief structure shall 

be constructed to investigate the effects of uncertain variables. The consolidated joint belief 

structure can be vividly described as hypercube, because the uncertainty of each variable is 

represented by a set of intervals in evidence theory. From this prospective, the propagation of 

uncertainty can be viewed as a process to obtain the response bounds within each hypercube, 

corresponding mathematical formulation is described as: 
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 (7) 

where ix  and ix  represent the lower and upper bounds of each joint hypercube. For the rea-

son that the scale of variable is always large, in addition to every variable include many inter-

vals, the uncertainty propagation process involved enormous joint hypercube is 

computationally extremely demand. Herein, a differential evolution (DE) strategy [15, 16, 17] 

is promoted to alleviate the burden of computation cost. As a novel evolutionary computation 

technique, differential evolution resembles the structure of an evolutionary algorithm (EA), 

but differs from traditional EAs in its generation of new candidate solutions and by its use of 

a ‘greedy’ selection scheme. 

As a parallel direct search method, like other variant evolutionary algorithms, DE is initial-

ized by randomly choosing NP population that cover the entire parameter space. Let S∈Rn be 

the search space of the problem under consideration, the n-dimensional vector can be repre-

sented by xi=(xi1, xi2, …, xin)T∈S, i=1, 2, 3,…, NP. The DE algorithm is a population based 

algorithm like other genetic algorithm family involving the similar operators: crossover, mu-

tation, crossover and selection. 

(1)Mutation 

The objective of mutation is to enable search diversity in the parameter space as well as to 

direct the existing object vectors with suitable amount of parameter variation in a way which 

will lead to better results at a suitable time. It keeps the search robust and explores new areas 

in the search domain. 

According to the mutation operator, for each individual, )(G

ix , i=1, 2, …, NP, at generation 

G, a mutation vector         TG

in

G

i

G

i

G

i vvvv 11

2

1

1

1 ,,,     is determined using different mutation 

methods. The mutation method of DE/current-to-best/1/bin recommended by Storn and Price 

[15] is used in this paper to optimize structure, which is corresponding to Eq.8:

             G

r

GG

i

GG

i

G

i xxFxxFxv 2r1best1

1  (8) 

where  Gxbest
=best individual of the population at generation G; F and F1>0=real parameters, 

called mutation constants, which control the amplification of difference between two individ-

uals so as to avoid search stagnation; and r1, r2 are mutually different integers, randomly se-

lected from the set {1, 2,…, i-1, i+1,…, NP}. 

(2) Crossover 

Similar to genetic algorithms, following the mutation phase, the crossover operator is ap-

plied on the population. For each mutant vector,  1G

iv is a trial vector 
        TG

in

G

i
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i
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ij uuuu 11
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1

1 ,,,     is generated, with 
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In this equation, j=1, 2, …, n; rand(j) is the jth independent random number uniformly dis-

tributed in the range of [0, 1]. Randn(i) is a randomly chosen index from the set {1, 2,…, n}, 

and CR is user defined crossover constant∈[0, 1] that controls the diversity of the population. 

(2) Selection 
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DE employs a greedy criterion which is different from genetic algorithms. After producing 

the offspring, the performance of the offspring vector and its parent is compared and the bet-

ter one is selected. If the parent is still better, it is retained in the population, otherwise, the 

offspring retained in the population. The selection process is represented by Eq.10: 
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i
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i
x

xfufu
x  (10) 

To this end, the flow chart of differential evolution based quantification uncertainty is formu-

lated as: 

Represent uncertainty with DST

Consolidate joint belief structure

Obtain CBF and CPF of 

system response

Over

Search lower and upper bounds in each hypercube 

Initialize parameters of DE

Calculate objective function value

Obtain extreme value and offspring 

through mutation, crossover and selection

Whether met 

terminal criterion

No

Yes

Differential evolution 

Algorithm (DE)

 

Figure 2: Flowchart of evidence theory for uncertainty quantification using differential evolution. 

3 UNCERTAIN NATURAL FREQUENCIES ANALYSIS 

3.1 Eigenvalue problem of structural vibration 

The equilibrium equations for the free vibration of an undamped multi- degree of freedom 

system are defined as: 

 0 KuuM  (11) 

where M and K are the global mass and stiffness matrices of system, respectively; u is the dis-

placement, u″ is the acceleration. The undamped eigenvalue problem is given by: 

 MφKφ 2  (12) 

where ω, φ are respectively the circular frequencies and eigenvectors of system. 

3.2 Uncertainty quantification of natural frequencies 

In evidence theory, focal elements and BBA are determined firstly, and then focal elements 

between different variables combined to construct joint belief. It needs to find the maximum 

and minimum values of the natural frequencies respond ω to obtain the response bounds with-

in each hyper-cube: 
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where ω represents the natural frequencies of system; 
iE  and iE  are the upper and lower 

bounds of modulus of elasticity Ei, respectively. 

4 NUMERICAL EXAMPLE 

An example problem solves the problem cited in the paper by [18, 19] using the interval 

method of the present work. The structure in the problem is a multi-spring-mass system with 

uncertainty in the elements’ stiffness as shown in Figure 3. The element mass given in their 

work are 14321  mmmm . The uncertainties of stiffness described by multi-expert 

opinions in evidence theory are listed in Table 1. For comparison, the uncertainty of stiffness 

is also represented by probability theory and interval theory. Detailed information of probabil-

istic distribution(N(μ,σ)) and intervals for uncertain variables are listed in Table 2. 

k1 k2 k3 k4 k5

m1 m2 m3 m4

 

Figure 3: The system of multi-DOF spring-mass system. 

Variables Focal element(N/m) BBA 

Expert 1 

k1 [990,1000][1000,1010] 0.55,0.45 

k2 [1985,2015] 1 

k3 [2980,3010][2990,3010][2990,3020]  0.2,0.6,0.2 

k4 [3975,4025]  1 

k5 [4970,5000][4980,5000][5000,5010][5010,5030] 0.1,0.4,0.3,0.2 

Expert 2 

k1 [990,1010]  1 

k2 [1985,1995][1995,2010][2010,2015] 0.35,0.4,0.25 

k3 [2980,3020] 1 

k4 [3975,4020][3975,4025]  0.8,0.2 

k5 [4970,4990][4990,5010][5010,5030] 0.3,0.4,0.3 
 

Table 1: Evidential representation for uncertain variables. 

Variables μ(N/m) σ(N/m) Interval(N/m) 

k1  999.5  4.5 [990,1010] 

k2  2000.625  8 [1985,2015] 

k3  3000  3 [2980,3020] 

k4  3998  1 [3975,4025] 

k5  5007.169  25 [4970,5030] 
 

Table 2: Detailed information of probabilistic distribution and intervals for uncertain variables. 

The eigenvalue problem is solved using the method presented in this work and results are 

plotted in Figure 4. The comparison of results obtained for the eigenvalue problem using the 
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present method and the results obtained by probability and the interval methods are presented 

(Figure 4 and Table 3). 
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Figure 4: Eigenvalues cumulative distribution based on probability theory and evidence theory. 

λ(0.95) Evidence Theory Probability Theory Interval Analysis 

λ1 [903.56, 910.84] 908.60 [898.20, 912.12] 

λ2 [3393.08, 3409.27]  3403.15 [3364.90, 3414.66] 

λ3 [7064.54, 7102.77] 7087.35 [7016.11,7112.78] 

λ4 [12590.59,12705.06] 12661.91 [12560.84,12720.18] 

Table 3: Result comparison for DST and Probability theory with 95% guarantee probability. 

Figure 4 and Table 3 show that the results given by evidence theory are interval values be-

cause of the uncertain parameters and the evidence theory result is wider than probabilistic 

result but much narrower than interval method result. What’s more, the result calculated by 

probability theory is just a curve inside the resign enclosed by the belief function and the 

plausibility function which demonstrates the good compatibility between evidence theory and 

probability theory. The uncertain variables without exact probability distribution are suitable 

for evidence theory to handle, and it avoids the error caused by probability theory and too 

conservative caused by interval analysis. 

5 CONCLUSIONS 

A combined evidence theory and differential evolution based method for frequency analy-

sis of structures with epistemic uncertainty in structure’s stiffness properties is presented. The 
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present method is computationally feasible, in which the differential evolution method pos-

sesses fast convergence speed and good robustness, and it is used to solve two interval opti-

mization problems in the process of uncertainty propagation, which can greatly increase the 

calculation efficiency.  

Also for any structural system, problems incorporating epistemic uncertainty are of great 

practical importance. Evidence theory with a flexible framework can formulate various basic 

probability assignment structures and can represent many types of uncertain data, and it has 

good compatibility with probability theory, so evidence theory has the potential to handle ep-

istemic uncertainty quantification. 
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Abstract. It remains a challenging task to calculate failure probabilities of multiple limit 

state functions (LSFs) using a single run of Subset Simulation in structural reliability analysis. 

To address this issue, this article presents a variant of standard Subset Simulation (SS), in 

which a unified intermediate event is designed to drive the simulation procedure progressive-

ly approaching multiple failure regions defined by all LSFs simultaneously. All failure proba-

bilities of multiple LSFs are obtained by a single run of SS, which bypasses the sorting 

difficulty arising from the multiple LSFs. A representative example is used to demonstrate the 

efficiency, accuracy and robustness of the presented SS method.  
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1 INTRODUCTION 

During the past several decades, estimating the failure probability of a single limit state 

function (LSF) has been paid much attention [1-9]. However, relatively few efforts have been 

focused on the capacity of estimating the failure probabilities of multiple LSFs in a single run, 

which is a common issue in reliability-based design optimization. The well-known crude 

Monte Carlo Simulation (MCS) is capable of estimating the failure probabilities of multiple 

LSFs simultaneously, however, it still suffers from lack of efficiency at small failure probabil-

ity levels. On the other hand, Subset Simulation (SS) improves significantly the computation-

al efficiency for small probability levels, but it remains a difficulty to estimate all failure 

probabilities of multiple LSFs simultaneously. An improved strategy, Parallel Subset Simula-

tion (PSS), in which a principle variable that is correlated with all LSFs of interest is defined 

to drive the simulation to gradually approach the multiple failure regions, has then been pro-

posed for multiple LSFs case. However, the determination of a proper principle variable in the 

PSS is a not trivial task. Furthermore, the involved correlation hypothesis is only verified by 

numerical examples, i.e., empirically, rather than by a theoretical way [10].  

This study is aiming to present a variant of standard SS, which can inherit the excellent 

properties of the standard SS, e.g., robustness to dimension, high efficiency for rare event 

simulation, and independence to model complexity and etc. The most attractive characteristic 

of this variant is that it can be applicable for estimating simultaneously all failure probabilities 

of multiple LSFs. In particular, a unified intermediate event is constructed in it to resolve the 

sorting difficulty arising in the standard SS. The determination of intermediate events for each 

LSF in the presented method is identical with that in the standard SS, while the unified inter-

mediate events drive the simulation to, progressively and simultaneously, approach the multi-

ple failure regions in a single run of simulation.  

2 STANDARD SUBSET SIMULATION 

The basic principle of SS is to decompose a small failure probability into a product of a se-

quence of relatively large conditional probabilities by introducing the intermediate events 

adaptively [3]. The target failure event F can be defined as F={g(X) ≤ b}, where b is the de-

sired response threshold for a performance quantity  and g(X) ≤ b indicates failure. Let F= Fm

⊂... ⊂F2⊂F1 denote a sequence of nested intermediate events. Hence, the target failure 

probability is given by 

 
1 1 1 1

2

P( ) P( ) P( )P( ) P( ) P( )
m

F m m m m i i

i

P F F F F F F F F  



       (1) 

Note that expressions of the intermediate events are similar to that of the target failure 

event F, i.e., Fi = {g(X) ≤ bi, i=1, ..., m} (b = bm < ... b2< b1), where m is the total number of 

intermediate events. Provided that the conditional probability is set as a constant value p0, the 

intermediate events can be then adaptively determined [3]. It is very clear that generating 

conditional samples is vital for implementing the standard SS. Then, a modified Metropolis-

Hasting algorithm has been developed and applied to generate the conditional samples in 

standard SS. More Details of the standard SS and the modified Metropolis-Hasting algorithm 

are referred to Ref. [3].  

3 SUBSET SIMULATION FOR MULTIPLE LSFS 

The failure probabilities of multiple LSFs of interest corresponding to multiple failure 

modes may also be estimated by the standard SS. However, the standard SS should be per-
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formed repetitively for each LSF. Inevitably, a large amount of computational cost is still re-

quired for multiple LSFs case. To be specific, it is not a trivial task to estimate the failure 

probabilities of multiple LSFs simultaneously using a single run of SS on account of the sort-

ing difficulty. In the standard SS for a single LSF, a group of conditional samples is selected 

to provide "seeds" for generating samples in the next simulation level. The procedure involves 

sorting the samples according to their LSF values in each simulation level. However, it cannot 

determine a unique sequence of samples in the current simulation level for multiple LSFs case. 

Thus, the standard SS cannot handle the sorting difficulty arising in multiple LSFs. To resolve 

this the sorting difficulty, a unified intermediate event, which is defined as the union of the 

intermediate events for all LSFs concerned, is then constructed. Note that the union can be 

viewed as a single driving event, driving the simulation procedure to estimate all the failure 

probabilities of the multiple LSFs simultaneously using a single run of SS.  

To provide a deep insight of the presented method, an illustrated problem with two LSFs 

and two uncertain parameters is firstly considered, as shown in Figure 1. Support that we have 

obtained two intermediate events F1
(1)

={g
(1)

 ≤ b1
(1)

} and F1
(2)

={g
(2)

 ≤ b1
(2)

} for two LSFs from

the crude MCS step, respectively. Superscripts “(1)” and “(2)” denote these two LSFs, respec-

tively, and the subscript “1” denotes the first intermediate event level. Then, a unified inter-

mediate event is defined as the union of F1
(1)

 and F1
(2)

 (1) (2) (1) (1) (2) (2)

1 1 1 1 1} {F F F g b g b    (2) 

The unified intermediate event F1 is employed to generate conditional samples for the next 

simulation level in the presented method. As discussed in the previous section, the determina-

tion of F1
(1)

 and F1
(2)

 in the presented method is similar to that in the standard SS. Consider

three potential relationships between F1
(1)

and F1
(2)

, namely intersection, inclusion, and disjoin.

It is obvious that the inclusion case can be simplified as a problem with a single LSF and nat-

ural considered by the principle of the standard SS. In accordance with Eq.(2), the i-th unified 

intermediate event can be expressed as 

 (1) (2) (1) (1) (2) (2)} {i i i i iF F F g b g b    (3) 

Figure 1: An illustrative example with two LSFs 

It can be easily proved that {Fi}(i=1,2,...) is also a nested sequence because both 

{Fi
(1)

}(i=1,2,...) and {Fi
(2)

}(i=1,2,...)  are nested sequences. Without loss of generality, support

that the failure probability P(F
(1)

) of the first target event F
(1)

={g
(1)

 ≤ b
(1)

} is greater than that

of the second target event F
(2)

={g
(2)

 ≤ b
(2)

}. The failure probability of F
(1)

 is

(1) (1)

1 1 2 2 1 1P P( )P( ) P( )P( ) F u u uF F F F F F F   (4) 
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where u is the number of intermediate events exactly when bu
(1)

 ≤ b
(1)

 occurs. In practical im-

plementation, the response thresholds satisfy b
(1) 

= bu
(1) 

< ... < b2
(1) 

< b1
(1)

. Let k denote the

number of intermediate events required to reach F
(2)

. The failure probability of F
(2)

 is then

given by 

    2 2(2) (2)

1 1 1 2 2 1 1P P P( )P( ) P( )P( ) F k u u u uF F F F F F F F F    (5) 

where k ≥u. According to the term P(Fu
(2)

| Fu-1) P(Fu-1| Fu-2) in Eq.(5), no further considera-

tion is placed on the target failure event F
(1)

 further once it has been visited.

Different from the standard SS for a single LSF, the conditional probability P(Fi| Fi-1) is 

not a constant value in the presented method. It is expressed as 

(1) (2) (1) (2) (1) (2)

1 1 1 1 1P( ) P( ) P( ) P( ) P( )i i i i i i i i i i i iF F F F F F F F F F F F        (6) 

Specifically, the first two terms (i.e., P(Fi
(1)

|Fi-1) and P(Fi
(2)

|Fi-1)) on the right-hand side of Eq.(6) 

are still equal to q0 since the same operation in standard SS is adopted. However, the third 

term P(Fi
(1) Fi

(2)
| Fi-1) does not always remain constant. There are two extreme cases, i.e., the 

inclusion and disjoint cases. The third term reduces to P(Fi
(2)

| Fi-1) in an inclusion case, while it 

is equal to zero in a disjoint case. As a result, the value of P(Fi
(1) Fi

(2)
| Fi-1) indicates the correla-

tion between the two events to some extent.  

For a problem with two LSFs, on basis of Eq. (6), it can be reasoned that 

0 1 0P( ) 2i ip F F p  (7) 

Eqs. (3)-(6) can be readily extended to a problem with M stochastic responses (M≥3), 

Then,the interval of the conditional probability is expressed as  

 0 1 0P( ) min ,1i ip F F Mp  (8) 

The upper boundaries of P(Fi|Fi-1) in Eq.(8) are generally larger than the proper value of 

P(Fi|Fi-1) suggested in the standard SS, i.e. p0 [0.1,0.3][8]. If p0 increases, the number of 

simulation levels required to reach the target failure regions will increase and the efficiency of 

SS might decrease. Since the LSFs from a structure might generally share the common input 

random variables and the common numerical model, they are inevitably mutually dependent. 

Therefore, the upper bound values of conditional probability in Eq. (8) are rarely reached. 

Even for the worst case occurs, i.e., the unit upper boundary, the presented method will de-

grade to the crude MCS. 

The main implementation procedure of the presented SS is similar to that of the standard 

SS except the determining the probabilities of the unified intermediate events and the number 

of conditional samples replenished to a simulation level. After the crude MCS stage, the first 

response threshold values b1
(j) 

(j=1,2,...,M) for the M LSFs of interest are adaptively deter-

mined Subsequently, the union of all the first intermediate events F1
(j)={g(j) ≤ b1

 (j)} are regard-

ed as the first unified intermediate event F1. Note that the samples falling within F1 shall only 

be counted once. Then, the probability of  P(F1) can be estimated by 

    11

1 1P P
N

F F
N

  (9) 

where N1 is the number of samples in 1F .In accordance with the standard SS, another (N- N1) 

samples are replenished into F1 so that the number of samples in F1 maintains N. New condi-

tional samples are generated by the modified Metropolis-Hastings algorithm. The number of 
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samples falling within F2 is counted and is denoted as  N2. Thus, the conditional probability 

P(F2| F1) is then calculated as 

     2
2 1 2 1P P

N
F F F F

N
   (10) 

Repeat the above stage until the response threshold bu
(j) 

(j=1,2,...,M) for the j-th stochastic re-

sponse satisfies bu
(j) 

≤ b
(j)

. Then, the failure probability of the j-th LSF is obtained and it is ex-

cluded from the unified intermediate event in the subsequent simulation levels. The 

simulation procedure shall not be terminated until all the target failure regions defined by all 

LSFs concerned are reached.  

 Note that the number of seed samples may vary in each simulation level because of 

that it is controlled by the correlation between all the intermediate events Fi
(j)={g(j) ≤ bi

 (j)}. 

Furthermore, two properties of the presented method are attracting. Firstly, one interesting 

phenomenon is shown in Figure 2. That is, a seed sample selected by the intermediate event 

of a LSF might generate samples belongs to the intermediate events of the other LSFs in the 

next simulation level. The transitions in a Markov chain during simulation are denoted as the 

arrows. Note that the “jumping” property provides larger opportunity to completely explore 

the whole target failure regions. 

 

Figure 2 Illustration of the “jumping” property 

Secondly, the statistical properties of estimators P(F1) and P(Fi|Fi-1) are identical with 

those in the standard SS because the simulation procedure is still driven by a unique event 

[11]. 

4 NUMERICAL EXAMPLE 

A representative example modified from Re.[12] for designing a speed reducer is used to 

demonstrate the efficiency, accuracy and robustness of the presented method, as shown inFig-

ure 3. During the implementation for both the standard SS and the presented SS, N and p0 are 

set as 500 and 0.1. Beside, 30 independent runs are performed to estimate the coefficient of 

variation (COV), mean value of failure probabilities, and the total number of sample NT re-

quired in the simulation, respectively. 

A random vector X=(X1, ..., X7) consisting of seven normal variables is considered as input 

random parameters. Their statistical properties involve the corresponding mean values of 

(3.58, 0.70, 17.0, 7.43, 8.24, 3.37 5.31) and the same standard deviation of 0.005. 

Totally, 11 LSFs are governed by the following equtions 
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Figure 3: A speed reducer configuration 

The problem is solved by the presented method, the standard SS and the crude MCS. Their 
results are listed in Table 1. Note that the maximum number of levels of the presented method 
and the standard SS are set as 30 and 10, respectively. For the crude MCS, 1×10

6
 samples

are simulated and the failure probability obtained from the crude MCS is considered as the 
exact failure probability. COV is estimated as  

1/2
(1 ) / ( )F F Tp p N . The average number of 

samples in the presented method is 4032, which is much less than that of 47425 samples in 
the standard SS.  It should be pointed out that each value in rows of failure probability is the 
mean value of failure probabilities obtained in 30 independent runs, so that failure 
probabilities of  g

(5) 
and g

(6) 
are in the order of 10

-8 
and 10

-7
.
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In addition, COVs of the failure probabilities estimated from the standard SS and the pre-

sented method are listed in Table 1, where each “--” in rows of COV signifies that the corre-

sponding COV cannot be calculated. Compared with the standard SS upon the mean 

estimated value of probabilities, total number of samples, errors and COVs, the presented 

method improves the computational efficiency significantly without much loss of accuracy 

and robustness.  

LSF Estimator MCS The standard SS The presented SS 

g
(1)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(2)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(3)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(4)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(5)

Failure probability 

Number of samples 

COV 

6.67×10
-8

1×10
6

3.87 

0 

4550 

-- 

0 

-- 

-- 

g
(6)

Failure probability 

Number of samples 

COV 

5.33×10
-7

1×10
6

1.34 

0 

4550 

-- 

2.27×10
-7

-- 

33.08 

g
(7)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(8)

Failure probability 

Number of samples 

8.57×10
-4

1×10
6

6.84×10
-4

1925 

7.54×10
-4

-- 
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COV 0.034 0.87 0.57 

g
(9)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(10)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

g
(11)

Failure probability 

Number of samples 

COV 

0 

1×10
6

-- 

0 

4550 

-- 

0 

-- 

-- 

TN 1×10
6

47425 4032 

Table 1 Summary of computational results 

5 DISCUSSIONS 

It should be pointed out that the efficiency of the presented method is problem-dependent 

to some extent, but it is generally better than the strategy of repeatedly performing multiple 

SS for all LSFs. Given that p0 and the sample size of N are fixed in each simulation level, the 

shared area for M=2, volume for M=3 or hypervolumes for M>3 of the unified intermediate 

events will affect the conditional probabilities P(Fi|Fi-1) and hence the efficiency of the pre-

sented method. If the intersections are relatively small, P(Fi|Fi-1) values will be relatively 

large, and the number of simulation levels required to reach the target failure regions will in-

crease. As a result, the total number of samples might increase. In contrast, if the intersections 

are large, P(Fi|Fi-1) values will be relatively small. Then, more conditional samples are re-

quired to maintain the sample size N in each simulation level. In a word, there is a trade-off 

between the number of samples required in each simulation level and the number of simula-

tion levels required to reach the target failure events.  

Meanwhile, the performance of the presented method depends on the degree of correlation 

among the intermediate events defined by different LSFs. The efficiency of the presented 

method will be better than the standard SS when LSFs and intermediate events are highly cor-

related, while might deteriorate as this correlation decreases.  

6 CONCLUSIONS 

In the present study, a Subset Simulation method is developed to estimates failure proba-

bilities of multiple LSFs simultaneously using a single simulation run. It shows significantly 

improvement in computational efficiency than repetitively implementing the original SS for 

all LSFs. However, this improvement is somehow problem-dependent, controlled by the 

shared area (M=2), volume (M=3) or hypervolume (M>3) of the unified intermediate events. 

However, even in the worst case, the presented method degenerates into the crude Monte Car-

lo simulation.  
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Abstract. Stochastic Collocation (SC) has been studied and used in different disciplines for
Uncertainty Quantification (UQ). The method consists of computing a set of appropriate points,
called collocation points, and then using Lagrange interpolation to construct the probability
density function (pdf) of the quantity of interest (QoI). The collocation points are usually chosen
as Gauss quadrature points, i.e., the roots of orthogonal polynomials with respect to the pdf of
the uncertain inputs. If the mathematical model has more than one stochastic parameter, the
multidimensional set of points is usually build using the tensor product of the roots of the one-
dimensional orthogonal polynomials. As a result of that, for multidimensional problems the
same set of collocation points is used for both correlated and uncorrelated inputs. In this work,
we propose to compute an alternative set of points for correlated inputs. The set will be derived
using the orthogonal polynomials for correlated inputs that we developed in a previous work.
As these polynomials are not unique, we will obtain multiple sets of collocations points for each
input pdf. The aim of this paper is to study the differences between those sets of points and to
find and optimal one.
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1 INTRODUCTION

Uncertainty quantification can be seen as the theory which tries to determine how likely
certain outcomes of a model are. Therefore, the ability to quantify the uncertainty in systems
and models with a strong “real-world” setting is fundamental to many inference problems in
science and engineering. Proof of this is the large number of applications in different fields that
can be found in the literature: combustion chemistry [22], neuroscience [21], fluid dynamics
[14], ocean wave modeling [26], meteorology [16], to state just a few.

Several methods exist to quantify the uncertainties. The simplest approach is Monte Carlo
simulation [1], where - given a probability density function (pdf) for the random inputs - the
mean and other characteristics of the output distribution can be estimated by sampling repeat-
edly from the pdf and simulating the model for each sample. This method is often too expensive,
since a lot of samples are required for a reasonable accuracy. Therefore, to decrease the compu-
tational effort, several modifications leading to new methods were introduced: Latin hypercube
sampling (LHS) [9], the Quasi-Monte Carlo (QMC) method [5], the Markov Chain Monte Carlo
method (MCMC) [12], etc. An alternative method is the Polynomial Chaos Expansion (PCE)
method, which is based on Wiener’s homogeneous chaos theory [23]. In this method to find
the polynomial coefficients either Galerkin projection or Spectral projection is used, which re-
sults in a coupled system of deterministic equations. Since the first version of this method for
Gaussian random variables appeared, until now several generalizations and improvements of
the PCE technique have been published: [2, 3, 20, 18], etc. So nowadays, due to increased
relevance of UQ during the last years, a wide variety of techniques to compute the uncertainties
in the model have been applied, for instance: Karhunen-Loève decomposition [11], gradient-
based methods [24], sparse grids [7], perturbation methods [6] based on local Taylor series
expansions, Bayesian methods [10] etc.

In this paper we consider the Stochastic Collocation method to compute the uncertainties.
It is a nonintrusive method, which was developed by Mathelin and Hussaini [13]. The method
consists of computing a set of appropriate points, called collocation points, and then to approx-
imate the probability distribution function of the QoI by using Lagrange interpolation [25]. The
standard collocation points are usually chosen as the roots of the orthogonal polynomials with
respect to the marginals pdf’s of the uncertain inputs. Thus, the same points are used for both
correlated and uncorrelated inputs. On account of this, the following question is raised: will
there be a more suitable set of points for correlated inputs? In order to answer this question,
we propose to compute an alternative set of points using the new orthogonal polynomials for
correlated inputs that we developed in a previous study [15] and then to compare the obtained
results with both sets of points. The new polynomials are not unique in the multidimensional
case. As a result of that, we will have multiple sets of points for each random input. The aim of
this paper is therefore, to perform a comparison study of different sets of points. Specifically,
we will see that one of them can be seen as the optimal set of points, in the sense that in the
limit of full and no correlation the collocation points are equal to the known optimal ones. We
will also prove that all sets of points achieve the same integration degree of exactness. However,
some differences are found in terms of integration error and interpolation error; the set with the
smallest error of integration is the set with the highest error of interpolation and vice versa.

The outline of this paper is as follows: Section 2 reviews the Stochastic Collocation method.
Section 3 introduces new sets of collocation points for the case of correlated inputs. In Sec-
tion 4, we perform a comparison study between the new sets of collocation points in terms of
integration degree of exactness, integration error, and interpolation error. The conclusions are
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drawn in Section 5.

2 STOCHASTIC COLLOCATION

Consider the following stochastic equation in the probability space (Ω,A, P ) where Ω is the
event space, A ⊆ 2Ω its σ-algebra and P its probability measure

L(x, ξ(ω);u) = f(x, ξ(ω)), x ∈ X and ω ∈ Ω, (1)

where u(x, ξ(ω)) is the stochastic solution vector, L is an operator, and f a source function; x
is the vector of deterministic input variables describing, e.g., time or space, and ξ(ω) is the n-
dimensional vector of random input variables, with joint probability density function ρ(ξ(ω));
ξ typically contains the uncertainties in model parameters or initial and boundary conditions.
In order to make the notation less cumbersome, we denote the realization of a random vector
ξ(ω), for ω ∈ Ω, by ξ ∈ Ξ, with Ξ the support of the pdf.

In the Stochastic Collocation method the solution u is approximated by the following ex-
pansion in case of one uncertain input parameter ξ:

u(x, ξ) =

p+1∑
i=1

ui(x)hi(ξ), (2)

with ui(x) the solution values u(x, ξ) of Equation (1) at the one-dimensional collocation points
αi. These unidimensional collocation points are computed as the zeros of the orthogonal poly-
nomials to the pdf. The hi(ξ) are the unidimensional Lagrange interpolating polynomials of
degree p with hi(αj) = δij . The Lagrange interpolating polynomial that passes through the
collocation points is given by:

hi(ξ) =

p+1∏
j=1
j 6=i

ξ − αj
αi − αj

. (3)

One-dimensional Stochastic Collocation can be extended to n-dimensional stochastic input vec-
tors ξ = {ξ1, . . . , ξn} using a tensor product. This results inN n-dimensional collocation points
with N = (p+ 1)n.

2.1 Statistic

The mean and the variance of the stochastic solution can be determined using:

µu =
N∑
i=1

ui(x)ωi, (4)

σ2
u =

N∑
i=1

(ui(x))2ωi − µ2
u, (5)

where the ωi are the weights corresponding to the collocation points αi.

3 COLLOCATION POINTS FOR CORRELATED INPUTS

To find the collocation points the procedure below is followed. To avoid any misunderstand-
ing between the sets of points, we will use the name n-dimensional standard collocation points
for the ones that come from the tensor product approach; and n-dimensional collocation points
for correlated inputs to name the points computed using the new orthogonal polynomials.
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3.1 n-dimensional standard collocation points

The computation of the n-dimensional standard collocation points is based on the computa-
tion of the unidimensional ones, which are the Gaussian quadrature points. These points are the
roots of the orthogonal polynomials with respect to a given weight function. In our situation,
the weight function will be given by the marginal pdf of the uncertain input. Once the unidi-
mensional points are computed, the n-dimensional points are built based on the tensor product
approach. For a simple example, we assume a model with two uncertain inputs, (ξ1, ξ2), that
follow a normal distribution where the mean µ and the covariance matrix Σ are fixed as:

µ =

(
0
0

)
and Σ =

(
1 0.8

0.8 1

)
. (6)

It is also assumed that only four collocation points are necessary to approximate the solution.
As the uncertain inputs are Gaussian distributed, we compute -for each uncertain input- the
roots of the one dimensional Hermite orthogonal polynomials of degree 2: Φ(ξ1) = ξ2

1 − 1 and
Φ(ξ2) = ξ2

2 − 1. Finally the set of n-dimensional standard collocation points is built using the
tensor product of the roots ±1. Figure 1 shows the final set of points.

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

Figure 1: n-dimensional standard collocation points, which usually are used for both correlated
and uncorrelated inputs.

3.2 n-dimensional collocation points for correlated inputs

The n-dimensional collocation points for correlated inputs are calculated based on the mul-
tidimensional orthogonal polynomials for correlated inputs [15]. In this section we present
both how the polynomials are built by using Gram-Schmidt orthogonalization and how the new
points are derived from them.

3.2.1 Computation of the orthogonal polynomials

For Gram-Schmidt the first step is the choice of a suitable set of linearly independent polyno-
mials. It should be noticed that any linearly independent set of polynomials can be used in this
method, but for simplicity we will use the set of monic polynomials {ej(ξ)}Mj=0. For example,
if dim(ξ) = n = 2 and the maximum degree m = 2, then M + 1 = (n+m)!

n!m!
= 6, and the

set of linearly independent polynomials {ej(ξ1, ξ2)}5
j=0 equals {1, ξ1, ξ2, ξ

2
1 , ξ1ξ2, ξ

2
2}. Next, the

orthogonal polynomial basis {Φj(ξ)}Mj=0 is constructed sequentially from {ej(ξ)}Mj=0 using the
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Gram Schmidt algorithm

Φ0(ξ) = 1,

Φj(ξ) = ej(ξ)−
j−1∑
k=0

cjkΦk(ξ) for 1 ≤ j ≤M, (7)

where the coefficients cjk are given by

cjk =
〈ej(ξ),Φk(ξ)〉
〈Φk(ξ),Φk(ξ)〉

(8)

and the innerproduct is taken with respect to the pdf ρ(ξ). Note, that in the multidimensional
case the basis is not unique, it is dependent on the order of the set of polynomials {ej} of a
specific degree.

3.2.2 Computation of the new collocation points

The new set of collocation points is computed as the solution of the system of equations
given by the new orthogonal polynomials of a specific degree m. Consider again the example
in Section 3.1. We first generate the multidimensional orthogonal polynomials of degree 2
with respect to the normal distribution given by (6). To do that, the following set of linearly
independent polynomials of degree 2 is used{

ξ2
1 , ξ1ξ2, ξ

2
2

}
. (9)

In general, the dimension of this sets M̃m = (n+m−1)!
(n−1)!m!

. For simplicity monic polynomials
are used. Then the polynomials are build sequentially from (9) by applying Gram-Schmidt
orthogonalization. In this case the following polynomials of degree 2 are obtained:

Φ1(ξ1, ξ2) = ξ2
1 − 1,

Φ2(ξ1, ξ2) = ξ1ξ2 − 0.8ξ2
1 ,

Φ3(ξ1, ξ2) = ξ2
2 + 0.64ξ2

1 − 1.6ξ1ξ2 − 0.36. (10)

If the order of (9) is changed, different polynomials will be obtained and therefore different sets
of collocation points will also be derived. Specifically, we will have as many different sets of
collocation points for correlated inputs as orders in (9). For the example 6 = 3! different sets of
points are obtained, that is, the total number of combinations in (9). Figure 2 shows all possible
sets of points for this example. Appendix A shows all sets of points for polynomials of degree 3.

Remark 3.1 Note that we are extending the tensor product approach, so, the points are com-
puted by solving the system given by the polynomials that come from the monic polynomials
of one variable, Mm. In this example the points are computed by solving the system given by
Φ1 and Φ3 (M2 = 2). As we can see in Figure 2 some sets of nodes are equal, so from now on
we will just consider the sets of points given by: order a, order b, and order e.

4 DIFFERENCES BETWEEN SET OF NODES

In this section, the differences between sets of points will be studied. In particular, we will try
to find differences in: integration degree of exactness (DOE), integration error, and interpolation
error.
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Figure 2: Plots of the nodes with order a: {ξ2
1 , ξ1ξ2, ξ

2
2}, order b: {ξ2

1 , ξ
2
2 , ξ1ξ2, }, order c:

{ξ2
2 , ξ1ξ2, ξ

2
1}, order d: {ξ2

2 , ξ
1
2 , ξ1ξ2} order e: {ξ1ξ2, ξ

2
1 , ξ

2
2} and order f : {ξ1ξ2, ξ

2
2 , ξ

2
1}.

4.1 Integration degree of exactness

To check which set of points presents the highest degree of exactness, we will define first
the concept of Gaussian quadrature rules based on the tensor product which is an extension
of the unidimensional Gaussian quadrature rules. Also Theorem 4.2 and its proof follow the
well-known proof of the Gaussian integration method (see, e.g., [19]).

Definition 4.1 (n-dimensional tensor product quadrature rule). Given [a1, b1]× · · · × [an, bn] ⊆
Rn such that ai < bi ∀i ∈ {1, . . . , n}, a weight function ρ : [a1, b1] × · · · × [an, bn] −→ R+

0 ,
and N ∈ N, let α1, . . . ,αN ∈ [a1, b1] × · · · × [an, bn] be the zeros of the system of equations
given by the set of polynomials Φ1

m, . . . ,Φ
Mm
m , where Φi

m is the ith orthogonal polynomial of
degree m with respect to the inner product <· , ·>ρ and let h1, . . . ,hN be the corresponding
multivariate Lagrange basis polynomials [17], then the quadrature rule

Inm : Cn([a1, b1]× · · · × [an, bn]) −→ R, Inm(f) :=
N∑
j=1

ωjf(αj), (11)

where

ωj :=< hj,1 >ρ=

∫ b1

a1

· · ·
∫ bn

an

hj(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn (12)

for each j ∈ {1, . . . , N} is called the mth order n-dimensional tensor product of the unidi-
mensional Gaussian quadrature rule with respect to ρ.

Theorem 4.2. Consider the situation of Definition 4.1. In particular, let Inm be an mth order
n-dimensional tensor product quadrature rule with respect to ρ, then Inm is exact for each
polynomial of degree d = 2m− 1 or less, that means:

< p,1 >ρ=
N∑
j=1

ωjp(αj) for each p ∈ P2m−1[ξ1, . . . , ξn] (13)
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we call d the degree of exactness of the quadrature rule.

Proof. Let p be a polynomial of degree 2m − 1 (or lower) in n variables, that means,
p ∈ P2m−1[ξ1, . . . , ξn]. By contruction (cf. Remark 4.1) the set of polynomials {Φi

m}ni=1 used
to compute the collocation points are triangular polynomials (see Theorem 5.3, Appendix B).
Applying the iterated pseudodivision, we can write p as:

bδnn · · · b
δ1
1 p = q1 ·Φn

m + · · ·+ qn ·Φ1
m + r (14)

Then the relation Φi
m(αj) = 0, with i = {1, . . . , n} and j = {1, . . . , N}, implies:

p(αj) = r(αj) for each j ∈ {1, . . . , N} (15)

Applying Proposition 5.5 (see Appendix B) gives N ≥ Tnt(r), so we have enough points
to build the Lagrange multivariate interpolation polynomial of the final reminder r:

r(ξ1, . . . , ξn) =
N∑
j=1

r(αj)rj(ξ1, . . . , ξn). (16)

This allows to compute the integral of p as follows:∫ b1

a1

· · ·
∫ bn

an

p(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn =

=

∫ b1

a1

· · ·
∫ bn

an

q1(ξ1, . . . , ξn)Φn
m(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn + . . .+

+

∫ b1

a1

· · ·
∫ bn

an

qn(ξ1, . . . , ξn)Φ1
m(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn + . . .+

+

∫ b1

a1

· · ·
∫ bn

an

r(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn =

=

∫ b1

a1

· · ·
∫ bn

an

r(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn

because of the orthogonality property and

=

∫ b1

a1

· · ·
∫ bn

an

r(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn =

=

∫ b1

a1

· · ·
∫ bn

an

N∑
j=1

r(αj)hj(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn =

=
N∑
j=1

r(αj)

∫ b1

a1

· · ·
∫ bn

an

hj(ξ1, . . . , ξn)ρ(ξ1, . . . , ξn)dξ1 · · · dξn =

=
N∑
j=1

ωjr(αj) =
N∑
j=1

ωjp(αj).
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4.2 Integration error

We have proved in the previous section that there is no difference between the sets in terms
of integration DOE. Let us study now the integration error, EI, the error in approximating the
integral by the quadrature rule. In particular, we will study EId, that is, the error associated to
the first non exact integral whose degree of exactness is d, it is given by:

EId(f) =

∫
Ω

f(ξ)ρ(ξ)dξ − Ind(f). (17)

4.2.1 2 dimensions integration error comparison

In order to compare EId between different sets of nodes, we follow this procedure. First,
the integral of a general polynomial is computed; second, that integral is approximated by
quadrature rules using different sets of nodes; and finally the error of integration is computed by
Equation (17). Let us assume we are under the hypothesis of the example in Section 3, therefore
we have computed the set collocation points for degree of exactness d = 3 (d = 2m − 1 with
m = 2). Consider the following polynomial of degree 4 (the next order after exactness).

f(x, y) = a1 + a2x+ a3y + a4x
2 + a5xy + a6y

2 + a7x
3 + a8x

2y + a9xy
2 + a10y

3 +

+ a11x
4 + a12x

3y + a13x
2y2 + a14xy

3 + a15y
4.

After computing the errors with Equation (17), we obtain these results:

EIa3 (f) = 2a11 + 1.6a12 + 1.28a13 + 1.024a14 + 1.0784a15,

EIb3(f) = 2a11 + 1.6a12 + 1.28a13 + 1.6a14 + 2a15,

EIe3(f) = −5.10128a11 − 5.68814a12 − 5.83043a13 − 5.68828a14 − 5.11058a15

where the upper indices a, b, e account for the order in the set of points (see Figure 2). It turns
out that the only important coefficients to measure the error are the ones which correspond to
the highest degree in the polynomial. Finally, without a deeper analysis, we can only say that
when a11, a12, a13, a14, a15 are all of equal sign the errors satisfy:

|EIa3 (f)| ≤ |EIb3(f)| ≤ |EIe3(f)| (18)

4.3 Interpolation error

As we have different sets of points, we also have different Lagrange interpolating polynomi-
als as approximations of the function of interest. Throughout this section we will focus on the
study of the interpolation error, that we defined as follows:

EL2(f) =

∫
Ω

(f(ξ)− p(ξ))2ρ(ξ)dξ (19)

where p is the Lagrange interpolating polynomial
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4.4 2 dimensions interpolation error comparison

We compute the interpolation error for the set of points in Figure 2 orders a, b, e and as weight
function the normal distribution given in Equation (6). We consider a general polynomial of
degree 2:

f(x, y) = ax2 + by2 + cxy + dx+ ey + f (20)

The Lagrange interpolating polynomials for the three set of points are:

pa(x, y) = a− 0.28b+ f + dx+ ey + (1.6b+ c)xy,

pb(x, y) = a+ b+ f + dx+ ey + cxy,

pe(x, y) = 0.219489a+ 0.219509b+ f + dx+ ey + (0.975595a+ 0.975613b+ 0.999996c)xy,

Applying Equation (19) gives the L2 interpolating error:

Ea
L2

(a, b) = 2a2 − 2.56ab+ 1.0784b2,

Eb
L2

(a, b) = 2a2 + 2.56ab+ 2b2,

Ee
L2

(a, b) = 0.439024a2 − 0.561951ab+ 0.439024b2,

The minimum of all the errors is (0,0) (computed analytically). Figure 3 shows the behavior
of the error. As we can see, order e, which was the order with highest integration error, is the
order with the smallest interpolation error. On the other hand, order a and order b are similar,
but it is possible to appreciate a slight difference between them in favor of order a.

4.5 Optimal set of points

In this section we will check the convergence of the sets of points when the correlation is
increased. We know in advance the optimal points for the extreme cases. For uncorrelated
inputs the optimal set of points is the set that comes from the tensor product approach and for
fully correlated inputs the one that comes from the unidimensional Gaussian quadrature points.
Thus, it is reasonable to think that optimal points for correlation ρ ∈ [0, 1] should converge to
these limiting cases. Figure 4 give us an idea about how the behavior of the points is when
the correlation is increased. The plot shows that the set of points computed with order a is the
optimal set of points. Optimal in the sense that when the problem is fully correlated the four
points are on the fully correlated line, and when the problem is uncorrelated the four points are
equal to the tensor product approach points.

5 CONCLUSIONS

In this paper we have shown how to compute new sets of points for Stochastic Collocation
for correlated inputs. As the points were not unique in the multidimensional case, we have
also performed an analytical comparison between sets of points in terms of integration degree
of accuracy, integration error, interpolation error and convergence. We can conclude that: i)
analytically it is possible to prove that all sets have the same integration degree of exactness;
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Figure 3: Interpolation error with order a, order b, and order e.
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Figure 4: Convergence of the set of points when the correlation is increased.
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ii) the sets differ in terms of integration and interpolation errors, specifically the set with the
smallest integration error presents the highest interpolation error and vice versa; iii) one of the
set of points is optimal in the sense that in the limit to full and no correlation its points are equal
to the known optimal ones.

228



Maria Navarro, Jeroen Witteveen, and Joke Blom

APPENDIX A

In this Appendix we plot the sets of collocation points for a polynomial of degree 3. To gen-
erate the polynomials of degree 3, we use this set of linearly independent monic polynomials:
{ξ3

1 , ξ
3
2 , ξ

2
1ξ2ξ1ξ

2
2}. The number of combinations is 4!, meaning, 24 different sets of collocation

points. The results are presented in four groups, where Figure 5 is the group whose first element
in each order is always ξ3

1 , Figure 6 is the one with ξ3
2 , and Figure 7 and Figure 8 with ξ2

1ξ2 and
ξ1ξ

2
2 respectively.
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APPENDIX B

In this section we define and prove some technicalities that are neccesary to prove Theorem
4.2. We will start introducing the concept of pseudodivision. Note that proof of Theorem 5.1
and Theorem 5.2 are based on references [24, 4].

Theorem 5.1. Let p(x) and Φ(x) 6= 0 be two polynomials in P [x] of respective degrees n and
m:

p(x) = bmx
m + · · ·+ b0,

Φ(x) = anx
n + · · ·+ a0.

Let δ = max(m− n+ 1, 0). Then there exist polynomials q(x) and r(x) in P [x] such that

aδnp(x) = q(x)Φ(x) + r(x) and deg(r) < deg(Φ). (21)

Moreover, if an is not a zero divisor, then q(x) and r(x) are unique.

Proof.
We can show the existence of the polynomials q(x) and r(x) by induction on m:

• m < n

Take q(x) = 0 and r(x) = Φ(x).

• m ≥ n

The polynomial
p̂(x) = an · p(x)− bmxm−n · Φ(x)

has degree at most (m− 1).

If we pseudodivide p̂(x) by Φ(x), then by the inductive hypothesis, there exist polynomials
q̂(x) and r̂(x) such that:

am−nn

(
an · p(x)− bmxm−n · Φ(x)

)
= q̂(x) · Φ(x) + r̂(x) and deg(r̂) < deg(Φ).

If we leave just p(x) in the lhs:

am−nn · an · p(x) = am−nn bmx
m−n · Φ(x) + q̂(x) · Φ(x) + r̂(x)
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Taking q(x) = am−nn bmx
m−n + q̂(x) and r(x) = r̂(x),

aδnp(x) = q(x)Φ(x) + r(x) and deg(r) < deg(Φ).

Proof of Uniqueness:
Suppose that there are q(x), q̂(x), r(x) and q̂(r) verifying q(x) − q̂(x) 6= 0, r(x) − r̂(x) 6= 0
and such that:

aδnp(x) = q(x) · Φ(x) + r(x) and deg(r) < deg(Φ)

aδnp(x) = q̂(x) · Φ(x) + r̂(x) and deg(r̂) < deg(Φ)

then 0 = (q(x)− q̂(x))Φ + (r(x)− r̂(x)), since an 6= 0, then [q(x)− q̂(x)]Φ(x) 6= 0 and has
degree at least n and degree deg(r − r̂) < deg(Φ) = n. However, this is impossible since

(q(x)− q̂(x))f(x) = r̂(x)− r(x). (22)

Thus q(x)− q̂(x) = 0 = r̂(x)− r(x).

Theoreme 5.1 allows us to define the concept of pseudodivision.

Definition 5.2 (Pseudodivision). For any two polynomials p(x) and Φ(x) 6= 0 in P [x], we will
call polynomials q(x) and r(x) in P [x] the pseudoquotient and the pseudoremainder, respec-
tively, of p(x) with respect to Φ(x), denoted pquo(p,Φ) and prem(p,Φ) if

aδnp(x) = q(x)Φ(x) + r(x) and deg(r) < n (23)

where m = deg(p), n = deg(Φ), bn = lcoef(Φ) the leading coefficient of Φ(x) and δ =
max(m − n + 1, 0). Also, if p = prem(p,Φ), then p(x) is said to be reduced with respect to
Φ(x).

The notion of pseudodivision can be generalized to polynomials in more than one variable.
Given two nonzero polynomials Φ(x1) ∈ P [x1] and p(x1, . . . , xn) ∈ P [x1, . . . , xn], it is possi-
ble to find two polynomials q(x1, . . . , xn) pseudoquotient and r(x1, . . . , xn) pseudoremainder
such that

bδnp(x1, . . . , xn) = q(x1, . . . , xn) · Φ(x1) + r(x1, . . . , xn), and degx1(r) < deg(Φ),

where bn = lcoef(Φ) and δ = max(degx1(p) − deg(Φ) + 1, 0). To make clear that the
pseudodivision is performed with respect to the variable x1, we will write

q(x1, . . . , xn) = pquo(p,Φ, x1) and r(x1, . . . , xn) = prem(p,Φ, x1).

Theorem 5.3 (Iterated Pseudodivision). Consider the following succession of triangular poly-
nomials:

Φ1(u1, . . . , ud, x1)
Φ2(u1, . . . , ud, x1, x2)

...
Φn(u1, . . . , ud, x1, . . . , xn)

(24)

and polynomial p(u1, . . . , ud, x1, . . . , xn) all in the ring P [u1, . . . , ud, x1, . . . , xn]. Let the
following sequence of polynomials be obtained by iterated pseudodivisions:
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rn = p

rn−1 = prem(rn,Φn, xn)

rn−2 = prem(rn−1,Φn−1, xn−1)
...

r0 = prem(r1,Φ1, x1).

The polynomial r0 ∈ P [u1, . . . , ud, x1, . . . , xn] is said to be the generalized pseudoremainder
of p with respect to Φ1, . . . ,Φn and denoted

r0 = prem
(
p, {Φn, . . . ,Φ1}

)
. (25)

We also say p is reduced with respect to Φ1, . . . ,Φn if

p = prem
(
p, {Φn, . . . ,Φ1}

)
. (26)

Furthermore, there are non-negative integers δ1, . . ., δn and polynomials q1, . . . , qn such
that

i) bδnn · · · b
δ1
1 p = q1 ·Φn + · · ·+ qn ·Φ1 + r0

where b1 = lcoef(Φ1) ∈ P [u1, . . . , ud],
...

bn = lcoef(Φn) ∈ P [u1, . . . , ud, x1, . . . , xn−1].

ii) degxi(r0) < degxi(Φi), for i = 1, . . . , n.

Proof. The proof is by induction on r and by repeated applications of the pseudodivision
theorem given in the beginning of the section.

Lemma 5.4. Let p be a complete polynomial of degree m in n variables, p ∈ Pm[x1, . . . , xn],
then:

i) The number of terms in the polynomial p with degree s ∈ N, 0 ≤ s ≤ m, nts(p), is given
by:

nts(p) =

(
s+ n− 1

n− 1

)
(27)

ii) The total number of terms in the polynomial p, Tnt(p), is given by:

Tnt(p) =

(
m+ n

n

)
(28)

iii) The number of terms in the polynomial p where a specific variable, xi has an specific
degree s ∈ N with 0 ≤ s ≤ m, ntxis (p), is given by:

ntxis (p) =

(
(m− s) + (n− 1)

n− 1

)
(29)

In other words, ntxis (p) is the number of times that the variable xsi appears in p
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Proof.

i) A general term of degree s of the polynomial p can be expressed as

n∏
i=1

xeii such that
n∑
i=1

ei = s. (30)

To find the number of terms that verifies Equation 30 is equal to find the number of solutions of
the equation e1 + . . .+ en = s, where ei is a non-negative integers for each i ∈ {1, . . . , n}. To
find the solution of that equation we apply a technique popularly known as “stars and bars” [ref].
The idea behind this method is, essentially, if there are s indistinguishable objects to be divided
into n distinguishable groups, then there are Cs+n−1,n−1 ways of distributing the objects. We
assume the objects are “stars” in our problem the exponents and the groups are the “bars” in
our problem the variables. Since 1 bar divides into 2 groups, 2 bars into 3 groups, and so on,
the number of bars will be n − 1 and therefore the number of the solution for the equation is
Cs+n−1,n−1 =

(
s+n−1
n−1

)
.

ii) As we know the number of terms of a specific degree we compute the sum of all them:

Tntp =

(
0 + n− 1

n− 1

)
+

(
1 + n− 1

n− 1

)
+ . . .+

(
m+ n− 1

n− 1

)
=

m+n−1∑
j=n−1

(
j

n− 1

)

By applying the Hockeystick Identity:
∑m

j=n

(
j
n

)
=
(
m+1
n+1

)
, we obtain:

Tnt(p) =
m+n−1∑
j=n−1

(
j

n− 1

)
=

(
m+ n

n

)
iii) We use again the “stars and bars” technique, where the exponents are the “stars” and the

variables the “bars”. As we know that one variable has fixed degree equals s, then we have
m− s “stars” and n− 2 “bars” and the number C(m−s)+(n−2),n−2 gives us the number of terms
of degree m where the fixed variable has degree s. To compute all terms that contains that fixed
variable we have to sum everything

ntxis (p) =

(
(m− s) + n− 2

n− 2

)
+

(
(m− s)− 1 + n− 2

n− 2

)
+. . .+

(
0 + n− 2

n− 2

)
=

(m−s)+(n−2)∑
j=n−2

(
j

n− 2

)
By applying the Hockeystick Identity, we obtain:

ntxis (p) =

(m−s)+(n−2)∑
j=n−2

(
j

n− 2

)
=

(
(m− s) + (n− 1)

n− 1

)

Proposition 5.5. Let p be a polynomial in the ringP2m−1[x1, . . . , xn] withm ∈ N and Φ1, . . . ,Φm,
such that: Φ1(x1, . . . , xn) = Φm

1 (x1),Φ2(x1, . . . , xn) = Φm
2 (x1, x2), . . . ,Φm(x1, . . . , xn) =

Φm
m(x1, . . . , xn), a succession of triangular polynomials in the ring Pm[x1, . . . , xn], where each

triangular polynomial has only one terms of degree m, then:
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i) the generalized pseudoremainder of pwith respect to Φm
1 , . . . ,Φmm, r0 = prem

(
p, {Φm, . . . ,Φ1}

)
,

has at least
(

(2m−1)+n
n

)
− n

(
n+m−1
n−1

)
number of terms.

ii) The non-linear system of equation formed by the set of orthogonal triangular polynomials
has at least N = mn real and different solutions.

iii) N ≥ Tnt(r0).

Proof.

i) Analogously to the proof of Lemma 5.4.
ii) Because of the orthogonality of the polynomials. It is known that unidimensional orthogo-

nal polynomials of degree d always have d real roots. Given that, the system of linear equations
is triangular, the first equation always will have all its roots because it will correspond to a uni-
dimensional orthogonal polynomial. If we replace the roots into the second equation, we will be
able to compute all the roots. After substituting the polynomial is a unidimensional orthogonal
polynomial again.

iii) Analogously to the proof of Lemma 5.4.
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Abstract. Swirling turbulent flows created by the rotation of pipes and applications for heat
transfer can have interesting industrial purposes. As such physical phenomenon is under some
physical uncertainties, it is interesting to understand their impact on the relevant parameters.
In the present paper, the Stochastic Collocation method with Sparse Grids is developed, in
order to study how the uncertainties are propagated from the Computational Fluid Dynamics
(CFD) simulations of a Swirling jet created by the rotation of a pipe to the CFD simulations of
the heat transfer from a flat plate by the impingement of the generated swirling jet. In addition,
some mathematical models for the velocity profile and turbulent parameters are given, and their
uncertainties studied, in order to facilitate this two-step process for industrial applications.
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1 Introduction

Swirling flows in pipes are widely used in industry, such as in erosion damage reduction
[1] or dehydration systems in multi-phase flows [2]. The use of CFD softwares to model the
behaviour of swirling flows is nowadays possible and it has become a deterministic way to sim-
ulate the physics of complex flows. The application of impinging jets to heat transfer purposes
is also a very well-known mechanism to achieve an appropriate cooling in electronic compo-
nents [3] & [4], surface varied plates [5] or impinging gases and flame jets [6] & [7], among
others.
In the case under study, the impinging swirling jet is generated by a rotating pipe long enough
to have a fully developed turbulent rotating flow at the end. For the heat transfer purpose, once
the jet exits the pipe, it spreads in a bigger domain until it impinges against a heated at plate
located at a dimensionless distance H/D from the exit pipe, where H represents the separation
between the jet and the plate, and D is the diameter of the jet (diameter of the pipe, in fact).
The Reynolds number is set to 23000 and the Swirl number to 1.
Uncertainties in volume-flow rate (Q = 0.000361273 m3/s ) and angular velocity of the pipe
(Ω = 115 rad/s ) in the impinging swirling jet generation process, are translated into uncertain-
ties in the exit of the pipe and heat transfer, which is quantified by the Nusselt number. In the
present study, the uncertainty of the results is quantified by using Stochastic Collocation with
Sparse Grids [8], and comparative results between the inclusion of mathematical models for the
profiles computed by an User-Defined Function and its two-step CFD simulations for the heat
transfer application are also presented.

2 Setting-Up the CFD Simulations

2.1 CFD Simulations of a Fully-Developed Turbulent Flow in a Rotating Pipe

Prior the simulation of the heat transfer, the impinging swirling jet is to be produced in a
separated simulation of a rotating pipe. In Fig. 1, the pipe problem is depictured, for which a
2D RANS simulation was developed in Fluent. The flow under study goes out of the duct fully-
developed, what requires to have a length bigger than a specific characteristic one. In order
to avoid such as expensive analysis, a piece of pipe has been simulated with periodic bound-
ary conditions, where a mass-flow rate is imposed according to the desired Reynolds number
(Re = 4ρQ

πDµ
= 23000) and under rotating conditions set by the Swirl number (S = πD2ΩR

4Q
= 1),

where ρ is the density of the fluid, Q is the volume-flow rate, µ is the dynamic viscosity and R
is the radius of the pipe.

One of the biggest issues that a scientist can have simulating a flow is the choice of the turbu-
lence model. The k−ω model has been widely used in CFD RANS simulations with very good
agreement with experimental results in many CFD problems and there is a vast literature review
with practical applications. But under some circumstances, a popular turbulence model like this
one can not be the best one to simulate the physical behaviour of fluids. The simulation of a
swirling flow is a particular application where turbulence models can fail. To solve the azimutal
velocity can be problematic and this kind of flow has been studied in detail experimentally and
computationally in several papers, such as [9] and [10].

To overcome this problem, more than 40 possible turbulent model configurations were tested
to simulate the swirling flow confined in the rotating pipe with the computational mesh shown
in Fig. 2. The size of the computational grid is [nr × nz] = 68 × 450 cells, obtaining a y+ < 1
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Figure 1: Sketch of the swirling flow generator by a rotating pipe.

along the walls of the pipe, and the discretization error (Grid Convergence Index, GCI) of the
friction factor, λ , has been calculated following [18], having a discretization error of a 0.2%
with 200 iterations per minute.

Figure 2: Computational grid for the pipe.

For the tested turbulence models, the best results took place with Reynolds Stress Model
(RSM) Linear Pressure-Strain with Scalable, Standard Wall Functions, Enhanced Wall Treat-
ment and Non-Equilibrium Wall Functions, RSM Quadratic Pressure-Strain with Scalable,
Standard Wall Functions and Non-Equilibrium Wall Functions, k− ε Realizable with Enhanced
Wall Treatment, SST k − ω and Standard k − ω, as can be seen in Fig. 3, where both axial and
azimutal dimensionless velocity profiles are represented and validated with the experimental re-
sults of Imao et al [9]. The chosen turbulence model was the Reynold Stress Model with Linear
Pressure Strain and Enhanced Wall Treatment, as it is which better fits with these experiments.
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Figure 3: Plot of the axial and azimutal velocity profiles of the fully-developed turbulent swirling flow for several
turbulence models and validation with Imao et al. Re = 20000 and S = 1.

2.2 CFD Simulations of the Heat Transfer from a Heated Solid Flat Plate from an Im-
pinging Swirling Jet

Impinging jets for heat transfer have an extensive number of applications, as explained in
section 1. The efficacy of the heat transfer will depend on different factors, such as the H/D
distance, configuration of the jet or the surface of the plate [5]. Here, we are going to rely only
on the configuration of the jet by controlling the angular velocity of the duct and the volume-
flow rate as explained in section 2.1. In Fig. 4 a detail of the geometry and boundary conditions
is depicted. The plate under consideration is totally flat (no roughness) and the distance between
the exit of the duct and the plate is constant at H/D = 5, that represents the optimal distance to
have the maximum global heat transfer, for a Re and S of the order under study.

Figure 4: Sketch of the geometry and boundary conditions of the CFD simulations of the impinging jet.

The chosen turbulence model was the SST k − ω one, which provides a heat transfer result
that fits very well with the experiments of [11] and [12]. A full description of this choice and
the mesh can be found in [5].
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2.3 Coupling the Two-Step CFD Simulations

As the turbulence model used for the duct and the one used for the impinging heat transfer
problem are both different, a single simulation of the two-case scenario is not developed. More-
over, the complexity of the problem would be unnecessarily increased as the duct may be long
enough to guarantee the fully-developed flow, so a huge domain should be simulated.
To overcome this problem, the two-step CFD simulations were coupled in the following way:
firstly, the CFD simulations of the swirling flow confined in a rotating pipe with the RSM tur-
bulent model were developed, and secondly, the velocity and k − ω dimensionless profiles at
the exit of the pipe are used as inlet boundary conditions for the heat transfer simulation. The
turbulent parameters are defined by (1) and (2:

k =
2

3
(UI)2 (1)

ω = ρ
k

µ
(
µt
µ

)−1, (2)

where k is the turbulent kinetic energy, I is the turbulent intensity, U is the average velocity of
the flow, ρ is the density of the fluid, ω is the turbulent dissipation rate and µt/µ is defined as
the turbulent viscosity ratio. The turbulent kinetic energy is available from the RSM turbulent
simulations, but the turbulent dissipation rate does not, so it has to be evaluated.

3 Uncertainty Quantification Process

3.1 Stochastic Collocation Method

For the Uncertainty Quantification method (UQ), the input uncertainties have been modelled
by Uniform Probabilistic Distributions, and the Stochastic Collocation Method (SCM) with a
Clenshaw-Curtis (C-C) Sparse Grid [8] has been implemented. SCM was developed by Mathe-
lin and Hussaini [13] to improve the high costs of the Polynomial Chaos method. For each col-
location point, the CFD problem is solved deterministically, and the solution can be constructed
by interpolation (4), where ui(x, t) are the deterministic solutions and li are the Lagrange in-
terpolation polynomials, and statistical moments can be obtained by applying quadrature rules.
SCM represents a very efficient option for lower dimension problems in comparison with sam-
pling techniques such as Monte-Carlo. For higher dimension problems, sampling techniques
use to be more suitable.
In the present paper, the collocation points of the Sparse Grid have been determined according
to the C-C quadrature nested rule [14].
Special attention must be paid in the Probabilistic Density Function of the random variable, ξ
∈ Ξ, as we have to perform a mathematical transformation from the physical random variable
space to an artificial stochastic space, called α-domain or α-space (3), that will depend on how
the PDFs are defined. This transformation is an important difference with respect to other UQ
methods.

α = Sξ(ξ) (3)
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u(x, t, α) ≈
N∑
i=1

ui(x, t) li(α) (4)

Regarding the sources of uncertainty, they have been based on a literature review and the
mechanical characteristics of a similar rotating pipe installation at University of Malaga. De-
pending on the installation and method used to measure, one may have different uncertainties in
the experiments, but the idea of this research is to understand the propagation of uncertainties
and sensitivities in the presented problem, based on realistic uncertainties from literature in the
case when uncertainties from experiments are not available. For that aim, have been taken un-
der consideration papers as [15], where a 2.5% of variation as uniform distribution in the Swirl
number and inlet velocity was applied, that is a 2.5% for Q; [17], where a 3% of variation as
uniform inlet velocity was applied; or [16], where a maximum of a 1% error for the velocity has
been found for the described measurement techniques. Also, in the Fluid Mechanics laboratory
of University of Malaga, the error of the available rotating pipe was analysed by engineers and
it was found a 0.5% of variation for the angular velocity.

In the present problem, the Reynolds number under study is Re = 23000, as studied in [5],
and the Swirl number is S = 1. For this situation, where the inflow is laminar flow water, the
mean values of our uncertain parameters are Q̄ = 0.000361273 m3/s and Ω̄ = 115 rad/s. Within
that framework, and trying to be conservative with respect to the literature results, the source
of uncertainties have been determined as the uniform distributions Q = Unif (−0, 05Q̄, 0, 05Q̄)
and Ω = Unif (−0, 005Ω̄, 0, 005Ω̄). The turbulent intensity has been discarded from the uncer-
tainty analysis as the flow confined in the pipe is fully-developed and the uncertainties in the
turbulent intensity will not vary the results of the output parameters under study.

4 Uncertainty Quantification Results of the Two-Step CFD Simulation.

4.1 Uncertainty Quantification of the Turbulent Swirling Jet

For the first case scenario, we focused only on the simulated pipe, not simulating the im-
pinging jet, as explained in section 2.1. Proceeding this way, we can avoid to perform very
costly simulations, apply different turbulence models easily and, hence, have more control on
the accuracy of the data.

The uncertainties of the CFD input parameters, Q and Ω, have a particular influence on the
output of the simulations. In section 3.1, the Stochastic Collocation method has been presented,
and the results of the mean and variance for different levels of the Clenshaw-Curtis quadrature
using Sparse Grids can be observed in Table 1 & 2.

Level Points λ r/R=1 I(%) r/R=0.5 (vz/U) r/R=0.5 (vt/U) r/R=0.5

1 5 0.01373401 8.45783368 1.28350388 0.26677295
2 13 0.01373399 8.45774137 1.28350593 0.26676999
3 29 0.01373404 8.45773429 1.28350567 0.26676957
4 65 0.01373401 8.45773957 1.28350436 0.26676961

Table 1: Stochastic means of the friction factor, turbulent intensity, dimensionless axial and azimutal velocity at
r/R = 0.5 (m/s), at the exit of the rotating pipe.
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Level Points λ r/R=1 I(%) r/R=0.5 (vz/U) r/R=0.5 (vt/U) r/R=0.5

1 5 0.22152010e-06 0.72630289e-03 0.75705236e-04 0.22938667e-03
2 13 0.22059469e-06 0.72520829e-03 0.75256672e-04 0.22639809e-03
3 29 0.22066632e-06 0.72553382e-03 0.75245877e-04 0.22636540e-03
4 65 0.22067550e-06 0.72554659e-03 0.75261365e-04 0.22636600e-03

Table 2: Stochastic variances of the friction factor, turbulent intensity, dimensionless axial and azimutal velocity
at r/R = 0.5 (m/s), at the exit of the rotating pipe.

For the present case, the most important outputs from the CFD simulations of the rotat-
ing pipe are the dimensionless velocity profiles and the dimensionless profiles of the turbulent
parameters at the exit, as those profiles are used as inputs (inlet boundary conditions) for the
coupled CFD problems. In Fig. 5 and 6 the mean and standard deviation envelopes of those
profiles are shown.

Figure 5: Radial distribution of the axial (◦) and azimutal (2) dimensionless velocity profiles at the exit of the pipe
for the level 4 of the C-C Sparse Grid.

Figure 6: Radial distribution of the Turbulent Kinetic Energy, k, and the Turbulent Viscosity Ratio, β, at the exit
of the pipe for the level 4 of the C-C Sparse Grid.
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4.2 Uncertainty Quantification of the Impinging Swirling Jet applied to Heat Transfer
from a Heated Solid Plate: Boundary Conditions from first-step CFD simulations.

For this second case scenario, we now focus on the heat transfer which takes place on
the plate to an impinging jet generated in the previous step. To quantify the uncertainties in
this problem, the Stochastic Collocation method with Clenshaw-Curtis Sparse Grid quadrature
points are used again, in order to be consistent with the method and also use the deterministic
simulations from the rotating pipe with relation to the Q and Ω uncertain parameters. For the
deterministic simulations of the impinging jet domain, the correspondent velocity and turbulent
profiles at the exit of the rotating pipe are used as inflow conditions. The simulations have been
developed as 2D RANS in Fluent.

A detail of the meshed domain can be seen in Fig. 7. The size of the grid is [nx × nh]
= 140 × 250 cells, with a y+ < 1 along the plate. In practice, the x axis is the same as the
r one when the pipe was analysed. Regarding the turbulence model, the SST k − ω has been
chosen. This choice has been validated with the experimental data of impinging jets in [11] and
[12], as can be also seen in Fig. 8. For further information about the computational features of
the simulation, including the discretization error and the selection of the SST k − ω turbulence
model, the authors suggest to see [5].

Figure 7: Computational grid for the CFD simulations of the impinging jet.

The uncertainties are propagated and they have an impact on the evolution of the Nusselt
number along the plate. The mean and variance results for the SCM are presented in Tables 3
& 4. These results are for a dimensionless distance of H/D = 5.

The evolution of the Nusselt number along the plate, for H/D = 5, can be seen in Fig. 9,
where it is represented with its standard deviation. It can be also observed that the most sensitive
part to the input uncertainties is the peak that appears around x/D = 0.33, because of the evolu-
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Figure 8: Validation of the turbulent model forH/D = 2. The different configurations of the SST k−ω turbulence
model correspond to conf. 1: with transitional flow (old model in Fluent version 6.3), conf. 2: with Low Reynolds
correction, conf. 3: without Low Reynolds correction, conf. 4: Transition SST with the Production Kato-Launder
option and conf. 4: Transition SST with the Production Limiter option. The chosen option was SST k − ω with
the Production Kato-Launder option.

Level Points Nu0 Nuavg
1 5 187.8183333 51.45473951
2 13 187.7914166 51.45413825
3 29 187.8031984 51.45457487
4 65 187.7993255 51.45497083

Table 3: Stochastic means of the Nusselt number at the stagnation point and its average value along the flat plate.

Level Points Nu0 Nuavg
1 5 15.24348189 1.50945541
2 13 15.56881637 1.50878302
3 29 15.47284719 1.50909036
4 65 15.47621431 1.50822473

Table 4: Stochastic variance of the Nusselt number at the stagnation point and its average value along the flat plate.

tion of the flow after impacting on the plate. This can be observed in the contour plots in Fig. 10.

4.3 Uncertainty Quantification of the Impinging Swirling Jet applied to Heat Transfer
from a Heated Solid Plate: Use of a Model for the first-step CFD simulations.

For industrial purposes, as sometimes is expensive in terms of money and time to perfom
CFD simulations or experiments, it is interesting to give models in order to avoid some parts of
a complex analysis. In this paper, four dimensionless models are given: for the axial velocity,
azimutal velocity, kinetic turbulent energy and turbulent viscosity ratio profiles, all of them for
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Figure 9: Evolution of the stochastic mean of the Nusselt number along the plate± its stochastic standard deviation,
for the H/D = 5 dimensionless distance and level 4 of the sparse grid.

Figure 10: Detail of the contour plot of the dimensionless velocity nearby the coordinate of the peak in the evolution
of the Nusselt number.

the fully-developed turbulent swirling flow case. Those models will approximate the response
of the CFD RANS simulations for the different Q and Ω. This is what is often called Meta-
model, Surrogate Model or Surface Response Model, and it represents a cheap way to assess
computationally cost systems in some fields as, e. g., CFD optimisation or UQ, as it can be
sampled with almost no computational cost. The mathematical models can be found in Eq.
(5)-(8).
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These models are valid only in the intervalsQ ∈ [−0.05Q̄, 0.05Q̄] and Ω ∈ [−0.005Ω̄, 0.005Ω̄].
The reason of do not use interpolation to construct the surrogate models is that more generic
ones (valid for wider ranges) are under study by the authors, and in the present paper this models
are shown just to give an indication of their usefulness. In addition, despite the goodness of the
fitting models is really trustworthy, it is not presented here, as their description is extensive. To
give an indication of the quality of the fit, Fig. 12 and 11 show the models for the non-perturbed
input parameters.

Figure 11: (• ) Axial velocity profile from CFD. (∗ ) Azimutal velocity profile from CFD. (- -) Mathematical
models.

The parameters αi, where α = a, b, c, d and i = z, t, k, β, are constants of the fitting models,
modelled by non-linear functions of Q and Ω, ready to be used as Boundary Conditions for new
computational simulations.
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Figure 12: (∗ ) Dimensionless k profile from CFD. (• ) Dimensionless β from CFD. (- -) Mathematical models.

To give an indication of the propagation of the errors when implementing the model by
a User-Defined Function code in Fluent, the Stochastic Collocation method has been applied
again for levels 1 and 2 of the Clenshaw-Curtis Sparse Grid, in order to compare with the CFD-
based case. The results can be seen in Table 5 and 6. It can be seen that, despite the models
fit very well with computational data, the small fitting errors are propagated through the simu-
lation, having a relative error of almost an 8.7% between the variance of the Nusselt number at
the stagnation point for the two analysed case scenarios. The other variations observed in the
tables can be considered small.

Level Points Nu0 Nuavg Nu0,model Nuavg,model εr,Nu0(%) εr,Nuavg(%)
1 5 187.81833 51.454739 188.886500 51.245621 -0.5687 0.4064
2 13 187.79141 51.454138 188.859827 51.244494 -0.5689 0.4074

Table 5: Stochastic means of the Nusselt number case at the stagnation point and its average value along the flat
plate. Relative error (in %) between the CFD and model input results.

Level Points Nu0 Nuavg Nu0,model Nuavg,model εr,Nu0(%) εr,Nuavg(%)
1 5 15.243481 1.509455 16.467074 1.521298 -8.026989 -0.784601
2 13 15.568816 1.508783 16.930460 1.521590 -8.745970 -0.848853

Table 6: Stochastic variances of the Nusselt number case at the stagnation point and its average value along the flat
plate. Relative error (in %) between the CFD and model input results.

5 Conclusions

The Stochastic Collocation Method has been applied for uncertainty quantification to a two-
step CFD simulation of a fully-developed turbulent swirling flow coupled to a second CFD
simulation consisting on an impinging jet for heat transfer from a heated solid plate. The results
showed that the physical uncertainties in Q and Ω slightly vary λ and the turbulent intensity.
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In the dimensionless velocity profiles, it was noticed that the most sensitive part of the dimen-
sionless axial velocity profile is r

R
= 0, and r

R
= 1 for the azimutal one. For the dimensionless

Turbulent Kinetic Energy, k
U2 , the most sensitive area is the one located at the beginning of the

decay, due to the strong effect of the wall. For the Turbulent Viscosity Ratio, β, the sensitiv-
ity is pretty similar to the dimensionless axial velocity one, having around the axis the biggest
variances.
Regarding the heat transfer study, it has been observed that uncertainties in the input of the ro-
tating pipe have a more notable impact in the Nusselt number along the plate than they had for
the output parameters of the rotating pipe, particularly around x/D = 0.33, as a consequence of
the physics of impingement and the selection of the turbulent model, as the peaks were different
for different chosen models, as Fig. 8 shows.
Four models have been also given for the fully-developed state of the swirling flow confined
in the rotating pipe, for the dimensionless profiles vz

U
, vt
U
, k
U2 and β. These models fit very well

with the computational ones, and a study of the propagated errors when implementing them in
the uncertainty quantification has been given in section 4.3. This shows that the stagnation point
is very sensitive to the fitting errors, as the increase of an 8.7% in the variance reveals.
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Abstract. Rock engineers and practitioners use regression equations/models between uniaxi-
al compressive strength, UCS and point load index, 𝐼𝐼(50) to estimate UCS when there is dif-
ficulty in direct determination of UCS from laboratory tests. 𝐼𝐼(50) has been reported as an 
indirect measure of the compressive strength of rocks. However, there are many equations in 
the literature relating 𝐼𝐼(50) to UCS for all rock types. Selecting the appropriate model for 
UCS estimation in a particular site/deposit becomes problematic. This is because UCS of 
rocks, like other geomechanical properties are products of different geological processes that 
rocks are subjected to, which makes them to be variable even within a formation or deposit. 
This study presents an approach for selecting regression equation for estimating UCS from 
𝐼𝐼(50), using only a limited number of  𝐼𝐼(50) data obtained from a specific deposit or site. The 
approach works by comparing the occurrence probability of each model for a given set of ob-
servation (i.e. 𝐼𝐼(50)) data obtained from a site/deposit. The most appropriate model is the 
model with the highest occurrence probability for the given set of observation data. This ap-
proach is different from previous works that need both UCS and  𝐼𝐼(50) data to draw compar-
ison; instead it selects the appropriate model using the 𝐼𝐼(50) data only. This is important 
because the time when there is need for selection and use of regression model is when the 
UCS data are not available. The selected model is then used in a Bayesian framework to inte-
grate the prior knowledge about UCS with the limited number of site-specific 𝐼𝐼(50) data 
available for probabilistic characterization of UCS. This is achieved by using Markov Chain 
Monte Carlo (MCMC) simulation to generate UCS samples from resulting posterior PDF of 
the Bayesian framework. Statistical analyses are then performed on the UCS samples to ob-
tain its mean, standard deviation and full probabilistic distribution. 
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1 INTRODUCTION 
Mechanical behaviour of rocks is required for safe design of structures in civil, mining and 

petroleum engineering applications. Uniaxial compressive strength (UCS) of rock is a me-
chanical property of rock that is very important during geotechnical characterization because 
of its role in the design and analysis of geotechnical problems [1]. Rock engineers use UCS 
more than other rock properties, according to a survey reported by Bieniaskwi [2]. Hoek [3] 
emphasized that UCS is a useful parameter when considering a variety of issues encountered 
during blasting, excavation, and supporting in engineering works. The UCS of rock can be 
determined in the laboratory by uniaxial compression test. However, carrying out compres-
sion test may not be possible at all times, this is because it is not always possible to extract 
proper cores for sampling purpose in highly weathered rocks or thinly bedded or densely frac-
tured and also when there are time and resources constraints [4, 5].  When the direct determi-
nation of UCS is not possible, there is need to estimate UCS from other strength index widely 
used by rock engineers. The point load strength �Is(50) � has been found to be an efficient in-
dex in estimating UCS [6, 7]. Broch and Franklin [6] explained that the need for a relationship 
between Is(50)  and UCS dated back to the period after development of the point loading 
method. Generally, the point load test can be applied axially or diametrally to rock cores or  
irregular lumps. The required testing apparatus is light and usually portable, and more im-
portantly, the test are inexpensive. However, different studies have shown that there is no sin-
gle regression equation relating Is(50)  to UCS for all rock types (e.g., [6-8]). The database of 
the empirical equations between UCS and Is(50) has been reported in Wang and Aladejare [9]. 
With many regression models between UCS and Is(50) available in the literature even for the 
same rock type, there is need to have a rational method for selecting appropriate model for 
estimating UCS in a specific site/deposit. Model selection for estimating UCS from Is(50)  is 
mostly needed when there is no UCS at all [9]. This makes it important to develop a method 
for selecting model using just Is(50)  data available from the site.  

This paper presents a method for site-specific selection of regression model using just the 
limited Is(50) from the site/deposit. The method integrates the limited site Is(50) data with the 
prior knowledge of UCS under Bayesian framework to select the appropriate model and the 
selected model is further used in probabilistic characterization of UCS to obtain its statistics 
and full distribution. 

2 SITE-SPECIFIC SELECTION OF REGRESSION MODEL 

Site-specific selection of regression model can be achieved by using just limited Is(50) data 
available from the site. This is done by comparing the occurrence probability 𝑃�𝑀𝑗�𝐷𝐷𝐷𝐷� of 
different models 𝑀𝑗 given observed Is(50) data from the site (e.g., [9-11]). The model with the 
maximum occurrence probability is the most appropriate for such site. Using Bayes’ theorem, 
𝑃�𝑀𝑗�𝐷𝐷𝐷𝐷� can be obtained as expressed in Eq. (1).  

 

𝑃�𝑀𝑗�𝐷𝐷𝐷𝐷� =  𝑃�𝐷𝐷𝐷𝐷�𝑀𝑗�𝑃�𝑀𝑗� 𝑃(𝐷𝐷𝐷𝐷)⁄   𝑗 = 1,2, … 𝑘                      (1) 
 

In Eq. (1), 𝐷𝐷𝐷𝐷 denote site-specific Is(50) data , 𝑀𝑗  is the candidate model, 𝑃(𝐷𝐷𝐷𝐷 | 𝑀𝑗) is 
the probability of observing 𝐷𝐷𝐷𝐷 given a candidate model 𝑀𝑗 (e.g., [9-11]). 𝑃(𝑀𝑗) is the pri-
or probability of 𝑀𝑗 which reflects the prior knowledge of 𝑀𝑗. The prior probability of each 
model is taken as 1 𝑘⁄  in the absence of any prevailing prior knowledge about the models, 
while 𝑃(𝐷𝐷𝐷𝐷) is a normalizing constant. 
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The theorem of total probability can be used to obtain 𝑃(𝐷𝐷𝐷𝐷 | 𝑀𝑗) as expressed in Eq. 
(2). 

 

                              𝑃�𝐷𝐷𝐷𝐷�𝑀𝑗� = ∬𝑃�𝐷𝐷𝐷𝐷�µ,𝜎,𝑀𝑗� × 𝑃�µ,𝜎�𝑀𝑗�dµdσ                          (2) 
 

In Eq. (2),  𝑃�𝐷𝐷𝐷𝐷�µ,𝜎,𝑀𝑗� is the likelihood function, which is the joint conditional proba-
bility density function, PDF of 𝐷𝐷𝐷𝐷 for given 𝑀𝑗 and a set of model parameters (e.g. mean µ  
and standard 𝜎 of UCS). 𝑃�µ,𝜎 | 𝑀𝑗� is the prior distribution of µ and 𝜎 of UCS.   

In formulating the likelihood function in Eq. (2), variability of UCS and the transformation 
uncertainty of using regression model for estimating UCS from Is(50) data are considered. 
UCS is taken to follow a normal distribution with a mean µ and standard deviation σ, ex-
pressed in Eq. (3). 
 

𝑈𝑈𝑈 = µ + 𝜎𝜎                                                              (3) 
 

where z is a standard Gaussian random variable.  
If the format of regression model for estimating UCS from Is(50) is as expressed in Eq. (4). 
 

𝑈𝑈𝑈 = 𝐷Is(50)                                                              (4) 
  

where 𝐷 is the conversion factor from Is(50)to UCS. The general transformation model for 
each model is as expressed in Eq. (5). 
 

Is(50) = 𝑏𝑈𝑈𝑈 + 𝜀                                                        (5) 
 

where 𝑏 is the inverse of 𝐷 in Eq. (4) and 𝜀, which is the modelling error is a Gaussian ran-
dom variable with zero mean and standard deviation 𝜎𝜀 .  
The general likelihood model is obtained by combining Eq. (3) and Eq. (5) and expressed in 
Eq. (6). 
 

Is(50) = 𝑏(µ + 𝜎𝜎 ) + 𝜀                                                 (6) 
 

if the inherent variability is independent of the transformation uncertainty (i.e. z is inde-
pendent of 𝜀),  Is(50) is a Gaussian random variable with a mean of  (𝑏µ) and standard devia-
tion of �(𝑏𝜎)2 + 𝜎𝜀 

2.  The site-specific point load data (i.e., Data = {Is(50)𝑠
, 𝐼 = 1,2 … ..,𝑛𝑡}) 

can be considered as 𝑛𝑡 independent realizations of the Gaussian random variable Is(50). The 
likelihood function 𝑃�𝐷𝐷𝐷𝐷�µ,𝜎,𝑀𝑗� for the site-specific Is(50) is as expressed in Eq. (7). 

 

𝑃�𝐷𝐷𝐷𝐷�µ,𝜎,𝑀𝑗� = �
1

√2𝜋�(𝑏𝜎)2 + 𝜎𝜀 
2

𝑛𝑡

𝑠=1

 𝑒𝑒𝑒 �−
1
2
�
 Is(50)𝑠

− (𝑏µ)

�(𝑏𝜎)2 + 𝜎𝜀 
2
�
2

�                (7) 

 
 

The prior distribution 𝑃�µ,𝜎| 𝑀𝑗� in Eq. (2) can be taken as joint uniform distribution of 
µ and 𝜎, with respective minimum values of µ𝑚𝑚𝑛 and 𝜎𝑚𝑚𝑛 and respective maximum values 
of µ𝑚𝑚𝑚 and 𝜎𝑚𝑚𝑚. This type of distribution is mostly assumed when the prior knowledge is 
relatively uninformative. 𝑃�µ,𝜎| 𝑀𝑗� is as expressed in Eq. (8). 
 

𝑃�µ,𝜎| 𝑀𝑗� = �
1

µ𝑚𝑚𝑚 − µ𝑚𝑚𝑛
×

1
𝜎𝑚𝑚𝑚 − 𝜎𝑚𝑚𝑛

 0  
       

for µ ∈ [µ𝑚𝑚𝑛, µ𝑚𝑚𝑚]and  σ ∈ [𝜎𝑚𝑚𝑛,𝜎𝑚𝑚𝑚]
others

  

                                                                                      (8) 
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However, the approach presented in this paper is general and can also be used for relative-
ly informative prior knowledge like an arbitrary histogram type, normal distribution etc. The 
Bayesian framework for probabilistic characterization of UCS using the selected model from 
model selection is presented in the next section. 

3 PROBABILISTIC CHARACTERIZATION OF UCS 
The uniaxial compressive strength is modeled by a random variable UCS which follows a 

normal distribution with a mean µ  and standard deviation 𝜎 .  For a given set of prior 
knowledge and site-specific Is(50) data, there are many sets of possible values of μ and σ. For 
a given set of prior knowledge and project-specific Is(50) data, there are many sets of possible 
values of μ and σ. Each set of μ and σ has its corresponding occurrence probability, which is 
defined by a joint conditional PDF, 𝑃(µ,𝜎 | Data). Using the Theorem of Total Probability, 
the PDF of the UCS for a given set of prior knowledge and site-specific Is(50) data is ex-
pressed in Eq. (9). 
          

𝑃(UCS | 𝐷𝐷𝐷𝐷) = �𝑃(UCS | µ,𝜎) × 𝑃(µ,𝜎 | Data)𝑑µ𝑑𝜎                          (9) 
 

The joint conditional PDF 𝑃(µ,𝜎 | Data) can be simplified using Bayesian framework as 
expressed in Eq. (10).  

 

𝑃(µ,𝜎|𝐷𝐷𝐷𝐷) = 𝐾𝑃(𝐷𝐷𝐷𝐷|µ,𝜎)𝑃(µ,𝜎)                                   (10) 
 

where K is a normalizing constant. 𝑃(Data|µ,𝜎) is the likelihood function of the selected 
model, and 𝑃(µ,𝜎) is the prior distribution of µ and σ given in Eqs. (7) and (8) respectively. 

Eqs. (9) and (10) can be combined to give Eq. (11). 
 

𝑃(UCS | 𝐷𝐷𝐷𝐷) = 𝐾�𝑃(UCS | µ,𝜎)𝑃(𝐷𝐷𝐷𝐷 | µ,𝜎)𝑃(µ,𝜎)𝑑µ𝑑𝜎                 (11) 

 

Bayesian equivalent approach developed by Wang and Cao [10] is used to transform the 
posterior PDF 𝑃(UCS | 𝐷𝐷𝐷𝐷) into large number of UCS samples. The approach integrates 
Markov Chain Monte Carlo (MCMC) simulation with the Bayesian method to generate sam-
ples of UCS. Their approach is effective in eliminating the difficulty in generating samples 
from an arbitrary and complicated posterior PDF.Conventional statistics are then performed 
on the samples to determine the mean and standard deviation of UCS. The PDF and cumula-
tive distribution function, CDF, of UCS are also constructed. 

4 ILLUSTRATIVE EXAMPLE 
The proposed Bayesian selection approach is applied to select the most appropriate model 

for granite at Malanjkhand Copper project site in the state of Madhya Pradesh, India using the 
nineteen  I𝐼(50) values reported by Mishra and Basu [12].  Their data also includes twenty di-
rect measurements of UCS values which will be used for comparing and validating the result 
of the proposed approaches with direct measurement data in hand. The nineteen Is(50) and 
twenty UCS data are shown in columns two and three of Table 1 respectively. 
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Specimen No  I𝐼(50) (MPa) UCS (MPa) 
1 8.35 139.04 
2 10.85 177.37 
3 10.02 167.17 
4 9.92 176.75 
5 11.73 160.82 
6 14.13 198.15 
7 10.63 148.34 
8 6.93 117.95 
9 8.49 134.76 
10 7.87 124.89 
11 8.41 138.22 
12 7.85 130.06 
13 5.99 122.74 
14 Invalid 201.73 
15 7.29 153.55 
16 11.36 182.33 
17 9.23 150.42 
18 6.92 127.47 
19 9.72 158.69 
20 5.66 91.48 

 

Table 1: Laboratory test results of granite from Malanjkhand Copper project, India [12] 
 

To perform site-specific selection of regression model and probabilistic characterization of 
UCS, four models are used for illustration. The model by Broch and Franklin [6] is given in 
Eq. (12) and taken as model 1, 𝑀1.  
 

UCS = 23.7Is(50)                                                        (12) 
 

Tugrul and Zarif [13] developed a regression given in Eq. (13) and it is taken as model 2, 𝑀2.  
 

 UCS = 15.25Is(50)                                                       (13) 
 

The model from the least square regression analysis of Is(50) and UCS data points reported by 
Ghosh and Srivastava [14] is given in Eq. (14) and taken as model 3, 𝑀3.  

 

UCS = 13.85Is(50)                                                       (14) 
 

Chau and Wong [7] developed a regression model given in Eq. (15). 
 

UCS = 16.31Is(50)                                                       (15) 
 

The regression model is taken as model 4, 𝑀4, in this study. The constant factor of 16.31 is 
obtained through the re-analysis of their 21 data points. 

 
 

The summary of the parameters of each model used in this study is presented in Table 2.  
 

Parameter 𝑀1 𝑀2 𝑀3 𝑀4 
𝑏 0.042 0.066 0.072 0.061 
𝜎𝜀  1.500 0.292 1.424 2.073 

 

Table 2: Parameters of the models compared 
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𝜎𝜀  is calculated using the original data reported by the authors. 
Kulhawy [15] reported the ranges of UCS values for igneous rock as from 3.65 MPa to 355 

MPa. The range of  I𝐼(50)  for granite compiled in the literature is from 1.04MPa to 14.85 MPa 
(e.g., [7, 13]). This range is combined with the range of site I𝐼(50) , to estimate the likely range 
of UCS at this site by linear interpolation, since the relation between UCS and I𝐼(50) is linear 
(see Eqs. (12-15)). This gives a UCS range from 121 MPa to 337 MPa. Using six-sigma rule, 
the maximum standard deviation of UCS is 36.0 MPa and the minimum standard deviation of 
UCS is taken as 0 MPa. This set of ranges (i.e. µ [121 MPa, 337 MPa] and σ [0 MPa, 36 
MPa]) is taken as prior knowledge of the site. The nineteen I𝐼(50) data points are then used in 
the model selection approach and probabilistic characterization of UCS. The results are dis-
cussed in the next subsections. 

4.1 Most appropriate site-specific regression model 
The result of the calculated evidence and occurrence probability for the four models inves-

tigated is shown in Table 3.  
 

Regression model 
 𝑀𝑗 

Evidence 
𝑃�Data�𝑀𝑗� 

Occurrence probability 
𝑃�𝑀𝑗�Data�  

M1 8.3247E-20 0.312 
M2 3.3537E-20 0.126 
M3 4.1654E-20 0.156 
M4 1.0834E-19 0.406 

 

Table 3: Comparison of the evidence of models 

 
From the result in Table 3, Model 4 is the most appropriate model for the site because it has 
the highest occurrence probability. In addition, the regression lines of the models and the site-
specific data are plotted in Figure 1.  

 

 
Figure 1: Plot of the site-specific UCS and  I𝐼(50) data with the regression lines of the models 
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Figure 1 shows that the site-specific I𝐼(50) and UCS data points plots more closely to the re-
gression lines of model 4,  𝑀4 than that of model 1,  𝑀1 , model 2,  𝑀2 and model 3,  𝑀3 . This 
observation agrees with the result of the evidence calculation using only the I𝐼(50) data points, 
with model 4,  𝑀4  having the highest value of evidence. The proposed approach selected the 
most appropriate model for this specific site in a transparent and rational way. Note that most 
times, there is no direct measurement of UCS data to plot this relationship between UCS and 
I𝐼(50) data. The proposed approach is a useful tool for selection of the most appropriate site-
specific regression model using just limited number of I𝐼(50) data. 

4.2 Probabilistic characterization of UCS 
The most appropriate model is combined with the nineteen site I𝐼(50) data in a Bayesian 

equivalent sample approach to generate 30,000 equivalent UCS samples. The samples are 
simulated using a two-dimensional grid over the space of µ and σ with an interval of 0.5 MPa 
in both directions. The scatter plot of the samples is presented in Figure 2. 
 

 
 

Figure 2: Scatter plot of the Bayesian equivalent samples of UCS 

 
The statistics of the generated UCS samples are presented in Table 4. 
 

Approaches Bayesian Equivalent 
Sample 

Compression 
Test (MPa) 

Relative  
Difference (%) 

Mean (MPa) 147.8 150.1 1.5 
Standard Deviation (MPa) 18.7 28.3 34.0 

 

Table 4: Summary of the statistics of UCS 
 

Table 4 shows that the mean and standard deviation of the generated UCS samples is 147.8 
MPa and 18.7 MPa respectively. Comparing the mean and standard deviation values of simu-
lated samples with that from compression test which are also included in Table 4, the relative 
difference in mean values is 1.5 %, while the relative difference in standard deviation is 34.0 
%. The small difference between the mean values indicates that the mean agrees well with 
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each other, suggesting that the approaches perform satisfactorily. The difference in standard 
deviation between the direct measurement and Bayesian equivalent sample approach is rela-
tively large. This might be as a result of the limited number of UCS data from the direct 
measurement which may not be sufficient to provide a reasonable estimate of UCS standard 
deviation at this particular site.  

Figure 3 shows the PDF of the 30,000 equivalent UCS samples plotted by solid line and 
the 20 UCS values from compression test plotted with open triangles. Figure 4 shows the 
UCS CDFs estimated from the cumulative frequency diagrams of the 30,000 generated sam-
ples plotted by solid line and the 20 direct measurement results plotted by open triangles.  

 

 
 

Figure 3: Probability density function (PDF) for uniaxial compressive strength 
 

 
 

Figure 4: Validation of the probability distribution of the UCS from Bayesian equivalent samples 
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The PDF of the generated UCS samples are well within the range of UCS samples values 

from direct measurements. Also, there is good agreement between the CDFs of UCS from the 
direct measurement by compression tests and that of the Bayesian equivalent sample approach. 
These agreements showed that the information contained in the UCS samples from Bayesian 
equivalent sample approach is consistent with the one obtained from the direct measurement 
of UCS by compression tests. This probabilistic characterization of rock UCS usually require 
a large amount of data from in-situ and/or laboratory tests, which could be tedious, time and 
energy consuming or even impossible because of the strength nature of some rocks. 

5 CONCLUSIONS 
The proposed approach presented in this study is used to select the most appropriate model 

for specific site by integrating the information from the regression models considered and 
site-specific  I𝐼(50) data. The most appropriate regression model selected is further used in the 
development of the Bayesian equivalent sample approach for characterization of UCS, by 
combining it with the prior knowledge and the nineteen site-specific  I𝐼(50) data available. 
Bayesian equivalent sample approach transformed the updated information from the prior 
knowledge and nineteen site-specific I𝐼(50) data into a large number of UCS samples. Note 
that, given a limited site-specific I𝐼(50) data, this approach generates a large number of UCS 
data points that is sufficient enough for conventional statistical analysis. This approach is use-
ful during site investigations into project that requires rock properties for subsequent applica-
tions in engineering design and construction, also in tunneling, mining and other projects 
involving the use of rock during construction. In addition, the samples from this approach can 
be used directly in Monte Carlo simulation-based reliability analysis and designs [e.g., 16]. 
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Abstract. A Bayesian unified framework is proposed for data-informed robust design optimiza-
tion. Models of uncertainties postulated in conventional robust design optimization are treated
as prior uncertainties in a Bayesian context. Measurements collected for one or more com-
ponents of the system to be designed are used by standard Bayesian inference tools to update
uncertainties at component level and quantify these uncertainties by posterior PDFs. For the
data-informed model parameters, approximations of uncertainty models by Gaussian posterior
PDFs, arising from the use of Bayesian central limit theorem, are particularly suited for certain
methods used for robust design optimization, such as first-order or Taylor expansion techniques
or sparse grid methods required to estimate the multi-dimensional integrals that arise in the ro-
bust objective functions. The posterior robust design optimization framework is demonstrated
by applying it to the optimization of the aerodynamic shape of an airfoil under data-informed
turbulence model uncertainties estimated from measurements on simplified flows such as flow
over a flat plate, and prior uncertainties postulated for the Mach and angle of attack.

261



Dimitrios I. Papadimitriou and Costas Papadimitriou

1 INTRODUCTION

The Bayesian inference framework for quantifying and propagating uncertainties in compu-
tational models of engineering systems has been adequately developed and widely used. The
framework aims at the selection among alternative plausible model structures to represent phys-
ical phenomenon and the unmodelled dynamics, estimation of the uncertainties in the param-
eters of these model structures, as well as propagation of uncertainties through the model to
make robust predictions of output quantities of interest (QoI), consistent with available exper-
imental measurements. Herein, the use of the Bayesian framework for posterior robust design
optimization given measurement data at system components level is addressed.

The four steps involved in the posterior robust design optimization are presented. The first
step is the optimization of the locations of the sensors [1, 2, 3, 4, 5, 6] so that the experiments
to be committed will be as much informative as possible for the identification of parameters.
The minimization of the information entropy is sought in this step, which, based on asymptotic
approximations, depends on the differentiation of the quantities to be measured with respect
to the parameters to be identified. The second step is the quantification of the uncertainties
[7, 8, 9, 10, 11] i.e. the identification of the values and covariances of the uncertain parameters
based on the experimental measurements. The methodology is based on the Bayesian approach
and the posterior distribution of the uncertain parameters is estimated by asymptotic expansion
and first and second-order adjoint approaches.

The third and fourth steps include the uncertainty propagation and robust design [12, 13, 14,
15, 16, 17, 18]. The propagation of the uncertainties in the parameters to the uncertainties in the
quantity of interest, i.e. the objective function, is based on similar asymptotic approximations
and adjoint approaches to estimate the mean value and covariance of the quantity of interest
given the experimental measurements. The robust optimization of the shape by minimizing the
statistical moments of the objective function is achieved through Taylor or asymptotic expan-
sion that include sensitivity derivatives of higher-than-second-order or through derivative-free
Gauss-Hermite quadratures on sparse-grids. Alternatively, the reliability-based optimization
produces reliable solutions by minimizing the probability of unacceptable performance using
adjoint-based reliability index approaches.

The methodologies are applied to the flow above a flat plate the flow through a backward
facing step and the external flow around an airfoil.

2 BAYESIAN FRAMEWORK

Assume that θ ∈ RNθ is the vector of parameters of a CFD model that should be estimated
using a set of output measurements available from an experiment. Let d ≡ d(x) ∈ RN be
the vector of measured data of flow quantities obtained from locations x in the domain and
y(θ; x) ∈ RN be the vector of the values of the same quantities computed from a CFD model
that correspond to specific values of the parameter set θ. The equation

d = y(θ; x) + e (1)

is satisfied, where e is the prediction error due to model and measurement error. The prediction
error is modeled as a Gaussian vector with zero mean and covariance equal to Σ ∈ RN×N .
Applying the Bayesian theorem, the posterior probability density function (PDF) of θ, given the
measured data d, which represents the uncertainty in the model parameter values based on the
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information contained in the measured data, is given by

p(θ|Σ, d, x) = c
1(√

2π
)N √

detΣ
exp

[
−N

2
J(θ; Σ, d, x)

]
π(θ) (2)

where

J(θ; Σ, d, x) =
1

N
[d − y(θ; x)]T Σ−1[d − y(θ; x)] (3)

is the measure of the fit between the measured and computed quantities, π(θ) is the prior distri-
bution for θ, and c is a normalization constant so that

∫
p(θ|Σ, d, x)dθ = 1

3 OPTIMAL SENSOR LOCATION BASED ON INFORMATION ENTROPY

The information entropy which is a scalar measure of the uncertainty in the estimation of the
model parameters θ is given by the expression

h(x; Σ, d) = −
∫

ln p(θ|Σ, d, x)p(θ|Σ, d, x)dθ (4)

depending on the location x the sensors are placed. Based on the asymptotic approach for a
large amount of experimental data, the information entropy is expressed as [5]

h(x; Σ, d) ∼ H(x; θ0, Σ) =
1

2
Nθ ln(2π) − 1

2
det Q(x; θ0, Σ) (5)

where θ0 are the values of θ that minimize J(θ; Σ, d, x) of θ and Q(x; θ, Σ) is the semi-positive
definite matrix asymptotically given by

Q(x; θ, Σ) = ∇θy(θ; x)T Σ−1∇θy(θ; x) (6)

computed at the N locations where the sensors are placed. Also, ∇θ = [∂/∂θ1, ..., ∂/∂θNθ
].

The sensors should be placed within the flow domain in such a way that the measured data are
most informative about the parameters of the CFD model. Since the information entropy is
the measure of the amount of useful information contained in the data, the sensors should be
located at the places that minimize the information entropy

xbest = arg min H(x; θ0, Σ) (7)

Gradient-based or stochastic optimization algorithms may be used to find the location x of the
sensors that minimizes h(x; θ0, Σ). Since the optimal values of the parameters θ0 and covariance
Σ are not known in the initial stage of designing the experiment, the optimization is based on a
chosen set of values for θ0 and Σ which are the nominal ones defined by the model.

4 UNCERTAINTY QUANTIFICATION

The objective of uncertainty quantification is to quantify the uncertainty in the parameters
θp and model the missing (incomplete) information provided by the selected flow model given
the experimental data. Probability density functions (PDF) are used to quantify uncertainties
and the calculus of probability is employed for handling uncertainties through the model in a
consistent manner.
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Using a well-established analytical approximation, valid for large number of experimental
data, the posterior distribution of the model parameters can be approximated by a multi-variable
Gaussian distribution

p(θ|d) ∼ pa(θ|d) =
1

(2π)
Nθ
2 detH− 1

2

exp

[
−1

2

(
θ − θ̂

)T

H(θ̂)
(
θ − θ̂

)]
(8)

centered at the most probable value θ̂ of the posterior distribution function or equivalently the
minimum of the function

L(θ) = −log(p(d|θ)π(θ)) (9)

given by

θ̂ = arg min
θ

[L(θ)] (10)

and with covariance C(θ̂) equal to the inverse of the Hessian H(θ̂) of the function L(θ) esti-
mated at the most probable value θ̂. The uncertainty in θ can thus be fully described asymptoti-
cally by solving an optimization problem for finding the most probable value θ̂ that minimizes
the function L(θ), and also evaluating the Hessian of the function L(θ) at a single point θ̂.

5 UNCERTAINTY PROPAGATION

The computation of the mean value and standard deviation of the quantity of interest is based
on the asymptotic expansion of the moment integrals using Laplace integration. The idea is to
expand the objective function around the value of c that minimizes the minus logarithm of the
integrand of each moment.

The mean value of F is computed by the expression

µF = (2π)N/2F (c∗)p(c∗)|H(c∗)|−1/2 (11)

where N is the number of uncertain parameters, c∗ is the vector of uncertain parameters that
minimizes the function − ln[F (c)p(c)] and H(c∗) is the Hessian matrix of the same function
with respect to c computed at c∗.

In the same manner, the standard deviation of the objective function is computed by

σF =
√

µ2,F − µ2
F (12)

where
µ2,F = (2π)N/2F 2(c∗∗)p(c∗∗)|H(c∗∗)|−1/2 (13)

where c∗∗ is the vector of uncertain parameters that minimizes the function − ln[F 2(c)p(c)] and
H(c∗∗) is its Hessian matrix computed at c∗∗.

6 ROBUST OPTIMIZATION

The robust optimization, i.e. the minimization of the mean value and standard deviation of
the quantity of interest is based on a gradient or Hessian based descent approach based on their
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sensitivities with respect to the design parameters. The first-order derivatives of µF with respect
to bk are given by

dµF

dbk

= (2π)N/2dF (c∗)

dbk

p(c∗)|H(c∗)|−1/2

− 1

2
(2π)N/2F (c∗)p(c∗)|H(c∗)|−3/2d|H(c∗)|

dbk

(14)

while those of σF are given by

dσF

dbk

=
1

σF

(
1

2

dµ2,F

dbk

− µF
dµF

dbk

)
(15)

where
dµ2,F

dbk

= (2π)N/22F (c∗∗)
dF (c∗∗)

dbk

p(c∗∗)|H(c∗∗)|−1/2

− 1

2
(2π)N/2F 2(c∗∗)p(c∗∗)|H(c∗∗)|−3/2d|H(c∗∗)|

dbk

(16)

where Correspondingly, the second-order sensitivities of µF and σF with respect to the design
parameters are given by

d2µF

dbkdbl

= (2π)N/2d2F (c∗)

dbkdbl

p(c∗)|H(c∗)|−1/2

− 1

2
(2π)N/2dF (c∗)

dbk

p(c∗)|H(c∗)|−3/2d|H(c∗)|
dbl

− 1

2
(2π)N/2dF (c∗)

dbl

p(c∗)|H(c∗)|−3/2d|H(c∗)|
dbk

+
3

4
(2π)N/2F (c∗)p(c∗)|H(c∗)|−5/2d|H(c∗)|

dbk

d|H(c∗)|
dbl

− 1

2
(2π)N/2F (c∗)p(c∗)|H(c∗)|−3/2d2|H(c∗)|

dbkdbl

(17)

and
d2σF

dbkdbl

=
1

σF

(
1

2

d2µ2,F

dbkdbl

− dµF

dbk

dµF

dbl

− µF
d2µF

dbkdbl

− dσF

dbk

dσF

dbl

)
(18)

where
d2µ2,F

dbkdbl

= (2π)N/22

(
F (c∗∗)

d2F (c∗∗)

dbkdbl

+
dF (c∗∗)

dbk

dF (c∗∗)

dbl

)
p(c∗∗)|H(c∗∗)|−1/2

− 1

2
(2π)N/22F (c∗∗)

dF (c∗∗)

dbk

p(c∗∗)|H(c∗∗)|−3/2d|H(c∗∗)|
dbl

− 1

2
(2π)N/22F (c∗∗)

dF (c∗∗)

dbl

p(c∗∗)|H(c∗∗)|−3/2d|H(c∗∗)|
dbk

+
3

4
(2π)N/2F 2(c∗∗)p(c∗∗)|H(c∗∗)|−5/2d|H(c∗∗)|

dbk

d|H(c∗∗)|
dbl

− 1

2
(2π)N/2F 2(c∗∗)p(c∗∗)|H(c∗∗)|−3/2d2|H(c∗∗)|

dbkdbl

(19)

The computation of the mean value and standard deviation of the objective function incorporates
two optimization problems and the computation of the second-order sensitivities of the objective
function with respect to the uncertain variables at each optimal solution.
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7 APPLICATIONS

The proposed algorithm for optimal sensor location and uncertainty quantification in CFD
is applied to the flow through a 2D backward facing step configuration [19]. The Reynolds
number based on step height is equal to 36000 and the inlet Mach number is equal to 0.128.
The step height is equal to 1 when the distance of the two walls is equal to 9. A schematic view
of the case is shown in Fig. 1.

Figure 1: Schematic view of the backward facing step case.

Experimental data for the velocity and Reynolds stress profiles at several axial positions as
well as the pressure and friction coefficients at the walls can be found in [19] and are sum-
marized in the http : //turbmodels.larc.nasa.gov/backstep val.html. Herein, the optimal
location of profiles of velocities and Reynolds stresses are sought, so that the quantities to be
measured will lead to the least uncertainty in the estimates of the model parameters. The area
in which the optimal locations of the sensors are sought is the orthogonal area formed a 10 × 2
rectangular with a height of 2m when the step size is equal to 1m and a length of 10m, within
which the flow is separated and reattached.
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Figure 2: Optimal location of one to ten velocity profiles of five sensors (left) and corresponding information
entropy values (right), compared to the minimum possible information entropy.

The design variable vector is defined as δ = x = (x1, x2, . . . , xp) where xi are the positions
of profiles of sensors while the positions of the sensors within each profile are predefined. The
number of design variables Nd is equal to the number of profiles Np. In the cases that follow
each profile contains 5 sensors with predefined distances between them. Their positions are
y = (0.2, 0.5, 1.0, 1.5, 2.0).

Indicative results of optimal locations of one to ten velocity profiles and the corresponding
information entropy values are shown in Fig. 2, comparing also to the case that the profile
has ten predefined sensors instead of five and to the minimum possible information entropy,
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Figure 3: Optimal location of one to ten Reynolds stress profiles of five sensors (left) and corresponding informa-
tion entropy values (right), compared to the minimum possible information entropy.
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Figure 4: Comparison of the optimal velocity distributions at location 4m after the step with experimental mea-
surements.
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Figure 5: Comparison of the optimal Reynolds stress distributions at location 4m after the step with experimental
measurements.

obtained in this case by placing a huge number of sensors 60 profiles with 60 sensors with equal
distances between them. The information entropy (Fig. 2, right) decreases as the number of
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κ cv1 cv2 cb1 cb2 cw2

nominal value 0.410 7.100 5.000 0.1355 0.622 0.300
optimal value (correlated) 0.471 6.817 4.950 0.1039 0.639 0.314
optimal value (uncorrelated) 0.456 7.591 4.749 0.1102 0.637 0.335
COV (prior) 0.200 0.200 0.200 0.2000 0.200 0.200
COV (posterior, correlated) 0.109 0.126 0.195 0.0712 0.193 0.172
COV (posterior, uncorrelated) 0.087 0.097 0.200 0.0535 0.194 0.175

Table 1: Initial and optimal parameter values and coefficients of variation (COV) using the adjoint approach for
the correlated and the uncorrelated case (first six parameters).

cw3 σSA σV EL λV EL σRS λRS

nominal value 2.000 0.667 0.035 0.800 1.000 0.200
optimal value (correlated) 1.976 0.770 0.036 0.819 1.156 0.248
optimal value (uncorrelated) 2.074 0.915 0.039 - 1.436 -
COV (prior) 0.200 0.200 - - - -
COV (posterior, correlated) 0.200 0.148 0.145 0.386 0.073 0.189
COV (posterior, uncorrelated) 0.178 0.120 0.062 - 0.064 -

Table 2: Initial and optimal parameter values and coefficients of variation (COV) using the adjoint approach for
the correlated and the uncorrelated case (rest six parameters).

sensors increase while the rate of decrease is decreasing. In Fig. 3, the optimal location of one
to ten Reynolds stress profiles is shown. The information entropy is decreasing quite a lot upon
the placement of the second and third profile and the decrease rate is quite constant from the
fourth to the tenth profile.

The quantification of the uncertainties of the eight parameters of the Spalart-Allmaras tur-
bulence model and the parameters of the prediction error model in the flow through the 2D
backward facing step configuration follows. In Figs. 4 and 5 the optimal velocity and Reynolds
stress distributions at a location 4m after the step are compared with experimental measure-
ments.
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Figure 6: Sensitivity study: Values of the gradient of the mean value of the objective function with respect to the
eight shape controlling design variables.
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Figure 7: Robust optimization: Minimization of the mean value of drag to lift coefficient. Convergence history of
the mean value of the objective function.
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Figure 8: Robust optimization: Minimization of the mean value of drag to lift coefficient. Convergence history of
the standard deviation of the objective function.

In Tables 1 and 2, the initial and optimal values of the parameters using the proposed method
are shown for correlated and uncorrelated prediction error models. The coefficients of variation
(COV) of the marginal distribution of each model parameter, defined as the ratio of the standard
deviation over the mean (optimal) value of each model parameter, are also reported in these
tables.

Results demonstrate that the measurements provide information for estimating three to five
among the eight parameters of the turbulence model, while the rest of the parameters are insen-
sitive to the information contained in the data. Also, it can be seen that the Spalart-Allmaras
model is not adequate enough to accurately predict velocities and Reynolds stresses in certain
region in the flow domain where flow separation phenomena are dominant.

In the case of uncertainty propagation and robust design, the asymptotic approach is com-
pared in term of computed sensitivities with the Taylor expansion and sparse grid quadrature
approaches in the case that the quantity of interest is the lift coefficient of the flow around a
2D airfoil. The first-order sensitivity derivatives of the mean value of the objective function
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Figure 9: Robust optimization: Comparison of the optimal airfoil contours and the initial one obtained by deter-
ministic and robust optimization.

with respect to the shape controlling parameters are plotted in Fig. 6, comparing the asymp-
totic expansion with Taylor expansions and grid quadrature approaches. It can be seen that all
approaches compute almost equal sensitivity values.

In the case of the robust optimization of the drag to lift ratio, the convergence rates of the
mean value and standard deviation of the objective function are shown in figs. 7 and 8. In
both deterministic and robust optimization procedures a quasi-Newton algorithm was employed,
initialized by the exact Hessian matrix. The latter, in the case of the deterministic example was
computed using the most efficient combination of the direct differentiation of the flow equations
and the adjoint approach at a cost that scales linearly with the number of design parameters. The
optimal airfoil contours for the deterministic and robust optimization cases are shown in fig. 9.

8 Conclusions

The four parts of a posterior robust optimization algorithm based on experimental measure-
ments were presented in this paper. These are the optimal sensor location, uncertainty quan-
tification, uncertainty propagation and robust optimization. The first two were presented in the
case of a backward facing step and the rest were validated in the robust aerodynamic optimiza-
tion of an airfoil. As a future work it is proposed that all four aspects are unified in a single
robust optimization procedure, enhanced by optimally conducted experiments.
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Abstract. This paper describes the application of a numerical method for the solution of the
nonlinear Fokker-Planck-Kolmogorov (FPK) equations of Probabilistic Elastoplasticity. We
employ both a collocation and a Galerkin approach that utilize radial basis functions (RBFs)
of various types, while time integration is achieved with the Crank-Nicolson scheme. The effi-
ciency of the solution is demonstrated through simple linear elastic and elastic-perfectly plastic
examples of various dimensionalities. In addition, we briefly address the accuracy and stability
of the method with respect to the choice of RBF and the associated shape parameter. Finally,
we provide a comparison with conventional solutions of the FPK equation to indicate the supe-
riority of the approach.
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1 INTRODUCTION

Deterministic elastoplasticity has seen considerable advances during the last decades and
advanced constitutive models are now able to capture the most inctricate aspects of material
behaviour. However, most materials in nature are heterogeneous and thus inherently uncertain,
which renders the treatment of uncertainty in this framework a necessity. Calibrating the com-
ponents (elasticity, yield function, flow rule) of such a model by simply taking the mean of
an experimental data set leads to a poor prediction of the actual response of a system. So far
most of the available approaches regarding the modeling of stochastic irreversible behaviour
has been based on Monte Carlo methods [1, 2]. The first attempt to propagate the uncertainties
through elastoplastic constitutive equations was made by Anders and Hori, [3] who relied on
a bounding media analysis. Later, Jeremić et al., [4, 5] developed a second-order exact E-L
form of the Fokker-Planck-Kolmogorov (FPK) equation for the general elastoplastic constitu-
tive rate equation. Finally, Rosić and Matthies, [6] presented the variational theory behind the
mixed-hardening stochastic plasticity problem along with stochastic versions of the relevant
established computational algorithms.

In this work, we deal with the FPK approach for stochastic plasticity. Its numerical solution
is known to be computationally demanding especially in high dimensionalities and a number
of solution procedures have been applied in the past. Traditionally it has been solved using the
finite difference or finite element method [7, 8, 9], while a few researchers have also applied
the path integration method [10, 11] as well as a multiscale finite element approach [12]. Only
lately researchers have used a radial basis function (RBF) approach [13, 14] as well as a hybrid
spectral-finite difference method [15]. Especially for high dimensional problems, researchers
have combined sparse grid quadrature with several of the above techniques [16].

This work is divided into a theoretical part, where the basic features of FPK-based proba-
bilistic elastoplasticity are laid out and a numerical part, which involves the application of a
meshfree RBF-based solution, including convergence and basic stability analysis. Results of
probabilistic constitutive integration are presented and verified against pertinent Monte Carlo
simulations (MCS).

2 THEORY

The incremental form of spatial-average elastoplastic constitutive equation in 3D may be
written as

dσij(xt, t)

dt
= Dijkl(xt, t)

dεkl(xt, t)

dt
(1)

where Dijkl is the continuum stiffness tensor which can be either elastic or elasto-plastic

Dijkl =


Del
ijkl ;f < 0 ∨ (f = 0 ∧ df < 0)

Del
ijkl −

Del
ijmn

∂U
∂σmn

∂f
∂σpq

Del
pqkl

∂f
∂σrs

Del
rstu

∂U
∂σtu
− ∂f

∂q∗
r∗

;f = 0 ∧ df < 0
(2)

where Del
ijkl is the elastic stiffness tensor, f is the yield function, which is a function of stress

σij and internal variables q∗ and U is the plastic potential function. In its most general form, the
incremental constitutive equation takes the form

dσij(xt, t)

dt
= βijkl(σij, Dijkl, q∗, r∗;xt, t)

dεkl(xt, t)

dt
(3)
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or

dσij(xt, t)

dt
= ηijkl(σij, Dijkl, εkl(xt, t)q∗, r∗;xt, t) (4)

where the stochasticity of the operator β is induced by the stochasticity of Dijkl, q∗, r∗. This
renders the above equation a linear/non-linear ordinary differential equation with stochastic
coefficients. Similarly randomness in the forcing term (εkl) results in a linear/non-linear ordi-
nary differential equation with stochastic forcing. Combining the two cases yields, of course, a
linear/non-linear ordinary differential equation with stochastic coefficients and stochastic forc-
ing. Using the Eulerian-Lagrangian form of the FPK equation [17], the above equation takes
the following form in the probability density space

∂P (σij(t), t)

∂t
= − ∂

∂σmn
[{〈ηmn(σmn(t), Dmnrs, εrs(t))〉 (5)

+
∫ t

0
dτCov0

[
∂ηmn(σmn(t), Dmnrs, εrs(t))

∂σab
;

ηab(σab(t− τ), Dabcd, εcd(t− τ))]}P (σij(t), t)]

+
∂2

∂σmn∂σab

[∫ t

0
dτCov0 [ηmn(σmn(t), Dmnrs, εrs(t));

ηab(σab(t− τ), Dabcd, εcd(t− τ))]P (σij(t), t)]

where P (σ(t), t) is the probability density of stress, 〈·〉 is the expectation operator, Cov0[·] is the
time-ordered covariance operator and ηij is a generalized random operator tensor (see previous
equation). Details of this derivation can be found in [4]. The above equation is equivalent to the
following simplified version:

∂P (σij(t), t)

∂t
=

∂

∂σmn

[
N(1)mnP (σij, t)−

∂

∂σab
{N(2)mnab

P (σij, t)}
]

(6)

where N(1) and N(2) are appropriate advection and diffusion coefficients respectively. With
appropriate initial and boundary conditions, and given the second-order statistics of material
properties,the equation can be solved with second-order accuracy. The advection and diffusion
coefficients are particular to the constitutive model.

To introduce the uncertainty in the probabilistic yielding we apply the probability of yield-
ing as a weight factor in the plastic corrector, denoted by Dpl

ijkl. This allows us to derive the
stochastic elastoplastic stiffness tensor:

Dijkl = Del
ijkl − ΦDpl

ijkl (7)

where e.g for J2 plasticity:
Φ = P [σy ≤

√
3J2] (8)

Introducing Eq. (7) to Eq. (6) we can derive the general form of the elastoplastic advection and
diffusion coefficients as follows:

Nσep

(1)mn
= 〈(Del

mnrs − ΦDpl
mnrs)ε̇rs〉

+
∫ τ

0
dτCov0

[
∂

∂σab
{Del

mnrs − ΦDpl
mnrs}|t ε̇rs;−ΦDpl

mnab|t−τ ε̇ab
]

(9)
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Assuming a linear elastic stiffness tensor the above simplifies to

Nσep

(1)mn
= (〈Del

mnrs〉 − 〈ΦDpl
mnrs〉)ε̇rs

+
∫ τ

0
dτCov0

[
− ∂

∂σab
{ΦDpl

mnrs}|t ε̇rs; (Del
mnab − ΦDpl

mnab)|t−τ ε̇ab
]

(10)

For the elastoplastic diffusion coefficient we have:

Nσep

(2)mnab
=

∫ τ

0
dτCov0

[
(Del

mnrs − ΦDpl
mnrs)|t ε̇rs; (Del

abcd − ΦDpl
abcd)|t−τ ε̇cd

]
(11)

It is important for the accuracy of the method that the evolving correlation structure be captured
to a satisfactory accuracy. For this reason, Monte Carlo simulations need to be employed in
order to construct an analytical function describing the evolving correlation kernel for a specific
type of elastoplastic model.

Finally, when hardening is described by a vector internal variable q, the evolution of the
latter is captured through a coupled FPK equation, in which the drift and diffusion coefficients
are given by:

N IV
(1)i

= 〈ΦLri(σ,q, t)〉+
∫ t

0
dτCov0

[
∂

∂qj
{ΦLri}; {ΦLrj}

]
(12)

N IV
(2)ij

=
∫ t

0
dτCov0 [ΦLri; ΦLrj] (13)

where L is the loading index:

L =
∂f
∂σrs

Del
ijrs ˙εij

∂U
∂σab

Del
abcd

∂f
∂σcd
− ∂f

∂qn
rn

(14)

3 NUMERICAL METHOD

An RBF approximant depends on the distance to a center point xj and is usually of the form
φ(‖x− xj‖). Some commonly used infinitely smooth RBFs are given in Table 1 [18].

RBF φ(‖x− xj‖)

Gaussian e−ε
2 · (x− xj)

2

Multiquadric
√

(x− xj)2 + ε2

Inverse Multiquadric
1√

(x− xj)2 + ε2

Table 1: Some common RBF interpolating functions

It is considered a meshless method, since it only requires a set of scattered nodes which are
located in the domain of interest. An RBF interpolant is a linear combination of RBFs centered
at the aforementioned points:

u(x) =
N∑
i=1

uiφ(‖x− xi‖) (15)
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where ‖ · ‖ denotes the Euclidian distance between two points and ui appropriate coefficients
to be determined. The latter may be achieved by collocation, in which case the residual is min-
imized at as many spatial points as possible. Straight or asymmetric collocation involves collo-
cating with boundary data at the boundary points and with the PDE at the interior points, which
is what is used herein. This may sometimes lead to a singular coefficient matrix, which is why
some researchers have introduced symmetric collocation approaches to assure non-singularity
of the coefficient matrix. A more detailed study of different radial basis functions and collo-
cation methods can be found in [18]. Apart from collocation, we will investigate a Bubnov-
Galerkin projection approach to a trial space same as the test space.

For the purpose of our problem, let Ω, ∂Ω be the set of interior points and boundary points
of the domain of interest respectively. Then the constitutive equation may be described by:

∂P (σ, t)

∂t
= L(P (σ, t) in Ω (16)

B(P (σ, t) = 0 in ∂Ω (17)

where L is a linear (elastic):

Lel(·) = −N el
(1)

∂(·)
∂σ

+N el
(2)

∂2(·)
∂σ2

(18)

or nonlinear (elastoplastic) differential operator:

Leq(·) = −N eq
(1)

∂(·)
∂σ
− (·)

∂N eq
(1)

∂σ
+N eq

(2)

∂2(·)
∂σ2

+ 2
∂N eq

(2)

∂σ

∂(·)
∂σ

+
∂2N eq

(2)

∂σ2
(·) (19)

and B is the boundary condition operator:

B(·) = N eq
(1)(·)−

∂

∂σ
[N eq

(2)(·)] (20)

derived from the application of reflective boundaries, necessary to enforce a zero probability
current ζ .

Taking the RBF interpolants over the domain grid, we may approximate the probability
density as:

P (σ, t) =
N∑
i=1

ai(t)φ(‖σ − σi‖2) (21)

where φ denotes the radial basis functions and ai appropriate coefficients to be determined.
Then, following the notation of [19], we may write:

L(P (σi, t)) =
N∑
j=1

aj(t)L(φ(‖σi − σj‖2)) i = 1, . . . , NI (22)

B(P (σi, t)) =
N∑
j=1

aj(t)B(φ(‖σi − σj‖2)) i = NI + 1, . . . , N (23)

where NI , NB = N − NI denote the interior and boundary points. It is evident that spatial
derivatives are determined by simply differentiating the RBFs. In order to determine the grid,
boundaries (∂Ω) are covered in an equispaced fashion and a spacing algorithm (e.g Greedy
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algorithm) may be employed for the interior domain (Ω). The use of Gaussian kernels is a good
choice for this particular application, since we expect the solution to remain gaussian in the
elastic regime and approximately skewed gaussian in the elastoplastic regime.

The Crank-Nicolson scheme is employed for time integration due to its unconditional stability:

∂P (σ, t)

∂t
=

1

2

(
P (σ, t+ ∆t

2
)− P (σ, t)

∆t
2

+
P (σ, t+ ∆t)− P (σ, t+ ∆t

2
)

∆t
2

)
(24)

3.1 Linear Elastic Problem

Specializing the problem to the case of linear elasticity yields:

P (σ, tn+1)− ∆t

2

(
−N el

(1)m

∂P (σ, tn+1)

∂σm
+N el

(2)mn

∂2P (σ, tn+1)

∂σmσn

)
= P (σ, tn) +

∆t

2

(
−N el

(1)m

∂P (σ, tn)

∂σm
+N el

(2)mn

∂2P (σ, tn)

∂σmσn

)
(25)

where summation is implied over the repeated indices m,n associated with the dimensionality
of the problem. Looking at the solution in a point σi = {σ1, . . . , σm}i in the discretized space,
we have:

N∑
j=1

an+1
j φij −

∆t

2

(
−N el

(1)m

N∑
j=1

an+1
j

∂φij
∂σm

+N el
(2)mn

N∑
j=1

an+1
j

∂φ2
ij

∂σmσn

)

=
N∑
j=1

anj φij +
∆t

2

(
−N el

(1)m

N∑
j=1

anj
∂φij
∂σm

+N el
(2)mn

N∑
j=1

anj
∂φ2

ij

∂σmσn

)
(26)

where φij = φ(||(σi − σj)||).

Notice that the summation associated with the RBF representation is stated explicitly.

Direct collocation renders the last equation equivalent to:

TLija
n+1
j = TRij a

n
j (27)

where

TLij = φij −
∆t

2

(
−N el

(1)m

∂φij
∂σm

+N el
(2)mn

∂2φij
∂σmσn

)
(28)

TRij = φij +
∆t

2

(
−N el

(1)m

∂φij
∂σm

+N el
(2)mn

∂2φij
∂σmσn

)
(29)

Similarly the boundary conditions of Eq. (23) can be written as:

Bija
n+1
j = 0 (30)

where according to Eq. (20)

Bij =
∑
m

(
N el

(1)m
φij −N el

(2)mn

∂φij
∂σn

)
(31)
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Therefore, the system of equations to be solved becomes: B
−−−−

TL

{an+1
}

=

 0
−−−−

TR

 {an} (32)

Note that the non-periodic nature of the solution domain (in contrast to the Fourier approach)
necessitates the explicit imposition of the reflective boundary conditions as shown above. Alter-
natively one may apply a Galerkin projection rather than direct collocation. Thus, the error of
the representation is minimized in an average sense rather than in discrete points. In this sense,
we can easily derive the following weak form of Eq. (26) as:

N∑
j=1

an+1
j

∫
Ω

[
φj −

∆t

2

(
−N el

(1)m

∂φj
∂σm

+N el
(2)mn

∂φ2
j

∂σmσn

)]
× φidΩ

=
N∑
j=1

anj

∫
Ω

[
φj +

∆t

2

(
−N el

(1)m

∂φj
∂σm

+N el
(2)mn

∂φ2
j

∂σmσn

)]
× φidΩ (33)

where φj = φ(||σ − σj||) and φi = φ(||σi − σ||).

Thus the Eq. (28), (29) analogue is derived as

TLij =
∫

Ω

[
φj −

∆t

2

(
−N el

(1)m

∂φj
∂σm

+N el
(2)mn

∂φ2
j

∂σmσn

)]
× φidΩ (34)

TRij =
∫

Ω

[
φj +

∆t

2

(
−N el

(1)m

∂φj
∂σm

+N el
(2)mn

∂φ2
j

∂σmσn

)]
× φidΩ (35)

Finally, the Eq. (31) analogue is derived as:

Bij =
∫

Ω

[∑
m

(
N el

(1)m
φj −N el

(2)mn

∂φj
∂σn

)]
× φidΩ (36)

3.2 Elastoplastic problem

Generalization to the nonlinear problem yields state dependent coefficients in Eq. (25), so that
we get:

P (σ, tn+1)− ∆t

2

[
− ∂

∂σm

(
N eq

(1)m
(σ)P (σ, tn+1)

)
+

∂2

∂σmσn

(
N eq

(2)mn
(σ)P (σ, tn+1)

)]
= P (σ, tn) +

∆t

2

[
− ∂

∂σm

(
N eq

(1)m
(σ)P (σ, tn)

)
+

∂2

∂σmσn

(
N eq

(2)mn
(σ)P (σ, tn)

)]
(37)

After introducing the RBF discretization the resulting system of equations becomes:{
TLija

n+1
j = TRij a

n
j

Bija
n+1
j = 0

(38)

where according to direct collocation:

TLij = φij −
∆t

2

[
−N eq

(1)m
(σi)

∂φij
∂σm

−
∂N eq

(1)m

∂σm

∣∣∣∣
σ=σi

φij
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+N eq
(2)mn

(σi)
∂2φij
∂σmσn

+ 2
∂N eq

(2)mn

∂σm

∣∣∣∣
σ=σi

∂φij
∂σn

+
∂2N eq

(2)mn

∂σmσn

∣∣∣∣
σ=σi

φij

]
(39)

TRij = φij +
∆t

2

[
−N eq

(1)m
(σi)

∂φij
∂σm

−
∂N eq

(1)m

∂σm

∣∣∣∣
σ=σi

φij

+N eq
(2)mn

(σi)
∂2φij
∂σmσn

+ 2
∂N eq

(2)mn

∂σm

∣∣∣∣
σ=σi

∂φij
∂σn

+
∂2N eq

(2)mn

∂σmσn

∣∣∣∣
σ=σi

φij

]
(40)

Bij =
∑
m

(
N eq

(1)m
(σi)φij −N eq

(2)mn
(σi)

∂φij
∂σn

−
∂N eq

(2)mn

∂σn

∣∣∣∣
σ=σi

φij

)
(41)

or by employing Galerkin projection:

TLij =
∫

Ω

[
φj −

∆t

2

(
−N eq

(1)m
(σi)

∂φj
∂σm

−
∂N eq

(1)m

∂σm

∣∣∣∣
σ=σi

φj

+N eq
(2)mn

(σi)
∂2φj
∂σmσn

+ 2
∂N eq

(2)mn

∂σm

∣∣∣∣
σ=σi

∂φj
∂σn

+
∂2N eq

(2)mn

∂σmσn

∣∣∣∣
σ=σi

φj

)]
× φidΩ (42)

TRij =
∫

Ω

[
φj +

∆t

2

(
−N eq

(1)m
(σi)

∂φj
∂σm

−
∂N eq

(1)m

∂σm

∣∣∣∣
σ=σi

φj

+N eq
(2)mn

(σi)
∂2φj
∂σmσn

+ 2
∂N eq

(2)mn

∂σm

∣∣∣∣
σ=σi

∂φj
∂σn

+
∂2N eq

(2)mn

∂σmσn

∣∣∣∣
σ=σi

φj

)]
× φidΩ (43)

Bij =
∫

Ω

[∑
m

(
N eq

(1)m
(σi)φij −N eq

(2)mn
(σi)

∂φij
∂σn

−
∂N eq

(2)mn

∂σn

∣∣∣∣
σ=σi

φij

)]
× φidΩ (44)

3.3 Results/Verification

In Figures 1,2 we provide results from 1D elastic-perfectly plastic simulations, which we
verify against pertinent Monte Carlo simulations. Only a slight error can be identified in the
transition region. To illustrate the applicability of the method to higher dimensions, Figure 3
shows a simulation in the case of plane strain elastic-perfectly plastic Mises material. Both the
stress solution and the Mises yield criterion are depicted with 3-D probability contours.

3.4 Convergence/Stability of the method

The stability and accuracy of the method generally still remains a open problem in the lit-
erature. It is well known that it is generally susceptible to the Runge Phenomenon, in which
the amplitude of the oscillations near the boundaries grows exponentially. When RBF centers
cover a domain in a fairly uniform manner, the largest errors occur near the boundary [19].
Thus, different node-clustering techniques at the boundaries (e.g. Chebyshev grid) have been
suggested to overcome this instability [20].

The accuracy of the method depends on the location of the centers with respect to the points
where the interpolating functions are evaluated, which in general need not coincide. In addition,
the value of the RBF shape parameter ε has been shown to play an important role. In general it
needs to be chosen in such a way that the interpolation matrix remain relatively well-conditioned
while keeping a satisfactory order of accuracy (theoretically spectral for Gaussian RBFs). As
the basis functions become flatter, the accuracy increases but then the resulting system becomes
ill-conditioned. Special techniques can be employed to lower the condition number κ(Φ) of the
coefficient matrix and lead to stable computations with Gaussian RBFs [21, 22]. Fig. 4,5 portray
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Figure 1: Verification of 1D elastic-perfectly plastic model using MCS in the case of high uncertainty in the yield
stress.

Figure 2: Verification of 1D elastic-perfectly plastic model using MCS in the case of low uncertainty in the yield
stress.
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Figure 3: Plane strain Mises elastic-perfectly plastic simulation

the spatial convergence and stability properties of Gaussian and MQ RBFs in accordance with
the above observations. In this work, the convergence rate is evaluated through the root mean
square error:

ERMS =

√√√√ 1

N

N∑
i=1

(P
(i)
ex − P (i)

num)2 (45)

while the stability is evaluated by means of the condition number, namely the ratio of the largest
to the smallest singular values of the coefficient matrix:

κ(Φ) = ‖Φ−1‖ · ‖Φ‖ =
σmax
σmin

(46)

It has been heuristically argued that ε should vary with the center location, thereby improving
the condition number of the coefficient matrix [23]. Simple rules to advanced evolutionary
optimization can been applied to assist the choice of the shape parameters.

Finally, the temporal convergence of the Crank-Nicolson scheme is shown in Fig. 6.

3.5 Comparison with other methods

To illustrate the efficiency of the method, we compare the root mean square error and the
associated computational time for the meshless RBF method and for a forward finite differ-
ence - method of lines (MOL) scheme applied in a 1-D problem. Table 2 clearly indicates the
superiority of the RBF solution, under the condition that the shape parameter is appropriately
selected.
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Figure 4: Convergence and stability map of multiquadratic basis function.
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Figure 5: Convergence and stability map of Gaussian basis function.
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Figure 6: Temporal convergence for the Crank-Nicolson scheme.
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Meshless RBF Conventional FD
Grid pts N Avg. error ERMS Run time (s) Grid pts N Avg. error ERMS Run time (min)

100 0.1 0.5 5000 0.2 14
500 0.027 2.3 10000 0.017 112

1000 0.0051 4.5 20000 0.092 910

Table 2: Comparison of the efficiency of the meshless method with that of a conventional finite difference approach.

4 CONCLUSIONS

• Either through collocation or Galerkin projection, RBF methods are easy to implement
and have low algorithmic complexity.

• Being meshless, they overcome the problem of generating a mesh over a potentially ir-
regular domain in multiple dimensions.

• There is a trade-off between accuracy and stability, which requires the careful selection
of the shape parameter.

• Under the optimal choice of shape parameter and for a nearly Gaussian problem, Gaussian
RBF interpolation displays spectral convergence.

• The asymmetric interpolation matrix constructed by RBFs can be ill-conditioned, so that
an appropriate preconditioner may be required to solve the resulting equations.
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Abstract. In the recent years, energy harvesting has become a promising technique as a pow-

er supply for autonomous electronic devices using ambient energy. The ambient energy can 

be harvested from environmental loads, such as solar radiation, wind loads, thermal gradi-

ents or from mechanical vibration in structures, vehicles, etc. In particular, energy harvesting 

from mechanical vibration is a promising technique because mechanical vibration is widely 

available in engineering environments. Furthermore, some excitations have broad bandwidth 

and time-varying properties. In such a case, the linear vibration energy harvester becomes 

inefficient. In order to improve the harvesting efficiency, a promisingly feasible way is the in-

tentional introduction of stiffness nonlinearity into the harvester design. To model nonlinear 

energy harvesting, a mathematical model can be formulated using a set of coupled equations 

between a randomly excited spring-mass-damper system and a capacitive energy harvesting 

circuit using a linear electromechanical coupling coefficient. In terms of this model, the 

probability density function (PDF) of the response and output power is governed by the asso-

ciated Fokker–Plank–Kolmogorov (FPK) equation which is hard to exactly be solved. In this 

paper, a solution procedure is developed to formulate an approximate joint PDF of a Duff-

ing-type energy harvester under Gaussian white noise. The joint PDF of displacement, veloci-

ty and an electrical variable is governed by the FPK equation. First, a state-space-split 

method is adopted to reduce the FPK equation to the lower-dimensional FPK equation only 

about displacement and velocity. The stationary joint PDF of displacement and velocity can 

be solved exactly for a conventional Duffing system. Then, the joint PDF of displacement, ve-

locity and the electrical variable can be approximated by the product of the obtained exact 

PDF and the conditional Gaussian PDF of the electrical variable. A parametric study is fur-

ther conducted to show the effectiveness of the proposed solution procedure. Different nonlin-

earity degrees, excitation intensities and excitation means are considered in three examples. 

Comparison with the simulated results shows that the proposed solution procedure is effective 

in obtaining the joint PDF of the harvester in the examined examples, which is significant for 

reliability analysis on nonlinear vibration energy harvesting. 
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1 INTRODUCTION 

In the recent years, energy harvesting has become a promising technique as a power supply 

for autonomous electronic devices using ambient energy. The ambient energy can be harvest-

ed from environmental sources, such as solar radiation, wind loads, thermal gradients and me-

chanical vibration. In particular, energy harvesting from mechanical vibration attracts much 

attention because mechanical vibration is widely available in engineering environments. In 

the early stage, a linear vibration energy harvester is adopted and it performs well when the 

harvester is excited around its resonance frequency [1]. However, some excitations have 

broad bandwidth and time-varying properties in practice, e.g., wind loads and sea waves. In 

such a case, the linear vibration energy harvester becomes inefficient [2, 3]. To overcome this 

limitation, the techniques of broadband vibration energy harvesting have been developed. For 

example, multiple linear harvesters or a harvester array are proposed with individual harvest-

ers with their resonance frequencies being comparable close to each other [4]. Active reso-

nance tuning technique is also used to change the harvester property during the run time to 

match the excitation frequency [5]. This technique needs additional power supply for the ac-

tive tuning [2].  

Alternatively, the intentional introduction of stiffness nonlinearity into the harvester design 

is a feasible way to offer broadband or multiple resonant responses, which can provide a wid-

er application in different environments [6-13]. Usually Duffing-type harvesters under Gauss-

ian white noise have been widely considered currently [2,14]. The Duffing-type harvesters 

can be adopted as either a mono-stable Duffing oscillator with a hardening/softening nonline-

arity [6, 9, 15] or a bi-stable Duffing oscillator with a double-well potential energy function 

[7]. To model the nonlinear energy harvesting, a set of coupled equations between a randomly 

excited spring-mass-damper system and a capacitive energy harvesting circuit using a linear 

electromechanical coupling coefficient [1, 2, 16]. A simple model can be established by ne-

glecting the effective inductance of the harvesting circuit for electromagnetic inductance 

mechanism or the effective capacitance of the piezoelectric element for piezoelectric mecha-

nism [9, 17, 18]. By this way, the electronic variable, such as current and voltage, can be di-

rectly formulated as the function of system velocity according to the electric equation. After 

that, the coupled equations are reduced to a single-degree-of-freedom equation with an effec-

tive damping coefficient. The effective damping ratio is used to account for both mechanical 

and electrical damping. When the single-degree-of-freedom system is modeled by a Duffing 

oscillator and it is excited by Gaussian white noise, the probability density function (PDF) of 

the response is governed by the Fokker–Plank–Kolmogorov (FPK) equation. The stationary 

PDF solution is well obtained [2, 14]. However, when the effective inductance or the effective 

capacitance is considered, the associated FPK equation is too complicated for the original 

coupled equations to be exactly solved [19].  

In this paper, a solution procedure is developed to formulate an approximate joint PDF of a 

Duffing-type energy harvester under Gaussian white noise [20]. The joint PDF of displace-

ment, velocity and an electrical variable is governed by the FPK equation. First a state-space-

split method is adopted to reduce the FPK equation to the lower-dimensional FPK equation 

only about displacement and velocity. The stationary joint PDF of displacement and velocity 

can be solved exactly for a conventional Duffing system. Then the joint PDF of displacement, 

velocity and the electrical variable can be approximated by the product of the obtained exact 

PDF and the conditional Gaussian PDF of the electrical variable. A parametric study is further 

conducted to show the effectiveness of the proposed solution procedure. Different nonlineari-

ty degrees, excitation intensities and excitation means are considered in three examples. 

Comparison with the simulated results shows that the proposed solution procedure is effective 
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in obtaining the joint PDF of the harvester in the examined examples, which is significant for 

reliability analysis on nonlinear vibration energy harvesting. 

2 PROBLEM FORMULATION 

2.1 A Duffing-type harvesting system 

A Duffing-type energy harvester under Gaussian white noise can be mathematically ex-

pressed as follows [2] 
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where x , x  and x  are acceleration, velocity and displacement, respectively; z is an electrical 

variable, e.g., current or voltage;   is a mechanical damping ration; r  is a tuning parameter; 

  denotes the coefficient of cubic nonlinearity;   is a linear dimensionless electromechani-

cal coupling coefficient;   is the ratio between the mechanical and electrical time constants 

of the harvester. The above equation is formulated in a non-dimensional form which can be 

applicable to all similar devices. )(tW  is Gaussian white noise with a mean as is given below 

   )()( 0 tWmtW    (2) 

and its expectation is  

 mtWE )]([ , )(2)]()([ 00  KtWtWE   (3) 

where m  is the mean of Gaussian white noise;  )(0 tW  is a zero mean Gaussian white noise. 

2.2 Equivalent linearization method 

First a standard equivalent linearization method is used to obtain the approximate mean 

and variance of the original system.  Using the obtained mean and variance, a solution proce-

dure is proposed to formulate the joint PDF solution of the response and electrical variable.  

Considering Eqs. (1) and (2), a linear equivalent system can be expressed as follows  
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Letting 1xx  , 2xx   and 3xz  , Eq. (4)  can be expressed by a set of first-order differential 

equations 
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Using the standard equivalent linearization method, the following results are obtained 

 ][][)1( 2
1

4
1 xExErke    (6) 

 
e

x
k

m
xE 

1
][ 1  , 0][

22  xxE  , 0][
33  xxE   (7) 

 
2

2

22

2
2
1

)2()2(2

2
][

ee

e

e k

m

k

k

k

K
xE 









 (8) 

288



H. T. Zhu 

 
)2()2(2

2
][

22

22
2
2











e

e

k

k
KxE  (9) 

 
)2()2(2

1
][

22

2
3







ek
KxE  (10) 

 0][ 21 xxE  (11) 

 ][][ 2
331 xExxE   (12) 

 ][][ 2
332 xExxE   (13) 

Simultaneously solving Eqs. (6) and (8), ek  and ][ 2

1xE  are obtained. Subsequently, other 

equations can be solved. It is well known the result of a standard equivalent linearization 

method is Gaussian. The Gaussian PDF solution ),,( 321 xxxpG  of the response and electrical 

variable is given below 
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The conditional Gaussian PDF ),( 213 xxxq  is still Gaussian, its mean and variance are 
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3x  are all zero. Therefore, 

 2
2

3
231

1

3
1332133213 )(),(),(

1
xxdxxxxqxxxx x









  




 (21) 

289



H. T. Zhu 

2.3 State-space-split method 

Similarly, Eq. (1) can be also expressed in a form of first-order differential equations in-

cluding Eq. (2) 
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The joint PDF solution ),,,( 321 txxxp  of Eq. (22) is governed by the FPK equation 
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Herein, the stationary PDF ),,( 321 xxxp  is considered. Eq. (23) is reduced to the stationary 

case 
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Integrating Eq. (24) with respect to 3x  results in 
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Some simplification and assumptions are made on Eq. (25). First 
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Second, the probability and probability flux is assumed to be zero at infinite boundary, i.e., 
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Consequently, the third term in Eq. (25)  
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Third, in Eq. (25) 
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where ),( 213 xxxq  is the conditional PDF of 3x  given with 1x  and 2x . Therefore, Eq. (25) is 

further reformulated as 
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In Eq. (30), ),( 213 xxxq  is unknown but it can be approximated by ),( 213 xxxq .  Considering Eq. 

(21),  
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(31) 

where p~  represents ),(~
21 xxp  which is an approximation to ),( 21 xxp . 

After that, Eq. (24) about 1x , 2x  and 3x  is reduced to Eq. (31) only about 1x  and 2x . 

Meanwhile, the exact stationary PDF solution to Eq. (31) is known as [2,14] 
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where C  is a normalized constant. The joint PDF of 1x , 2x  and 3x  can be approximated by 

the product of the obtained exact PDF and the conditional Gaussian PDF of the electrical var-

iable as follows 
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where A  is also a normalized constant and  3
2
23

2
13 )1(2  CA . Therefore, 
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3 NUMERICAL ANALYSIS 

Herein, different nonlinearity degrees, excitation intensities and excitation means are con-

sidered in three examples to show the effectiveness of the proposed solution procedure. Mon-

te Carlo simulation is also conducted with a sample size is 7102  to obtain the stationary 

response. The results of the standard equivalent linearization, proposed solution procedure 

and simulation are denoted as EQL, SSS and MCS, respectively. The values of the PDF and 

its logarithmic values for displacement, velocity and the electrical variable are presented re-

spectively in each figure to show the global and tail behaviors.  
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3.1 Weak nonlinearity in displacement 

The first example is about the case of weak nonlinearity in displacement. According to Eqs. 

(1) through (3), the parameters are given as follows:  05.0 , 0r , 1.0 , 12  , 1 , 1m , 

and 1.02 K . Because EQL denotes a Gaussian PDF distribution, the PDF distribution of 

each variable are nearly Gaussian as shown in Fig. 1 except that the PDF of displacement has 

a nonzero mean and it also shows a little non-symmetric distribution. This is because in the 

weak nonlinearity and low-level excitation intensity, the nonlinear system behaves very close-

ly as a linear system does. It is well known, the response of a linear system under Gaussian 

white noise is still Gaussian. Therefore, the nearly Gaussian behaviors are formulated. 

 
    (a) PDFs of displacement                                          (b) Logarithmic PDFs of displacement 

 
    (c) PDFs of velocity                                                   (d) Logarithmic PDFs of velocity 

 
     (e) PDFs of an electrical variable                             (f) Logarithmic PDFs of an electrical variable 

 

Figure 1: Comparison of PDFs for example 1. 
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3.2 High-level excitation intensity  

The second example is about the case of high-level excitation intensity. According to Eqs. 

(1) through (3), the parameters are given as follows:  05.0 , 0r , 1.0 , 12  , 1 , 1m , 

and 12 K . Figs. 2(a) and 2(b) shows good agreement between SSS and MCS and the PDF 

of displacement has a nonzero mean and non-symmetric distribution. By contrast, the PDF of 

velocity is nearly Gaussian as shown in Figs. 2(c) and 2(d). The similar behavior is also ob-

served in the case of the electrical variable (Figs. 2(e) and 2(f)). Therefore, the PDF distribu-

tion of velocity and the electrical variable is less affected by the one of displacement in this 

examined example. 

 

 
   (a) PDFs of displacement                                           (b) Logarithmic PDFs of displacement 

 
   (c) PDFs of velocity                                                   (d) Logarithmic PDFs of velocity 

 
    (e) PDFs of an electrical variable                             (f) Logarithmic PDFs of an electrical variable 

 

Figure 2: Comparison of PDFs for example 2. 

293



H. T. Zhu 

3.3 Strong nonlinearity in displacement 

The last example is about the case of strong nonlinearity in displacement. According to 

Eqs. (1) through (3), the parameters are given as follows:  05.0 , 0r , 1 , 12  , 1 , 

2.0m , and 12 K . As shown in Figs. 3(a) and 3(b), MCS significantly differs from EQL 

indicating that the PDF distribution of displacement is highly non-Gaussian due to the pres-

ence of strong nonlinearity. In such a case, the PDF of velocity is still nearly Gaussian alt-

hough the tail differs a little from EQL in Fig. 3(d). For the electrical variable, its PDF 

distribution becomes non-Gaussian in the tail region as shown in Fig. 3(f). Therefore, the 

strong nonlinearity in displacement also affects the ones of velocity and the electrical variable. 

 

 
   (a) PDFs of displacement                                          (b) Logarithmic PDFs of displacement 

 
   (c) PDFs of velocity                                                   (d) Logarithmic PDFs of velocity 

 
   (e) PDFs of an electrical variable                             (f) Logarithmic PDFs of an electrical variable 

 
Figure 3: Comparison of PDFs for example 3. 
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4 CONCLUSIONS 

This paper develops a solution procedure to formulate an approximate joint PDF solution 

of a Duffing-type energy harvester under Gaussian white noise. The joint PDF of displace-

ment, velocity and an electrical variable is governed by the FPK equation. A state-space-split 

method is used to reduce the FPK equation to the lower-dimensional FPK equation only about 

displacement and velocity. The stationary joint PDF of displacement and velocity can be 

solved exactly. After that, the joint PDF of displacement, velocity and the electrical variable is 

formulated as the product of the obtained exact PDF and the conditional Gaussian PDF of the 

electrical variable. Three examples are considered in the following numerical analysis. Differ-

ent nonlinearity degrees, excitation intensities and excitation means are adopted to show the 

effectiveness of the proposed solution procedure. Comparison with the simulated results 

shows that the proposed solution procedure is effective in obtaining the joint PDF of the har-

vester in the examined examples, which is significant for reliability analysis on nonlinear vi-

bration energy harvesting. The comparison further shows that the PDF of displacement has a 

nonzero mean and a non-symmetrical distribution, which differs significantly from a Gaussian 

distribution. In contrast, the PDFs of velocity and the electrical variable are nearly Gaussian, 

which is less affected by nonzero mean excitation and nonlinearity in displacement. However, 

when strong nonlinearity and high-level excitation intensity exists, the PDFs of velocity and 

the electrical variable also become a little non-Gaussian.  
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Abstract. Tensile membrane structures are lightweight flexible structures that need to remain

in equilibrium in the presence of heavy wind forces as well as in their absence. The present

research work is aimed at the reliability-based optimal design of a frame-supported tensile

membrane structure subjected to random wind forces. The displacement of the membrane is

minimised under this random loading constrained to a stable TMS form and a maximum failure

probability of 10−4 against membrane tearing. A particle swarm optimisation algorithm is

used, combined with Latin hypercube sampling, for obtaining the optimum initial prestress

values. These algorithms balance the computation heavy dynamic relaxation required for the

membrane analysis. The results show that the proposed method can find the required initial

prestress for an optimum membrane behaviour under random wind forces, within a manageable

level of computation.
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1 INTRODUCTION

Tensile membrane structures (TMS) are lightweight flexible structures that are designed to

span long distances with structural efficiency. Their in-plane tensile stresses along with an

anticlastic shape provide the necessary resistance to carry external actions of wind or snow.

A TMS needs to remain in equilibrium in the presence of heavy wind forces as well as in

their absence. The equilibrium, threatened by the inherent flexibility of these structures along

with their inability to carry out-of-plane moment and shear, can only be achieved by a proper

choice of the initial prestress. In addition, the stresses developed under the wind forces have

to be within limits in order to avoid any tearing of the fabric. Due to the highly random nature

of wind forces, the designer encounters the challenge of prescribing the right initial prestress

values that ensure stability and equilibrium of the structure. This task gets further complicated

by the fact that the form-finding of TMS and their structural analysis under static loads are

computation intensive.

The present research work is aimed at the reliability-based optimal design of a frame-supported

tensile membrane structure. The proposed methodology provides the optimum initial prestress

values that give a stable TMS in the presence and absence of random wind forces. The design

wind pressure is considered to be following a Type I extreme value distribution. The displace-

ment of the membrane is minimised under this random loading constrained to a stable TMS

form and a maximum failure probability of 10−4 against tearing of the membrane. A particle

swarm optimisation (PSO) algorithm is used combined with dynamic relaxation based static

analysis of the TMS. The stochastic nature of wind forces is treated using improved probabilis-

tic simulation techniques in order to reduce the computation.

2 RELIABILITY-BASED OPTIMISATION

The design process of TMS primarily involves three stages: (a) Form-finding, (b) Static

analysis and (c) Patterning [1]. The preliminary design problem of TMS begins with the de-

termination of the initial equilibrium configuration which gives the initial conditions for the

subsequent loading analysis under the external wind and/or snow loads that the structure is typ-

ically subjected to [2]. In the present work, the TMS is analysed under uncertain wind loads.

Dynamic relaxation (DR) with kinetic damping [3] is used as the numerical analysis technique

for both form-finding and loading analysis of the membrane structure. The probabilistic distri-

bution of wind load intensity (W ) is adopted based on past statistical studies [4], which is also

followed in standards like ASCE7. The cumulative distribution function (CDF) of the load in-

tensity is modelled using a Type I distribution with coefficient a of variation, VW = 0.37 and bias

factor, λW = 0.78 [5]. The nominal value of wind intensity (Wn = 1 kN/m2) is adopted from a

design example for TMS demonstrated in a recent work [6]. The problem of optimisation of the

initial prestresses subjected to random wind forces is formulated with an objective to minimise

the displacement of the membrane under this random loading and constrained to a stable TMS

form and a maximum failure probability of 10−4 against tearing of the membrane. No wrinkling

condition is assumed in the process of form-finding and static analysis which is a reasonable

approximation based on past studies [6]. The bounds on initial prestress as a design variable

are usually selected by the designer based on the target prestress to be achieved at equilibrium.

The objective function and the constraint of the optimisation problem formulated here depends

on the design variable (initial prestress). The set of all considered values of the design variable

constitutes the ‘design space’.

Reliability-based optimisation (RBO) is an efficient methodology to solve structural design
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problems [7]. RBO simultaneously takes into account the optimisation problem while consid-

ering the uncertainties associated with structural response. Numerical implementation of RBO

in practical engineering problems has always been debated in terms of solution accuracy and

intensive computation involved. Particle swarm optimisation (PSO) is a meta-heuristic stochas-

tic optimization technique inspired by social behaviour of animals such as bird flocking or fish

schooling. The original idea was to simulate the social behaviour of a swarm of birds [8]. In

PSO, a number of entities, called ‘particles’, adjust their flying speed according to their past

movement as well as their partner’s flying behaviour. Thus, from the initially generated random

particles, PSO probes for the optimum value by updating its particles. Eventually, the swarm as

a whole is expected to move close towards the optimum function value.

In the present paper, a decoupled approach of RBDO [9] is adopted to find the optimal solu-

tion of the design variable in a reliable domain of search. Dynamic relaxation-based structural

analysis of TMS is performed, in combination with probabilistic simulations, to estimate the

parameters of interest for the optimisation problem. In order to keep the sensitive areas – that

may be susceptible to excessive membrane deformation under wind loading – stable, the objec-

tive is to minimise the mean value of the maximum nodal displacement (µfδ ). Also, during the

minimisation process, maximum principal stress considering a target structural failure proba-

bility of 10−4 (p199.99) must be limited to the membrane tearing/yield strength (fy). Reliability

analysis and optimisation are decoupled by transforming the objective function and constraint

into approximating functions by fitting regression model. PSO as a stochastic optimisation

technique then solves for the optimum value of initial prestress based on the explicit objective

(fitness) function. The optima thus obtained is further checked with the implicitly estimated

reliability constraints to obtain a global PSO solution. Since form-finding and static analysis of

membranes using DR are computation intensive, the number of random particles and random

wind intensity samples must be limited while making sure that the level of accuracy in anal-

ysis is maintained. To deal with this problem, the randomness in wind intensity is dealt with

the efficient variance reduction technique, Latin hypercube sampling (LHS). PSO particles for

static analysis with wind intensity samples are chosen initially based on population selection

for engineering problems [10]. However, the optimisation is repeated with a larger number of

random initial prestress values (PSO particles) and a larger number of probabilistic simulations

to check for accuracy.

The RBDO problem is formulated as

minimise
pin,w, pin,f

F = µfδ

subject to: p1max
< fy without wind load

p2min
> 0 without wind load

p199.99 < fy with wind load

(1)

where, p1max
and p2min

are the extreme values of maximum and minimum principal stresses after

form-finding. p1,99.99 is the 99.99 percentile value of the maximum principal membrane stress

obtained from the wind load analyses.

The proposed reliability-based optimisation of the initial prestress is outlined in the following

steps:

(1) Randomly generate k initial prestress values in the yarn directions.

(2) Perform form-finding using DR for k particles.
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(3) Perform n number of static analyses for each of the k form-found structures under uncer-

tain wind load using DR.

(4) Using MCS with LHS, calculate the reliability-based objective function (µfδ ) and perfor-

mance measure (p199.99) from the static analysis, for each particle.

(5) Obtain an explicit function from the k values of µfδ and p1,99.99 by fitting ‘response sur-

faces’.

(6) Optimise using PSO with the formulated RBDO problem given in Eq. 1.

(7) Obtain the optimal design variable (initial prestress) and the corresponding fitness func-

tion (µfδ ) value.

14 m

4 m

14
 m

5 
m

Z

X

Y

X

Figure 1: Plan and elevation of the conic tensile membrane structure

3 A CASE STUDY

3.1 Description of the structure

The tensile membrane structure considered for this case study is a conic structure supported

by a square rigid frame at the base. The details of the structure is shown in Figure 1. The

following information has been provided for the exercise:

(1) Type and configuration of the boundary supports: Both the square base and the head ring

are fixed.

(2) Fabric orientation direction: The principal directions (radial and circumferential) coincide

with the fabric yarn (warp and fill) directions.

(3) Fabric initial prestress is applied in warp and fill directions.

(4) Modulus of elasticity, E = 600 kN/m; Poisson’s ratio, ν = 0.4 and membrane thickness =

1 mm.
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The constant strain triangular (CST) element is used to discretise the membrane structure

and the surface topology is defined for the trial shape to start with the analysis. There are 3

translational degrees of freedom per node {uX , uY , uZ} along the global {X , Y , Z} directions.

Due to the symmetry about X and Y axes, the structure is analysed for a quarter part only.

Symmetric boundary conditions are applied on the edges; with the edge parallel to the Y axis

having uX = 0 and the edge parallel to the X axis having uY = 0. Moreover, the base and head

rings are fixed with uX = uY = uZ = 0.

3.2 Results and discussion

In the reliability-based optimisation of initial prestress for the conic TMS under uncertain

wind load for the conic structure for k random initial prestress values (PSO particles), DR-based

reliability analysis is performed considering 100 random wind intensity samples, as discussed

earlier. Figure 2 shows the CDF of maximum principal stress (p1max
) and resultant displacement

(fδ) for the random particle with initial prestress pin,w = 4.629 kN/m and pin,f = 3.552 kN/m.

For each particle, a generalised pareto (GP) distribution best fits the empirical CDF of p1max
,

while a generalised extreme value (GEV) distribution best fits the empirical CDF of fδ based

on Kolmogorov-Smirnov goodness-of-fit test for 5% significance level. Based on the fitted

distributions for p1max
and fδ, the values p199.99 and µfδ are calculated for each particle. For the

particle under consideration, we get p199.99 = 38.401 kN/m and µfδ = 3.581 m. Figure 3 shows

the values of p199.99 and µfδ for this particle plotted against LHS samples of W . These plots

show that 50 LHS sample are adequate for the reliability analysis considering both the stress

and displacement parameters.
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Figure 2: CDF plots for p1max
and fδ for a sample PSO particle

As an initial assumption, the value of k is taken as 50 based on the study carried out by Shi

et al. [10] on PSO population selection. Thus, dynamic relaxation-based reliability analyses

for 50 PSO particles is performed to obtain 50 values of p199.99 and µfδ . A response surface

is fitted for each of these parameters µfδ and p199.99 , in order to obtain the objective function

and constraint to be used in the PSO iteration. This process decouples the reliability analysis

and the optimisation process, thereby reducing the computation time involved while performing

form-finding and static analysis within the optimisation loop. For example, an explicit objective
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Figure 3: p199.99 and µfδ plotted against wind intensity samples (LHS)

function for µfδ is obtained by fitting a surface with pin,w and pin,f as variables:

µfδ = 8.213 + 0.2151pin,w − 1.461pin,f (2)

which gives a very acceptable value of R2 = 0.9731.

The RBDO problem of Eq. 1 is then solved using PSO to get the optimal pin,w and pin,f . The

fabric tear strength (fy) is assumed as 40 kN/m. Table 1 provides the RBDO results showing

the optimal initial prestress values as the global optimum PSO solution. The optimal initial

prestress is thus obtained as pin,w = 4.953 kN/m and pin,w = 3.231 kN/m with the objective

function value, µfδ = 1.657 m. It can been interpreted from this table, that 50 PSO particles

gives a converged result in terms of µfδ values. The deflected shape of the conic structure under

the design wind intensity of 1 kN/m2 and considering the optimum initial prestress values is

shown in Figure 4. From this deflected shape, the maximum nodal displacement, fδ is found to

be 2.753 m, with a maximum value of principal stress p1max
= 27.36 kN/m.

Table 1: RBDO results

Particles pin,w (kN/m) pin,f (kN/m) µfδ (m)

50 4.953 3.231 1.657

100 4.981 3.269 1.648

4 CONCLUSIONS

In this paper, an optimisation under uncertainty problem is presented in the conception of

a tensile membrane structure. Optimisation of the TMS in terms of its strength and stability

under uncertain wind load is achieved by varying the initial prestress. The effectiveness of

the stochastic particle swarm optimisation algorithm, along with the stratified Latin hypercube

sampling, is studied in this work, which employs the dynamic relaxation algorithm with kinetic

damping for structural analysis of the membrane structure. The proposed framework provides

a solution to this RBDO problem without compensating the accuracy level achieved for the

computation time involved. The proposed methodology is demonstrated for a conic TMS with

a square rigid base. The efficiency of this RBDO approach is reflected by the minimisation
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Figure 4: Deflected shape of the structure (quarter part) under the design wind load

of deformations and by limiting the probability of membrane tearing to a specific probability

under uncertain wind loads.

Future direction of work may include trials with advanced probabilistic/optimisation tech-

niques, for example surrogate-based modelling, with due emphasis on accuracy and compu-

tation time. Furthermore, the design can be further improved by an efficient multi-objective

RBDO formulation for different loading conditions. The findings from this study provides an

insight to TMS designers to adopt a probabilistic optimisation approach for a better design of

tensile membrane structures that would satisfy strength and stability requirements.
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Abstract. The probabilistic analysis of structural systems subjected to seismic excitations re-
quires the spectral characterization of both the input excitation and the structural response; 
in order to reproduce the typical characteristics of real earthquakes ground-motion time his-
tory, the seismic excitation should be modelled as a non-stationary stochastic process. Once 
the characterization of the ground motion acceleration is done, it is possible to analyze the 
safety of structural systems subjected to those excitations; in particular, the largest absolute 
value peak of stochastic response is a useful design information. In order to define the statis-
tics of the maximum of the stochastic response of structures, it is necessary to evaluate the 
Non-Geometric Spectral Moments (NGSMs). 

In this paper the fully non-stationary spectrum compatible model has been adopted to 
define the ground motion acceleration process. Then the evaluation of the NGSMs is per-
formed. The main steps of the proposed approach are: i) the study of a set of real earthquakes 
to catch their most important features; ii) the introduction of the fully non-stationary spec-
trum compatible process; iii) the definition of the NGSMs, in the time domain; iv) the evalua-
tion of the mean frequency; v) the validation with the Monte Carlo Simulation.  
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1. INTRODUCTION
For earthquake-resistant design of structures, the earthquake-induced ground motion is gen-

erally represented in the form of a response spectrum of pseudo-acceleration or displacement. 
The spectrum used as input is usually obtained by scaling an elastic spectrum by factors that 
account for, amongst other phenomena, the influence of inelastic structural response [1]. There 
are, however, situations in which the scaled response spectrum is not considered appropriate, 
and fully dynamic analysis is required. Consequently the engineer will generally have to em-
ploy time-history analysis, which can be: a) synthetic accelerograms generated from seismo-
logical source models and accounting for path and site effects [2]; b) real accelerograms 
recorded during earthquakes earthquakes [3,4]; c) artificial spectrum-compatible accelero-
grams by generating a Power Spectral Density (PSD) function from the smoothed response 
spectrum, and then to derive sinusoidal signals having random phase angles and amplitudes 
[5,6,7].  

The attraction of the third approach is obvious because it is possible to obtain acceleration 
time-series that are almost completely compatible with the elastic design spectrum, which in 
some cases will be the only information available to the design engineer regarding the nature 
of the ground motions to be considered. Moreover, they can be adopted in the framework of 
stochastic dynamics, so avoiding long time consuming deterministic analyses. However, it is 
now widely accepted that the generation of the PSD leads to stationary artificial accelero-
grams which generally have an excessive number of cycles of strong motion and consequently 
they possess unreasonably high energy content [8].  

Furthermore in the framework of non-stationary analysis of structures, one time-dependent 
parameter, very useful in describing the time-variant spectral properties of the stochastic pro-
cess, is the mean frequency, X t , which evaluates the variation in time of the mean up-
crossing  rate  of  the  time axis;  from the  analysis  of  real  accelerograms records  a  decrease  in  
time of  this  parameter  is  observed,  on  the  contrary  of  the  stationary  or  quasi-stationary  pro-
cess models where the mean value of zero crossing versus the time is constant. 

It follows that a fully non-stationary model is more straightforward, being the one and only 
that is able to catch the time varying mean frequency.  

In this paper the fully non-stationary spectrum compatible model has been adopted to de-
fine the ground motion acceleration process [7]; to take into account both the simultaneous 
amplitude and frequency non-stationarity the Spanos and Solomos [9] process model has been 
selected. The main steps of the proposed approach are: i) the study of a set of real earthquakes 
to catch the most important features; ii) the introduction of the fully non-stationary spectrum 
compatible process; iii) the definition of the Non-Geometric Spectral Moments (NGSMs), in 
the time domain, as element of the pre-envelope covariance matrix; iv) the evaluation of the 
mean frequency; v) the validation with the Monte Carlo Simulation.  

2. REAL EARTHQUAKES AND SPECTRUM COMPATIBILITY
One of the most important problem in seismic engineering is the correct characterization of 

the ground motion acceleration; in code-based seismic design and assessment it is often al-
lowed the use of real records as an input for nonlinear dynamic analysis. On the other hand, 
international seismic guidelines, concerning this issue, have been found hardly applicable by 
practitioners. This is related to both the difficulty in rationally relating the ground motions to 
the hazard at the site and the required selection criteria. Consequently the use of artificial 
spectrum-compatible accelerograms, obtained by generating a PSD function from the 
smoothed response spectrum, is more spread; the main problem of this approach is the exces-
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sive number of cycles of strong motion and consequently the unreasonably high energy con-
tent [8] of the stationary artificial accelerograms. It follows that a fully non-stationary model 
is more straightforward.  

The  first  aim of  this  paper  is  to  obtain  fully  non-stationary  artificial  earthquakes  that  are  
spectrum compatible and able to reproduce the main features of real recorded time histories; 
firstly it is necessary to study and analyze a set of real accelerograms associated to seismic 
events and recorded in a determinate site in order to define the trend of the mean value of ze-
ro-crossing versus the time. It is important to notice that the comparison with only one result 
cannot be relevant, so it is necessary to select a set of real recorded earthquakes in order to 
perform a statistical analysis. 

The chosen database is the “PEER: Pacific Earthquake Engineering Research Center: NGA 
Database”; 50 recorded accelerograms have been selected to perform the statistical analysis. 
In  particular,  all  of  them  are  time  histories  of  seismic  events  that  happened  in  the  Imperial  
Valley (California). For each of the recorded accelerograms the mean frequency has been 
evaluated, as shown in Fig. 1. 
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Figure 1. Mean frequency of the i-th accelerogram 

Then, in order to perform a statistical analysis, all the time histories longer than 35 seconds 
have been selected, so it is possible to define the average of the mean frequency (see Fig. 2). 
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Figure 2. Average mean frequency 
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It is possible to notice that the average mean frequency, sensitively different from the one 
of the general time history (see Figg. 1 vs 2), is not constant but it decreases in time.  

An efficient method to generate stationary artificial spectrum compatible accelerograms 
was established by Cacciola-Colajanni-Muscolino [6]; the one-sided Power Spectral Density 
(PSD) can be written as: 

0

2 1
0 0

0 02
10 1 0

( ) 0, 0 ;

4 ( , )( ) ( ) , ;
4 ( , )

l

k
e k

k j l
jk k k

G
(1) 

where 0 0.05  is the damping ratio, 0( , )e kS  is  the  target  spectrum  (see  Fig.  3)  and

0( )k ,  is the peak factor  

1 11 2
0( ) 2ln ln0 5 1 exp ln ln0 5.s k s k

k
T T, . .   (2) 
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1 21 1 arctan
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is the bandwidth factor. 

0 1 2 3 4 5
T

0

2

4

6

8

S e
(T

,
)

Figure 3. Target spectrum 

The N spectrum compatible artificial earthquakes are obtained thanks to the formula pro-
posed by Shinozuka and Sato [10]: 

,g 0
1

 ( ) 2 sin ; 0
cm

i
i r r r f

r
t G t + t tu (4) 

308



T. Alderucci, G. Muscolino 

where r r  1,2,..., cr m , c cm  is the frequency increment, c  is the upper 

cut-off circular frequency and i
r  are random phase angles uniformly distributed over the 

interval [0 2 ) .  
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Figure 4. i-th artificial stationary time-history 

The main problem is that the stationary model of the ground motion acceleration process is 
unable to catch the characteristics of real earthquakes, such as the amplitude and frequency 
modulation of the signal (see Fig.  4);  then the energy of the artificial  time history is  propor-
tional  to  the  duration  of  the  process  itself.  So,  mathematically  speaking,  stationary  samples  
have infinite energy. A modified method, that is able to generate artificial spectrum compati-
ble earthquakes, for fully non-stationary (when both time and frequency content change) ran-
dom processes, is herein proposed, by applying the procedure proposed by Cacciola [7]. In 
order to take into account the main features of seismic ground motion, that is the “build-up” 
and the “die off” segments as well as a decreasing dominant frequency, the time-frequency 
modulating function ( )a t  proposed by Spanos and Solomos [9] is chosen: 

( ) expa t t t t (5) 

where t  is the Unit Step function. 
The N fully non-stationary artificial earthquakes are obtained by introducing in Eq. (4) the 

time-frequency modulating function ( , )a t   

,g 0
1

 ( ) ( , ) 2 sin ; 0
cm

i
i r r r f

r
t a t G t + t tu (6) 

The set of artificial fully non-stationary time-histories will not result spectrum-compatible; 
so this method defines a new spectrum compatible PSD, modifying the previous one, 0 ( )kG , 
with the term 0 ( )kG , that depends on the gap between the target spectrum and the average 

one 0( , )e kS : 
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with 0( , )s k  approximately posed equal to 0( , )k  and  
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If the difference between the target PSD and the modified one is more than 10%, depend-
ing on the recorded earthquake time history, iterative improvement of the power spectral den-
sity of the corrective term could be necessary for satisfying code provisions. To this aim the 
following iterative scheme is proposed 
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in which 2
0( , )j

eS  represents the mean response spectrum determined at the j-th iteration. In 

Eq. (10) 0 ( )jG  is the one-sided PSD function of the so-called “embedded” stationary coun-
terpart process; the fully non-stationary random process F t  is defined by the one-sided 
Evolutionary Power Spectral Density (EPSD) that can be expressed, in the Priestley [11] rep-
resentation, as the product between the modulating function and the PSD of the “embedded” 
stationary counterpart: 
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j
FF

FF
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Remarkably, via the proposed procedure spectrum compatible fully non-stationary earth-
quakes in agreement with code provisions can be simulated. The non-stationary behaviour 
relies on the recorded signal that would be chosen so as to reflect local geotechnical and seis-
mological characteristics. The spectrum compatible criteria are satisfied by the superposition 
of the corrective quasi-stationary Gaussian random process whose power spectral density 
have been determined through a handy recursive formula. 

3. EXPLICIT SOLUTIONS FOR THE NGSMs
In many cases of engineering interest the probabilistic assessment of structural failure is 

derived as a function of barrier crossing rates, distribution of peaks and extreme values. These 
quantities can be evaluated as a function of the so-called Non-Geometric Spectral Moments 
(NGSMs) [12,13,14] for non-stationary stochastic processes.   

Let’s assume a linear quiescent n-degree-of-freedom (n-DOF) classically damped structur-
al  system subjected  to  a  seismic  excitation  whose dynamic behavior is governed by the fol-
lowing equation of motion:  
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( ) ( ) ( ) gt t t u tMu Cu Ku M (12) 

where M, C, and K are the ×n n  mass, damping, and stiffness matrices of the structure; u(t) is 
the ×1n vector of displacements, having for i-th element ( )iu t ,  is the 1n  vector of spatial 
distribution of loads, gu t  is the zero-mean Gaussian spectrum-compatible fully non-
stationary ground motion acceleration process, and a dot over a variable denotes differentia-
tion with respect to time. The equation of motion can be uncoupled by applying the modal 
analysis because of the hypothesis of classically damped system; in order to achieve this aim 
is necessary to introduce the modal coordinate transformation: 

1 1

( ) ( ) ( )   ( ) ( )
m m

j j i i j j
j j

t t q t u t q tu q   (13) 

where  1 2 ... m  is the modal matrix, of order ×n m , collecting the m eigenvec-

tors j , normalized with respect to the mass matrix M , solutions of the eigenproblem: 

1 2 ;    T
mK M M I (14) 

In the previous equation  is a diagonal matrix collecting the undamped natural circular 
frequency j  and mI  is the identity matrix of order m. 

Once the modal matrix  is evaluated, by applying the modal coordinate transformations  
to Eq.(12), the j-th modal differential equation can be written as: 

2( ) 2 ( ) ( ) ( );  = , ;  1, , ; 1, , j j j j j j gjq t q t q t t j k k m mp u  (15) 

in which j is the modal damping ratio of the j-th modal oscillator and  

( ) T
j jtp M (16) 

is the so-called j-th participation factor. The structural systems are conceived and designed to 
survive to natural actions. If the excitations are modelled as random processes, the dynamic 
responses are random processes too, and the structural safety needs to be evaluated in a prob-
abilistic sense. Among the models of failure, the simplest one, which is also the most widely 
used in practical analyses, is based on the assumption that a structure fails as soon as the re-
sponse at a critical location exits a prescribed safe domain for the first time. The probability of 
failure, in this case, coincides with the first passage probability. In random vibration theory, 
the problem of probabilistically predicting this event is termed first passage problem. Unfor-
tunately, the solution of this problem has not been derived in exact form, even in the simplest 
case of the stationary response of a Single-Degree-of-Freedom (SDoF) linear oscillator under 
zero mean Gaussian white noise. In the framework of approximate methods, for zero-mean 
Gaussian non-stationary input, the evaluation of the so-called Non-Geometric Spectral Mo-
ments (NGSMs) is required [12-16]. Therefore the j-th NGSMs, , ( )

i ij u u t  ( 0,1,2i ), of the i-
th  nodal response, ( )iu t ,  are  given  as  a  function  of  modal  NGSMs,  , ( )j k t  ( 1...,, mk ), 
“purged” by participation factors, by the following relationships: 
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Notice that,  since the introduction of the one-sided PSD 0 ( )jG  (see Eq. (10)) the ground 
motion acceleration process gu t  is defined by the EPSD function obtained in Eq. (11). It 
follows that the response processes ( )iu t  is  a  complex  function.  Moreover,  it  has  to  be  em-
phasized that the zero-th NGSM, 0, ( )

i iu u t ,  and  the  second order  NGSM, 2, ( )
i iu u t , are real

functions that coincide with the covariance of the response in terms of displacement and ve-
locity, respectively; while the first order NGSM, 1, ( )

i iu u t , is a complex quantity whose real
part can be evaluated as the cross-covariance between the response process and the response 
velocity process of the same linear system subjected to a non-stationary input whose station-
ary counterpart  is proportional to its Hilbert transform. 

It is possible to evaluate the modal “purged” NGSMs in compact form as elements of the 
following pre-envelope covariance (PEC) matrix [15]:  

0, 1,* 
0 *

1, 2,0

( ) i ( )
( ) , , ( )d

i ( ) ( )
k kT j

k k
k k

t t
t t t G

t t
Y Y (18) 

where, for j=k, , the vector ,j tY represents the modal evolutionary frequency response 
vector function in  terms  of  state  variables  and  can  be  evaluated  in  closed  form  solutions  as  
recently proposed by the authors [16]. It has to be emphasized that, thanks’ to the proposed 
approach, the computation of any Hilbert transform is avoided.  

4. NUMERICAL APPLICATION
In this section in order to verify the accuracy of the proposed procedure the benchmark 

quiescent classically damped linear MDOFs [16] is analysed; this frame has a uniform story 
height 320 cmH  and a bay width 600 cmL ,  as  shown  in  Figure  7.  The  steel  columns  
are made of European HE340A wide  flange  beams with  moment  of  inertia  along  the  strong  
axis 427690 cmI . The steel material is modelled as linear elastic with Young’s modulus 

 200 GPaE . The beams are considered rigid to enforce a typical shear building behaviour. 
Under this assumptions, the shear-frame is modelled as a three DOF linear system. The frame 
described above is assumed to be part of a building structure with a distance between frames 

0 600cmL . The tributary mass per story, M, is obtained assuming a distributed gravity load 
of 28 kN/mq , accounting for the structure’s own weight, as well as for permanent and live 
loads, and is equal to  = 28800 kgM . The modal periods of the linear elastic undamped 
shear-frame are 1 2 30.376 s, 0.134 s and 0.093 sT T T , with corresponding effective 
modal mass ratios of 91.41%, 7.45% and 1.10%  respectively. The damping ratio 0.05  is 
assumed equal for the three modes of vibration.  
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Figure 5. Geometric configuration of benchmark three-storey one-bay shear-type frame. 

The benchmark structural model undergoes to a stochastic earthquake base excitation, 
modelled by a zero mean Gaussian spectrum-compatible fully non-stationary process. The 
target spectrum (see Fig. 3) is obtained following the EC8 instructions [17] selecting 

22.474 m / secga  as peak ground acceleration and for the type “C” of soil and a spectrum of 
type 1  the parameters 1,15S , 0, 2BT sec, 0,6CT  sec and 2,0DT  sec.  

The parameters selected for Spanos and Solomos [9] time- modulating function are: 
2

2

1 0.15 ; 2
2 225 15

(19) 

In Figure 6 the comparison between the stationary spectrum compatible PSD (see Eq. (1)) 
and the modified one, obtained through the iterative procedure (see Eqs. (7)-(10)) is shown; in 
Figure 7 the i-th artificial fully non-stationary time history (see Eq.(6)) is depicted.  

0 20 40 60 80 100
0
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)

Stationary spectrum compatible PSD
Modified spectrum compatible PSD

Figure 6. Spectrum compatible PSD, stationary (red line) and modified (black line) 
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Figure 7. i-th artificial fully non-stationary time-history 
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Figure 8. Comparison between the average mean frequency (black line) and the mean frequency of the proposed 
model (gray line) 

As shown in Figure 8 the proposed model is able to catch the time varying mean frequency, 
that follows the trend of the average real one. 

In Figure 9-11 the time histories of the relative to ground displacement NGSMs of the 
three floors are depicted; in order to verify the proposed procedure the time-variant NGSMs 
evaluated by the proposed analytical approach are compared with the ones obtained by Mon-
te-Carlo Simulation (MCS). To obtain the MCS results, 1000N  samples of input the ran-
dom  process  have  been  generated.  Notice  that  since  the  samples  of  the  input  stochastic
process, ( )iF t , are chosen in such a way that the input process, ( )F t , possess one-sided 
EPSD  function  (see  Eq.(11)),  the  input  non-stationary  process  has  to  be  a  complex  process  
having stationary counterpart of the imaginary part proportional to Hilbert transform of the 
real stationary counterpart part itself. It follows the “purged” NGSMs of the complex output 
process have to be evaluated by means of the following relationships: 
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where ( )i
kz t and ( )ix t  are  the  responses  of  the  dummy  oscillators,  whose  motion  is  gov-

erned by the differential equation (15), with the position 1jp , subjected to the forcing func-

tion Re ( )iF t  and Im ( )iF t , respectively. The generic sample of the forcing function

can be evaluated as: 

1

1

2Re ( ) 2 , sin ;
2

2Im ( ) 2 , cos .
2

c

c

m
i i

FF r r r
r

m
i i

FF r
r

F t G t t +

F t G t r r t +

(21) 

In Eq. (21) 0.1c cm  is the frequency increment; 100 rad / sc  is the adopted 

upper cut-off circular frequency; 1000cm  and i
r  are random phase angles uniformly dis-

tributed over the interval [0 2 ) . Notice that, in order to rightly apply Eq. (20), the samples 
of random phase angles have to be generated at the same time in Eq. (21).  
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Figure 9. Comparison between the time-variant histories of the 0, ( )
i iu u t  NGSMs  2m , of the three relative to 

ground floor displacements, by applying the proposed analytical solution and the Monte Carlo Simulation (MCS). 
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Figure 10. Comparison between the time-variant histories of the 2, ( )
i iu u t  NGSMs 2 2m s  , of the three relative 

to ground floor displacements, by applying the proposed analytical solution and the Monte Carlo Simulation 
(MCS). 
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Figure 11. Comparison between the time-variant histories of the 1,Re ( )
i iu u t  NGSMs 2m s  , of the three 

relative to ground floor displacements, by applying the proposed analytical solution and the Monte Carlo Simu-
lation (MCS). 

5. CONCLUSIONS
The probabilistic analysis of structural systems subjected to seismic excitations requires 

the  spectral  characterization  of  both  the  input  excitation  and  the  structural  response;  in  this  
paper the fully non-stationary spectrum compatible model has been adopted to define the 
ground motion acceleration process. Via this procedure, through a handy recursive formula, is 
it possible to simulate fully non-stationary earthquakes in agreement with code provisions. As 
results from the comparison with real recorded accelerograms, the proposed model is able to 
catch the time varying mean frequency together with the variation in time of the frequency 
content.  

Once the characterization of the ground motion acceleration is done, it is possible to ana-
lyze the safety of structural systems subjected to those excitations; in particular, the largest 
absolute value peak of stochastic response is a useful design information. In order to define 
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the statistics of the maximum of the stochastic response of structures, it is necessary to evalu-
ate the Non-Geometric Spectral Moments (NGSMs). 

In this paper, the validation of the proposed model is done by the comparison of the statis-
tics  of  structural  response  obtained  by  the  Monte  Carlo  Simulation  of  spectrum  compatible  
non-stationary accelerograms with the NGSMs evaluated in time domain by very handy for-
mulas, recently proposed by the authors. 
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Abstract. Fractional oscillators have been recently proposed as damping devices under the 
configuration of Fractional Tuned Mass Dampers (FTMD), realized by connecting an oscil-
lating mass to the primary structure through a viscoelastic link with inherent fractional con-
stitutive law. The characteristic tuning frequency for the FTMD has been identified with the 
Damped Fractional Frequency (DFF), defined as the frequency at which the squared abso-
lute value of the transfer function of the device attains its relative maximum. The definition of 
the DFF constitutes an interesting step towards the analysis of fractional oscillators in the 
frequency domain. In this paper, a simplified frequency domain approach is presented for the 
design of fractional oscillators subjected to stationary white noise. The analysis of the frac-
tional oscillator is performed by using an equivalent single degree of freedom system with 
linear viscous damping. The aim is to obtain a clear understanding of the physical dynamic 
effects of the variations in the fractional oscillator parameters, in terms of damping and natu-
ral frequencies. Moreover, the use of an equivalent system allows for the straightforward ap-
plications of stochastic analysis to determine an approximate closed-form expression of the 
response variance. 
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1 INTRODUCTION 
The theoretical basis for accurately modeling viscoelastic materials using concepts of frac-

tional calculus came into view starting from the beginning of the 20th century [1]. Since then, 
several researchers have used fractional integrals and derivatives to model the constitutive law 
of viscoelastic materials [2-5]. Due to the increased use of fractional models in physics and 
engineering applications, several approaches have been proposed to numerically represent 
fractional derivatives and integrals and to determine the motion of oscillatory systems with 
inherent fractional terms [6-9].  

Recently, the use of fractional oscillators configured as Fractional Tuned Mass Dampers 
(FTMD) has been proposed in [10-12]. In this context, a novel approach to the analysis of 
fractional systems has been proposed, leading to the definition of the Damped Fractional Fre-
quency (DFF). This different perspective on fractional dynamic systems, however, still re-
quires further in-depth analysis. In particular, in this paper, the same fractional oscillators are 
analyzed in the frequency domain by means of equivalent systems with linear viscous damp-
ing. The aim is to establish direct relationships between the parameters of the two systems 
(fractional and equivalent) in order to extend, to the fractional case, the use of the mathemati-
cal tools well-established for the case of linear viscous damping. In the following, the charac-
teristic parameters of the equivalent system are derived analytically from the parameters of 
the fractional one. Then, a numerical procedure is proposed for the solution of the inverse de-
sign problem, i.e. the calculation of the fractional system parameters for an assigned equiva-
lent system. Finally, the proposed tools are used to determine an approximate closed-form 
expression for the variance of the response of a fractional oscillator excited by a zero-mean 
Gaussian white noise. 

2 THE FRACTIONAL OSCILLATOR IN THE FREQUENCY DOMAIN 
In this paper, the term fractional oscillator refers to a single degree-of-freedom system 

composed by a mass m  connected to a fixed support by means of a viscoelastic link with 
fractional properties [10], as shown in Fig.1. In the hypothesis of small displacements of the 
mass and, therefore, linear behavior of the system, the dynamic equilibrium of the system can 
be expressed by the following equation of motion: 

      0
Cmx t C D x t F t

   (1) 

Figure 1: Fractional oscillator. 

In eq.(1), C  is the fractional damping coefficient. The elastic and viscous terms are re-
duced to a single fractional term through the Caputo’s fractional derivative of the displace-
ment of the mass: 

        0 0

1
1

tC D x t t t x t dt








 
    (2) 

where  .  is Euler’s Gamma function. By dividing eq.(1) for the mass m  of the system, the 
equation of motion can be rewritten in canonical form as: 
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      0
Cx t D x t f t   (3) 

where C m   and    f t F t m . The system in eq.(3) is characterized by the two pa-
rameters   and  .  

Due to the peculiar form of the equation of motion, the classic definition of natural and 
damped frequencies cannot be adopted. A novel formulation in the frequency domain has re-
cently been proposed in [10-12], based on the analysis of the transfer function of the fraction-
al oscillator: 

 
 2

1
fH

i


  

 

(4) 

From a critical examination of the square modulus of  fH  , depicted in Fig.2 in the pos-
itive frequency domain and for an arbitrary value of the coefficient   and various  , two be-
haviors of the fractional system can be distinguished with respect to a critical value c . In the 
first case ( c  ), the transfer function decreases monotonically, similarly to overdamped 
systems with linear viscous damping. However, if c  , a relative maximum is observed in 
the transfer function, i.e. the system exhibits a prevalent elastic resonant behavior. The critical 
value c  , corresponding to the case of transfer function with horizontal tangent flexure 
point, has been identified in [10] as 0.44c  . 

Figure 2: Fractional oscillator transfer function. 

For the case of dominant elastic dynamic behavior, the DFF of the system has been defined 
as the frequency at which the squared absolute value of the transfer function attains its (rela-
tive) maximum: 

 

1
2

f


 

 
   
 

(5) 

where the function     is expressed as: 

 
   

2

2 cos 2 cos 8
2 2

2

   
 



                (6) 
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The DFF has been determined by equating to zero the first derivative of the squared abso-
lute value of the transfer function in eq.(4), and the detailed algebra to achieve eqs.(5) and (6) 
can be found in [10].  

3 EQUIVALENT SYSTEM WITH LINEAR VISCOUS DAMPING 
In this section, an equivalent system is defined for the fractional system considered in the 

previous section. In the following, the term equivalent is used to identify a system with linear 
viscous damping and whose transfer function exhibits its peak at the same frequency and with 
the same magnitude of the fractional system. Indicating with 0  the natural frequency of the 
equivalent system and with   its damping coefficient, the transfer function  eH   of the 
equivalent system is defined as: 

  2 2
0 0

1
2eH
i


   


 

(7) 

Of course, different definitions of equivalent systems could be used, considering different 
criteria. Herein, the final aim is to achieve a better understanding of the effects of the varia-
tions of the parameters   and   of the fractional oscillator in terms of the equivalent parame-
ters 0  and  . Also, as shown in the next sections, such definition of equivalent system leads 
to an approximate closed-form equation for the evaluation of the variance of the response of 
the fractional system. 

To determine analytic relations between the parameters  ,   of the fractional system and 
the parameters  0 ,   of the equivalent system, two algebraic equations have to be consid-
ered. As already mentioned, the first condition required for the equivalent system is that the 
peaks in the transfer functions of the two systems occur at the same frequency. For the frac-
tional oscillator, this frequency has been identified as the DFF f , while for the equivalent 
system it is well-known that the peak of the transfer function occurs at the frequency 

2
0 1 2    [13]. Therefore, taking into account eq.(5), the first relation between the parame-

ters of the two systems can be written as: 

 

1
2

2
0 1 2

 
 

 
    

 
(8) 

The second condition given for the equivalent system is that the amplitudes of the transfer 
functions of the two systems at the previously indicated frequencies ( f  and 2

0 1 2  ) are 
the same, i.e.: 

   
2 22

0 1 2e f fH H      (9) 

By solving the system composed by the two eqs.(8) and (9) in the unknown 0  and 2 , 
four couple of solutions  2

0 ,   are obtained. Each solution describes the parameters 
 2

0 ,   as function of the parameters of the fractional oscillator  ,  . However, among the 
four possible solutions, only one returns both 0   and 2 0  . The latter leads to the fol-
lowing two relations: 

   

  

1
2

0

22 1 1
2

  
 

  





 
   
 

 

(10a,b) 

where the function     is defined as: 
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Figure 3: Transfer functions of fractional (continuous) and equivalent systems (dashed) reported in Table 1. 

     
1
42 2 cos 2

2
             

(11) 

and     is given in eq.(6). Hence, the equivalent damping coefficient   depends only on 
the parameter  , while the equivalent natural frequency 0  depends on both the fractional 
parameters  ,  . Fig. 3 shows the comparison among the transfer functions of three frac-
tional systems and their equivalent systems obtained by using eqs.(10). The three fractional 
systems are defined considering the same value for the parameter   and increasing values of 
  (with c  ). Values of these parameters and the natural frequencies and damping coeffi-
cients for the corresponding equivalent systems are reported in Table 1. As expected, the dif-
ferences between the transfer function of each fractional system and its equivalent one 
increase when larger values of   are considered, since the behavior of the fractional system 
shifts towards the pure viscous behavior when c  . 

2 sec        rad sec 

100 0.05  10.607  0.039  
100 0.20  12.802  0.158  
100 0.35  15.375  0.294  

Table 1: Fractional systems parameters and corresponding equivalent systems paramaters. 

4 DESIGN OF FRACTIONAL OSCILLATOR WITH ASSIGNED EQUIVALENT 
SYSTEM 

The determination of the equivalent system for a given fractional oscillator is quite 
straightforward by using eqs.(10) and (11). However, the inverse problem, that is to determine 
the fractional system parameters for a given equivalent system, is not as simple as the direct 
one. The non-trivial inverse problem can be described, in other words, as the design of the 
fractional oscillator parameters  ,  , so that its transfer function has maximum at an as-
signed frequency and with assigned amplitude. In principle, the exact solution of this problem 
would be obtained by using the inverse of eqs.(10). However, due to the nonlinearity of the 
function    , expressed in eq.(6), it has not be possible, at this stage, to determine the 
closed-form expression of  ,   for assigned parameters  0 ,  . In the following, a numer-
ical iterative procedure is proposed to obtain the value of   at first. Then,   can be easily 
obtained by means of the inverse of eq.(8). 
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At the i-th step of the iterative procedure a tentative value i  is obtained by taking ad-
vantage of eqs.(10) as:  

  22 2
1

1

2 1 22 arccos
2

i

i
i

 


 







    
 
 




   (12) 

where 1i 
  is the value of the function     at the step i-1. Then, by inserting i  into eq.(6), 

a new value i  is easily calculated: 

   
2

2 cos 2 cos 8
2 2

2

i i
i i i

i
i

   




    
            

   


 (13) 

The iterative procedure is terminated when the difference  1i i k     , with k  an arbi-
trary pre-assigned tolerance. If the convergence is not achieved, a new step is performed by 
going back into eq.(12); otherwise, i    . The initial value of the function     necessary 
to start the iterative procedure can be assumed 0 1  , since   1    for 0  . 

Once   is determined, the parameter   is easily obtained, by using the inverse of eq.(7), 
as: 

  2
2

0 1 2


    


    (14) 

A numerical example is reported in Table 2. The parameters 0 30   rad/sec and 0.1   
have been assigned for the target equivalent system. The i-th row of the table shows the val-
ues i  and i  at the i-th step, and the difference 1i i i        . The preassigned tolerance is 

610k  . The final values obtained for   and    are reported in the last row of the table. A 
comparison between the target equivalent system and the determined fractional oscillator is 
shown in Fig.4. It should be noted that, while the proposed procedure is extremely efficient 
for small  , it becomes unreliable for relatively large values of   (approximately 0.3  ) 
since, for this case, the values of i  in the first few steps become larger than c , violating the 
initial assumptions of the proposed approach. 

STEP i i i   2 sec   
1 0.129494 1.02408 2.408x10-2

2 0.127052 1.02310 9.777x10-4

3 0.127185 1.02315 5.272x10-5

4 0.127178 1.02315 2.815x10-6

5 0.127179 1.02315 1.504x10-7 586.282 

Table 2: Inverse design problem by numerical iterative procedure. 
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Figure 4: Transfer functions of equivalent target system (red dashed line) and fractional systems (black continu-

ous line) reported in Table 2. 

5 VARIANCE OF THE DISPLACEMENTS OF A FRACTIONAL OSCILLATOR 
EXCITED BY A WHITE NOISE  

In this last section, let us consider a fractional oscillator excited by a zero-mean Gaussian 
white noise process. Due to the linearity of the system, a unitary one-sided Power Spectral 
Density function can be considered for the white noise process, without loss of generality. 
Then, the variance of the displacements of the fractional system is obtained as the integral in 
the frequency domain, between zero and infinity, of the absolute value of the transfer function 

 fH  : 

   22

0f fH d  


    (15) 

Although the integral can be evaluated numerically, an analytic solution cannot be easily 
determined, due to the fractional nature of the transfer function  fH  . The aim of this sec-
tion is to provide an approximate closed-form expression of 2

f  by taking advantage of the 
equivalent system definition proposed in the previous sections. 

A first approximation of 2
f  can be computed in closed-form as the variance of the dis-

placements of the equivalent system 2
e  [14]: 

      
22

30
04 ,e eH d

  
    


    (16) 

where  0 ,    and     can be determined by using eqs.(10). Fig. 5 shows the comparison 
between the value of 2

f  determined by numerically computing the integral in eq.(15) and 2
e  

evaluated by eq.(16), for 2100sec   and   varying in the range 0 c   . As already 
observed for the transfer functions of the two systems, the discrepancy between the displace-
ment variances increases with  , while the two values coalesce when 0  . 
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Figure 5: Variances of the displacements of fractional (continuous line) and equivalent system (dashed line). 

A significant function of   is represented by the ratio of the displacement variances of the 
two systems: 

       
3

202 2

0

4 ,
f e fR H d

    
    




     (17) 

and it is shown in Fig. 6. It has been observed, by numerical simulation, that actually this 
function is independent of  . Although at this stage an exact expression of the function 
 R   has not been determined, the following 5th order polynomial form is herein proposed: 

  5 4 3 215.657 7.822 2.47 1.616 0.508 1R               (18) 

The coefficients of this polynomial form have been obtained by fitting the curve shown in 
Fig. 6. Finally, taking advantage of  eqs.(17), the variance of the fractional system can be de-
termined in approximate closed-form as: 

 
   

2
3
04 ,f

R 


    
 (19) 

Figure 6: Ratio of the response variances of fractional and equivalent system. 
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Therefore, 2
f  can be obtained as the variance of the displacements of a single-degree-of-

freedom system having natural frequency  0 ,   , to be determined by eq.(10a), and a mod-
ified damping factor    R   , to be determined by eq.(10b) and eq.(18) and dependent 
only on  . To highlight the degree of approximation entailed by the use of eq.(19), the fol-
lowing error function has been defined: 

  
2 2

2
f f

f

e
 








  (20) 

where 2
f  is determined by numerically computing the integral in eq.(15), while 2

f  is ob-
tained by eq.(20). The error function  e   is depicted in Fig. 7; it can be observed that using 
the proposed polynomial approximation for the function  R  , the maximum error in the 
computation of 2

f  is about 0.15% when   approaches the critical value c . 

 
Figure 7: Error committed using eq.(19) with respect to the variance obtained by numerical integration. 

6 CONCLUSIONS 
A novel approach to the analysis of single degree-of-freedom fractional systems with dom-

inant elastic dynamic behavior has been proposed, by defining an equivalent system with lin-
ear viscous damping. The latter is determined under the condition that the transfer functions 
of the two systems (fractional and equivalent) exhibit their peaks at the same frequency and 
with the same magnitude.  

First, the direct design problem has been considered, i.e. to determine the equivalent sys-
tem natural frequency and damping coefficients for an assigned fractional system. Closed-
form relations between the parameters of the two systems have been rigorously derived, 
showing that only the equivalent natural frequency 0  depends on both fractional parameters, 
while the equivalent damping coefficient depends only on the fractional derivative order  . 

Then, the inverse design problem has been analyzed, i.e. to determine the fractional system 
parameters for a given equivalent system. This is equivalent to design a fractional oscillator 
whose transfer function has a maximum for an assigned frequency and with assigned ampli-
tude. Although for this case an analytical solution has not been provided, a numerical iterative 
procedure to determine the fractional parameter has been proposed. 

Finally, the proposed mathematical tools have been used to determine an approximate 
closed-form for the variance of the displacements of the fractional oscillator excited by a ze-
ro-mean stationary Gaussian white noise. It has been shown that the maximum error commit-
ted with the proposed formulation is 0.15% with respect to the value obtained by direct 
numerical integration of the transfer function of the fractional system. 

This paper constitutes a preliminary study of fractional systems under a new perspective; 
the authors are actively working to extend the proposed procedure to multi-degree-of-freedom 
systems and to overcome the limits imposed by the approximations related to the numerical 
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approaches. The use of more sophisticated state-space viscoelastic models, e.g. the general-
ized Maxwell model and the Laguerre Polynomial Approximation [15] for the equivalent lin-
ear system will also be investigated. 
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Abstract. The present paper deals with reliability assessment of linear structures with uncer-
tain parameters subjected to seismic excitations modeled as stationary spectrum compatible 
random Gaussian processes. Structural uncertainties are described by applying the interval 
model, stemming from the interval analysis. Under the Vanmarcke assumption that the up-
crossings of a specified threshold occur in clumps, an efficient procedure for the evaluation of 
the bounds of the interval reliability function of the generic response process is presented. The 
key idea is to consider the interval reliability function as depending on the zero-, first- and 
second-order interval spectral moments of the stationary response rather than on the interval 
structural parameters. This allows to determine the bounds of the interval reliability function 
for a given barrier level as the minimum and maximum among the values pertaining to the 
eight combinations of the bounds of the interval spectral moments of the response. The effec-
tiveness of the proposed approach lies in the evaluation of the bounds of the interval spectral 
moments of the response in approximate explicit form. To this aim, the so-called Interval Ra-
tional Series Expansion is applied in conjunction with the improved interval analysis.  

For validation purposes, numerical results concerning the region of the interval reliability 
function of a spatial structure with interval stiffness properties subjected to stationary spec-
trum compatible seismic excitation are presented. 
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1 INTRODUCTION 

Real structures are design to fulfill prescribed safety requirements under environmental 
loads, such as earthquake ground motion, sea waves or gusty winds, commonly modeled as 
random processes. Uncertainties affecting structural parameters play a crucial role in reliabil-
ity assessment of randomly excited structures. Over the past decades, well-established prob-
abilistic methods have been developed to analyze the effects of uncertainties on structural 
performance. The main drawback of traditional probabilistic approaches is the high sensitivity 
of the probabilities of failure to small variations of the assumed probabilistic models [1,2]. 
This implies that the credibility of reliability estimates becomes questionable when available 
data are insufficient to build reliable probabilistic distributions of the uncertain parameters.  

After the pioneering study by Ben-Haim [1], who first introduced a non-probabilistic con-
cept of reliability, the application of non-traditional uncertainty models to structural safety 
assessment has increasingly spread (see e.g. [3-6]). Among these approaches, the interval 
model, originally developed on the basis of the interval analysis [7], turns out to be very use-
ful for handling non-deterministic properties described by range information only. To the best 
of the authors’ knowledge, available contributions in the field of non-probabilistic reliability 
analysis mainly focus on static problems, whereas only a few papers deal with the reliability 
assessment of randomly excited structures (see e.g. [8-10]). 

This study presents an efficient non-probabilistic procedure for reliability analysis of linear 
structures with uncertain parameters subjected to seismic excitations modeled as stationary 
Gaussian spectrum compatible random processes. Structural uncertainties are represented as 
interval variables according to the interval model. The probability of failure is identified with 
the first passage probability, under the Vanmarcke assumption that up-crossings of a specified 
threshold occur in clumps [11]. The reliability function of a selected response process turns 
out to be an interval function. In particular, it is conveniently considered as depending on 
three interval quantities, say the interval spectral moments of the response of zero-, first- and 
second-order. Then, for a given barrier level, the bounds of the interval reliability function are 
determined as the minimum and maximum among the values of the reliability function corre-
sponding to all possible combinations of the endpoints of the interval spectral moments, say 

32 . The bounds of the interval spectral moments are evaluated in approximate explicit form 
by applying the improved interval analysis [12] combined with the Interval Rational Series 
Expansion (IRSE) for deriving the explicit approximate inverse of an interval matrix with 
small rank r modifications. The proposed approach thus allows a drastic reduction of the 
computational effort required by the classical combinatorial procedure, known as vertex 
method. Indeed, for a structure with r  interval parameters, the vertex method involves 2r  re-
liability analyses, as many as are the combinations of the endpoints of uncertainties. Con-
versely, the proposed approach requires: i) to determine the bounds of the interval spectral 
moments of the response; ii) to evaluate the reliability function corresponding to the 32  com-
binations of the bounds of the interval spectral moments of the response and then seek the 
minimum and maximum for a given barrier level. 

For validation purpose, a spatial frame with interval Young’s moduli under spectrum com-
patible seismic excitation is analyzed. The proposed bounds of the interval reliability function 
are compared with the ones provided by the vertex method. 

2 FORMULATION OF THE PROBLEM 

Let us consider an idealized multi-storey building with rigid floor diaphragms where the 
floor masses are lumped. The lateral resistance is provided by resisting frames in the x and y 
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directions. The structure has three degrees of freedom (DoF) for each floor: two translations 
along the x and y axes and a rotation around the vertical axis placed in the origin O of the ref-
erence system, which is assumed the same for each floor.  

Let the building be subjected to a horizontal ground acceleration g( )u tɺɺ  modelled as a sta-

tionary spectrum compatible zero-mean Gaussian stochastic process, fully characterized from 
a probabilistic point of view by the one-sided power spectral density (PSD) function 

g g
( )u uG ωɺɺ ɺɺ . Practically, it is assumed that the input PSD function is compatible with the elastic 

target pseudo-acceleration spectrum ( )eS T . The line of action of ground acceleration is de-

fined by the angle gβ  between the epicentral direction and the x  axis. Furthermore, the stiff-

ness properties of the structure are assumed uncertain and are represented as interval variables 
according to the interval model of uncertainty. 

Under the previous assumptions, the equations of motion of the linear quiescent n-floor 
building read:  

( , ) ( ) ( , ) ( ) ( , ) ( )I I I I I
gt t t u t+ + = −Mu C u K u Mɺɺ ɺ ɺɺα α α α α τα α α α α τα α α α α τα α α α α τ  (1) 

where the apex I characterizes the interval variables; Iαααα  is the interval vector collecting the r  
dimensionless interval parameters modelling the fluctuations of the stiffness properties around 
their nominal values; M , ( )IC αααα , and ( )IK αααα  are the inertia, damping, and stiffness matrices 

of the structure; { }TT T T( , ) ( , ) ( , ) ( , )I I I I
x yt t t tθ=u u u uα α α αα α α αα α α αα α α α  is the vector of floor displace-

ments relative to the ground, collecting the n translational components in the x and y direc-
tions, ,x ju  and ,y ju , respectively, and the n rotational components around the vertical axis, 

, juθ , ( )1,2, ,j n= … ; a dot over a variable denotes differentiation with respect to time t  and

the apex T means transpose matrix; finally, ττττ  is the 3n  array listing the influence coefficients 
of the ground shaking. The Rayleigh model is herein adopted for the interval damping matrix, 
i.e.:

0 1( ) ( )I Ic c=C α M + K α (2) 

where 0c  and 1c  are the Rayleigh damping constants having units 1s−  and s , respectively. 

Denoting by IR the set of all closed real interval numbers, the dimensionless uncertain 

parameter vector is a bounded set-interval vector of real numbers, [ ],I r∈α α α≜ IR , such that

≤ ≤α α α . The symbols α  and α  denote the lower bound (LB) and upper bound (UB) 

vectors. By applying the interval algebra formalism, the i-th element of the interval vector Iα
can be defined as [ ],I

i i iα α α≜ , where I
iα ∈ IR , iα  and iα  are the LB and UB of the i-th 

fluctuation, respectively. According to the so-called improved interval analysis [12], the 
dimensionless fluctuation of the i-th uncertain parameter 0, (1 )I

i i id d Ια= +  around its nominal 

value 0,id  can be represented by the following symmetric interval variable: 

( )0, ˆ ˆ ,  1,2,...,I I I
i i i i i ie e i rα α α α= + ∆ = ∆ = (3) 

where ˆ [ 1, 1]I
ie − +≜  is the EUI associated to I

iα  and 
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( ) ( )0,

1 1
=0; 0

2 2i i i i i iα α α α α α= ∆ = >+ −+ −+ −+ −   (4a,b) 

denote the midpoint value (or mean) and the deviation amplitude (or radius), respectively. To 
assure physically meaningful values of the uncertain structural properties, the deviation 
amplitudes iα∆  must satisfy the conditions 1iα∆ < . 

According to the interval symbolism, a generic interval-valued function f  and a generic 

interval-valued matrix function A  of the interval vector I
α  will be denoted in equivalent 

form, respectively, as: 

[ ]
[ ]

( ) ( ), , ;

( ) ( ), , .

I I I

I I I

f f f≡ ⇔ ∈ =

≡ ⇔ ∈ =

α α α α α α

A A α A α α α α α
(5a,b) 

3 FREQUENCY DOMAIN ANALYSIS 

The interval random response process of linear structures with uncertain-but-bounded pa-
rameters under zero-mean stationary stochastic Gaussian excitation is completely character-
ized in the frequency domain by the one-sided interval PSD function matrix, ( , )I ωuuG α . By 

applying interval extension, such matrix is given by the following relationship [13]: 

[ ]
g g

* T T( , ) ( ) ( , ) ( , ), ,I
u uGω ω ω ω= ∈ =uuG α H α p p H α α α α αɺɺ ɺɺ (6) 

where = −p M τ , the asterisk means complex conjugate and ( , )I ωH αααα  is the interval fre-
quency response function (FRF) matrix (also referred to as transfer function matrix), defined 
as follows: 

12( ) ( , ) jI I I Iω ω ω ω
−

 ≡ = − + + H H α M C K (7) 

where j 1= −  denotes the imaginary unit. Recently, the authors [14, 15] proposed a proce-
dure for evaluating the interval FRF matrix and the associated statistics of the interval sta-
tionary response in approximate explicit form. This procedure relies on the use of a novel 
series expansion, called Interval Rational Series Expansion (IRSE), which provides an ap-
proximate explicit expression of the inverse of an invertible interval matrix with a rank-r 
modification. In order to derive the IRSE, it is observed that the interval stiffness matrix IK  
of a linear elastic structure can always be expressed as a linear function of the uncertain pa-
rameters. Based on this observation, the interval stiffness and damping matrices can be ex-
pressed as: 

0 0 1
1 1

ˆ ˆ;  
r r

I I I I
i i i i i i

i i

e c eα α
= =

= + ∆ = + ∆∑ ∑K K K C C K  (8a,b) 

where 

0 0 0 1 0

( )
( ) ;  ; .i

i

c c
α=

∂= = +
∂α 0

α 0

K α
K K α K C = M K

====

 (9a-c) 

In the previous equations, 0K  and 0C  denote the stiffness and damping matrices of the nomi-

nal structural system, which are positive definite symmetric matrices of order 3 3n n× ; iK  are 
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positive semi-definite symmetric matrices of order 3 3n n×  and rank ip ; iα∆  is the dimen-

sionless deviation amplitude of the i-th uncertain parameter satisfying the condition 1iα∆ < . 

The starting point to derive the IRSE is the decomposition of the 3 3n n×  matrix iK  in Eq. 

(9b) as sum of rank-one matrices, i.e.:  

( ) ( ) ( ) ( ) ( )
0

1

;   
ip

T
i i i i i iλ

=

= =∑K v v v K ψ
ℓ ℓ ℓ ℓ ℓ

ℓ

(10a,b) 

( )
iψ
ℓ  and ( )

iλ ℓ  being the ℓ -th eigenvector and the associated eigenvalue, solutions of the fol-

lowing eigenproblem: 

( ) ( ) ( )
0 ,      ( 1, , ;  1, , ).i i i i ii r pλ= = =K ψ K ψ

ℓ ℓ ℓ
… ℓ …  (11) 

The eigenvalues ( )
iλ ℓ  are real positive numbers. Furthermore, the eigenvectors ( )

iψ
ℓ  are as-

sumed to satisfy the orthonormalization condition: 

( ) ( ) ( )1 2T
0 ; ,i

i

p
i i p i i i i

 = = ⋅ ⋅ ⋅ Ψ K Ψ I Ψ ψ ψ ψ (12) 

so that the following relationship holds: 

( ) ( ) ( )1 2T ;   Diag , , .ip
i i i i i i i iλ λ λ = =  Ψ K Ψ Λ Λ … (13) 

Notice that only 3ip n<  eigenvalues are different from zero and the generic term ( ) ( ) ( )T
i i iλ v vℓ ℓ ℓ

of the summation in Eq. (10a) provides a rank-one matrix. Based on the above decomposition 
of the matrix iK , the interval FRF matrix (7) takes the following form: 

1

1 ( ) ( ) ( )
0

1 1

ˆ( ) ( ) ( )
ipr

I T I
i i i i i

i

p eω ω ω λ α
−

−

= =

 
= + ∆ 
 

∑∑H H v vℓ ℓ ℓ

ℓ

(14) 

where 0( )ωH  is the FRF matrix of the nominal structural system and 1( ) 1 jp cω ω= + . No-

tice that the deviation with respect to the inverse of the nominal FRF matrix, 1
0 ( )ω−H , is ex-

pressed as sum of ir p×  matrices of rank one. Then, the IRSE truncated to first-order terms 

gives [15]: 

( )

0 mid dev( )
1 1

ˆ( )
( ) ( ) ( ) ( )+ ( )

ˆ1+ ( ) ( )

ip Ir
I Ii i i

iI
i i i i i

p e

p e b

ω λ αω ω ω ω ω
ω α λ ω= =

∆≈ − =
∆∑∑H H B H H

ℓ

ℓℓ
ℓ ℓ

 (15) 

with 
( ) ( ) ( ) ( )

0 0 0( ) ( ) ;   ( ) ( ) ( ).T T
i i i i i ib ω ω ω ω ω= = v H v B H v v Hℓ ℓ ℓ ℓ

ℓ ℓ
  (16a,b) 

Equation (15) provides the interval FRF matrix as sum of the midpoint, mid( )ωH , plus the 

interval deviation, dev( )I ωH , matrices given, respectively, by: 

mid 0 0,
1 1

dev
1 1 1

( , ) ( ) ( ) ( );

ˆ ˆ( ) ( ) ( ) ( )

i

i

pr

i i
i

pr r
I I I

i i i i i
i i

a

a e e

ω ω ω ω

ω ω ω ω

= =

= = =

= +

= ∆ =

∑∑

∑∑ ∑

H H B

H B R

ℓ ℓ

ℓ

ℓ ℓ

ℓ

αααα
(17a,b) 
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with 

1

( ) ( ) ( )
ip

i i iaω ω ω
=

= ∆∑R B
ℓ ℓ

ℓ

(18) 

and 
2( ) ( )

0, 2 2( ) ( )

( ) ( ) ( )
( ) ;   ( )

1 ( ) ( ) 1 ( ) ( )

i i i i i
i i

i i i i i i

p b p
a a

p b p b

ω λ α ω ω λ αω ω
ω λ α ω ω λ α ω

 ∆ ∆ = ∆ =
   − ∆ − ∆   

ℓ ℓ
ℓ

ℓ ℓ
ℓ ℓ

ℓ ℓ

(19a,b) 

where the argument iα∆  of the functions 0, ( )ia ω
ℓ  and ( )ia ω∆

ℓ  is omitted for the sake of con-

ciseness. The IRSE in Eq. (15) holds if and only if the conditions ( )( ) ( ) 1i i ip bω α λ ω∆ <ℓ

ℓ  are 

satisfied, where the symbol • means modulus of • .

As known, the generic response quantity of practical interest, ( , )Y tα , can be determined 
from the displacement vector ( , )tu α  by means of the following relationship:  

[ ]T T T
g( , ) ( , ) ( , ) ( , ) ( , ) ( ) ,     ,IY t t Y u tω ω ω= ⇒ = = ∈ =α q u α α q U α q H α p α α α αɺɺF  (20) 

where q  is a vector collecting the combination coefficients relating the response process 

( , )Y tα  to ( , )tu α ; ( , )ωU α  and g( )u tɺɺF  are the Fourier Transform of the displacement 

vector ( , )tu α  and ground acceleration ( )gu tɺɺ , respectively. Depending on the selected 

response quantity, ( , )Y tα , the vector q  may depend on the uncertain parameters; such 
dependency is here omitted for the sake of brevity. 

The interval spectral moments of order ℓ  of the interval random response process 
( , )IY tα , useful for structural reliability evaluation, can be computed as [10]: 

{ } { } [ ]

T
,

0 0

, ,

( ) ( , )d ( , )d

ˆmid ( ) dev ( ) , , ;    0,1, 2

Y YY

I
Y Y

Gλ ω ω ω ω ω ω

λ λ

∞ ∞

= =

= + ∈ = =

∫ ∫ uuα q G α q

α α α α

ℓ ℓ

ℓ

ℓ ℓ
ℓ

αααα

α α  α α  α α  α α  
(21) 

where T( ) ( , ) ( )I I I
Y Y Y YG Gω ω ω≡ = uuα q G q  is the interval PSD function of ( , )IY tα . Substitut-

ing the approximate interval FRF matrix, ( )I ωH , given by Eq. (15) into Eq.(6) and then the 

resulting PSD function matrix ( )I ωuuG  into Eq. (21), the following expressions of the LB and 

UB of the interval spectral moments of the random process ( , )IY tα  are obtained: 

{ } { }, , , , , ,
ˆ ˆ( ) mid ( );   ( ) mid ( ),   0,1, 2I I

Y Y Y Y Y Yλ λ λ λ λ λ= − ∆ = + ∆ =
ℓ ℓ ℓ ℓ ℓ ℓ

ℓα α α αα α α αα α α αα α α α   (22a,b) 

where 

g g

T * T T * T T
, mid mid

1 0

ˆ ( ) ( ) ( , ) ( ) ( ) ( , ) d .
r

Y u u i i
i

Gλ ω ω ω ω ω ω ω
∞

=

 ∆ = + ∑ ∫α q H α p p R R p p H α qℓ

ɺɺ ɺɺℓ  (23) 

The over hat in Eqs. (21) - (23) means that, in order to simplify interval computations, terms 
associated with powers of iα∆  greater than one are neglected [10].  
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4 INTERVAL RELIABILITY FUNCTION 

The probability of failure, for structural systems subjected to stochastic excitations, is 
commonly identified with the first passage probability, i.e. the probability that the extreme 
value random process, max( , )Y Tα , for the generic structural response process of interest, 

( , )Y tα , (e.g. displacement, strain or stress at a critical point), firstly exceeds the safety 
bounds within a specified time interval [0, ]T . For a structure with uncertain-but-bounded pa-
rameters, the extreme value random process, over a time interval [0, ]T , is mathematically 
defined as: 

[ ]max
0

( , ) max ( , ) , ,I

t T
Y T Y t

≤ ≤
= ∈ =α α α α α α (24) 

where the symbol | |•  denotes absolute value. The cumulative distribution function (CDF) 

max
( , , )YL b Tα  of the extreme value random process, max( , )Y Tα , also called reliability function, 

represents the probability that max( , )Y Tα  is equal to or less than the barrier level b  within the 

time interval [0, ]T . By applying interval extension to the reliability function obtained by 
Vanmarcke [11] for zero-mean stationary narrow band processes, the following expression of 
the interval reliability function ( )

max
,I

YL b T  is obtained: 

( ) ( )

( )

max

max

1.22,
max

0, 0,

0, 1, 2,

1 π
, ( ) exp exp

π 2

, ; , ,

I
YI I I

Y YI I
Y Y

I I I I
Y Y Y Y

L b T Y T b T b

L b T

λ
δ

λ λ

λ λ λ

  
  = ≤ ≈ − −      

≡

P
(25) 

where unitary initial interval probability is assumed and I
Yδ  denotes the bandwidth interval 

parameter defined as [11]: 

( )2

1,

0, 2,

1 .
I

YI
Y I I

Y Y

λ
δ

λ λ
= −  (26) 

Within the interval framework, the aim of reliability analysis is to evaluate the LB and UB 
of the interval reliability function, ( )

max
,I

YL b T , for the selected extreme value random process, 

( )
max

,I
YL b T . Since the interval CDF, ( )

max
,I

YL b T , is a monotonic function of the generic uncer-

tain parameter I
iα , its exact bounds can be determined by applying a combinatorial proce-

dure, known as vertex method, which requires to evaluate the reliability function of the 
selected extreme value process, max( , )Y Tα , for all the combinations of the bounds of the r

uncertain parameters Iiα , say 2r , and then take, for a fixed barrier level b , the maximum and 

minimum value among all the CDFs so obtained. Unfortunately, this method becomes pro-
hibitive for real-sized structures involving a large number of uncertainties. 

The key idea of the proposed approach is to consider the interval reliability function as de-
pending on three interval parameters, say 0,

I
Yλ , 1,

I
Yλ  and 2,

I
Yλ  rather than on the r  interval 

variables I
iα . This provides substantial computational savings since the bounds of the interval 

CDF can be evaluated by a combinatorial approach performing only 32  evaluations of the 
CDF corresponding to all possible combinations of the bounds of the three intervals 0,

I
Yλ , 1,

I
Yλ
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and 2,
I

Yλ , defined in explicit form by Eqs. (22a,b). Specifically, the bounds of the interval re-

liability function, ( )
max

,I
YL b T , can be evaluated as follows: 

( ) ( ) ( ) ( )
max max max max0, 1, 2, 0, 1, 2,

0, 0, 0, 0, 1, 1, 1, 1, 2, 2, 2, 2,

, min , ; , , ;   , max , ; , ,

subject to 

[ , ],  [ , ],  [ , ].

Y Y Y Y Y Y Y Y Y Y

I I I
Y Y Y Y Y Y Y Y Y Y Y Y

L b T L b T L b T L b Tλ λ λ λ λ λ

λ λ λ λ λ λ λ λ λ λ λ λ

= =

∈ = ∈ = ∈ =

(27) 

It is worth emphasizing that the described procedure requires only knowledge of the 
bounds of the interval spectral moments of the response process. 

5 NUMERICAL APPLICATION 

The effectiveness of the proposed procedure is assessed by analyzing the ten-storey spatial 
frame structure depicted in Fig.1 subjected to seismic excitation.  

The seismic excitation is modelled here as a zero-mean stationary spectrum compatible 
Gaussian random process fully characterized from a probabilistic point of view by the one-
sided PSD function 

g g
( )u uG ωɺɺ ɺɺ . The geometrical properties of the structure are reported in Fig. 

1 and Table 1. The mass of each floor is 360000 KgM = . Ten uncertain parameters are con-
sidered, namely, the Young’s moduli of columns a  and b  on the first, second, third, ninth 
and tenth floor, which exhibit interval fluctuations Iiα  around the nominal value 

10 2
0 2.5 10  N/mE = × , i.e. 0 ˆ(1 ),I I

i i iE E eα= + ∆  ( 1,2, ,10)i = … . The values 0 0.22015c = 1s−  

and 1= 0.01048c  s of the Rayleigh damping constants have been assumed in such a way that 

the modal damping ratio for the first and second modes of the nominal structure is 0 0.05ζ = . 

The one-sided PSD of ground motion acceleration can be written in discretized form as: 

 
2 1

0
2

10 1 0

4 (2 )
( ) ( )

4 ( , )g g g g

k
e k

u u k u u j
jk k U k

S
G G

−

=−

 
= − ∆ −  

∑ɺɺ ɺɺ ɺɺ ɺɺ

ζ π ωω ω ω
ω π ζ ω η ω ζ

  (28) 

where 0 0.05ζ =  is the damping ratio, ( )2e kS π ω  is the target spectrum with k kω ω= ∆  

( 0.01ω∆ = ) and cut-off frequency 100 rad sf =ω ; 0( , )U kη ω ζ  and Uδ  are the peak factor and 

bandwidth factor, respectively expressed as: 

( ) ( )1 11.2
0

1
2 2

0
2 2
0 0

( , ) 2ln ln0.5 1 exp ln ln0.5 ;

1 2
1 1 arctan

1 1

s k s k
U k U

U

T Tω ωη ω ζ δ π
π π

ζδ
ζ π ζ

− −
     = − − − −    

       

  
  = − −

  − −  

 (29a,b) 
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with time window 20sT =  s. The target spectrum ( )2e kS π ω  follows the Italian building 

code [16] and the parameters representing characteristics of the soil condition and of the 
structure are selected as 01, 1, 0.237 ,  2.411, 0.1203s, 0.361sg B CS a g F T T= = = = = =η and 

4 ( 1)D gT a g= + . 
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Figure 1: Ten-storey frame structure: a) 3D model and b) plan view. 

Floor Columns:a,b,c,d,e,f,g,h,i Column:l

1-2

3-4

5-6

7-10

30 x 80 cm

30 x 70 cm
30 x 60 cm
30 x 50 cm

30 x 100 cm

30 x 90 cm
30 x 80 cm
30 x 70 cm

Table 1: Cross section of the columns for each floor. 

The accuracy of the proposed approximate explicit expression of the CDF, 
max

( ; )YL b T , of 

the extreme value random process, max( )Y T  (see Eq.25) obtained by applying the IRSE is first 

demonstrated. Figure 2 displays the comparison between the exact and approximate CDF of 
the extreme value process, max 1 maxxY U= , of the horizontal displacement of the centre of grav-

ity of the first floor evaluated setting the interval Young’s moduli 0 ˆ(1 )I I
i i iE E eα= + ∆  of the 

involved columns a and b at their upper bounds, that is ˆ 1I
ie = + , with 0.15iα∆ =  

)a

)b

337



G. Muscolino, R. Santoro and A. Sofi 

( 1,2, ,10)i = … . In the same figure, the CDF pertaining to the nominal structure ( 0iα∆ = ) is 

also depicted. It is worth noting that the proposed analytical expression in Eq.(25) provides 
very accurate estimates of the extreme value CDF even for relatively large uncertainty levels, 
at least for the selected case study. 

( )
1 max

,
xUL b T

ˆ( 1 )I
iExact e i= ∀

ˆ( 1 )I
iProposed e i= ∀

Nominal

b

ˆ( 1 )I
iExact e i= ∀

ˆ( 1 )I
iProposed e i= ∀

Nominal

0.15α∆ =

Figure 2: Comparison between the proposed and exact CDF of the extreme value process ( ) ( )max 1 max
I I

xY T U T=
of the horizontal displacement of the centre of gravity of the first floor evaluated setting the interval Young’s 

moduli of the involved columns a and b at their upper bounds, i.e., 0ˆ 1, 1,2, ,10 ( 1000 )I
ie i T T= + = =…  

( )
1 max

,
x

I
UL b T

UB

LB

Exact

Proposed

Nominal

b

Figure 3: Comparison between the exact and proposed UB and LB of the CDF of the extreme value process 

( ) ( )max 1 max
I I

xY T U T=  of the horizontal displacement of the centre of gravity of the first floor with interval 

Young’s moduli 0 ˆ(1 )I
i i iE E eΙ α= + ∆ for 00.15 for 1,2, ,10  ( 1000 )i i T Tα∆ = = =…

Assuming that the uncertain parameters are bounded by intervals i.e. 0 ˆ(1 )I
i i iE E eΙ α= + ∆ , 

( 1,2, ,10)i = … , with deviation amplitudes 0.15iα α∆ = ∆ = , the accuracy of the proposed 

estimates of the bounds of the CDF of the extreme value process ( )max
IY T  is now analyzed. 
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The attention is again focused on the displacement component along the x -direction of the 
centre of gravity of the first floor, i.e. ( ) ( )max 1 max

I I
xY T U T= . In Fig. 3, the UB and LB of the 

reliability function, ( )
1 max

,
x

I
UL b T , obtained by applying Eqs.(27a,b) are compared with the ex-

act bounds evaluated following the philosophy of the vertex method. As shown in the figure, 
the excellent agreement between the estimates of the UB and LB confirms the validity of the 
proposed procedure. 

6 CONCLUSIONS 

Reliability analysis of linear structures with interval structural parameters subjected to 
seismic excitations modelled as spectrum compatible stationary Gaussian random processes 
has been addressed. Under the Vanmarcke assumption that up-crossing of a specified thresh-
old occur in clumps, an efficient procedure for evaluating the bounds of the interval reliability 
function of the generic response process has been presented. The main feature of the proposed 
approach is that only knowledge of the bounds of the first three interval spectral moments of 
the response is required. Furthermore, such bounds are evaluated in approximate explicit form 
by applying the so-called Interval Rational Series Expansion in conjunction with the Im-
proved Interval Analysis. Numerical results concerning a spatial frame with uncertain 
Young’s moduli subjected to spectrum compatible seismic excitation have demonstrated the 
accuracy of the proposed procedure.  
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Abstract. Galloping is an aeroelastic phenomenon typical of slender structures that can 
produce large-amplitude oscillations in cross-flow direction. Several structures typical of civil 
and mechanical engineering applications, e.g. cables and bracings exposed to a flow, may be 
prone to galloping and their reliability depends on the correct estimation of the critical condi-
tions for which this instability can occur. Usually, the instability condition is characterized in 
terms of critical flow velocity, which depends on the aerodynamic behavior of the structure, as 
well as on its mechanical properties. 

The critical velocity can be estimated, indirectly, from aerodynamic tests involving force or 
pressure measurements on static bodies or on rigid structures oscillating according to a pre-
scribed motion. This gives rise to large uncertainties due to the experimental conditions that 
are not perfectly controllable, the observation time that is necessarily limited and the models 
used to fit the data that do not reproduce perfectly the physics of the problem. These uncertain-
ties reflects into inaccuracies in the evaluation of the critical instability condition.  

In order to investigate the technical problem described above, an experimental campaign 
involving pressure measurements on a square cylinder with controlled harmonic motion in a 
bi-dimensional flow has been carried out. Motion excited forces have been modeled as random 
variables and characterized by statistical analysis of the experimental data. Finally, the prob-
ability of occurrence of the instability condition has been evaluated by propagating the exper-
imental uncertainties through the traditional quasi-steady galloping approach, as well as 
through an unsteady formulation. 
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1 INTRODUCTION 

Galloping is a well-known aeroelastic instability involving large amplitudes in the cross-
flow direction. Several civil engineering structures with particular compact cross-section with 
non-circular shape, as iced power line cables and slender bodies like bracing, are particular 
sensitive to this phenomenon. A correct determination of the instability conditions is then a 
crucial aspects in the design process in order to avoid instable motions which can easily lead to 
the collapse of the structure. 

The instability conditions are generally defined by a critical flow velocity, which depends 
on the aerodynamic properties of the cross section of the body, as well as on its mechanical 
properties. Many cross section shapes have been deeply investigated in the last years. In partic-
ular, the square cross section has received great attention in the aerodynamic field since the 
pioneering work by Parkinson and Smith [1], due to its particular susceptibility to galloping 
and its large use in many mechanical and civil engineering applications.  

Even for the square cross section, the critical galloping conditions cannot be easily deter-
mined in an analytical way, requiring an experimental investigation. Through wind tunnel tests 
on static bodies in a smooth or turbulent flow the static aerodynamic properties as lift and drag 
coefficients, for different angles of attack, can be evaluated. A galloping coefficients function 
of lift and drag coefficients can be adopted in the quasi-steady theory proposed by Den Hartog 
([2]) to estimate indirectly the critical velocity. This approach is the most popular due to its 
simplicity, but is based upon some fundamental hypotheses that are not always rigorously ful-
filled. Moreover, the evaluation of static aerodynamic coefficients is affect by large uncertain-
ties, and this is testified by the great variability in the results proposed by different experimental 
campaigns in different wind tunnels, even if carried out in the same flow conditions (Reynolds 
number, turbulence, blockage) ([5]). 

Another practicable way is testing rigid bodies oscillating according to an imposed motion 
with pressure measurements. The motion-excited forces can be determined directly from the 
measurements, and an estimation of the critical flow velocity can be carried out through an 
unsteady formulation of the motion-induced forces. The difficulty in controlling all the experi-
mental conditions, the necessarily finite length of the measurements and the inadequacy of the 
models used to fit the data in reproducing perfectly the physics of the problem are all sources 
of uncertainties, which obviously reflect into a correct estimation of the critical velocity. 

The main purpose of this work is to investigate the uncertainty in the assessment of galloping 
instability by comparing the two described approaches. The uncertainty related to the quasi 
steady theory has been studied collecting different documented experimental results obtained 
in different wind tunnel tests. On the other hand, an experimental campaign involving pressure 
measurements on a rigid square prism in controlled motion has been carried out in the wind 
tunnel at the University of Genova. The uncertainties in the identification of aeroelastic forces 
are related to a single experimentation developed in only one facility and have been character-
ized by a statistical analysis. Therefore, the uncertainties in the assessment of galloping insta-
bility have a different nature. Nevertheless, focusing on a simple case study reproducing a 
slender structure with aerodynamic properties estimated by experimental tests, a qualitative and 
comparative analysis can be carried out. The results have been compared and critically dis-
cussed in term of reliability of the mechanical system in respect to galloping instability. 
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2 GALLOPING LINEAR INSTABILITY ANALYSIS  

The present section provides some theoretical background to analyze the linear stability of a 
generic 2-dimensional bluff body with respect to plunge galloping. This aeroelastic phenome-
non, referred to as classical galloping, is maybe the simplest one since involves only the dis-
placement in the transverse direction with respect to the incoming flow velocity. Nevertheless, 
the problem can be formulated in different ways and in all cases substantial uncertainties may 
undermine a correct characterization of the phenomenon as well as the estimation of the insta-
bility conditions. 

2.1 Quasi-Steady Linear Formulation 

Let us consider a prismatic bluff body exposed to a uniform and constant cross-flow with 
velocity U . The prism is elastically constrained and can move only along the cross-flow direc-
tion. Let assume that only transverse motion ( )y t  is possible and that the oscillation is about 
the static equilibrium position (i.e. ( )y t  is zero mean). 

c k

Ur

D

L

b

y
y

U


m

Figure 1: Mechanical system subjected to cross-flow velocity U. 

The equation of motion of the prism can be written as:  

( ) ( ) ( ) ( )ymy t cy t ky t f t    (1)

where ( )y t  is body displacement about the static equilibrium position, m  is the mass, c  is a 
damping factor, k  is the stiffness and ( )yf t  is the projection of the aerodynamic forces (lift and 
drag) on the transverse direction. 

The quasi-steady formulation is based upon the hypothesis that the characteristic time scale 
of the oscillating body is much slower than the characteristic fluid-dynamic time scale of the 
velocity fluctuation around the body. An explicit expression of this physical condition may be 
stated by comparing the frequency of oscillation sn  of the prism with the Vortex-Shedding (VS) 
frequency wn , assuming that the following condition is fulfilled: 

s w

StU
n n

b
 (2) 

being St  the Strohual number and b  a characteristic dimension of the prism. As a conse-
quence of the time-scale separation, the aerodynamic forces acting on the prism oscillating with 
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the instantaneous velocity ( )y t  are equated to the forces acting on a fictitious fixed prism ex-
posed to the flow-structure relative velocity Ur obtained by the composition of U and ( )y t
(Figure 1). 

Operating in this way, the aerodynamic force remain expressed as a memory-less transfor-
mation of the effective angle of incidence , or of the response velocity ( )y t . The linearization 
of this transformation about =0 leads to the equation of motion [e.g. 7]: 

 '1
0

2 L Dmy c Ub C C y ky       
  (3) 

where  is the air density, CD the drag coefficient for =0 and CL the prime derivative with 
respect to  of the lift coefficient, estimated for =0. The term '0.5 ( )L DUb C C  assumes the 
mechanical meaning of an aerodynamic damping factor. Galloping instability appears when the 
total damping goes to zero and an exponentially growing motion arises. This threshold is usu-
ally characterized by defining a critical velocity crU  for which the aerodynamic damping term 
is equal to the structural damping term c, with opposite sign. 

Following the quasi-steady formulation, the occurrence of a dynamic instability is estimated 
on the bases of experimental parameters assessed through static tests, namely drag and lift co-
efficients. For the square cross section at zero angle of incidence, CL is the most important term 
in the aerodynamic damping and can be estimated by fitting CL() in the neighborhood of =0 
by a polynomial function ([1]). 

Reference ag Reference ag 
[9] 3.11

3.00 
[18] 2.70

[10] 2.69
2.50 
2.72 
2.60 
2.40 
2.30 

[19] 3.50
3.86 
4.10 
3.70 

[11][12] 3.80 [20] 4.00
[13] 1.50 [21] 3.73

3.60 
[14] 4.00

4.00 
4.30 

[22] 2.05

[15] 3.85
3.70 
2.88 

[23] 2.69

[16] 2.20
1.97 

[24] 1.2

[17] 5.40
4.30 

[25] 1.13

[6] 3.42 [26] 1.78

gE a   3.16 ga 1.02 

Table 1: Aerodynamic parameters and relative test conditions for the square cylinder (after [5]). 

344



L. Banfi, L. Carassale  

 
In spite of the apparent simplicity of the experiment employed to estimate the parameter 

'g D La C C  , a wide dispersion of this parameter is documented ([4], [5]). Table 1 summa-
rizes some of the values of ag presented in the literature for the case of square prisms with sharp 
corners in smooth flow. 

Even if the experimental results reported in Table 1 have been filtered by considering only 
low-turbulence flow cases, the dispersion of the values appears very big (the coefficient of var-
iation is about 0.3). This uncertainty reflects differences in the experimental setup used in dif-
ferent wind tunnels, blockage rate, Reynolds number, as well as the flow quality (intensity and 
scale of turbulence). On the other hand, the uncertainty is emphasized by the extremely high 
variations of the aerodynamic behavior that can be observed by applying even small variations 
of the angle of incidence. For this reason, an important role can be attributed to the positioning 
of the prism within the wind tunnel, the correct alignment and uniformity of the incoming flow, 
the correct geometric shape, surface finishing and corner shaping of the model. 

2.2 Unsteady Linear Formulation 

In the previous section, the aerodynamic forces have been modeled as a linear memory-less 
transformation of the body velocity. This assumption has two implications. First, the flow field 
around the body is modified instantaneously (without delay) by the body motion. Second, the 
instantaneous flow configuration appearing around the moving body can be reproduced in a 
static test by choosing an appropriate angle of incidence. While the first condition may be ef-
fectively reached when the body motion is slow enough, the fulfillment of the second condition 
depends on a large number of factors including the flow condition, the amplitude of the motion, 
the Reynolds number.  

An unsteady linear model for the system described in the previous section can be formulated 
as: 

  ( ) ( ) ( ) ( ) (t)ymy t cy t ky t f t y     H   (4) 

where  H   represents a linear operator (in general with memory) providing the aerodynamic 
forces, given the prism motion (this choice is purely conventional, since also a linear operator 
involving body velocity or acceleration could have been adopted). Equation (4) can be trans-
lated into the Laplace domain (assuming homogeneous initial conditions) as: 

 2 21
( ) ( ) ( ) ( ) ( )

2
s mY s scY s kY s U H s Y s      (5) 

where ( )Y s  is the Laplace transform of ( )y t  and: 

 
2

( )
( )

1
( )

2

yF s
H s

U Y s



  (6) 

where ( )yF s  is the Laplace transform of ( )yf t . ( )H s  can be interpreted as the transfer function 
of the linear system mapping the non-dimensional aerodynamic force 2( ) / (0.5 )yf t U b  into 
the non-dimensional response   /y t b . 

If the motion of the prism is harmonic, with circular frequency  , Eq.(5) can be rewritten 
in the time domain as: 

 2 21 1
( ) ( ) ( ) ( ) ( ) 0

2 2
my t c U I y t k U R y t             
    


  (7) 
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where ( ) ( ( ))R real H i   and ( ) ( ( ))I imag H i  . The functions ( )R   and ( )I   can be 
estimated through a controlled-motion test in which the prism is moved according to a sinus-
oidal motion with prescribed frequency.  

In analogy with the quasi-steady formulation, the term 20.5 ( ) /U I    can be interpreted 
as an aerodynamic damping. Analogously, the term 20.5 ( )U R   can be interpreted as an aer-
odynamic stiffness. 

It is well-known that for pitch-plunge aeroelastic systems, the aerodynamic stiffness has an 
important role. On the contrary, for the case of plunge single-dof system it is usually disre-
garded. This choice can be motivated through a simple dimensional analysis. 

To this purpose, it is useful to introduce a scaled version of Eq.(7): 

   221 1
( ) 2 1 ( ) ( ) 1 ( ) ( ) 0

4 2
s ss s s

s

y t U UI y t U R y t      


            
  (8) 

in which the following non-dimensional quantities are introduced: 

 
2

2
ss s

s s

c k b U U
U U

m m m b b

  
  

     (9) 

where s  is the structural damping and s  is the natural frequency of the mechanical system; 
  is a mass ratio, U  is the reduced velocity and  sU  is the reduced velocity corresponding to 
the resonance frequency. 

From inspection of Eq.(8), it can be observed that the presence of the motion-excited forces 
reflects into corrective terms for the damping ratio and the natural frequency. A dimensional 
analysis suggests that, if ( )R   and ( )I   have the same order of magnitude, the corrective term 
of the natural frequency is at least two orders of magnitude smaller than the corrective term of 
damping, indeed: 

 




2

1
( )

4 ( )
1 2 ( )( )
2

s

s

sss

U UI
UI

O O
U RU R

 
 

  

 
   
    
    
 

  (10) 

in which s  is typically of order 210  or 310 . This means that if the instability condition is 
reached, i.e.  0.25 ( ) / 1s sU UI    , the corrective term of the stiffness is a small number. 

Under the assumption of negligible aerodynamic stiffness and comparing Eq.(3) with Eq.(7) 
it is easy to demonstrate that the quasi-steady model corresponds to Eq.(8) with R() = 0 and 

( ) gI i a   (11) 

  being the reduced circular frequency defined as  /b U  . 

3 EXPERIMENTAL ESTIMATION OF MOTION-EXCITED FORCES 

As explained in the previous sections, the galloping coefficient ag adopted in quasi-steady 
theory can be estimated by wind tunnel tests on static models. On the other hand, the charac-
terization of a linear relationship between the body motion and the aeroelastic forces is more 
complicated. One of the practicable way is to impose a controlled motion to the prism and 
measure the forces induced by the fluid. 
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Figure 2: Experimental Setup 

The experimental setup is constituted by a square prism moving in cross-flow direction ac-
cording to a controlled harmonic motion. The size of the prism cross-section is 50b mm  and 
its length is 500L mm . The angle of incidence investigated is 0   . The aerodynamic 
forces are estimated from the measurement of the pressure along an instrumented ring with 20 
pressure taps located at the mid span of the model and connected to a pressure scanner mounted 
on-board. The harmonic motion is generated by a crankshaft driven by an electric motor regu-
lated in velocity by a closed-loop controller. The model is connected to the shaft by a long rod 
pinned on a flywheel. The investigated motion frequency is in the interval of 1 17.5mn Hz  . 
Three motion amplitudes are considered, namely Y = 5, 10, 15 mm, corresponding to the ratio 
b/Y = 10%, 20% and 30%. The mean wind velocity is U = 5m/s, corresponding to a Reynolds 
number 41.6 10Re    and Reduced Frequency (RF) / 0.01 0.16mn b U    or, equivalently, Re-
duced Velocity (RV) / 6.25 100mU n b   .The linear filter between imposed motion and aero-
elastic forces can be defined as: 

 
2 0

1
( )

1
2

m

T
i t

m yH i E F t e dt
YU T

 
  

 
 


(12) 

where  E   represents the statistic average of the quantities evaluated for all the time inter-
vals of length T  in which the motion frequency is equal to / 2m mn   . The integral in Eq.(12) 
is a measure of the time correlation between the measured forces and the harmonics of the prism 
motion. Figure 3 shows the function ( )mH i  in terms of amplitude and phase. The prediction 
given by the quasi-steady formulation is represented through a gray dashed line. 
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Figure 3: Amplitude and phase of the synchronous lift force for different motion amplitude. Stable region 
(green), unstable region (red). Quasi-steady prediction (black dashed line). 

4 UNCERTAINTITES IN AEROELASTIC FORCES IDENTIFICATION 

The imaginary and real parts of function ( )mH i  are the cosine and sine transforms of the 
lift force respectively: 

2 0

2 0

1ˆ( ) ( )cos( t)
1
2

1ˆ( ) ( )sin( t)
1
2

T

m y m

T

m y m

I F t dt
YU T

R F t dt
YU T









 


 


(13) 

In practice, the measurement time T is finite due to experimental limitations, thus ˆ( )mI   and 
ˆ ( )mR   can be computed relining only on a finite number of cycles / 2mN T  ; these esti-

mations are denoted as  ˆ NI  and  ˆ NR . 
For small RFs the lift force (t)yF , measured for each different motion frequency, is an er-

godic and stationary process, since the VS has a characteristic time scales much faster than the 
harmonic motion of the prism which is electronically controlled. Besides, for the same reason, 
the estimations of  ˆ NI  and  ˆ NR  calculated on non-overlapping time intervals are statistically 
independent. The consequence is that the statistic mean of  ˆ NI  and  ˆ NR  coincides with the 
exact values ( )I   and ( )R  , while their standard deviations scale inversely with the square 
root of N, i.e.: 

       1 1

1 1
;N NI I R RN N

      (14)

where  1Î  and  1R̂  are the estimation of ( )I   and ( )R   obtained for N = 1. 
Figure 4 shows the uncertainties in the estimation of ( )mI   and ( )mR   as a function of the 

RF and for different values of N. Black squares represents the sample averages of  ˆ NI  and 
 ˆ NR , while the errorbars represent their standard deviation as defined in Eq.(14). 
Given mean and standard deviation, both the functions  ˆ NI  and  ˆ NR  can be modeled as 

random variables with Gaussian Probability Density Functions (PDF), accordingly with the 
Maximum Information Entropy principle [27]. 

348



L. Banfi, L. Carassale 

Figure 4: Errorbars of ( )mI   and ( )mR  , for / 10%Y b   and for different values of N. 

5 PROBABILISTIC MODELLING OF GALLOPING INSTABILITY: A SIMPLE 
CASE STUDY 

The experimental results previously explained furnish a probabilistic model of the aeroelas-
tic forces of a sharp edge square section in a smooth cross-flow. In order to investigate how 
these uncertainties, and the ones related to the evaluation of parameter ag, reflect on the estima-
tion of the galloping instability of a real structure a simple case study has been developed.  

The structural system is a slender prismatic beam representative of a long bracing exposed 
to a steady flow with mechanical properties gathered in Table 2: 
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b

U

s

Parameter Value
L 10m 
b 0.2m 
s 0.01m 
m 60kg/m 

sn 6.31Hz 

s  0.5% 

Table 2: Case study. 

5.1 Quasi-steady prediction 

The critical velocity is defined by the quasi-steady theory as: 

8 s s
QS

g

n m
U

ba




 (15) 

Considering the aerodynamic parameter ag as a random variable, the PDF of the critical 
velocity can be easily obtained as: 

2

8 8
( )

g

s s s s
QS a

n m n m
p U p

bu bu

 
 

 
   

 
  (16) 

where 
gap  is the PDF of ag assumed according to the Gaussian model, with mean and standard 

deviation estimated from the data reported in Table 1. In this case the PDF of the critical veloc-
ity does not depend on the flow velocity, but only on the aerodynamic properties of the body, 
namely on ag. 

Figure 5: ( )QSp U   

5.2 Unsteady prediction 

If the unsteady formulation is considered, the vertical oscillatory motion becomes unstable 
as soon as the total damping factor becomes negative, i.e. when the following identity holds: 

   21 1
( ) ( ) 1

4 4
s sa m m

s s

C U UI U I   
 

    (17) 
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The oscillation frequency is equal to the natural frequency of the mechanical system since, 
as it has been discussed above, the modification of the stiffness due to the motion-induced 
forces is negligible. This implies that  

sU U  and s m  .
The critical velocity predicted by the unsteady formulation is given by: 

2 2 24 4

( ) ( )
s s s s

US
s s

b m
U

I I
 

   
   

  (18) 

Considering all the variables as deterministic and assuming ( )sI   as equal to the mean 
value of  ˆ NI , (the black squares in Figure 4) the critical velocity USU  can be estimated directly 
from Eq.(18). On the other hand, if the uncertainty in the estimation of  ˆ NI  is taken into ac-
count, the critical velocity UUS becomes a random variable whose PDF is expressed as: 

   

2 2

ˆ3 2( )

8 4
| N

s

s s s s
US s I

m m
p U p

u u

   
 

 
   

 
  (19) 

The PDF of USU  is then a function of the motion frequency, assumed to be equal to the 
circular natural frequency of the mechanical system s , and can be evaluated by fixing the 
reduced oscillation frequency   / 2 / 2s s sn b U      or, equivalently, the reduced velocity 
 2 / sU U b  . It is more convenient to rewrite the conditional probability function in (19) as: 

   

2 2

ˆ3 2( )

8 4
| N

s s s s
US I U

m m
p U U p

u u

 
   

 

   
 

  (20) 

Figure 6: Map of ( , )USp U U  for N=50. Critical threshold (black dashed line). 
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in order to emphasize the conditioning on the flow velocity U . This conditional PDF furnishes 
the probability that, given a certain velocity of the flow, the system is stable or unstable, i.e. the 
probability that U is below or above the instability threshold defined by USU . Observe that here, 
as first instance, the flow velocity U is assumed to be a deterministic quantity. Figure 6 shows 
a map of the conditional PDF  |USp U U . Both axes have been normalized with respect to the 
deterministic prediction USU . The black dashed line represents the stability threshold USU U , 
while the dash-dotted lines represent the 5%, 50% and 95% fractiles (conditioned on U), re-
spectively. The intersection of the dashed line with the 50% fractile line coincides with the 
deterministic prediction. It should be noted that the mean value of UUS cannot be defined as it 
gets to infinity when no instability occurs.  

When USU U , the higher probability region is above the stability threshold while, on the 
contrary, when USU U  the higher probability region is below the stability threshold. 

Figure 7 shows the influence of N on the conditional PDF  |USp U U . For each value of N 
(1, 10, 50, 100, 10000) a confidence range of 80%, centered on the median, is displayed. As 
expected, the galloping velocity prediction tends to narrow around its median as the statistical 
information grows. 

Figure 7: Influence of the number of cycles N on ( | )USp U U . 

6 QUASI-STEADY VS. UNSTEADY PREDICTION 

Using Bayes Theorem, the joint PDF of USU  and U is given by: 

 ( , ) | ( )US USp U U p U U p U   (21) 

where p(U) is the PDF of the wind velocity, where the corresponding cumulate density function 
(CDF) is assumed as [29]: 

1

( ) exp exp
K K

U N

K u u
F u V A

C C c


                   
(22) 

352



L. Banfi, L. Carassale 

where 0.8428A  , 1.559K  , 5.258C   and 14959   are numerical coefficients tuned 
with respect to the statistical analysis provided by [30] referring to Genova Expo area, NV  is 
the nominal life of the structure and is assumed equal to 100 years and ( ) (U) /up U F u   . 
Figure 8 shows the joint PDFs of  ,USU U  for both unsteady (a) and quasi-steady (b) formula-
tions. Both axes have been normalized with respect to USU . The dashed line represents the 
stability threshold. It appears that quasi-steady formulation tends to overestimate the critical 
velocity with respect to unsteady formulation. Moreover, the high-probability region is very 
wide, and consequently the prediction is more uncertain. This is not due to the modelling accu-
racy, but is a direct consequence of the great variability of the galloping parameter ag . On the 
other hand, the smaller dispersion of the unsteady prediction is due to statistical uncertainties, 
due to the finite measurement length and to the experimental conditions. 

Figure 8: Map of ( , )USp U U  for N=50 (a) and ( , )QSp U U  (b). Critical threshold (gray dashed line). 

Defining a failure margin M as: 

 ,cr
cr US QS

cr

U U
M U U U

U


  (23) 

the same comparison can be made in terms of the failure PDF Mp  defined as [28]: 

 ( | ) ,
M

M N cr cr

D

p m V p U U du du
m 



  (24) 

where MD  is the region of the plane  ,crU U  such that m M m dm   . 
Figure 9 shows the Mp  evaluated for both unsteady and quasi-steady predictions. It can be 

observed that the function M, as defined in (23), may assume values in the range  ;1 , where
M = 0 corresponds to crU U . It appears again clear that the quasi-steady formulation tends to 
overestimate the critical velocity and that this value is affected by large uncertainties. 

The uncertainty of the prediction obtained using the unsteady formulation is relatively lower 
and obviously depends on the length of the measurements.  
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Figure 9: ( | )M NP m V  for quasi-steady and unsteady predictions. Safety region (green) and failure region 

(red).  

 

7 CONCLUSIONS 

 The estimation of the galloping critical velocity is heavily uncertain due to errors related 
to several sources. Statistical errors depends on the finite sample available from experi-
ments; modelling errors may derive from assumptions like in the quasi-steady formulation; 
other errors comes from experimental imperfections and reflect into a laboratory-to-labor-
atory variation of the measurements. 

 If the quasi-steady formulation is applied, measurement uncertainties can be easily propa-
gated to assess the uncertainty of the critical instability velocity. On the other hand, this 
operation is not trivial in case the unsteady formulation is adopted. 

 The effect of the statistical error in the unsteady critical velocity can be estimated adopting 
some statistical assumptions that are reasonable in the low reduced-velocity range. 

 The comparison between quasi-steady and unsteady prediction reveals systematic discrep-
ancies, as well as a substantially different statistical variability. However, on the latter issue 
it must be observed that the data used in the present analysis include the laboratory-to-
laboratory variation only for the quasi-steady formulation. This point may, at least partially, 
justify the larger dispersion of the results obtained by the quasi-steady formulation. 
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Abstract. In this paper the problem of the first-passage probabilities determination of nonli-
near systems under alpha-stable Lévy white noises is addressed. Based on the properties of 
alpha-stable random variables and processes, the Path Integral method is extended to deal 
with nonlinear systems driven by Lévy white noises with a generic value of the stability index 
alpha. Furthermore, the determination of reliability functions and first-passage time proba-
bility density functions is handled step-by-step through a modification of the Path Integral 
technique. Comparison with pertinent Monte Carlo simulation reveals the excellent accuracy 
of the proposed method. 
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1 INTRODUCTION 

Dynamic excitation, in many applications of engineering interest, has to be often modeled 
as a stochastic process, and consequently the corresponding systems response is a stochastic 
process too. 

In this case two are the main problems commonly one has to deal with. The first one per-
tains the determination of the system response probability density function (PDF), the second 
is related to the probability the system response stays within a prescribed domain over a given 
time interval. The latter, generally known as survival probability or reliability function, is 
used to evaluate the risk of failure of the considered system and to perform the dynamical sys-
tem reliability-based analysis. 

Clearly, the counterpart of the above problem is the determination of the probability that 
the system reaches the prescribed boundary for the first time, and it is commonly named as 
first-passage problem [1-2]. 

Although first-passage problem has been extensively studied by numerous authors, even 
the case of a linear oscillator under white noise excitation still lacks of an exact closed form 
solution for its reliability function, thus demonstrating the complexity of the aforementioned 
issue. 

Many analytical and numerical techniques have been then proposed to evaluate the reliabil-
ity function or the corresponding first-passage time PDF. In this regard Monte Carlo simula-
tion (MCS)-based approaches are among the most common numerical tools (see [3] and 
references therein), while other relevant contributions on the subject can be found in [4-9]. 

In this context, the so-called Path Integral (PI) technique, developed for the PDF determi-
nation of systems under normal and Poissonian white noise [10-13], has been modified and 
adapted for the solution of the first-passage problem of nonlinear systems [5, 14, 15]. 

For the application of the PI technique the knowledge in closed form of the so-called con-
ditional probability density functions (CPDFs) is required. This function, in fact, appears in 
the convolution integral of the Chapman-Kolmogorov (CK) equation, on which the entire PIS 
method is based. However, CPDFs are known in closed-form only for systems subjected to 
Gaussian and external Poissonian white noises [10, 12]. 

A third still common case of white noise exists, the so-called α -stable Lévy white noise 
which belongs to the wide class of α -stable Lévy processes. 

In this regard, many real phenomena observed in diverse fields of physic and engineering 
show evident non-Gaussian features noticeable in heavy tails distributions, which are charac-
teristics of the so-called α -stable Lévy processes [16]. 

Due to the consequently increasing interest in the response evaluation of engineering sys-
tems under α -stable stochastic processes, some research efforts have focused on developing 
numerical and analytical technique to evaluate the response of nonlinear systems with Lévy 
white noise input [17-20]. 

However, since the CPDF of nonlinear systems under a generic α -stable Lévy white noise 
is not known in closed form, the PI method has not yet been applied for this kind of systems. 
Specifically, only the particular case of the Cauchy white noise (which belongs to the class of 
the Lévy white noises for 1α = ) has been considered by Naess and Skaug [21]. 

In this paper the PI technique is applied and extended to cope with nonlinear systems sub-
jected to α -stable Lévy white noises, with any value of the stability index. Further, based on 
the recent application of the PI for the solution of the first-passage problem, the aforemen-
tioned technique is used to derive reliability functions and first-passage time PDFs of nonli-
near systems with Lévy input. Finally, comparison with pertinent MCS is reported to assess 
the accuracy of the method. 
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2 REMARKS ON α -STABLE LÉVY RANDOM VARIABLES 

In this section some definitions and properties of α -stable random variables, which will be 
necessary for following derivation, are introduced. 

A random variable X  is said to be α -stable if, for any ( )1 20, 0ρ ρ> >  and independent

copies 1X  and 2X  of X , there exist two parameters 0κ >  and ξ ∈ℝ  such that

( )1 1 2 2

d
X X Xκ ρ ρ ξ+ + = (1) 

where the symbol 
d
=  indicates that the random variables ( )1 1 2 2X Xκ ρ ρ ξ+ +  and X  exhibit

the same distribution [16]. The α -stable random variable X  is commonly described by its 
Characteristic Function (CF) ( )Xφ θ , given as

( ) ( )
( )

( )

exp 1 sgn tan , 1
2

exp
2

exp 1 sgn log , 1
X

i i

E i X

i i

αα παθµ σ θ β θ α
φ θ θ

θµ σ θ β θ θ α
π

    − − ≠    
    = =   

   − + =     

(2) 

where [ ]E i  is the expectation operator and ] ] [ ]0,2 , 0, 1,1 ,α σ β µ∈ > ∈ −  four real parame-

ters, known respectively as stability index, scale, skewness and shift parameter. 
It is clear then that these parameters characterize the distribution of X . Thus the notation 

( ), ,X Sα σ β µ∼  is generally used to denote the class of α -stable random variables with the

CF in Eq. (2). Further, for a symmetric α -stable random variable, that is 0β µ= = , the com-
pact notation X S Sα∼  is adopted. 

It is worth stressing that the PDFs of α -stable random variables exist and are continuous, 
but unknown in explicit form with few exceptions. Specifically, a stable distribution is Gaus-
sian when ( )2, 0α β= = , that is ( )2 ,0,S σ µ , while for 2α <  only two cases are known in

closed form: the Cauchy distribution when ( )1, 0α β= = , that is ( )1 ,0,S σ µ ; and the Lévy

distribution when ( )1 2, 1α β= = , that is ( )1 2 ,1,S σ µ .

Let ( ), ,X Sα σ β µ∼  be an α -stable variable and Z a X b= +  a linear combination of this

variable, with 0a >  and b  real coefficients. It can be demonstrated that the linear combina-

tion Z  is still an α -stable random variable. That is ( ), ,Z Sα σ β µ∼ , with

( ) ( )

, 1

2
log , 1

a

a b

a b a a

σ σ
β β

µ α
µ

µ σ β α
π

=
=

+ ≠
=  + − =

(3, a-c) 

It has to be noted that Eq. (3) represents a remarkable property which will be necessary for 
the application of the PI to the case under consideration. 

As far as the α -stable random processes are concerned, they can be defined as α -stable 
random variables which depend on the parameter set T  [16]. 
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A relevant class of α -stable processes of engineering interest, is the one of symmetric α -
stable Lévy motion processes ( ){ }, 0L t tα ≥ . These are defined as zero-shift and zero-

skewness Lévy motion processes, having the following properties: 
i) They starts from zero with probability one, i.e. 

 ( )0 0Lα =
 (4.a) 

ii)  They have independent stationary increments following the α -stable distribution 

 ( ) ( ) ( )( )1 ,0,0L t L s S t s
α

α α α− −∼  (4.b) 

for any 0 s t≤ < < ∞  
iii)  The CF of their increments ( ) ( ) ( )dL t L t dt L tα α α= + − , takes the form 

 ( ) expdL dt
α

αφ θ θ = −
 

 (4.c) 

Note that, in complete analogy with the definition of the Gaussian white noise as formal 
derivative of the Brownian motion ( )B t , an α -stable Lévy white noise may be introduced as 

the formal derivative of a corresponding α -stable Lévy motion, that is 

 ( ) ( )
L

dL t
W t

dtα
α=  (5) 

Clearly for 2α = , the α -stable Lévy white noise reverts to the Gaussian white noise. Fur-
ther, the smaller the stability index α , the greater is the departure of the Lévy white noise 
from the Gaussian one. 

3 PATH INTEGRAL METHOD FOR SYSTEMS UNDER α -STABLE LÉVY 
WHITE NOISE INPUT 

Let a nonlinear system under an α -stable white noise ( )LW t
α

 be given as 

 
( ) ( ) ( )
( ) 0

,

0

LX t f X t W t

X X
α

γ = +


=

ɺ

 (6.a-b) 

where ( ),f X t  is a generic nonlinear function of the response process ( )X t , 0X  is the initial 

condition, deterministic or a random with assigned PDF, and γ  is a positive constant. 
The associated Ito equation associated is given as 

 ( ) ( ) ( ),dX t f X t dt dL tαγ= +  (7) 

in which increments ( )dL tα  are characterized by the CF in Eq. (4.c). 

From Eq. (8) it can be recognize that the response process ( )X t  is Markovian. Hence the 

CK equation holds true, that is 

 ( ) ( ) ( ), , | , ,X X Xp x t p x t x t p x t d xτ τ
∞

−∞

+ = +∫  (8) 
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where ( ), | ,Xp x t x tτ+  is the so-called Conditional probability density function (CPDF) and

( ),Xp x t  is the already known PDF of ( )X t  at a previous time instant.

Note that Eq. (8) represents the basis for the application of the PI method. However, while 
the CPDF for the case of normal white noise input ( )2α =  and Poissonian white noise input

have already been derived in [12], for the general class of α -stable white noise input the 
CPDF has not still been obtained. 

To this aim, consider a new process ( )X ρ  ruled by the differential equation

( ) ( ) ( )
( )

,
; 0

0

LX f X W t

X x
α

ρ ρ γ ρ
ρ τ

 = + + ≤ ≤
=

ɺ

 (9.a-b) 

It is evident that the only difference between Eq. (9.b) and Eq. (6.b) is that ( )X ρ  has a de-

terministic initial condition x , hence the CPDF in Eq. (8) coincides with the unconditional 
PDF of the response process ( )X ρ  in Eq. (9) evaluated in τ , that is

( ) ( ), | , ,X Xp x t x t p xτ τ+ = (10) 

Supposing the time interval τ  sufficiently small, it follows that an approximation of 

( )X ρ  is given by

( ) ( ) ( ),X x f x t dL tατ τ γ= + + (11) 

In this way ( )X τ  has been expressed as a linear combination of the α -stable Lévy

process ( )dL tα , thus enjoying of the properties in Eqs. (3).

Specifically, since ( ) ( )1 ,0,0dL t S α
α α τ∼ , from Eq. (3) it immediately follows that 

( ) ( )( )1 ,0, ,X S x f x tα
ατ γτ τ+∼ (12) 

Therefore, recalling Eq. (2), the CF of the process ( )X τ  is given as

( ) ( )( ){ }, exp ,X i x f x t
ααφ θ τ θ τ γ τ θ= + − (13) 

and the corresponding PDF can be evaluated by its inverse Fourier transform, that is 

( ) ( ) ( )1
, exp ,

2X Xp x i x dτ θ φ θ τ θ
π

∞

−∞

= −∫  (14) 

It is worth stressing that, due to Eq. (10), Eq. (14) represents the CPDF for the nonlinear 
system under an α -stable white noise Eq. (6). 

Note that, for a generic value of the stability index α , Eq. (14) cannot be solved in closed 
form, so numerical evaluation of the inverse Fourier Transform has to be performed. Only for 
the particular cases of ( )1α = , which corresponds to the Cauchy white noise, and ( )2α = ,

which corresponds to the Gaussian white noise, Eq. (14) could be solved in closed form as 
reported in [21]. 
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Once the CPDF in Eq. (14) is obtained, the PI method may be easily implemented. Specifi-
cally, subdividing the time interval [ ]max0,t  into small intervals of equal length tτ = ∆ , CK

equation Eq. (8) yields 

( ) ( ) ( )

( ) ( )( ){ } ( )

, , | , ,

1
exp exp , ,

2

X k X k k X k

k X k

p x t t p x t t x t p x t d x

i x i x f x t t t p x t d d x
ααθ θ γ θ θ

π

∞

−∞
∞ ∞

−∞ −∞

+ ∆ = + ∆ =

= − + ∆ − ∆

∫

∫ ∫

(15) 

where kt  is a generic time instant, with max0, ,
t

k
t

=
∆

… .

Starting at the time 0 0t =  where ( ),0Xp x  is already known, the PDF ( )1,Xp x t  in the

following time instant 1 0t t= + ∆  can be evaluated through Eqs. (14) and (15). This procedure

can be repeated recursively until the whole time interval [ ]max0,t  is explored.

3.1 Solution of the first-passage problem by Path Integral method 

The first-passage problem is defined as the problem of evaluating the probability that the 
trajectories of the response process ( )X t  cross a prescribed boundary for the first time, with-

in a certain interval [ ]0,T .

Once extended the PI technique to deal with systems under α -stable white noise input, the 
corresponding first-passage problem can be now solved via a modification of the PIS. 

Specifically, denote as ( ),η ξ  the threshold barriers of the prescribed boundary, and dis-

cretize the time interval [ ]0,T  into steps of length t∆ , sufficiently small so that the various

trajectories are monotone in the generic interval [ ],k kt t t+ ∆ .

Based on the CK equation Eq. (8), let a new function, termed as reliability density function 
(RDF) ( ), , kq x t tξ η + ∆ , be introduced as

( ) ( ) ( ) ( ) ( ), ,, , | , ,k X k k kq x t t U x U x p x t t x t q x t d x
ξ

ξ η ξ η
η

η ξ+ ∆ = − − + ∆∫ (16) 

where ( )U i  is the unit step function and ( ) ( ), ,0 ,0Xq x p xξ η = .

Note that the function ( ), , kq x t tξ η + ∆  represents the probability that the trajectories of the

response process ( )X t  fall, at the generic time instant ( )kt t+ ∆ , in the interval [ ],x x dx+ ,

and it is not a PDF since its area is not unitary. 
Equation (16) represents the modification of the PI for the first-passage problem. Consider-

ing that the reliability function ( )ER T  is defined [14] as the probability that the system re-

sponse ( )X t  stays between the threshold barriers ( ),η ξ  over the time interval [ ]0,T , then

( ) ( ), ,ER T q x T dx
ξ

ξ η
η

= ∫ (17) 

362



Christian Bucher, Alberto Di Matteo, Mario Di Paola and Antonina Pirrotta 

Clearly the complementary to one of ( )ER T , is the probability that the system response

trajectories cross the threshold barriers in the time interval [ ]0,T , and it may be termed as

first-passage probability ( )EP T .

Finally, the corresponding first-passage time PDF, that is the time at which the response 

( )X t  crosses the prescribed barriers for the first time, can be obtained as

( ) ( )E
E

dR T
p T

dT
= − (18) 

Assuming that the interval [ ],η ξ  is discretized such as jx j xη= + ∆ , 0, ,j n= …  and

( )x nξ η∆ = − , then Eq. (16) can be rewritten as

( ) ( ) ( ) ( ) ( ), ,
0

, , | , ,
n

j k j j X j k r k r k
r

q x t t U x U x p x t t x t q x t xξ η ξ ηη ξ
=

+ ∆ = − − + ∆ ∆∑  (19) 

where it has been assumed that the discretization over the domain x  in ( )kt t+ ∆  is the same

as that of x  at time kt . 

It can be noted that Eq. (18) can be rewritten in compact form as 

( ) ( ) ( ),k k k kt t t t t t+ ∆ = + ∆q T q (20) 

in which ( )kt t+ ∆q  and ( )ktq  are vectors whose elements are given by ( ), ,j kq x t tξ η + ∆  and

( ), ,r kq x tξ η  respectively, while ( ),k kt t t+ ∆T  is a matrix whose elements ,j rT  are

( ) ( ) ( ), , | ,j r j j X j k r kT U x U x p x t t x t xη ξ= − − + ∆ ∆ (21) 

If the excitation process is stationary, the matrix ( ),k kt t t+ ∆T  depends on t∆  only and it

can be computed once before hand. Thus the entire PIS is just a sequence of matrix-vector 
multiplications, and Eq. (20) yields 

( ) ( ) ( )k kt t t t+ ∆ = ∆q T q (22) 

4 NUMERICAL EXAMPLE 

In this section the solution for the first-passage problem of a nonlinear oscillator under an 
α -stable Lévy white noise ( )LW t

α
 is reported. Specifically, let the nonlinear system be given

as 

( ) ( ) ( ) ( ) ( )
( )

sgn

0 0

LX t aX t X t X t W t

X
α

ρε = − − +   


=

ɺ

(23) 

The nonlinear system considered represents a wide class of systems, depending on the val-
ues of the parameters ( ), ,a ε ρ  considered. In this paper the chosen parameter of the system

are: ( )1.2, 1.5, 0.8a ε ρ= = = . Further, as far as the α -stable Lévy white noise is concerned,
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the chosen value of the stability index is ( )1.7α = . Note that the oscillator in Eq. (23) is

quiescent for 0t ≤ , thus the PDF in 0t =  is a Dirac’s delta. 
Numerical solutions obtained through the proposed method have been obtained consider-

ing a step size ( )0.01t s∆ = , while the accuracy of the PI technique has been assessed through

comparison with pertinent MCS with 60000 samples. Note that MCS has been carried out as 
reported in [22]. 

In Fig. (1) the RDF of the system in Eq. (23) is depicted for a value of the upper bound 

( )1ξ =  and different values of the time T .

Figure 1: Reliability density function of the system in Eq. (23). 

In order to show the accuracy of the proposed method for several values of the upper thre-
shold ξ , in Fig. (2) the first-passage probabilities ( )EP T  are shown for a total time ( )2T s=
and different values of ξ . 
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Figure 2: First-passage probabilities for system in Eq. (23). Continuous line – Proposed method; Black dots - 
MCS. 

As it can be seen, the PI technique provides very accurate results even for very large values 
of the threshold. 

Finally, PI based first-passage time PDFs ( )Ep T  vis-à-vis MCS data are plotted in Fig. (3)

for three different values of the upper threshold ξ . 

Figure 3: First-passage time PDF for system in Eq. (23). Continuous line – Proposed method; Black dots - MCS. 

The excellent agreement between PI solution and MCS results, shown in Fig. (3), assess 
the accuracy of the proposed procedure at any value of the total time T . 
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5 CONCLUSIONS 

• The Path Integral technique has been extended to deal with nonlinear systems under α -
stable Lévy white noise.

• The appropriate Conditional PDF for systems driven by Lévy white noise is introduced,
for any value of the stability index α .

• Specifically the Conditional PDF is found as inverse Fourier Transform of the corres-
ponding Characteristic Function, which is known in closed form.

• The Path Integral procedure has been modified in order to obtain the reliability density
functions and consequently the Reliability function of the nonlinear systems under α -
stable Lévy white noise.

• Comparison whit pertinent Monte Carlo Simulation has shown that the proposed proce-
dure leads to really accurate results for any value of the barrier level and total time consi-
dered , even for large value of the nonlinearity.
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Abstract. This paper aims to conduct seismic reliability analysis of systems using stochastic 
ground motion model coherent with the codes. This is achieved by developing a Power Spec-
tral Density (PSD) which is compatible with the response spectrum, for assigned valued of 
seismic zone, soil category and limit state. The seismic reliability analysis is developed inside 
the most general framework of Performance Based Earthquake Engineering (PBEE) and 
adopts the tools of the Stochastic Dynamic Analysis. It has been adopted the FORM approxi-
mation because of its computational simplicity and effectiveness. FORM allows also to define 
the Tail Equivalent Linearization System (TELS), which is an equivalent linear system having 
for each threshold the same design point of the original nonlinear system. The application of 
the linear theory of the random vibrations to the TELS allows to determine the first-passage 
probability of the seismic demand, without requiring no further dynamic computations with 
respect to FORM. 
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1 INTRODUCTION 
The response spectrum is the most used tool by practical engineers for a basic representa-

tions of the seismic action. The ordinary structures are designed to behave inelastically for the 
seismic intensity prescribed by the design codes. This is obtained in the framework of the re-
sponse-spectrum based analysis through the adoption of the behavior factor. However, a real-
istic evaluation of the structural response should be dynamic and related to the damage that 
occurs under repeated and usually inelastic cycling. This because the philosophy of earth-
quake-resistant design is not to prevent the occurrence of the damage, but to limit its occur-
rence under the design earthquake [1]. Starting from these considerations, damage-based limit 
states along with sophisticated inelastic structural models are needed. 

Moreover it is largely recognized that the natural hazards and the strengths of the materials 
are subjected to several sources of uncertainty. Typically the existing codes take into account 
the uncertainties through the introduction of suitable partial safety factors. It is however well 
known that they are valid only for the most general case and moreover they are usually overly 
conservative. Therefore, a probabilistic analysis is essential in predicting the most likely be-
havior of the building. These tasks can be accomplished by using the general probabilistic 
framework of Performance Based Earthquake Engineering (PBEE), originally proposed by 
Cornell and Krawinkler [2] whose main steps are: (i) characterization and assessment of the 
seismic hazard, (ii) probabilistic assessment of the seismic demand on the structure, (iii) prob-
abilistic assessment of the resulting physical damage, (iv) assessment of expected economic 
and other losses resulting from damage [3-5]. The present paper only addresses steps (i) and 
(ii) of this framework.  

In the current PBEE practice, the seismic hazard is characterized in terms of one or more 
intensity measures ( IM ), for which annual probabilities of exceedance are developed. For 
each IM  level corresponding to a specified annual rate of exceedance, the seismic demand is 
determined through the conditional probability distribution of the Engineering Demand Pa-
rameter ( EDP ) on the structure (e.g. interstory drift). This is usually done by nonlinear time-
history analyses with a selected suite of recorded ground motions which are individually 
scaled to the specified IM  level [6]. The computed sample of the maximum responses is then 
used to estimate the median and logarithmic standard deviation of the seismic demand, to 
which a lognormal distribution is fitted. Denoting maxX  the maximum response of the EDP  
for the given intensity level IM im≡ , the result of the analysis is the Probability Of Exceed-
ance (POE) maxProbP x im X x IM im  =  > =     , also known in literature as fragility curve. 

In the existing codes the seismic hazard is defined by suitable response spectra, whose pa-
rameters take into account of the site conditions, while the intensity measure IM  is given by 
the Peak Ground Acceleration gA , defined for each site and for different limit states. When 
the behavior of the system is highly nonlinear, the technique of the response spectrum cannot 
be applied. In these cases the codes allow to model the seismic action through ground-
acceleration time-history analyses, to which is required to match the elastic response spectra 
for a viscous damping 0 5%ζ = . 

In this paper, following Der Kiureghian and Fujimura [7] the seismic reliability analysis is 
developed following a fully stochastic approach: (i) the ground motion is defined as a stochas-
tic process instead of a suite of scaled, recorded ground motions, (ii) the conditional POE 

maxProbg gP x a X x IM a   = > =     is determined through the tools of stochastic dynamic 
analysis, instead of a set of nonlinear time-history analyses. This approach has several ad-
vantages. First, the codes typically require the adoption of a reduced number of sets of accel-
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erograms, which generally do not allow to develop a significant statistical analysis. Second, 
the codes require that the accelerograms are scaled to match the elastic response spectrum, 
which remains a controversial step. Conversely, in this paper the stochastic input is defined as 
a Power Spectral Density ( PSD ) compatible with the response spectrum [8, 9]. In this way, at 
least for an SDOF linear system, results in terms of maximum response peak by stochastic 
analysis and using the Response Spectrum are almost identical. It is underlined that the PSD 
is related only to the ground acceleration and not to the superimposed structure, so that it is 
independent of the damping ratio either by yielding or by inherent nonlinearities of the super-
imposed structure [9]. 

It is here noted that the application of Stochastic Dynamic Analysis to evaluate the condi-
tional POE gP x a    is equivalent to develop a statistical analysis where infinite accelero-
grams are taken into account. On the other hand, the application of stochastic dynamic to a 
general nonlinear MDOF system is very challenging. Some methods of simulations have been 
developed to reduce the computational effort [10], but in any case they require several thou-
sands of analyses for each threshold. Here the stochastic analysis is developed by using the 
recently presented Tail Equivalent Linearization Method (TELM) [11], which is based on the 
well-known First-Order Reliability Method (FORM) applied to the random vibration prob-
lems [12]. Once the PSD compatible with the response spectrum has been evaluated, the sto-
chastic ground motion is discretized into a set of normal standard random variables [13, 14], 
collected in the vector u . Define the tail probability as the probability that stochastic response 
at time instant t  is greater than a chosen threshold x , that is Prob[ ( , ) ]fP X t x= ≥u . The ap-
plication of FORM to the corresponding reliability problem gives a first-order approximation 
of the tail probability, which is accurate enough for most problems of stochastic dynamic 
analysis. FORM is very effective, since it requires only a low number of analysis; the main 
computational effort is to be attributed to the evaluation of the response gradients, which can 
be determined by using the Direct Differentiation Method [15, 16] implemented in some 
softwares like OpenSees [17]. Alternatively, some suitable free-derivative algorithms have 
been developed to determine the design point with reduced computational cost [14, 18]. 

An interesting property of FORM is that it gives the Tail Equivalent Linear System (TELS), 
defined as the equivalent linear system having for each threshold x  the same design point of 
the original nonlinear system. In this way, by applying the theory of the random vibrations to 
the TELS it is possible to determine, without no further computation, the first passage proba-
bility, coinciding with the fragility curve corresponding to the chosen limit state, 
i.e. ( )maxProb , gX t x P x a ≥ ≡    u .

2 SEISMIC HAZARD ANALYSIS 
In the existing codes the seismic hazard is defined by suitable response spectra, and the 

intensity measure IM of the seismic event is given by the Peak Ground Acceleration (PGA) 
gA , defined for each site and for different limit states, e.g. Damage Limit State ( DLS ) and 

Ultimate Limit State (ULS ). In this case the value gIM A≡  together with its probability of 
occurrence ( )p im  are defined by the codes. Let ,g DLSa  and ,g ULSa  be the suggested values by 
the codes of gA  for DLS and ULS, respectively; in the Eurocodes one has ,( ) 63%g DLSp a =  
and ,( ) 10%g ULSp a = , while the corresponding return periods are , 50R DLST =  and , 475R ULST =  
years. 
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In this paper the elastic acceleration response spectrum prescribed by Eurocode 8 is con-
sidered: 
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where ( )0,RSA T ζ  is the elastic response spectrum, ( ) 1/2
010 5η ζ= +   , S  is the soil factor, 

BT  and CT  are respectively the lower and upper limits of the period of the constant spectral 
acceleration branch, DT  is the value defining the beginning of the constant displacement re-
sponse range of the spectrum. The seismic codes allow time-history representations of the 
seismic action for analyzing the non-linear behavior of the structures whereas the response 
spectrum technique might not provide accurate results. The codes do not suggest a method for 
generating the earthquake time-histories, but only recommend that they are response-spectrum 
compatible. Many common approaches model the earthquake as realizations of a stationary 
Gaussian stochastic process. This kind of representation is adopted in this paper, and using the 
model proposed in [8, 19] one obtains the following handy recursive expression to determine 
the one-sided Power Spectral Density (PSD) compatible with the response spectrum 
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where ( )0,iRSA ω ζ  is the pseudo-acceleration response spectrum obtained from Eq.(1) for 

given damping ratio 0ζ  and circular frequency ( )2i iTω π= , and ( )0,U iη ω ζ  is the peak fac-
tor under the assumption of a barrier out-crossing in clumps 

( ) ( ){ }1.2
0, 2 ln 2 1 exp ln 2U i U U UN Nη ω ζ δ π  = − −   

(3) 
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ζδ
ζ π ζ

− = −

   
   = − −
   − −   

(4) 

In Eq.(4) it has been assumed that the input PSD is smooth and 0 1ζ  . Moreover t  is the 
time observing window, assumed equal to the time instant when the system achieves the sta-
tionarity, while 1 secradαω ≅   is the lowest bound of the existence domain of Uη . Once the 
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response-spectrum compatible PSD ( )G ω  of the ground motion is evaluated through Eq.(1)-

(4), the stochastic ground motion model ( , )gX t u  can defined through the discrete Fourier se-
ries as [13, 14, 20, 21] 
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where n  is the number of harmonic components, ( )k kGσ ω ω= ∆ , 1, 2, ,k n=  , 

(2 ) tω π∆ ≤ , { }Tc s=u u u  is an ( )2n − vector of normal standard random variables, 

{ }1 2

Tc c c c
nu u u=u  , { }1 2

Ts s s s
nu u u=u  ;the ( )2n − vector ( ) ( ) ( ){ }Tc st t t=s s s  

collects the corresponding shape function ( ) ( )cosc
k k ks t tσ ω= , and ( ) ( )sins

k k ks t tσ ω= , 
which are determined by the correlation structure of the input given by the underlying PSD. 
Note that the model given by Eq.(5) is flexible because it allows us to reduce the number of 
random variables. If the cutoff frequency cω  of the system is known, we will consider only 
the harmonic components k cω ω≤ . Eq.(5) can be used for generating samples of the stochas-
tic ground motion model: each realization is simply obtained through the generations of the 
normal standard random variables u . In this paper Eq.(5) it is used for determining directly 
the first passage probability of the EDP using the tools of the stochastic dynamic analysis, as 
detailed in the next section. 

3 STRUCTURAL ANALYSIS 

The structural response of a Multi-Degree of Freedom (MDOF) system with N  d.o.f. is 
described by the dynamic equation of equilibrium 

 ( ) ( ) ( ), , , ( , )gt t t X t + + = − 
  MQ u CQ u F Q u Mτ u   (6) 

where ( ),tQ u  is the relative displacement, M  and C  are mass and damping matrices, 

( ),t  F Q u  is the restoring force vector, τ  is an vector of unit entries, ( , )gX t u  is the sto-

chastic ground acceleration. The force ( ),t  F Q u  describes the non-linear response of the 
structural system during strong earthquakes through appropriate hysteresis models.  

Let ( ),X t u  be the stochastic response defining the EDP. A typical value used in 

PBEE is the interstory drift, so that ( ) ( )1, ,X t Q t=u u  or ( ) ( ) ( )1, , ,k kX t Q t Q t−= −u u u , 

1k > , where ( ),kQ t u  is the k − th stochastic relative displacement. The tail probability is 

defined as the probability that the stochastic response ( ),X t u  of the system is greater than a 

chosen treshold x  at time instant t , that is ( )Prob ,fP X t x= ≥  u . To apply the structural 

reliability theory [22, 23], define the limit state function ( ) ( ), , , ,g t x x X t x= −u u , so that 

( )Prob , , 0g t x ≤  u  is equal to the tail probability [12]. 
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The tail probability can be determined through a Monte Carlo Simulation (MCS), however 
it is consuming, especially for evaluating the very small tai; probabilities. An optimal tradeoff 
between accuracy and efficiency is represented from the First Order Reliability Method 
(FORM). FORM requires the evaluation of the design point, usually given as a solution of a 
constrained optimization problem, ( ) ( ){ }* , arg min : , , 0t x g t x= =u u u . The corresponding

reliability index reads as ( ) ( )*, ,t x t xβ = u . The FORM solution 

( ) ( ), , ,f FORMP t x t xβ = Φ −   gives the first-order approximation of the tail probability, which 
in most cases of practical interest is very satisfactory. The application of FORM for several 
values of the threshold x  gives the conditional POE of the EDP evaluated at the time instant 
t , i.e. ( )Prob ,g g gP x a X t x A a   = ≥ =   u .

For design purposes, the main quantity of interest is the first passage probability of the 
EDP. It has been recognized [11] that a correspondence one-to-one exists between the design 
point ( )* ,t xu  and the slope ( , )t xa  of the hyperplane detected by FORM, namely 

( ) ( ) ( ) 2* *,  , ,t x x t x t x=a u u . Consequently, the knowledge of the design point allows to 
determine Tail Equivalent Linear System (TELS), which is the equivalent linear system hav-
ing for each threshold x  the same design point of the original nonlinear system. The response 
of the TELS is ( , , ) ( , )TELSX t x t x= ⋅u a u , which has zero-mean and variance 

[ ] 2( , ) ( , )TELSVar X t x t x= a . From the knowledge of ( , )t xa , at stationarity the TELS can be 
fully characterized by its PSD given as [24] 

( )
( ){ } ( ){ }2 2

, ,
,

c s
i i

X i

a t x a t x
G x

+
ω =

∆ω
(7) 

where ( ),c
ia t x  and ( ),s

ia t x  are the components of ( , )t xa  corresponding respectively to the 

normal standard random variables c
iu  and s

iu  of Eq.(5). From Eq.(7) the spectral moments of 
the TELS can be determined 

( ) ( ) ( )
0

, , , 0,1, 2m m
m X i X ii

x G x d G x      m
∞

λ = ω ω ω ≅ ω ω ∆ω =∑∫  (8) 

which allow to evaluate the first-passage probability ( ) ( ),max max, Prob ,fP t x X t x= ≤  u ,

where ( )max 0
, max ( , )

t
X t X

≤τ≤
= τu u , 0 tτ≤ ≤ . For Gaussian stationary processes, several formu-

lations are available. In TELM the known solution of Vanmarcke [25] is adopted: 

( ) ( ) ( )
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(10) 
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Extensive numerical experimentation has shown that in many cases of practical interest 
TELM gives a good approximation of the first-passage probability of the EDP, while the re-
quired computational effort is only the evaluation of the design point. The application of 
Eqs.(7)-(10) for several values of the threshold x  gives the required conditional POE of the 
seismic demand, ( )maxProb ,g g gP x a X t x A a   = ≥ =   u , coinciding with the fragility curve
corresponding to the considered limit state. Of course, in the framework of the PBEE the POE 
[ ] ( )maxProb ,P x X t x= ≥  u  of the EDP reads as 

[ ] ( )

( ) ( )
, ,

max , , max , ,

g LS g LS
LS

g DLS g DLS g ULS g ULS

P x P x a p a

Prob X x a p a Prob X x a p a

 = = 

   = ≥ + ≥   

∑
(11) 

4 NUMERICAL APPLICATION 
Consider a Bouc-Wen [26] hysteretic oscillator defined by the nonlinear differential equations 

( ) ( )
1

1 g

r r

mX cX k X Z mX t

Z X Z Z Z X AX

α α

δ γ−

+ + + − = −  

= − − +

  

   
(12) 

where m , c  and k  are the mass, damping and stiffness coefficients, α  controls the degree 
of hysteresis, and r , A , δ  and γ  are parameters defining the shape of the hysteresis loop. 
The base acceleration ( )gX t  has been modeled using the representation (5), where the PSD is 
compatible with the elastic response spectrum of EC8 defined in Eq.(1), by assuming the soil 
category “B”, 0 5%ζ =  as suggested by the codes and a PGA 0.20ga g= , corresponding to 
the Ultimate Limit State of a zone of high seismicity. The response-spectrum compatible PSD 
( )G ω  has been determined through Eqs.(1)-(4), assuming a time observing window 
30sect = , when the system achieves the stationarity. The parameters of the oscillator are 
30,000m =  kg, natural frequency is 0 8.37 / secradω = while the damping ratio is 0 0.05ζ = . 

The parameters of the Bouc-Wen model are 0.10α = , 1n = , 1A = , 50δ γ= = . The frequen-
cy step in (5) is chosen as (2 ) / 0.21 / sect radω π∆ = = . The power spectrum density has 
been discretized from 1 0 / secradω =  to 20 / secn radω = , giving rise to 96n =  harmonic 
components and 2 192n =  normal standard random variables. As EDP it has been chosen the 
insterstory drift, in this case coinciding with the displacement ( )X t  of the SDOF system. The 

tail probability of ( )X t  is calculated for 10 normalized threshold values /x σ  ranging from 
0.5 to 5 with an increment of 0.5, σ  being the standard deviation of the response of the sys-
tem. 

The main challenge of FORM is represented from the evaluation of the design point. Here 
it has been determined using the gradient-free strategy presented in [14], which requires 100 
analyses per threshold. The adoption of the theory of the random vibration to the resulting 
TELS ( , )t xa  allows to determine the first passage probability for the given ULS. In Figure 1 
the tail probability given by TELM (continuous line) through Eqs.(7)-(10) is compared with 
MCS with 100,000 samples (circle markers). The figures show the good accuracy also in the 
range of the small probabilities. From the knowledge of ( ),max ,fP t x  it follows the determina-
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tion of the seismic fragility curve ( )maxProb ,g g gP x a X t x A a   = ≥ =   u , being
20.20 1.96 secga g m= = . The POE of the EDP in this case is simply given as 

( ) ( ) ( )max0.10 Prob ,g gP x P x a p a X t x = = ⋅ ≥    u . If needed, the POE of the EDP can take 
into account several limit states, through the adoption of Eq.(11). 

 
 
 

Figure 1: First passage probability of the hysteretic system espressed in terms of (a) reliability index, (b) Tail 
Probability 

5 CONCLUSIONS 
Performance Based Earthquake Engineering (PBEE) is a probabilistic framework which al-

lows to develop earthquake risk assessment of facilities considering seismic hazard, structural 
response, damage and losses. In this paper the seismic hazard has been modelled through a 
stationary Gaussian stochastic process whose PSD is compatible with the elastic response 
spectrum given by the codes. The seismic fragility curves have been determined through the 
tools of the Stochastic Dynamic Analysis. It has been adopted the well known First Order Re-
liability Method (FORM) which gives rise to the Tail Equivalent Linearization Method 
(TELM). TELM allows to determine the seismic demand of the response with a reduced com-
putational effort. In the framework of PBEE the method can be easily extended for the evalua-
tion of the damage measure and corresponding performance metrics that are of immediate use 
to both engineers and stakeholders. A more realistic analysis should take into account the non-
stationarity of the stochastic ground motion model, and this issue will be analyzed in forth-
coming papers. Moreover, in this paper the procedure has been presented to determine the 
seismic fragility curves of a simple Bouc-Wen Single Degree of Freedom (SDOF) system. 
Further research will be devoted to check the accuracy and the effectiveness of TELM to 
more realistic MDOF systems. 
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Abstract. Many bridges in Tohoku region of Japan were damaged and collapsed due to 
strong ground motions and/or liquefaction during the 2011 Great East Japan earthquake. 
Bridge superstructures were washed away due to the subsequent tsunami. In addition, bridges 
in the coastal area deteriorated further due to chloride induced corrosion. It is important to 
note that the seismic events can cause multiple disasters. The bridges located near the coast-
line in Japan need to be designed taking into consideration the risk associated with seismic 
and tsunami hazards, and continuous deterioration. This paper provides a key aspect of life-
cycle design of bridges under multiple hazards, with an emphasis on earthquake, tsunami and 
continuous deterioration based on lessons learned from the 2011 Great Japan earthquake. A 
simple durability design criterion of reinforced concrete (RC) bridge in a marine environment 
is proposed to determine the concrete quality and concrete cover to prevent the chloride-
induced reinforcement corrosion causing the deterioration of structural performance during 
the whole lifetime. In addition, reliability-based capacity design of bridges with a hierarchy 
of resistance of the various structural components necessary to avoid catastrophic damage 
and to ensure prompt restoration after an extreme event is discussed.
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1 INTRODUCTION
The 2011 Great East Japan earthquake (i.e. Off Pacific Coast of Tohoku Region, Japan 

earthquake) with the magnitude of 9.0 occurred at 2:46 p.m. (local time) on March 11, 2011. 
The fault zone extended 450 km and 200 km in the north-south and west-east directions, re-
spectively [1]. Extensive damage occurred in a wide region in the east Japan. In Tohoku Re-
gion, where the effects of the seismic shocks and the tsunami waves due to the 2011 Great 
East Japan earthquake were felt with very high intensity, many structures and infrastructures
were severely damaged due to the strong ground motion or washed away by the giant tsunami.

Bridges may be susceptible to damage during an earthquake event, particularly if they were 
designed without adequate seismic detailing. Structures built using earlier design specifica-
tions (i.e., without proper seismic detailing) often lack adequate flexural strength and ductility 
capacity, and/or shear strength. When subjected to strong ground motions, these structures 
have the potential to exhibit brittle failure. Several destructive earthquakes in Japan (e.g., 
1978 Miyagiken-Oki earthquake, 1995 Hyogoken-Nanbu earthquake, 2003 Sanriku-Minami
earthquake, and 2004 Niigataken-Chuetsu earthquake) inflicted various levels of damage on 
the structures and infrastructures. The investigation of these negative consequences gave rise 
to serious discussions about seismic design philosophy and to extensive research activity on 
the retrofit of as-built bridges. The seismic design methodology for new bridges has been also 
enhanced. Comparing the damage state of bridges before and after the seismic retrofits, or the 
performance of bridges designed according to old and latest seismic specifications during the 
2011 Great East Japan earthquake, the effectiveness of seismic retrofit and upgrade of seismic
specification against the strong ground motions could be investigated.

The giant tsunami due to the 2011 Great East Japan earthquake inflicted substantial dam-
age to many coastal communities in Japan, including their critical port facilities, residential 
and commercial buildings, and infrastructures. Although several past earthquakes generated 
the tsunamis, extensive damage did not occurred to the transportation facilities in Japan. The 
tsunami effects have not been taken into consideration in the seismic design and retrofit speci-
fications. The code provisions against tsunami need to be established based on the failure 
mechanisms gathered from the tsunami induced damage effects on bridges.

A team of structural and bridge engineers from the Japan Society of Civil Engineers 
(JSCE) visited the Tohoku Region shortly after the 2011 Great East Japan earthquake to in-
vestigate the performance of structures during the disaster [2]. Based on their field investiga-
tion, Akiyama and Frangopol reported the following lessons from the 2011 Great East Japan 
earthquake [3].

- Since the 1995 Hyogoken-Nanbu earthquake, seismic retrofit has been conducted for 
RC bridge piers which have insufficient shear reinforcement and/or have cut-offs of 
longitudinal rebars without adequate anchorage length. However, there were still a sig-
nificant number of bridge piers which required retrofitting before the 2011 Great East 
Japan earthquake. As a result, some as-built bridges exhibited similar failure modes as 
observed in the past earthquakes.

- Comparing the damage state of bridges before and after the seismic retrofits, or the per-
formance of bridges designed according to old and latest seismic specifications during 
the 2011 Great East Japan earthquake, the effectiveness of seismic retrofit and of the 
improved seismic specifications against the strong ground motions was proved.

- Several bridges were not washed away even though they were engulfed by the tsunami.
These bridges have several common structural features; concrete superstructures with a 
wider width of the road and shallow girder height, or RC moment-resisting frames. 
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Based on these structural features, the code provisions against tsunami effects need to 
be established.

- Some of RC structures and steel bearings were severely deteriorated due to chloride-
induced corrosion. The effects of corrosion on the deterioration of the capacity of 
bridges under seismic and tsunami hazards have to be considered.

Based on the above lessons, the reliability-based life-cycle design of bridges under multi-
ple hazards is discussed in the present paper. This consists of reliability-based durability de-
sign of bridges to prevent the material deterioration from the chloride attack, and reliability-
based capacity design of bridges with a hierarchy of resistance of the various structural com-
ponents necessary to avoid catastrophic damage and to ensure prompt restoration after an ex-
treme event.

2 2011 GREAT EAST JAPAN EARTHQUAKE
In Japan, the first seismic design code which included the seismic analysis taking into con-

sideration the inelastic bridge behavior was issued in 1990. The Hyogoken-Nanbu earthquake 
of January 17, 1995, caused destructive damage to bridges. For this reason, the design code 
for road bridges was revised in 1996 [4]. Kawashima reported the details of the evolution of 
seismic design code for road bridge in Japan [1]. Since the 1995 Hyogoken-Nanbu earthquake,
seismic retrofits have been conducted for the as-built bridges. However, because there have 
been still a number of bridges which required retrofitting and several large earthquakes with 
the magnitude larger than 6.5 have occurred since the 1995 Hyogoken-Nanbu earthquake,
some as-built bridges have been damaged. Figure 1 shows RC columns of Shinkansen via-
ducts failed in shear during the 2003 Sanriku-Minami earthquake and damage of RC bridge 
piers due to the insufficient anchorage length at the cut-off point of longitudinal rebars during 
the 2003 Tokachi-Oki earthquake. These RC columns were not retrofitted before the occur-
rence of these earthquakes.

Figure 1. Damages to as-built RC columns observed in the recent earthquakes in Japan [5]

The retrofitted columns of the viaducts performed well, with almost no damage during the 
2011 Great East Japan earthquake as shown in Figure 2. The effectiveness of seismic retrofit-
ting using steel jacketing to prevent significant damage to the Shinkansen viaducts was 
proved. Field investigation conducted after the 2011 Great East Japan earthquake also demon-
strated a significant improvement of the energy dissipation capability of the as-built structures 
to which the seismic devices were attached as shown in Figure 2. This resulted in substantial

380



Mitsuyoshi Akiyama and Dan M. Frangopol

longitudinal displacement reductions and under certain conditions in reduction of inertia forc-
es. It is necessary to establish a seismic retrofit strategy to improve the seismic performance 
of existing bridges in order to minimize the difference between their seismic performance and 
the performance required according to the latest seismic specifications. Seismic hazard, im-
portance of bridge, failure mode of components, and seismic specifications used need to be 
considered when determining priorities for seismic retrofit [6].

Figure 2. Effectiveness of seismic retrofitting using steel jacketing and dampers to as-built RC columns

Figure 3. Corrosion of bearings and reinforcing bars attacked by chloride

Some of RC structures and steel bearings were severely deteriorated due to chloride-
induced corrosion, as shown in Figure 3. The reinforcing bars in the RC bridge pier showed 
pitting corrosion. Pitting corrosion is a highly localized form of steel corrosion, and this can 
cause significant reductions in cross section areas of reinforcing bars, resulting in the reduc-
tions of structural capacity [7]. Mechanical model to consider the effect of corrosion on the 
seismic behavior of steel bearings needs to be improved. Akiyama et al. [8] presented the life-
cycle reliability of RC structures under seismic hazards and hazards associated with airborne 
chloride. They pointed out in an illustrative example that even if the failure probability of RC 
bridge pier is lower at the beginning (immediately after construction), it would increase with 
time due to the chloride-induced corrosion. Material corrosion strongly affects the seismic 
performance of concrete structures. Since it is very difficult to predict the spatial distribution 
of material corrosion by inspection and/or non-destructive test, the estimated seismic perfor-
mance of deteriorated bridges must involve large uncertainty. This would increase the life-
cycle cost of bridges. For new structures, it is necessary to determine the concrete quality and 
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concrete cover to prevent the chloride-induced reinforcement corrosion causing the deteriora-
tion of structural performance during the whole lifetime of RC structures.

As indicated previously, many superstructures were washed away by the tsunami waves 
from the 2011 Great East Japan earthquake. The failure modes of bridges due the tsunami 
wave including the washout of the superstructures due to the hydrodynamic uplift force and 
the horizontal hydrodynamic pressure and collapse of the bridge piers due to the horizontal 
load are reported in [3, 9, 10]. Tsunami forces caused the collapse of a number of bridges that 
formed a vital link between towns in the Tohoku Region. 

Abutment backfill of Niju-ichigahama bridge with simple span and steel pile foundation 
was completely destroyed under the tsunami wave. However, since the original bridge had 
minor damage due to the tsunami wave, temporary bridges could be constructed within one 
month after the 2011 Great East Japan earthquake as shown in Figure 4. Temporary bridges
were used for the evacuation of affected people and the transportation of emergency goods 
and materials. The code provisions against tsunami effects need to be established by taking 
into consideration the recovery time to restore the functionality of the bridge.

Figure 4. Desired tsunami induced-damage to bridge in terms of the recovery time to restore the functionality 

3 LIFE-CYCLE DESIGN OF BRIDGES IN SEISMIC REGIONS
The 2011 Great East Japan Earthquake demonstrated that seismic events can cause multi-

ple disasters, including damage to structures due to strong ground motions and/or liquefaction 
and the washout of structures due to subsequent tsunamis, fires, and landslides. In addition, 
bridges in the coastal area deteriorated further due to chloride induced corrosion. A probabil-
istic framework for quantifying the life-cycle reliability of bridges considering the occurrence 
of a mainshock and subsequent cascading hazard events (i.e., tsunami and aftershocks), and 
the deterioration of structural performance is needed to ensure satisfactory performance of 
bridges during their lifetime.

Reliability-based life-cycle design of the new RC bridges under seismic and tsunami haz-
ards, and hazard associated with airborne chloride is discussed herein. The life-cycle reliabil-
ity of existing bridges under multiple hazards is outside the scope of the current investigation. 
The following aspects are considered:

- Corrosion is initiated by chloride contamination if the structures have poor quality con-
crete and/or inadequate concrete cover. Corrosion initiation could lead to cracking due
to corrosion products and concrete cover spalling. Cracking and/or spalling accelerate 
the corrosion rate and finally lead to serviceability failure and a deterioration of long-
term structural performance. To reduce the life-cycle cost of bridges, it is very im-
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portant to prevent the steel corrosion or cover concrete spalling from the chloride at-
tack even if the bridge is located in an aggressive environment. In order to do this, a 
simple reliability-based durability design criterion of RC structures in a marine envi-
ronment with durability design factors that satisfy the target reliability level is formu-
lated.

- To ensure functionality of the transportation network after an event, an optimal hierar-
chy of resistance of the various bridge components has to be identified depending on 
the hazard environment. To establish the reliability-based capacity design of bridges 
under seismic and tsunami hazards, the effects of the ratio of lateral strength of bridge 
pier to that of pile foundation, and the ratio of lateral strength of bearing to that of 
bridge pier on the seismic and tsunami reliabilities are investigated.

3.1 Reliability-based durability design of concrete bridges in a marine environment
Due to the increase of steel corrosion after the cracking of concrete cover, the structural 

performance of RC structures may be rapidly diminishing. This indicates the need for an as-
sessment of existing safety, repair or replacement of damaged structural elements, or the need 
for more frequent inspections. All these cases will require the allocation of additional finan-
cial resources [11]. It is necessary to design RC structures with high concrete quality, ade-
quate concrete cover, and additional preventative measures (e.g. epoxy coated bars). These 
requirements tend to increase the initial cost of concrete structures; however, expected reduc-
tions in maintenance and repair costs can justify their use on a life-cycle cost basis.

Li [12, 13] proposed a performance-based assessment criterion provided by

   aa pRtRP  (1)

where P = probability of an event, R(t) = structural resistance varying with time t, i.e., deterio-
ration, Ra = minimum acceptable resistance, and pa = minimum acceptable probability of oc-
currence of the event R(t) ≥ Ra.

Using Monte Carlo Simulation (MCS), it is possible to ensure that probability P in Equa-
tion (1) is close to the target value pa, or that the reliability index is close to the target reliabil-
ity index. However, practical design would require complex reliability computations. A 
durability design criterion is presented such that the reliability is close to the target value 
without performing a complex reliability analysis by the designers. The designers determine 
the concrete cover and concrete quality (water to cement ratio = W/C) by prescribing the time 
Ts larger than the lifetime Td of the structure. In the present paper, since RC structures which 
will not need any future maintenance are designed, Ts has to be determined to be the time to 
corrosion induced concrete cracking. The equation of Ts has a durability design factor taking 
into account the uncertainties in the computation of Ts. The formulations are as follows [14, 
15]:
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where ϕ  = durability design factor,  cd = concrete cover prescribed at design stage, Clim,d = 
critical threshold of chloride concentration prescribed at design stage, r = ratio of sea wind 
(defined as the percentage of time during one day when the wind is blowing from sea toward 
land), u = average wind speed, d = distance from the coastline, Qcr,d = amount of steel weight 
loss associated with the occurrence of corrosion induced concrete cracking prescribed at de-
sign stage, and Vd,2 = averaged corrosion rate prescribed at design stage associated during T2.

Water to cement ratio and concrete cover can be determined by Equation (2) independent 
of bridge location (i.e. differences in marine environment). The procedure to determine the 
durability design factor is based on code calibration such that Equation (8) is minimized [14]:

   
i

iU 2
target  (8)

where βtarget = target reliability index, and βi (ϕ) = reliability index of each structure at location 
i transformed from the probability P provided by Equation (1).

Figure 5. Reliability index and cover of RC structures designed using Equation (2) [15]
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The details of steps and random variables used in Equation (1) are shown in [14, 15].
When Td =75 years，βtarget =1.5，d = 0.3 km and 38 locations in Japan are selected (i.e., i = 1, 
2, 3, ..., 38 in Equation (8)), the durability design factors ϕ minimizing U is 0.91. These relia-
bility indices of RC structures designed by Equation (2) with ϕ = 0.91 are indicated in Figure 
5. The reliability indices are very close to the target values independent of water to cement 
ratio and bridge locations. Figure 5 also shows that the designed concrete cover of each struc-
ture in location i (i = 1, 2, 3, ..., 38) depends on the marine environment.

When a RC structure in a marine environment is designed by Equation (2), it is not neces-
sary to consider the effect of material corrosion on the deterioration of structural performance. 
The hierarchy of resistance of the various structural components will be discussed in the fol-
lowing sections assuming that material properties of concrete and rebars would not be varied 
during the lifetime of the structure.

3.2 Reliability-based capacity design of bridges under seismic hazard
By allowing one part of a structural system to be damaged and keeping the other parts be-

having elastically, a structure can dissipate a significant amount of the input energy from a 
severe earthquake [16]. The accessibility of the plastic hinges for future inspection and repair 
must also be accounted for when selecting the location of the hinges. Normally, hinges are 
placed at the bottom of the piers for maximizing post-event operability and minimizing the 
cost of repairing bridges after a severe earthquake. Figure 6 shows the plastic hinge intro-
duced at the bottom of RC bridge pier. This bridge pier was damaged during the 2003 To-
kachi-Oki earthquake.

To carry out a capacity design based on reliability concepts and methods, it is necessary to 
satisfy the following three conditions under uncertainties: first, the hierarchy between the 
flexural and shear capacity ensures the ductile failure mode of the components; second, the 
capacity hierarchy between components induces the plastic hinge to the appropriate compo-
nent; and finally, the probability of failure is at most equal to some specified value. To satisfy 
these design conditions, some design criteria using three partial factors determined by a seis-
mic reliability analysis are proposed, as follows [17]:

1I 
V

aM (9)

1II 
F

a

P
P

 (10)

1,
III 

u

dp




 (11)

where M and V are the design flexural capacity and the shear capacity, respectively, of a given 
component (i.e., the pier or pile), a is the shear span of the component, Pa is the lateral capaci-
ty of the pier (i.e., the ratio of the design flexural capacity M to the shear span a of the pier),
PF is the design yield capacity of the pile foundation, p,d and u are the design displacement 
ductility demand and the design displacement ductility capacity of the bridge pier, respective-
ly, and γI,  γII, and γIII are partial factors.
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Figure 6. Desired damage of RC bridge column due to the strong ground motion to sustain the actions from 
emergency traffic and to perform inspection and repair easily [5]

Figure 7. Analytical model for time-history analysis
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Figure 8. Relationship between moment and curvature of piles ((a) when lateral strength of bridge pier is larger 
than that of pile foundation; and (b) when lateral strength of bridge pier is less than that of pile foundation)

Figure 9. PDF of maximum curvature obtained by MCS

The uncertainties associated with the prediction of soil parameters are very large. To pre-
vent the non-linear behavior of the pile foundation and to ensure that plastic hinge is placed at 
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tion to that of pier is larger than 1.0. If αs of bridge shown in Figure 7 is less than 1.0, the pile 
would exhibit non-linear behavior. In that case, the predicted restoration time and estimated 
repair costs could become larger because of the difficulties in repair work for the pile founda-
tions.

Figure 8 shows that the relationship between the moment and curvature of RC piles de-
pends on αs. αs are 0.8 and 1.2 in Figures 8 (a) and Figure 8 (b), respectively. These seismic 
responses are obtained by the non-linear dynamic analysis using the ground motion measured 
during the 1995 Hyogoken-Nanbu earthquake. The probabilistic density functions (PDFs) of 
maximum curvature of RC pile could be obtained by MCS. The uncertainties associated with 
the prediction of soil parameters and material strength in MCS are shown in [17]. Figures 9 
(a) and (b) show the PDFs of maximum curvatures of pile foundations with αs = 0.8 and αs = 
1.2, respectively. As indicated, the capacity hierarchy of αs = 1.2 between bridge pier and pile 
foundation is not sufficient to keep the pile foundation behaving elastically. Akiyama et al. 
[17] pointed out that it is necessary to design the pile foundation with αs ≈ 2.0 if the probabil-
ity associated with the yielding of the pile foundation has to be less than 10−2. The pile foun-
dation with higher αs is desirable, because the damage of foundation due to the strong ground 
motion is generally difficult to detect and repair. However, it becomes very difficult to design 
the pile foundation with higher αs if the bridge is constructed on strata such as very soft soil 
that can experience soil liquefaction in a severe earthquake. Increased attention should be paid 
to improving the flexural strength and ductility capacity of precast concrete piles that are 
driven into liquefiable soil [18]. In addition, initial cost of the bridge increases with αs. Fur-
ther research is needed to identify the optimal αs based on the seismic risk analysis.

3.3 Reliability-based capacity design of bridges under tsunami hazard
It is not feasible to design a bridge that will remain intact under all hazards that might im-

pact its performance. Hazards to a bridge must be selected on the basis of their significance 
and must be incorporated into the risk assessment [19]. Hazards associated with the hydrody-
namic features of a tsunami inundation flow, such as the inundation depth and current velocity, 
depend on the bridge location, especially on the distance from the coastline. Based on the tsu-
nami fragility and hazards and bridge importance, bridges that require additional attention to 
achieve tsunami resistance performance objectives must be identified.

Much of the technology already exists for enhancing the structural ductility and integrity of
bridges against damage and collapse when additional requirements beyond those provided in 
the current codes and standards are required. However, no structural system can be engineered 
and constructed to be absolutely risk free because of existence of uncertainties and economic 
constraints. Although comparing the structural reliabilities among bridges belonging to a net-
work under tsunami hazard makes the determination of the priority for upgrade and/or repair 
actions possible, constructing bridges with very high performance requirements to prevent 
any damage or failure from a giant tsunami would be unfeasible.

If a bridge does not have a device to connect the superstructure with the bridge pier, the 
superstructure could be washed away due to the tsunami. Meanwhile, if a bridge has a device 
to connect the superstructure with the bridge pier, the bridge pier could have more severe 
damage caused by the tsunami. As observed in the 2011 Great East Japan Earthquake, the 
temporary bridges shown in Figure 4 could be constructed within a few months. In addition, 
in tsunami risk assessment, it is not necessary to consider human deaths due to the collapse of 
the bridge because there would be no people or vehicles on the bridge when the tsunami ar-
rives. Therefore, for a giant tsunami with a lower probability of occurrence, washout of the 
superstructure could be acceptable.
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Figure 10. Horizontal wave impulsive pressure histogram obtained by CADMUS-SURF

The effect of the ratio αt of lateral strength of bearing to that of RC pier on the failure 
probability of bridges associated with tsunami hazards is investigated using tsunami fragility 
curves based on simulation. The procedure to obtain the tsunami fragility curve is shown in [9, 
10]. In the present study, the hydro-dynamic feature γ is tsunami height. A number of tsuna-
mis with the same tsunami height but different tsunami periods and velocities are generated to 
take into consideration the tsunami pressure fluctuations using the CADMUS-SURF software 
developed by a group of Japanese coastal engineers [20]. In CADMUS-SURF, the Navier-
Stokes equations in combination with the VOF (Volume Of Fluid) method and the LEF 
(Large Eddy Simulation) technique are solved. They are applied to a bridge model to estimate 
the hydro-dynamic horizontal and uplift pressures. These pressures can be calculated at any 
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arbitrary points in the bridge model. Figure 10 shows an example of horizontal wave impul-
sive pressure histogram obtained by MCS with the number of samples of 100 under the condi-
tion that tsunami wave heights are 4m, 6m and 8m.

Figure 11. Effect of the ratio αt of lateral strength of fixed bearing to that of RC bridge pier on the fragility curves

The capacity Ca is compared with the demand De in the push-over analysis for the tsunami 
fragility of bridges. As a case study, the concrete girder bridge is analyzed. This bridge with 
the length of 90m is continuous over three spans. Structural details of this bridge are shown in 
[21]. Figure 11 shows the comparison of fragility curves of fixed bearing and RC bridge pier 
with αt = 0.7, 0.9, 1.1 and 1.3. When considering the post-event operability after a giant tsu-
nami, the fragility curve associated with the bridge pier is located to the right of that associat-
ed with the fixed bearing. The optimal resistance hierarchy must be identified taking into 
consideration the level of the regional seismic and tsunami hazards, functionality loss (i.e., 
traffic capacity loss) after an event, economic impacts, time to restore the bridge, and life-
cycle costs [22, 23]. The relationship between bridge damage and the resulting loss of func-
tionality of the bridge must be considered when assessing the impact of an event on the per-
formance of the transportation network.
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4 CONCLUSIONS
● The key aspects of life-cycle design of bridges under multiple hazards, with an empha-

sis on earthquake, tsunami and continuous deterioration based on lessons learned from 
the 2011 Great Japan earthquake are discussed.

● In order to reduce the life-cycle cost of bridges, it is important to prevent the steel cor-
rosion and/or cover concrete spalling even if the bridge is located in an aggressive en-
vironment. A simple reliability-based durability design criterion of RC structures in a 
marine environment with durability design factors that satisfy the target reliability lev-
el is presented. Although designing RC structures with high concrete quality, adequate 
concrete cover, and additional preventative measures (e.g. epoxy coated bars) increas-
es the initial cost of concrete structures, expected reductions in maintenance and repair 
costs could justify their use on a life-cycle cost basis.

● The hierarchy of resistance of the various bridge components necessary to avoid cata-
strophic damage and to ensure prompt restoration from a severe earthquake and giant 
tsunami is investigated. A reliability-based design methodology for bridges under 
seismic and tsunami hazards is needed to improve structural performance for avoiding 
catastrophic damage and ensuring prompt restoration.

● Further research on life-cycle performance of single bridges and bridge networks un-
der seismic and other hazards, including reliability, risk, resilience and sustainability 
has to be performed along the lines reported in [24-32].
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Abstract. In the most advanced seismic codes earthquake loads are often defined by means
of pseudo-acceleration Response Spectra (RS) and the use of modal superposition analysis
method is strongly encouraged. The effectiveness of the design procedures is thus limited by
the underlying hypotheses, such as the linearity of the system and the reliability of the modal
correlation coefficients used to combine the modal responses for MDOF systems. On the other
hand, linear systems response statistics could be easily computed by using stochastic analysis
tools, once a stochastic characterization of the seismic action is provided. In this paper a
few-parameters analytical model for the definition of Power Spectral Density functions (PSD)
coherent with Response Spectra is proposed. Closed-form relationships between the parameters
involved in the definition of the PSD and the RS defined by several international seismic codes
are provided. The reliability of this tool is assessed by means of a numerical campaign by
comparing stochastic analysis and Monte-Carlo simulations. By using the proposed approach,
the seismic action can be defined both in terms of RS and in terms of PSD, and, therefore, the
engineer can choose the most appropriate analysis tool for his purpose.
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1 INTRODUCTION

The majority of the building codes define the seismic actions by providing the expected max-
imum response of a single-degree-of freedom (SDOF) system in terms of pseudo-acceleration
Response Spectrum (RS). The RS represents the absolute maximum value of a selected re-
sponse parameter (e.g. displacement, velocity, acceleration) experienced, during the so-called
design earthquake, by a SDOF system varying its natural period and for a selected value of its
damping ratio. A building code RS curve is determined by the expected SDOF system response
at a particular site. It depends on the seismicity of the site, the soil properties, the importance
of the structure and, in the most advanced codes, also on the assumed ductility of the lateral
load resisting system and the limit state under consideration. The RS analysis is strictly valid
only for linear SDOF systems, and its use for the evaluation of the response of MDOF systems
implies some approximations [1, 2].

Conversely, a proper probabilistic handling of the assigned seismic action would allow for the
full statistical characterization of the response of linear systems in the nodal space, including the
response peak distribution [3], avoiding the combination of modal responses and allowing for
an effective assessment of the structural reliability. For the case of nonlinear systems, instead, it
is always necessary to perform time integration of the structural response with respect to a set of
artificially generated ground motion time histories matching the RS (Monte-Carlo simulation).

For both cases of linear and nonlinear systems, the development of an analytic tool mod-
elling directly the seismic action is of the utmost importance. It is recognized [4] that the most
rigorous way of modelling the seismic excitation is to consider zero-mean Gaussian processes
that, under some assumptions, can also be assumed as stationary. The complete probabilistic
characterization of the input can be, then, achieved by the knowledge of its Power Spectral
Density (PSD) function [5]. It has to be stressed that the PSD is related only to the ground
acceleration and it is absolutely independent of the damping ratio of the superimposed structure
and by its inherent nonlinearities. The challenge is to set up a robust procedure to define a PSD
function compatible with the assigned RS.

In the last decades, great attention has been devoted to develop analytic and numeric tech-
niques aiming at obtaining refined models of RS-compatible PSD functions. Earlier contribu-
tions on this subject can be found in the review paper by Ahmadi [6]. A common approach to
model earthquakes in a stochastic framework is to define filter equations returning the earth-
quake excitation as response to a white noise. The most used filter is the Tajimi-Kanai one
[7, 8]. Falsone et al. [9] provide a technique to obtain the filter coefficients for Eurocode 8 RS.
Several techniques for generating spectrum-compatible PSDs are available in literature [10, 11].
However, they require iterative procedures and numeric evaluations either in the time domain or
in the frequency domain [12, 13]. An analytic model for the evaluation of the PSD compatible
with the Eurocode 8 and the former Italian Code RS has been proposed for the first time in [14]
and [15], starting from the PSD functions obtained by the numeric procedure proposed in [16].

In this paper, the analytic PSD functions used in [14] and [15] are further generalized to
be compatible with a very generic form of RS. In this way, this PSD function can be adopted
for a very large range of international seismic codes. The required parameters are analytically
evaluated as closed-form functions of the seismic codes RS parameters. The proposed model
can be used in place of the RS, so that the practitioner engineer can define the seismic action
directly in terms of PSD function and utilize stochastic analysis tools. In the following sections
the analytic procedure to evaluate the closed-form expressions relating the RS parameters to the
PSD ones is reported. Results are reported for a numerical campaign, performed by means of
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stochastic analysis on a SDOF system for various building code prescriptions. The results show
how the proposed analytical form of PSD can be straightforwardly extended to be compatible
with various shapes of RS. Additionally, results are confirmed by Monte Carlo simulations.

2 POWER SPECTRAL DENSITY FUNCTION COMPATIBLE WITH RESPONSE SPEC-
TRA

2.1 Introduction to the problem of determining the PSD function

A very general class of pseudo-acceleration RS reported in international building codes can
be expressed by means of the following four-branches expression:

Sa (T ) =



S0

[
1 + (α− 1)

T

TB

]
0 ≤ T ≤ TB

αS0 TB < T ≤ TC

αS0

(
TC
T

)k1

TC < T ≤ TD

αS0

(
TC
TD

)k1 (TD
T

)k2

T > TD

(1)

where T is the natural period of the SDOF system, S0 is the peak ground acceleration, α is the
dynamic amplification factor, TB, TC and TD are the periods delimitating the various branches,
and k1 and k2 are shape factors. In this paper we refer to RS in which k1 = 1 and k2 = 2. The
RS defined by eq. (1) is qualitatively represented in Figure 1.

S0

�S0

S (T)a

T

TDTCTB

Figure 1: Pseudo-acceleration Response Spectrum.

The first branch linearly connects the point at T = 0 to the second branch. The second, third
and fourth branches of the model corresponds to constant spectral accelerations, velocities and
displacements, respectively.

Several building codes allow the practitioner engineer to represent the seismic ground mo-
tion by means of artificial accelerograms of finite nominal duration Ts generated as samples of
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a zero-mean Gaussian stationary process, fully characterized by its PSD function. However,
the seismic codes do not define this PSD function, requiring, instead, that the latter has to be
compatible with an assigned RS and providing the conditions to achieve the compatibility. In
particular, a PSD function GÜg

(ω) of the ground acceleration is considered compatible with an
assigned acceleration RS, Sa (T ), if a SDOF system with an assigned damping ratio (usually
ζ0 = 0.05), subjected to accelerogram samples generated from GÜg

(ω), experiences an abso-
lute maximum acceleration Sa (T ) for each value of the natural period T into a time window of
the nominal duration of the pseudo-stationary part Ts of the earthquake.

The spectral acceleration can also be expressed as:

Sa (ω, ζ) = ω2ηU (ω, ζ)σU (ω, ζ) (2)

where ω = 2π/T is the circular frequency, σU (ω, ζ) is the standard deviation of the response
displacement process and ηU (ω, ζ) is the peak factor, that can be determined as follows [3]:

ηU (ω, ζ) =

√
2 ln

{
2NU (ω)

[
1− exp

(
−δ1.2U (ζ)

√
π ln (2NU (ω))

)]}
(3)

Although the system response is not known a priori, the parameter NU (ω) and the spread factor
δU (ζ) can be expressed by the following approximate equations [17]:

NU (ω) = −TS
2π

ω

ln (p)
; δU (ζ) =

√√√√1− 1

1− ζ2

[
1− 2

π
arctan

(
ζ√

1− ζ2

)]2
(4)

where p = 0.5, since the mean value of the peak values can be approximated by the 50%
fractile of the maxima distribution. Assuming for the damping ratio ζ = 0.05, the spread factor
becomes δU (ζ0) = 0.24561.

Once the PSD of the input is known, the corresponding RS can be easily obtained by eq. (2).
However, the inverse problem (i.e. determining the PSD function corresponding to an assigned
RS) is not easy to solve due to the strong nonlinearity of eq. (2). To overcome this problem, an
approximate expression for the response variance can be used [18] to obtain an estimate of the
PSD function GÜg

(ω) compatible with the assigned RS:

GÜg
(ω) =

γ

ω

[(
Sa (ω, ζ)

ηU (ω, ζ)

)2

−
∫ ω

0

GÜg
(ω̂) dω̂

]
(5)

where the parameter γ = 4ζ/ (π − 4ζ) assumes the value γ = 0.068 when ζ = 0.05. It is
not easy to determine the closed-form solution of eq. (5), since the determination of the PSD
function GÜg

(ω) at a selected frequency requires the knowledge of the same PSD function for
all previous frequencies, that is for each ω̂ ≤ ω.

A numerical solution of eq. (5) has been provided in [16]. For the numerical implementation
of this procedure, the actual ground acceleration PSD is approximated by a constant piecewise
function, so that the integral term is replaced by a discrete summation:

GÜg
(ωi) =

4ζ

πωi − 4ζωi−1

[(
Sa (ωi, ζ)

ηU (ωi, ζ)

)2

−∆ω
i−1∑
j=1

GÜg
(ωj)

]
(6)
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Figure 2: Power Spectral Density function coherent with Response Spectrum.

where ∆ω is an arbitrarily selected frequency step, ωi = ω0 + (i− 0.5) ∆ω, and ω0 is the lower
bound of the existence domain of eq.(3). Equation (6) allows to obtain an accurate numerical
PSD function compatible with assigned RS. It should be stressed that the effectiveness of this
procedure does not depend on the shape of RS and it can be also used for the non-smooth RS
obtained in the case of natural earthquake ground motion time histories [19].

2.2 An analytic model for RS compatible PSD function

Although the method proposed in [16] can be adopted to determine a PSD compatible with
any building code RS, the numeric iterative procedure has to be entirely repeated for any varia-
tion of the RS parameters. Moreover, the method can be cumbersome for practitioner engineers,
who sometimes are not very familiar with the theoretical stochastic aspects on which the defini-
tion of the seismic code RS is based. In order to define an analytic PSD function, an extensive
numerical campaign has been performed by varying the intensity and shape of the assigned RS,
as defined in eq. (1), and evaluating the RS compatible PSD functions using the numeric proce-
dure proposed in [16]. It has been observed that the method always (when k1 = 1 and k2 = 2)
returns numeric PSD functions having the shape qualitatively reported in Figure 2.

Hence, it is straightforward to describe the PSD function as a four-branches piecewise func-
tion having a simple mathematical structure and fully defined once few parameters are known.
Herein, the following analytical function is proposed:

GÜg
(ω) =



G0

(
ωD

ωC

)e2( ω

ωD

)e1

0 ≤ ω ≤ ωD

G0

(
ω

ωC

)e2

ωD < ω ≤ ωC

G0

(
ω

ωC

)e3

ωC < ω ≤ ωB

G0

(
ωB

ωC

)e3( ω

ωB

)e4

ω > ωB

(7)
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whereG0 represents the peak value of the PSD function at the frequency ω = ωC . The proposed
model is dependent on 5 parameters, namely G0 and the four exponents e1, ..., e4. Therefore,
the PSD is fully defined by few parameters. Closed-form expressions for all the parameters can
be determined by using eq.(5) in its exact form and taking advantage of some simple consider-
ations, as reported in the following.

2.3 Determination of the PSD parameters

For the sake of clarity, the general form of RS, eq. (1), is herein reported as a function of the
circular frequency:

Sa (ω) =



αS0

(
ωD

ωC

)k1 ( ω

ωD

)k2

0 ≤ ω ≤ ωD

αS0

(
ω

ωC

)k1

ωD < ω ≤ ωC

αS0 ωC < ω ≤ ωB

S0

[
1 + (α− 1)

ωB

ω

]
ω > ωB

(8)

To determine the exponent e1, the eq. (5) is, at first, rewritten for the frequency ω = ωD:

G0
ωe2+1
D

ωe2
C

=
γ

ωD



αS0

(
ωD

ωC

)k1

ηU (ωD)


2

−
∫ ωD

0

GÜg
(ω) dω

 (9)

and substituting the eq. (7) into the integral term:

G0ωC

(
ωD

ωC

)e2+1
γ + e1 + 1

γ (e1 + 1)
=


αS0

(
ωD

ωC

)k1

ηU (ωD)


2

(10)

Then, following the same reasoning, but considering a new frequency ω = ωD/ρ (ρ > 1), the
following expression is obtained:

G0ωC

(
ωD

ωC

)e2+1
γ + e1 + 1

γ (e1 + 1)
=


αS0

(
ωD

ωC

)k1

ηU

(
ωD

ρ

)


2

ρe1+1−2k2 (11)

Comparison of eqs. (10) and (11) leads to:

e1 =

log

η2U

(
ωD

ρ

)
η2U (ωD)

log ρ
+ 2k2 − 1 (12)
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Moreover, considering the limit ρ→ 1 of eq. (12), it can be demonstrated that the exponent e1
can be expressed in closed-form as:

e1 = 2k2 − 1− L (ωD) (13)

where the function L (ω) is defined as:

L (ω) = 2ω
d (log (ηU (ω)))

dω
(14)

The evaluation of the closed-form expressions for the other parameters is based on the same
concepts, but considering points on the other three branches of the PSD. After some algebra,
the following set of parameters is obtained:

e2 = 2k1 − 1− L (ωC)

e3 = −1− γ − β2L (ωC)

e4 = −1− γ − β3
(
L (ωB) + 2

α− 1

α

)
G0 =

γ

β2ωC

(
αS0

η2U (ωC)

)2

(15)

with the following positions:

β2 =

(
ωD

ωC

)e2+1
γ + e1 + 1

e1 + 1
+

(
1−

(
ωD

ωC

)e2+1
)
γ + e2 + 1

e2 + 1

β3 =

(
ωC

ωB

)e3+1

β2 +

(
1−

(
ωC

ωB

)e3+1
)
γ + e3 + 1

e3 + 1

(16)

Some seismic codes define the ground motion accelerations by means of three-branches or two-
branches RS as follows:

Sa (T ) =



S0

[
1 + (α− 1)

T

TB

]
0 ≤ T ≤ TB

αS0 TB < T ≤ TC

αS0

(
TC
T

)k1

T > TC

(17)

Sa (T ) =


αS0 T ≤ TC

αS0

(
TC
T

)k1

T > TC

(18)

For these case, the PSD model is easily obtained by setting ωD → 0 for the first case and
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ωD → 0 and ωB →∞ for the second case, obtaining the following two analytic PSD functions:

GÜg
(ω) =



G0

(
ω

ωC

)e2

0 < ω ≤ ωC

G0

(
ω

ωC

)e3

ωC < ω ≤ ωB

G0

(
ωB

ωC

)e3( ω

ωB

)e4

ω > ωB

(19)

GÜg
(ω) =


G0

(
ω

ωC

)e2

0 < ω ≤ ωC

G0

(
ω

ωC

)e3

ω > ωC

(20)

The value of the parameters remain unchanged (taking into account the same positions with
regards to ωD and ωB).

3 NUMERICAL VALIDATION

In the present section results have been reported in order to validate the coherency between
the PSD function of the seismic action evaluated by means of the proposed analytical model
and the assigned RS.

Most advanced seismic codes provide the requirements to assess this coherency. In partic-
ular, according to Eurocode 8 [20], the coherency is achieved when the 50% fractile of the
distribution of the response peaks of a SDOF system, subjected to the random process charac-
terized by the PSD, is greater than 90% of the 5% damping elastic response spectrum, in the
range of periods between 0.2T1 and 2T1, where T1 is the fundamental period of the structure.

In this paper, this criterion has been adopted, and the response spectrum consistent with the
PSD function has been derived through both stochastic analysis and Monte Carlo approach.

The response spectrum for a given PSD function of the input can be computed by using eqs.
(2) and (3), where the approximation introduced by eq. (4) are removed and the parameters
NU (ω) and δU (ζ) are now replaced by those reported in the following expression:

NU (ω, ζ) =
TS
2π

√
λU,2 (ω, ζ)

λU,0 (ω, ζ)
(− log p)−1; δU (ω, ζ) =

√
1−

λ2U,1 (ω, ζ)

λU,0 (ω, ζ)λU,2 (ω, ζ)
(21)

in which the i-th order spectral moment λU,i (ω, ζ) is defined as:

λU,i (ω, ζ) =

∫ ∞
0

ω̂i|H (ω̂, ω, ζ)|2GÜg
(ω̂) dω̂ (22)

and the transfer function of the SDOF system is expressed as:

H (ω̂, ω, ζ) =
1

ω2 − ω̂2 + 2iζωω̂
(23)

Alternatively, the response spectrum consistent with the PSD function could be evaluated
through a Monte Carlo method. Firstly, a certain number of ground acceleration samples are
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generated as realizations of a zero-mean Gaussian white-noise stationary process having the
proposed PSD function. In order to preserve the stationary condition of the response process
within a segment of duration Ts (i.e. the time-observing window), the time modulation function
ϕ (t) proposed in [21] is selected:

ϕ (t) =

 (t/t1)
2 t ≤ t1

1 t1 < t < t2
exp (−β (t− t2)) t ≥ t2

(24)

with t2 = t1 + Ts. Then, the equation of motion of a linear SDOF system characterized by
the natural frequency ω is integrated by means of a step-by-step algorithm and the absolute
peak values in terms of displacement, velocity or acceleration can be easily evaluated. Finally,
the spectral acceleration Sa (ω, ζ) is computed as the mean value of the acceleration absolute
peaks. The acceleration response spectrum curve is obtained by repeating the same procedure
for different values of the natural frequency ω, spanning the frequency range of interest.

In order to develop some useful applications of the proposed PSD model, a deep research on
the different response spectra defined according to several international seismic codes have been
performed, choosing countries in such a way to consider both the dimension and the seismicity
of the country itself. The RS are then been classified in terms of shape and Table 1 reports the
RS that can be expressed through eq. (1) by letting k1 = 1 and k2 = 2.

Country seismic code year
Four-branches RS

Australia AS1170.4 2007
Colombia NRS10 2010
European Union (28 countries) Eurocode 8 [20] 2004

Three-branches RS
Dominican Republic Decreto 201/11 MOPC 2011
India Indian Standard 1893 2002
Indonesia SNI17262002 2002
Japan Building Standard Law 2000
Korea Korea Building Code 2005
Philippines NSCP 2010
Taiwan SDCB 2005
USA International Building Code [22] 2012

Two-branches RS
Albania KTP-N.2-89 1989
Ecuador INEN-5 2001
Macedonia Tech. Reg. Code 1990
Peru E.030 2003
Serbia Tech. Reg. Code 1990
Uganda US 319:2003 2003

Table 1: Classification of seismic codes whose RS can be expressed by eq.(1) with k1 = 1 and k2 = 2.

The analytical PSD, in these cases, can be obtained from eq. (7) in which G0 and the ex-
ponents ei are evaluated as in the previous section. Only major seismic codes are included in
reference list for sake of shortness.
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In the following an application of the proposed model to a four-branches seismic code is
proposed. Monte Carlo simulations have been carried out using 2000 samples whose duration
is 30 sec; the stationary part duration of accelerograms has been assumed Ts = 20 sec, while,
in order to define the modulating function ϕ (t), the value of t1 = 5 sec is used. It is worth
stressing that the proposed procedure has been successfully tested also for different values of
Ts and different number of branches.

The numerical application is carried out with reference to the four-branches acceleration
response spectra defined by the Eurocode 8 [20]. In particular, in order to show the capability
of the proposed model to reproduce the assigned RS, the parameters involved in the definition
of the RS have been computed according to the Italian Code [23]. According to the Italian
Code and Eurocode 8, the acceleration response spectrum has been obtained with reference
to a return period of 475 years (10% probability of exceedance in 50 years) and to a site in
Messina (Sicily), soil type A (hard rock). The RS parameters have been reported in Table 2,
the correspondent PSD function have been evaluated by using eq. (7), and the values of the
parameters involved are reported in Table 3.

Parameter value
S0 0.248g
α 2.411
TB 0.120 sec
TC 0.359 sec
TD 2.592 sec

Table 2: Parameters for the definition of the four-branches response spectrum.

Parameter value
G0 1.50932 · 10−4 g2/ (rad/sec)
e1 2.5094
e2 0.7594
e3 -1.3177
e4 -2.6209

Table 3: Parameters for the definition of the four-branches spectrum-compatible PSD .

Figure 3 shows the comparison between the PSD function defined by eq. (7) and Table 3
and the numerical one obtained by eq. (6). The very close agreement between this two curves
shows that the analytical model in eq. (7) is able to fit the PSD function computed numerically.
The next step is to evaluate the RS related to the PSD reported in Figure 3 and the target RS.
This has been investigated both by stochastic analysis and by Monte Carlo simulation and the
results have been reported in Figure 4 in terms of acceleration response spectrum, along with
the 10% tolerance curve. Figure 4 shows that the proposed analytical PSD is able to reproduce
the given response spectrum with an error much lower than the allowed tolerance in case of both
stochastic analysis and Monte Carlo simulation. Similar result can be obtained for the other RS
listed in Table 1.
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Figure 3: PSD compatible with four-branches RS; numerical PSD obtained by eq. (6) (solid line); PSD defined by
eq. (7) and Table 3 (dashed line).

4 CONCLUSIONS

Most of the response spectra in the building codes of the various countries are characterized
by having branches in the period domain represented by linear, constant and power laws in the
different period lag. The number of branches, the intensities and the various exponents depend
on the country, the seismicity of the various zones as well as on the particular site conditions.

In this paper, the authors have proposed a single analytical expression of the PSD coherent
with the response spectra in all different scenarios. The model can be used for a segmented
input-output stationary process for different conventional durations of the earthquake. Maxi-
mum peak analysis is performed via Monte Carlo simulations of artificial accelerograms gener-
ated by the PSD coherent with the response spectrum at hand. Alternatively, for linear structural
systems, the maxima may be evaluated by taking full advantage of stochastic analysis.

Coherency between the proposed PSDs and response spectra with four, three and two branches
has been validated by extensive use of Monte Carlo simulation method obtaining errors much
lower than the 10% prescribed tolerance.
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Abstract. Being able to reliably predict the time-to-rehabilitation of aging bridges is a major 

issue in cost-effectively maintaining these in safe and operational condition. This task is seri-

ously hindered by the huge uncertainties that govern the deterioration rate and the lifetime of 

bridges. In the present work, the time-to-rehabilitation of bridges is probabilistically estimated 

using data from a large-scale database of the US Federal Highway Administration, which in-

clude age and structural condition information for several thousands of bridges. This infor-

mation reveals the effect of bridge exposure to environmental factors such as deicing salts, 

traffic loads, earthquakes, humidity and chlorides, among others. The available data are first 

appropriately processed and adjusted using shifting and scaling procedures. A Weibull distri-

bution function is then fitted to the data to evaluate the probability for a bridge to reach a 

critical condition and estimate the time-to-rehabilitation. The aforementioned procedure is ap-

plied to a real sample of 33,810 concrete bridges of various ages, which are exposed to deicing 

salts and humidity. 

407

mailto:alogdianakis.filippos@ucy.ac.cy
mailto:charmpis@ucy.ac.cy
mailto:ibalafas@ucy.ac.cy


1 INTRODUCTION 

Aging bridges need continuous interventions either in the form of maintenance or major 

rehabilitation. Reliably estimating the deterioration rate and the lifetime of bridges are essential 

aspects in determining optimal programs regarding maintenance and/or rehabilitation. This 

could assist decision makers in both elongating the useful life of bridges and controlling their 

structural safety in a cost-effective manner. However, the structural performance of bridges in 

time is governed by huge uncertainties, which need to be quantitatively treated, in order to be 

able to make rational decisions regarding maintenance and rehabilitation. 

An essential step toward the effective handling of such uncertainties is the gathering and 

exploitation of respective data. Typically, the data collected refer to current bridge conditions 

and are used in conjunction with Bridge Management Systems (BMS) to decide on the necessity 

and degree of priority of any potential intervention and to allocate corresponding funds [1]. 

However, in order to estimate future needs and optimally allocate available budgets, models to 

predict the future stock condition are essential. Various deterioration models exist and vary 

from simple linear regression models [2] to much more involved Markov chain models [3,4] 

and other newer approaches [5-7]. These deterioration models use previous years’ structural 

condition data to trace condition changes and estimate the probability of transition from a con-

dition rating to another. 

In the present work, the future structural condition of bridges is probabilistically estimated 

using real data maintained by the Federal Highway Administration (FHWA) for USA bridges. 

The National Bridge Inventory (NBI) of FHWA, which is updated annually, contains a consid-

erable amount of information and describes the structural condition of over 500,000 bridges [8]. 

A single year of the NBI database is used to calibrate a probabilistic model for predicting the 

structural condition of a bridge over time. Thus, all bridges in the data-stock processed are used, 

based on their ages, to represent the condition of a single bridge during its lifetime. Hence, the 

portion of bridges being in a certain age and condition represent the probability of the bridge 

under study to be in the same condition at that age. This way, curves relating bridge age with 

cumulative probability for each structural condition can be assembled. Certain time-shifts and 

scalings are then applied to achieve predictions for bridge ages not covered by available data. 

By fitting Weibull distribution functions to the original and shifted data and specifying some 

criteria for deciding bridge rehabilitation, the time left for a bridge until it reaches a structural 

condition, that induces a need for rehabilitation, can be probabilistically evaluated. 

The real NBI sample utilized in this work contains 33,810 concrete bridges of various ages, 

which are exposed to deicing salts and humidity. Based on this sample, rehabilitation time pre-

dictions are calculated. Such predictions can greatly assist in cost-effectively maintaining the 

desired reliability level of aging bridges. 

2 THE NATIONAL BRIDGE INVENTORY (NBI) 

Inspections are performed on bridges to monitor the infrastructure’s stock condition. The 

FHWA of USA maintains an up-to-date inventory (NBI), which includes over 500,000 bridges 

in its territory. The NBI contains a considerable amount of information; this includes 116 coded 

items to describe each bridge. An updated NBI is published annually, as each bridge must be 

inspected visually biennially. Bridge condition ratings are recorded on a scale 0-9, with 9 rep-

resenting ‘perfect’ and 0 ‘failed’ conditions. Inspections are carried out by qualified personnel 

complying with standard procedures set out in National Bridge Inspection Standards (NBIS) 

[8]. 

Condition coded with 5 can be regarded as a threshold for rehabilitation. This corresponds 

to a ‘fair’ bridge condition [8]: all primary structural elements are sound but may have minor 
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section loss, cracking, spalling or scour. Rehabilitating a bridge in that condition is important, 

before further deteriorating to a ‘poor’ (code 4), ‘serious’ (code 3), ‘critical’ (code 2), ‘imminent 

failure’ (code 1) or ‘failed’ (code 0) condition. 

3 CASE STUDY: THE UTILIZED BRIDGE STOCK SAMPLE 

The specific case study in this work is related to bridge deterioration with age, e.g. due to 

corrosion. Deicing salts are known to accelerate deterioration especially in combination with 

humidity [9]. To locate bridges exposed to chlorides, information from FHWA on the areas of 

USA using deicing salts have been exploited. The bridges identified are illustrated on the USA 

map of Fig. 1. To ensure the presence of humidity, the sample was limited to bridges with water 

passing underneath the structure. Moreover, to limit the structural and material effect on dete-

rioration, only simply supported concrete bridges entered the sample. Finally, cases have been 

excluded from the selected sample, which correspond to deterioration of a bridge regardless of 

age. Such cases include earthquakes, accidental actions (e.g. collisions, vandalism), etc. Ac-

cording to the United States Geological Survey (USGS), areas 1 and 2 shown in Fig. 1 represent 

high seismic hazard regions, which have been excluded from the analysis under study. 

Rehabilitated bridges have also been ruled out, as their effect on the sample can be mislead-

ing. This is due to the fact that a question arises as to which age to use, based on the year 

reconstructed or on the year built. In both cases the condition cannot be matched to the rest of 

the sample, as it is either presented worse or better, respectively. 

After the above exclusions the final sample analyzed counted 33,810 bridges. 

Figure 1: Concrete bridges exposed to deicing salts and humidity. High seismic hazard areas are excluded from 

the analysis (areas 1 and 2 noted on the figure). 

4 PROCESSING OF BRIDGE STOCK SAMPLE 

In general, the processing of the bridge stock sample described in the previous section is 

performed as follows. Initially, the probability for a bridge of a certain age to be in a specific 

structural condition (0-9) is calculated. Then, the residual time to condition 5 is estimated by 
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performing time-shifts to future years from condition distributions >5. While shifting, the time 

axis is scaled appropriately. In the next section, Weibull distribution functions are fitted to the 

original and shifted/scaled data. 

The processing of the bridge stock sample is based on the concept of the Cumulative Con-

dition Probability (CCP), which calculates the probability of a bridge of a certain age being 

equal or below a certain condition. Bridges are categorized in age groups forming sub-stocks 

of the global bridge stock; the CCP of each sub-stock is independently calculated. CCPs for 

conditions ≤9 to ≤0 are calculated through: 
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where: CCPi(t) is the CCP for bridge condition ≤i of the sub-stock at age t; Nc,i(t) is the total 

number of bridges at condition ≤i of the sub-stock at age t; Nc,tot(t) is the total number of bridges 

of the sub-stock at age t (at any condition 0-9); Ni(t) is the total number of bridges at condition 

i of the sub-stock at age t. Thus, Nc,i and Nc,tot are ‘cumulative’ numbers; this is denoted by the 

subscript ‘c’ used. 

The total number of bridges of each bridge sub-stock (i.e. of each year) are shown in Fig. 2, 

while the corresponding CCPs are illustrated in Fig. 3. Specifically, CCPs for conditions ≤9 to 

≤3 are shown in Fig. 3. 

In Fig. 3, it can be noticed that the probabilities (CCPs) calculated through Eq. (1) are not 

monotonic, but vary within a range, which tends to widen as the bridge sub-stock becomes older. 

This can be attributed to the smaller samples of constructed bridges available for older years 

(Fig. 2). It should also be noted that the year of construction may be relevant to the current age 

of each bridge, but the connection between age and condition has to include the year of inspec-

tion. Thus, the actual bridge age that should be considered for calculating CCPs is the year of

Figure 2: Bridges constructed at each year. 
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Figure 3: Computed probabilities (CCPs) for each year bridge sample. The ‘Year Built’ axis is reverse. 

inspection subtracted from the year built. By applying this transformation, the graph of Fig. 4 

is obtained, in which the variation range of probabilities seems to be lower than in Fig. 3. 

To separate the bridge ages with acceptable variation ranges of calculated CCPs, a threshold 

age tcut (‘cutting age’) is determined to define the ‘trusted’ part of the overall bridge sample 

(Fig. 4). Probabilities corresponding to bridge sub-stocks older than tcut are considered to have 

unacceptably high variation ranges and are therefore ‘untrusted’. 

Figure 4: Transformation of probabilities (CCPs) using the year of last inspection; tcut is used to determine the 

size of the trusted region. 

411



Data-shifts are performed to copy data from higher CCPs to lower CCPs, where no trusted 

data are available. The shifting procedure is illustrated in Fig. 5. Referring, for example, to the 

CCP-curve for condition ≤6, in order to complete the data beyond the threshold age tcut, data 

from the CCP-curve for condition ≤7 are used. Hence, point A is first identified, which is the 

point with probability CCP6(tcut) at age t=tcut. By drawing a line parallel to the age axis from 

point A toward the higher CCP-curve, point B is determined, which is the point of the CCP-

curve for condition ≤7 that has the same probability with point A. Point B has probability 

CCP7(te7)=CCP6(tcut) at age t=te7, thus the age te7 can be calculated (obviously, te7<tcut). Then, 

the points of the higher CCP-curve from point B and beyond are horizontally shifted to the 

lower CCP-curve at point A, i.e. the aforementioned part of the higher CCP-curve is moved 

toward the lower CCP-curve by tcut-te7, as shown by the arrows in Fig. 5. This way, data to have 

a complete CCP-curve for condition ≤6 are created. The same procedure is performed for every 

incomplete CCP-curve, in order to be completed beyond the age t=tcut. After performing the 

required shifts to complete all incomplete curves, all CCP-curves eventually reach the proba-

bility-value of one. 

Figure 5: Shifting and scaling procedures. 

The shifting procedure described above produces unrealistic high deterioration rates, be-

cause data are shifted from higher CCP-curves, which have smaller overall durations (until 

reaching the probability-value of one). Normally, lower slopes are generally expected for lower 

CCP-curves than for higher CCP-curves (Figs 3 and 4). Thus, a scaling procedure needs to be 

also applied, in order to properly adjust the inclination of the part of a CCP-curve that is shifted 

to complete a lower CCP-curve. This adjustment is performed by horizontally spreading the 

shifted data with an age scaling procedure, which is realized by introducing the scaling coeffi-

cient ci given by: 
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In the above equation, te,i+1 is the age determined during shifting; e.g. when shifting data from 

the CCP-curve for condition ≤7 to the one for condition ≤6, i=6 and te,i+1=te7. The age to,i is 

evaluated as follows. Referring, for example, to the CCP-curve for condition ≤7 in Fig. 5, point 

C is first identified, which is the point of the higher CCP-curve for condition ≤8 at age t=0. At 

point C, the probability is CCP8(0). By drawing a line parallel to the age axis from point C 

toward the lower CCP-curve, point D is determined, which is the point of the CCP-curve for 

condition ≤7 that has the same probability with point C. Hence, point D has probability 

CCP7(to7)=CCP8(0) at age t=to7, thus the age to7 can be calculated. Thus, an age to,i and a corre-

sponding coefficient ci are calculated for each CCP-curve for condition ≤i having shifted data 

to be scaled. 

Using the calculated scaling coefficients, the spreading of the shifted data is performed for 

all CCP-curves. Hence, the age range of the shifted data attached to the CCP-curve for condition 

≤i is simply multiplied by the coefficient ci. Then, the shifted points are spread uniformly within 

the new, expanded age range resulting in an adjustment of the inclination of the respective CCP-

curve. Note that coefficient ci modifies only the shifted age-values and not the corresponding 

CCP-values. 

It should be mentioned that shifts and scalings similar to the ones adopted in the present 

work are applied to data acquired from accelerated tests performed on materials to evaluate 

long-term material properties [10]. 

5 FITTING OF WEIBULL DISTRIBUTIONS TO THE PROCESSED DATA 

With the purpose of simultaneously obtaining a smooth CCP-curve and also achieving a 

good description of the respective data, a Weibull distribution [11] can be fitted to the set of 

CCP-points available for bridge condition ≤i. Weibull distributions are extensively used for 

deterioration modelling and BMS [5]. The standard (two-parameter) Weibull Cumulative Dis-

tribution Function (CDF) is given by [11]: 




























t
tF exp1)( ,   t ≥ 0, (3) 

where α>0 is the scale parameter, which has the same unit as t, while β>0 is the unitless shape 

parameter. Hence, for each CCP-curve, a nonlinear regression is performed to determine the 

Weibull parameters α and β and produce a least-squares fit based on the CDF of Eq. (3). 

For the cutting age adopted, Table 1 presents the Weibull parameter values calculated, as 

well as the coefficient of determination R2 attained by applying the fitting procedure to the 

properly processed CCP-data for bridge conditions ≤7, ≤6 and ≤5. The very high R2-values

Bridge condition α (years)  β R2

≤7 19.93 1.055 0.9893 

≤6 53.75 1.818 0.9931 

≤5 94.97 2.247 0.9943 

Table 1: Weibull parameter values and goodness-of-fit information. 
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reported indicate that a very good fit has been achieved between Eq. (3) and the available data. 

These successful fits are due to the adequate size of the utilized sample, which exhibits low 

variation in the available data. In other cases employing lower-quality data, reduced R2-values 

are observed. 

6 PROBABILISTIC ESTIMATION OF THE TIME-TO-REHABILITATION 

Using the Weibull distribution fitted to the set of CCP-points available for bridge condition 

≤5, the time-to-rehabilitation can be probabilistically estimated. That is, any time-to-rehabilita-

tion given is accompanied by a probability for the bridge considered to have reached condition 

≤5, which is assumed to induce the need for rehabilitation. 

Fig. 6 illustrates the three Weibull CDFs obtained and shows a comparison of these curves 

with the original data. The three CDFs are graphical representations of Eq. (3) using the Weibull 

parameter values of Table 1. Hence, the CDF for bridge condition ≤5 provides the sought prob-

abilistic information for the time-to-rehabilitation of a concrete bridge exposed to deicing salts 

and humidity: by selecting a probability of reaching bridge condition ≤5, the respective time-

to-rehabilitation for the bridge is determined. Table 2 gives the time-to-rehabilitation for se-

lected probability-values. Note that, as the term ‘time-to-rehabilitation’ is used herein, it counts

Figure 6: Weibull distributions fitted to the sample data. Original data (before shifting/scaling) are shown for 

comparison. 

Probability to reach condition ≤5 30% 50% 70% 90% 

Time-to-rehabilitation (years) 60 81 103 138 

Table 2: Time-to-rehabilitation for selected probabilities of a bridge to have reached condition ≤5. 
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from the year a bridge is built, i.e. this is the ‘age-to-rehabilitation’. The actual time-to-rehabil-

itation is easily calculated by subtracting the current age of a bridge from its ‘age-to-rehabilita-

tion’. Using such information, a decision maker can make a rational schedule for bridge 

rehabilitations, which takes into account not only available or anticipated funds, but also risks 

associated with the uncertain deterioration rate of bridges. 

7 CONCLUSIONS 

In this paper, real condition data from the NBI database of USA’ FHWA were utilized for 

predicting the deterioration of bridges. Specifically, probabilistic results were obtained for con-

crete bridges exposed to deicing salts and humidity that allow the quantitative estimation of the 

time-to-rehabilitation. The procedure followed herein can be applied to any type of bridges 

exposed to various environmental effects, provided that respective data are available. Enriching 

our knowledge on the deterioration rate of bridge stocks is a key aspect in cost-effectively han-

dling and maintaining such important infrastructures. 
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Abstract. To handle large number of uncertainties efficiently, a proper orthogonal decom-
position (POD) based uncertainty quantification (UQ) scheme is developed and validated in
this work. The approach is developed within a non-intrusive polynomial chaos (PC) context
based on regression. The main idea is to extract the optimal orthogonal basis via inexpensive
calculations on a coarse mesh and then use them for the fine scale analysis. To demonstrate
the application and validity of the developed reduced basis model, it is applied to two CFD
type applications: (1) flow over a 2D RAE2822 airfoil and (2) the NASA rotor 37, an transonic
axial flow compressor. In both test cases, geometrical uncertainties are considered. The results
are compared with those of the standard polynomial chaos method. The numerical experiments
illustrate that the developed non-intrusive model reduction scheme for UQ has similar accu-
racy as the classical PC approach at a substantially reduced computational cost. It is also
found that the memory requirement of the reduced-order model is much lower than that of the
standard polynomial chaos method.
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1 INTRODUCTION

In the design of aeronautical systems, computational models are used routinely. Almost all
computational models of a real world application contain uncertainties in physical properties,
model parameters, initial conditions, boundary conditions and geometry, which in turn, make
the solution uncertain or stochastic. Among several non-intrusive stochastic methods, polyno-
mial chaos method has been implemented by various researchers for a wide range of problems
[1, 2, 3, 4, 5]. Non-intrusive polynomials chaos (NIPC) methods are sampling based methods
and the number of simulation calls increases exponentially with increasing number of uncertain
parameters. This effect is referred to as the curse of dimensionality.

For uncertainty management and optimization of engineering products, it is necessary to
include all important sources of uncertainty in the simulations. This in turn can dramatically
increase the computational cost and memory requirement which is undesirable for design pur-
poses. The main challenge industrial applications of uncertainty quantification (UQ) are facing,
is the curse of dimensionality as a result of a large number of uncertainties. From an indus-
trial point of view, developing efficient reduced order models to reduce the computational cost
and data storage is of great interest for the prediction of complex flows involving a large num-
ber of uncertain parameters. In last few years, several model reduction techniques have been
proposed to tackle curse of dimensionality [6, 7]. Reduced basis techniques provide low di-
mensional approximation of high dimensional outputs. Proper orthogonal decomposition is a
popular technique for finding reduced basis. Doostan et al. [7] proposed an intrusive model
reduction technique and applied it to a 2D stochastic solid mechanics problem. Here the ap-
proach is extended to non-intrusive polynomial chaos and is applied to 2D and 3D industrial
applications.

In this work, a regression-based non-intrusive reduced basis technique is developed. To val-
idate the developed reduced basis model, it is applied to two CFD type applications. Firstly, the
transonic flow over a 2D RAE2822 airfoil. Secondly, a 3D and more industrial type of applica-
tion namely the NASA rotor 37, an transonic axial flow compressor. In Section 2, the classical
regression-based NIPC scheme is described. In Section 3, the model reduction methodology is
presented. Finally in Section 4, the stochastic results are presented and discussed.

2 NON-INTRUSIVE POLYNOMIAL CHAOS METHOD

To propagate and quantify uncertainties in a complex problem non-intrusive methods can
be applied without any modifications in the deterministic codes. The non-intrusive PC method
proceeds as follows:

1. All uncertain parameters and outputs are decomposed in a basis of complete orthogonal
polynomials. For example if k is an uncertain parameter of a known probability distribu-
tion and u is the output stochastic solution in a mathematical model, the uncertain input
parameter k(x; ξ) =

∑P
i=0 ki(x)ψi(ξ) and the output solution u(x; ξ) =

∑P
i=0 ui(x)ψi(ξ)

can be written as polynomial chaos expansion. Here ki and ui are deterministic coef-
ficients and ψ are orthogonal polynomials which are function of ξ = (ξ1, ξ2, ξ3.....ξns)
where ξj is a random variable. The coefficients ki can be calculated as the probability
distribution of k is known. ns is the number of random dimensions. The total number of
terms P +1 depends on the highest order of polynomial (p) and on the number of random
dimensions as: P + 1 = (ns+p)!

ns!p!
.

2. Based on the sampling strategy of interest, samples of ξj = (ξ1, ξ2, ξ3.....ξns)
j are gener-
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ated.

3. For each sample ξj , one evaluates the output uj using deterministic solver.

4. Using all N samples, one numerically evaluates the deterministic coefficients ui for all
i ∈ [0, 1...P ].

5. From the deterministic PC coefficients, uo(x) is the mean and the variance of the solution
can be calculated as:

σ2 =
P∑
i=1

u2i (x) < ψ2
i (ξ) > (1)

To compute the polynomial coefficients ui from the solution samples uk, numerous methods
(e.g. collocation, regression, quadrature method) have been proposed and successfully applied
by several researchers to fluid mechanics and solid mechanics problems. In the proposed re-
duced basis approach we consider the regression method.

2.1 REGRESSION METHOD

The regression based non-intrusive PC method starts with replacing the uncertain variables
with their polynomial expansions given by the output solution. The output solution in terms of
PC expression is written as:

P∑
i=0

ui(x)ψi(ξ) = u(x; ξ) (2)

P + 1 random vectors (ξi = {ξ1, ξ2.....ξns}i; i = 1, 2, 3...P + 1) are chosen in random space
and the deterministic output is evaluated at these points. A linear system of equations can be
obtained as:

ψ0(ξ
1) ψ1(ξ

1) . . . ψP (ξ1)
ψ0(ξ

2) ψ1(ξ
2) . . . ψP (ξ2)

ψ0(ξ
3) ψ1(ξ

3) . . . ψP (ξ3)
. . . . . .
. . . . . .

ψ0(ξ
P+1) ψ1(ξ

P+1) . . . ψP (ξP+1)





u0
u1
u2
.
.
uP


=



u(ξ1)
u(ξ2)
u(ξ3)
.
.

u(ξP+1)


(3)

or
Au = b (4)

If more than P + 1 samples are chosen, the over-determined system of equations can be solved
using the least squares method. Different sampling approaches can be used: random sampling,
Latin hypercube, sampling in (sparse) numerical quadrature points, Sobol sampling etc. Con-
sistent with the literature, we found that over-sampling with 2(P + 1) simulations is sufficient

419



Dinesh Kumar, Mehrdad Raisee and Chris Lacor

ns = 2 ns = 4 ns = 8 ns = 12
p = 1 6 10 18 26
p = 2 12 30 90 182
p = 4 30 140 990 3640
p = 6 56 420 6006 37128
p = 8 90 990 25740 251940

Table 1: Number of deterministic samples 2(P + 1) in the regression based UQ as a function of the number of
random variables (ns) and PC order (p)

to achieve satisfactory results. In order to validate the developed model with different sam-
pling schemes, here the Sobol quasi-random sequence (for RAE2822) and the sparse numerical
quadrature sequence (for rotor 37) with over-sampling of 2(P + 1) simulations is used to gen-
erate the sample points.

The computational cost of the non-intrusive polynomial chaos method is dominated by the
computation of u(ξk) for every sample k. The total number of samples 2(P + 1) increases
exponentially with increasing PC order and number of uncertain parameters (see Table 1). This
is the so called ”curse of dimensionality”.

3 MODEL REDUCTION METHODOLOGY

In a reduced basis approach the number of stochastic dimensions can be reduced signif-
icantly. The optimal basis can be found from a POD of the solution field (also known as
Karhunen-Loève expansion). This requires the knowledge of the covariance of the solution
in the stochastic space. However, the solution and hence also its covariance are unknown. As-
suming that errors in stochastic space are more or less independent of the discretization errors,
the covariance can be obtained via inexpensive calculations on a coarse grid. The resulting op-
timal basis, {zi}mi=1 where m is the number of dominating eigenvalues of the POD, is then used
on the fine mesh. Since POD is a covariance based method, the covariance matrix on the coarse
grid is obtained using a classical polynomial chaos method.

In the classical polynomial chaos expansion, the random output solution u(x; ξ) can be de-
composed into deterministic and stochastic components. The PC representation of the output
solution of order p for ns random variable ξ ≡ {ξi}ns

i=1 can be written as:

u(x; ξ)− < u(x) >=
P∑
i=1

ui(x)ψi(ξ) (5)

where < u(x, ξ) > is the mean value of the stochastic solution u(x; ξ) and is equal to u0.
On the fine grid, an optimal PC expansion of the stochastic output field u(x; ξ) can be ex-

pressed as:

u(x; ξ)− < u(x) >=
m∑
i=1

ûi(x)zi(ξ) (6)

The upper limit m in the above equation can be computed by the size of dominating eigen-
values such that

∑m
i=1νi/

∑
i νi ≥ ε where νi is the eigenvalue of covariance kernel and ε is

sufficiently close to one. The number of dominating eigenvalues (m) depends on the chosen
value of ε. A larger value of ε will give a larger number of modes and so a more accurate
solution.
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The covariance function C(x1;x2) can be computed from the output solution field on the
coarse grid as:

C(x1;x2) =
P∑
i=1

ui(x1)ui(x2) < ψ2
i > (7)

The eigenvalues νi and corresponding eigenfunctions φi(x) are the solution of the following
eigenvalue problem:

Cφi = νiφi (8)

The set of optimal basis {zi}mi=1 can be written as a linear combination of classical polyno-
mials {ψi}Pi=1 using scalar product1 as:

zi(ξ) = [u(x; ξ)− < u(x) >, φi(x)] =
P∑

j=1

αijψj(ξ) (9)

One now does the polynomial chaos on a fine mesh, where zi are used instead of ψi. Here
again we consider a regression based polynomial chaos approach for fine grid analysis. For
1 ≤ i ≤ m, the coefficients in expansion (6) are obtained from linear system of equations as:

z0(ξ
1) z1(ξ

1) . . . zm(ξ1)
z0(ξ

2) z1(ξ
2) . . . zm(ξ2)

. . . . . .

. . . . . .
z0(ξ

m+1) z1(ξ
m+1) . . . zm(ξm+1)




û0
û1
.
.
ûm

 =


u(ξ1)
u(ξ2)
.
.

u(ξm+1)

 (10)

The over determined system of equations can be solved using least squares method by choos-
ing 2(m+ 1) samples on the fine grid.

4 STOCHASTIC APPLICATIONS

To demonstrate the ability of the developed reduced basis model, the approach is applied
to a 2D transonic airfoil RAE2822 and a 3D and more industrial type of application namely
the NASA rotor 37. In both test cases, geometrical uncertainties are considered. For the first
test case, the surface of the airfoil is assumed to be a random field with given covariance and
is modeled using KL expansion. This allow the generation of a large number of uncertainties.
For the second test case, the NASA rotor 37, the geometry of the rotor is parameterized using
AutoBlade, a parametric modeler of NUMECA. The rotor 37 blade is parameterized into six
sections of 2D airfoils. For each airfoil, leading edge radii and trailing edge radii are considered
as uncertain, so that in total 12 uncertain parameters define the geometrical uncertainty of the
blade.

4.1 Transonic RAE2822 airfoil

The RAE2822 was used as an uncertainty quantification test case in [8, 9]. Due to the de-
velopment of an unsteadiness triggered by compressibility effects and shock waves, the two
dimensional (2D) transonic flow around a RAE2822 airfoil represents a challenging configura-
tion to investigate the performance of the present reduced order model. The geometry of the

1The scalar product of functions v and w is defined as: [v, w] =
∫
x
v.wdx.
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Figure 1: Comparison of the predicted pressure coefficient (deterministic) using different meshes with the experi-
mental data of Cook et al. and Schematic of RAE2822 transonic airfoil

transonic airfoil RAE2822 is described in Cook et al.[10]. The nominal flow conditions corre-
spond to free stream Mach number M∞ = 0.734, Reynolds number Re = 6.5× 105 and angle
of attack α = 2.79o. For deterministic CFD solutions, Ansys/Fluent is used as a block box
solver. A second-order upwind scheme is employed for the approximation of nonlinear convec-
tive terms in all transport equations. The Spalart-Allmaras one-equation turbulence model is
used for turbulence modeling. The CFD results are validated against experimental data [10] in
figure 1. Increasing the number of grid nodes improve the pressure coefficient predictions and
the numerical results on a fine mesh with 4.4× 104 nodes are grid independent.

In order to make this test case as a high dimensional stochastic problem, uncertainty is in-
troduced in the geometry of airfoil. The geometrical roughness, corresponding to the manufac-
turing tolerances, is modeled as a stochastic process. Here a Gaussian process is assumed with
zero mean and a covariance function given by

Cov(si, sj) = σ(si)σ(sj)e
−

(si−sj)
2

2b2

where si and sj are positions along the airfoil, b is the correlation length and σ is the variance.
For the RAE2822 airfoil, 0 ≤ s ≤ 2.032. Position s = 0 corresponds to the trailing edge and
increases along the upper surface.

Using Karhunen-Loève expansion, a stochastic process of a given covariance function, can
always be approximated by a finite sum of products of deterministic spatial functions and ran-
dom variables as:
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Figure 2: RAE2822 airfoil geometry realizations with different correlation length (b) and variance (σ) for Gaussian
covariance function.

k(x;ω) = k0 +
m∑
i=1

√
λiφi(x)ξi(ω) (11)

where k0 is the mean field, ξi are uncorrelated random variables and λi are the eigenvalues
of the covariance kernel.

The geometrical uncertainty at the airfoil surface can then be expressed as:

s(x;ω) = s0(x) +
m∑
i=1

√
λiφi(x)ξi(ω).~n (12)

where ~n(x) is a normal vector and so(x) is the airfoil mean geometry at a point x. By gen-
erating samples in ξi, the airfoil geometry realizations will be generated. We assume that the
random variables are uniformly distributed over the stochastic space [−1, 1]ns where ns is the
number of random variables taken into the consideration. Ten uniformly distributed indepen-
dent random variables are considered to create the airfoil realizations. The RAE2822 airfoil
geometry realizations with correlation length (b) and variance (σ) are shown in figure 2 for 10
input uncertain parameters (ns = 10). A case with correlation length b = 0.05 and variance
σ = 0.0001 is considered for analysis.

In figures 3, 4 and 5, reduced order results for the turbulent flow around the transonic
RAE2822 airfoil with geometrical uncertainty are shown and discussed. The reduced-order
model results for the mean and standard deviation are compared with those obtained with the
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Figure 3: Comparison of Mach field: mean and standard deviation using classical PC method (first column), mean
and standard deviation using model reduction (second column) and relative error (third column).

full PC. Third order PC approximation is used as full PC method as well as for the coarse grid
analysis of the model reduction technique. The coarse scale analysis was performed on a C-type
mesh with 3.0 × 103 nodes. Similarly the fine scale analysis was performed on a fine C-type
mesh with 4.4 × 104 grid nods. Note that the ratio of the number of fine mesh nodes to the
number of coarse mesh nodes is almost 14. In this analysis, the covariance matrix is built using
all primitive variables (ρ, ρu, ρv, ρE).

By looking at the Mach field and pressure field (figure 3 and 4) the results of the reduced
model are in acceptable agreement with the results of the full model. Concerning pressure
coefficient (Cp) predictions shown in figure 5, it is observed that both set of computations give
more or less similar results. The largest discrepancy occurs in the shock region. Although high
local error is visible (specially in the variance distribution), the results of the reduced model are
in acceptable agreement with the results of the full model. The average errors in the mean Cp

and its variance are less than 0.2% and 5.0% respectively.
The size of the reduced basis is 22 (including the zeroth order), requiring 44 deterministic

CFD calculations on the fine scale analysis which is cheaper than the cost of 572 fine mesh CFD
calculations when a full PC with ns = 10 and p = 3 is used. If ’t’ is the time for computing one
deterministic solution on the fine grid, the classical PC method will take 572t for 572 samples
on the fine grid. Using the reduced basis approach, 572 samples on the coarse grid (14 times
coarser) will take 41t(≈ 572t/14) and 44 samples on the fine grid will take 44t. The total
computation time for sampling in reduced basis approach will be approx 85t, that is making
reduced basis approach almost 6-7 times more efficient compared to the classical PC method.
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Figure 4: Comparison of pressure field: mean and standard deviation using classical PC method (first column),
mean and standard deviation using model reduction (second column) and relative error (third column).

4.2 Rotor37 axial flow compressor

The NASA rotor 37, an isolated axial flow compressor was originally designed and experi-
mentally tested by Reid and Moore [11] as part of a NASA research program. This test case was
initially included in a wider research program that cover a range of design parameters typically
of aircraft turbine engine and it is a commonly used test case for turbomachinery. The rotor 37
is an isolated transonic axial compressor rotor with 36 blades [12, 13]. Compressor rotors are
components of a gas turbine that are highly sensitive to operational and geometrical uncertain-
ties. Efficient uncertainty analysis by considering most of the important uncertain parameters
is, therefore, of great importance to assure robustness of the design. Recently, uncertainty quan-
tification is applied to the rotor 37 in order to study the effect of uncertain static outlet pressure
[14] and total inlet pressure [15] individually. For the validation of the developed model re-
duction approach in a complex 3D test case, here we intend to introduce uncertainties in the
geometry of the rotor 37 blade to model geometrical roughness.

For deterministic simulations of the rotor 37, FINE/Turbo of NUMECA International is used
as a black box solver. The deterministic computation of the rotor 37 consists of one blade with
periodic boundary conditions. The flow through NASA rotor 37 is simulated by the Reynolds
averaged Navier-Stokes equations in combination with the Spalart-Allmaras turbulence model.
The space derivatives are discretised using a central scheme with explicit four stage Runge-
Kutta method. The grid that is used, contains approximately 766,000 cells with proper cluster-
ing near solid boundaries, based on the experience of Tartinville and Hirsch [16]. The rotational
speed of the rotor is 17188 rpm. In the computational model, the shroud is kept fixed while the
hub and blade are the moving parts. Inlet boundary conditions for total temperature and total
pressure are taken from experimental data [11]. All the simulations in this work are conducted
at constant outlet static pressure of 114074 Pa.

The computational model of the compressor rotor 37 is shown in figure 6. A single blade

425



Dinesh Kumar, Mehrdad Raisee and Chris Lacor

Figure 5: Comparison of pressure coefficients obtained using reduced model and classical PC: mean and standard
deviation of pressure coefficient (first row), relative error (%) in mean and standard deviation of pressure coefficient
(second row).

with hub and shroud as well as grid on it is also depicted in the figure. The static pressure on
the hub, shroud, 25%, 50% and 75% span of the blade is shown in figure 7 as a deterministic
solution. The pressure distribution around the blade at mid span height is also shown in figure
7.

For uncertainty quantification and validation of developed reduced basis approach, the ge-
ometry of the rotor blade is parameterized into six sections of 2D airfoils using AutoBlade, a
parametric modeler of NUMECA. For each airfoil, leading edge radii and trailing edge radii
(resulting from manufacturing tolerances) are considered as uncertain. Symmetric beta distri-
bution (α=β=4) with a minimum as 90% of most likely values and a maximum as 110% of most
likely values is assumed for all twelve uncertain parameters. Ten geometry realizations of the
rotor 37 blade at mid span height are shown in figure 8. The coarse grid analysis for reduced
basis approach is performed with 1.04 × 105 grids and for the fine scale analysis 7.66 × 105

grid nodes are used, that is making fine grid to coarse grid ratio as almost 7.5. Regression based
classical polynomial chaos method with second order PC approximation and twelve uncertain
parameters requires in total 182 CFD simulations on the fine grid (see Table 1). Due to the large
number of CFD simulations and complexity of the present test case, the developed reduced basis
approach is first validated for first order classical PC method. Furthermore, with second order
PC approximation, the reduced basis approach is used to enhance the accuracy of the statistical
quantities. In this analysis, the covariance matrix is constructed using static pressure field only.

For the validation of the model reduction approach and for better visualization, pressure
distribution around the blade at mid span height is compared with classical polynomial chaos
method (figure 9) for first order PC approximation. In figure 9, the mean (left) and standard
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Figure 6: NASA Rotor 37, computation model (left) and single blade with mesh (right)

Figure 7: Deterministic solution: static pressure distribution on the blade surface (hub, shroud, 25%,50% and 75%
span of the blade (left) and pressure distribution at mid span height of the blade (right)

deviation (right) of the static pressure at mid span height of the rotor blade from the reduced
basis approach and classical polynomial chaos are shown. As it can be observed from figure 9,
the reduced basis and classical PC methods produce similar results.

In figure 10, the relative % differences in the mean (left) and standard deviation (right) from
the reduced basis and classical PC approach is also shown. The reduced basis approach cap-
tures the mean values accurately with negligible differences in the standard deviation (less than
5%). The differences can be reduced by considering a better sampling scheme as in the least
square (regression) methods the selection of the sampling points has a significant impact on the
solution. By considering all primitive variables in computation of covariance may also improve
the results.

For 12 random variables and a second order PC approximation with the regression method,
182 CFD calculations are needed. The size of the reduced basis (m + 1) is 7 (including the
zeroth order for ε=0.999) requiring only 14 CFD calculations on the fine grid. The normalized
eigenvalues from the coarse grid analysis (for PC order 1 and 2) are shown in figure 11. From
this figure it can be observed that the first six eigenvalues (m = 6) are sufficient to capture the
statistical results accurately. The mean (left) and standard deviation (right) of the static pressure
at mid span height of the rotor blade from the reduced basis approach with enhanced accuracy
(PC order 2) are shown in figure 12. If ’t’ is the time for one CFD computation, classical PC
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Figure 8: Geometry realizations at mid span height of the rotor blade with uncertain leading and trailing edge radii

method will take 182t for 182 samples on the fine grid. Using reduced basis approach, 182
samples on the coarse grid (almost 7.5 times coarser) takes 24t(= 182t/7.5) and 14 samples
on the fine grid take 14t. Total computation time for the reduced basis approach will be 38t,
that is making the reduced basis approach almost 5 times more efficient than the classical PC.
As expected, the results of the proposed reduced model are in acceptable agreement with the
results of classical PC method in 3D CFD computation as well.

SUMMARY AND CONCLUSIONS

In this paper, a non-intrusive model reduction technique for PC expansion is presented and
discussed. The reduced order model is applied to a two-dimensional (RAE2822 airfoil) and a
three-dimensional (NASA rotor37) industrial applications with geometrical uncertainties. Dis-
tributions of the mean and standard deviation obtained from the reduced order model are com-
pared with those of full order model. The numerical results show that the developed reduced
order model is able to produce acceptable results for mean and variance fields. Computation
time of the reduced order model is found to be much lower than that of the full order model.
From these challenging test cases it can be seen that proposed model reduces computational
cost dramatically with very good accuracy in the statistical results.
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Figure 11: Normalized eigenvalues from the coarse grid analysis for PC order 1 and 2

Figure 12: Mean and std deviation of the pressure distribution around the rotor blade using reduced model for PC
order 2.
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Abstract. Aeroelastic problems involve coupling of fluid and structural solvers to obtain the
response of the system under a set of operating conditions. Unsteady aeroelastic phenomena
such as flutter require the solution of these coupled equations for the entire flight regime and
operating conditions. These coupled problems generally tend to be computationally intensive,
primarily due to the fluid component. Uncertainties in structural parameters (due to e.g. man-
ufacturing variability and fatigue) are important for determining the stability of the resulting
system. The corresponding uncertain analysis requires many code runs, and can be compu-
tationally intractable. In this paper, we apply system identification to obtain a reduced-order
model for the aerodynamic solver. This model is then coupled with the structural solver for
obtaining the full aeroelastic solution.

System identification is a data driven modeling approach for approximating a system based
on input and observed outputs of the system. The resulting approximation is extremely cheap.
We employ this to model the aerodynamic forces, given structural displacements, and these
forces are exchanged with the structural solver to update the aeroelastic solution. Two ROMs
are considered, AutoRegressive with eXogenous inputs (ARX), and a Linear Parameter Varying
(LPV) model. The latter is expected to capture dynamics of the underlying system at multiple
operating points.

A model is built and applied to 2-DoF airfoils. The obtained response for the 2-dimensional
system is very much in agreement with the high-fidelity CFD solver. Results show that this
data-driven approach can accurately predict the aerodynamic forces. With this technique, un-
certainty in stability characteristics of the system can be rapidly estimated. An uncertainty
quantification is performed by Monte-Carlo on the reduced order model.
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1 Introduction

Fluid structure interaction (FSI) is observed in many physical systems such as aircraft and
bridges. Under certain dynamic conditions, this interaction could lead to complete failure of
the entire system. For example, it can cause structural failure of wings; hence having a direct
impact on the loss of life. It occurs as a result of the dynamic interaction of fluid forces on
the motion of a structure and vice versa. FSI analysis is required for aircraft certification to
determine safe operating limits.

Both experimental and computational approaches exist for modeling FSI. Experimental FSI
involves huge monetary investments, and aircraft manufacturers want to minimize the number
of full scale tests through numerical simulations. Computational FSI offers challenges in terms
of processing time due to the complexity of the system. It involves coupling fluid and structural
solvers in time to obtain the full aeroelastic solution. Computationally, the structural solver
is much faster than the fluid solver, resulting in simulation times dominated by the fluid part.
This problem is further aggravated in high Reynolds number systems such as aircraft and wind
turbines.

In this context, reduced order models (ROM) aim to reduce the computational time of the
coupled system. The idea is to replace the fluid solver with a cheap ROM and perform a coupled
solution of the structural solver with the ROM. ROMs can be broadly classified into projection-
based and system identification-based methods. Both approaches approximate a high-fidelity
model by reducing its dimension. In the case of projection-based method, this is achieved by
construction of a low dimensional subspace onto which the continuous or discrete governing
equations are projected, which results in a ROM. However the computational cost of assem-
bling the low dimensional ROM scales with the large dimension of the underlying model [1].

In this paper, we present a system identification based ROM obtained by training of the
model with high fidelity simulation data of the full system. System identification deals with the
problem of building mathematical models of dynamical systems based on observed data from
the system [2]. The accuracy of the trained model depends on the robustness of the training data
and the model complexity. Typically power spectrum analysis of the training data is done to ob-
tain the relative energy content in the signals. Signals with a wide frequency range are expected
to lead to an accurate ROM. We consider an AutoRegressive with eXogenous (ARX) inputs
model and a Linear Parameter Varying (LPV) ARX model with varying coefficients in order to
study the effect of complexity on the robustness of our model. Section 2 gives the mathematical
formulation of the ROMs implemented in this paper. The methodology for performing ROM
based FSI is discussed in Section 3. In Section 4, FSI is performed by coupling this ROM with a
structural solver for a 2-DoF airfoil. Finally, an uncertainty quantification problem is discussed
in Section 5, with the implementation of the reduced aeroelastic solver.

2 ROM theory and formulation

2.1 ARX formulation

System identification techniques identify a mapping between the input and output of a sys-
tem. The AutoRegressive with eXogenous inputs (ARX) model is based on a time marching
procedure to predict the output of interest given previous observations and inputs which affect
the system response. The assumption is of a low-dimensional linear model. Idea is to represent
an underlying order differential equation with a discrete difference equation. System identifi-
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cation concepts have been implemented for flutter prediction [3] and such techniques reported
improvements in computational time [4][5]. This model can be represented mathematically
with the linear difference equation:

z(t) =
n∑
i=1

aiz(t− i) +
m1∑
k=0

b
(1)
k d1(t− k) + · · ·+

mq∑
k=0

b
(q)
k dq(t− k) + εt. (1)

Note that the output of interest z in (1) is estimated by the linear combinations of n ‘past’
observations of z and di(i = 1, 2, · · · , q) exogenous inputs. A least squares problem is solved
to evaluate the coefficients ai and b(1)

k · · · b
(q)
k to minimize the error εt with respect to the input-

output data obtained from the unsteady CFD solver. The accuracy of the approximation largely
depends on the frequency content of the training signal with which the data is generated. The
training signal should be chosen in such a manner that a broad frequency spectrum of the system
is excited. In the current work, we apply chirp signals for training the ARX model. Chirp is
a frequency sweep given by α = αosin

(
ω(t)t

)
, where, αo is the chirp amplitude and ω(t),

e.g. ω(t) = ω1−ωo

t1
t, is known as the chirp rate with ω1, ωo and t1 as the final frequency, start

frequency and time step respectively. Frequency spectrum analysis is done to ascertain the
energy content in the signals. The trained models are validated by reconstructing sinusoidal test
signals in the training frequency regime. Based on the error estimates during reconstruction,
the order of the model is optimized to improve accuracy of predictions.

2.2 LPV-ARX formulation

The ARX based system identification model discussed in the previous sections is a linear
system with constant coefficients. The model can be trained under fixed operating conditions.
But in practice, models valid over wider operating regimes are needed. In this context, we
present a linear parameter varying (LPV) system in this section where the expansion coeffi-
cients are functions of a scheduling parameter. The LPV framework has been applied in diverse
domains such as aerospace [6], process applications [7], wind industry [8]. Representation of
the LPV model structure can be in the state-space form or input-output form. The LPV state
space form has multiple strategies for identification such as gradient based methods [9], sub-
space approach[10]. Here, we adopt the input-output representation of the system, which results
in a structure similar to ARX. It is based on a linear regression form [11, 12]:

z(t) =
n∑
i=1

ai(p)z(t− i) +
m1∑
k=0

b
(1)
k (p)d1(t− k) + · · ·+

mq∑
k=0

b
(q)
k (p)dq(t− k) + εt. (2)

The expansion coefficients ai and b(j)
k of the representation are not constants, but functions of

some scheduling parameter p(t) which is a function of time. The motivation for this represen-
tation is that the true system is not linear in practice. The LPV representation has similarities to
gain scheduling approach, which is used in control systems. The approach in gain scheduling
is to linearize the non-linear model at different operating points. The idea in LPV is to obtain
a dynamic mapping between input and output which is dependent on the scheduling parameter.
If only one exogenous input parameter is considered,(2) reduces to:

z(t) =
n∑
i=1

ai(p)z(t− i) +
m∑
j=0

bj(p)d(t− j) + εt. (3)
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The expansion coefficients are assumed to be polynomials functions in p, which is a time-
varying quantity:

ai(p) = a1
i + a2

i p+ · · ·+ aNi p
N−1

bj(p) = b1
j + b2

jp+ · · ·+ bNj p
N−1

(4)

The coefficients can be represented in a matrix θ:

θ :=



a1
1 a2

1 · · · aN1
...

... . . . ...
a1
n a2

n · · · aNn
b1

0 b2
0 · · · bN0

...
... . . . ...

b1
0 b2

0 · · · bN0


(5)

Now a matrix ψt is defined as the product of matrix φt containing ‘past’ input-output values and
matrix of scheduling parameter polynomials πt [11]. The subscript t denotes the value of the
associated variable at time t, so that:

ψt := φtπt :=



−zt−1
...

−zt−n
dt
...

dt−m


[
1 pt p2

t · · · pN−1
t

]
(6)

Equations (4) - (6) are substituted into (3) to obtain the solution at time t in the inner product
form:

zt = 〈θ, ψt〉. (7)

Note that the inner product zt = 〈θ, ψt〉 := trace(θ∗ψt) = trace(ψtθ∗), where θ∗ is the complex
conjugate transpose of the matrix θ. The identification procedure is then based on forming a
cost function for the estimate provided by (7). Let J be the cost function based on the square of
the error in estimation,

J(θ) = ε(t, θ)2

ε(t, θ) = ẑt − 〈θ, ψt〉,
(8)

where ẑt is the true value at time t. The cost function is minimized to obtain the optimum
value of the parameters. Note that the matrix πt varies based on the requirement of operating
conditions, thus providing the flexibility to take into account changes in field variables. In this
work, the free stream wind velocity is considered as the scheduling parameter and the order of
the polynomial N = 5. The obtained ROMs are then employed for performing FSI analysis.
The formulation of the FSI problem is discussed in the next section.

3 ROM based FSI

In the current work, the coupling of flow and structural solvers is based on the Infinite Plate
Spline (IPS) method developed by Harder and Desmarais [13]. The method is based on the
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superposition of solutions obtained from the partial differential equations of an infinite plate.
Further details of IPS can be found in the literature [13]. IPS identifies a linear relationship
between the structural and fluid mesh. This map transforms the displacement from the structural
to the fluid mesh. Subsequently the aerodynamic forces obtained at the fluid mesh points are
transferred to the structural mesh applying the principle of virtual work.

The formulation for performing the stability analysis is based on the state space approach
discussed in [4]. The structural equation considering damping and external aerodynamic forces
is given by:

Md̈+ Cḋ+Kd+ zw(t) = 0 (9)

where zw(t) is the generalized aerodynamic load vector, M is the generalized mass matrix, C
is the damping matrix, K is the stiffness matrix and d represents the displacement vector. The
state space form of (9) is given by:[

I 0
0 I

] [
ḋ

d̈

]
−
[

0 I
−M−1K −M−1C

] [
d

ḋ

]
−
[

0
−M−1zw(t)

]
= 0 (10)

or,

ẋs(t) = Astxs(t) +Bstzw(t) (11)
ys(t) = Cstxs(t) +Dstzw(t) (12)

where,

xs(t) =

[
d

ḋ

]
Ast =

[
0 I

−M−1K −M−1C

]
Bst =

[
0

−M−1

]
Cst = I Dst = 0

(13)

xs is the state vector and ys is the output vector. These continuous time equations are converted
to the discrete form:

xs(t+ 1) = Gsxs(t) +Hszw(t) (14)
ys(t) = Csxs(t) +Dszw(t) (15)

where, t is the current time and,

Gs = eAst∆t Hs = [eAst∆t − I][A−1
st Bst]

Cs = Cst Ds = Dst

(16)

The aerodynamic equation (1) is written for a single exogenous input as:

zw(t) =
n∑
i=1

[Ai]zw(t− i) +
m∑
i=0

[Bi]d(t− i) (17)

where, d is the generalized displacement, zw is the generalized aerodynamic force vector and n,
m are known as the orders of the model. For the state space formulation of this model, a state
vector xw is defined for the time step t.

xw(t) =



zw(t− 1)
...

zw(t− n)
d(t− 1)

...
d(t−m)


. (18)
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The state space form of the aerodynamic equation can be written as:

xw(t+ 1) = Gwxw(t) +Hwd(t) (19)
zw(t) = Cwxw(t) +Dwd(t) (20)

where,

Gw =



A1 A2 . . . An−1 An B1 B2 . . . Bm−1 Bm

I 0 . . . 0 0 0 0 . . . 0 0
0 I . . . 0 0 0 0 . . . 0 0
...

... . . . ...
...

...
... . . . ...

...
0 0 . . . I 0 0 0 . . . 0 0
0 0 . . . 0 0 0 0 . . . 0 0
0 0 . . . 0 0 I 0 . . . 0 0
0 0 . . . 0 0 0 I . . . 0 0
...

... . . . ...
...

...
... . . . ...

...
0 0 . . . 0 0 0 0 . . . I 0


Hw =



B0

0
0
...
0
I
0
0
...
0


Cw =

[
A1 A2 . . . An−1 An B1 B2 . . . Bm−1 Bm

]
Dw = B0.

(21)

The output ys of the structural equation (15) is to be fed as input to the aerodynamic equation
after performing the transformation T given by IPS, which can be expressed as:

d(t) = Tys(t) (22)

The coupled structural and flow equations in state space form are required for the aeroelastic
analysis to form a coupled matrix to ascertain the stability of the system. The aerodynamic
equation in terms of the structural output can be written as:

xw(t+ 1) = Gwxw(t) +HwTCsxs(t) (23)
zw(t) = Cwxw(t) +DwTCsxs(t) (24)

Now the aerodynamic force is applied to the structural equation to obtain the displacements for
the next time step. The forces require transformation for applying in the structural grid given
by the transpose of T . Putting (23) and (24) in (14) and (15):

xs(t+ 1) = Gsxs(t) +HsT
TCwxw(t) +HsT

TDwTwCsxs(t),
= (Gs +HsT

TDwTwCs)xs(t) +HsT
TCwxw(t).

(25)

The coupled form of equations is expressed in matrix form as:[
xs(t+ 1)
xw(t+ 1)

]
=

[
Gs +HsT

TDwTwCs HsT
TCw

HwTwCs Gw

] [
xs(t)
xw(t)

]
, (26)

ys(t) =

[
d(t)

ḋ(t)

]
=
[
Cs 0

] [xs(t)
xw(t)

]
. (27)

Let the matrix formed in equation (26) be denoted by:

Jsw =

[
Gs +HsT

TDwTwCs HsT
TCw

HwTwCs Gw

]
. (28)

The stability of this system is given by the stability theory for discrete linear systems. If λ is an
eigenvalue of the matrix Jsw, then the system is stable if | λ |<1. This parameter can be used
for predicting the stability behavior of the coupled aeroelastic system.
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(a) Time history of lift and moment coefficient (b) Surface pressure reconstruction

Figure 1: Reconstructions for a sinusoidal test signal obtained with ROM and inviscid CFD
solver for 2-DoF airfoil at Mach 0.4

4 Results and prediction of flutter boundary

The formulated ROMs are employed for reconstruction of aerodynamic forces for 2-DoF
NACA0012 airfoil. The ROM is trained for pitch and plunge frequencies of interest with chirp
signals, which have high frequency content. For the basis of error analysis and in order to com-
pare accuracy with different chirps, training frequencies for pitching and plunging motion are
fixed. The models obtained thereafter are used to reconstruct test signals at these frequencies
and an error analysis is performed to ascertain the optimum model order. Figure 1a shows one
of the reconstructions of a test signal for an inviscid flow at Mach 0.4 obtained with an LPV-
ARX model at a particular time instant. The ROM is also implemented to predict the surface
pressure on the airfoil by considering ‘surface-pressure’ as the output of interest. Accurate sur-
face pressure reconstructions (Figure 1b) for sinusoidal test signals are obtained at frequencies
upto 35Hz with the ROM.

In Figure 2, normalised RMS error is shown, which is obtained by non-dimensionalising the
RMS error with the maximum value of the quantity in the data-set. Both the ROMs perform
well for frequencies upto 35Hz with a maximum normalised error of about 0.1. Chirps are used
for building the ROMs with LPV-ARX model trained at Mach numbers of 0.3, 0.4 and 0.5. The
reconstruction of coefficient of lift at Mach 0.4 shown in Figure 2a, shows slight better per-
formance with the ARX model at lower plunge frequencies, while the moment reconstruction
(Figure 2b) is in agreement for both the methods. From the error analysis, it is observed that
both the models reported low normalised RMS values. Similar numerical studies by varying
the mean pitch and plunge-amplitude of the airfoil are also performed, mostly for small pertur-
bations. The ROMs performed well for such oscillations, which is suitable for linear stability
analysis. In the current context, LPV-ARX model is the preferred choice as a single model can
be used for different flow conditions. This is significant for performing uncertainty quantifica-
tion. The formulated ROM is now used to predict flutter boundary of the system.

In the flutter analysis, the structural parameters for the airfoil are selected based on an
experiment performed as part of the Benchmark Models Program (BMP)-NASA [14]. FSI sim-
ulations are also performed with a full inviscid aeroelastic solver for comparison with the ROM
results. The predicted flutter boundary with the ROM shown in Figure 3 conforms well with the
full order aeroelastic solution. There is some discrepancy with experimental results for lower
Mach numbers, but nevertheless the accuracy of the ROM with respect to the aeroelastic solver
is of primary interest and the ROM error is much smaller than other sources. This implementa-
tion is extremely cheap, e.g. run-time for the unsteady calculation shown in Figure 1a is in the
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(a) Error estimates for lift coefficient (b) Error estimates for moment coefficient

Figure 2: Comparison of errors in reconstruction of test signals at Mach 0.4 with ARX and
LPV-ARX models

Figure 3: Comparison of predicted flutter boundary with ROM, FLUENT and experiment[14]

.

order of few seconds with the ROM, which is a significant gain over the unsteady CFD solver.
During uncertainty quantification, this ROM is vital for performing cheap computations.

5 Uncertainty Quantification (UQ) with ROM

UQ of the stability behavior of aeroelastic systems is an important and significant problem
for research. The structural and aerodynamic uncertainty needs to be accounted for obtaining
reasonable estimates of the flutter boundary. This process is mostly computationally intractable
with a high fidelity solver. We utilize the cheap aeroelastic solver formulated in the previous
sections for performing UQ. The pitching stiffness kα, plunging stiffness kh and the distance be-
tween the elastic axis and the mass center xα are assumed to be uncertain parameters. The input
uncertainty is propagated by brute-force Monte-Carlo using 10000 samples. Normal, uniform
and beta distributions are considered as probability density functions for the input parameters.
The mean values of kα, kh and xα are 4.83kN-m/rad, 47.66kN/m and 0 respectively. Three
different values for standard deviation are considered for each of the distributions. Percentage
variations of 1%, 5% and 10% are assumed, e.g. 10% variation in a quantity x for standard
deviation σ is calculated as: 3σ = 10%x. The standard deviation with 10% variation for kα,
kh and xα is 0.161kN-m/rad, 1.59kN/m and 0.01355 respectively for each probability density
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(a) 10% variability (b) 5% variability

(c) 1% variability

Figure 4: Probabilistic distributions for inverse mass ratio at flutter (output) for Mach 0.4 con-
sidering normal, uniform and beta distributions under different input standard deviations

Distribution
µ ∗ 10−3 σ ∗ 10−3

1% 5% 10% 1% 5% 10%
Normal 0.9317 0.9333 0.9332 0.0027 0.0137 0.0273
Beta 0.9318 0.9333 0.9336 0.0025 0.0124 0.0248
Uniform 0.9317 0.9327 0.9334 0.0048 0.0237 0.0474

Table 1: Estimated probability measures of mean µ and standard deviation σ for inverse mass
ratio at flutter point for Mach 0.4 considering the input uncertainties

function. For the beta-distribution, parameter values used are α = β = 5. Figure 4 shows the
distribution of inverse mass ratio at flutter point for Mach 0.4.

The probabilistic measures of the inverse mass ratio at flutter for Mach 0.4 are summarized
in Table 1 in terms of mean and standard deviation in the output. A lower standard deviation in
the output is observed for less variability in the input parameters, which is expected. Error bars
in the output of interest after taking into account the assumed structural uncertainties are shown
in Figure 5. Error bars are drawn for 3 − σ limits obtained from Table 1 for inverse mass ratio
at flutter for Mach 0.4. Some overlap with the experimental results is observed when a uniform
distribution with 10% variability is assumed for the input parameters. This procedure can be
effectively implemented for estimating uncertainties cheaply.

6 Conclusion

In this paper, we present an efficient method for predicting uncertainty in instability for
aeroelastic systems. Computational FSI can be realized only if the simulation time for the
flow solver is reduced. System identification based ROM can be an effective technique for
approximating unsteady behaviour cheaply. The ROM is able to reconstruct aerodynamic time
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Figure 5: Error bars with 3-σ limits of uncertainty in inverse mass ratio at flutter for Mach 0.4
considering normal, beta and uniform distributions for input parameters with 1%, 5% and 10%
variability

.

histories accurately. Further this ROM is employed for predicting stability boundaries. The
ROM reconstructs results from the CFD solver accurately, though there is some discrepancy
with respect to experimental results. But the trend is well reproduced with the solver. UQ
is also performed with 3 uncertain structural parameters. The uncertainty is propagated using
brute force Monte-Carlo to obtain probability distributions for flutter density. Further work
involves extension of this method for analysing 3-D systems such as aircraft wings and wind
turbines.
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Abstract. Structural monitoring and control utilize vibration measurements acquired by a
sensor network. For example, fatigue assessment uses stress or strain histories at critical lo-
cations of the structure. However, some locations may be impractical or inaccessible for in-
strumentation. Therefore, accurate estimation of the response at these locations using
available measurements would be useful.

Analytical virtual sensing techniques use information available from a sensor network togeth-
er with a finite element model to calculate an estimate of the unmeasured quantities of inter-
est. In linear structural dynamics, the response of the structure can be expressed as a sum of
modal contributions. Therefore, the analytical mode shapes from the finite element model can
be used as a basis to estimate the response.

Empirical virtual sensing uses only measurement data to build a regression model of the sen-
sor network. If the sensor network is redundant, the signal of a single sensor can be estimated
from the remaining sensor network data using e.g. minimum mean square error (MMSE) es-
timation.

A combined algorithm uses both empirical and analytical virtual sensing to approximate the
full-field data from a limited set of sensors. Because of measurement errors, the estimation
must be performed from noisy measurements. First, empirical virtual sensing is applied to
estimate less noisy sensor signals that will replace the measurement data. The derived error
covariance matrix is used as a weighting matrix in subsequent analytical virtual sensing.

Different approaches were compared in a numerical study: ordinary least squares and
weighted least squares using either analytical or combined virtual sensing. Combined virtual
sensing outperformed analytical virtual sensing in a large sensor network or in the case of
high measurement error.
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1 INTRODUCTION
Sensors and monitoring systems occur everywhere. Current technology makes it possible

to  install  a  wireless  sensor  network  with  a  high  number  of  low-cost  small  sensors.  An  im-
portant application is structural monitoring, which utilizes vibration measurements acquired
by a sensor network to assess the condition of structures. For example, fatigue assessment us-
es stress or strain histories at critical locations of the structure. However, some locations may
be impractical or inaccessible for instrumentation. Therefore, estimating the response at these
locations using available measurements could be useful for fatigue assessment. Sensors can
also be used for vibration control.

Virtual sensing techniques estimate unmeasured quantities using the available physical
sensors. In vibration monitoring, the response can be assumed to consist of the sum of modal
contributions, in which only a few natural modes are active. With this assumption, a finite
number of sensors is enough to make the sensor network redundant. This redundancy can be
utilized in the estimation.

Virtual sensing can be either analytical (model-based) or empirical (data-driven) [1]. Ana-
lytical virtual sensing techniques use information available from a limited set of physical sen-
sors together with the finite element model to calculate an estimate of the quantity of interest.
For example, it is possible to estimate the stress or strain field from acceleration measure-
ments. Analytical mode shapes from the finite element model are typically used as a basis to
estimate the response at unmeasured locations by an expansion algorithm [2].

Some challenges exist in analytical virtual sensing: The estimation accuracy may suffer
from the measurement noise. This is especially true for wireless sensor networks (WSN) with
low-cost sensors. Moreover, the measurement noise may be unknown. The excitation or other
environmental loads are often difficult to measure for civil engineering structures, and the re-
sponse is only measured. In addition to the measurement noise, the model accuracy, or specif-
ically the accuracy of the mode shapes, affects the accuracy of the virtual sensors.

Analytical virtual sensing in structural dynamics has been studied e.g. in the following pa-
pers. Avitabile [2] applied virtual sensing to correlation of analytical and experimental models
using  model  expansion.  Sestieri  et  al.  [3]  estimated  rotational  DOF  from  a  limited  set  of
measured translational DOF. Hjelm et al. [4] estimated stress histories from acceleration
measurements. Iliopoulos et al. [5] applied virtual sensing to fatigue assessment of wind tur-
bines. Full-field dynamic stress/strain field was estimated from limited sets of measurement
data in [6, 7]. Maes et al. [8] compared different response estimation algorithms.

Empirical virtual sensing can be used to replace a temporarily installed or failed sensor [9].
Empirical virtual sensing has also been used for damage or sensor fault detection [10]. Also,
the estimation error can be evaluated. The number of sensors in WSN is often large, which
can increase the accuracy of estimation.

A combined virtual sensing algorithm is introduced, which applies both empirical and ana-
lytical virtual sensing to obtain an estimate of the quantity of interest. The objective is to re-
duce uncertainty of virtual sensing techniques due to measurement noise. A redundant sensor
network is assumed. The model error is ignored in this paper. Although an exact FE model is
not realistic, it is possible to isolate the measurement error as the sole source of error thus fa-
cilitating the comparison of different approaches.

The paper is organized as follows. Empirical virtual sensing and analytical virtual sensing
are introduced in Section 2 with a proposed combination of either technique for uncertainty
reduction. Numerical study is performed in Section 3 with noisy vibration measurements to
validate the proposed method. Concluding remarks are given in Section 4.
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2 VIRTUAL SENSING
Virtual sensing (VS), or soft sensing, is used to provide an alternative to physical meas-

urement instrument. The quantity of interest is estimated using the available measurements
and the system model. Virtual sensing can be classified into empirical and analytical tech-
niques.

2.1 Empirical virtual sensing
Empirical virtual sensing is based on available historical measurements. These data are

used to estimate the correlation between the measured quantities. Empirical virtual sensing
uses regression techniques that can be implemented using different statistical methods, for
example linear regression or neural network regression.

Minimum mean square error (MMSE) estimation [10] uses the data covariance matrix to
estimate one or more variables using the remaining variables. Here, the variables are simulta-
neously sampled sensor measurements xm(t). The time instant t will be omitted in the sequel:
for example, xm(t) will be written shortly as xm.

With enough redundancy, a subset of observation xm can be estimated using the remaining
variables. Each observation is divided into observed variables v and missing variables u:

þ
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í
ì

=
v
u

xm (1)

with a partitioned mean vector m and data covariance matrix S:
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where the precision matrix G is defined as the inverse of the covariance matrix S and is also
written in the partitioned form. A linear MMSE estimate for vu  (u given v) is obtained by
minimizing the mean-square error (MSE) and can be computed either using the covariance or
precision matrix [10]. If each sensor is estimated in turn, using the precision matrix results in
a more efficient algorithm. The expected value of the missing variable is:

)()(ˆ 1
vuvuuuE μvΓΓμvuu --== - (3)

and the error covariance MSE is
1)cov( -= uuΓvu (4)

If all variables are estimated in turn using the remaining variables, the expected values of all
variables can be written in matrix form [11]:

)(ˆ μxAμx -+= mm (5)

where the coefficient matrix A  is composed as follows.
For simplicity, assume zero-mean variables xm. Let us consider variable xk to be estimated:

vbvΓΓvuu T
uvuuk Ex =-=== -1)(ˆˆ (6)

where uvuu
T ΓΓb 1--=  is a )1(1 -´ p  row vector
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[ ]121 -= p
T bbb Lb (7)

Equation (6) can be transformed into the following form introducing all variables x:

xcvb TT = (8)

where

[ ]Tpkk xxxxx LL 1121 +-=v (9)

Thus,

[ ]1121 0 --= pkk
T bbbbb LLc (10)

which is a p´1  row vector and becomes the kth row of matrix A. The estimation is applied to
each variable xk, pk ,,2,1 K= . Hence, each diagonal entry of matrix A is equal to zero.

The error variances (4) could be used to construct a diagonal weighting matrix,  but a full
weighting matrix is more efficient, because the residuals may be correlated. The residual co-
variance matrix W is derived in the following. Assuming a redundant sensor network with
noise e(t), the sensor network model is

eAxx += mm (11)

Thus,

mxAIe )( -= (12)

where I is a pp´  unit matrix. The error covariance matrix is
TTT

mm
T EE )()())(()()( AIΣAIAIxxAIeeW --=--== (13)

This covariance matrix can be used as a weighting matrix in subsequent analytical virtual
sensing. )( vuE  will be substituted for the noisy measurement.

2.2 Analytical virtual sensing
Analytical virtual sensing uses a mathematical model of the system together with available

measurements to estimate the quantity of interest. In this study, ordinary least squares and
weighted least squares estimation are investigated.

In linear structural dynamics, the structural response can be written as a sum of modal con-
tributions:

åå
==

»==
n

i
ii

N

i
ii tqtqtt

11
)()()()( ffΦqx (14)

where )(tx is the displacement response, N is the number of DOF in the finite element model,
Nn << is the selected number of active modes, F is the modal matrix consisting of the mode

shapes fi as columns, and )(tq are the modal, or generalized coordinates.
The System Equivalent Reduction Expansion Process (SEREP) algorithm [2] is briefly

outlined. If )(tx is divided into measured and unmeasured DOF, also the mode shape vectors
are divided correspondingly:
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The upper equation reads

)()( tt mm qΦx = (16)

If the number of sensors is greater than the number of active modes n, the modal coordi-
nates )(tq can be solved using ordinary least squares (OLS) solution

)()()(ˆ 1 tt m
T
mm

T
m xΦΦΦq -= (17)

or weighted least squares (WLS) solution [12]:

)()()(ˆ 111 tt m
T
mm

T
m xWΦΦWΦq ---= (18)

where the weighting matrix W is obtained from (13). Once the estimate of )(tq  is solved, any
other DOF can be computed from the lower equation in (15):

)(ˆ)(ˆ tt uu qΦx = (19)

The  mode  shapes  typically  consist  of  displacement  and  rotation  DOFs.  They  can  also  be
augmented with strains or stresses at different locations of the structure, because the dis-
placement pattern determines the strain or stress distribution.

The error covariance of the WLS estimate of )(tq  (18) is [12]:
11 )( --= m

T
m ΦWΦC (20)

Because the unmeasured quantities )(tux are linear functions of )(tq  according to Equation
(19), their error variances are

[ ] )diag()(ˆvar T
uuu t CΦΦx = (21)

2.3 Combined empirical and analytical virtual sensing
In the combined virtual sensing, both empirical and analytical VS are used to obtain a more

accurate estimate of the quantity of interest. First, empirical virtual sensing is used to estimate
a less noisy measurement for each sensor in turn using the remaining (noisy) sensor network.
The MMSE estimate will then replace the noisy measurement. Also, the error covariance, or
the weighting matrix W is obtained at this stage.

 The subsequent step is analytical virtual sensing, in which the lowest mode shapes from a
finite element model form the basis for estimation. The modal coordinates )(tq are solved
using ordinary least squares or weighted least squares. Then the response at any DOF can be
computed.

The combined empirical and analytical virtual sensor reading is derived using (19) and ap-
plying either OLS (17) or WLS (18), where mx  is replaced with mx̂  (5). Assuming zero
means, the WLS solution is:
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If uΦ  is replaced with Φ  in (19) or (22), also the measured DOFs are estimated:

)(ˆ)(ˆ tt qΦx = (23)

which is also used in this study.

3 NUMERICAL SIMULATIONS
An experiment was performed with a numerical  model of a steel  frame (Figure 1) with a

height of 4.0 m and a width of 3.0 m. Both columns were fixed at the bottom. The frame was
also supported with a horizontal spring at an elevation of 2.75 m with a spring constant of 2.0
MN/m. The frame was modelled with simple beam elements with hollow square cross section
of 100 mm ´ 100 mm ´ 5 mm. The FE model consisted of 176 beam elements 62.5 mm in
length and a single spring element.

Horizontal random loading was applied to the right column at nodes 113, 129, and 145,
corresponding to elevations of 4 m, 3 m, and 2 m, respectively (Figure 1). The loads were mu-
tually independent having amplitudes of 9 kN, 7 kN, and 5 kN, respectively. All load signals
were low-pass filtered below 50 Hz.

Seven first modes were used in the simulation together with a static correction procedure
[13]. Modal damping was assumed with a damping ratio of 0.01 for modes 1–2, 0.015 for
mode 3, and 0.02 for modes 4–7.

Transverse displacements were measured at 20 equidistant locations excluding the right
hand corner (see Figure 1).  Sensor 1 was located at  node 9,  sensor 2 at  node 17, and so on.
Sensor 20 was located at node 169. Gaussian noise was added to each sensor. For validation
and comparison, exact transverse displacements, rotations, and strains in the whole structure
were also computed.
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Figure 1: Finite element model and the measurement points (with the corresponding node numbers shown). The
+ marker shows the location of the virtual strain sensor in the middle of element 52.
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The same FE model was used for analytical virtual sensing. Ignoring model errors is actu-
ally unrealistic, but makes it possible to study the uncertainty reduction due to the measure-
ment error only.

Four different virtual sensing algorithms were studied:
1. Analytical VS using OLS estimation directly from the noisy measurement data.
2. Analytical VS using WLS estimation from the noisy measurement data.
3. Combined VS using OLS estimation from the empirical virtual sensors.
4. Combined VS using WLS estimation from the empirical virtual sensors.
In WLS estimation, the weighting matrix was computed using (13). The following physical

displacement sensor sets were used: (1) all  20 sensors;  (2) every other sensor,  [1:2:20],  con-
sisting of ten sensors; (3) the first ten sensors [1:10], and (4) every third sensor, [1:3:20], con-
sisting of seven sensors.

3.1 All 20 sensors, noise model 1
First, sensor set 1 including all 20 physical sensors was studied. Four different noise reali-

zations were used: (1) a high signal-to-noise ratio, SNR = 30 dB in each sensor; (2) a low sig-
nal-to-noise ratio, SNR = 15 dB in each sensor; (3) equal absolute noise level in each sensor,
so that in sensor 1 the signal-to-noise ratio was SNR = 6 dB; (4) equal absolute noise level in
each  sensor,  so  that  in  sensor  1  the  signal-to-noise  ratio  was  SNR = –6  dB.  Notice  that  the
loading was different in each case, but the results are nevertheless statistically comparable.

In the first noise model, a high signal-to-noise ratio, SNR = 30 dB in each sensor was ap-
plied. A detail of strain estimates and exact values in the middle of element 52 (left column,
elevations 3.2 m from the ground, see the + marker in Figure 1) are plotted in Figure 2. It can
be seen that combined VS was able to reduce noise. Also, WLS resulted in better estimates
than OLS.

Uncertainty reduction can also be seen in Figure 3, where the standard deviation of the
noise in each sensor is plotted for both the noisy measurements and the empirical virtual sen-
sors. It can be seen that noise could be reduced from all sensors using MMSE estimation, but
could not be completely removed.

Figures 4–6 show the relative error of each virtual displacement, rotation, and strain sensor,
respectively, on a logarithmic scale. Notice that the physical displacement sensors were also
estimated (Equation 23). Because the accuracy of all physical sensors increased due to empir-
ical virtual sensing, the combined VS outperformed analytical VS. Analytical VS using OLS
estimation resulted in the most inaccurate estimates. Combined VS using OLS or WLS pro-
duced quite similar results, except at the ends of the structure where WLS gave better esti-
mates. Close to the left support, the accuracy of combined VS using OLS was lower than that
using analytical VS with WLS.
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Figure 2: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.

0 2 4 6 8 10 12 14 16 18 20
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Sensor

S
TD

(m
m

)

Noise in Each Sensor

u-utrue

E(u|v)-utrue

Figure 3: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 4: Displacement estimation error of each sensor using four different algorithms.
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Figure 5: Rotation estimation error of each sensor using four different algorithms.
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Figure 6: Strain estimation error of each sensor using four different algorithms.

3.2 All 20 sensors, noise model 2
The second noise model was the same as in the previous case, but the noise level was high-

er. Each sensor had a low signal-to-noise ratio SNR = 15 dB.
Figure 7 shows a detail of virtual strain sensor signal in the middle of element 52 together

with the exact red signal. The enhancement of combined VS is clearly visible. Also, WLS
produced more accurate strains than OLS.

The standard deviations of the noise in each physical sensor before and after empirical VS
are plotted in Figure 8. Empirical VS resulted in more accurate results in all sensors compared
to the actual noisy measurements.  This gives an indication that combined VS could result  in
better estimates also for unmeasured DOF.

The relative errors of all virtual displacement, rotation, and strain sensors are shown in
Figures 9–11, respectively. The errors are larger than those in the previous case. The im-
provement of combined VS compared to analytical VS is larger than in the previous low-
noise case. Combined VS using WLS outperformed analytical VS. The lowest accuracy was
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obtained using analytical VS with OLS. Again, near the left support, the accuracy of com-
bined VS using OLS was somewhat lower than that using analytical VS with WLS.
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Figure 7: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 8: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 9: Displacement estimation error of each sensor using four different algorithms.
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Figure 10: Rotation estimation error of each sensor using four different algorithms.
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Figure 11: Strain estimation error of each sensor using four different algorithms.
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3.3 All 20 sensors, noise model 3
In the third noise model, an equal absolute noise level was introduced to each sensor, de-

termined by assigning a signal-to-noise ratio of SNR = 6 dB to sensor 1.
A sample virtual strain in element 52 using different algorithms is plotted in Figure 12 to-

gether with the exact values. Combined VS resulted in more accurate strain measurements.
There seem to be no difference between OLS and WLS estimates. This is due to the fact that
because the noise variance was equal in all sensors, it resulted in a weighting matrix propor-
tional to the unit matrix I.

Figure 13 shows the standard deviation of the error in each physical sensor and empirical
virtual sensor. The constant noise level in each physical sensor is clearly visible. It can be
seen that all empirical virtual sensing increased the accuracy of the physical sensors. However,
the noise level was now different in these virtual sensors.

The comparison of different algorithms is shown in Figures 14–16, where the relative er-
rors in all virtual displacement, rotation, and strain sensors, respectively, are plotted. OLS and
WLS resulted in similar results due to the noise model, as discussed above. Combined VS re-
sulted in more accurate results than analytical VS, with an exception that displacements
around node 130 and rotations around nodes 120 and 140 were less accurate. The reason for
this is not known, but it is probably related to the low noise level in the physical sensors. In
the high-noise case, this phenomenon was not observed, as shown next.
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Figure 12: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 13: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 14: Displacement estimation error of each sensor using four different algorithms.

0 20 40 60 80 100 120 140 160 180
10-2

10
-1

10
0

Node Number

s
re

si
du

al
/ s

tr
ue

Rotation Relative Error

Combined OLS
Analytical OLS
Combined WLS
Analytical WLS

Figure 15: Rotation estimation error of each sensor using four different algorithms.
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Figure 16: Strain estimation error of each sensor using four different algorithms.

3.4 All 20 sensors, noise model 4
The fourth noise model was similar to the previous one, except that now the noise level

was higher. Each sensor had equal absolute noise level, determined by assigning a signal-to-
noise ratio of SNR = –6 dB to sensor 1.

Figure 17 shows a detail of virtual strain in the middle of element 52. Again, the noise re-
duction of the combined VS is clearly visible. OLS and WLS gave similar results due to the
fact that the weighting matrix was proportional to the unit matrix I.

Empirical VS was able to reduce noise in all sensors, which is shown in Figure 18, where
the  noise  level  of  each  physical  and  corresponding  virtual  sensor  is  plotted.  After  empirical
VS, the noise level in each sensor was different.

Figures 19–21 show the relative errors of virtual displacement, rotation, and strain sensors,
respectively. Combined VS outperformed analytical VS in each virtual sensor. OLS and WLS
produced similar results due to the applied noise model, as discussed above.

As a conclusion, combined VS seems to be able to reduce noise and result in more accurate
estimates than analytical VS. The difference was more dominant if the noise level of the phys-
ical sensors was high. WLS outperformed OLS in cases where the noise level in each physical
sensor was different. If the noise level was equal in each sensor, either method could be used.
Thus WLS should be always preferred.

Empirical VS was able to reduce noise of the physical sensors in all cases so far. The rea-
son is assumed to be the high number of sensors, which makes it possible to gather more data
to obtain better estimates. Next, different sensor networks are studied using a smaller number
of physical sensors at different locations of the structure.
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Figure 17: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 18: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).

0 20 40 60 80 100 120 140 160 180
10-2

10
-1

10
0

Node Number

s
re

si
du

al
/ s

tr
ue

Displacement Relative Error

Combined OLS
Analytical OLS
Combined WLS
Analytical WLS

Figure 19: Displacement estimation error of each sensor using four different algorithms.
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Figure 20: Rotation estimation error of each sensor using four different algorithms.
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Figure 21: Strain estimation error of each sensor using four different algorithms.

3.5 Sensor set 2
Sensor sets 2–4 were studied using noise model 1. Sensor set 2 included every other sensor

[1:2:20], ten sensors in total. Figure 22 shows sample virtual strain estimates in the middle of
element 52 using all four algorithms together with the exact strain. Combined VS was able to
reduce noise, but the performance is not very pronounced.

Figure 23 shows the noise level in each physical sensor and the corresponding empirical
virtual sensor. Noise reduction due to empirical VS was significant in three sensors, but sen-
sor 19 and sometimes sensors 1 or 13 were less accurate after estimation. In reality, the exact
measurement is not available, and thus it is not known which sensors benefit analytical VS.

Relative error of all virtual displacement, rotation, and strain sensors are shown in Figures
24–26, respectively, using different algorithms. Combined VS resulted in the most accurate
signals in most virtual sensors. However, in some sensors, combined VS with OLS or analyti-
cal VS with WLS resulted in higher accuracy. Analytical VS with OLS resulted in the most
inaccurate estimations.
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As  a  comparison,  in  a  high-noise  case  (not  shown),  combined  VS  using  WLS  outper-
formed the other algorithms.
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Figure 22: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 23: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 24: Displacement estimation error of each sensor using four different algorithms.
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Figure 25: Rotation estimation error of each sensor using four different algorithms.
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Figure 26: Strain estimation error of each sensor using four different algorithms.
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3.6 Sensor set 3
Also sensor set 3 included ten physical sensors, which were the first ten sensors. The right

hand side of the structure was uninstrumented.
Figure 27 shows a significant noise reduction performance of combined VS with WLS es-

timation  in  the  virtual  strain  sensor  in  the  middle  of  element  52  compared  to  analytical  VS
using OLS estimation.

The error in each physical sensor and the corresponding empirical virtual sensor is plotted
in Figure 28. Empirical virtual sensing improved accuracy of all physical sensors except sen-
sor 10.

Relative errors in all virtual displacement, rotation, and strain sensors are shown in Figures
29–31. Combined VS using WLS outperformed the other algorithms, especially analytical VS
using OLS, which produced the most inaccurate estimates, with almost a decade lower rela-
tive error. The accuracy of virtual sensors in the uninstrumented part of the structure was very
low. This suggests that physical sensors should be installed uniformly all around the structure,
especially close to the virtual sensors.
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Figure 27: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 28: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 29: Displacement estimation error of each sensor using four different algorithms.
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Figure 30: Rotation estimation error of each sensor using four different algorithms.
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Figure 31: Strain estimation error of each sensor using four different algorithms.
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3.7 Sensor set 4
Sensor set 4 included every third sensor [1:3:20], including only seven physical sensors.
Figure 32 shows virtual strain in the middle of element 52 together with the exact strain.

Comparison of different algorithms suggests that there are no distinct differences in accuracy.
The  relative  error  in  each  physical  sensor  and  in  the  corresponding  virtual  sensor  are

shown in Figure 33. Empirical VS was able to improve the accuracy in two sensors only. In
the remaining five sensors, the noise increased, but fortunately the precision degradation was
quite small.

The relative error in each virtual displacement, rotation, and strain sensor is plotted in Fig-
ures 34–36, respectively. The ranking of the algorithms is difficult, because at some nodes,
analytical VS performed better than combined VS and at the remaining nodes combined VS
resulted in better estimations. However, the differences were quite small. OLS and WLS pro-
duced similar results. This is probably due to the fact that the redundancy was quite weak.

As a comparison, in a high-noise case (not shown), combined VS performed better than
analytical VS, because empirical VS resulted in better noise reduction.
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Figure 32: Virtual strain in the middle of element 52 using different algorithms. The red curve is the true strain.
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Figure 33: Standard deviations of the noise in each sensor. Measurement data (red) and estimated data (blue).
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Figure 34: Displacement estimation error of each sensor using four different algorithms.
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Figure 35: Rotation estimation error of each sensor using four different algorithms.
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Figure 36: Strain estimation error of each sensor using four different algorithms.
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4 CONCLUSIONS
A combined empirical and analytical virtual sensing algorithm is proposed for structural

dynamics. Uncertainty reduction can be obtained by (1) Replacing noisy measurements with
less noisy MMSE estimates before analytical virtual sensing, and (2) applying WLS in analyt-
ical virtual sensing with the weighting matrix W obtained from the MMSE algorithm.

In the case with a large sensor network with 20 sensors, the accuracy of the MMSE esti-
mates was always higher than that of the actual measurements regardless of the noise level or
noise model. This property assured uncertainty reduction also in the virtual sensors. With a
smaller sensor network (10 sensors), the redundancy was weaker, resulting in cases in which a
small number (1–2) of empirical virtual sensors exhibited higher error than the actual meas-
urements. However, combined VS using WLS was always more accurate than the analytical
VS using OLS. With seven sensors only, analytical VS resulted sometimes in more accurate
estimations. In the uninstrumented part of the structure, the estimation errors were very large
using any algorithm. Physical sensors should therefore be installed close to the virtual sensors.

In practice, the exact signal is not available. Therefore, it is generally not known, if empiri-
cal VS results in a more accurate sensor reading for all sensors. This study suggested that two
conditions  should  be  fulfilled  when  using  empirical  VS:  (1)  Redundancy:  If  the  number  of
sensors in the network is large compared to the number of active modes, it is possible to have
an accurate estimation of all sensors. (2) Noisy data: If the noise level is high, empirical VS is
recommended. With a low noise level, a small number of virtual sensors was estimated more
accurately using analytical VS. A more precise statement of conditions remains an open ques-
tion.

In this study, model error was not present, which is an unrealistic assumption. The model
errors were ignored in order to investigate the noise effect only. The effect of model errors is
left for further study.

Environmental or operational variability causes no problem in empirical virtual sensing.
However, in analytical virtual sensing, the mode shapes may change due to the aforemen-
tioned variability and thus increase the model error. Although the model error was not studied
in this paper, it should be noticed that it also affects the estimation accuracy of the unmeas-
ured quantities.

Simultaneous sampling and a redundant sensor network were assumed. Stationarity as-
sumption is not necessary, provided the number of active modes is smaller than the number of
sensors in the network. Spatial correlation was only used between sensors at same time in-
stants. This corresponds to snapshots of the structure, which takes no temporal correlation in-
to consideration. For spatiotemporal correlation, the assumption of stationarity may be
necessary. Spatiotemporal correlation is left for further study.
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Abstract. This paper aims at determining an optimal grid of acceleration sensors for the accu-
rate estimation of modal data from an innovative timber-hybrid structure. As the knowledge on
the full-scale behaviour of such structures is limited thus far, an extensive identification cam-
paign on an innovative timber building, the ETH House of Natural Resources, is currently being
carried out at ETH Zürich. In conjunction with this campaign an optimal placement for modal
identification sensors is undertaken, in order to extract the maximum possible information from
a minimal number of sensors. The entire structure is modelled in SAP2000 and the modal in-
formation (frequencies and mode shapes) is extracted from the software. The obtained mode
shapes are then utilized as the input to the sensor placement problem. Three widely accepted
sensor placement methods are implemented and assessed, namely, the effective independence
method (EFI), the driving point residue EFI method (EFI-DPR) and the maximum kinetic en-
ergy method (MKE). The optimization algorithms identify the most relevant degrees of freedom,
which should be monitored during the testing campaign.
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1 INTRODUCTION

One main focus in timber engineering is the development of innovative structures, which are
efficient and reliable throughout their life–cycle. To this end, the implementation of hardwood
elements opens up a whole range of new possibilities for timber structures. New structural
systems are mostly developed and tested under laboratory conditions, i.e., in small to mid-scale
and in a controlled environment. The knowledge concerning the structural behaviour in an
actual–scale building situation as well as the long-term use is limited. Therefore a pilot building
demonstrating the implementation of hardwood for structural elements has been realized at
ETH Zürich, under a project titled “ETH House of Natural Resources (ETH HoNR)” [1]. The
building allows for the quantification of the structural behaviour of several innovative structures
in a real building situation.

In order to gain further information about the novel structural systems that have been adopted
in the ETH HoNR building, an extensive modal testing campaign was conducted on the struc-
ture, resulting in the modal assessment of the innovative hardwood structure. When carrying
out modal vibration tests on little so far explored structures, the optimal placement of sensors
is a main subject. Indeed the issue of optimal sensor placement (OSP) is not a trivial one as it
relies on the extraction of salient features that determine structural behaviour and that are not
straightforwardly known a-priori. Therefore sensor placement optimization algorithms can be
implemented either on modal data determined by tests (if available), or based on an a-priori
finite element model. For the ETH HoNR structure several models based on analytical relations
and small-scale tests have been developed and herein used for the determination of optimal
sensor positions. As described in the review paper by [2], a multitude of sensor placement opti-
mization algorithms are already available in the literature. Here the focus is put on the effective
independence method (EFI), the driving point residue EFI method (EFI-DPR), the maximum
kinetic energy method (MKE), which are deemed as most suitable. A short review of optimal
sensor placement techniques and their implementation for a bridge structure is documented in
[3]. Glassburn and Smith [4] additionally document several optimal sensor placement methods
for implementation on a truss structure.

The paper is organized as follows: Sec. 2 describes the innovative timber structure and the
corresponding numerical model for which the OSP methodologies are applied. A brief introduc-
tion of the adopted OSP methods and the results of their application to the structure considered
herein is taking place in Sec. 3. Section 4 discusses on the OSP campaign results and, finally,
Sec. 5 provides some concluding remarks along with further research efforts undertaken by the
group.

2 INNOVATIVE TIMBER STRUCTURE

2.1 Post-tensioned timber frame

The main structural unit of the ETH HoNR is a post-tensioned timber frame. This has been
developed and tested in full scale in the IBK Structures laboratory of ETH Zürich [5]. In
New-Zealand a similar system, known as Pres-lam was invented and implemented in several
buildings [6, 7]. Advantages of the post-tensioned frame comprise its high ductility, which
allows for a self-centring moment-rotation behaviour. In order to analyse the behaviour of the
post-tensioned timber frame, first a single beam-column specimen was tested in the laboratory
of ETH Zrich. Relying on these tests a model for the behaviour of this special-type joint could
be developed. In a second step, an entire three-bay frame was tested with a pushover test, in
order to verify the applicability of the derived single joint behaviour within the context of an
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Figure 1: 2D Frame a) laboratory setup b) Model in SAP2000

Figure 2: 3D Frame a) Construction Site b) Model in SAP2000

entire frame [8]. Subsequently, the three-dimensional frame was installed at the construction
site of the building and tested under dynamic vibration tests.

The building incorporates further innovative structural systems in the domain of hybrid or
timber construction including a composite timber-concrete floor with beech-LVL, a hollow floor
system with a prefabricated concrete top plate and a bottom plate in beech LVL and a bi-axial
pure timber floor. Further details about these sub-structure systems can be found in [1]. The
focus of this paper lies in the optimal sensor placement problem for the post-tensioned tim-
ber frame, although the described methodology could of course also be applied to the further
systems involved, as well as the entire building.

2.2 Numerical Model in SAP2000

As an input to the OSP algorithms, the modal properties (fundamental frequencies and mode
shapes) of the structure need to be quantified. The modal data can either be obtained from an
analytical or numerical model, or from modal testing data. Here the algorithms are applied
to modal data obtained from a numerical model of the structure realized in SAP2000. Three
models were developed in SAP2000, namely, (i) a singlebay frame (2D), (ii) a three-bay frame
(2D) (figure 1) and (iii) a three-dimensional grid of 8 frames. The last model corresponds to the
actual building structure of the ETH HoNR (figure 2).

For all three models the same material properties were chosen. In the actual structure, the
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Figure 3: Connection details

Table 1: Overview of model parameters

1-bay frame 3-bay frame 3D frame
Modulus of elasticity E 13kN/mm2 13kN/mm2 13kN/mm2

Weight 5kN/m3 5kN/m3 5kN/m3

Column height 3m 3m 2.64m
Beam span 6.5m 6.5m 6.5m

Beam segments 4 4 4
Column segments 3 3 3
Number of Nodes 13 25 136

Analysis Type 2D (ux,uy,rotz) 2D (ux,uy,rotz) 3D (ux,uy,uz, rotx, roty, rotz)
DOFs (total) 39 75 816

columns are made of ash wood and the beams consist of a composite cross-section, with 4
lamellas in ash wood and the remaining lamellas in spruce. For simplicity reasons however, the
entire structure was modelled as a single material with an elastic modulus of 13kN/mm2 and a
weight of 5kN/m3 [9]. The cross-section of the columns for all models is 0.38m*0.38m and all
beams are 0.28m deep and 0.72m high. For the single frame the span of the beam is 6.5m and
the height of the columns 3m (analogue to the frame tested in the laboratory). The three-bay
frame is modelled with the same geometry, by simply adding two more bays with a span of
6.5m, leading to a 19.5m long frame. The 3D frame spans 6.5m in two directions, leading to a 3
by 3 grid with outer dimensions of 19.5*19.5m. The column height for the 3D frame is 2.64m
(analogue to the frame on the construction site).

Figure 3 illustrates the configuration of the joints of the frame. The bottom fixation is a
doweled connection. For low-amplitude vibrations this connection acts as a rigid connection,
and is therefore modelled as a fixed connection for all models. In order to include the effect
of the post-tensioned joint into the model, a rotational spring is introduced on both ends of the
beams, taking into account the moment-rotation stiffness of the connection (semi-rigid joint). In
SAP2000 this connection is modelled as a partial release with a rotational stiffness. The stiffness
values were chosen based on the laboratory tests on the single beam-column specimen [5] and
from the pushover test on the 2D Frame [8]. For the 3D frame not only in-plane rotational
releases are introduced, but also out-of plane rotational releases. The stiffness for the out-of
plane release was analytically approximated from the in-plane stiffness based on geometrical
relations. Table 1 provides an overview over the model parameters.

The OSP algorithms can be applied to any combination of possible sensor locations (degrees

470



C. Leyder et al.

of freedom of the structure) and target modes, as long as the number of possible sensor positions
is larger than the number of target modes. For demonstration purposes 3 target modes were
defined for the 2D frames and 7 target modes for the 3D frame. Figure 4 illustrates the first
three modes for all three systems, modes 4 to 7 of the 3D frame are not plotted herein; they
were however considered for the optimization problem. The set of possible sensor locations is
provided via the models from SAP2000. All beams and columns were discretized using several
segments as indicated in Tab. 1, leading to a finite number of discrete nodes. Depending on the
analysis type (2D or 3D), each node has either 3 or 6 degrees of freedom (DOFs), summing up to
the total number of DOFs, i.e., possible candidate sensor locations per model. It is assumed that
only 1-directional sensors will be positioned, recording accelerations or rotations only along
one degree of freedom. In practical applications however, often tri-axial sensors are deployed.
The interaction between translational and rotational degrees of freedom should then be taken
into account, which is not possible with the herein described algorithms. A possible method for
tackling this issue, namely the Tri-axial Effective Independence, is described in [10]. For the
2D frames a maximum number of 4 sensors was selected for the single span whilst 8 sensors
were utilized for the 3-bay span, corresponding to an observation of 10% of the DOFs. For the
3D frame two different cases were considered, one monitoring of 1% of the DOFs (8 sensors)
and one to 2% of the DOFs (16 sensors).

3 OPTIMAL SENSOR PLACEMENT

The OSP problem accepts a matrix Φ ∈ Rm×n of target modes of interest, where m corre-
sponds to the candidate sensor locations (FEM DOFs) and n to the number of modes, and aims
at finding the best N positions to place sensors, where m � N and N ≥ n. All algorithms
presented herein iteratively remove all candidate positions that do not significantly contribute
to a specific metric.

3.1 The Effective Independence Method

The effective independence (EFI) method was developed by Kammer [11]. The algorithm
calculates the Fisher Information Matrix as A = ΦTΦ and then solves the eigenvalue problem
for A, AΨ = λΨ. Accordingly, the EFI matrix is formulated as

EFI = [ΦΨ] ◦ [ΦΨ]Λ−1 (1)

where ◦ is the Hadamard product and Λ is the diagonal matrix of the eigenvalues of A. Since
EFI quantifies the contribution of every sensor to the associated eigenvalue, the column vector
ED (effective independence distribution vector) that results from summing up each row of EFI
evaluates the candidate sensor location contributions; the candidate sensor position with the
lowest contribution value is removed and the process is repeated until the rows of ED reach the
required number of sensors.

Figure 5 shows the results of the implementation of the EFI method on the three structural
systems discussed. The arrows indicate the position and direction of the DOF to be monitored.
N indicates the number of sensors placed and TM the number of target modes used as input for
the OSP algorithm.

3.2 The EFI–DPR method

The driving point residue EFI (EFI–DPR) method is based on the original EFI method and
proposes a weighted version of the original effective independence distribution vector, in which

471



C. Leyder et al.

Distance x[m]
-4 -2 0 2 4

D
is

ta
nc

e 
y[

m
]

-4

-3

-2

-1

0

1

Mode Shape 1, f=22.2

Distance x[m]
-4 -2 0 2 4

D
is

ta
nc

e 
y[

m
]

-4

-3

-2

-1

0

1

2
Mode Shape 3, f=141.3

Distance x[m]
-4 -2 0 2 4

D
is

ta
nc

e 
y[

m
]

-4

-3

-2

-1

0

1

2

Mode Shape 2, f=46.7

Distance x[m]
-10 -5 0 5 10

D
is

ta
nc

e 
y[

m
]

-5

0

5

Mode Shape 1, f=16.2

Distance x[m]
-10 -5 0 5 10

D
is

ta
nc

e 
y[

m
]

-8

-6

-4

-2

0

2

4

6

Mode Shape 2, f=42.0

Distance x[m]
-10 -5 0 5 10

D
is

ta
nc

e 
y[

m
]

-8

-6

-4

-2

0

2

4

6

Mode Shape 3, f=42.8

Single bay frame Three-bay frame 3D frame

Distance x[m]

6.5

Mode Shape 1, f=11.8

0
-6.5-6.5

0

Distance y[m]

6.5

0
-2

D
is

ta
nc

e 
z[

m
]

Distance x[m]

6.5

Mode Shape 2, f=11.8

0
-6.5

-6.5

0

Distance y[m]

6.5

-2
0

D
is

ta
nc

e 
z[

m
]

Distance x[m]

6.5
0

Mode Shape 3, f=13.0

-6.5-6.5

0

Distance y[m]

6.5

-2
0

D
is

ta
nc

e 
z[

m
]

Figure 4: Mode shapes from the SAP models
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Figure 5: Optimal Sensor Positions from the EFI

the weights are calculated by the DPR coefficients as

DPRi =
n∑

j=1

Φ2
ij

ωj

(2)

Figure 6 shows the results of the implementation of the EFI-DPR method on the three structural
systems (N= number of monitored DOFs, TM = number of target modes).

3.3 The Maximum Kinetic Energy Method

The maximum kinetic energy (MKE) method implements a similar framework. However,
instead of maximizing the Fisher Information matrix, the kinetic energy matrix is used [12, 3]
instead:

MKE = ΦT ◦MΦ (3)

where M is the mass matrix. Figure 7 shows the results of the implementation of the MKE
method on the three structural systems (N= number of monitored DOFs, TM = number of
target modes).

4 DISCUSSION

For the single span frame the first three modes were chosen as target modes. The first mode
is a translational mode, which is captured by at least one horizontal sensor for all three methods.
The EFI-DPR and the MKE method place two sensors in the horizontal direction. Indeed the
OSP configurations are identical for the EFI-DPR and the MKE method. Two vertical sensors
are placed at the quarter span in order to catch the beam deflection of the second and the third
mode. The EFI method adds a third vertical sensor at mid-span in order to capture the second
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Figure 6: Optimal Sensor Positions from the EFI-DPR
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mode and therefore allocates only one sensor in the horizontal direction. Since the columns
exhibit only low deformations for the third mode shape, no sensors are placed on the columns.

For the three-bay span the first fundamental mode is also a horizontal translation of the
beam. The second and third mode however exhibit mostly vertical deflections of the beam. The
columns only deform in the first mode shape, at a lower amplitude then the local beam mode
therefore no sensors are placed on the columns by any of the methods. Here however, also the
column modes are of interest, particularly since the support conditions have a vital influence
on the system behaviour. To this end, an amendment of the tested OSP methods should be
considered in the future. Again the EFI-DPR and the MKE method give the same results. The
EFI places three horizontal sensors and the other two methods place five horizontal ones in
order to catch the first mode. The remaining sensors are then placed vertically at the beam mid-
spans (EFI-DPR and MKE), or at the quarter spans (EFI). The EFI setup will therefore allow to
gain more information on the deflection / modes of the beams then the EFI-DPR and the MKE
setups.

Focusing on the 3D frame, all three methods yield different configurations for the sensors.
The first two global modes of the 3D frame are a global translation and the third mode is a global
rotation. In addition to these global deformations local deformations occur in the beams, mostly
in the out-of plane direction. This is also captured by the OSP results. For all setups, sensors
are always placed at the mid-span of the beams in the horizontal direction where the deflection
is largest. No vertical sensors are placed, since the first seven mode shapes do not exhibit any
vertical deflection. This is due to the lower stiffness of the column-beam joint in the out-of
plane direction. This also explains why the placement of sensors is always perpendicular to the
span direction. The change from 1% of DOFs to 2% of DOFs basically leads to a denser sensor
coverage. Sensors are nearly evenly distributed in x and y direction, so that all translational and
rotational modes can be captured.

While overall the OSP algorithms deliver reasonable placing results, some remaining issues
deserve further investigation. In specific, one suggestion for better placement might be the sepa-
ration of the global (translation and rotation of the entire frame grid) modes from the local beam
modes. Since the sensors are placed on the mid-span of the beams they record a combination
of the local beam mode and the global mode. In order to resolve this problem in the future, a
sub-structuring of local and global modes might be of usage. Another issue of the above ap-
proach might be the sparse mesh used in the numerical model. Optimal positions might differ
from quarter / third or mid-span. A possible solution to this problem would perhaps be to rerun
separate elements using a denser mesh, although maintaining the number of sensors and the
approximate locations per element that occurred through the sparser analysis. Indeed, if the
OSP algorithms are directly employed on a dense mesh model, many neighbouring sensors will
appear close to points of maximum deflection, instead of an even distribution over the entire
structure. Further issues that should not be omitted are of course uncertainties in the modelling,
so the sensor setup should be cross-checked with real measurement data, which would also
allow to consider the influence of sensor noise or malfunctioning on the optimal sensor setup.

5 CONCLUSION

In the paper presented herein, three OSP algorithms are applied to numerical models of three
different innovative timber structures. The obtained sensor setups can be used to determine the
sensor setup for experimental tests on a 2D post-tensioned timber frame in the laboratory and
for a 3D post-tensioned timber frame on the construction site of the ETH House of Natural
Resources. The three OSP algorithms reveal a reasonable positioning of the sensors positions
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with results differing only slightly among different algorithms.
In the future, a similar OSP process will be further applied to the numerical model of the

actual building structure of the ETH House of Natural Resources, leading to an optimal sensor
setup, which minimizes intervention, for the long-term monitoring of the building. Furthermore,
the idea is to rely on mode shapes that are not only from a baseline numerical model, but
additionally from experimental data from the different construction stages of the building, hence
leading to a multi-phase OSP problem.
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Abstract. Vibration-based structural health monitoring systems have the potential of enabling
automated condition assessment of slender structures with a limited number of sensors, lead-
ing to a cost-effective optimization of maintenance activities. Nevertheless, the development
of SHM systems able to early alert about the occurrence of a structural damage is still quite
a challenge due to the weak correlation that typically exists between global dynamic behav-
ior and structural conditions. Methods of multivariate statistical analysis, such as principal
components analysis and novelty detection, can be a solution to this issue, but documented val-
idations of their effectiveness at damage detection in full-scale structures are not yet available.
This work presents the design and implementation of a vibration-based SHM system, recently
installed by the authors on a monumental masonry bell-tower: the bell-tower of the Basilica
of San Pietro in Perugia, Italy. The tower, about 61.50 m high, is considered one the symbols
of the city of Perugia and was recently restored after a strong earthquake. The monumental
tower and its historical background are presented, at first. Then, the results of experimen-
tal and analytical dynamic investigations are discussed, including: (i) ambient vibration tests
and output-only modal identification using various types of sensors, deployed with different lay-
outs, (ii) remote automated frequency tracking, (iii) numerical modeling, (iv) damage sensitivity
analysis and (v) algorithmic strategy for health assessment. The results presented in the paper
aim to demonstrate the potential of vibration-based SHM systems for applications to cultural
heritage structures, owing to their fully non-destructive and non-invasive character.
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1 INTRODUCTION

Ambient Vibration Testing (AVT) and Operational Modal Analysis (OMA) can be consid-
ered as widespread and reliable methods of modal testing in civil engineering. While commonly
carried out with reference to flexible structures, such as bridges and cables [1]-[4], in recent
years a particular attention has been also devoted to their application to monumental build-
ings as tools for their conservation [5]-[11] . Within this context, permanent structural health
monitoring (SHM) could represent a further step in knowledge and an important challenge to
be addressed. Equipping historical and monumental constructions with permanent SHM sys-
tems may lead to an optimal employment of the economic resources available for maintenance
and rehabilitation activities, especially after seismic events. In fact, permanent SHM systems
present all the advantages of both AVT and OMA, being, for instance, fully non-destructive and
minimizing the interferences with the normal use of the structure but also allowing a continuous
tracking of the actual condition of the structure, typically using a limited number of sensors.

The authors have recently started a research project for monitoring of two relevant historical
constructions in Italy: the bell-tower of the Basilica of San Pietro in Perugia and the dome of
the Basilica of Santa Maria degli Angeli in Assisi [12]-[13]. This paper reports the first re-
sults concerning the former application. In particular, various ambient vibration tests tests have
been carried out to characterize the dynamic parameters of the San Pietro bell-tower. These
investigations have allowed to attain an optimal hardware sensing layout for the installation of
a permanent vibration-based SHM system on the bell-tower. The results of the first months of
monitoring are also shown. Moreover, a finite element model of the bell-tower has been real-
ized by tuning the first modal frequencies on the experimental observations. Then, a damage
sensitivity analysis on the first modal frequencies has been carried out by introducing damage
parameters in some critical parts of the structures. The presented results will constitute a ba-
sis for future automated condition assessment of the structure by means of the installed SHM
system.

2 SAN PIETRO BELL-TOWER

The Basilica of San Pietro in Perugia belongs to an historical monumental Benedictine abbey
located in the southern part of the city. The abbey was erected in 996 while the first erection
of the bell-tower dates back to the 13th century. Throughout the centuries the bell-tower has
been subjected to several structural and architectural interventions, both for consolidation and
for changing its intended use. The actual configuration is dated back to the 15th century and
the design is attributed to the architect Bernardo Rossellino. Various structural interventions
were necessary to repair damages caused by lightning shocks that several times threatened the
stability of the structure. In the last years, the restoration and consolidation measures for the
damages occurred after the strong Umbria-Marche earthquake of 1997 have been concluded.

The Benedictine abbey consists of several architectural volumes, including the basilica, the
convent and today other local institutions, arranged around three main cloisters (Figure 1(a)).
In this context, the bell tower stands out between the basilica and other branches of the abbey,
with a total height of about 61.45 m. In the first 17 m the structure is restrained by the bordering
buildings, so that the tower is free to move only in the last 45 m (Figure 1(b)).

The bell tower is constituted by a dodecagonal shaft in the first 26 m, a belfry with hexagonal
cross section reaching an height of about 41 m and a cusp at the top. The constituent material is
not homogeneous. The shaft is made by stone masonry, with large external portions realized in
brick masonry as structural rehabilitation measures due to the occurrence of several damages.
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Figure 1: (a) Aerial photograph of the Benedictine abbey of San Pietro in Perugia (Map data c©2015 Google
Earth). (b) The bell-tower of the Basilica of San Pietro.

Figure 2: Geometrical survey of the bell-tower: tri-dimensional CAD model of the bell-tower, the surrounding
buildings of the Basilica and the Abbey, with details of the plans at a level of 29.1m (left) and 40.8m (right) high.

The belfry and the cusp are made of brick masonry, but the former is characterized by an external
curtain of stones. Moreover the belfry presents high mullioned windows in each of the six sides,
thus resulting in a significant slenderness degree in the upper part of the structure.

3 PRELIMINARY DYNAMIC INVESTIGATIONS

AVTs and OMA of the bell-tower have been performed in two different periods from Decem-
ber 2013 to February 2015. The main purpose was both to identify the dynamic characteristics
and the first natural frequencies of the structure, and to define the most appropriate hardware
setup for the SHM system to be installed.

The AVTs have been carried out by using different types of accelerometers located in one or
two sections of the bell-tower, as shown in Figure 2. Section 1 is at the base of the cusp (40.8
m), while Section 2 at the base of the belfry (29.1 m).

The following three AVTs have been carried out.

• AVT 1, carried out in December 2013 using three uni-axial MEMS accelerometers model
PCB 3711B112G (1 V/g sensitivity) installed at the base of the cusp with the layout of
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Figure 3: (a) Instrumentations layout used in the AVTs of December 2013 (AVT 1). (b) Instrumentations layout
used in the AVTs of September 2014 (AVT 2) and January 2015 (AVT 3).

Figure 3(a).

• AVT 2, carried out on September 23rd 2014, using six piezoelectric uni-axial accelerom-
eters model PCB 393C (1 V/g sensitivity), among which three located at the base of the
cusp and three at the base of the belfry with the layout of Figure 3(b).

• AVT 3, carried out on February 16th 2015 using six high sensitivity piezoelectric uni-
axial accelerometers model PCB 393B12 (10 V/g sensitivity), among which three located
at the base of the cusp and three at the base of the belfry (Fig. 3(b)). Figure 4 is a photo-
evidence of the sensors installed on site.

All ambient vibration tests data have been recorded by using a 24-channel system, carrier
model cDAQ-9188 with NI 9234 data acquisition modules (24-bit resolution, 102 dB dynamic
range and anti-aliasing filters). The data have been stored in separate files of 30 recording
minutes and down-sampled at 100 Hz. During AVT 1 (December 2013) a small earthquake
occurred [14]. In the following, AVT 1a is used to denote the recorded data of December 26th
in operational conditions, while AVT 1b is related to the seismic event of December 22th.

Modal parameters of the bell-tower have been extracted from AVTs data by using a fully
automated Stochastic Subspace Identification (SSI) technique [4]. In order to fairly compare
the results obtained in the different conditions, both in terms of sensors’ layout and type of
sensing harware, data sets with similar Root Mean Square (RMS) values have been selected.
For appropriate reference, RMS amplitudes for AVT 1, AVT 2 and AVT 3 are summarized in
Tab. 1.

Tables 2 and 3 summarize the values of identified natural frequencies and corresponding
modal damping ratios, respectively, where mode types are referred to the reference axes de-
picted in Figure 3. It can be noted that the first two modes are consistently identified in all
data sets (small differences in frequencies are conceivably associated with differences in ambi-
ent temperature), while higher order modes could be identified only by using high-sensitivity
accelerometers. Mode shapes identified in AVT 3 are shown in Figure 5.
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Figure 4: Images of the six piezoelectric uni-axial accelerometers (10 V/g sensitivity) used in the AVT 3.

AVT 1a AVT 1b AVT 2 AVT 3
Dec 2013 Dec 2013 Sep 2014 Feb 2015

(MEMS 1V/g) (MEMS 1V/g) (Piezo 1V/g) (Piezo 10V/g)
3.01e-04g 2.67e-04g 4.72e-04g 3.67e-04g

Table 1: RMS amplitudes of the recorded data analysed.

Mode number Frequency [Hz] Mode Type
AVT 1a AVT 1b AVT 2 AVT 3

Dec 2013 Dec 2013 Sep 2014 Feb 2015
(MEMS 1V/g) (MEMS 1V/g) (Piezo 1V/g) (Piezo 10V/g)

1 1.443 1.411 1.436 1.449 Fx1
2 1.519 1.495 1.510 1.518 Fy1
3 - - - 4.345 T1
4 - - - 4.586 Fx2
5 - - - 4.861 Fy2

Table 2: Identified natural frequencies of the bell-tower.

4 REMOTE AUTOMATED FREQUENCY TRACKING

Since October 2014 a continuous dynamic monitoring system has been installed onto the
bell-tower with the purpose of investigating the evolution of the natural frequencies of the bell-
tower and to use such information for early damage detection. The monitoring system com-
prises three high-sensitivity accelerometers, of the same type of those used in AVT 3, fixed at
the base of the cusp, as described in Figure 2(b), Section 1, ch. 1, 2, 3. Monitoring data can
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Mode number Damping [%] Mode Type
AVT 1a AVT 1b AVT 2 AVT 3

Dec 2013 Dec 2013 Sep 2014 Feb 2015
(MEMS 1V/g) (MEMS 1V/g) (Piezo 1V/g) (Piezo 10V/g)

1 1.0 1.6 1.1 1.0 Fx1
2 0.9 1.0 0.9 1.0 Fy1
3 - - - 1.5 T1
4 - - - 1.7 Fx2
5 - - - 3.2 Fy2

Table 3: Damping values of the identified natural frequencies of the bell-tower.
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Figure 5: Representation of the first identified modal shapes.

be accessed at any time via the internet, Fig. 6, and are transmitted to the server of the Labora-
tory of Structural Dynamics of University of Perugia were they are automatically processed to
extract modal parameters and other synthetic information.

Figure 7 shows the time evolution of the first natural frequencies, where daily fluctuations
due to changes in ambient conditions are especially noteworthy. The presented results show
that the first two modes are almost steadily identified, while higher order modes are sometimes

6



F. Ubertini, N. Cavalagli and G. Comanducci

Figure 6: Remote access to monitoring data using PC and smartphone.

not identified due to insufficient levels of vibration.

5 NUMERICAL MODELING

The numerical model has been built by means of a Finite Element commercial code. It com-
prises both hexahedral and tetrahedral elements, necessary to reproduce the irregular geometry
of some structural parts. In particular, a structured mesh has been used in the shaft and the base-
ment regions, and a free mesh in the belfry and the cusp. Specific attention has been focused
on a consistent modeling of the bordering constructions, due to the strongly dependence of the
modal shapes on the lateral stiffness provided by them. Different values of mechanical prop-
erties have been assigned to the volume partitions to take into account the presence of specific
inner structural elements. It should be noted that the right stiffness ratio assigned to the parti-
tions allows to obtain the change in direction of the higher flexional modes in comparison to
the lower order ones. This is related to the architectural and structural differences between the
upper and the lower part of the bell-tower, which give to the structure a quite complex dynamic
behaviour. A sketch of the numerical model is shown in Figure 8

The model of the bell-tower has been partitioned in three sub-volumes: the shaft, the belfry
and the cusp. The choice of these regions is related to the tuning operations for the correla-
tion between the experimental and numerical modal characteristics. Homogeneous orthotropic
materiala have been used in all the parts of the model. In a first step, the elastic parameters
have been taken in accordance with the range proposed by the Italian code for each constituent
material: the squared stone masonry for the shaft, a brick masonry with squared stone masonry
for the cell and the brick masonry for the cusp. In addition, the corrective coefficients suggested
in the case of good conditions of mortar have been considered in the case of the elastic moduli
of the shaft and the belfry (γ1s = 1.2 and γ1b = 1.5 respectively), while the case of thickness
of mortar joints less than 1cm (γ2s = 1.2) only for the shaft. By varying the mechanical pa-
rameters of the materials, a modal sensitivity analysis has been carried out to perform a model
updating. By a few steps of manual tuning, a consistent numerical model has been obtained.
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Figure 7: Timeline of the identified natural frequencies of the bell-tower.
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Figure 8: Numerical FE model. (a) Sketch of the mesh. (b) Structural elements and materials used.

The mechanical characteristics, before and after the model updating process, are summarized
in Table 4, and the modal shapes with the related values of frequencies are shown in Figure 9.

6 STRUCTURAL HEALTH ASSESSMENT: FIRST RESULTS

A consistent FE model allows to perform predictive analyses of the structural response due to
the possible occurrence of damage conditions. In the following the results of a first investigation
about the influence of a structural damage parameter on the natural frequencies of the bell-tower
are shown.
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Structural part Young’s modulus [MPa] Shear modulus [MPa] Poisson’s ratio
before tuning after tuning before tuning after tuning

Shaft 4032 5450 1238 1238 0.25
Belfry 2250 2950 750 1920 0.25
Cusp 1500 1500 500 500 0.25

Table 4: Elastic parameters of the orthotropic constitutive model.

(a) Fx1 - 1.448 Hz (b) Fy1 - 1.518 Hz (c) T1 - 4.356 Hz

(d) Fx2 - 4.577 Hz (e) Fy2 - 4.692 Hz

Figure 9: Flexional (F) and torsional (T) modal shape obtained by the FE model.

The study has been focused on the pillars of the belfry. The architectural configuration of the
belfry allows to assume that the base and the top of the pillars constitute one of the most critical
parts of the structure. In fact, during the recent strengthening measures, carried out on the bell-
tower after the Umbria-Marche earthquake of 1997, the masonry of the pillars was reinforced
by means of grout injections, owing to an advanced state of decay.

In the analysis, a damage parameter d as been assigned to both the base and the top of each
pillar, representing a reduction in elastic stiffness. The analysis considers a leading pillar pillars
are characterized by smaller damages depending on the distance from the leading one. The
damage parameter linearly reduces the elastic moduli of the material up to 70% of the initial
value. The south pillar has been considered as leading one. In Figure 10 the decay of the natural
frequencies with the increasing damage parameter is shown, fu and fd denoting undamaged and
damaged frequencies, respectively.

The results highlight a major sensitivity of the third mode to damage, whose frequency is
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Figure 10: Decay of the natural frequencies in function of the damage parameter.

reduced up to about 1.8% when d = 0.3, while lower order modes undergo frequency variations
up to 1.3% and 1.4%, respectively. Considering that multivariate statistical analysis tools such
as Principal Component Analysis and novelty detection can allow to clearly detect variations in
frequencies of the order of 0.1%, it is concluded that the minimum level of detectable damage
roughly corresponds to d = 0.015, that is, a 1.5% reduction in stiffness in the critical regions of
one pillar.

7 CONCLUSIONS

The paper has presented dynamic investigations, first months of permanent monitoring, nu-
merical modeling and damage sensitivity analysis of a monumental masonry bell-tower located
in Perugia, Italy. Optimal choice of sensing hardware and sensors’ layout have been addressed,
at first. Then, a baseline modal identification of the tower has been carried out and a procedure
for automated frequency tracking has been developed and implemented. Results of first months
of monitoring outline a steady identification of the frequencies of the lowest vibration modes of
the structure, which will allow continuous structural health assessment of the tower in the fu-
ture. Numerical modeling of the tower has demonstrated a good agreement with experimental
results. Finally, results of a numerical damage sensitivity analysis have provided information
on the minimum level of damage detectable with the developed SHM system.

Overall, the results presented in this paper contribute to demonstrating the potential of perma-
nent vibration-based monitoring systems for automated condition assessment and preservation
of cultural heritage structures.
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Abstract. The authors have recently explored the use of electrically conductive cement-based 

composites doped with carbon nanotubes for dynamic monitoring of strain in concrete struc-

tures. While the technology appears to be very promising for cost-effective structural health 

monitoring, some challenges still limit its applicability to full-scale constructions. The disper-

sion of the nanoparticles, typically based on sonic treatment and on other special procedures, 

is not compatible with distributed full-scale deployments and essentially limits the applica-

tions of the technology to the fabrication of embeddable sensors. Also, the electromechanical 

behaviour of the composites is complex and a proper analytical model linking electrical out-

put to accurate strain measurements is yet to be established. This work discusses these open 

issues in fabrication and modelling of carbon nanotube composite concrete. A fabrication 

procedure with potential applicability to large casting volumes is presented and experimental 

results highlighting its effectiveness are discussed. Results cover analysis of nanoparticles 

dispersion, electrical percolation, strain sensitivity and polarization.  
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1 INTRODUCTION 

Conductive micro- and nano-fibers, such as carbon nanoinclusions, can be incorporated in-

to cementitious matrices to provide electrical conductivity. The resulting composite materials 

exhibit self-sensing abilities, whereby their electrical response is modulated by their state of 

strain [1-8]. Unfortunately, large-scale applications of this sensing technology are still miss-

ing, owing to the difficulties in obtaining a good dispersion of particle additives. Dispersion 

typically requires special treatments, such as the sonic treatment, that cannot be applied in the 

case of large casting volumes. Nanoparticles are difficult to disperse because they tend to 

form agglomerates and bundles. In the case of Multi-Walled Carbon Nanotubes (MWCNTs), 

for example, the formation of agglomerates and bundles is caused by Van der Waals attraction 

forces among nanotubes due to the electronic configuration of tube walls and their high spe-

cific surface area. While most authors agree that ultrasonic treatment is the most effective way 

to achieve a satisfactory dispersion, the use of dispersing additives can also help preventing 

the formation of bundles in an aqueous solution containing MWCNTs. 

This paper investigates electrical conductivity and strain sensitivity of concrete doped with 

MWCNTs and prepared using different fabrication processes. The objective of this study is to 

explore possible processing strategies suited for fabricating conductive concrete with im-

proved scalability to large-scale applications. This will be achieved without sonication, by 

using dispersing additives and mechanical mixing.  

2 SMART CONCRETE DOPED WITH CARBON NANOTUBES 

MWCNTs belong to the structural family of Fullerene. Van der Waals attractive forces be-

tween nanotubes cause the formation of bundles. Because of these bundles, it is difficult to 

achieve a uniform dispersion of the nanoparticles within the cement matrix, provoking defects 

in the composites and insufficient mechanical properties. Dispersion of the nanotubes is typi-

cally accomplished in water, followed by the addition of the water-MWCNTs suspension to 

cement powder, aggregates and additives.  

Different approaches used in dispersing nanotubes in water can be roughly classified into: 

(i) mechanical methods, where nanotubes are separated using mechanical mixers; (ii) physical 

methods, where nanotubes separation is obtained through non-covalent surface modifications 

based on the use of proper dispersants without altering the covalent bonds on the tube lattice; 

(iii) chemical methods, where covalent surface modifications are operated using aggressive 

chemicals, such as neat acids, that functionalize the surface of MWCNT but often result in 

defects or alterations due to the chemical nature of the treatment. In most cases, the sonic 

treatment, where mechanical agitation by ultrasonication produces temporary dispersion of 

nanotubes, is conducted to complement the chemical or physical methods. The mechanical 

processing methods and their possible combination with sonic treatment are the central focus 

of  this study. 

The ability of a nanocomposite to work as a sensing material is related to the piezoresistive 

effect. Namely, when concrete doped with MWCNTs is subjected to a variation in its internal 

state of strain, the distance between the nanoparticles is changed, which also alters their elec-

trical interactions [4]. The resulting macroscopic variation in materials' electrical resistivity 

can be measured and correlated with the applied strain.  

It should be noticed that nanocomposite concrete is not only resistive, but also capacitive, 

which complicates the characterization of its electromechanical behavior. Literature findings 

suggest that only the internal resistance is significantly influenced by the mechanical defor-
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mation. According to this simplification, a relationship between incremental variation in elec-

trical resistance, R∆ , and axial strain, ε  (positive in compression), can be established, which, 

at a first order of approximation (small strain) can be modeled in analogy with electrical strain 

gauges as 

λε−=
∆

0
R

R
(1) 

where 
0

R  is the unstrained internal electrical resistance and λ  is the gauge factor of the mate-

rial. From Eq. (1),  the sensitivity, S, of nanocomposite concrete specimens is given by 

0
R

R
S λ

ε
−=

∆
= (2) 

3 FABRICATION AND MODELLING ISSUES 

Nanocomposite concrete specimens doped with MWCNTs were prepared by varying the 

type and amount of dispersant, and the mixing procedure. The resulting nanotube dispersion 

and quality of the fabricated composites were then experimentally assessed. 

Conductive nanoparticles in the cementitious matrix were multi-walled carbon nanotubes 

type Graphistrength C100 from Arkema. Eight different types of dispersants were considered 

in the experiments, as summarized in Table 1.  

First, an amount of 0.1 g of MWCNTs and a variable amount of chemical dispersant were 

added to 40 g of deionized water. Each dispersant was used in three different concentrations, 

namely 0.1:1, 1:1 and 10:1 to the mass of MWCNTs, corresponding to 0.01 g, 0.1 g and 1.0 g 

of dispersant. Premixing of deionized water, dispersant and MWCNTs was conducted manu-

ally. MWCNTs were then mixed in water by means of two different procedures, termed mix-

ing procedure ME and mixing procedure SO. Mixing procedure ME was a simple mechanical 

mixing, while mixing procedure SO consisted of a sonication procedure. In mixing procedure 

ME, magnetic stirring was followed by 60 minutes of mechanical mixing, while, in mixing 

procedure SO, the water-dispersant-MWCNTs suspension was sonicated for 30 minutes. Fig-

ure 1 sketches the mechanical mixing procedure ME, also termed the scalable mixing proce-

dure. 

The following identification code was used for naming the different samples of MWCNTs-

water dispersions prepared for the experiments: "MP_DN_DR", where MP denotes the mix-

ing procedure, that can either be ME or SO, as described above, DN is the dispersant number 

(see Table 1) and DR is the ratio between dispersant and MWCNTs mass. 

No. Name No. Name 

1 BYK 154 5 NaDDBS 

2 G.SKY 624 6 SLS 

3 DISPERBYK 190 7 PSS 

4 BYK 9076 8 PVA 

Table 1: Dispersants used in the experiments. 
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Figure 1: Scalable preparation procedure for dispersing MWCNTs in water. 

Concrete nanocomposite specimens were fabricated using different concentrations of 

MWCNTs and the two different dispersion procedures presented in the previous section with 

a selected type of dispersing additive. Specimens were poured in cubes of 5.1x5.1x5.1 cm
3

with embedded net-shaped electrodes consisting of stainless steel nets inserted in the speci-

mens along approximately 85% of their thickness (Figure 2). 

The composite specimens were named using the following identification code: 

"CO_MP_N%_DN_DR", where CO stands for concrete, N% is the mass content of 

MWCNTs expressed as a percentage with respect to the mass of cement, while MP, DN and 

DR are as defined above. 

Figure 2: Sketch and dimensions (in mm) of fabricated nanocomposite concrete specimens 

Figure 3: Photographs of fabricated concrete composite specimens using 10:1 concentration of SLS dispersant 

without sonication and with different mass contents of MWCNTs to the mass of cement (from 0 to 1.5% right-

ward). 
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Six different concentrations of MWCNTs were considered, from 0 to 1% with respect to 

the mass of cement, with step increments of 0.25%, and from 1 to 1.5% with a step increment 

of 0.5%. Figure 3 shows photographs of the composite specimens fabricated using the SLS 

dispersant at a concentration of 10:1 and considering different contents of MWCNTs. The 

change in color from the plain materials to the nanocomposites with increasing content of 

MWCNTs is apparent from the figure.  

4 EXPERIMENTAL PROGRAM 

A classification of the different specimens based on a dispersion performance index, J, 

ranging from 0 to 6 was performed (0 corresponding to the worst dispersion and 6 to the best 

dispersion) in order to investigate the quality of MWCNTs dispersion.  The dispersion index 

was computed as: 

PSSJ ++=
281

(3) 

where 
1
S  denotes the "initial settling factor", 

28
S  denotes the "final settling factor" and P  is 

the "SEM picture factor". 

S1 and S28 factors are derived from the transparency analysis of test tubes containing 1 ml 

of the MWCNTs suspension diluted in 10 ml of deionized water. The assessment of the set-

tling conditions of the suspension in the test tube after 1 day gave the initial settling factor, 
1
S , 

a value of 0, 1 or 2 (2 for fully opaque and 0 for fully transparent suspension). The final set-

tling factor, 
28

S , is attributed a value of 0, 1 or 2 following the same procedure adopted for 
1
S , 

but after 28 days. 

SEM pictures of the specimens at different magnifications were used to assess the SEM 

picture factor P. The SEM analysis was conducted on a drop of the obtained solution, poured 

on a silicon wafer and taken after water evaporation. A value 0=P  was given when the pic-

ture first showed bundles of MWCNTs at a magnification factor of 100x. A value 1=P  cor-

responds to bundles first observable at a magnification factor of 500x. A value 2=P  is 

assigned when the SEM image does not show any bundles at 5000x.  

Figure 4: From left to right: Illustrative samples corresponding to initial settling factors of 0 and 2; SEM pictures 

corresponding to different SEM picture factors. 
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Figure 5: Detailed view of coaxial cables connected to the net electrodes of the sample under uniaxial compres-

sion test with strain gauges. 

Typical pictures of retro illuminated test tubes corresponding to settling factors of 0 and 2, 

as well as SEM images taken at different magnification factors illustrating situations corre-

sponding to SEM picture factors of 0, 1 and 2 are shown in Figure 4. 

Electrical characterization of the composite materials was conducted using a high precision 

digital multimeter, model Keithley 6517B with resistivity text fixture model 8009. In particu-

lar, a constant voltage difference of 1.5 V was applied at the two external electrodes and the 

electrical resistance was indirectly obtained by measuring the current circulating through the 

specimens after 3 minutes to reduce the polarization process.  

The strain-sensing capability of the composite concrete was assessed through axial com-

pression tests using a servo-controlled pneumatic universal testing machine, model IPC Glob-

al UTM14P of 14 kN load capacity. Figure 5 is a photo of a specimen mounted on the 

machine. In the axial compression tests, the sensing specimens were first precompressed at 

0.5 kN, and then subjected to loading-unloading cycles at constant speed of 0.5 kN/s and in-

creasing amplitude of 1, 1.5 and 2 kN. Average compressive strain in the composites was ob-

tained by using two resistive strain gauges, while strain sensitivity, S, Eq. (2), was obtained by 

measuring ΔR through a digital multimeter, model NI PXI4071.,installed into a NI PXIe1073. 

The NI PXIe1073 also hosted a source measure unit, model NI PXI4130, to provide a stabi-

lized potential difference of 1.5 V in a single isolated channel, and a data acquisition card, 

model NI PXIe-4330, for strain gauges.  

5 RESULTS 

Scores obtained by the different specimens in MWCNTs dispersion tests are shown in Fig-

ure 6. These scores were computed according to Eq. (3) and only specimens qualifying for 

scores greater than zero are shown in the figure. The presented results outline excellent per-

formances of dispersants number 3 (DISPERBYK190) and 6 (SLS): these dispersants, when 

complemented with sonication, attain the highest score even with a 1:1 concentration. Almost 

all types of dispersants provide very good results ( 4≥J ) when sonicated and used at the 10:1 

concentration. 

The results presented above suggest that a good dispersion can be obtained by sonication 

using the SLS dispersant of concentration ratios 1:1 and 10:1,  or mechanical mixing using the 

same dispersant of concentration ratio 10:1. The SLS dispersant of concentration ratio 10:1 

resulted in a high score (J=4) without sonication. 
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Figure 7 shows the effect of MWCNTs content on the  electrical conductivity of the com-

posites. The results show a clear percolation threshold around 1% of MWCNTs content for 

composite concrete specimens. Also, results show that sonicated and mechanically mixed 

specimens have similar percolation curves.  

Figure 8 shows the time histories of the incremental variation of the electrical resistance, 

ΔR, under the axial test results, for three different types of nanomodified concrete. The time 

drifts in the electrical resistance signals are associated with residual polarization effects in the 

materials. The experimental gauge factor, Eq. (1), and strain sensitivity S, Eq. (2), obtained 

from each test result are reported in Table 2. 

Figure 6 : Scores obtained by different specimens in MWCNTs dispersion tests using Eq. (3) (specimens with 

zero score are omitted, sonicated specimens are indicated in red, mechanically mixed specimens are indicated in 

blue)  

Figure 7: Electrical conductivity of composite specimens versus MWCNTs mass content expressed as a percent-

age with respect to the mass of cement (specimens identification codes are defined in Section 3) at different cur-

ing times 
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Figure 8: Results from strain sensing tests. 

Specimen λ S (Ω) 

CO_SO_1_6_1:1 23 7790 

CO_SO_1_6_10:1 29 1074 

CO_ME_1_6_10:1 76 39480 

Table 2: Gauge factor and strain sensitivity derived from axial compression tests. 

Results from the axial compression tests demonstrate the strain sensing ability of the com-

posites and, more importantly, the larger sensitivity of mechanically mixed concrete in com-

parison with sonicated concrete. This can be explained by both an increase in gauge factor 

and a substantial increase in the unstrained electrical resistance, R0.  

6 CONCLUSIONS 

In this study, the effects of different preparation strategies over electrical conductivity, per-

colation and strain-sensing properties of nanocomposite concrete doped with multi-

walled carbon nanotubes have been investigated.  

The quality of nanotubes dispersion under different processing strategies has been evaluat-

ed based on the rate of separation of the nanotubes from the water and on the minimum 
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magnification factor necessary to clearly detect the presence of MWCNTs bundles using 

scanning electron microscopy.  

Nanocomposite concrete specimens with different concentrations of MWCNTs have been 

prepared using three preparation strategies. The first preparation strategy consists of us-

ing the best dispersant without sonication and is identified as the "scalable procedure". 

The remaining two strategies consider the same additive, at similar and lower concentra-

tions, and include the sonic treatment. 

The fabricated specimens have been subjected to axial compression tests measuring their 

electrical conductivity and assessing their strain-sensing properties. The results have 

highlighted that the scalable procedure provides composites with very similar percolation 

thresholds (around 1% of MWCNTs) and enhanced strain-sensitivity compared to 

sonicated concrete.  

The scalable fabrication procedure is potentially suitable for casting full-scale self-sensing 

structural components and for large-scale deployment of self-sensing concrete. 
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Abstract. The subject of predicting structural response, for control or fatigue assessment pur-
poses, via output only vibration measurements is an emerging topic of Structural Health Mon-
itoring. The subject of estimation of the states of a partially observed dynamic system within
a stochastic framework has been studied by many scientists and there are well developed al-
gorithms to manage both linear and nonlinear state-space models. Dealing with structural
systems, the system states comprise the response displacements and velocities at the degrees
of freedom of the structure. On one hand, in practical cases it is difficult or sometimes impos-
sible to measure structural displacements and velocities for continuous monitoring purposes.
On the other hand, recent developments in highly accurate low consumption wireless MEMS
accelerometers permit continuous and accurate acceleration measurements when dealing with
structural systems. Dealing with operational conditions the uncertainties stemming from the ab-
sence of information on the input force, model inaccuracy and measurement errors render the
state estimation a challenging task, with research to achieve a robust solution still in progress.
Eftekhar Azam et al. [1] have proposed a novel dual Kalman filter to accomplish the task of
joint input-state estimation for linear time invariant systems. In this study, the extension of such
a scheme is considered for the joint input-state and parameter estimation of linear systems.
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1 INTRODUCTION

This paper focuses on development of algorithms that facilitates the problem of full response
predictions for structural systems with uncertain properties via sparse output-only vibration
measurements. The latter is particularly useful within the context of fatigue estimation. The
concept of using the estimated structural response for fatigue damage prediction was first pro-
posed by Papadimitriou et al. [2], where a method was presented that relies on the Kalman
filter for estimating power spectral densities of the strain in the body of the structure, in this
manner predicting the remaining fatigue life. To identify the fatigue damage, a time history of
the stresses in the hotspot points of the structure is required. To estimate the stress in a point
of interest, the displacement field at that point is needed; therefore, a reliable state estimate is
crucial for an accurate fatigue damage prediction.

The topic of estimation of the states of a partially observed dynamic system in a stochastic
framework has been studied by many scientists and there are well developed algorithms to
manage both linear (e.g. the Kalman filter [3]) and nonlinear (e.g. the particle filter [4], the
unscented Kalman filter [5, 20]) state-space models. In order to yield accurate estimates of state
of the system, in addition to sparse output measurements, the latter algorithms require accurate
knowledge of the input to the system. However, in most operational conditions the input is
unknown and is practically impossible to measure. Recently, the problem of estimating the
states of the system in presence of unknown input has gained interest among the researchers.
Gillijns and De Moor proposed a new filter for joint input and state estimation for linear systems
with direct transmission, that is globally optimal in the minimum-variance unbiased sense [6].
Lourens et al. [7] have proposed an extension of the method developed in Gillijns and De Moors
work to cope with the numerical instabilities that arise when the number of sensors surpasses the
order of the model. Lourens et al. [8] have proposed an augmented Kalman filter for unknown
force identification in structural systems, and concluded that the augmented Kalman filter is
prone to numerical instabilities due to un-observability issues of the augmented system matrix.
Naets et al. have proposed application of dummy displacement measurements in combination
with AKF for stable force estimation [9]. Eftekhar Azam et al. have proposed a dual Kalman
filter (DKF) for simultaneous estimate of the input and state of the linear time invariant dynamic
systems via sparse acceleration measurements [1].

Hernandez [10] proposed an observer that possesses similar characteristics to the Kalman
filter in the sense that it minimizes the trace of the state error covariance matrix. The main
notion behind the algorithm is that the proposed observer can be implemented as a modified
linear finite element model of the system, subject to collocated corrective forces proportional
to the measured response. The latter filter requires the spectral density of the input for opti-
mizing the applied gain. Bernal and Ussia have proposed a sequential deconvolution for input
estimation in linear time invariant systems [11]. Kazemi Amiri and Bucher have developed a
new parametric impulse response matrix utilized for nodal wind load identification by response
measurement [12]. The methods and techniques mentioned herein require a model of the sys-
tem for estimation of response at non-collocated degrees-of-freedom (DOF). In many cases, the
parameters of the mathematical models need to be synchronously updated due to causes such as
degradation, or environmental influence, resulting into a joint state and parameter identification
problem. In doing so, it is a common practice to augment the state vector with the unknown
parameters of the system and estimate the dynamics of the resulting augmented state vector.
Within such a context, Eftekhar Azam and Mariani have studied the use of sigma-point Kalman
filter and particle filters for identification of nonlinear softening constitutive models [13]. Chatzi
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and Smyth have applied evolutionary particle filters for identification of states and parameters
of a dynamic structure represented by a Bouc-Wen model [14]. In subsequent work, Chatzis
et al. [21] have explored the coupling of Stochatsic Subspace methods with the UKF for joint
state and parameter identification. Eftekhar Azam and Mariani have applied a hybrid extended
particle filter for identification of nonlinear parameters of a four story shear-type building [15].

In works reviewed in latter paragraphs the focus has been set either on state-input or state-
parameter estimation. This work, overviews existing schemes and proposes a novel approach
for simultaneous prediction of input, states and parameters of a structural system. In related
work, Naets et al. have proposed an estimation technique which employs physical models to
perform coupled state/input/parameter estimation [16]. In order to obtain a modeling technique
which permits the identification of a wide range of parameters in a generic fashion at a low
computational burden, the use of a parametric model reduction technique is proposed. The
reduced model is coupled to an extended Kalman filter (EKF) with augmented states for the
unknown inputs and parameters. In this study, an extension to the dual Kalman filter scheme
proposed by Eftekhar Azam et al. is pursued [1]. The proposed algorithm takes advantage of
a dual Kalman filter for estimating the input in a first stage, and an Unscented Kalman Filter
(UKF) for jointly estimating the states and parameters of the system in a second stage.

As mentioned in the preceding paragraph, in this study the UKF is adopted for the state-
parameter estimation stage. In the realm of automatic control, the Extended Kalman Filter
(EKF) has been deemed as the de facto standard for online state and parameter estimation. The
EKF is based on successive linearizations of the nonlinear state-space equations at each time
instant and application of the standard Kalman filter to the linearized equations. The EKF has
been successfully applied to many problems; however, in presence of severe nonlinearities the
performance of the EKF can be drastically affected. Moreover, the procedure of the lineariza-
tion demands an estimate of the jacobian of the nonlinear function, which may not be always
practical [17]. To address the shortcomings of the EKF, Julier and Uhlmann have proposed the
unscented Kalman filter, where the statistics of the state and observation process are propagated
directly through a minimal set of quadrature points [5]. The UKF requires several direct anal-
yses of the numerical model of the system and is may become computationally cumbersome.
In alleviating the latter issue, Eftekhar Azam et al. have proposed a parallelization scheme for
the UKF [5], and have studied the scalability and efficiency issues when the parallelization is
pursued within a shared-memory (OpenMP) architecture [18].

In what follows, in Sec. 2 the mathematical formulation of the problem and the relevant
notations are introduced. In Sec.3 the novel state, input and parameter estimation method is
outlined. In Subsection 3.1 the dual Kalman filter approach for input estimation based on accel-
eration observation is explained. Subsequently, Subsection 3.2 overviews the unscented Kalman
filter implementation for state-parameter estimation and Subsection 3.3 summarizes the initial-
ization, measurement update and time update phases of the proposed scheme. Section 4 is
devoted to the demonstration of numerical results obtained by applying the proposed method
to a simulated example, while in Section 5 the results are summarized and some guidelines for
further research are provided.
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2 PROBLEM FORMULATION

2.1 Preliminaries

A linear structural system with n DOFs can be represented by a second–order vector differ-
ential equation as

Mü(t)+Cu̇(t)+Ku(t) = f(t) = Spp(t) (1)

in which M, C and K ∈ Rn×n are the mass, viscous damping and stiffness matrices, respec-
tively, u(t) ∈ Rn is the vibration displacement vector, and f(t) ∈ Rn is the vector of excitations
expressed as a superposition of time histories p(t) ∈ Rm (m ≤ n) that act on specific DOFs of
the structure, as indicated by the influence matrix Sp ∈ Rn×m. In Eq. 1 it is assumed that the
stiffness matrix is amenable to unknown/unmodelled changes, due to material degradation or
environmental influences, which result in a shift of the system properties.

By defining the [2n× 1] state vector as x(t) = [uT (t) u̇T (t)]T , a state–space representation
of Eq. 1 is given by

ẋ(t) = Acx(t)+Bcp(t) (2a)
d(t) = Gcx(t)+Jcp(t) (2b)

where the state and the transmission matrices are defined as

Ac =

[
On In

−M−1K −M−1C

]
, Bc =

[
0

M−1Sp

]
(3)

and the output and feedforward matrices assume the form

Gc =

 Sd O
O Sv

−SaM−1K −SaM−1C

 , Jc =

 0
0

SaM−1Sp

 (4)

The matrices of Eq. 4 have been formulated by considering that the output vector d(t) may
contains combined vibration displacement, velocity and acceleration measurements from spe-
cific DOFs, in a way that is described by the selection matrices Sd , Sv and Sa, of appropriate
dimensions.

Assuming constant inter–sample behaviour of the input signal p(t) (e.g., zero–order hold
principle), the discrete–time equivalent of Eq. 2 is expressed as

xt+1 = Axt +Bpt (5a)
dt = Gxt +Jpt (5b)

with t now denoting the discrete–time index, t = 0,Ts,2Ts, . . . (Ts (s) is the sampling period),
A = eAcTs , B =

[
A− I

]
A−1

c Bc, G = Gc and J = Jc.

2.2 The estimation problem

If the stiffness matrix K depends on a set of parameters stored in vector θθθ = [k1 k2 . . . kn]
T ,

the problem considered herein pertains to the online estimation of θθθ , xt and pt , under the avail-
ability of (i) noise–corrupted observations dt and (ii) the mass and damping matrices of the
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structure. Mathematically, this problem is represented by the following augmented state–space
model

zt+1 = Aazt +Bapt +vt (6a)
dt = Gazt +Japt +wt (6b)

with zt = [xT
t θθθ

T
t ]

T ∈ R3n denoting the augmented state vector, vt and wt the zero mean process
and measurement noises with covariance matrices Q and R, respectively, and Aa, Ba, Ga and
Ja the augmented state–space matrices defined as

Aα =

[
A O
O I

]
, Bα =

[
B
0

]
, Gα =

[
G 0

]
, Jα =

[
J
0

]
(7)

3 THE STATE, INPUT AND PARAMETER ESTIMATION PROCEDURE

The proposed algorithm takes advantage of a DKF for estimating the input and of an UKF
for estimating both the states and the unknown parameters of the structure.

3.1 Input estimation: the DKF

The method introduces a fictitious process equation that describes the input force as

pt+1 = pt +vp
t (8)

where vp
t is a zero mean white Gaussian process with an associated covariance matrix Qp. In

this way a new state–space model can be obtained using Eqs. 6b. 7, in which the observed
quantity is dt , the unknown state is pt and where the actual sought–for state zt plays the role of
a known input to the system, when an estimate becomes available through the UKF:

pt+1 = pt +vp
t (9a)

dt = Jαpt +Gαzt +wt (9b)

Thus, through the implementation of the standard Kalman filter an online estimation of pt can be
obtained. To this, the measurement update step calculates the input gain, mean and covariance
as, (

JαPp−
t Jα T +R

)
Gp

t = Pp−
t Jα T (10a)

pt = p−t +Gp
t
(
dt−Gαz−t −Jαp−t

)
(10b)

Pp
t = Pp−

t +Gp
t JαPp−

t (10c)

where p−t , Pp−
t and z−t denote predictions of the input mean, input covariance and state mean at

time t−1, respectively. Accordingly, during the time update step, the input mean and covariance
predictions for time t +1 are provided by

p−t+1 = pt (11a)

P−t+1 = Pp
t +Qp (11b)
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3.2 State and parameter estimation: the UKF

The UKF is employed herein for obtaining a solution to the joint state and parameter estima-
tion problem [5, 14, 17]. The nonlinearity herein stems from the binomial products of system
states x and parameters θθθ in the system matrices of Eq. 6. Starting from this latter state–space
formulation and under the availability of measurement data at time t, that is, the input estimate
pt and the output dt , a set of sigma points is calculated (refer to the next section for all undefined
quantities)

Z−t =
[
z−t . . . z−t

]
+
√

c
[
000
√

P−t −
√

P−t
]

(12)

and directed to Eq. 6b to calculate a set of output vectors

D̂−t = g
(

Z−t , t
)

(13)

Accordingly, the output mean and covariance, as well as the cross covariance between the state
and the output are calculated by,

d̂t = D̂−t µµµz (14a)

Pdd
t = D̂−t MD̂−T

t +R (14b)

Ppd
t = Z−t MD̂T

t (14c)

respectively, while the filter gain Kt is calculated by

Pdd
t Kt = Ppd

t (15)

The updated state mean and covariance are estimated by

zt = z−t +Kt
[
dt− d̂t

]
(16a)

Pt = P−t +KtPdd
t KT

t (16b)

In the time update step a new set of sigma points is calculated

Zt =
[
zt . . . zt

]
+
√

c
[
000
√

Pt −
√

P1
]

(17)

and directed to Eq. 6a to calculate a set of state vectors

Ẑt = f
(

Zt ,1
)

(18)

Then, a prediction of the state mean and covariance for time t +1 is obtained by

z−t+1 = Ẑt µµµz (19a)

P−t+1 = ẐtMẐT
t +Q (19b)
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3.3 The proposed DKF-UKF estimation algorithm

The steps of the proposed method are as follows:

INITIALIZE
1. Set initial values for the input vector: p0 and Pp

0

2. Set initial values for the augmented state vector: z0 and P0

3. Set the parameters of the UKF (nz the size of the augmented state vec-
tor) [19]:

- α = 1, β = 2, κ = 0

- λ = α2(nz +κ)−nz, c = α2(nz +κ)

- W 0
m = λ/(nz +λ ), W i

m = 1/2(nz +λ ), i = 1,2, . . . ,2nz

- W 0
c = λ/(nz +λ )+(1−α2 +β ), W i

c =W i
m, i = 1,2, . . . ,2nz

- µµµz = [W 0
m . . . W 2nz

m ]T

- M =
(
I− [µµµz . . . µµµz]

)
×diag(W 0

c . . . W 2nz
c )×

(
I− [µµµz . . . µµµz]

)T

UPDATE at time t (when measured output dt is available)

1. Calculate input gain:
(
JαPp−

t Jα T +R
)
Gp

t = Pp−
t Jα T

2. Update input mean and covariance:

pt = p−t +Gp
t
(
dt−Gaz−t −Jαp−t

)
Pp

t = Pp−
t +Gp

t JαPp−
t

3. Calculate sigma points: Z−t =
[
z−t . . . z−t

]
+
√

c
[
000
√

P−t −
√

P−t
]

4. Propagate sigma points through the output equation: D̂−t = g
(

Z−t , t
)

5. Calculate output mean and covariance:

d̂t = D̂−t µµµz

Pdd
t = D̂−t MD̂−T

t +R

6. Calculate cross covariance between state and output: Ppd
t = Z−t MD̂−T

t

7. Calculate state gain: Pdd
t Kt = Ppd

t

8. Update state mean and covariance:

zt = z−t +Kt
[
dt− d̂t

]
Pt = P−t +KtPdd

t KT
t
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PREDICT at time t

1. Predict input mean and covariance for t +1:

p−t+1 = pt

P−t+1 = Pp
t +Qp

2. Calculate sigma points: Zt =
[
zt . . . zt

]
+
√

c
[
000
√

Pt −
√

Pt
]

3. Propagate sigma points through the state equation: Ẑt = f
(

Zt , t
)

4. Predict state mean and covariance for t +1:

z−t+1 = Ẑt µµµz

P−t+1 = ẐtMẐT
t +Q
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Figure 1: The simulated five–story shear frame structure.

4 APPLICATION

The proposed DKF–UKF framework is now applied to the input, state and parameter esti-
mation problem of a simulated five–story shear frame (Fig. 1) subject to wind excitation, using
limited output observation. Each story is modeled as a lumped mass, while the vertical columns
are modeled as massless springs with equivalent stiffness. Table 1 illustrates the selected phys-
ical parameters and the associated vibration modes of the shear building. Regarding the latter,
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Table 1: Physical and modal parameters of the building

Physical Space Modal Space
Story m j (Mgr) k j (kN/m) Mode fn (Hz) ζn (%)

1 10 10000 1 1.566 1.000
2 8 10000 2 4.400 1.362
3 8 9000 3 6.829 1.553
4 8 9000 4 8.922 1.814
5 8 9000 5 10.259 1.000

energy dissipation in the form of Rayleigh damping has been adopted, with the first and the
last mode being characterized by 1% modal damping. It is assumed that the shear velocity
field is such that the corresponding wind pressures are non–negligible only in the highest story,
producing thus the force excitation that is depicted at Fig. 1.

The simulation data are obtained through the discretization of the structural equation (in fact
its state–space representation) into the state–space model of Eq. (5), at a sampling period Ts =
0.0025s, using the zero–order hold. A zero mean Gaussian white noise process with variance
10kN is used as excitation. Throughout the simulation both the state and the output equations
are noise–corrupted by zero mean Gaussian white noise processes of covariance matrices

Qs = 10−12I10 and R = diag(4 ·10−3,10−4,10−4)

respectively. The size of R stems from the fact that the vibration acceleration response from only
the first, the fourth and the last story is considered available. The augmented state equation’s
noise covariance matrix Q is set as

Q = diag(Qs,10−8I5)

and the one of the fictitious Eq. 7 as Qp = 10−8.
The initial parameter vector and its covariance matrix are set as

θ0 = [6000 6000 6000 6000 6000]T

Qθ
0 = diag(0.2 ·10−5,1.0 ·10−5,0.8 ·10−5,0.8 ·10−5,2.0 ·10−5)

respectively, while the initial state vector x0 is set to zero and Qx
0 = 10−15I10. Thus,

z0 = [x0 θθθ 0]
T

P0 = diag(Qx
0,Q

θ
0 )

Figures 2–5 display the outcome of a 300s simulation. In general, the results are very en-
couraging, as the estimated quantities follow the true ones with a high degree of accuracy. In
particular, the input force estimate (Fig. 2) follows the real force quite accurately already from
the start of the simulation time and before the convergence of the unknown parameters. Cor-
respondingly, similar performance is observed in the displacement and velocity states, aside
form minor discrepancies (Figs. 3–4). Finally, the unknown stiffness parameters have also been
successfully identified (Fig. 5 and Tab. 2) with an exception of k5, which seems to converge
in a value lower (approximately 15%) than its nominal value. However, this does not affect
the estimation of the directly affected states, indicating a lesser influence of this parameter
on the model performance under the particular excitation, additionally verifying the proposed
method’s robustness.
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Figure 2: Actual (black) versus estimated (red) input force. Left figure: total simulation time. Right figure:
approximately 0.25s detail.
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Figure 3: Actual (black) versus estimated (red) displacements. Left column: total simulation time. Right column:
approximately 10s detail.
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Figure 4: Actual (black) versus estimated (red) velocities. Left column: total simulation time. Right column:
approximately 10s detail.

5 CONCLUSIONS

The joint input–state–parameter estimation problem of a structural system of uncertain prop-
erties using limited, noise–corrupted observations was the main pursuit of the current study.
To this end, a DKF–UKF framework was developed and applied to a simulated frame subject
to wind loading. The proposed scheme introduces a fictitious process equation that aims at
resembling the unknown dynamics of the structural excitation and designs a DKF for the mea-
surement and time update of the unknown input. This input is then forwarded to an augmented
state–space model, the state vector of which contains both the original states of the structure
and a vector of unknown structural parameters. Since the latter two quantities are nonlinearly
related, the corresponding state–parameter estimation problem is handled by the UKF.

The illustrated results indicate a robust performance under purely random excitation and sug-
gest further exploration, towards a number of issues that deserve further investigation. Among
others, the applicability and the robustness of the fictitious process equation for the description
of the unknown input needs validation and adjustment over a range of different input classes
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Figure 5: Actual (black) versus estimated (red) story stiffness.

that include purely sinusoidal and/or nonstationary characteristics, as well as for different level
of system uncertainties, and limited observation sets. Extensions to time–varying structures is
also a topic of current research undertaken by the authors, in an effort to formulate a rigorous
and robust framework for fatigue prediction of structures under realistic conditions.
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Table 2: Percentage errors between actual and estimated story stiffness. Units in kN/m.

k1 k2 k3 k4 k5

True 10000 10000 9000 9000 9000
Estimated 10257 10152 8206 9314 7609
Error (%) 2.567 1.515 8.818 3.485 15.450
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Abstract. This work attempts a comprehensive processing of response signals acquired from 
an experimental campaign on a local historical bridge using four different types of sensory 
systems. A general analysis setup is developed, allowing for consistent modal dynamic identi-
fication via individual signal processing as well as via data fusion through dedicated Multi-
Rate Kalman filtering approach. The investigation reveals the potential and limitations in 
terms of utilization of novel instrumentation systems to be adopted for Structural Health Mon-
itoring (SHM) purposes. 
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1 INTRODUCTION 

Monitoring dynamic behavior, evaluating serviceability, detecting diffused and localized 
damage and estimating residual performance capacity of civil infrastructures appear nowa-
days as crucial aspects of modern structural assessment within typical Structural Health Moni-
toring (SHM) purposes. The need for realization of aforementioned goals pushes towards the 
development of increasingly reliable and efficient instrumentation devices, for consistent de-
tection and measurement. 

During the last decades, innovative sensor systems such as wireless sensors and non-
contact instruments have surfaced as appropriate means for monitoring large infrastructural 
systems, such as bridges. The use of these technologies still lies under exploration. Hence, 
they are often employed together with more traditional recording approaches, such as by 
standard accelerometers. This allows to discover the true potential of novel instrumentation 
devices and to enrich or complement the information acquired from standard measurement 
systems. 

This paper deals with the analysis and reliability of in-situ experimental data, collected 
during an experimental campaign on a historical (1917) Reinforced Concrete (RC) arch 
bridge located on the Adda river between Brivio (province of Lecco) and Cisano Bergamasco 
(province of Bergamo), Lombardia region, Italy [13]. A three-day measurement campaign on 
the bridge took place on June 2014. In that, four different types of instrumentation for dynam-
ic testing have been employed. In particular, a laser scanner, a wireless MEMS sensor system, 
total stations (QDaedalus instrumentation) [4] and a system of conventional high-sensitivity 
accelerometers have been simultaneously adopted, in order to extract information concerning 
the dynamic response of the structure under Ambient Vibration Testing (AVT) conditions. 
AVT proves as a suitable approach to the identification of the dynamic characteristics of the 
structure, since, due to traffic conditions, the bridge is sufficiently excited under operational 
loads. 

On the reporting of this work is organized in two companion papers. Work [6] presents the 
detailed AVT performed with conventional high-sensitivity accelerometers and the develop-
ment of updated Finite Element models of the bridge with different levels of complexity and 
refinement, specifically in the prediction of modal properties, while the current work focuses 
on the analysis of the various data coming from the different adopted instrumentation systems, 
accounting also for data fusion and for reliability assessment of the acquired data. 

Among the sensor systems that have been deployed on the bridge, wired accelerometers 
surely represent the more reliable and well-known instrumentation solution. In fact, although 
Wireless Sensor Networks (WSN) and displacement sensors are not novel in the SHM field, 
their use is not yet as widely established as that of wired accelerometers. However, the dis-
covery of new “smart” systems that may alert and trigger up-to-date remedial actions on exist-
ing infrastructures when needed, or that may reduce maintenance and inspection costs, 
comprises currently an intensely pursued research goal. Within such a context, WSN systems 
and optical methods for displacement measurements, namely the QDaedalus system and Laser 
Scanning data, are cross-assessed herein along the well-established tethered accelerometer 
solution. 

Referring to non-contact displacement measurement systems, the former system, i.e., the 
QDaedalus is a measurement system developed at the Institute of Geodesy and Photogramme-
try at ETH Zurich. The basic idea is to replace the eye-piece of an existing total station by a 
CCD camera in a non-destructive way in order to measure fully automatically very accurate 
spatial directions to visible objects without using corner-cube targets as in standard Automatic 
Object Recognition (AOR). A Z+F IMAGER® 5006i Laser Scanner was used as a second op-
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tion for obtaining dynamic displacement measurements. The laser scanner solution is herein 
explored as an option which bears significant potential for future use, since it provides the 
unique potential of both defining the geometry of the monitored structure, via geometrical 
scan, while at the same time carrying out structural identification tasks. In this way, the FE 
modeling of a structure and its subsequent FE model updating could be performed “on-the-
fly” within a single integrated device. 

The employment of “new” measurement systems within a comprehensive experimental 
campaign such as the one presented herein represents an opportunity to investigate and com-
pare the performance of these systems. In this paper, the campaign outcomes are collected and 
investigated in terms of their reliability towards detecting the current modal characteristics of 
the bridge. The wired accelerometers are considered as the main reference acquisition system 
and the modal properties identified from their signals are assumed as the identification target 
for the further instrumentation systems. 

Moreover, possibilities of data fusion are explored by combining data coming from the 
wired accelerometers and from the QDaedalus dynamic displacement measurement system, 
namely by recombining acceleration and displacement response signals, sampled at different 
rates. Towards this end, a Multi-Rate Kalman filtering [5,14] technique has been developed, 
with the main purpose of investigating the potential of displacement measurements, in terms 
of independent or complementary modal dynamic identification of the dynamic characteristics 
of the bridge. 

The paper is structured as follows. Section 2 briefly presents the infrastructure of interest, 
namely the Brivio bridge (1917). Section 3 illustrates the experimental campaign performed 
on the bridge, by describing the measurement layout adopted for each employed instrumenta-
tion. In Section 4, the outcomes obtained from the response of the structure under AVT are 
presented, in terms of modal properties of the bridge, identified in the frequency domain 
through the use of different Frequency Domain algorithms [1,3,10]. In particular, the identi-
fied modal frequencies are presented, as identified via the data acquired from each instrumen-
tation solution deployed on the bridge, along with some statistical data related to the obtained 
results. Furthermore, in Section 5 a data fusion process is performed, on the data related to the 
wired accelerometers and to the QDaedalus total station. Finally, salient conclusions and re-
marks are outlined in closing Section 6. 

2 BRIEF INFORMATION ON THE BRIVIO BRIDGE 

The Brivio bridge is a three-span RC arch bridge located in the Lombardia region, northern 
Italy, near Milano. It crosses the Adda river at a height of about 8 m from water, between 
Brivio and Cisano Bergamasco, linking the two provinces of Lecco (LC) and Bergamo (BG). 
The construction of the bridge started in 1914 and was completed on May 1917 by the 
“Società Ferrobeton di Roma”. The bridge was designed by Italian engineer G. Banfi on June 
1912, while static tests were carried out in September 1916 [7,13] and the bridge was opened 
to traffic on 1917. 

The Brivio bridge is overall 130.8 m long and fully symmetric with respect to its mid lon-
gitudinal plane. A contemporary view of the bridge is pictured in Fig. 1. 

The central span is 44 m long, while the lateral spans linked to the river banks are 43.4 m 
long. The road deck is 9.2 m wide; it hosts a double road line and two cantilever sidewalks, 
each 0.8 m wide. The deck of each span of the bridge comprises two main longitudinal beams 
(0.45 m × 1.00 m) placed at a respective transverse distance of 8.60 m. Between these, trans-
verse beam connections (0.30 m × 0.75 m) are provided at approximately every 2.30 m. These 
transverse beams are further connected longitudinally by two further beams (0.20 m × 0.55 m), 
placed symmetrically with respect to the vertical longitudinal plane of the bridge, at a distance 
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of 1 m. The resulting concrete frame is connected with an upper concrete slab, 0.15 m high 
that represents the bottom support of the road. 

Fig. 1: Current view of the Brivio bridge (1917) crossing the Adda river. In the picture, the Brivio bank is locat-
ed on the right. 

The characteristic arches of the bridge structure display a span of 42.80 m and a rise of 
8.00 m. Each arch presents a rectangular cross section characterized by a constant width, 
equal to 0.60 m, and a height variable from 1.25 m (on the middle) to 1.37 m (on the ends). 
The profile of the arch is symmetric with respect to the vertical axis at half span. The arches 
are linked to the road by means of sixteen hangers per each side, per each span, with rectangu-
lar cross section 0.32 m wide and 0.60 m high. 

Two concrete piers constitute the intermediate supports of the deck into the river bed. The 
piers are tapered, with a maximum dimension at their base of 12.8 m along the transverse di-
rection of the bridge and of 3.8 m along its longitudinal direction. Each pier rests on forty-
eight reinforced concrete piles driven into the river bed, ranging from 13 m to 16 m of depth; 
each pile displays a square cross section of 0.35 m of side. Above both the intermediate piers 
and the abutments a reinforced concrete slab of 1 m of high is collocated. 

Nowadays, after about 98 years of duty, the bridge is still in service and continuously sub-
jected to intense traffic loading, characterized also by transit of heavy-weight vehicles, which 
induce high dynamical stresses and cyclic fatigue. Considering that the bridge still plays a 
very crucial role in the current local transportation network, queries about present and future 
structural performance of the bridge arise, while the bridge is approaching its hundred years 
of life-cycle. 

3 EXPERIMENTAL CAMPAIGN ON THE BRIVIO BRIDGE 

The experimental campaign has been performed on the Brivio bridge between June 11 and 
June 13, 2014. During these three days of measurements, four instrumentation systems were 
employed. Specifically, ten uniaxial wired piezoelectric accelerometers (AC), seven wireless 
sensors (WS), four QDaedalus system total stations (TS) and a laser scanner (LS) were used 
simultaneously for dynamic testing, according to different setups. The dynamic investigation 
of the bridge was carried out individually for each of the three spans. In particular, one span 
per day was monitored during the campaign. The AC, the WS and the TS were employed to 
target all spans, meanwhile the LS was used only for the first span of the bridge adjacent to 
the Brivio bank (Span 1, Day 1). In this paper, the main focus is placed on the measurements 
concerning the fist span, Span 1, of the bridge. The following Section 3.1 presents the setups 
adopted for each measurement system deployed during this experimental campaign. Sec-
tion 3.2 reports a brief description of the employed instrumentation. 
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3.1 Measurement layout 

Based on the particular configuration of each instrumentation type, the setups of the meas-
urements were planned so as to obtain signals that may easily be translated to corresponding 
points of the overall structure. The different layouts of the instrumentation adopted to record 
the response of Span 1 of the bridge are depicted in Figs. 3, 4. ACs, WSs and TSs were placed 
on the bridge according to two different setups (Setup 1 and Setup 2). A single setup was in-
stead considered for the LS. 

(a) Span 1 (Day 1) – Setup 1 

(b) Span 1 (Day 1) – Setup 2 

Fig. 2: Setup 1 (a) and Setup 2 (b) of the wired accelerometers (AC), the wireless sensors (WS) and the LED 
used as targets for the total stations (TS) during the first day of measurements (Span 1). 

As depicted in Fig. 2, the accelerations of the bridge pertaining to the AC system were 
measured on a total of eighteen selected points, considering two sensors as reference trans-
ducers (marked in green color in Fig. 2). Instead, the WS were disposed in seven points, se-
lected as collocated to nodes of the tethered system, with the purpose of using the latter as a 
reference. 

The TS were positioned on the bank of the Adda river on the Brivio side, at a distance 
from the bridge ranging from about 10 m to nearly 15 m. Measurements were performed us-
ing two standard diodes (LED) as targets, per each setup, placed on the deck of the bridge ac-
cording to the representations in Fig. 2. An additional setup was set also during the third day 
on the first span (Span 1), by adopting a LED target at midspan, i.e., between the AC4 and 
AC5 accelerometers (Fig. 2). Then, a total of two setups have been performed on the first 
span. 
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Fig. 3: Representation of the laser scanner setup targeting the span of the bridge from the Brivio bank. 

The LS was positioned underneath the span of the bridge on the Brivio bank, where a nar-
row road passing under the structure is available for the inspection of the bridge from below. 
Such instrumentation was used in a “Profile Mode”, which allows for dynamic measurements 
along a single axis. The system recorded the vertical displacements along the longitudinal axis 
of Span 1 of the bridge (Fig. 3). 

During the experimental campaign the length of the recordings was variable, depending on 
the capacity of each sensor system. Details on the instrumentation are provided in the follow-
ing Section 3.2. 

3.2 Description of the employed measurement systems 

In the following a brief description of each sensor system used during the experimental 
campaign is reported. A representation of the instrumentation is depicted in Fig. 4. 

Fig. 4: Pictures of the adopted instrumentation. From the left: wireless sensors (WS) together with wired 
accelerometers (AC), laser scanner (LS), and Total Stations (TS). 

3.2.1. Wired accelerometers (AC) 

Wired accelerometers (AC) were provided by PoliMI (VibLab). They were used on the 
bridge in an integrated system, composed of: (a) a 24-channel data acquisition system, con-
sisting of 6 NI 9234 4-channel dynamic signal acquisition modules (24-bit resolution, 102 dB 
dynamic range and anti-aliasing filters), interfaced to a remote PC and to its storage unit; (b) 
uniaxial WR 731A piezoelectric accelerometers on the roadway deck; each WR 731A sensor, 
capable of measuring accelerations up to 0.5 g with a sensitivity of 10 V/g, was connected 
with a short cable (1 m) to a WR P31 power unit/amplifier [2]. 
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3.2.2. Wireless sensors (WS)  

Wireless Sensors (WS) employed on the bridge have been supplied by the Chair of Struc-
tural Mechanics, at the Department of Civil, Enviromental and Geomatic Engineering of ETH 
Zürich. Each sensor is composed by an Imote2 Platform, furnished with an additional ITS400 
measurement board. The sensor board is equipped with: (a) a 3D MEMS accelerometer 
LIS3LV02DQ (by STMicroelectronics); the accelerometer provides a 12bit resolution of a 2 g 
signal in all three spatial directions; (b) a CPU Intel XScala PXA27x processor, capable of 
operating in a vast frequency range, namely from 13 MHz to 416 MHz; (c) a power manage-
ment chip - Dialog DA9030; (d) an embedded wireless radio chip - CC2420. With a proper 
antenna device, this enables wireless communication in a range up to 100 m in the line of 
sight [8]. 

3.2.3. Laser scanner (LS)  

A Z+F IMAGER® 5006i Laser Scanner, based upon the spot Z+F Laser Measurement Sys-
tem LARA, was provided by the Institute of Geodesy and Photogrammetry (IGP), ETH Zü-
rich, to perform profile scans of the Brivio bridge. It consists of an industrial imaging 3D laser 
measurement system, which is generally employed in the fields of digital planning of factories, 
industrial plants, protection of historical monuments, landscape, virtual reality and so on. The 
noise of the system at a 10 m range lies in the0.4 mm RMS (reflectivity 100%, white) to 
1.2 mm RMS (reflectivity 10%, black) range, making the employment of the instrument 
worth attempting on the Brivio bridge.  

3.2.4. Total stations (TS) 

The QDaedalus measuring system, herein referred to as Total Station (TS) was designed 
and developed at the Geodesy and Geodynamics Lab (GGL) of ETH Zürich. The system is 
called QDaedalus and is able to perform fully-automated high-precision digital angle meas-
urements. It was designed primarily for automated on-line astro-geodetic measurements [4], 
but its use demonstrated promising potentialities also in other disciplines, such as in real-time 
deformation and vibration analysis [4], as further enquired here. QDaedalus consists of (a) a 
small charge-coupled device camera which can easily be clipped to a Total Station, instead of 
an ordinary eye-piece, (b) a pluggable front lens, (c) a GNSS receiver, and (d) a dedicated 
software for steering, imaging and on-line processing. The system was employed on the 
bridge with TCA 1800 and TPS 1200 Total Stations from Leica Geosystems. Moreover, high-
precision time-tagged measurements were possible by means of a GNSS receiver. 

4 DYNAMIC TESTS AND MODAL DYNAMIC IDENTIFICATION OF THE 
BRIDGE  

Sections 4.1–4.4 report the modal estimates obtained from frequency based identification 
procedures, based on the response data acquired by each instrumentation system employed on 
the bridge. 

4.1 Wired Accelerometers (AC) tests 

During the experimental campaign, two time series of 3600 s were recorded per setup 
(Fig. 2), with a sampling rate of 200 Hz. Then, low-pass filtering and decimation were applied 
to the recordings before modal identification, by reducing the frequency sampling from 
200 Hz down to 25 Hz. 
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4.1.1. Modal identification based on AC data 

The output-only modal identification was carried out by using both the Frequency Domain 
Decomposition (FDD) [3] and the data-driven Stochastic Subspace Identification (SSI-
data) [9] methods available in the commercial software ARTeMIS [15]. 

The results of the detailed AVT performed with the conventional high-sensitivity accel-
erometers are extensively reported in the work [6]. Herein, the modal frequencies obtained 
from the identification procedures are summarized in Table 1. 

Table 1: Identified frequencies fi [Hz] through FDD method (fFDD) and SSI method (fSSI), first span, wired 
accelerometers (AC). 

The estimates coming from the application of the FDD algorithm, hereafter referred to as 
fAC, are assumed as the identification target for the further instrumentation systems. 

4.2 Wireless Sensors (WS) tests 

During the experimental campaign, a total of nine tests have been performed on the first 
span, characterized by a variable number of sensors, varying from three to five in a single test. 
The sensors recorded time series of 60 s with a sampling rate of 32 Hz (for a total of 1920 
samples). Low-pass filtering at 14 Hz was performed on the acquired data. The low sampling 
frequency and short duration of the signals is due to the characteristics of the adopted instru-
mentation. 

4.2.1. Modal identification based on WS data 

Initially, attempts with a classical FDD approach [3] have been performed. The short dura-
tion of the recordings allows for the averaging of a maximum of 512-points Hanning smooth-
ing windows with 66.7% overlapping, resulting in poorly-defined PSD matrices, with low 
frequency resolution equal to 0.0313 Hz. Further, the SV graphs presented noisy and unclear 
curves, leading to very difficult modal peak detection. Tests were also performed adopting a 
zero-padding of at least 300 s at the end of the original signals to artificially increment their 
length [10]. In this way, it was possible to adopt 1024-points and 2048-points Hanning 
smoothing windows. The obtained results however remained rather poor in this case as well. 

Next, a second approach relying on a refined FDD (rFDD) method [10,11] was adopted, 
seeking for better estimates. The rFDD algorithm implements in a self-contained and efficient 
framework the Wiener-Khinchin theorem [1], adopting the 2048-point transform of a biased 
and untrended correlation matrix for the PSD matrix estimate. This method, especially intend-
ed for very short structural recordings (including e.g. seismic response recordings) in which 
the averaging implies loss of considerable information, returns clearer and well-defined modal 
peaks, with respect to those achievable from the Welch approach [16] in the PSD matrix 
computation. In this case, the frequency resolution became 0.0156 Hz. 

Despite the lower number of sensors, the symmetries and the geometrical properties of the 
structure, along with some inspections using MAC and MPC indexes (in their Auto- formula-
tions) allowed to simulate the components of the mode shapes also were channels did not 
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cover the deck. This indicates that WSNs may be adopted as a suitable technology for the in-
strumentation of bridge systems, combining fast deployment and low costs with sufficient ac-
curacy. 

Fig. 5: Singular Value Decomposition and peak-picking technique for Test 1 (Setup 1), Wireless Sensors (WS) 
measurements. 

Table 2: Identified frequencies fi [Hz], mean value, standard deviation and discrepancy ΔfAC, first span, wireless 
sensors (WS), for the two setups illustrated in Fig. 2. 
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Fig. 5 shows the SVD obtained by the application of the rFDD technique to the data col-
lected during the first test performed on the bridge according to Setup 1. In this test, four sen-
sors were used, in particular devices WS4, WS5, WS6 and WS8, as depicted in Fig. 2. 
Singular Value peaks were identified until 14 Hz, due to the sampling rate of the signal. The 
frequencies arising from all of the nine tests performed on the bridge are reported in Table 2, 
along with the mean value and the standard deviation of the results and the discrepancy ΔfAC 
between the mean values and the reference frequencies refer to the AC (Table 1), for each 
setup. 

Rather limited standard deviations were obtained from the overall tests performed on the 
bridge. During the experimental campaign, the capabilities of the WSN were also tested at 
various transmission rates, namely 45%, 35% and 25%. The data from such tests were ana-
lyzed through the rFDD method, relying on 2048-point transform of a biased and untrended 
correlation matrix for the PSD matrix estimate. Table 3 reports the obtained results, in terms 
of the discrepancy ΔfAC between the mean values of the identified frequencies calculated for 
each setup and the fAC reference values, for each transmission rate. A quite clear SV represen-
tation was obtained up to 8 Hz, in particular for the peaks at around 3.9 Hz (Mode 2), 6 Hz 
(Mode 3) and 7.7 Hz (Mode 5). 

Table 3: Discrepancy ΔfAC of the results obtained considering different WSN transmission rates, first span, for 
the two setups illustrated in Fig. 2.Results r45, r35 and r25 refer to the rate 45%, 35% and 25% respectively. 

At present, the sensors employed during this experimental campaign are the subject of a 
research project at ETH Zürich, aimed at extending the applicability of currently-available 
WSN systems, by combining recently-surfaced energy harvesting methods with up-to-date 
data compression methods [8]. 

4.3 Laser Scanner (LS) tests 

The Z+F Imager measures an angle from the rotary motor of the device and a distance cor-
responding to each angle with its laser. It is worth to note that a fixed angle of the rotary mo-
tor would not lead to track exactly the same point of a vibrating structure. Thus, the concept 
of “y-bins” was used to create clusters of points along the y-axis. In each bin, the mean value 
of vertical-direction/displacement-history were obtained and used for the frequency analysis 
presented in this work. The system provides readings in a .zfs file format. The original data 
files were converted into ASCII format (.ptx) and then treated through a MATLAB script. 
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During the experimental campaign the resolution (subsampling) of the LS was chosen as 
10000 pixels/360 degrees and the sampling frequency was equal to 25 Hz, for recorded time 
series of 1100 s. Low-pass filtering at 10 Hz was performed on the recorded data. A total of 
five tests have been performed on the first span; for each test, the displacement histories of the 
road deck from underneath were extracted for the clusters of points (y-bins) located in corre-
spondence of all wired accelerometers (Fig. 2). 

4.3.1. Modal identification based on LS data 

For modal identification purposes, only results arising from two selected points, i.e., locat-
ed on the scanned profile and corresponding to the positions of the wired accelerometers used 
as reference devices (in green color in Fig. 2) are presented. Hereafter, the measurements re-
lating to these two points are referred to as Setup 1 (point in correspondence of AC9/AC2 in 
Fig. 2) and Setup 2 (point in correspondence of AC10/AC3 in Fig. 2). 

For each displacement/time record, an Auto-PSD estimate was computed by using the 
Welch Modified Periodogram method, set with 2048-points Hanning smoothing windows and 
66.7% overlapping. Then, peak-picking has been performed over the achieved PSD, in order 
to obtain first frequency estimates, via the Basic Frequency Domain approach (BFD) [1]. The 
obtained frequency resolution was 0.0122 Hz. 

Fig. 6 shows the PSD obtained by the application of the BFD technique to the data collect-
ed during the fourth test of the second setup. In the figure, the frequencies obtained through a 
peak-picking procedure are highlighted by means of vertical red lines. Table 3 reports the fre-
quencies extracted through such procedure for all the measurements performed on the first 
span. The listed values pertain to the range of frequencies identified through the acceleration 
signals (AC). The values of the discrepancy ΔfAC between the mean values and the reference 
frequencies refer to the AC (Table 1) were also calculated when possible. 

Fig. 6: Welch Auto-PSD estimate and peak-picking technique for Test 4 (Setup 2), Laser Scanner (LS) 
measurements. 
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Table 3: Identified frequencies fi [Hz], mean value, standard deviation and discrepancy ΔfAC, first span, 
Z+F Laser Scanner (LS), for the two setups illustrated in Fig. 3. 

In light of the obtained results, frequency estimates appear as more challenging with re-
spect to the instrumentation options presented in the previous Sections 4.1–4.2. After all, it is 
worth to note that in this case the identification procedure relies solely on a simplified peak-
picking procedure. Surely, other methods, possibly formulated in the time domain, need be 
considered. 

Original attempts with the rFDD approach [10,11,12] are currently under target using the 
LS data. The aim of such post-processing analysis is that of considering selected points as ac-
quisition channels. This should allow to identify the mode shapes of the bridge, in addition to 
the modal frequencies. 

Observing the results obtained from the LS, few considerations arise concerning: (a) the 
manifested peak at about 8 Hz; (b) the peak at low frequency (< 0.5 Hz). Regarding (a), some 
independent and dedicated measurements performed at ETH Zurich permitted to associate 
such peak at only mechanical functioning of the instrument. Steps to resolve this issue are the 
object of current investigations. 

The authors feel that the Laser Scanner offers high potential for structural monitoring pur-
poses for large scale structures, albeit its use in the field of the SHM still limited and obvious-
ly demands further exploration with respect to appropriate post-processing methodologies. 

4.4 Total Stations (TS) tests 

The first setup, consisting of two tests, had a sampling rate of 60 Hz, with lengths of 
2200 s and 1200 s, respectively. The second setup, made by a single test (performed on the 
third day), had a sampling rate of 30 Hz, with a length of 4200 s. Low-pass filtering at 15 Hz 
was chosen for the first setup, while the cutoff was set at 10 Hz for the second setup. Also, a 
detrending of the obtained displacements was performed. 

522



R. Ferrari, F. Pioldi, E. Rizzi, C. Gentile, E. Chatzi, R. Klis, E. Serantoni, A. Wieser 

4.4.1. Modal identification based on TS data 

The Welch Modified Periodogram method was adopted for the Auto-PSD matrix estimate, 
set with 1024-points Hanning smoothing windows and 66.7% overlapping. Afterwards, peak-
picking was performed over the calculated PSD, in order to obtain first frequency estimates, 
via a BFD approach [1]. The obtained frequency resolution was 0.0293 Hz. Tests were also 
performed without filtering, without detrending, and with 512- or 2048-points Hanning 
smoothing windows. 

The obtained Auto-PSD of the second test (Setup 1) is represented in Fig. 7, where a total 
of nine peaks extracted through a peak-picking procedure are marked with vertical red lines. 
Table 4 reports the estimated frequencies of all the setups adopted on the first span, within the 
range of frequencies identified from the AC, along with the values of the discrepancy ΔfAC 
between the mean values and the reference frequencies (Table 1). 

Fig. 7: Welch Auto-PSD estimate and peak-picking technique for Test 2 (Setup 1), QDaedalus Total Station (TS) 
measurements. 

Table 4: Identified frequencies fi [Hz], mean value, standard deviation and discrepancy ΔfAC, first span, 
QDaedalus Total Stations (TS), for the two setups illustrated in Fig. 2. 
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Also in this case relatively high standard deviations were calculated from the obtained re-
sults. Despite this, the Auto-PSD representation appears improved with respect to that of the 
LS system. In fact, from Fig. 7 it is possible to observe amplitude amplifications in the fre-
quency range corresponding to the first vibration modes of the bridge (3.5 – 3.9 Hz). In order 
to improve results, a data fusion between the displacements from the QDaedalus and the ref-
erence accelerations (from the AC devices) is operated next. 

5 DATA FUSION VIA KALMAN FILTERING 

In this section, the use of the reference acceleration measurements (AC) is presented in or-
der to complement the noisy dynamic displacement measurements collected during the exper-
imental campaign on the bridge. In particular, a fusion between the accelerations measured 
through the standard wired accelerometers (AC) and the displacements obtained from the total 
stations (TS) was performed using a Kalman filtering technique. The results herein reported 
refer to the displacements obtained via the QDaedalus system during the second test (Set-
up 1). 

The first step towards this goal was that of aligning the two signals, which were originally 
not perfectly synchronized. This was not a trivial task, due to (a) the different nature of the 
records (displacements vs. accelerations); (b) the different content of noise in the measure-
ments; (c) the sampling, both in terms of its regularity and order of magnitude. The signals 
were aligned through a MATLAB script, which operates on the basis of determining the time 
leads or lags of two strings of data, locating the maximum value of their cross-correlation. 
Primarily, the two signals were detrended and filtered. A low-pass filter designed through a 
Chebyshev Type II method was applied to the accelerations at 25 Hz. Then, due to the inabil-
ity of the AC devices to register the frequency content below 0.5 Hz, a high-pass filter was 
operated on both the AC accelerations and the QDaedalus displacements. The alignment pro-
cedure was operated considering displacements. Therefore, an integration procedure was op-
erated on the AC accelerations. Appropriate filtering was performed during the integration 
steps. Then, a re-sampling of the signal using a polyphase filter implementation was operated 
on the obtained displacements, to reduce sampling from 200 Hz down to 50 Hz, as for the 
available measurements from the QDaedalus. A cross-correlation calculation is then carried 
out for specifying the lag between the signals. 

The results reported herein refer to an analysis conducted considering a time window about 
10 minutes duration. Since accelerations and displacements were measured at different sam-
pling rates, namely 200 Hz and 50 Hz respectively, a multi-rate Kalman filter was involved in 
the data fusion procedure. 

The Kalman filter was considered by assuming the following standard state-space model: 
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where ( )x t  is the system state vector comprising the displacement ( )x t  and velocity ( )x t , 
( )v t  the process noise data structure (Gaussian), y( )t  the noisy observation of the system 

(herein the QDaedalus displacements ( )mx t ), ( )tη  the observation noise data structure 

(Gaussian), ( )mx t  denotes the exogenous input to the state transition function, which effec-
tively here pertains to the measured acceleration. The interested reader may refer to [14] on 
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further details on the implementation of the Multi-Rate Kalman Filter on the above-mentioned 
system. 

The following figures illustrate the results obtained from the implemented data fusion pro-
cedure. 

Fig. 8: QDaedalus displacements before and after the Multi-Rate Kalman filter application. 

Fig. 9: PSD estimate referred to the measured QDaedalus displacements after data fusion. 

Through the Kalman filter based fusion it was possible to obtain refined displacement es-
timates of improved accuracy. Fig. 8 shows the QDaedalus displacements before and after the 
fusion procedure. The quality of the obtained results is then clearly demonstrated in Fig. 9 
where the Auto-PSD of the signal obtained after the data fusion is represented. The frequen-
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cies identified through an automatic peak-picking procedure are marked with vertical red 
lines; dashed lines mark instead the peaks that appear around the frequencies identified from 
the reference devices (AC) records. The representation of the Auto-PSD function, as visible in 
Fig. 9, appears improved in comparison to that obtained from the original displacements (de-
picted in the previous Fig. 7). 

6 CONCLUSIONS  

The experimental campaign conducted on the Brivio bridge provided the possibility to op-
erate a comprehensive study regarding both the current modal dynamic identification of the 
structure and the reliability of the adopted types of instrumentation. A cross-comparison of 
the performance of standard wired accelerometers, wireless sensors and non-contact dis-
placement measurement systems, i.e., a laser scanner and a QDaedalus total station solution, 
is carried out. The use and study of these novel instrumentation solutions may open up the 
way to several research scenarios, allowing to discover the true potential of these systems and 
to enrich or complement the information acquired via long-established instrumentation sys-
tems. 

Initially, the present work analyzed the recordings arising from each individual instrumen-
tation via system identification procedures, in order to assess their reciprocal reliability and 
consistency. Then, the focus was targeted on the use of a Kalman Filter approach for data fu-
sion, able constructively merge of the data coming from displacement sensors and from 
standard wired accelerometers. 

The results obtained from the different instrumentation systems employed on the bridge 
were compared in terms of identified structural modal properties (natural frequencies), 
through traditional Frequency Domain methods. 

The output from wired accelerometers (AC) was taken here as a benchmark reference. 
Several vibration modes were identified in the frequency range up to 20 Hz, giving rise to a 
well-defined set of modal parameters (see also companion work [6]). 

The wireless MEMS accelerometers sensors (WS) demonstrated a high level of agreement 
with the results obtained from the AC, despite the limited length of the signals and their sig-
nificant noise content, displaying rather small standard deviations among the various setups. 
This technology looks rather promising and is currently under investigation for possible fur-
ther enhancement, by combining recently-surfaced energy harvesting methods and up-to-date 
data compression algorithms. 

The obtained non-contact displacement measurements, i.e., those attained via the laser 
scanner and the Qdaedalus total stations, provided lower resolution results, but in agreement 
with outcomes from traditional AC recordings. The present considerations suggest that these 
techniques may be yet a bit “unripe”, towards autonomous and independent modal identifica-
tion, with respect to target estimates that may be achieved from standard AC system. Howev-
er, the results obtained from a data fusion procedure carried out by means of a Multi-Rate 
Kalman Filter appear really encouraging, in showing such non-contact instrumentation as 
complementary systems to the standard AC solutions. 

Studies to further improve the post-processing of the recordings of the newly investigated 
displacement measuring systems are in progress, in particular concerning the laser scanner 
solution. In parallel to the present study, the FE model updating of the developed FE models 
of the bridge is also on-going, with a first reporting of the outcomes provided in companion 
work [6]. 
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Abstract. In uncertainty calculation, the inability of interval parameters to take into account 

mutual dependence is a major shortcoming. When parameters with a geometric perspective are 

involved, the construction of a model using intervals at discrete locations not only increases 

the problem dimensionality unnecessarily, but it also assumes no dependency whatsoever, 

including unrealistic parameter combinations leading to possibly very conservative results. The 

concept of modelling uncertainty with a geometric aspect using interval fields eliminates this 

problem by defining basis functions and expressing the uncertain process as a weighted sum of 

these functions. The definition of the functions enables the model to take into account 

geometrically dependent parameters, whereas the coefficients in a non-interactive interval 

format represent the uncertainty. This paper introduces a new type of interval field specifically 

tailored for geometrically oriented uncertain parameters. The field has a non-interactive 

interval parameter in each node of the FE mesh to keep the true dimensionality of the 

uncertainty intact, but it obeys a bound on the gradient of the field to account for the 

dependency within the field. 
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1 INTRODUCTION 

Non-deterministic FE-analysis has been subject of extensive research for quite some time. 

Certainly for reliability purposes, recognizing and quantifying sources of uncertainty is very 

important. The first type of non-deterministic FE-analysis that was introduced, stochastic FE-

analysis, aimed at determining stochastic moments of some output quantities of the FE-analysis 

based on knowledge of the stochastic moments of the model input and/or parameters. The 

technique has been well established in literature (see e.g. [1, 2]) and it has been applied to a 

variety of problems, see [3, 4]. Thorough application of probabilistic theory may be 

cumbersome, mainly because of the increased computational cost and general lack of 

knowledge of stochastic parameters. Literature has shown that many authors content 

themselves with assumptions on the type of probability density functions or on its parameters 

before applying stochastic FE [5]. The Gaussian distribution is commonly used, but having 

infinite tails, the Gaussian distribution function assigns a non-zero probability to physically 

implausible values (e.g. negative densities). In addition to this, in reliability assessment the tails 

of the distribution are of greater interest as extreme conditions that make or break a design are 

usually situated there.  

1.1 Possibilistic Uncertainty Analysis in FE-modelling 

To cope with the drawbacks of stochastic FE, possibilistic FE-analysis was introduced [6, 

7]. Instead of using ill-known stochastic parameters, uncertainty on model input or model 

parameters is modelled using possibilistic parameters, of which intervals, fuzzy numbers and 

convex regions are the most common. An interval models uncertainty on a variable as two 

extreme bounds which are not to be exceeded. A fuzzy number [8] is an extension to this 

concept, by considering the membership of a parameter to a certain interval as a continuous 

function, given by a membership function 𝜇 that ranges from 0 to 1. A value of 1 indicates the 

value is certainly part of the interval, whereas a value of 0 indicates that it is definitely not. 

Convex regions define an uncertainty region in a multidimensional space and they attempt to 

capture uncertainty on parameter combinations by convex shapes such as ellipses. [9] presents 

an extensive elaboration on the use of convex regions. Both intervals and fuzzy numbers have 

been introduced in FE analysis [10, 11] and they have been the subject of numerous publications 

[12-16] containing applications and improvements. This paper uses possibilistic modelling, and 

it is limited to simple interval parameters. Possibilistic uncertainty modelling is well applicable 

in early design stages where the degree of uncertainty is rather high, as less information is 

required to perform the analysis.  

For the sake of completeness, the authors mention the existence of hybrid approaches to 

uncertainty quantification, combining stochastic and probabilistic principles. Examples are 

fuzzy random variables [17] and interval probabilities [18]. However, their application remains 

limited in comparison to the specialized approaches. 

The paper exclusively discusses intervals to model uncertainty. Throughout this work, an 

interval parameter 𝑥𝐼 with upper bound 𝑥 and lower bound 𝑥 is represented in two ways:

 using the bounds themselves: 𝑥𝐼 = ⟨𝑥|𝑥⟩
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 using the centre point 𝑥𝑐 =
𝑥+𝑥

2
and the interval radius 𝑟𝑥 =

𝑥−𝑥

2
: 𝑥𝐼 = 〈𝑥〉𝑥𝑐

𝑟𝑥

Furthermore, vector quantities in general are printed in bold lower case characters, while 

matrices are noted using bold upper case characters. A vector containing interval parameters 

(i.e. an interval vector) is marked as 𝒙𝐼 = [〈𝑥1〉𝑥𝑐,1
𝑟𝑥,1 … 〈𝑥𝑛〉𝑥𝑐,𝑛

𝑟𝑥,𝑛 ]
𝑇

. 

1.2 Interactive intervals 

FE models usually represent real physical entities, such as cars, construction components or 

buildings. The parameters of these models are allocated to elements which are associated to a 

certain position in the spatial domain. In most cases, material properties are taken to be constant 

over the entire model if a single material is used. The geometry of parts is usually captured in 

a few global quantities, such as the thickness of plate parts, the length and radius of cylindrical 

parts or the curvature of bent parts. Uncertainty quantification then pertains to identifying the 

uncertainty on the global material or geometric parameter. However, the production process 

may introduce material impurities that can cause the model parameters to vary in the spatial 

domain, leading to different values for different elements. This may affect the uncertainty of 

the output quantities, but it is not considered if the uncertain parameters are defined globally. 

To account for this, instead of a single globally defined parameter for the entire model, interval 

parameters are assigned to each element of the FE model, representing parameter variability in 

space. 

This introduces a problem with respect to numerical analysis. In standard interval analysis 

methods (of which a survey can be found in [7]), the interval parameters of interest are assumed 

independent: within their respective interval, they can all take values independently. This 

approach is in conflict with the element-wise interval parameters in FE models, as intervals of 

nearby points can hardly be independent, as this would lead to physically implausible parameter 

realisations. The parameters have to be assumed interdependent, which in interval context is 

referred to as interactive intervals. 

1.3 Non-deterministic fields 

In fact, the spatially oriented parameters of FE models can be considered as fields, in which 

each field realisation is a vector specifying the values in each element. Fields can also be defined 

in a non-deterministic way. The theory of random fields (RF) [19] defines fields in a 

probabilistic way, with each field realisation to be a function of well-specified random 

parameters. For a field variable 𝑥(𝒓), spatial correlation is modelled through definition of the 

correlation length 𝐿𝜌, which allows the covariance between the field variable at position 𝒓1 and 

𝒓2to be written as: 

𝐶𝑂𝑉(𝑥(𝒓1), 𝑥(𝒓2)) = 𝑓(‖𝒓1 − 𝒓2‖, 𝐿𝜌) = 𝑒𝑥𝑝 (−
‖𝒓1 − 𝒓2‖

𝐿𝜌
), 

with ‖𝒓1 − 𝒓2‖ denoting the Euclidian distance between positions 𝒓1 and 𝒓2. Equation (1)

represents an exponentially decaying covariance, but other functions are used as well. To 

analyse RF numerically, the field is decomposed to de-correlate the parameters using e.g. the 

(1) 
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Karhunen-Loève expansion (KLE), which after truncation expresses the field as a finite sum of 

weighted basis functions, of which the weights are random uncorrelated variables. [20] provides 

some background on the use of RF in FE context.  

Next to RF, interval fields (IF) were introduced by Moens et al. [21] to model non-

deterministic field variables in a possibilistic context. Much like the KLE, interval fields are 

defined as a sum of weighted basis functions, in which the weights are interval parameters. The 

general equation of an IF is given in equation 2a.  

𝑥𝐼(𝒓) =∑𝛼𝑖
𝐼 ∙ 𝜙𝑖(𝒓)

𝑛

𝑖=0

The functions 𝜙𝑖(𝒓) are deterministic functions of the spatial co-ordinate 𝒓, 𝛼𝑖
𝐼 are simple

interval parameters.  

The use of IF can be exploited fully if the definition of 𝛼𝑖
𝐼 and 𝜙𝑖(𝒓) is done in such a way

that the interval parameters αi
I are all non-interactive. In this case, the dependency in the field

is captured exclusively by the basis functions 𝜙𝑖(𝒓), whereas the uncertainty is captured only 

by the interval parameters 𝛼𝑖
𝐼. This separation enables efficient uncertainty propagation

throughout all steps of the analysis to the final output quantities. [22] considers an analysis with 

a single interval parameter to model the interval field. However, when more interval parameters 

are necessary to model an uncertain field with some degree of correlation between parameters, 

a decomposition has to be applied which ensures the interval parameters are truly non-

interactive. 

 The objective of this paper is to find a general IF definition that enables an analyst to model 

knowledge which he/she possibly has on the uncertainty of the application as straightforwardly 

as possible, while at the same time ensures this strict division of uncertainty and dependency 

between the 𝛼𝑖
𝐼 and 𝜙𝑖(𝒓).

2 INTERVAL FIELD SPECIFICATION 

The starting point of any uncertainty analysis is the knowledge of the analyst. Being an 

expert at a specific application or product, the analyst may have some knowledge on the 

uncertainty present. Firstly, this section introduces the global uncertainty parameters which is 

used further on to define an IF decomposition. A second section zooms in the on element level 

in an FE mesh and discusses the implications of this choice of uncertainty parameters on the 

local uncertainty in an arbitrary point. 

2.1 Definition of global uncertainty parameters 

Consider a field variable 𝑥(𝒓). The value in each point is expressed as the sum of the mean 

field value 𝜇𝑥 and the deviation from the mean value in that point: 

𝑥(𝒓) = 𝜇𝑥 + 𝑥(𝒓) − 𝜇𝑥 = 𝜇𝑥 + 𝑠𝑥(𝒓)

(2a) 

(3a) 
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where 𝜇𝑥 =
1

Ω
∫ 𝑥(𝒓)𝑑𝛺
Ω

, and Ω a measure for the range of the field domain (i.e. the length, 

surface, or volume). When the field variable is uncertain, both the mean value and the deviation 

are subject to uncertainty. Equation (3a) is then left unchanged, with the superscript 𝐼 added to 

the variables to indicate they are now interval parameters:  

𝑥𝐼(𝒓) = 𝜇𝑥
𝐼 + 𝑠𝑥

𝐼(𝒓)

In this description, 𝜇𝑥
𝐼  is a simple interval parameter as defined before, but 𝑥𝐼(𝒓) and 𝑠𝑥

𝐼(𝒓)

are both interval fields, i.e. a set of interactive intervals in each point of the field domain. For 

the deviation it is assumed that its absolute value is bounded by a specified value 𝑠𝑥,𝑀. This 

indicates the field variable itself never exceeds the interval bounds 〈𝜇𝑥 − 𝑠𝑥,𝑀|𝜇𝑥 + 𝑠𝑥,𝑀〉 in

any point. To introduce the spatial dependency within the field, it is assumed that the difference 

between two adjacent points of the field is bounded as well, as most physical parameters 

normally exhibit some smooth evolution. This obliges the field values in adjacent points to vary 

within reasonable limits. To be able to express this property in a continuous field, the first 

spatial derivative of the field is taken into account.  This maximum derivative constraint is 

converted to an interval with its centre at 0. Furthermore, the uncertainty is assumed to be 

homogeneous with respect to the spatial dimension, leading to an interval on the first derivative, 

the magnitude of which is constant over the entire domain. The bounds are given by a single 

value 
𝜕𝑥

𝜕𝒓
|
𝑀
, leading to the interval 〈 −

𝜕𝑥

𝜕𝒓
|
𝑀
|  
𝜕𝑥

𝜕𝒓
|
𝑀
〉. In summary, the interval field 𝑥𝐼(𝒓) in this

section has four major parameters defining the uncertainty: 

 The lower bound on the mean field value 𝜇𝑥

 The upper bound on the mean field value 𝜇𝑥
 The maximum absolute value of the deviation from the mean value 𝑠𝑥,𝑀

 the maximum absolute value of the first derivative of the field 
𝜕𝑥

𝜕𝒓
|
𝑀

2.2 Implications on local uncertainty in FE meshes 

The spatial variation modelled using an interval on the first spatial derivative defines the 

type of interactivity between the uncertain field values in nearby points. Using a probabilistic 

approach, geometric dependency or interactivity in general translates to a conditional 

probability formulated as 𝑝(𝑥𝒓𝒊|𝑥𝒓𝒊+𝜹𝒓 = �̂�), which signifies the probability distribution of the

field variable 𝑥 at position 𝒓𝒊, given the value at a position close to 𝒓𝒊. In a possibilistic 

approach, which is preferred when the nature of the probability distribution is unknown, this 

can be replaced by a conditional interval 𝐼(𝑥𝒓𝒊|𝑥𝒓𝒊+𝜹𝒓 = �̂�), which holds the range of all

possible values the field variable can take at the position 𝒓𝒊 under the same condition. This 

conditional interval is illustrated in figure 1. As the value of the field at 𝒓𝒊 + 𝒅𝒓 changes 

(horizontal axis), the interval of possible values at 𝒓𝒊 changes as well. 

(3b) 
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Figure 1: uncertainty region for two field points in close proximity: the grey area marks possible (𝑥𝒓𝒊 , 𝑥𝒓𝒊+𝒅𝒓)

combinations that satisfy the maximum gradient constraint. The square marks the uncertainty region if 𝑥𝒓𝒊  and

𝑥𝒓𝒊+𝒅𝒓 are perfectly non-interatcive

In figure 1, 𝑥𝒓𝒊 and 𝑥𝒓𝒊+𝒅𝒓 are scalar interval parameters at position 𝒓𝒊 and 𝒓𝒊 + 𝒅𝒓. The grey

area represents possible combinations of (𝑥𝒓𝒊 , 𝑥𝒓𝒊+𝒅𝒓) according to the maximum gradient

constraint. For non-interactive interval parameters, the domain of possible parameter 

combination would be the large square in figure 1.  Clearly, the intervals are interactive as the 

uncertainty region is much smaller than the square. However, as the uncertainty region is a 

surface, it is still two-dimensional. If 𝑛 points of the field with values 𝑥𝒓𝟏 , 𝑥𝒓𝟐 , … , 𝑥𝒓𝒏  are

considered, the same principle applies: the domain of possible (𝑥𝒓𝟏 , 𝑥𝒓𝟐 , … , 𝑥𝒓𝒏) combinations

cannot be a perfect hypercube, but is still 𝑛-dimensional.  this proves an important fact about 

the uncertainty modelling using the globally defined parameters mentioned above: the 

dimensionality of the uncertainty is equal to the number of discrete points in the field, or in FE-

context, the number of nodes. 

3 THE LOCAL INTERVAL FIELD DECOMPOSITION 

3.1 Summary of objectives 

The starting point for this field decomposition is the explicit interval field description 

introduced by Moens et al. Equation (2a) expresses the field  𝑥𝐼(𝒓) as a weighted sum of basis

functions, in which the weights are interval parameters: 

𝑥𝐼(𝒓) =∑𝛼𝑖
𝐼 ∙ 𝜙𝑖(𝒓)

𝑛

𝑖=0

Next to this, we define the set of field realisations 𝑋𝑠 as: 

𝑋𝑠 = {�̃�(𝒓)|�̃�(𝒓) = ∑ �̃�𝑖 ∙ 𝜙𝑖(𝒓)
𝑛
𝑖=0 , ∀𝑖 ∶ �̃�𝑖 ∈  𝛼𝑖

𝐼}

(2a) 

(4) 
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The analyst may specify the 4 previously defined global uncertainty parameters, which 

impose conditions on the field that have to be met. Each field realisation has to obey the 

following conditions: 

1. 𝜇𝑥 ≤ ∫ �̃�(𝒓)
Ω

𝑑𝒓 = 𝜇𝑥 ≤ 𝜇𝑥 

2. ∀𝒓 ∈ Ω ∶ �̃�(𝒓) − 𝜇𝑥 ≤ 𝑠𝑥,𝑀
3. ∀𝒓 ∈ Ω ∶ 𝜇𝑥 − �̃�(𝒓) ≥ 𝑠𝑥,𝑀

4. ∀𝒓 ∈ Ω ∶ −
𝜕𝑥

𝜕𝒓
|
𝑀
≤

𝜕�̃�(𝒓)

𝜕𝒓
≤

𝜕𝑥

𝜕𝒓
|
𝑀

In addition, the interval parameters 𝛼𝑖
𝐼 need to be non-interactive without violating this

condition for any field realisation �̃�(𝒓). 

To more easily comply with the first condition, the IF definition of equation (2a) is slightly 

altered to: 

𝑥𝐼(𝒓) = 𝜇𝑥
𝐼 +∑𝛼𝑖

𝐼 ∙ 𝜙𝑖(𝒓)

𝑛

𝑖=0

If the interval  𝜇𝑥
𝐼  is defined as 𝜇𝑥

𝐼 = 〈𝜇𝑥|𝜇𝑥〉, the first condition is automatically satisfied if

∀𝑖 ∶ ∫ 𝜙𝑖(𝒓)𝑑𝒓
Ω

= 0 

This condition needs to be met by the basis functions defined in the next section. 

The remainder of this section discusses the definition of the LIFD for a 1D spatial domain, 

i.e. a variable which can vary along a line in space. However, all properties of the field can be 

extended to 2D and 3D domains, but the mathematical background then increases in 

complexity. 

3.2 Definition of basis functions 

In equation (2a), 𝜙𝑖(𝒓) are deterministic basis functions. For the purpose of propagating the 

interval field to obtain the output uncertainty, it is beneficial that the interval parameters 𝛼𝑖
𝐼

span a non-interactive interval space, since existing uncertainty propagation methods are based 

on non-interactive interval spaces. The basis functions possess the following properties to 

ensure this condition is met: 

 All 𝜙𝑖 are piecewise second order polynomial functions so their first spatial derivative is

continuous (see figure 2b).

 A single 𝜙𝑖 is positioned at each node at location 𝒓𝑖 of the FE mesh, centered on this node.

 All 𝜙𝑖 are identically shaped

 All 𝜙𝑖 satisfy ∫ 𝜙𝑖(𝒓)𝑑𝒓 Ω
= 0 

This leads to basis functions of the following type: 

(2b) 

(5) 
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𝜙𝑖(𝒓, 𝒓𝑖) = 𝑓(‖𝒓 − 𝒓𝑖‖, 𝑎, 𝑅)

Equation 6 indicates the 𝜙𝑖 are radial basis functions as their value only depends on the 

distance between the point 𝒓 and the centre point of the function 𝒓𝑖. In equation (6), 𝑅 is defined 

as the influence radius of the field, and 𝑎 the influence strength of the field. The influence radius 

determines the distance ‖𝒓 − 𝒓𝑖‖ over which the function has a non-zero influence, whereas the

influence strength is a scaling parameter that determines the impact of point 𝒓𝑖 on its 

surroundings. Equation (7) gives the explicit definition of the basis functions for the one-

dimensional case. Figures 2a and 2b are an illustration of equation (7) and give physical 

meaning to the parameters of equation (7). Figures 2a and 2b show the shape of both the field 

variable itself and the first derivative.  

𝜙𝑖(𝑟) = 𝐶 + 𝑎(1 − 𝐶)𝜓𝑖(𝑟) = 𝐶 + 𝑎(1 − 𝐶)

{

0        ,            𝑟 < 𝑟𝑖 − 𝑅

2(𝑟 − 𝑟𝑖 + 𝑅)
2

𝑅2
,      𝑟𝑖 − 𝑅 ≤ 𝑟 ≤ 𝑟𝑖 − 𝑅 2⁄

1 −
2(𝑟 − 𝑟𝑖)

2

𝑅2
 ,    𝑟𝑖 − 𝑅 2⁄ ≤ 𝑟 ≤ 𝑟𝑖 + 𝑅 2⁄

2(𝑟 − 𝑟𝑖 − 𝑅)
2

𝑅2
,    𝑟𝑖 + 𝑅 2⁄ ≤ 𝑟 ≤ 𝑟𝑖 + 𝑅

0  ,           𝑟 ≥ 𝑟𝑖 + 𝑅

Figure 2a and 2b: definition of a basis function and its first derivative 

(6) 

(7) 
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𝐿𝑟 is a measure for the range of the field, which in the 1D-case equals the length of the spatial 

domain (see figure 3). 𝐶 is a constant number which is used to make sure the basis functions 

satisfy ∫ 𝜙𝑖(𝒓)𝑑𝒓 Ω
= 0. 𝐶 is derived as follows for the 1D-case: 

∫ 𝜙𝑖(𝒓)𝑑𝒓
𝐿𝑟

 0

= ∫ 𝐶𝑑𝑟
𝐿𝑟

0

+ 𝑎(1 − 𝐶)∫ 𝜓𝑖(𝑟)𝑑𝑟
𝐿𝑟

0

 

 = 𝐶 ∙ 𝐿𝑟 + 𝑎(1 − 𝐶) ∙ 𝑅 = 0 

 ⇔ 𝐶 = −𝑎
𝑅

𝐿𝑟 − 𝑅
The basis functions 𝜙𝑖(𝑟) are defined in each point along the field, as illustrated in figure 3.

Figure 2a shows that the basis functions have a local character: beyond a radius 𝑅 their 

ability to change the field value vanishes, hence the name Local Interval Field Decomposition 

(LIFD).  

Using this basis functions, the field is expressed as  

𝑥𝐼(𝒓) = 〈𝜇𝑥〉𝐶𝜇
𝑅𝜇 +∑〈𝛽𝑖〉0

1 ∙ 𝜙𝑖(𝒓, 𝑎, 𝑅)

𝑁𝑘

𝑖=1

Figure 3: localisation of basis functions. Each point in the domain is allocated a separate similar basis function 

In this definition, 〈𝜇𝑥〉𝐶𝜇
𝑅𝜇

 is the interval on the average value of the field, with 𝑅𝜇 =
𝜇𝑥−𝜇𝑥

2

and 𝐶𝜇 =
𝜇𝑥+𝜇𝑥

2
. 〈𝛽𝑖〉0

1 are defined in each node of a discretized field mesh with a total of 𝑁𝑘

discrete locations. They are all non-interactive normalised interval parameters. The four 

controllable parameters 𝑎, 𝑅, 𝑅𝜇 and 𝐶𝜇 of the interval field can be uniquely determined from 

the four global uncertainty parameters 𝜇𝑥, 𝜇𝑥, 𝑠𝑥,𝑀 and 
𝜕𝑥

𝜕𝒓
|
𝑀

. For the derivation of equations 

(8) 

(2c) 
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(9a) to (9d) it is assumed that 𝑅 2𝑑𝑟⁄ ∈ ℕ and 𝐿𝑟 𝑑𝑟⁄ ∈ ℕ , which is not necessary for the

decomposition to work, but limits the derivation of the relations to this page. 

𝜕𝑥

𝜕𝒓
|
𝑀
= 2

2𝑎𝐿𝑟
𝑅(𝐿𝑟 − 𝑅)

(1 + 2 ∑
𝑖 ∙ 2𝑑𝑟

𝑅

⌊𝑅 2𝑑𝑟⁄ ⌋

𝑖=0

) =
4𝑎𝐿𝑟

𝑅(𝐿𝑟 − 𝑅)
(1 +

4𝑑𝑟

𝑅
∙
1

2
(
𝑅

2𝑑𝑟
− 1)

𝑅

2𝑑𝑟
) 

 =
2𝑎

𝑑𝑟

𝐿𝑟
𝐿𝑟 − 𝑅

𝑠𝑥,𝑀 = 𝑎 + 2𝑎 ( ∑
2(𝑖 ∙ 𝑑𝑟)2

𝑅4

⌊𝑅 2𝑑𝑟⁄ ⌋

𝑖=0

+ ∑ 1−

⌊𝑅 2𝑑𝑟⁄ ⌋

𝑖=0

2(𝑖 ∙ 𝑑𝑟)2

𝑅4
) + ∑ 𝑎

𝑅

𝐿𝑟 − 𝑅

(𝐿𝑟−2𝑅) 𝑑𝑟⁄

𝑖=1

 = 𝑎 + 2𝑎 ( ∑
2(𝑖 ∙ 𝑑𝑟)2

𝑅4

𝑅 2𝑑𝑟⁄

𝑖=0

−
1

2
+ ∑ 1−

𝑅 2𝑑𝑟⁄

𝑖=1

2(𝑖 ∙ 𝑑𝑟)2

𝑅4
) + 𝑎

𝐿𝑟 − 2𝑅

𝑑𝑟

𝑅

𝐿𝑟 − 𝑅

 = 𝑎 + 2𝑎 (
𝑅

2𝑑𝑟
−
1

2
) + 𝑎

𝐿𝑟 − 2𝑅

𝑑𝑟

𝑅

𝐿𝑟 − 𝑅

 =
𝑎𝑅

𝑑𝑟
+ 𝑎

𝐿𝑟 − 2𝑅

𝑑𝑟

𝑅

𝐿𝑟 − 𝑅

𝜇𝑥 = 𝐶𝜇 − 𝑅𝜇 

𝜇𝑥 = 𝐶𝜇 + 𝑅𝜇 

If the domain of the field is large compared to the influence radius of the basis functions, 

and the influence radius is large compared to the mesh discretisation step, simplified relations 

can be used, see equations (10a) to (10d):  

𝜕𝑥

𝜕𝒓
|
𝑀
=
2𝑎

𝑑𝑟

𝑠𝑥,𝑀 =
2𝑎𝑅

𝑑𝑟

𝜇𝑥 = 𝐶𝜇 − 𝑅𝜇 

𝜇𝑥 = 𝐶𝜇 + 𝑅𝜇 

In these equations, 𝑑𝑟 is the distance between points in which a basis function is defined. 

This quantity is set equal to the FE-mesh element size so that each node or element in the FE-

has a basis function assigned to it. The reverse relationships in this case are given by equations 

(11a) to (11d): 

𝑎 =
𝜕𝑥

𝜕𝒓
|
𝑀
∙
𝑑𝑟

2

(9a) 

(9b) 

(9c) 

(9d) 

(10a) 

(10b) 

(10c) 

(10d) 

(11a) 
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𝑅 =
2𝑠𝑥,𝑀
𝜕𝑥
𝜕𝒓
|
𝑀

𝐶𝜇 =
𝜇𝑥 + 𝜇𝑥

2

𝑅𝜇 =
𝜇𝑥 − 𝜇𝑥

2

The field description of equation (2c) puts an interval 〈𝛽𝑖〉0
1 in each node/element of the FE

mesh and therefore it does not reduce the dimensionality of the uncertainty. However, these 

intervals can now be considered as non-interactive while still obeying the maximum gradient 

condition. Making the step to a discretised field variable, suppose the vector 𝒙𝑁𝑘×1 contains the

field values in 𝑁𝑘 points of the spatial domain. In a context of uncertainty, this becomes an 

interval vector 𝒙𝑁𝑘×1
𝐼 , which can be written as:

𝒙𝐼 = 𝑨 ∙ 𝜷𝐼

with 𝜷𝐼 = [〈𝜇𝑥〉𝐶𝜇
𝑅𝜇 〈𝛽1〉0

1   〈𝛽2〉0
1  …  〈𝛽𝑁𝑘〉0

1] the vector containing all interval parameters,

and 𝑨 the matrix with the discretised basis functions in its columns. Figure 4 illustrates how a 

global realisation of the field is obtained through adding all the basis functions according to 

equation (3b). 

Figure 4: superposition of 4 basis functions to produce a single field realization 

In figure 4, the dotted lines represent basis functions in four points with a random scaling 

factor within the interval ⟨−𝑎|𝑎⟩. Their sum is given by the solid yellow line. 

(11b) 

(12) 

(11c) 

(11d) 
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3.3 basis functions adjustment at the edge of the domain 

The basis functions have a local character, but their definition is done globally: they all have 

the same shape, only their scaling factor can change, as figure 4 illustrates. However, this 

property cannot be held at the edges of the domain. If the globally defined maximum gradient 

condition has to be met at the edges, some adjustment has to be made. In practice, this problem 

affects all basis functions defined within a distance 𝑅 from the edge of the spatial domain.  

The basis functions within distance 𝑅 of the edge are adjusted according to the process 

illustrated in figure 5. First, basis functions are added beyond the physical domain of the field 

that, according to their influence radius, still have a non-zero influence within the field. These 

are the non-blue lines in figure 5.  The part of these functions that lie within the physical domain 

(right of the y-axis) are subtracted from the function at a distance 𝑅 to the right and the offset 

is adjusted to again make the average of each shape function equal to 0. Figure 5 illustrates the 

adjusted basis functions for 𝑅 = 4𝑑𝑟. 

Figure 5: adjustment of the basis functions at the edge of the domain (the y-axis) 

3.4 basis function adjustment for deterministic measurement points 

Some quantities can be measured at certain positions, fixing the value at those points. From 

reliability perspective it is interesting to analyse the uncertainty on the output provided the 

measured values at these points are deterministic. Numerically, one could then determine 

possible points where measurements have to be taken to efficiently reduce the output 

uncertainty.  

In this case, not the spatial variability around a certain average value is modelled, but the 

spatial variability given this (quasi-)deterministic measurement(s). The uncertain field then 

comprises the set of field configurations that interpolate the measured points, still obeying the 
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maximum gradient condition. The basis functions are now allowed to have a nonzero average 

value, so the constant term in equation (7) is omitted from the definition.  

The field definition of equation (2c) is rewritten in the following form: 

𝑥𝐼(𝒓) = 𝑞(𝒓) + 𝑎∑〈𝛽𝑖〉0
1 ∙ 𝜙𝑖(𝒓, 𝑅)

𝑁𝑘

𝑖=1

In equation (2d), 𝑞(𝒓) is a deterministic function that interpolates the measured points. If all 

realisations of   𝑎 ∑ 〈𝛽𝑖〉0
1 ∙ 𝜙𝑖(𝒓, 𝑅)

𝑁𝑘
𝑖=1  have value zero at the measurement points, the field itself

interpolates the measurement points as well due to the predefined function 𝑞(𝒓), which we 

assume to be piecewise second order polynomial between the measurement points to keep the 

first derivative continuous. 

To add this ability to the LIFD, all basis functions within a range 𝑅 from a measured point 

𝑟𝑚 have to be adjusted, as these functions have a nonzero influence to the measured point which 

has to be set to zero. However, introducing a measured point should not violate the globally 

defined maximum gradient condition, so simply forcing the interval parameters in points within 

a range 𝑅 to zero is not sufficient. Figure 6 illustrates the process to determine the new basis 

functions in close proximity to the measured point. The part between the basis point and the 

measured point is kept intact, but it is translated along the vertical axis so that the value in the 

measured point is zero (part A). To the left, the piecewise parabolic function is scaled so the 

derivative is continuous between part A and B and the function decays to zero beyond a range 

𝑅 (part B). To the right, a piecewise parabolic function ensures the derivative is continuous in 

the measurement point (part C). To ensure that the maximum gradient is not exceeded, the 

entire function is scaled so that the derivative at the measured point is the same as the original 

basis function (blue dotted line). Figure 7 shows all basis functions for the case 𝑅 = 4 ∙ 𝑑𝑟. 

(2d) 
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Figure 6: adjustment of the basis functions close to a measured point (the y-axis) 

Figure 7: set of basis functions for R = 4 ∙ dr. The measured point is located at the origin. 

The purpose of interval analysis is to identify the output uncertainty by propagating a specific 

degree of input uncertainty. This is usually done by performing an optimization on the output 

function of interest over the uncertain input domain. The next section discusses this uncertain 

input domain after decomposition according to the LIFD and concerns some implications on 

the optimization process. 
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3.5 nature of the optimisation problem 

The main purpose of the LIFD is to define a non-interactive interval space in which the 

optimisation can be performed more easily to obtain uncertainty on the output quantities. The 

result of the LIFD is an (𝑛 + 1)-dimensional non-interactive uncertainty space, comprised of: 

 The interval on the average value 〈𝜇𝑥〉𝐶𝜇
𝑅𝜇

(determined by the global uncertainty 

parameters 𝜇𝑥 and 𝜇𝑥).

 The intervals 𝑎 ∙ 〈𝛽𝑖〉0
1 = 〈𝛽𝑖〉0

𝑎 in each of the 𝑛 nodes of the FE-model (the sizes of

which are determined by 𝑎).

These 𝑛 + 1 interval parameters form a (𝑛 + 1)-dimensional hypercubic uncertainty space. 

In this domain, the parameter combinations have to be found that produce extreme values on a 

specific output quantity. If this is done by a global optimization algorithm, as is common in 

interval analysis, this uncertainty space will also be the optimizing domain over which the 

extreme output values are determined. From this summary it is clear that the influence radius 𝑅 

does not have an effect on the optimisation domain. The effect of 𝑅, and therefore the effect of 

𝑠𝑥,𝑀, is transferred to the optimisation function itself. Changing 𝑅 changes the nature of the 

dependency between the field values and lead to a new propagating function to the output. 

Figure 8 shows the general framework of the LIFD. The first level transforms the four global 

uncertainty parameters to parameters of the field representation (equation (2c)). In the second 

level, three of these parameters determine the optimisation domain. Lastly, this domain is 

subjected to an optimization of a certain output function, which is partly determined by 

parameter 𝑅. 

Figure 8: general blueprint of the field decomposition. 

543



4 APPLICATIONS AND ILLUSTRATIONS 

In this section, the effect of 𝑎 and 𝑅 is illustrated in some numerical examples. A spatial 

domain 𝑟 is considered. For each choice of (𝑎, 𝑅, 𝑑𝑟), 20 samples are taken by sampling the 

interval parameters in a random vertex way (by taking each interval parameter either equal to 

𝑎 or -𝑎). The figures show the field variable itself, as well as the deviation from the mean value. 

Figure 9a and 9b: field variable and deviation from the mean value 

Figure 10a and 10b: field variable and deviation from the mean value 

In figures 9 and 10, the product 𝑎𝑅 is kept constant, so the deviation from the mean is more 

or less the same. However, an increase of the value of 𝑎 increases the maximum gradient and 

produces more spiky realisations, as shown in figure 9b. Figure 11 has the same 𝑅-value as 

figure 10, which accounts for the general smoothness of the curves, however, the 𝑎-value is the 

same as in figure 9, and so is the maximum derivative. The product of 𝑎𝑅 is 5 times higher than 
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in figures 10 and 11 , which can be seen from the deviation from the mean in figure 11b, which 

range is multiplied by 5 compared to figure 10b. 

Figure 11a and 11b: field variable and deviation from the mean value 

Figure 12a and 12b: randomly generated field realizations using the measured-points-adjusted basis functions 

with a measured point at r = 0.2 and r = 0.8 

Finally, figure 12 shows the field realisations when one measurement point is introduced 

halfway the spatial domain, for two sets of field parameters. All realisations now pass through 

the measured value, as required. 

5 CONCLUSIONS 

This paper introduces an interval field decomposition method that accounts for dependency 

between different points. The definition of the basis functions is based on the fact that, in order 

to achieve physically plausible field realisations, the value in each point is determined by the 

influence of the point itself and points in its immediate surroundings. This principle was 
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converted to a bound on the gradient of the field, as well as a bound on the maximum deviation 

of the field from the average field value: these global uncertainty parameters can be translated 

to parameters of the local basis functions. This creates interval parameters that capture the 

uncertainty, but can be considered to be non-interactive while still obeying the dependency 

measure, i.e. the maximum gradient. This decomposition method enables the use of standard 

optimisation routines on a non-interactive parameter space, but at the same time, it allows for 

the application of sensitivity analysis because the transformed parameters retain their spatial 

location in the field. Note that the decomposition only concerns the dependency issue and does 

not reduce the dimensionality of the uncertainty. A second step in the analysis of uncertainty 

using this type of interval field is to create an efficient method to reduce the initial dimension 

down to a computationally plausible one, all with the purpose of efficiently determining the 

extreme field configurations within the predefined uncertainty. However, this process will be 

much easier as this field decomposition generates a non-interactive uncertain input space. 
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Abstract. In this paper, the problem of structural uncertainty of models in the field of model
updating is discussed. It is shown that stochastic methods are not appropriate to quantify this
type of uncertainty, because of its epistemic nature and different properties. In this context, the
fuzzy Bayesian estimation is introduced, which enables the analysis of structural uncertainty by
means of fuzzy arithmetic. In this framework, uncertain parameters of the model are estimated
and represented by fuzzy numbers. The estimates are based on measured reference outputs and
prior information about the parameters in form of a sparse sample of observations or expert
knowledge. For this purpose, a methodology for the combination of the information of the
reference data and the prior information is proposed. The additional information of the prior is
beneficial, as the accuracy of the estimated parameters is increased.
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1 INTRODUCTION

Traditional model updating techniques, as introduced by Friswell and Mottershead [7], are
well established and widely used for the point estimation of parameters. However, the reference
output for a complex system can rarely be matched precisely due to the underlying uncertainties
in the problem. Thus, in addition to the point estimation, comprehensive solutions have been
formulated which include the estimation of interval bounds of the parameters.

In this context, stochastic methods have been introduced for model updating, since here the
point estimation as well as the intervals can be derived from the computed probability density
function (PDF). The methods are well defined in the presence of stochastic uncertainties, where
standard methods, such as maximum likelihood [6] and Bayesian estimation [23], are available.
Whereas the maximum likelihood method enables an estimation of the parameters solely based
on the reference output data, the Bayesian estimation additionally includes the prior information
about the parameters. In fact, for model updating problems, prior information of the parameters
is often available, in form of expert knowledge or the information from previous studies. The
additional information is beneficial, as it improves the estimates and helps to reduce overfitting
of the reference data [26]. Thus, Bayesian estimation is a very popular technique for model
updating and parameter estimation in general.

Nevertheless, even though the method is suitable for problems with aleatory uncertainties,
describing stochastic variations, it is not appropriate for epistemic uncertainties, resulting from
a lack of information [24]. In particular, structural uncertainties, which result from simplifi-
cation and idealization in modeling, are often immense for complex systems, as no sufficient
knowledge of the underlying physical phenomena is available [16]. Furthermore, the available
information is often present in form of a sparse sample of observations which is not sufficient to
derive the underlying distribution. For this reason, the representation of this type of uncertainty
by a PDF is not appropriate for the back-propagated reference outputs or the prior information
about the parameters. Instead, those uncertainties are typically modeled by fuzzy sets or fuzzy
numbers [12], which are well suited for modeling uncertainties originating from sparse data,
deficient information, user intuition or expert knowledge. Moreover, those epistemic uncertain-
ties must be computed differently, and here, in contrast to sampling techniques, like Markov
chain Monte Carlo algorithm [8], interval or fuzzy methods [12] have proved to be appropriate.

In this context, the fuzzy Bayesian estimation is proposed in this paper, which is a method
based on fuzzy arithmetic. The method combines the information in form of the back-propagated
output uncertainty with the prior information in a Bayesian manner, but here the uncertainty is of
epistemic type. The point estimation is based on least-squares estimation, as it is less restrictive
on sparse data and is more appropriate for non-stochastic distributions. Uncertainty intervals
resulting from model deficiencies are computed by the inverse fuzzy arithmetic [10]. Since
the representation of the prior information by a PDF is controversial, for the fuzzy Bayesian
estimation this information is encoded in a fuzzy number. In order to be able to merge prior
information and the back-propagated information of the measured reference outputs, a frame-
work is introduced which enables the representation of the combined information by a fuzzy
number. Hereby, prior information about the parameters can be considered either as a sample
of direct observations or as expert knowledge. The included prior is capable of improving the
results, as the estimates are based on more information.

Nevertheless, it must be noted that a number of other methods have been proposed for the
analysis of epistemic uncertainties. Interval-based methods have been introduced by Jaulin et
al. [15] and Khodaparast et al. [18]. Fuzzy-arithmetic-based methods for model updating have
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been proposed by Liu et al. [22], Khodaparast et al. [17], and Erdogan et al. [5]. However, in
these studies only the epistemic uncertainty of the reference outputs is propagated back to the
parameters, essentially assuming no shortcomings of the model. Furthermore, for the estimation
of the parameters, no prior information is considered.

As the methodology of uncertainty quantification is well established in the framework of
statistics, the presented fuzzy Bayesian estimation will be compared to the classical Bayesian
estimation. In this context, the terminology typically used in statistics is adopted, since it is very
specific and allows for a convenient comparison of the stochastic methods and fuzzy methods.

The paper is structured as follows: In Section 2, the traditional inverse fuzzy arithmetic is
outlined. Section 3 gives an overview over the Bayesian estimation in the stochastic frame-
work. Section 4 introduces the fuzzy Bayesian estimation. In Section 5, the fuzzy Bayesian
estimation is applied to a simple, yet exemplary overdetermined system. In Section 6, some
final conclusions are drawn and open issues are discussed.

2 Inverse fuzzy arithmetic

The inverse fuzzy arithmetic (IFA) enables the computation of the uncertainty of parameters
based on uncertainties of the model or the uncertainty originating from the variation of reference
outputs. Thereby, the parameters are represented by fuzzy numbers, where α-cuts describe the
uncertainty intervals at different levels of membership µ = α. The method has been applied to a
variety of inverse problems, which are subject to epistemic uncertainty, as presented in [10, 9].
The steps that are necessary to compute the uncertain parameters are presented in the following.

1. A point estimation is performed, whereby a set of crisp parameters which fits best the
reference data is found by an optimization technique.

2. Based on the deviation of the computed outputs from the first step and the measured
reference data, the fuzzy output numbers are constructed.

3. An initial set of fuzzy numbers for the parameters is estimated and a forward analysis
using the transformation method is performed. Hereby, for each α-cut, gradients are
computed, which enables a kind of system representation.

4. Based on the constructed system representation, the fuzzy output intervals from the sec-
ond step are propagated back to the parameters.

3 Bayesian estimation

In Bayesian estimation, the stochastic distribution of the reference data and the distribution
representing prior information of the parameters are combined into a single PDF. Thereby, the
prior information about the parameters is represented by the prior PDF P (θ). The distribution of
the reference data is described by the likelihood function L(θ|y) = P (y|θ), which represents
the likelihood of the parameters for a model with respect to the given reference information.
For this purpose, the inverse problem must be solved, since the reference output distribution
is given and one needs to find the distribution of the parameters in agreement with the output
distribution. For this computation, often the Markov chain Monte Carlo algorithm [8] is applied.
Both distributions are multiplied and normalized by the PDF P (y) of the outputs, giving rise to
the well-known Bayes equation
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P (y | θ) = P (y | θ)P (θ)
P (y)

. (1)

The resulting distribution P (y | θ) is called posterior.
As mentioned above, the prior is often based on subjective belief, which represents informa-

tion in form of expert knowledge, information from literature, previous studies, published work,
researcher experience or intuition. For the prior PDF, often the normal distribution is assumed,
which is justified by the maximum entropy principle [25]. It must be noted that only a proper
definition of the prior leads to the superior result of the Bayesian framework. If the prior is
estimated wrongly, its contribution will either be too small, having just little influence on the
results, or in the other extreme, it will completely dominate the solution.

For the point estimation, in Bayesian statistics usually the minimum mean squared error
estimator is used [20]. The estimator is the conditional expectation E {y | θ} of the parameters,
given the reference output. This corresponds to the mean of the posterior distribution.

In the context of Bayesian estimation, the bounds are defined in terms of credible intervals
[2], which are taken from the posterior distribution. Thereby, the parameters are assumed to
have crisp but unknown value, and the posterior describes the probability of the parameters
taking a particular value.

However, from the perspective of classical statistical inference, the Bayesian prior is contro-
versial. Prior information is typically available in form of epistemic belief about the parameters,
which needs to be expressed by a PDF. In this context, it seems more appropriate to define the
prior as a fuzzy quantity, as fuzzy representations are traditionally defined to model epistemic
belief. In fact, several methods have been proposed, where the prior knowledge is defined in
form of a fuzzy prior [21, 1]. This has also motivated the fuzzy Bayesian estimation which will
be introduced in the next section.

Another drawback of the Bayesian estimation is that it is not appropriate to quantify struc-
tural uncertainty. In this case, the reference outputs are crisp and the uncertainty emerges after
the parameter update has been performed. The model is simply not capable of representing the
reference outputs exactly, which gives rise to the uncertainty. In Bayesian estimation, however,
only the uncertainty of the reference outputs can be propagated back to the parameters.

4 Fuzzy Bayesian estimation

In order to address the problems of the Bayesian estimation in the case of epistemic uncer-
tainty, the fuzzy Bayesian estimation (FBE) is proposed. The method is motivated by Bayesian
inference and is an extension of the already presented IFA. In the following, the method is dis-
cussed for its application to overdetermined systems where the reference output information as
well as the prior information is present in form of a number of observations.

4.1 Fuzzy prior

Since the prior is often based on epistemic belief, a fuzzy prior is proposed which is in ac-
cordance with the definition of the fuzzy number. This enables the modeling of information
available as epistemic belief in form of a discrete or continuous distribution. For this purpose,
a flexible and consistent interface between the available epistemic information and its fuzzy
representation is defined in form of percentage intervals. In the following, the framework is de-
scribed for prior information in form of discrete samples. For this purpose, an example with 10
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direct observations of a parameter is considered. Obviously, the given information is deficient
to some respect, as otherwise, one would not have to infer the parameters from the posterior, but
solely rely on the prior information. The given sample does not satisfy the constraint on stochas-
tic data, as it is neither generated randomly nor independent identically distributed [4]. Since
the sample is also rather sparse and cannot be represented by a reasonable PDF, the information
will be encoded in a fuzzy number based on percentage intervals, which describe the amount of
the observations included in the interval. For example, for the membership value µ = 0.0 all 10
values are included, which gives rise to a 100%-interval. As the membership values µ increase,
less observations are incorporated. Thus, µ = 0.2 corresponds to an 80%-interval, which in-
cludes 8 values, µ = 0.4 to an 60%-interval including 6 values, and so on. For the membership
level µ = 1.0, there are either no values included in case of an even number of observations,
or one value in case of an odd number. For the odd number, the intervals slightly deviate from
the real percentage of samples being included, but the representation asymptotically converges
with increasing sample size.

In case of an even number of observations, there is one additional value which needs to be
defined to represent the maximum value of the fuzzy number. For this purpose, the mean of the
two values in the middle of the sample is taken as suggested in [27]. Note that the maximum of
the resulting fuzzy number is the median of the sample and not the mean, since it is consistent
with the idea of the percentage intervals. The discussed distribution and the corresponding
fuzzy number is illustrated in Fig. 1. In case the prior information is present as epistemic belief,
the representation needs to be reduced to a discrete sample in order to be able to express it in a
fuzzy number.

Figure 1: Definition of the fuzzy prior based on a discrete sample.

4.2 Point estimation

For the FBE, the additional information of the prior must be reflected in the point estimation.
Here again, the discrete case is discussed, where a number of direct parameter observations and
a number of output observations is available.

For the point estimation solely based on the reference outputs, the weighted least-squares
estimator is chosen. The weights make sure that large output values do not dominate the solu-
tion by large absolute errors. According to the Markov-Gauss theorem [28], the least squares
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estimator has a number of beneficial properties, as it is less restrictive on sparse data and is
better defined for distributions which are not independent identically distributed. It is more ap-
propriate in the presence of epistemic uncertainties than other estimators, like for example the
maximum likelihood estimator [14, 3].

For the point estimation of the fuzzy prior, simply the mean of the sample of observations is
chosen. This is done for each parameter independently of each other. The estimate based on the
reference data θ̂y is combined with the prior estimate θ̂prior in a post-processing step

θ̂ = ny · θ̂y + λ · nprior · θ̂prior. (2)

The two point estimates are multiplied by the sum n of the observations available for each
estimate, as each observation represents the evidence which supports it. Furthermore, if the
contributions of the two estimates are different, that is if one observation of the output is less in-
formative than one from the parameter or vice versa, then the prior can additionally be weighted
with the factor λ. This representation is similar to the definition of the target function, which is
often used for the point estimation for inverse problems. Here, λ is the regularization parameter,
and the prior is the regularization term.

As for the Bayesian estimation, the contribution of the two terms must be weighted appro-
priately, since otherwise, the results are not superior or even worse than solely based on the
reference outputs. If the contributions cannot be judged, techniques such as L-Curve [11] and
cross-validation [19] have to be utilized for the estimation of the regularization parameter λ.

In general, overdetermined systems are subject to bias error, since these models are not flex-
ible enough to represent the data exactly. Therefore, the additional information of the prior
is beneficial as the bias error is reduced. However, an overdetermined system might be ill-
conditioned and thus become undetermined, as some of the reference outputs are uninformative.
These systems can often represent the reference data accurately, but cannot generalize towards
new system configurations, i.e. if the system setting is changed, they fail to predict the new
outputs accurately. This phenomenon is known as overfitting, and in this case, the additional in-
formation provided by the prior helps to improve the condition of the problem. This is generally
referred to as regularization and leads to better estimates of the parameters.

4.3 Interval estimation

The estimated intervals must also appropriately reflect the back-propagated reference infor-
mation and the prior information according to their contribution. For this purpose, a procedure is
proposed where the two fuzzy numbers are first reduced to two samples of discrete values before
they are composed into the fuzzy posterior. Since the prior is constructed from discrete values,
it can simply be decomposed again. For the back-propagated fuzzy number, however, a number
of α-cuts needs to be defined in order to reduce it to a sample. In fact, the back-propagated
fuzzy number represents the discrete sample of reference outputs, since the maximum value
reflects the mean of the sample and the worst-case intervals encompass all the reference values.
Therefore, the fuzzy number can be reduced to a number of discrete values, according to the
number of discrete observations of the reference outputs. After that, the discrete values of the
back-propagated fuzzy number and the fuzzy prior can be combined into a single fuzzy num-
ber. This is done in the same manner as was previously presented for the prior fuzzy number in
Fig. 1. The resulting α-cuts of the fuzzy number can again be interpreted in terms of the infor-
mation they include, based on percentage intervals. An illustrative example of this combination
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is given in Figs. 2 and 3. In Fig. 2, the two separate fuzzy numbers are reduced to the discrete
samples and are then combined into one number in Fig. 3.

Figure 2: Back-propagated fuzzy number and
the fuzzy prior number

Figure 3: Fuzzy posterior combining the back-
propagated fuzzy number and the fuzzy prior

In this representation, each observation is weighted equally. However, in the case of λ 6= 1,
the contribution of the values of the inputs and the outputs needs to be altered in order to reflect
the relative contribution. This can be done by changing the number of discrete values for the
back-propagated fuzzy number and the fuzzy prior accordingly. For example, for λ = 0.6,
one could choose 3 α-cuts for the prior, which would give rise to 6 discrete values, and for the
back-propagated fuzzy number one could choose 5 α-cuts resulting in 10 values. In both cases,
the central value is neglected giving rise to an even number of samples.

It must be noted that the maximum of the fuzzy number corresponds to the median, and
therefore, in general deviates from the point estimation. This is in analogy to statistics, where
usually the mean value of a PDF is of interest for the point estimation, and not the maximum.
Thus, in the representation chosen here, the intervals describe the percentage of information
they include, and the point estimates reflect the most plausible value in accordance with the
given information.

5 Example

As an example for the presented approach, the solution of overdetermined systems is con-
sidered, using an overdetermined linear system Aθ = y in particular [13]. Even though the
system is trivial, it represents important aspects of the problem of structural uncertainty, which
also holds for complex systems. Here, θ represents the parameters to be updated,A the model,
and y the reference outputs. In this case, the outputs y are considered to be crisp and the
uncertainty results only from the deficient model.

In the following, an exemplary linear system is given and the problem is addressed in two
settings. First, the problem is solved only by relying on the reference data, using IFA. Next,
additional information in form of a prior θ∗ is provided, and the problem is solved by the FBE.
The particular linear system considered is3.5 2.5

1.4 2.0
2.3 1.5

 · [ θ1
θ2

]
=

 2.6
1.5
2.6

 (3)
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The solution of the problem by the use of inverse fuzzy arithmetic is illustrated in the parameter
space in Fig. 4. The gray lines indicate the solution for the three outputs independent of each
other. Since there is no intersection of the three lines, the problem cannot be solved exactly and
only an approximate solution can be found.

Figure 4: Worst-case interval estimation using inverse fuzzy arithmetic.

The point estimation, which is found by the suggested LSE, is indicated by the dot with the
circle around it. This solution is also projected onto the two axes of θ1 and θ2. The worst-
case bounds determined by the IFA are marked by the asterisks and are projected onto the two
parameter axes via the dashed lines. Note that the asterisks lie on the two solution lines which
are furthest away from the point estimation, as in the IFA just the conservative solution is of
interest. The constructed fuzzy numbers for the two parameters are illustrated to the left and
underneath the parameter space plot. As can be observed, the classical point estimation is taken
for the maximum of the number, and the conservative bounds are represented by the worst-case
intervals with the membership value zero.

In the following, prior information about the parameters θ∗ is additionally included, where
for each parameter three direct observations are given. The solution of the problem by the use of
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the FBE is illustrated in parameter space in Fig. 5. As the information about the prior parameters
is assumed to be independent, it is represented by a square-shaped region in the parameter space
which is confined by worst-case bounds. On the two axes, the worst-case bounds are denoted by
black dots. The median, corresponding to the maximum of the prior fuzzy number, is indicated
by the larger black dot. The mean value which represents the point estimation for the prior is
depicted by a circle, and as can be observed, it lies in the direct vicinity of the median.

The combined point estimate, which incorporates the solution of the prior and the back-
propagated information, is denoted by a square and is located on a line in between the two
estimates. By changing the weighting though the λ-factor, the estimate would move along on
this line. Since here an equal weighting of each observation is assumed, the combined estimate
is half way in between.

Figure 5: Problem illustration in parameter space for the fuzzy Bayesian estimation

The fuzzy priors and the back-propagated fuzzy numbers are combined into the fuzzy pos-
terior for the estimation of the combined intervals, according to the definition above. For this
purpose, the two fuzzy numbers are reduced to three discrete values, since there are three output
observations and three parameter observations. As there is no relative weighting of the obser-
vations, that is λ = 1, the 6 values are simply combined into one fuzzy number. In Fig. 5 the
fuzzy posteriors are indicated by the dashed lines.
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6 Conclusion and open issues

In this paper, the problem of structural uncertainty in model updating is discussed, where
the uncertainty results from the deficiency of the model in describing the investigated phe-
nomenon in full detail. The underlying uncertainty is epistemic and must be handled differently
as stochastic variations, since it exhibits other properties. Epistemic uncertainty is traditionally
analyzed by fuzzy and interval arithmetic, and thus, the fuzzy Bayesian estimation is introduced
in this paper. In this framework, the least-square estimator is used for the point estimation,
since it is less restrictive on sparse data or not random distributions. For the interval estimation,
inverse fuzzy arithmetic is used, which is a well established technique for inverse uncertainty
quantification. Additionally, prior information about the parameters is included in the procedure
in form of a fuzzy prior. The incorporation of the prior improves the results, as the estimates are
based on more information. Moreover, the prior can be seen as a kind of regularization, which
helps to deal with overfitting of reference data.

In order to be able to compute epistemic information by means of fuzzy arithmetic, a method-
ology is proposed which enables the transformation of the available information into a fuzzy
number. The method allows the combination of information of the reference outputs and the
prior information, available as a set of direct observations or as expert knowledge. This gives
rise to the fuzzy posterior, which represents plausibility intervals of the estimated parameters.

The presented method excels Bayesian estimation in the presence of epistemic uncertainty,
since it is less restrictive on sparse data and does not require the distribution to be random.
Furthermore, fuzzy Bayesian estimation can applied to problems where the uncertainty is in-
herent in the model. The classical Bayesian estimation, on the other hand, is only appropriate
for problems where the uncertainty is inherent to the reference outputs.

Nevertheless, this paper must be considered as an preliminary analysis, since many topics
could not be described to full extend or have entirely been omitted. Instead, emphasis was
placed on the comparison of the Bayesian estimation and the fuzzy Bayesian estimation and on
the illustration of the drawbacks of the former approach in case of epistemic uncertainty. The
fuzzy Bayesian estimation is worth being presented in more detail and being extended to dif-
ferent problems settings. Since here only discrete distributions have been considered, a proper
analysis of uncertainties with continuous distributions needs to be performed additionally. Fur-
thermore, in order to illustrate the full capability of the approach, the fuzzy Bayesian estimation
will be applied to an elaborated model-updating problem in a future study.
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Abstract. In this paper, uncertainty analyses based on fuzzy arithmetic are performed and
illustrated for a disc brake affected by friction-induced vibrations and modeled as an elastic
multibody system. By the use of fuzzy-valued model parameters, the nominal results of con-
ventional, crisp-valued models are extended to the inclusion of uncertainties, and valuable
conclusions on the overall effect as well as on the individual influence of uncertain parameters
on the output of the model can be drawn. For the definition, the simulation and the evaluation
of the fuzzy-parameterized model, the software package FAMOUS is used and coupled to the
multibody simulation program Neweul-M2.
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1 INTRODUCTION

In automotive engineering, the analysis of the undesirable effect of brake squeal still remains
a challenging topic [1, 2]. In order to analyze friction-induced vibrations, a special case of
self-excited vibrations, the well-established frequency-domain methods of complex eigenvalue
analysis [3] has been used for the development of complex, industrial structures. This method,
however, is based on linearization of the system’s equations of motion and tends to overestimate
the number of critical frequencies that show locally unstable vibration behavior, which serve as
an indicator for the occurrence of self-induced vibrations.

For time-domain investigations, elastic multibody systems based on the floating frame of
reference approach are well suited since they encourage an efficient combination of large, non-
linearly described motions and small, linearly described deformations. Using time integration
of the original nonlinear system, the generalized coordinates can be combined and displayed
in a phase diagram, where an occurring self-induced vibration is expressed by a limit cycle.
However, these results are extremely dependent on the model configuration and very sensitive
to the actual parameter values, and so there is a distinct need of accounting for uncertainties.

In Section 2 of this paper, the floating frame of reference approach will be introduced to
discretize kinematics and to model contact in elastic multibody systems. In Section 3, model
parameters will be considered as uncertain and modeled by so-called fuzzy numbers. Finally,
in Section 4, the approach of elastic multibody systems and fuzzy arithmetic will be applied to
the time-domain simulation of a simplified brake system with uncertain parameters.

2 CONTACT SIMULATION BASED ON ELASTIC MULTIBODY SYSTEMS

Multibody systems (MBS) are well suited to simulate the kinematics and dynamics of me-
chanical systems composed by a number of rigid bodies that undergo large, nonlinearly de-
scribed motions [4]. In many engineering tasks, e.g. in vibration analyses, elastic deformations
have to be considered, and thus, the basic theory of MBS is extended to include small deforma-
tions in elastic bodies. This results in elastic multibody systems (EMBS), which are particularly
efficient for dynamic time simulations.

2.1 Floating frame of reference approach and kinematics

Regarding the modeling of elastic multibody systems, the floating frame of reference ap-
proach is used [5]. This approach is well suited for the study of oscillations in general and
friction-induced vibrations in particular, since it encourages an efficient decoupling of large,
nonlinearly described motions and small, linearly described deformations.

In this approach, a so-called floating frame of reference is attached to the elastic body in
order to decouple rigid body motion and elastic deformation. On the one hand, the translation
vector rIR and the rotation matrix SIR of the reference system KR ≡ {rIR,SIR} represent the
large, nonlinearly described rigid motion of the body with respect to the inertial system KI. On
the other hand, the small, linearly described elastic deformation of an arbitrary point P can now
be described in the reference system by considering two configurations, namely, the reference
configuration and the current or deformed configuration.

In the following, the reference system is used for describing the kinematic magnitudes of
an EMBS. As shown in Figure 1, the relative position of an arbitrary point P in the reference
configuration is described by the vector RRP. In an equivalent way, after being subjected to an
elastic deformation, rRP represents the relative position of P in the current configuration. As a
result, the deformation in between these two configurations is described by the vector uP, which

561



Igor Iroz, Michael Hanss, and Peter Eberhard

Figure 1: Floating frame of reference approach.

leads to the basic relation

rRP = RRP + uP(RRP, t). (1)

By the use of global Ritz functions, an advantageous separation of the dependent variables is
achieved [5]. The deformation of the elastic body is then given as

rRP = RRP + ΦP(RRP) · q(t), (2)

where ΦP(RRP) are the discretization-dependent elastic modes and q(t) are the time-dependent
elastic coordinates of the EMBS simulation. Now, the absolute position of the point P is char-
acterized in the current configuration by

rIP = rIR + rRP = rIR + (RRP + ΦP(RRP) · q(t)), (3)

and after differentiating Equation (3) with respect to time, its absolute velocity reads as

vIP = vIR + ω̃IR · rRP + ṙRP = vIR + ω̃IR · rRP + ΦP(RRP) · q̇(t). (4)

As a result, a complete kinematic description of an elastic body is available. Amongst others,
this description is applied when quantifying the vibration amplitudes at specific points or when
calculating the relative velocities at the contact interface, as performed in the next subsection
for a friction-affected system.

2.2 Contact modeling and dynamics

The modeling of the disc-pad contact interfaces plays a decisive role in the dynamic simula-
tion of friction-induced vibrations. In this investigation, in order to calculate the contact forces
that act in the dynamics of an EMBS, a master-slave approach with a linear penalty-factor for-
mulation [6] is used.
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Based on the kinematic discretization described in the previous subsection, absolute posi-
tions and velocities for the nodes at the contact interfaces are calculated in the inertial frame.
For the corresponding slave-master contact pairs, this allows the computation of penetration
gaps and local relative velocities in the normal and tangential directions, respectively. In this
way, normal and tangential contact forces for each contact node are calculated, which are then
transformed into the modal space using Ritz functions, as done for the deformations of the body
in Equation (2).

3 FUZZY ARITHMETIC FOR UNCERTAINTY QUANTIFICATION

Uncertainty quantification has acquired the interest of the engineering community in the last
decades. The often unknown nature of mechanical systems requires accounting for uncertain-
ties in the modeling process. Fuzzy arithmetical methods are especially well suited for this
application and are used to represent epistemic uncertainties, such as vagueness and lack of
information [7]. So-called fuzzy numbers represent the lack of knowledge in the form of a
number of nested intervals that range from intervals that represent most uncertain scenarios, to
nominal values that aim at quantifying situations of complete certainty.

Fuzzy arithmetic has already been successfully applied to multibody systems [8]. In practice,
model parameters are defined by means of preferably triangular fuzzy numbers, defined by a
nominal value and lower and upper bounds. These are then discretized for different levels α
of certainty using so-called α-cuts. At this point, fuzzy arithmetic offers a number of methods,
such as the general or reduced transformation methods or sparse-grid approaches to extract the
most efficient parameter combinations. The uncertainties can then be propagated through the
system by evaluating the time-consuming models with just a reduced number of appropriate
samples. If viewed as an input-output system, uncertain model parameters are seen as fuzzy
inputs that are first sampled and then evaluated in a system. The obtained results are gathered,
and with appropriate retransformation methods, fuzzy outputs are calculated.

In the case of EMBS simulations, uncertainties in model parameters are propagated through
the time integration, and as a result, their influence on the time-dependent output signals de-
scribing the dynamics of the system is observed. Additionally, measures of influence can be
computed, providing quantitative information about the individual effect of the uncertain model
parameters.

4 EXAMPLE OF A SELF-EXCITED DISC BRAKE

In this section, fuzzy arithmetic is applied to the elastic multibody system of a disc brake,
as shown in Figure 2. The system consists of the brake disc (green), two brake pads (red, blue)
and the caliper (olive), modeled as finite-element structures and reduced using modal reduc-
tion. The generation of the elastic bodies is performed with the EMBS-specific preprocessor
MatMorembs [9], where more advanced methods are available in addition to modal reduc-
tion [10, 11].

In the presented friction-affected system, the disc rotates around the y-axis with constant
rotational velocity ω = 1 rad/s by means of a rotational joint which is aligned to the y-axis
of the inertial system. Lower and upper pads can exhibit displacements in y-direction, and
their motion is described by the coordinates ylpad and yupad. The pads are pressed against the
disc by means of 25 separate nodal forces Fn = 16 kN with a total normal force of 400 kN at
each pressure surface. Furthermore, each pad is connected to the caliper via 25 springs with
stiffness k = 200 kN/m and act in the y-direction in order to couple pad and caliper dynamics.
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Regarding the caliper, it is connected to the inertial system on its lower-pad side by four springs
kc = 1 kN/m acting in the y-direction. Its out-of-plane motion is represented by the generalized
coordinate ycali.

Figure 2: Example of a disc brake with disc, pads and caliper.

As far as contact modeling is concerned, interfaces between each pad and the disc are de-
fined. For the elastic discretization, 25 and 48 nodes are selected, respectively, where the disc
nodes form an annular sector for efficient contact computation. As the normal direction force
law, a linear penalty formulation is used with a penalty factor of cp = 108 N/m, while for the
tangential friction law, a constant Coulomb coefficient of µ = 0.7 is selected.

4.1 Nominal results

The model described in the previous section is modeled in the Matlab-based symbolic EMBS-
program Neweul-M2 [12]. Based on the floating frame of reference approach, nonlinear equa-
tions of motion are calculated symbolically. With the nominal characteristics described before,
a time integration is performed from t0 = 0 ms to tend = 10 ms. As an ODE integrator, an
explicit, fourth-order Runge-Kutta method with a fixed time step of ∆t = 10−6 s is used. Initial
conditions for positions and velocities for both rigid and elastic coordinates are set to zero.

In the simulation results shown in Figure 3, the three generalized coordinates ylpad, yupad and
ycali are plotted. The caliper displacement ycali develops a smooth motion in comparison to the
pads. If longer simulations are performed, it can be observed that the caliper motion becomes
instable for the friction coefficient. Regarding the pad signals, more complex vibrations that
oscillate around mean values of 45 µm and −50 µm are observed. Despite both displacements
being identical at the beginning of the simulation for both pads, notable differences can be
observed from t = 2 ms on. This behavior arises due to the influence of the lower-pad side
fixation, which inserts a source of asymmetry into the system.
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Figure 3: Nominal results of the time integration.

4.2 Consideration of uncertain parameters

Now, uncertainty analyses based on fuzzy arithmetic are performed. By means of triangular
fuzzy numbers, uncertainties are considered in the model parameters, which are then propa-
gated through the system. In order to model, evaluate and postprocess system uncertainties,
the Matlab-based software package FAMOUS [13] (Fuzzy Arithmetical Modeling of Uncertain
Systems) is used.

In a first analysis, the spring stiffnesses k and kc and the nodal forces Fn are defined as un-
certain parameters. For the stiffnesses, lower and upper bounds of ±10% are assumed, while
for the nodal forces, a smaller uncertainty of ±1% is selected. The triangular fuzzy numbers
are discretized using four α-cuts, i.e. four intervals at µα = {0, 0.25, 0.50, 0.75} and a nominal
value at µα = 1. In order to calculate the fuzzy outputs of the system, the reduced transforma-
tion method is applied, which results in 33 evaluations of the model.

Based on this uncertainty analysis, the nominal results in Figure 3 can be expanded towards
contour plots, which represent the different certainty levels of the signal. The blue contour lines
range from light lines for complete uncertainty (µ = 0) to dark lines for complete certainty
(µ = 1). Furthermore, measures of absolute and relative influence of the uncertain model pa-
rameters on the overall uncertainty of the results can be calculated. The corresponding results in
Figure 4 show a notable influence of the uncertain model parameters on the transversal motion
of the upper pad yupad, where the maximal absolute influence reaches 10−3 µm. For the lower
pad and caliper motions ylpad and ycali, instead, these values barely reach 20% and 40% thereof.
These uncertainties are mainly caused by the uncertainty assumed for the nodal force Fn. De-
spite its assumed uncertainty being of just 1%, its relative influence is about 70% and 60% for
the generalized coordinates. As expected, the disc-pad interface stiffness k the influences pad
motions more than kc, and vice versa for the caliper displacement ycali. Finally, the influence of
kc is also substantial up to t = 2 ms, falling beyond Fn and k thereafter.

In a second analysis, the two stiffness parameters are considered as uncertain again. Instead
of the normal force Fn, which can be considered as an operational or service parameter, the
rotational velocity ω is now assumed as uncertain with a worst-case uncertainty of ±10%. In
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Figure 4: Stiffnesses k and kc with ±10% and normal force Fn with ±1% uncertainty.

comparison to the first uncertainty analysis, the maximal absolute influence of the system is
reduced to 0.4 · 10−3, see Figure 5. Indeed, the influence of the stiffness parameters k and
kc excels the operational parameter ω, whose relative influence barely exceeds 20% and 10%
for pad and caliper motions, respectively. As expected and already observed in the previous
analysis, the uncertainty in the stiffness parameter k is relevant for the brake pads especially at
the beginning of the simulation. For the relative influence of kc in the caliper displacement ycali,
the same behavior as in the first uncertainty analysis is observed.

5 CONCLUSIONS

In this paper, elastic multibody systems are proposed to investigate the dynamic behavior
of a brake system. The advantageous decoupling of large rigid body motion and small elastic
deformations enables an efficient computation of the contact and the vibration amplitude in the
time domain. Since these models may be sensitive to the current model parameter configuration,
there is a distinct need for the systematic consideration of uncertainties. For this reason, uncer-
tainty analyses based on fuzzy arithmetical methods are proposed, providing valuable insight
and quantitative information. In the elastic multibody system of a simplified brake system, the
influence of modeling stiffnesses together with operational parameters, such as applied nodal
forces and rotational speed, is investigated.

The results obtained from the uncertainty analyses emphasize the importance of the applied
force in the dynamical behavior of the system. Furthermore, in future time-domain investi-
gations, particular attention should be paid on the definition of interfaces between the elastic
bodies.
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Figure 5: Stiffnesses k and kc with ±10% and rotational velocity ω with ±1% uncertainty.

REFERENCES

[1] N. M. Kinkaid, O. M. O’Reilly, P. Papadopoulos. Automotive disc brake squeal. Journal
of Sound and Vibration, 267, 105–166, 2003.

[2] H. Ouyang, W. Nack, Y. Yuan, F. Chen. Numerical analysis of automotive disc brake
squeal. International Journal Vehicle Noise and Vibration, 1, 207–231, 2005.

[3] A. R. AbuBakar, H. Ouyang. Complex eigenvalue analysis and dynamic transient analysis
in predicting disc brake squeal. International Journal Vehicle Noise and Vibration, 2, 143–
155, 2006.

[4] W. Schiehlen, P. Eberhard. Applied Dynamics. Springer, Heidelberg, 2014.

[5] R. Schwertassek, O. Wallrapp. Dynamik flexibler Mehrkörpersysteme (in German).
Vieweg, Braunschweig, 1999.

[6] P. Ziegler, P. Eberhard. Investigations of gears using an elastic multibody model with con-
tact. Multibody Dynamics: Computational Methods and Applications, 23, 309–327, 2011.

[7] M. Hanss. Applied Fuzzy Arithmetic - An Introduction with Engineering Applications, 2nd
Edition. Springer, Berlin, 2010.

[8] N.-P. Walz, M. Hanss. Fuzzy arithmetical analysis of multibody systems with uncertain-
ties. Archive of Mechanical Engineering, 60, 109–125, 2013.

567



Igor Iroz, Michael Hanss, and Peter Eberhard

[9] P. Holzwarth, M. Fischer, T. Volzer, I. Iroz, P. Bestle. Software Morembs.
http://www.itm.uni-stuttgart.de/research/morembs.
(Last accessed: 2015-03-20).

[10] C. Tobias, P. Eberhard. Stress recovery with Krylov-subspaces in reduced elastic multi-
body systems. Multibody System Dynamics, 25(4), 377–393, 2011.

[11] P. Holzwarth, P. Eberhard. SVD-based improvements for component mode synthesis in
elastic multibody systems. European Journal of Mechanics - A/Solids, 49, 408–418, 2015.

[12] T. Kurz, M. Burkhardt. Software Neweul-M2.
http://www.itm.uni-stuttgart.de/research/neweul.
(Last accessed: 2015-03-20).

[13] M. Hanss, N.-P. Walz. Software FAMOUS.
http://www.itm.uni-stuttgart.de/research/famous.
(Last accessed: 2015-03-20).

568

http://www.itm.uni-stuttgart.de/research/morembs
http://www.itm.uni-stuttgart.de/research/neweul
http://www.itm.uni-stuttgart.de/research/famous


UNCECOMP 2015 

1st ECCOMAS Thematic Conference on 

International Conference on Uncertainty Quantification in 
Computational Sciences and Engineering  

M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.) 

Crete Island, Greece, 25–27 May 2015 

UNCERTAINTY QUANTIFICATION OF DYNAMIC 

CHARACTERISTICS OF COMPOSITES – A FUZZY APPROACH 

S. Dey
1
, T. Mukhopadhyay

1
, H. H. Khodaparast

1
 and S. Adhikari

1

1 
College of Engineering, Swansea University, SA2 8PP, United Kingdom 

e-mail: h.haddadkhodaparast@swansea.ac.uk 

Keywords: Uncertainty quantification, fuzzy, composite, natural frequency 

Abstract. The quantification of uncertainty in composite structures has intuitively significant 

threat to ensure structural reliability. Due to inherent complexities, composite structures are 

difficult to manufacture accurately according to its exact design specifications resulting in 

unavoidable uncertainties. Typical uncertainties are inadvertently induced due to intra-

laminate voids, incomplete curing of resin, excess resin between plies, excess matrix voids, 

porosity, variations in material properties and fibre parameters. In general, random field 

models are extensively used to represent a spatially varying function. Different probabilistic 

approaches (Monte Carlo simulation, perturbation methods, random matrix, and generalized 

polynomial chaos with Karhunen-Loève expansion) are employed for composites. In a proba-

bilistic setting, uncertainty associated with the system parameters can be modelled as random 

variables or stochastic processes using the so-called parametric approach. But in real-life 

situation due to the availability of limited sample data (crisp inputs), it will be more practical 

or realistic to follow non-probabilistic approach rather than probabilistic approach. In the 

present study, fuzzy approach is introduced to carry out the uncertainty propagation in natu-

ral frequencies of laminated composite plates using Gram-Schmidt Polynomial Chaos (PC). 

The proposed PC fuzzy model is integrated with finite element to predict the possible two ex-

treme bound of responses for different degree of fuzziness. The fuzzy variable is represented 

as a set of interval variables via membership function. The most significant input parameters 

are identified and then fuzzified. Fuzzy analysis of the first three natural frequencies for typi-

cal laminate configuration is presented to illustrate the results and its performance. 
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1 INTRODUCTION 

      On the basis of extent and nature of uncertainties exists in composite structures can be 

computationally analyzed in technical and scientific research. Most of the practical engineer-

ing problems related to composite materials are very complex and ill-defined to be modelled 

by conventional deterministic approach. Such problems contain fuzzy information of the sys-

tem which is qualitative, linguistic, imprecise, vague or incomplete in nature. The predictive 

judgment of variation of inputs or boundary conditions significantly influences the interpreta-

tion and results of the analysis. In deterministic approach, all the system parameters are as-

sumed to be precisely known but in reality, it is subjected to large amount of variability due to 

uncertainty of system input parameters such as geometric properties and material properties of 

the composites. In case of dynamic analysis, such variability plays a very significant extent on 

uncertainty in natural frequencies. This paper considers only the low frequency regime (first 

three natural frequencies). 

      In real-life problems, original Monte Carlo simulation is expensive due to high computa-

tional time. Therefore, the aim of the majority of current research is to reduce the computa-

tional cost. Under the possibilistic interpretation of fuzzy sets [1] and uncertainty environment 

[2], fuzzy variables would become a generalized interval variables. Consequently techniques 

employed in interval analysis such as classical interval arithmetic [3], affine analysis [4] or 

vertex theorems [5] can be used. The response surface based method [6] is also proposed for 

fuzzy analysis. In this context, recently fuzzy analysis is employed to deal with uncertainties 

in engineering problems using only available data [7]. Traditionally, Monte Carlo simulation 

approach is employed to obtain the uncertain random natural frequency wherein a large num-

ber of samples are taken into account. Although the uncertainty can be quantified by conven-

tional Monte Carlo approach, it incurs high cost of computation for stochastic analysis. 

Gram-Schmidt polynomial chaos is employed in conjunction to the fuzzy analysis of compo-

site structures to reduce the iteration time. This present algorithm allows derivation of poly-

nomial chaos terms for random variables with arbitrary probability distribution functions. The 

obtained polynomial chaos expansion [8] acts as a surrogate model for the full finite element 

model of composite structure. The regression coefficients of the PCE are determined by first 

sampling in the space of input parameters (D-optimal design) and then by using a least square 

technique. In the present study, four layered graphite-epoxy composite laminated cantilever 

plate is considered as furnished in Figure 1. This paper numerically investigates the demon-

stration of application of the aforesaid approach for graphite epoxy cross-ply composite canti-

lever plate. Ply orientation angle, elastic modulus, mass density and shear modulus as random 

input variables and first three natural frequencies as fuzzy output are considered in the present 

study. 

Fig. 1 Composite cantilever plate 
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Fig. 2 Scheme for fuzzy FE analysis 

2 FUZZY FORMULATION 

The concept of fuzzy [9] introduces a set of transitional states between the members and 

non-members which are represented by membership function ][ )(if  that indicates the degree 

to which each element in the domain belongs to the fuzzy set. The fuzzy number [ )(ˆ
if ] 

considering triangular membership function can be expressed as, 

],,[)(ˆ L

i

M

i

U

ii ffff   (1) 

where M

if , U

if  and L

if denote the mean value, the upper bound and lower bounds, respec-

tively.   indicates the fuzziness corresponding to α-cut where α is known as membership 

grade or degree of fuzziness ranging from 0 to 1. 

     In this paper, the triangular shaped membership function is employed. The fuzzy input 

number if can be expressed into the set iF  of (n+1) intervals )( j

if using the α-cut method 

].............,,,[)( )()()3()2()1()0( n

i

k

iiiiii ffffffF   (2) 

where n denotes the number of α-cut levels. The interval of the k-th level of the i-th fuzzy 

number is given by 

],[ ),(),()( Uk

i

Lk

i

k

i fff   (3) 

where ),( Lk

if  and ),( Uk

if  denote the lower and upper bounds of the interval at the j-th level, 

respectively. At k=n, ),( Ln

if = ),( Un

if = N

if . Here L and U denote the lower and upper bounds, 

respectively. In order to propagate uncertainty in a system where uncertain model parameters 

are represented by fuzzy input numbers, one may apply a numerical procedure of interval 
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analysis at a number of α-levels [10].  In the present analysis, the orthogonal polynomial cha-

os basis functions, derived from Gram-Schmidt algorithm is employed for uncertainty propa-

gation. The solution to fuzzy generalised equation at each α-level may be expanded into a 

polynomial chaos expansion as follows: 

)( )(ψGY  for α=0,……1 (4) 

where Y  denotes the assembled vector of output data, )( )(ψ  denotes the assembled vector 

of polynomial chaos basis functions and G indicates the matrices for the coefficients of poly-

nomial expansion. Gram-Schmidt algorithm provides the opportunity to derive the polynomi-

al chaos basis functions for arbitrary probability distribution on ‘ )( ’. The interval variable 

‘ )( ’ is denoted by normalised random variable ‘  ’ with the following uniform probability 

distribution function 




















elsewhere
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and equation (5) can be written as 

)(ψGY  (6) 

The method of Gram-Schmidt algorithm is used to determine the polynomial chaos functions 

)( k . The D-optimal design approach [11] is employed to evaluate the input design points 

for the respective samples at each α-cut and subsequently those values are called for finite el-

ement iteration.  From Hamilton’s principle [12], the governing equations for the composite 

plate are derived based on Mindlin’s theory incorporating rotary inertia, transverse shear de-

formation to find the effect of propagation of uncertainty due to variation of input parameters 

(within tolerance limit) using eigenvalue problem [13] towards output natural frequencies 

from equation (6) for each α-cut 

2

),(

)}({

1
)(







n

lk 
(7) 

3 FUZZY REPRESENTATION OF INPUT PARAMETERS 

The fuzzy input parameters are considered at each layer of laminated composite cantilever 

plate. It is assumed that the distribution of fuzzy input parameters exists within a certain toler-

ance zone with their crisp values. The fuzzy input variables considered in each layer of lami-

nate are for only variation of ply-orientation angle, longitudinal elastic modulus, mass density, 

longitudinal shear modulus and the combined variation of ply orientation angle, longitudinal 

elastic modulus, mass density and shear modulus (longitudinal). In present study,  5º for ply 

orientation angle and  10% tolerance for material properties respectively from fuzzy crisp 

values are considered. The membership grades are considered as 0 to 1 in step of 0.1. Figure 4 

presents the flowchart of present fuzzy approach. 
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Ply orientation 

angle (θ) 

Present FEM 

(6 x 6) 

Present FEM 

(8 x 8) 

Qatu and 

Leissa [14] 

0° 1.0133 1.0107 1.0175 

90° 0.2567 0.2547 0.2590 

Table 1: Non-dimensional fundamental natural frequencies of three layered (θ°/-θ°/θ°) graphite-epoxy 

untwisted composite plates, a/b=1, b/t=100 

4 RESULTS AND DISCUSSION 

A four layered graphite-epoxy cross-ply (0°/90°/0°/90°) composite cantilever plates is con-

sidered in the present computational fuzzy investigation. Table 1 presents the convergence 

study of non-dimensional fundamental natural frequencies of three layered (θ°/-θ°/θ°) graph-

ite-epoxy untwisted composite plates [14]. The present fuzzy model is employed to determine 

the non-probabilistic responses by predefined range of variations in input parameters. The 

fuzzy membership functions are used to determine the first three natural frequencies corre-

sponding to given values of input variables with different degree of fuzziness.  

  (a)     (b) 

(c) 

Fig. 3 Fuzzy variation of first three natural frequencies for four layered graphite-epoxy symmetric cross-ply 

(0°/90°/90°/0°)  composite cantilever plate considering E1=138 GPa, E2=8.9 GPa, G12=G13=7.1 GPa, G23=2.84 

GPa, ρ=3202 Kg/m
3
, t=0.006 m, ν=0.3. 
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       The uncertainty propagation of fuzzy variables can be carried out by global optimisation 

approach. The fuzzy polynomial chaos expansion (PCE) approach is adopted for uncertainty 

propagation in composite structures wherein the large number of fuzzy input variables are 

considered to optimize the upper and lower bound. From Figure 3, it is noted that )~(12 G has 

negligible effect on variation of fundamental natural frequency for cross-ply composite plate. 

In contrast, the ranges of second and third natural frequencies of cross-ply composite plates  

are in the order as )~(   > )~(1 E  > )~(12 G  > )~(   (in case of only variation of any

single input parameter) irrespective of α-cut. 

5 CONCLUSIONS 

In the present study, uncertainty quantification of first three natural frequencies with fuzzy 

variables is derived using finite element method. The computational time and cost is reduced 

by using fuzzy PCE approach. The maximum ranges of first three natural frequencies are 

consistantly found for combined variation of ply-orientation angle, elastic modulus, mass 

density and shear modulus  compared to individual variation of any input parameter 

irrespective of fuzzy α-cut. The present study can be extended for future research to deal with 

more complex system considering a large number of fuzzy variables. 
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Abstract. Non-probabilistic design of structures is a matter of assigning values to the uncer-
tain parameters involved in the design problem from an often closed, bounded and convex set. 
The mathematical problem is then to ensure that the prescribed safety constraints are satis-
fied for all the points of this set. Probabilistic design of structures on the other hand works 
with assigning probability distributions to the uncertain parameters involved and by requir-
ing that the safety constraints are satisfied with high probabilities. Through an ellipsoidal 
representation of uncertainty, the link between these methodologies is illustrated and dis-
cussed in this article. Specific focus is placed on scenarios where due to lack of underlying 
data, only the first and second moment information can be established, but where the use of 
parametric probability distributions might be controversial. The recent generalizations of the 
classical Chebychev and Gauss inequalities are utilized in this respect. A numerical example 
is used for illustration. 
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1 PROBABILISTIC VERSUS ROBUST OPTIMIZATION OF STRUCTURES  

1.1 Introduction 

Designing of any mechanical system or structure can be interpreted and mathematically for-
mulated as an optimization problem. Design variables and parameters usually include cross-
sectional properties of the structural members, material properties, structural geometry, 
boundary conditions and the applied loads. Some of these quantities are usually taken as de-
terministic design variables whose values have to be decided by the designer. Others are treat-
ed as parameters that are subject to uncertainty, to be considered in the design process. The 
rest are assumed to be parameters deterministically known to the designer. These are the pa-
rameters whose uncertainty, if at all, does not considerably affect the design based on previ-
ous experience or pre-engineering. The problem can be formulated in various ways but the 
ultimate goal would be to design a structure that satisfies a number of safety-related con-
straints. Such constraints can relate to functional, ultimate, accidental and fatigue require-
ments in various applications. 
Considering the uncertainties in the design parameters, specifically in the material and load 
properties is a central issue in any structural design and has been the subject of comprehensive 
research. The most well-known approach is to treat the uncertainties probabilistically by as-
signing (joint) probability distributions to the design parameters and targeting to satisfy a pre-
defined probability of structural failure. Numerous papers, manuscripts and books have been 
written on the subject of structural reliability and probabilistic mechanics, e.g. see [1] and its 
bibliography for a review of the field. In a broader context, decision making under probabilis-
tically-represented uncertainty has been widely studied across disciplines such as mathemati-
cal optimization, finance, and operations research. The term stochastic optimization is 
generally used by the latter communities to describe an optimization problem where some of 
its parameters are probabilistically described. Stochastic optimization dates as far back as 
Dantzig [2] and has seen enormous developments in the past few decades. Ingredients of sto-
chastic optimization literature have lots in common with structural reliability literature. The 
interested reader is referred to the several textbooks and articles that have been written on sto-
chastic optimization, such as [3] and [4] and the references therein for a comprehensive re-
view of the field.  
The second alternative for considering the uncertainties in the design parameters is to associ-
ate them with a deterministic set. In other words, the design parameters being integrated parts 
of the design optimization problem are assumed to come from a set (with dimension of uncer-
tainty) which is often taken to be closed, bounded and convex. In general, the geometry of the 
uncertainty sets can be described using different closed surfaces such as ellipsoidal, polyhe-
dral and hypercubical sets which are all convex. Convexity is not a strict requirement for the 
uncertainty sets, but it is often an appealing mathematical property that brings about unique 
computational benefits. Ben-Haim and Elishakoff [5] in a manuscript entitled convex models 
of uncertainty in applied mechanics were among the first who systematically introduced this 
approach to the structural and mechanical engineering communities. This approach has ever 
since been referred to as a non-probabilistic method, convex modeling, or a set-theoretic ap-
proach by the researchers of the respective fields. Other disciplines have also been in parallel 
researching problems of a similar mathematical nature, applied to different applications. Ro-
bust optimization is a widely used terminology by mathematical optimization, finance and 
operations research communities to describe this type of problem from the mathematical 
standpoint. In principle, a (deterministically) robust optimization is an optimization problem 
that has been immunized against change of its parameters, described by particular closed sets. 
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The book by Ben-Tal et al. [6] is a modern and advanced book that provides an extensive 
presentation of the state of the art of this discipline. The term semi-infinite programming has 
also been widely used by other groups of researchers to describe similar types of problems, 
e.g. see the review by Shapiro  [7]. The preferred terminology in this article is robust optimi-
zation. 
So-called non-probabilistic methods in civil and mechanical engineering are often advocated 
to suit the scenarios of data scarcity, as a replacement, a competitor and sometimes a compan-
ion for probabilistic analysis. In scenarios with lack of data, it is claimed that parametric 
probability distributions either cannot be established or remain a matter of hesitation. As a 
result, the probabilistic analysis based on such distributions are viewed with concern and even 
disbelief. As an example, long-lasting discussions exist in the literature criticizing the tail sen-
sitivity of reliability analyses. Whether or not such arguments are always relevant (e.g. they 
can be a result of old-fashioned malpractices in statistical analysis), the issue of scare data is a 
major concern. One may however argue against non-probabilists that the issue of data scarcity 
is more essential than to be resolvable by a change of methodology. Determining the shape 
and size of the uncertainty set in non-probabilistic or robust optimization can be envisaged as 
controversial as determining the type of probability distributions in probabilistic analysis. For 
instance, in working with experimental measurements, wrapping an ellipsoidal or hypercubi-
cal surface around some measured data based on a minimum volume philosophy (e.g. see [8] 
and [9]) can be readily controversial. Such a practice can suffer from two disadvantages. The 
first is that it entirely rules out the possibility that another set of measurements falls outside 
the fitted bounded set. The second can be that the exterior points (outliers in statistical termi-
nology) are given too much weight, as the shape and size of the set e.g. an ellipsoid, is un-
rightfully highly influenced by these data points. Let us put aside the situation where 
quantities such as mechanical property (e.g. modulus of elasticity) measurements are con-
cerned, where the design value is at least in a foreseeable range of the measured data. When 
environmental phenomena such as wind, wave and sea ice are concerned, our measurements 
of their characterizing parameters can only span duration of a few years. It is however often 
required to design the structures in these environments for much longer return periods as 
compared to the measured data. Therefore, it is virtually impossible to adopt a methodology 
of wrapping around an ellipsoidal or a hypercubical surface around the measured data points, 
which are supposedly much smaller in magnitude than the ones resulting in anticipated design 
loads. For instance, when inferring the 100-year performance of an offshore platform given 
few years of environmental measurements, the power of probability theory (e.g. covariance 
relations as a basis for statistical inference) should not be neglected, which can be used as the 
most consistent basis of establishing the uncertainty set. Therefore, the approach to tackle 
such problems cannot be non-probabilistic in terms of establishing the uncertainty set, but it 
can be so when it comes to the form of the optimization problem and the methodology for 
treating it. In addition, many modern design standards e.g. in offshore engineering have 
adopted probabilistic design philosophies which require the satisfaction of a minimum target 
reliability. This also makes the use of a purely non-probabilistic method impossible in prac-
tice. In this case, even if the size of the uncertainty set is decided, and the possibly challeng-
ing mathematical labor of performing the robust optimization is carried out, one still faces the 
question whether the code requirements are satisfied.  
Robust (non-probabilistic, or possibilistic) optimization of structures is an interesting field 
that has all the rights of being investigated-as legitimately done so (with exceptions) by many 
researchers in the past. However, in this article, a shoulder-to-shoulder presentation of proba-
bilistic and non-probabilistic analyses is provided, with specific focus on how they are interre-
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lated. This way, almost any robust design optimization will have an immediate probabilistic 
interpretation, depending on the strength of assumptions that can be made about the probabil-
ity distribution of the underlying data, from inclusive to very mild. For decades, the probabil-
istic design optimization (and the lower level reliability analysis) has been borrowing from the 
robust optimization philosophy in adopting analytical methods such as FORM and SORM. 
The opposite is also possible. The non-probabilistic design optimization, developed separately 
by the structural and mechanical engineering communities and surviving almost independent-
ly, can in return benefit from and be related to probabilistic analysis. This is nothing new in 
many disciplines but has probably not received enough attention in structural and mechanical 
engineering literature. Few exceptions exist but they mainly deal with the specific and very 
limited case of uniform distributions (either on  ellipsoidal or hypercubical support) where the 
probabilistic and non-probabilistic analyses are shown to be the same in the limit, i.e. when 
the reliability approaches to one e.g. see [10]. The present paper contains elements inspired by 
Langley’s work [11]. However, as indicated, the focus of the present paper is on the link be-
tween stochastic optimization (that is, structural optimization subject to a probabilistic con-
straint – for example, minimizing weight whilst maintaining a specified maximum failure 
probability) and robust optimization (that is, structural optimization subject to a robust con-
straint – for example, minimizing weight whilst maintaining structural integrity over a speci-
fied set of possible realizations of the uncertain parameters). By adopting an ellipsoidal 
uncertainty description for the robust optimization problem, but also by allowing the data to 
be characterized statistically by averages and a covariance matrix, the link between the two 
approaches is found to involve the covariance matrix, the ellipsoidal configuration matrix and 
an ellipsoidal size measure. Specifically, the latter is a function of the specified maximum 
failure probability, and this function is obtained via generalizations of probability inequalities 
(such as the Chebychev and Gauss inequalities). The key result of this is that a possibilistic 
design (in the robust optimization sense) may still be performed based on a specified maxi-
mum failure probability: despite the lack of a fully specified joint probability distribution 
function, the probability inequalities allow the specified maximum failure probability to be 
linked to the size of the uncertainty ellipsoid required for the possibilistic design. 

1.2 Mathematical Formulation 

The reliability-based or probabilistic optimization of a structure can be formulated as in equa-
tion (1). The formulation is a minimization with respect to design variables x  where the ob-
jective function ( )f x  is usually an indicator of structural weight or cost. The constraint, being 
a function of both the deterministic design variables x  and the uncertain design parameters u , 
requires that the structural reliability should exceed the target reliability level of 1h e= -  or 
that the structural failure be smaller than a target failure probability of e . In other words, it is 
required that the inequality constraint ( , ) 0h £x u , which is an indicator of structural safety, 
be held with a given and often high probability. The constraint in equation (1) is called a 
chance constraint in stochastic optimization literature. A single chance constraint is consid-
ered here which indicates that the structural behavior can be described by one equation, which 
is often called a component reliability problem in structural reliability literature. 


 

minimize  ( ) 

subject to   Prob( ( , ) 0) 1

Safe State

f

h
h

e£ ³ -
x

x

x u
(1) 
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The non-probabilistic or robust optimization of a structure can be formulated as in equation 
(2). Here, a safe state is required for all values of the uncertain design parameters u  belong-
ing to the set ( )Q u .  

 

minimize  ( ) 

subject to   ( , ) 0    ( )

Safe State

f

h £ " Î Q
x

x

x u u u
  (2) 

A common technique to attempt to solve problem (2) is to treat it in two levels. This implies: 

minimize  ( ) 

subject to   ( ) 0

f

h £
x

x

x
(3) 

Where ( )h x is given by, 

{ }( ) sup ( , ) | ( )h h= Î Qx x u u u (4) 

Algorithmically, we can start by an initial x . Then, we postulate that in order for the robust 
constraint in (2) to hold for all ( )Î Qu u , it is required that it holds for the worst (or supre-
mum) constraint given that particular x . The supremum constraint is then calculated by a 
lower level optimization problem that maximizes ( , )h x u , constrained by ( )Î Qu u  (see (4)). 
The membership in ( )Q u is in practice often described by inequalities. A higher level iteration 
on x  is performed until a solution is found. Various numerical algorithms can be used in or-
der to (attempt to) solve the problem. Tractable versions of the problem exist, often requiring 
strong assumptions on ( , )h x u (such as its bi-affinity with respect to both x  and u ) and ( )f x  
(its affinity). 
In this paper, the safe state is presented using a negative inequality ( , ) 0h £x u . However, the 
well-known safety margin in structural reliability literature, let’s call it ( , )g x u , often takes an 
opposite sign, i.e. ( , ) 0g ³x u  indicates safety and ( , ) 0g £x u  indicates failure. It is apparent 
that the conversion ( , ) ( , )h g= -x u x u can be trivially made. The border between safety and 
failure ( , ) 0g =x u  is called the failure surface which is the same as ( , ) 0h =x u . The conven-
tion of working with ( , ) 0h £x u  has been made in this paper to remain consistent with the 
optimization literature where constraints are usually formally presented as negative inequali-
ties. This assumption makes it less confusing to read the underlying optimization literature for 
the interested reader. For instance, it leads to familiar min-max (or min-sup), rather than the 
unfamiliar min-min (or min-inf) bi-level formulations of optimization problems with uncer-
tainty (as for instance discussed in (3) and (4)). 

2 PROBABILISTIC OPTIMIZATIONS AND THEIR ROBUST COUNTERPARTS 

We start by considering the case where the function ( , )h x u  appearing in stochastic and robust 
formulations (1) and (2) is affine (or linear) with respect to nuÎu  . We denote 
( , ) Th b= +x u a u  with nuÎa   and b Î  . Coefficients a  and  b  are functions of the de-

sign variables nxÎx  , or ( )a=a x  and ( )b b= x .  
We first investigate the robust optimization problem (2).   Assuming an ellipsoidal description 
of uncertainty for u , the optimization problem is written as: 
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{ }0 2

minimize  ( )

subject to   ( ) ( ) 0   ( ) | 1T

f

a b t t+ £ " Î X = + £
x

x

x u x u u u P
  (5) 

Where ( )X u  is the description of an ellipsoidal set, with 0
nuÎu  being the center and 

nu nu´ÎP  being a symmetric positive definite matrix determining the shape and size of the 
ellipsoid i.e. 0T=P P  . The curved inequality symbol indicates the positive definiteness. 
In fact, 0 t+u P  is an affine transformation of the unit ball 

2
1t £ , which creates an ellip-

soid.  The Euclidean norm (or the 2-norm) is defined as: 
2

Tt t t= . The robust constraint 
in (5) is equivalent to: 

{ }{ }0 2
sup ( )  + ( ) | | 1 0Ta b t tÎ X = + £ £x u x u u P   (6) 

In other words, in order for the constraint ( ) ( ) 0 Ta b+ £x u x to hold for all values of u com-
ing from the ellipsoid X ,  it is as if we require that the supremum of ( )  ( )Ta b-x u x  con-
strained by Î Xu  is negative (see previous formulations (3) and (4)). Equation (6) then 
converts to: 

{ }0 2
( )  +sup a( )  | 1 ( ) 0T T Ta t t b£ + £x u P x x   (7) 

Which becomes, 

0 2
( )  + ( ) ( ) 0T Ta a b+ £x u P x x   (8) 

Equation (8) is a deterministic analogue of the linear robust constraint in (5). This is a classi-
cal result in robust optimization. Reference is for instance made to [12] and the references 
therein. 
We now study the probabilistic optimization problem (1), given the linear safety indictor 
function ( ) ( ) 0Ta b+ £x u x . The optimization problem reads: 

minimize  ( ) 

subject to   Prob( ( ) ( ) 0) 1T

f

a b e+ £ ³ -
x

x

x u x
  (9) 

We assume that u  belongs to an ambiguous family of distributions ( , )Su u  with known 
means and covariances u  and S . In other words,  describes any (joint) probability distribu-
tion that satisfies the first and second moment information of the underlying data. The sto-
chastic constraint in (9) is equivalent to: 

{ }
( , )

inf Prob( ( ) ( ) 0) 1Ta b e+ £ ³ -
u u

x u x
 S

  (10) 

Or, 

{ }
( , )

sup Prob( ( ) ( ) 0)Ta b e+ ³ £
u u

x u x
 S

  (11) 

By treating the expected value and variance of the random variable ( )Ta x u  as 
( ( ) ) ( ) ( ) ( )T T TE a a E a= =x u x u x u  and 

21/2
2

var( ( ) ) ( )Ta a= Sx u x , equation above can be 
formulated as: 
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1/2 1/2( , )
2 2

( ) ( ) ( ) ( )
sup Prob

( ) ( )

T T Ta a b a

a a
e

ì æ öüï ï÷ç - - -ï ïï ï÷ç ³ ÷ £í ýç ÷çï ï÷÷çï ïè øï ïî þu u

x u x u x x u

x x S S S
(12) 

For a random variable z , Let’s define a function ( ) : [0,1]r +L   as: 

( )rL =
(0,1)
sup Prob( )z r³


  (13) 

The inverse of this function (if applicable) is denoted 1( ) : [0,1]r-
+L   .  

Working with the random variable ( )Ta x u  and in the light of the above definition, we get: 

1/2 1/2( , )
2 2

( ) ( ) ( ) ( )
sup Prob

( ) ( )

T T Ta a b a

a a

ì æ öüï ï÷ç - - -ï ïï ï÷ç ³ ÷ =í ýç ÷çï ï÷÷çï ïè øï ïî þu u

x u x u x x u

x x S S S
L

1/2
2

( ) ( )

( )

Tb a

a

æ ö÷ç- - ÷ç ÷ç ÷ç ÷÷çè ø

x x u

xS
(14) 

As a result, equation (12) can be reformulated as: 

L
1/2

2

( ) ( )

( )

Tb a

a
e

æ ö÷ç- - ÷ç ÷ £ç ÷ç ÷÷çè ø

x x u

xS
(15) 

Or, 

1/2
2

( ) ( )

( )

Tb a

a

- -
£

x x u

xS
1( )e-L   (16) 

With a re-arrangement, we get: 

1( ) ( )Ta e-+ Lx u 1/2
2

( ) ( ) 0a b+ ³x xS (17) 

which is also a deterministic constraint. It is readily seen that the constraint in equation (17), 
emanating from a linear stochastic constraint, has the exact same form as equation (8), which 
was originated from a linear robust constraint. For the entire equivalency, we should have: 

0 =u u (18) 

And, 

1/2g=P S   (19) 

Where, 
1( )g e-= L  (20) 

Equation (18) indicates that for a robust constraint described by an ellipsoidal set (see equa-
tion (5)) to be equivalent to a probabilistic constraint (as in equation (10)), its center should be 
placed at the mean point u  of the uncertain parameters. In addition, the shape matrix P  of the 
ellipsoidal set is related to the covariance matrix by 1/2gS . The underlying uncertainty ellip-
soid can therefore be written in different forms as below. Such an ellipsoid can be interpreted 
as an affine transformation of a ball of radius g  . 

{ }0 2
( ) | 1t tX = + £u u P (21) 
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Inversely, if we start from a robust linear constraint as in equation (5), it is possible to define a 
probabilistic counterpart for it having the form as in equation (9), via using (18) and (19).  
The main question that remains is how to calculate the ellipsoidal size factor g , or the value 
of the function L  and its inverse (see equation (20)). 
If the classical one-sided Chebychev inequality (after Cantelli [13]) is used, the result by 
Calafiore and Ghaoui [14] indicates that 0.5((1 ) / )g e e= - . This means that in order to ob-
tain a maximum target failure probability of e , under the assumption of the first two moments 
being known, one can use an ellipsoidal set with this size factor g  and perform a robust op-
timization. Such a set is the largest possible ellipsoidal set that safely warrants a maximum 
target failure probability of e . Inversely, if an ellipsoidal set with such a size factor g  is used 
for robust (or non-probabilistic) design of a structure, it is as if we are guaranteeing a mini-
mum failure probability of 21 / (1 )g+ . Such a minimum failure probability is guaranteed, 
with any realization of the underlying probability distribution for u , having the (true) given 
means and covariances.  
Through using the Chebychev inequality, the criticism of pushing the limits of reliability-
based design (and structural reliability analysis) by grossly assuming particular distribution 
types is to a good extent eliminated. However, using this classical inequality, even though it 
provides a tight bound, results in a worst-case distribution which will be discrete and can have 
few atoms. In other words, the ellipsoidal uncertainty set might be too large (large g ), or 
equivalently the guaranteed failure probability can be quite weak (small e ). In spite of all this, 
it is emphasized that this notion has been extensively used across various disciplines (e.g. 
control applications) owing to the safe results it can provide. It might similarly be preferred in 
structural and mechanical engineering applications where the underlying data and knowledge 
is very limited and the stakeholder is not at comfort to make assumptions regarding the distri-
bution types.  
A mild additional assumption that can be imposed on the structure of the worst probability 
distribution (belonging to the ambiguous family ( , )Su ) is unimodality. Crudely speaking, a 
univariate continuous probability density function is unimodal if it is non-increasing as we get 
away from a central point called the mode. In other words, smaller probability densities are 
assigned as the deviation from mode increases, a property that is reasonable to assume in 
many practical applications. Several of the commonly used parametric probability distribu-
tions are unsurprisingly unimodal. Few examples are normal, Cauchy, Student, chi-square, 
logistic, beta ( ,  >1a b ), and gamma ( ,  >1a b ). Unimodality is a critical piece of additional 
information, beyond the knowledge of first and second moments, that can result in much less 
conservative results relative to the scenario where the one-sided Chebychev inequality is used. 
Gauss inequality [15] is a well-known subset of the Chebychev inequality given the property 
of unimodality for the distribution. From [15], it can be seen that the two-sided Chebychev 
bound for univariate random variables is subject to an improvement by a considerable factor 
of 4 / 9  if the distribution is unimodal. As equation (13) indicates, we are interested in a one-
sided inequality (rather than a two-sided one), by which we can calculate the supremum prob-
ability of a random variable exceeding a certain limit (this limit is often described in the unit 
of standard deviations). The one-sided version of Gauss inequality does not exist analytically 
(as it does for the Chebychev inequality after Cantelli [13]). However, it can be numerically 
calculated using the recent results by [16] through solving a semidefinite program (SDP) with 
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matrix inequalities. The proposed methodology in the mentioned reference can be more gen-
erally used to calculate the probability of falling outside any arbitrary polytope (a closed con-
vex set with linear boundaries) in the uncertain parameter space given the assumption of first 
and second moments in addition to unimodality. In this article, we cover a single probabilistic 
constraint, rather than multiple ones. The unimodal family of distributions is denoted by a . 

One-Sided Univariate Gauss Inequality [16]. The upper bound for Prob( )u u r- >  when 
u  belongs to the family of unimodal probability distributions ( , )ua s with known first and 
second moments is the solution to the following optimization problem.  
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(22) 

Function ( )rL  (see equation (13)) can therefore in this case be evaluated by setting 0m =  in 
the optimization problem above and solving it. A subscript can be added to the function sym-
bol ( aL ) to indicate the value of a  that is used. 
Parameter a  in equations above is in line with the definition of the concept of a -unimodali-
ty, which is a generalized notion of unimodality. In theory, the parameter a  can vary in the 
range (0, )¥ . For the above univariate case, if a  is set to 1 in (22), where 1 is in fact the di-
mension of the uncertainty vector, we get the one-sided version of the celebrated two-sided 
Gauss inequality as in [15]. Interestingly, if a approaches infinity in this case, it can be shown 
that solving problem (22) results in the one-sided Chebychev bound after Cantelli [13]. Our 
previous notation ( , )u s  for the Chebychev-based family of distributions can therefore be 
more precisely written as ( , )u s¥ . If a approaches 0 (which is not of particular interest to 
us), the extreme probability density tends to the Dirac delta function at the mode. The two 
practical and readily interpretable a  values for univariate cases are 1 and infinity, as just ex-
plained.  
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For multivariate cases, a natural supposition for the parameter a  is nua =  which is the di-
mension of the uncertainty vector nuÎu  . This assumption creates a so-called star-unimodal 
distribution. Star-unimodal distributions have a non-increasing density along any ray emanat-
ing from their mode (often taken as 0  without loss of generality), which is an intuitive ana-
logue of the univariate definition of unimodality. A multivariate normal density is for instance 
star-unimodal. However, star-unimodality can generate much more diverse and noninnocent-
looking distributions. The important class of star-unimodal distributions ( , )nua= u S is simp-
ly denoted *( , )u S . 
We do not plan to get into more mathematical details regarding the notion of a -unimodality 
in order to limit the length of this paper. We refer the interested reader to [17] and [16] for 
additional details. 
So far, we treated the case where u  belonged to an ambiguous family of distributions 

( , )¥ u S  or ( , )a u S (and its subset *( , )u S ). We now treat the case where u  has a 
known distribution. The most common case is when u  is normally distributed  ( , )Nu u S . 
This situation is also consistent with the principle of maximum entropy. For a continuous dis-
tribution with a given variance and an arbitrary (but known) mean, it can be shown that the 
distribution with maximum entropy is normal. This situation with normal u  (either known, or 
based on the maximum entropy principle) can be treated as a subcategory of the previous cas-
es that were just discussed.  
We take the discussions that were given previously in this section from equation (12) onwards. 
The supremum in this equation needs to be dropped as we are dealing with a known distribu-
tion, rather than an ambiguous one. We will therefore have: 

1/2 1/2 1/2
2 2 2

( ) ( ) ( ) ( ) ( ) ( )
Prob 1

( ) ( ) ( )

T T T Ta a b a b a

a a a
e

æ ö æ ö÷ ÷ç ç- - - - -÷ ÷ç ç³ ÷ = -F ÷ £ç ç÷ ÷ç ç÷ ÷S S S÷ ÷ç çè ø è ø

x u x u x x u x x u

x x x
  (23) 

where F is the cumulative density function (CDF) of the standard normal distribution. This is 
simply because ( )Txa u  is normally distributed, which is standardized by deducting its mean 
and dividing by its standard deviation inside the probability operator in equation above. 
In other words, function ( )rL  can in this case be related to the CDF of the standard normal 
distribution by:  

( )rL =  Prob( ) 1 ( ) ( )z r r r³ = -F = F -   (24) 

The function ( )rL  can be in general (for the Chebychev and Gauss inequality cases) be con-
sidered as a cumulative belief function, considering a Depmster-Shafer structure. This func-
tion, as shown above, degenerates to a precise cumulative distribution function when the 
uncertainty is fully described. Further discussion about which is left out of the scope of this 
article.  
Using equation (23), we get: 

1/2
2

( ) ( )
1

( )

Tb a

a
e

æ ö÷ç- - ÷çF ÷ ³ -ç ÷ç ÷S ÷çè ø

x x u

x
  (25) 

By applying  the inverse operator 1-F on both sides of equation above and a rearrangement, 
we finally get: 

1 1/2
2

( ) (1 ) ( ) ( ) 0Ta a be-+ F - S + ³x u x x   (26) 
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which is also a deterministic constraint, having the exact same form as before. The ellipsoidal 
size factor in this case is 1 1 1(1 ) ( ) ( )g e h e- - -= F - = F = -F , which with no accident coin-
cides with  the celebrated reliability index in structural reliability literature. As a result, every 
linear probabilistic constraint with a normal description has an ellipsoidal robust counterpart. 
The opposite also applies. Any linear robust constraint whose parameters are described by an 
ellipsoidal set can be interpreted as a Gaussian probabilistic constraint. In other words, proba-
bilistic and robust optimization problems (1) and (2) can be viewed as exactly equivalent in 
this case. 
Calafiore and Ghaoui [14] showed that this conclusion applies to probabilistic constraints 
with parameters described by any radial distribution. Another interesting case (beyond normal 
distribution) is the uniform distribution on ellipsoidal support, which is radial and hence en-
joys from having a robust counterpart-even though radiality is not a necessary requirement for 
having a robust counterpart. 
Let us now introduce the transformation ( ) QT= = +z u u q , defined by 1/2Q = S and 

1/2= -q uS . Such a transformation, applied on a normal uncertain vector u  is equivalent to 
its transformation into an uncorrelated and standardized space. In other words, the transfor-
mation converts ( , )N= Su u  into ( , )N=z 0 I . Additionally, it can be easily shown that ( )T u  
transforms the uncertainty ellipsoid in equation (21) to a ball of radius g  centered at 0 , as 
formulated below: 

{ }2B( ) ( ) ( )T g= - - £z z z z z   (27)

In this new space, both the stochastic and robust constrains can be converted into the com-
monly presented deterministic constraint: 

2
( ) ( ) 0a bg + £x x (28) 

with g  remaining the same as previously discussed. This simply indicates that for our par-
ticular problem, instead of working in space u  of uncertain parameters, we could choose to 
work in the transformed space z  with no difference. This transformation is not necessary 
from computational point of view, when normally-distributed vectors are involved (essential-
ly even with nonlinear failure surfaces, as will be discussed in the next section). However, it 
may prove conceptually useful because a ball has a simpler description than an ellipsoid. In 
addition, we will be dealing with a probabilistic space where advancement in any direction is 
equivalent, which is conceptually appealing. However, this is the well-known key to treatment 
of non-Gaussian variables in advanced FORM/SORM analysis (and FORM/SORM based re-
liability-based optimization). Through using the renowned Rosenblatt transform (or other 
transforms), the uncertain parameters u  with any joint probability distribution ( )pu u  can be 
transformed into an uncorrelated standardized space z : ( )R=z u . With this, we are in a simi-
lar z  environment as just described. Even without any transformation into z  space, the robust 
design is still meaningful in original space. The shape of the uncertainty set is however not 
anymore ellipsoidal (or ball-like) but rather decided by the form of the underlying probabilis-
tic model i.e. the joint probability distribution ( )pu u . The shape of the bounded uncertainty 
sets can in fact be taken as the shape of the iso-density contours of the joint probability distri-
bution. However, parametrizing the shape of the uncertainty sets (using a single parameter 
like g ) becomes more challenging, and the calculation of such a size factor based on a target 
reliability gets more demanding. We do not plan to elaborate further in this direction. 
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3 ON THE NONLINEARITY OF THE FAILURE SURFACE 

We first give two definitions. 
Definition: Quasiconvexity and Quasiconcavity [12]. A function :  nf    is qua-
siconvex if its domain and all its sublevel sets are convex. The sublevel sets are defined as: 

{ }  | ( )S u f f ua a= Î £dom for a Î  . A function is quasiconcave if f-  is quasiconvex. 
In other words, if its superlevel sets { }  | ( )S u f f ua a= Î ³dom are convex.  
Quasiconvexity is a significant generalization of convexity. This is because it deals with con-
vexity of the lowerlevel sets of a function rather than the function itself. It is easy to show that 
all quasiconvex functions are convex, but that the opposite obviously does not hold. The same 
applies to quasiconcavity. 
Let us get back to our safety indicator function ( , )h x u . According to our definition, we know 
that the superlevel sets of this function with respect to u ,  { }0   | ( ) 0S h h= Î ³u dom u , 
indicate failure. Therefore, the convexity of failure region is equivalent to quasiconcavity of 
h . As h g= - , this is equal to quasiconvexity of the safety margin g .   
Various quasiconvex safety margins 2( , ) :g x u    (or quasiconcave h  functions) are 
shown in Figure 1 via illustrating their level sets in the 2Îu   space. The failure curves 

0g =  are shown by bold boundaries, all touching an uncertainty ellipsoid. The dark gray re-
gions are the sublevel sets of the g  functions (i.e. 0g £ ) or the failure region which are all 
convex sets. Linear, quadratic, and polyhedral boundaries among other types can all mark 
convex failure regions and therefore quasiconvex safety margins. This would of course de-
pend on the side the sublevel sets of g  fall upon, or we will inversely get a quasiconcave safe-
ty margin. The illustrations are given in conjunction with a robust design optimization. 
Apparently, the same applies to a probabilistic design optimization. 
Quasiconvexity of safety margin g  has an immediate implication in our design optimization 
problems. This property ensures that the actual failure region remains inside an approximate 
linearly-bounded failure region, as shown in Figure 2. A robust-optimal design is shown in 
this figure with optimal values *x  for the design variables. The safety margin is therefore pro-
jected as *( , ) ( )g g=x u u  in the uncertain parameter space. Working with the linear boundary 
in order to estimate the failure probability guarantee of a robust design optimization results in 
safe approximations in this case. However, if the safety margin becomes quasiconcave, one 
can be certain that the linear approximation results in under-designs.  
In scenarios that we neither have a quasiconvex nor a quasiconcave safety margin, one cannot 
be certain whether an under- or an over-design is resulted. However, we still have an approx-
imate result in place. In these scenarios (also with quasiconcave safety margins), the probabil-
ity of falling outside the entire uncertainty ellipsoid can be used as a safe approximation. The 
other alternative would be to evaluate the exact failure probability by Monte Carlo simulation 
(MCS) when the probability distributions are known (which is evident). In the case of Cheby-
chev-based ambiguity set ( , )¥ u S , the results by [18] can be used when failure surfaces are 
quadratic (or can be quadratically-approximated). Using the results in [18], we can deal with 
the lower-level optimization problem, to be embedded in the higher level problem of design 
optimization. In the case of Gauss-based ambiguity set ( , )a u S , the failure region (or its 
complement) can be safely approximated by a polytopic convex hull and the results after [16] 
can be applied. To limit the length of this paper, we do not further explain in this direction. 
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Figure 1   Five instances of quasiconvex safety margin g  (equivalent to quasiconcaveh ) in a robust design op-

timization. 

Figure 2   A quasiconvex safety margin and its linear safe approximation in a robust design optimization. 

4 SUMMARY OF RESULTS 

In this section, we summarize the results of Section  2, in the light of the nonlinearity discus-
sions that were given in Section  3. A comparison is given in Table 1. In this table, the equiva-
lent probabilistic and robust linear constraints are presented for different assumptions related 
to the probability distributions. Such an equivalence is a two-way relationship, and is exact 
for linear (with respect to u ) safety margins.  

Probabilistic Constraint Equivalent Robust Constraint 

Prob( 0) 1   

( , )

T b

N

e+ £ ³ -a u

u u S
Maximum Entropy Distribution { }1 1/2

2

0  

( ) ( ) | 1

T b

t tf e-

+ £

" Î X = - S £

a u

u u u

Prob( 0) 1   

( , )

T b

a

e+ £ ³ -a u

u u  S
Gauss-based Family of Distribution { }1 1/2

2

0  

( ) ( ) | 1

T b

t ta e-

+ £

" Î X = + L S £

a u

u u u

Prob( 0) 1   

( , )

T b e

¥

+ £ ³ -a u

u u  S
Chebychev-based Family of Distribution { }0.5 1/2

2

0  

( ) ((1 ) / ) | 1

T b

t te e

+ £

" Î X = + - S £

a u

u u u

Table 1   Summary of equivalent probabilistic and robust constraints based on different assumptions for the un-
derlying probability distribution. 

If a robust optimization with an ellipsoidal set of size g  is performed, it is as if we have satis-
fied the failure probabilities listed in Table 2 depending on the strength of assumption about 

failure 

failure 

Uncertainty set 

*( , ) 0g =x u

*u

Uncertainty set 
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the probability distribution of the underlying data given its first and second moments. Such a 
failure probability is guaranteed for failure surfaces that are linear with respect to uncertain 
parameters u , or in the more general case where ( , ) ( , )h g= -x u x u  is quasiconcave in u . In 
the linear case, the failure probability is sharply guaranteed. However, in the case of qua-
siconcave ( , )h x u , the probability of failure is not guaranteed sharply. This means that one can 
be certain that the failure probability cannot be larger than the listed probability guarantee, but 
might be smaller (which is acceptable). In other circumstance i.e. when ( , )h x u  is not qua-
siconcave, the given failure probability is only an approximate failure probability guarantee, 
meaning that it could be exceeded. In this situation, one can consult with the discussions giv-
en at the end of Section  3. 
In an inverse fashion, with a target failure probability of e  in mind, the guaranteed size of the 
uncertainty set can be determined as presented in Table 3. In other words, if the ellipsoidal set 
is defined by the proposed size factors, we can be certain that the given target failure probabil-
ity is achieved. The size of the ellipsoidal set is exact for linear safety margins and larger than 
what it could have been if ( , ) ( , )h g= -x u x u  was quasiconcave. In any case, the ellipsoidal 
set has a guaranteed size as it results in an acceptable design (which may be marginally con-
servative if ( , )h x u  becomes quasiconcave). If ( , )h x u  is not quasiconcave, the design ellip-
soid given in Table 3 can produce (in many practical cases only marginally) non-conservative 
designs. This non-conservativeness can be removed by following the discussions briefly pre-
sented at the end of Section  3. 
 

Assumption Failure Probability Guarantee (Given g ) 

Maximum Entropy Distribution ( )gF -  

Gauss-based Family of Distribution ( )a gL  

Chebychev-based Family of Distribution 21 / (1 )g+  

Table 2   Summary of failure probability guarantee given the size of the uncertainty set g . 

 

Assumption Guaranteed ellipsoidal size factor (Given e ) 

Maximum Entropy Distribution 1( )e--F  

Gauss-based Family of Distribution 1( )a e-L  

Chebychev-based Family of Distribution 0.5((1 ) / )e e-  

Table 3   Summary of the guaranteed size of the uncertainty set given the target failure probability e . 

5 NUMERICAL EXAMPLE 

Consider the simply-supported on-way concrete roof slab illustrated in Figure 3 that is rein-
forced in the lower (tensile) part of the cross-section. The problem is taken from [1], Example 
1.1., and modified. The slab has the span length L  (determined by architectural considera-
tions), the height h  (determined by experience, pre-engineering and construction restraints 
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which is often a direct function of L ), and an effective height eh  (often characterizable as a 
function of beam height and therefore the span length in practice; This can be verified after 
calculating the neutral axis based on compressive part of concrete). The main designer’s 
choice with a predefined span length will therefore be the reinforcement cross-sectional ar-
ea sA . The reinforcement steel strength sf  is often pre-decided based on market situation and 
common practice. It is therefore assumed here that a safe deterministic estimate of sf  is avail-
able to the designer. In other words, sf  is treated as a deterministic design parameter. This 
assumption has been made as sufficient data exists about steel manufacturing subject to strict 
quality controls, especially in comparison with the loads exerted on the beam which are con-
sidered the main source of uncertainty. The beam is subjected to dead load (material weight), 
live load (human activity load) and snow (environmental) loads at the top. All the loads are 
treated quasi-statically i.e. no dynamics involved. The main uncertainty is attributed to the 
live ( 1u ) and snow ( 2u ) loads, as we have deficient knowledge and statistical data about them. 
The dead load (w ) is treated deterministically by using its safe conservative estimate based 
on our existing knowledge and experience. The failure in this example is determined by for-
mation of a plastic hinge in mid-span as a result of the external loads. The bending moment 
capacity of the slab is p s e sM f h A= (ignoring the effect of concrete compressive strength) and 
the mid-span bending moment is 2

1 20.125 (w )mM L u u= + + . The safety margin is therefore 
formulated as: 

1

2 2 2
1 2

2
1 2

1 1 2

( , )

(0.125 0.125 0.125 )

( / ) (0.125 0.125 0.125 )

0.125 0.125 0.125

p m

s e s

s e s

x

s

g M M

f h A L u L u L w

f h A L u u w

f x u u w

= -

= - + +

= - + +

= - - -

x u


  (29) 

In this formulation, the design variable is taken as 2
1 /e sx h A L= resulting in a biaffine (affine 

with respect to both x  and u ) safety margin. The ratio 2/eh L  is often a constant for practical 
ranges of span length. The major design variable sA  can therefore be simply recovered from 

1x . Biaffinity of the safety margin is not a must, as we discussed in the article, but simplifies 
the situation by creating a tractable optimization problem (i.e. a second-order cone program or 
an SOCP). Otherwise, we would have to resort to methods such as sequential programming.  

Figure 3 A reinforced concrete roof slab. 

Based on the existing historical data, the annual maximum values of the live and snow loads 
(for a particular type of building and geographical region) are determined to have the ex-
pected values: 2[30  37] kN/mT=u  and the covariances 

2 2 2(30 0.1) 0 ; 0 (37 0.25) (kPa)é ù= ´ ´ê úë ûS . The semicolon symbol is used to separate 
the matrix rows. The stochastic formulation of the problem is given below. The objective 
function is defined as 1( )f x=x , resulting in the amount of reinforcement sA  to be minimized 
(given a constant 2/eh L ). Given the uncertainty in the loads, the purpose of the design would 
be to determine the amount of reinforcement such that the safety constraint ( , ) 0g ³x u  is 
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satisfied with a specified annual probability. For this simple numerical exercise, we require 
that the annual failure probability is at most 0.001 . The problem is formulated as: 

1

1

0.999 

minimize  ( )

subject to   Prob( ( , ) 0) 1 0.001
x

Safe State

f x

g
=

=

³ ³ -
x

x

x u 
(30) 

Which as shown in the paper has an exact robust counterpart for Normal, Gauss-based and 
Chebychev-based family of distributions for u : 

1minimize  

subject to ( , ) 0  ( )

x

g ³ " Î X =
x

x u u u { }1 2( ) ( )T g-- - £u u u uS
(31) 

where the ellipsoidal size g  depends on the degree of assumption about the distribution on u  
according to Table 3. To create tangible results, we treat a realistic slab with 4.0mL = , 

0.4mh = , 0.75 0.3meh h= ´ = , / 1.15 500 / 1.15 435MPas ysf f= = = . The design op-
timization is performed through solving the SOCPs corresponding to the robust formulations 
above. The size factor corresponding to the Gauss-based family of distributions is calculated 
using a MATLAB-based SDP solver according to equation (22). The results are listed in Ta-
ble 4 below.  
The design optimization is also performed (probabilistically) for the situation where u  is 
lognormally or extreme-value distributed. Parameters of the extreme value distributions are 
determined based on the original data as 1 (3.14, 0.23)u ev  and 2 (4.12, 0.72)u ev , which 
are of course consistent with the data means and covariances as given before. Both these cases 
are handled by FORM, as well as Monte Carlo simulation. The presented required reinforce-
ments are based on MCS, as it is slightly more precise.  

Live Load 

1u  
Snow Load 

2u
Size Factor g

Required Reinforcement 

2( / 1 )sA m m  N 3D / mmmf

F
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ut
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n ( , )Nu u S  1 ) .1( 3e--F =  0.000304  8 12mmf@

( , ) with ,evdu a b u S  3.03   
(FORM) 

0.000281  
(MCS) 

8 12mmf@

( , )logNu u S  3.09   
(FORM) 

0.000312  
(MCS)

9 12mmf@

P
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ti
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ly
  

K
no

w
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D
is

-
tr

ib
ut

io
n *( , )u u  S  1( ) 22.3a e-L =  0.000661  11 15mmf@

( , )¥u u  S  
0.5((1 ) / ) 31.6e e- =

0.000833  14 15mmf@

Table 4   Summary of results. 
The amount of reinforcement for all cases is presented per meter width of the one-way slab. 
Assuming that the slab has a width of 3 meters, the amount of steel is converted into the num-
ber of rebars of specified diameter. The Gauss-based family of distributions results in 11 re-
bars of diameter 15 in the width of the beam, as compared to the case corresponding to 
lognormal distribution which requires 9 rebars of diameter 12 in the same width. The in-
creased number and diameter of the rebars is at the cost of not assuming any specific proba-
bility distribution for annual live and snow load data, except that their joint distribution is 
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unimodal. If the target reliability was smaller, the difference between results of the ambiguous 
and parametric distributions would be reduced. 
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Abstract. This paper presents a new reference-tracking control methodology for nonlinear 
dynamical systems in the presence of unknown, but bounded, uncertainties in the system. To 
this end, two controllers are combined. A nonlinear controller is first developed to exactly 
track the desired reference trajectory assuming no uncertainties in the nonlinear nominal sys-
tem. The entire nonlinear dynamics of the nominal system is included and no approxima-
tions/linearizations are made. Next, an additional continuous controller is developed in 
closed form to compensate for uncertainties in the physical model by generalizing the concept 
of sliding surfaces. Unlike conventional sliding mode control, this Lyapunov-based approach 
eliminates the chattering problem by replacing a signum function with a set of continuous 
functions that may have different forms depending on practical considerations related to ac-
tuator implementation. Among these possible forms, special attention is paid to a controller 
with a PID form. By using Lyapunov stability theory it is shown that this additional controller 
forces the tracking errors that arise because of the uncertainties in the system to move into a 
small, user-specified region around the generalized sliding surface. Once these tracking er-
rors enter this small region, if the original nonlinear system is assumed to be linearizable, 
then linear control theory will ensure that they will further converge to even smaller values. A 
numerical example is provided, in which a satellite in the presence of air drag is required to 
maintain a specific, circular orbit around the Earth whose gravity field is imprecisely known. 
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The example demonstrates the accuracy, efficiency, and ease of implementation of the control 
methodology.  

1 INTRODUCTION 
The reference-tracking problem arises in many practical situations such as the steering con-

trol of an automobile and the flight control of a missile. Applications to astronautical engi-
neering include orbital station-keeping of a satellite and formation-keeping of multiple 
satellites. In this field, optimal control is especially critical in that the number of thruster 
burns a satellite can implement during its lifetime is limited. 

If a linear equation of motion for a dynamical system is utilized, the optimal solution may 
be easily found by solving the LQR (Linear Quadratic Regulator) problem [1]. However, if 
the system is nonlinear so that linear control theory cannot apply, the tracking problem be-
comes challenging and it is much more difficult to find analytical solutions. In the field of an-
alytical dynamics, recently a new, analytical approach [2,3] has been proposed that obtains 
the equation of motion for constrained systems, which is sometimes called the fundamental 
equation of constrained motion (FECM), whether the constraints are holonomic or 
nonholonomic. One can recast the given trajectory requirements on a dynamical system as 
constraints on it so that the constraint force now becomes the control force that is required to 
make the dynamics satisfy the trajectory requirements (constraints) placed on it. This method-
ology not only carries all the nonlinearities inherited from the original dynamical system, but 
also expresses the control forces succinctly in closed form [3,4], which inspires many applica-
tions. For example, formation-keeping control schemes for a set of satellites were proposed 
where the reference trajectory is Keplerian [5] or arbitrary [6]. Also, a rigorous, analytical 
analysis for the orbital and attitude control algorithms of satellites in a formation was per-
formed, deepening insight into the satellite formation system with orbital and attitude re-
quirements [7]. Also, this resultant constraint force is optimal in the sense that it minimizes 
the control cost at each instant of time. 

However, this strategy is said to be ideal because it is based on the assumption that the dy-
namical model is perfectly known and the states are precisely measured. In real-life dynam-
ical systems, exact modeling is never possible because there always exist parameter 
uncertainties and disturbances, making our knowledge of the dynamical system uncertain. 
Sliding mode control (SMC) is widely adopted to cope with such uncertainties due to its sim-
plicity and robustness [8,9]. However, it generally induces a serious problem called chattering, 
which involves high control oscillations and sometimes brings unintended nonlinearities into 
the system. The two common methods to avoid the chattering problem are the boundary layer 
approach [10,11] and the use of high-order SMC [12]. In the boundary approach, however, 
less chattering occurs at the expense of worse control performance (i.e., larger tracking errors). 
Also, the use of high-order SMC usually requires complex calculations. 

To obviate these difficulties, in this paper the tracking control problem is solved using a 
two-step approach. In the first step, a nonlinear controller is analytically developed using the 
concept of the FECM. All the nonlinearities of the original system are preserved and no ap-
proximations are made. In this step, the system is assumed to be ‘nominal’ in the sense that it 
is our best assessment of the actual system that can be obtained through measurements and/or 
modeling; accordingly no uncertainties are considered. The discrepancies caused by ignoring 
the uncertainties are compensated by using an additional controller and this comprises the se-
cond step of our approach. This controller is in a sense a generalization of the boundary layer 
approach since the concept of the boundary layer is employed to prove the Lyapunov stability. 
However, the new SMC developed herein has more variant forms for pragmatic implementa-
tion and more flexibility in choosing control gains to acquire better control performance. 
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Among others, a special PID-form of SMC is analyzed in detail due to its simplicity and ad-
vantages, thanks to linear control theory. In other words, much better performance is guaran-
teed, i.e., very small steady-state errors, less chattering, and faster response, thus extending 
the previous approach presented in Ref. [13] in which the tracking accuracy is not improved 
within the boundary layer. As a numerical example an orbital station-keeping control problem 
is provided in which a satellite in the presence of atmospheric drag is orbiting the Earth while 
the non-uniform gravitational field that it is subjected to is imprecisely known. This simula-
tion confirms the validity and reliability of the novel control approach proposed in this paper. 

2 EXACT REFERENCE-TRACKING CONTROL FOR NONLINEAR NOMINAL 
SYSTEMS WITH NO UNCERTAINTIES 

In this paper, two different controllers will be combined to track the desired reference tra-
jectory in the presence of system uncertainties. In this section, the first controller will be de-
veloped assuming no uncertainties in the nonlinear nominal system – our best assessment of 
the actual physical system. Without any constraints, the equation of motion of a dynamical 
system is described by the Lagrange’s equation: 

       , , , ,M q t q t Q q t q t t     (1) 

or 

         1 , , , : ,q t M q t Q q t q t t a t     (2) 

where t represents time,        1 2
T

nq t q t q t q t     is a generalized displacement
vector, 0M   is an n by n mass matrix, Q  is the n by 1 given generalized force vector, and 
 a t  is the n  by 1 unconstrained acceleration vector. In addition, the superscript “T” denotes 

the transpose of a vector or a matrix and n is the number of the generalized coordinates. 
Now it is assumed that the unconstrained system described by Eqs. (1) or (2) is subjected 

to p constraints which are of the form 

 , , 0,  1, 2, , .j q q t j p     (3) 

Differentiating Eq. (3) with respect to time once (for nonholonomic constraints) or twice (for 
holonomic constraints) yields the following constraint equation: 

         , , , , ,A q t q t t q t b q t q t t         (4) 

where the matrix A is a p by n matrix and b is a p by 1 vector. 
Then, the aim is to obtain a vector q  in closed form that satisfies the constraint equation, 

Eq. (4), and that simultaneously minimizes the required additional control effort. First, the 
solution to Eq. (4) is explicitly given by [14]: 

 † † ,q A b I A A h   (5) 

where I is the n by n identity matrix, the superscript “†” denotes the Moore-Penrose general-
ized inverse, and h is an arbitrary n by 1 vector. From the perspective of controller design, it is 
generally desired to obtain this arbitrary h so that it minimizes the following cost function at 
each instant of time: 

   .TJ q a M q a     (6) 



Substituting h that minimizes Eq. (6) back to Eq. (5), we finally obtain the following equation 
of motion in the presence of the constraints given by Eq. (3) [14]: 

     
†-1 -1 .T Tq t a M A AM A b Aa   (7) 

From Eq. (7), the required control force Qc(t) is easily obtained in closed form: 

       
†-1: .c T TQ t M q a A AM A b Aa    (8) 

Originally, this idea is inspired by a recent finding in analytical dynamics [2-4] and Eq. (7) is 
called the fundamental equation of constrained motion (FECM). It must be noted that we 
have explicitly obtained the control force, Eq. (8), while preserving the full nonlinearities of 
the original dynamical system. In what follows we shall interpret the constraints given in Eq. 
(3) as the trajectory requirements that the dynamical system described in Eq. (1) is required to 
track [3,4]. 

Up to now, the exact control force Qc(t) has been developed assuming no uncertainties in 
the dynamical system. In the next section a new additional controller will be derived and add-
ed in order to handle the effects of uncertainties. 

3 CONTINUOUS SLIDING MODE CONTROL TO COPE WITH SYSTEM 
UNCERTAINTIES 

The controller developed based on the FECM in the previous section requires the exact in-
formation about the generalized displacement and velocity in real time. However, this is not 
the case in the actual physical world because of the imprecise modeling, measurement errors, 
and so on. Hence, a controller used in the real world is required to be robust in the sense that 
it can successfully track the reference trajectory regardless of these uncertainty effects. A slid-
ing mode control is generally adopted to cope with uncertainties due to its simplicity and high 
robustness. However, one main drawback of the conventional sliding mode control is the 
chattering problem: high-frequency oscillations in the states and/or in the control forces. Gen-
erally, a boundary layer approach is employed to avoid this problem, which uses the satura-
tion function in place of the discontinuous signum function, but this method results in a 
tradeoff between the chattering and tracking errors, so the errors may not converge although 
they are bounded. In the present paper, it will be shown that instead of the existing signum or 
saturation functions, many other continuous functions are possible to be used to avoid the 
chattering phenomenon.  

For the constrained nominal system with no uncertainties, the equation of motion is given 
by 

     , , ,cMq t Q q q t Q t   (9) 

where  , ,Q q q t  is a given generalized force and Qc(t) is the generalized control force that is 
explicitly given in Eq. (8). This generalized control force is added to exactly satisfy the given 
trajectory requirements (constraints) given in Eq. (3). However, in the real world, it may not 
possible to exactly determine the mass matrix M and the given force Q. Hence, application of 
the control force Qc(t) to the actual (unknown) system generally results in 

     , , ,c
a aM q t Q q q t Q t   (10) 

where Ma and Qa are the actual (unknown) mass matrix and the actual (unknown) given force, 
respectively. In general, the left hand side in relation (10) does not equal the right hand side 
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because Qc(t) does not exactly compensate the difference between aM q  and Qa due to uncer-
tainties in the actual system. Hence, it is necessary to apply an additional generalized control 
force Qu(t) to equate both sides in Eq. (10). Thus, to successfully track the given reference 
trajectory even in the presence of system uncertainties the equation of motion becomes 

       , , ,c u
a c a c cM q t Q q q t Q t Q t    (11) 

where qc(t) denotes the controlled, actual generalized displacement vector. The additional 
control force Qu(t) will be developed by generalizing the concept of sliding mode control. 
From here on for brevity, the arguments of the various quantities will be suppressed unless 
required for clarity. 

First, from Eqs. (9) and (11), we have 

 1 ,cq M Q Q  (12a) 

 1 .c u
c a aq M Q Q Q   (12b) 

If the error e(t) is defined by 

( ) ,ce t q q  (13) 

the differentiation of e with respect to time twice yields 

   
   

1 1

1 1 1 .

c

c u c
a a

c c u
a a a

e q q

M Q Q Q M Q Q

M Q Q M Q Q M Q

 

  

 

    

      

  

(14) 

If the following is defined, 

   1 1

1

,

,

c c
a a

u
a

q M Q Q M Q Q

u M Q

  



   




(15) 

Eq. (14) can be rewritten as 
.e q u    (16) 

Here, it is assumed that the value of q   is uncertain, but it is bounded by 

,q

   (17) 

where   is a positive constant and 


   denotes an infinity-norm of a vector. 
 Then, let us consider the generalized sliding surface s defined by 

  0, 0 ,s e be k edt b k     (18) 

where b and k are constants, and  1 2
T

ns s s s  . From Eq. (18), we have 

  1,2, , .i i i is e be k e dt i n      (19) 

It is not difficult to show that if 0is  , then ie  converges to zero asymptotically as t  . 
Now, let us define the Lyapunov function V by: 



2

1

1 1 .
2 2

n
T

i
i

V s s s


    (20) 

Its derivative is given by 

   
1 1 1

.
n n n

T
i i i i i i i i i i i

i i i
V s s s s s e be ke s q u be ke

  

                  (21) 

Then, the aim is to find an additional control force ui so that V  is negative. The conventional 
sliding mode controller utilizes the following control force ui: 

 sgn ,i i i iu be ke s     (22) 

because then Eq. (21) becomes 

   
1 1

sgn ,
n n

i i i i i i i i
i i

V s q u be ke s q s 
 

            (23) 

and 0V   always holds. However, the discontinuity of  sgn   function generally results in
the undesirable chattering problem. 

In order to avert chattering, let us first consider a region where is   holds ( 0   is a 
small positive number), then the following inequality is satisfied: 

2.i i is q s



  (24) 

Proof: If si and iq   have opposite signs, then Eq. (24) always holds because the right hand 
side is always positive. Hence, let us consider the following two cases when si and iq   have 
the same sign. 

 Case 1.  When si > 0 and 0 iq   , 
 since si > 0, we have 

1is

 (25) 

 from the assumption of is  . Multiplying both sides by   0is   yields 

2 .i is s



   (26) 

 From the assumption that si > 0 and iq   , we have 

,i i is q s    (27) 

        and it follows that 2.i i is q s



  

Case 2.  When si < 0 and 0iq   , 
since si < 0, i is s   and again from is  , we have 

1.is


  (28) 



Hancheol Cho, Thanapat Wanichanon, and Firdaus E. Udwadia 

 Multiplying both sides by   0is   yields 

2.i is s



   (29) 

From the assumption that si < 0 and iq   , we have 

,i i is q s    (30) 

and it follows that 2.i i is q s



  

Then, using relation (24), Eq. (21) becomes 

   2

1 1

.
n n

i i i i i i i i i i
i i

V s q u be ke s s u be ke
 

          
      (31) 

Let us choose the additional acceleration ui as 

  ,i i i i iu be ke s f s



      (32) 

where  if s  is a function to be determined. Then, Eq. (31) becomes 

   2

1 1

.
n n

i i i i i i i
i i

V s s u be ke s f s
 

          
    (33) 

In brief, in the region is  , 0V   is guaranteed just if   0if s   or is  and  if s  have the

same sign. Conventionally the discontinuous signum function is used for  if s  as noted in 
Eq. (22), resulting in the chattering problem, but now one can find a number of the continuous 
functions  if s  that effectively avert the chattering problem.

Selection of the function  if s  will depend on the practical control cost to be minimized
or on the control performance associated with mission goals. In this paper special attention is 
paid to the case where 

   , 0i if s s    (34) 

so that is  and  if s  have the same sign and 0V   is guaranteed. Then the control law, Eq. 

(32), is nothing but a conventional PID controller with the gains P
bG k b

     

 
, 

IG k 

    

 
, and DG b 


     

 
. In brief, the control law  iu t  is given by: 

 

,

i i i i i

i i i

P i I i D i

u t be ke s s

bk b e k e dt b e

G e G e dt G e




  
  


    

                    
     

  











(35) 



where 0,  0,  0,  0,  and 0k b        . 
Up to now, it has been shown that in the region is  , 0V   is guaranteed if the control 

law, Eq. (32), is used where   0if s   or is  and  if s  have the same sign. On the contrary,

if is  , 0V   is not guaranteed and the errors may not converge to zero (although they are 

bounded). This is because the control  iu t  forces the states into the region bounded by 

is   instead of onto the sliding surface 0is  . However, if   is small enough, the errors 
will be also small enough so that the original nonlinear system can be linearized. Then, by 
linear control theory, the PID controller, Eq. (35), can force the errors to go to much smaller 
values with proper gain tuning. In brief, the use of the PID controller given by Eq. (35) forces 
the states into the region bounded by is  , and once the states enter this region we know 
from linear control theory that the errors will converge to very small values. Thus by taking 
advantage of both linear and nonlinear control theory improved performance is obtained with 
no chattering and with faster response, in the sense that gain-tuning is simplified and robust-
ness is guaranteed. 

4 NUMERICAL EXAMPLE 
In this section a numerical example is given to validate the control methodology developed 

in the previous sections. The numerical integration throughout this paper is done in the 
Matlab/Simulink environment, using a fixed time step of 0.01 second using the ode4 Runge-
Kutta integrator. 

First, we consider a nominal system (with no uncertainty) in which a satellite is orbiting 
the spherical Earth under atmospheric drag. The equation of motion of the satellite without 
any constraint on its motion is given by [15] 

 
  03/22 2 2

1 ,
2

ref
D

X X
SGMa t Y C v Y
mX Y Z Z Z



  
              





(36) 

where G is the universal gravitational constant, M  is the mass of the Earth, and 

 TX Y Z  is the position vector in the ECI (Earth-Centered Inertial) frame. Here CD is the 
drag coefficient, Sref is the cross-sectional area of the satellite, m is the mass of the satellite, ρ0 

is the atmospheric density of the Earth, 
T

v X Y Z   
  

 is the velocity vector of the satellite

in the ECI frame, and v  is the Euclidean norm of v. In the numerical example, 0.47DC  , 

 2 mrefS  ,  100 kgm  , and  11 3
0 1.0 10  kg/m    are assumed. 

The satellite is constrained to remain in a nominal circular orbit with a radius of 
6

0 7.0 10  mr   , 80i  , 30  , 0  , where i, Ω, and ω are the inclination, the longitude 
of the ascending node, and the argument of perigee of the satellite, respectively, with the 

mean motion of 3
3

0

1.078 10  (rad/s)GMn
r

   . This constraint can be represented in the 

Perifocal Frame [15] as 
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2 2 2
0 ,  0,x y r z   (37) 

where  Tx y z  is the position vector of the satellite in the Perifocal Frame. The conver-
sion between the Perifocal Frame and the ECI frame is given by [5] 

,
x X
y R Y
z Z

   
      
      

 (38) 

where the transformation matrix R, which is constant, is given by 

11 12 13

21 22 23

31 32 33

cos cos sin cos sin sin cos cos cos sin sin sin
cos sin sin cos cos cos cos cos sin sin sin cos .

sin sin cos sin cos

R R R i i i
R R R R i i i

R R R i i i

    
    

        
              
        

 (39) 

Then, the trajectory constraint equation, Eq. (37), is now represented in the ECI frame as 

     
     

2 2 2 2 2 2 2 2 2
11 21 12 22 13 23

2
11 12 21 22 12 13 22 23 13 11 23 21 0

31 32 33

2 2 2 ,
0.

R R X R R Y R R Z

R R R R XY R R R R YZ R R R R ZX r
R X R Y R Z

    

      

  

 (40) 

Differentiating Eq. (40) with respect to time twice to get the form of Eq. (4) yields 

                 

     

2 2 2 2 2 2
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        1 12 21 22 12 13 22 23 13 11 23 212 2
.

0

R R R XY R R R R YZ R R R R ZX     
 
  

     
(41) 

The required nominal control force,  cQ t , to exactly track this circular orbit is then given by 
the FECM as described in Eq. (8). The initial conditions in the ECI frame used for the simula-
tion also satisfy the constraints Eq. (40), which are chosen as follows: 

Table 1 Initial conditions in the ECI frame 

0X  (m) 6.0628e+6 

0Y  (m) 3.5e+6 

0Z  (m) 0 

0X  (m/s) -6.5518e+02 

0Y  (m/s) 1.1348e+03 

0Z  (m/s) 7.4314e+03 

Figure 1 shows the controlled trajectory in the Perifocal Frame and the constraints Eq. (37) 
are quite well satisfied. The duration of time used for numerical integration is chosen as one 
orbital period. 

As yet there is no uncertainty in the system. This system wherein there are no uncertainties 
is referred to as the nominal system. Now the Earth’s gravitational field, which was assumed 



to be uniform for the nominal system, is actually not so. It is assumed that the gravitational 
field causes the acceleration of the satellite to be perturbed, with the perturbation given by 

  ,
2 0

cos sin 0
sin cos 0 ,

0 0 1

n

n m
n m

t t
q t t t g

  

 
 

   
    
  

  (42) 

where   is the mean rotation rate of the Earth and gn,m is given by [16] 
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 (43) 

Here,  TITRF ITRF ITRF ITRFr X Y Z  denotes the position vector in the ITRF (International 
Terrestrial Reference Frame) [15], where the ITRF is fixed to the Earth and rotates with it. Its 
origin is at the center of the Earth, its first axis ( ˆ

ITRFX ) extends through the point of latitude 0°

and longitude 0°, the second axis ( ÎTRFY ) is 90° to the east in the equatorial plane, and the third

axis ( ˆ
ITRFZ ) extends through the North Pole. R  is the mean equatorial radius of the Earth,

Cn,m and Sn,m are coefficients associated with the tesseral and sectorial harmonics of the Earth, 
respectively. Also, Pn,m is the associated Legendre function of degree n and order m, and the 
arguments of Pn,m are sinS   where   is the geographic latitude of the satellite, i.e., 

ˆ
ÎTRF ITRFS r Z   . m  and m  are defined by the recursion relations: 

 
 

 

0 0

1 1

1 1 1 1 1 1 1 1

1, 0, 0
ˆ ˆ 1

, . 2,3,4,
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m m m m m m
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r X r Y m

m   

    

      

            
  



(44) 
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Fig. 1 Controlled trajectory of nominal system using the FECM with no uncertainties 
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Fig. 2 On-orbit errors of the actual satellite along each axis with u = 0 

We now assume that the exact nature of this non-spherical gravitational perturbation q   
given in Eq. (42) that acts on the actual orbiting satellite is not known to us, thereby yielding 
an uncertainty in our minds with regard to its nature and its description. With knowledge of 
only an estimate of an upper bound on this uncertain gravitational perturbation q  , our goal 
is to make the actual satellite (which is subjected to this gravitational perturbation) track the 
circular orbit of the nominal system.  

Were this uncertainty that is caused by our (assumed) lack of knowledge of this accelera-
tion perturbation to be completely ignored, and only the control,  cQ t , that was obtained 
earlier using the FECM with the nominal system employed, the actual satellite’s orbit would 
no longer be circular. Figure 2 shows the resulting errors in the X, Y, and Z directions in the 
orbit of the actual satellite (in the presence of the gravitational perturbation), where the per-
turbation model up to the fourth order is assumed, i.e., 4n   is used in Eq. (42). As seen in 
the figure, the error with 0u   is diverging along each axis. 

  In order to compare the new PID sliding mode controller developed in this paper with the 
conventional sliding mode controller given by Eq. (22), the necessary control taking into ac-
count the uncertain non-spherical gravitational perturbation is next obtained using the conven-
tional sliding mode controller. The parameters for the controller u, are chosen as 1b  , 1k  , 
and the upper bound of the uncertainty is set to 0.05  . This value of the bound is based on 
the calculation of the infinity-norm of Eq. (42) and depicted in Fig. 3, where 4n   is again 
used in Eq. (42). It is seen in the figure that the maximum value occurs in the Z direction, 
which is about 0.02 m/s2. 
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Fig. 3 Infinity-norm of Eq. (42) to calculate Γ 

Figure 4 shows the results. The errors along each axis, are bounded and relatively small, 
compared with Fig. 2. In Fig. 5, the control force along each axis is displayed, showing the 
chattering problem that arises when conventional sliding mode control is used, i.e., high-
frequency oscillations in the control force. This chattering phenomenon is more clearly ob-
served in Fig. 6 in which the control force u in the X direction is magnified and plotted only 
for 10 seconds (between 3500 and 3510 seconds, corresponding to between 0.6004 and 
0.6022 period). One observes that conventional sliding mode control generates a kind of 
bang-bang control with the maximum value of u in the X direction of 0.05 m/s2. This shows 



that the last term,  sgn is , in Eq. (22) dominates the control force u, and this term is seen 
to be very sensitive to the value of Γ that is chosen for describing the uncertain (and un-
known) gravitational perturbation q  . 
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Fig. 4 On-orbit errors of the actual satellite with conventional sliding mode control 
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Fig. 5 Control force u, along each axis with conventional sliding mode control 

3500 3501 3502 3503 3504 3505 3506 3507 3508 3509 3510
-0.1

-0.05

0

0.05

0.1

Time, sec

C
on

tr
ol

 F
or

ce
 in

 X
, N

/m

Fig. 6 Chattering phenomenon generated with conventional sliding mode control 

For comparison, the new PID sliding mode controller given by Eq. (35) that is proposed in 
this paper is used for the same problem. We use the parameters, 1b  , 1k  , 0.01  , 

0.05  , and 50  . Figure 7 shows the on-orbit errors of the actual satellite along each di-
rection, and comparing with Fig. 4, one observes that the errors have reduced by about an or-
der of magnitude. In Fig. 8, the control force u along each axis is depicted. The magnitude of 
the control force is again seen to be smaller by about an order of magnitude, compared with 
Fig. 5, and more importantly, the chattering problem is clearly removed. As illustrated here, 
the PID sliding mode control is superior to conventional sliding mode control in both tracking 
accuracy as well as in reducing the magnitude of the control u employed. 
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Fig. 7 On-orbit errors of the actual satellite with new PID sliding mode control 
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Fig. 8 Control force u along each axis with new PID sliding mode control 

5 CONCLUSIONS 
In this paper a new methodology for the reference-tracking problem is proposed. Two in-

dependent control strategies are developed and combined to precisely track the required refer-
ence trajectory even under severe uncertainties. The novelty of the proposed approach is that 
first we readily obtain the explicit form of the exact control force employing the concept of 
the FECM for the nominal, nonlinear, non-autonomous dynamical system, ensuring that the 
desired trajectory is exactly tracked while simultaneously minimizing the L2-norm of the con-
trol force at each instant of time. Then, by taking into account uncertainties in the real-world 
system, a new, continuous sliding mode controller (SMC) is designed so that the chattering 
problem is alleviated. In addition, numerous forms of the control function are possible de-
pending on practical considerations and a simple special PID-form of SMC is shown to guar-
antee high robustness while having all the familiar advantages of PID control. By simulating 
orbital station-keeping under atmospheric drag and uncertainties in the gravitational field, we 
have illustrated the simplicity and efficacy of the proposed approach which shows great im-
provement compared with conventional SMC. Future work will include a rigorous investiga-
tion of the effects of selecting different functions  if s  on the control performance and the 
development of an adaptive Lyapunov function flavored with optimality concepts that can be 
tuned in real time. 
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Abstract. The variance-based method of global sensitivity indices based on Sobol' sensitivity 
indices became very popular among practitioners due to its easiness of interpretation. For 
complex practical problems computation of Sobol' indices generally requires a large number 
of function evaluations to achieve reasonable convergence. Four different direct formulas for 
computing Sobol’ main effect sensitivity indices for models with independent variables are 
compared on a set of test problems for which there are analytical results. These formulas are 
based on high-dimensional integrals which are evaluated using MC and QMC techniques. 
Direct formulas are also compared with a different approach based on the so-called “double 
loop reordering” formula. It is found that the “double loop reordering” (DLR) approach 
shows a superior performance among all methods both for models with independent and 
dependent variables. 
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1 INTRODUCTION 

Global sensitivity analysis (GSA) complements Uncertainty Quantification in that it offers 
a comprehensive approach to model analysis by quantifying how the uncertainty in model 
output is apportioned to the uncertainty in model inputs  [1,2]. Unlike local sensitivity 
analysis, GSA estimates the effect of varying a given input (or set of inputs) while all other 
inputs are varied as well, thus providing a measure of interactions among variables. GSA is 
used to identify key parameters whose uncertainty most affects the output. This information 
then can be used to rank variables, fix unessential variables and decrease problem 
dimensionality. The variance-based method of global sensitivity indices based on Sobol' 
sensitivity indices became very popular among practitioners due to its efficiency and easiness 
of interpretation [3,4]. There are two types of Sobol' sensitivity indices: the main effect 
indices, which estimate the individual contribution of each input parameter or a group of 
inputs to the output variance, and the total sensitivity indices, which measure the total 
contribution of a single input factor or a group of inputs including interactions with all other 
inputs [5]. 

For models with independent variables there are efficient direct formulas which allow to 
compute Sobol' indices directly from function values. These formulas are based on 
high-dimensional integrals which can be evaluated via MC/QMC techniques [1,4,5]. For 
complex practical problems computation of Sobol' indices generally requires a large number 
of function evaluations to achieve reasonable convergence. More efficient formulas for 
evaluation of Sobol’ main effect indices using direct integral formulas were suggested by 
Saltelli [6]. Kucherenko et al [7,8] developed further Saltelli’s approach by suggesting new 
formula which significantly improves the computational accuracy of Sobol’ main effect 
indices with small values. Sobol’ and Myshetskaya [9] and Owen [10] suggested their 
versions of improved direct formulas. In this work we compare original and existing 
improved direct formulas. For models with dependent inputs we consider a novel approach 
for estimation Sobol' indices developed in [11]. We also compare direct formulas using MC 
estimators based on MC and QMC sampling with the so-called double loop approach on a set 
of test problems which for which there are analytical results for the values of Sobol' indices. 
The double loop approach has been discarded in the past as being inefficient in comparison 
with direct formulas but due to the improvements in the algorithms suggested by Plischke [12] 
it became an interesting alternative to the direct formulas. Further we call this improved double 
loop double loop approach “double loop reordering” (DLR). 

Evaluation of Sobol’ main effect indices remains to be an active area of research: we 
could mention application of RBD [13], various metamodelling methods [14,15,16] and some 
other attempts to improve direct formulas [17]. We also note that a new method for improving 
the efficiency of the Monte Carlo estimates for the Sobol’ total sensitivity indices was 
developed in [18]. 

This paper is organized as follows. The next section introduces ANOVA decomposition 
and Sobol’ sensitivity indices. In Section 3 we present different estimators of the main effect 
sensitivity indices. Comparison of the efficiency of different estimators is considered in 
Section 4. Finally, conclusions are given in Section 5. 
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2 SOBOL’ SENSITIVITY INDICES 

Consider the square integrable function ( )f x  defined in the unit hypercube dH =[0,1]d . 

The decomposition of ( )f x   

0 12 1
1 1

( ) ( ) ( , ) ( , , )
n n n

i i ij i j d d
i i j i

f x f f x f x x f x x
= = >

= + + + +∑ ∑∑ ,  (1) 

where 
1

0
0

( )f f x dx= ∫            

is called ANOVA if conditions  

1

1

...
0

0
s ki i if dx =∫           

are satisfied for all different groups of indices 1,..., si i  such that 1 21 ... si i i n≤ < < < ≤ . These 

conditions guarantee that all terms in (1) are mutually orthogonal with respect to integration 
[4]. 

The variances of the terms in the ANOVA decomposition add up to the total variance: 

1

1

2 2
0 ...

1

( )
d s

s

d d

i iH
s i i

D f x dx f D
= <⋅⋅⋅<

= − =∑ ∑∫ ,       

where components 
1 1 1 1

2
... ... ( ,..., ) ...

ss s s si i i i i i i iH
D f x x dx dx= ∫  are called partial variances. 

Main effect global sensitivity indices are defined as ratios 

1 1... ... /
s si i i iS D D= .          

Further we will consider sensitivity indices for a single index: 

i iS D D= .            

Total partial variances account for the total influence of the factor ix : 

1... s

tot
i i i

i

D D
< >

=∑ ,           

where the sum 
i< >
∑  is extended over all different groups of indices 1,..., si i  satisfying 

condition 1 21 ... si i i d≤ < < < ≤ , 1 s d≤ ≤ , where one of the indices is equal i . The 

corresponding total sensitivity index is defined as 
tot tot
i iS D D= .           
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Sobol’ also introduced sensitivity indices for subsets of variables [3,4]. Consider two 

complementary subsets of variables y  and z : 

( , )x y z= .           

Let 
1 1 1( ,..., ), 1 ... , ( ,..., )

mi i m my x x i i n K i i= ≤ < < ≤ = . Here m  is a cardinality of a subset y . 

The variance corresponding to y  is defined as 

1
1

...
1 ( )

s

s

m

y i i
s i i K

D D
= <⋅⋅⋅< ∈

= ∑ ∑ .       (2) 

yD  includes all partial variances 
1i

D , 
2i

D ,…, 
1... si iD  such that their subsets of indices 

1( ,..., )si i K∈ .  

The total variance tot
yD  is defined as  

tot
y zD D D= −            

tot
yD  consists of all 

1

2
... si iσ  such that at least one index pi K∈  while the remaining indices 

can belong to the complementary to K  set K . The corresponding Sobol’ sensitivity indices 
are defined as 

/ ,

/ .
y y

tot tot
y y

S D D

S D D

=

=
          

Denote ~ 1 1 1( ,..., , ,..., )i i i dx x x x x− +=  the vector of all variables but ix , then ~( , )i ix x x≡  and 

~( ) ( , )i if x f x x≡ . The first order component in ANOVA decomposition (1) can be found as  

~ 0( ) ( )
di i iH

f x f x dx f= −∫ . 

Then 
2

2
~ 0[ ( )] ( )

d d di i i i i iH H H
D f x dx f x dx f dx⎡ ⎤= = −⎣ ⎦∫ ∫ ∫ ,     

from which it follows that 
2

2
~ 0( )

d di i iH H
D f x dx dx f⎡ ⎤= −⎣ ⎦∫ ∫ .      (3) 

This formula is used to derive a MC estimator known as the brute force estimate or the double 
loop method. 

There is another approach to derive Sobol’ sensitivity indices. If we consider x  as a 
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random variable uniformly defined in dH  then iD  can be expressed as [1]: 

~ ~[ ( ( , )]i i i i i iD Var E f x x x= .       (4) 

This representation was used to derive an extension of Sobol’ sensitivity indices for the case 
of models with dependent variables [11]. 

3 DIFFERENT FORMULAS AND ESTIMATORS OF THE MAIN EFFECT 
SENSITIVITY INDICES 

3.1  Original Sobol’ formula 

Sobol’ suggested the following Monte Carlo algorithm for the estimation of y yS D D=  

[3,4]. Given x  and x′  being two independent sample points ( , )x y z=  and ( , )x y z′ ′ ′= ， 

yD  defined in (2) is calculated using the following formula: 

2
0( ) ( , )yD f x f y z dxdz f′ ′= −∫                         (5) 

In this case, the Monte Carlo estimator for (5) has a form: 
2

1 1

1 1( , ) ( , ) ( , )
N N

y
k k

D f y z f y z f y z
N N= =

⎡ ⎤′≈ − ⎢ ⎥⎣ ⎦
∑ ∑ ,             (6) 

where N  is a number of sampled points.  

3.2  Improved formula of Kucherenko 

Kucherenko et al [7,8] proposed a new formula for sensitivity indices for sensitivity 
indices which is especially efficient in the case of indices with small values. Kucherenko and 

independently Saltelli [6] noticed that 2
0f  in (5) can be computed as 

2
0 ( ) ( )f f x f x dxdx′ ′= ∫ .                           (7) 

Substituting (7) into (5) and taking out a common multiplier ( )f x , one can obtaine a new 

integral representation for yD : 

[ ]( ) ( , ) ( )yD f x f y z f x dxdx′ ′ ′= −∫                       (8) 

and the corresponding Monte Carlo estimator: 

[ ]
1

1 ( , ) ( , ) ( , )
N

y
k

D f y z f y z f y z
N =

′ ′ ′≈ −∑ .                   (9) 

Further we refer to this formula as “S-K”. 
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3.3  Improved formula of Owen 

Owen extended the idea of Kucherenko by using three independent sample points

( , )x y z= , ( , )x y z′ ′ ′=  and ( , )x y z′′ ′′ ′′=  and replacing ( )f x  by [ ]( ) ( , )f x f y z′′−  in (8) 

[10]. As a result yD  is calculated using the following formula: 

[ ][ ]( ) ( , ) ( , ) ( )yD f x f y z f y z f x dxdx dx′′ ′ ′ ′ ′′= − −∫           (10) 

The Monte Carlo algorithm for (10) has a form: 

[ ][ ]
1

1 ( , ) ( , ) ( , ) ( , )
N

y
k

D f y z f y z f y z f y z
N =

′′ ′ ′ ′≈ − −∑ .          (11) 

Further we refer to this formula as “Owen”. 

3.4 Improved formula of Sobol’ and Myshetzskay 

Sobol’ and Myshetzskay [9] have argued that formula (8) can be further improved by 

replacing ( )f x  in formula by 0( )f x f− . Thus, yD  is calculated by using the following 

formula: 

[ ][ ]0( ) ( , ) ( )yD f x f f y z f x dxdx dx′ ′ ′ ′′= − −∫ .               (12) 

The corresponding Monte Carlo estimator has a form: 

[ ][ ]0
1

1 ( , ) ( , ) ( , )
N

y
k

D f y z f f y z f y z
N =

′ ′ ′≈ − −∑ .              (13) 

Following Owen’s classification we further call this formula “Oracle”. 

3.5  Double loop reordering approach 

Formula (3) can be used to derive the double loop (the brute force) MC estimator. In this 

case N  points ( ) , 1,2,...,jx j N=  are generated from the joint probability distribution (we 

consider both the cases of models with independent and dependent inputs). For each random 

variable iy x= , the sample set ( ) , 1,2,...,jx j N=  is sorted and subdivided in M  equally 

populated partitions (bins) each containing /mN N M= points ( M N< ). Within each bin we 

calculate the local mean value [ ]
1

1( , ) | ( , )
mN

Z k k
km

E f y z y f y z
N =

≈ ∑ . Finally, the variance of all 

conditional averages is computed as  
2

2
0

1 1

1 1 ( , )
mNM

j j
y k k

j km

D f y z f
M N= =

⎛ ⎞
≈ −⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ .                    (14) 
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The subdivision in bins is done in the same way for all inputs using the same set of sample 
points. This approach we call the double loop reordering (DLR). A critical issue is the link 

between N  and M  It was suggested in [12] to use as a “rule of thumb” M N∼ .  

In this work we used Sobol’ sequences for QMC sampling [19,20]. To preserve their 

uniformity properties N  should always be equal to 2pN = , where p  is an integer. It 

makes observing the “ rule of thumb” more challenging. We used dependence of M  and 

mN  versus N  shown in Fig. 1. 

 

Fig. 1. Dependence of the number of partitions (bins) M  and sampled points in each partition mN   

versus N  

We note that although it is possible to extend application of DLR to the case of m =2, its 
extension to m  higher than 2 is not practical. Another limitation of DLR in that there is no 
similar “brute force” formula which allows to compute total Sobol’ sensitivity indices.  

3.6 Number of function evaluations 

The five considered MC estimators converge to the same values of the main effect 
sensitivity indices, but the number of function evaluations per one 'i th input for each of these 

methods is different. Table 1 shows the number function evaluations CPUN  required to 

compute the whole set of sensitivity indices { , tot
i yS S } for a d  dimensional function ( )f x  

with independent inputs. Here N  is a number of sampled points. We also included CPUN  

for metamodel based computation of sensitivity indices [15,16]. 
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Method Sobol’ S-K Owen Oracle DLR HDMR
Number of function  

evaluations 
(2 1)N d + ( 2)N d + (2 2)N d + ( 2)N d +  N N  N  

Table 1: Number of required function evaluations CPUN  

For models with dependent inputs currently there is only one method for evaluating Sobol’ 

sensitivity indices with the number of function evaluations CPUN  required to compute the 

whole set of sensitivity indices { , tot
i yS S } (2 2)CPUN N d= +  [11]. 

4  NUMERICAL TESTS 

The objective of this section is to compare performances of MC and QMC estimators of 
considered formulas for main effect Sobol’ sensitivity indices iS  for models with 
independent inputs, i.e. direct Sobol’ formula, Sobol’-Kucherenko (S-K) formula, Owen’s 
formula, Oracle’s formula and DLR on a set of test cases for which analytical values of Sobol’ 
sensitivity indices are known. For models with dependent inputs a formula from [11] was also 
compared with DLR. 

For studying the accuracy, the root mean square error (RMSE) ε  is determined using K 
independent runs: 

1/2
( ), ( ) 2

1

1( ) ( )
K

n k a
i i i

k

N S S
K

ε
=

⎡ ⎤= −⎢ ⎥⎣ ⎦
∑ ,                   (15) 

where (n)
iS  and ( )a

iS  are the numerical and analytical values of iS . Numerical values (n)
iS  

are computed at N , which is reflected in the dependence ( )i Nε . For the MC method all 

runs are statistically independent. For QMC integration for each run a different part of the 
Sobol’ sequence was used. For all tests we took K=10. 

The QMC convergence rate is known to be (ln )d

QMC

O N

N
ε =  [20]. In pracitce, the rate 

of convergence for QMC methods appears to be approximately equal to ( )O N α− , with

0.5 1α≤ ≤ . For the MC method 0.5α = . QMC method in most cases outperforms MC in 

terms of convergence [8]. In practical tests The RMSE ( )i Nε  is approximated by the 

formula , 0 1cN α α− < < , and the convergence rate α  is extracted from fitted trend lines. We 

consider convergence rates for various estimators both versus N  and CPUN . 
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4.1 Models with independent inputs 

Test 1: Consider a model 

1 1 2 2( ) ... d df x a x a x a x= + + + , 

where 1 2, ,..., dx x x  are independent normal variables: 2~ ( , )i i ix N µ σ , 1 2, ,..., da a a  are 

constant coefficients. The PDF of the output Y  is normally distributed, i.e.  

2 2

1 1

~ ,
d d

i i i i
i i

Y N a aµ σ
= =

⎛ ⎞
⎜ ⎟
⎝ ⎠
∑ ∑ , 

while the PDF of the conditional output is  

2 2

1, 1,
| ~ ,

d d

i i i j j j j
j j i j j i

Y X N a x a aµ σ
= ≠ = ≠

⎛ ⎞
+⎜ ⎟

⎝ ⎠
∑ ∑ . 

It’s easy to see that the analytical values of Sobol’ indices are 
2 2

2 2

1

tot i i
i i d

j j
j

a
S S

a

σ

σ
=

= =

∑
. 

We consider the case d=4 with the mean values and standard deviations (1,3,5,7)µ =  

and (1,1.5,2,2.5)σ = , respectively with all coefficients ia =1 (i=1,2,3,4). The analytical 

values of iS  are iS ={0.0741, 0.167, 0.296, 0.463}. It is clear from the convergence and 

RMSE plots presented in Figs. 2-4 that  

1) For the MC method for input i = 1 which has a small value 1S , all three improved 

formulas have much higher convergence rate than the original Sobol’ formula with Owen’s 
formula outperforming all other methods (Fig. 3). DLR has a similar performance to Oracle’s 

formula. Situation is different for input i = 4 which has rather high value 4S : although all 

three improved formulas have higher convergence rate than the original Sobol’ formula but 
the difference between the original Sobol’ and S-K formulas are smaller. Owen and Oracle 
formulas are the most efficient among all direct formulas but the clear winner is DLR. We also 
note, that the extracted convergence rate α  is close to 0.5 as expected for the MC method.  

2) For the QMC method for input i = 1 (a small value 1S ), all three improved formulas have 

much higher convergence rate than the original Sobol’ formula with Owen and Oracle 
formulas outperforming all other methods (Fig. 2, 4). DLR shows the highest performance 
superior to direct formulas. For input i = 4 three improved formulas have higher convergence 
rate than the original Sobol’ formula but the difference between the original Sobol’ formula 
and S-K and Owen’s formulas are smaller similarly to the previous case with MC sampling. 
Oracle’s formula is the most efficient among all direct formulas but DLR exhibits even higher 
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convergence. The extracted convergence rate α  is close to 1.0 as expected for the QMC 
method in the case of low effective dimension [8]. 

 

(a)                                          (b) 

 

(c)                                           (d) 

Fig. 2. Test case 1: Convergence plots of iS , i = 1 (a), (b), i = 4 (c), (d). QMC sampling. The red line refers to 

S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers 

to Oracle formula, the black line refers to DLR. On the left: (a), (c) are the values of iS  obtained at the same 

number of N . On the right: (b), (d) are the values of iS  obtained at the same number of CPUN .  
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(a)                                          (b) 

 

(c)                                        (d) 

Fig. 3. Test case 1: The RMSE ieps  i = 1 (a), (b), i = 4 (c), (d) versus the number of N  (on the left: (a), (c)) 

and the number of CPUN  (on the right: (b), (d)). MC sampling. The red line refers to S-K formula; the blue line 

refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle formula, the 
black line refers to DLR.  
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(a)                                       (b) 

(c)                                       (d) 

Fig. 4. Test case 1: The RMSE ieps  i = 1 (a), (b), i = 4 (c), (d) versus the number of N  (on the left: (a), (c)) 

and the number of CPUN  (on the right: (b), (d)). QMC sampling. The red line refers to S-K formula; the blue 

line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle formula, the 
black line refers to DLR.  

Test 2: Consider a model 

1 3 5 1 3 6 1 4 5 1 4 6 2 3 4 2 3 5 2 4 5 2 5 6 2 4 7 2 6 7( )f x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x= + + + + + + + + +  

in which all seven variables are independent lognormal with the mean values 2, 3, 0.001, 
0.002, 0.004, 0.005 and 0.003, respectively. All the standard deviations are all equal to 0.4214. 
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This model was taken from [21]. Values of iS  are iS  = {0.0350, 0.330, 0.0157, 0.0857, 

0.174, 0.221, 0.0477}. From the convergence and RMSE plots presented in Figs. 5-7 we can 
conclude that  

1) For the MC method for input i = 2 which has a large value 2S , all three improved 

formulas have a higher convergence rate than the original Sobol’ formula with Owen and 
Oracle formulas outperforming all other methods (Fig. 6). DLR has a superior performance 

over other methods. Situation is different for input i = 4 which has small 4S : all three 

improved formulas have a much higher convergence rate than the original Sobol’ formula. 
Owen and Oracle formulas are the most efficient among all direct formulas and they show a 
similar performance to DLR.  

2) For the QMC method for inputs i = 2, 6 (large values iS ), all three improved formulas 

show slightly higher convergence rate than the original Sobol’ formula (Fig. 5, 7). For input i 

= 4 (small 4S ) three improved formulas have much higher convergence rate than the original 

Sobol’ formula. DLR shows a superior performance over other methods for all inputs. 

 
(a)                                           (b) 
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(c)                                            (d) 

 
(e)                                           (f) 

Fig. 5. Test case 2: Convergence plots of iS , i = 2 (a), (b), i = 4 (c), (d), i = 6 (e), (f). QMC sampling. The red 

line refers to S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the 

cyan line refers to Oracle formula, the black line refers to DLR. On the left: (a), (c), (e) are the values of iS  

obtained at the same number of N . On the right: (b), (d), (f) are the values of iS  obtained at the same number 

of CPUN .  
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(a)                                            (b) 

 

(b)                                             (d) 

Fig. 6. Test case 2: The RMSE ieps  i = 2 (a), (b), i = 4 (c), (d) versus the number of N  (on the left: (a), (c)) 

and the number of CPUN  (on the right: (b), (d)). MC sampling. The red line refers to S-K formula; the blue line 

refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle formula, the 
black line refers to DLR.  
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(a)                                        (b) 

 (c)                                         (d) 
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(e)                                         (f) 

Fig. 7. Test case 2: The RMSE ieps  i = 2 (a), (b), i = 4 (c), (d), i = 6 (e), (f) versus the number of N  (on the 

left: (a), (c), (e)) and the number of CPUN  (on the right: (b), (d), (f)). QMC sampling. The red line refers to 

S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers 
to Oracle formula, the black line refers to DLR.  

Test 3: The Ishigami function: 2 4
1 2 3 1( ) sin( ) 7(sin ) 0.1 sin( )f x x x x= + +x  is often used as 

a benchmark for sensitivity analyses studies [1]. Here ,  1,2,3ix i =  are uniformly distributed 

on the interval [ , ]π π− . The Sobol’s sensitivity indices have the following values: iS = 

{0.314, 0.442, 0.00}. From the convergence and RMSE plots presented in Figs. 8-10 we can 
conclude that  

1) For the MC method for inputs i = 1, 2 which have large values of iS  Oracle’s formula 

slightly outperforms other methods (Fig. 9). For input i = 3 for which 3 0.0S =  all three 

improved formulas have a much higher convergence rate than the original Sobol’ formula. 
DLR has a superior performance over other methods for all three inputs. 
2) For the QMC method for inputs i = 1, 2 direct formulas show a similar convergence rate 
(Fig. 8, 10). DLR shows higher performance only for inputs i = 1. Figs. 10, d also presents the 

results for 2S  obtained using the QMC-HDMR method from [16]. Clearly, the QMC- 

HDMR method shows somewhat better converence than other methods 

.
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(a)                                   (b) 

 

(c)                                    (d) 
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(e)                                   (f) 

Fig. 8. Test case 3: Convergence plots of iS , i = 1 (a), (b), i = 4 (c), (d), i = 6 (e), (f). QMC sampling. The red 

line refers to S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the 

cyan line refers to Oracle formula, the black line refers to DLR. On the left: (a), (c), (e) are the values of iS  

obtained at the same number of N . On the right: (b), (d), (f) are the values of iS  obtained at the same number 

of CPUN .  

(a)                                    (b) 
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(c)                                    (d) 

(e)                                  (f) 

Fig. 9. Test case 3: The RMSE ieps  i = 1 (a), (b), i = 2 (c), (d), i = 3 (e), (f) versus the number of N  (on the 

left: (a), (c), (e)) and the number of CPUN  (on the right: (b), (d), (f)). MC sampling. The red line refers to S-K 

formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to 
Oracle formula, the black line refers to DLR.  
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(a)                                       (b) 

 

(c)                                     (d) 
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(e)                                     (f) 

Fig. 10. Test case 3: The RMSE ieps  i = 1 (a), (b), i = 2 (c), (d), i = 3 (e), (f) versus the number of N  (on the 

left: (a), (c), (e)) and the number of CPUN  (on the right: (b), (d), (f)). QMC sampling. The red line refers to 

S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers 

to Oracle formula, the black line refers to DLR, the magenta line refers to metamodel based computation of iS . 

Test 4: The g-function  

1 1

| 4 2 |( )
1

d d
i i

i
i i i

x a
f x g

a= =

− +
= =

+∏ ∏ , 

is also often used as a benchmark [4]. Here d is the number of independent input factors 

( 0 1ix≤ ≤ ). Parameter ia  determines the importance of the input factor ix . 

Test 4.1: We consider the 10-dimensional function g-function with parameters 

1 2 0,a a= =  3 10 3.a a= = =  The analytical values of iS : 1 2 0.304,S S= =  

3 10 0.019S S= = = . For ia =0 variable ix  is important, for ia =3 variable ix  is 

unimportant, hence only the first two variables are important. From the convergence and 
RMSE plots presented in Figs. 11-13 we can conclude that  

1) For the MC method for input i = 1 which has large values of iS , Oracle’s formula 

slightly outperforms other methods (Fig. 12). DLR has a superior performance over other 

methods. For input i = 3 which has small values of iS  all three improved formulas have a 

much higher convergence rate than the original Sobol’ formula with Owen’s formula 
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outperforming all other methods. DLR shows performance similar to Owen’s formula when 
112CPUN > . 

2) The results for the QMC method qualitatively are similar to those of the MC method (Fig. 
11, 13) with the only difference in that DLR shows a superior performance among all other 
methods for input i = 3. However, quantitatively the rate of convergence for the QMC method 
is much higher than that for the MC method.

 

(a)                                             (b) 

 

(c)                                         (d) 

Fig. 11. Test case 3: Convergence plots of iS , i = 1 (a), (b), i = 3 (c), (d). QMC sampling. The red line refers to 

S-K formula; the blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers 
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to Oracle formula, the black line refers to DLR. On the left: (a), (c) are the values of iS  obtained at the same 

number of N . On the right: (b), (d) are the values of iS  obtained at the same number of CPUN .  

(a)                                          (b) 

(c)                                         (d) 

Fig. 12. Test case 4.1: The RMSE ieps  i = 1 (a), (b), i = 3 (c), (d) versus the number of N  (on the left: (a), 

(c)) and the number of CPUN  (on the right: (b), (d)). MC sampling. The red line refers to S-K formula; the blue 

line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle formula, the 
black line refers to DLR.  
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(a)                                    (b) 

(c)                                    (d) 

Fig. 13. Test case 4.1: The RMSE ieps  i = 1 (a), (b), i = 3 (c), (d) versus the number of N  (on the left: (a), 

(c)) and the number of CPUN  (on the right: (b), (d)). QMC sampling. The red line refers to S-K formula; the 

blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle 
formula, the black line refers to DLR.  

Test 4.2: All parameters 0,   1,2,...,10ia i= = , the analytical value of iS  is 0.0199. All 

inputs are equally important and there are strong interactions between inputs. This is type C 
function [8] for which the QMC method is not more efficient than MC. From the convergence 
and RMSE plots presented in Figs. 14-16 we can conclude that  
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1) For the MC method, all three improved formulas show slightly higher convergence rate 
than the original Sobol’ formula (Fig. 15). DLR outperforms other methods. 
2) The results for the QMC method are similar to those of the MC method (Fig. 14, 16) with 
the only difference in that DLR has a higher higher convergence rate than that for the MC 
method. 

 

(a)                                       (b) 

Fig. 14. Test case 4.2: Convergence plots of iS , i = 1. QMC sampling. The red line refers to S-K formula; the 

blue line refers to Sobol’ formula, the green line refers to Owen’s formula, the cyan line refers to Oracle formula, 

the black line refers to DLR. On the left: (a) are the values of iS  obtained at the same number of N . On the 

right: (b) are the values of iS  obtained at the same number of CPUN .  

(a)                                         (b) 
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Fig. 15. Test case 4.2: The RMSE ieps  versus the number of N  (on the left: (a)) and the number of CPUN  

(on the right: (b)). MC sampling. The red line refers to S-K formula; the blue line refers to Sobol’ formula, the 
green line refers to Owen’s formula, the cyan line refers to Oracle formula, the black line refers to DLR.  

(a)                                       (b) 

Fig. 16. Test case 4.2: The RMSE ieps  versus the number of N  (on the left: (a)) and the number of CPUN  

(on the right: (b)). QMC sampling. The red line refers to S-K formula; the blue line refers to Sobol’ formula, the 
green line refers to Owen’s formula, the cyan line refers to Oracle formula, the black line refers to DLR.  

4.2  Models with dependent inputs 

Test case 5: Consider a model 1 3 2 4( )f x x x x x= + , where 1 2 3 4( , , , ) ~ ( , )x x x x N Cxµ  with 

3 4(0, 0, , )µ µ=µ  and the covariance matrix  

2
1 12

2
12 2

2
3 34

2
34 4

0 0
0 0

0 0
0 0

σ σ
σ σ

σ σ
σ σ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

xC . 

This test case was considered in [11] were the analytical values of the first and total order 
indices were presented (Table 2). 
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 1x  2x  3x  4x  

iS  

2
2 2
1 3 4 12

1

D

σσ µ µ ρ
σ

⎛ ⎞
+⎜ ⎟

⎝ ⎠  

2
2 1
2 4 3 12

2

D

σσ µ µ ρ
σ

⎛ ⎞
+⎜ ⎟

⎝ ⎠  
0 0 

tot
iS  ( )( )2 2 2 2

1 12 3 31
D

σ ρ σ µ− +
 

( )( )2 2 2 2
2 12 4 41

D

σ ρ σ µ− +
 

( )2 2 2
1 3 341

D

σ σ ρ−
 

( )2 2 2
2 4 341

D

σ σ ρ−

Table 2: Test case 5. Analytical values of the first and total order indices. 

Here ij
ij

i j

σ
ρ

σ σ
=  and ( ) ( )2 2 2 2 2 2

1 3 3 2 4 4 12 34 3 42 ( )D σ σ µ σ σ µ σ σ µ µ= + + + + + . For numerical test 

we used the following parameters: 

(0, 0, 250,400)=µ , 4 4

4 4

16 2.4 0 0
2.4 4 0 0
0 0 4 10 1.8 10
0 0 1.8 10 9 10

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥⋅ − ⋅
⎢ ⎥− ⋅ ⋅⎣ ⎦

xC . 

Numerical values of Sobol’ sensitivity indices are iS = {0.507, 0.399, 0, 0}. From the 

convergence plots presented in Fig. 17 we can conclude DLR outperforms the extended 

version of Sobol’ formula [11] for high values of iS  ( i=1, 2), however for zero values of iS  

( i=3, 4) it is slightly less efficient than the extended version of Sobol’ formula. We note that 
DLR is much easier to implement algorithmically as it does not require rather complex 
procedure of sampling from conditional distribution. The CPU time required for the extended 
version of Sobol’ formula is 19.6 s versus only 1.78 s required for DLR. 
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Fig. 17. Test case 5: Convergence plots of iS , i = 1,..,4. QMC sampling. The red line refers to S-K formula; the 

black line refers to DLR. The values of iS  obtained at the same number of CPUN . 1S  - upper lines with 

crosses, 2S  - lines with circles, 3S  - lines with triangles, 4S  - lower lines with crosses. 

Test case 6: Consider the linear model 1 2 3( )f x x x= + +x , where all input variables are 

normally distributed with zero mean and the covariance matrix Cx : 

2

1 0 0
0 1
0

C ρσ
ρσ σ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

x . 

Analytical values of both main effect and total Sobol’ sensitivity indices were given in [11] 
(Table 3). 
 

 1x  2x  3x  

iS  2

1
2 2σ ρσ+ +

( )2

2

1
2 2

ρσ
σ ρσ
+

+ +
( )2

22 2
ρ σ
σ ρσ
+

+ +
 

tot
iS  2

1
2 2σ ρσ+ +

2

2

1
2 2

ρ
σ ρσ
−

+ +
( )2 2

2

1
2 2

ρ σ

σ ρσ

−

+ +
 

Table 3: Test case 6. Analytical values of the first and total order indices. 
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For numerical test we used the following parameters: (0, 0, 0)=µ , 2, 0.8σ ρ= = − . 

Similarly to the previous test case from the convergence plots presented in Fig. 18 we can 

conclude DLR outperforms the extended version of Sobol’ formula for high values of iS  (i=1, 

2), however for small values of iS  (i=3) both methods show a similar performance. 

 

Fig. 18. Test case 6: Convergence plots of iS , i = 1,2,3. QMC sampling. The red line refers to S-K formula; the 

black line refers to DLR. The values of iS  obtained at the same number of CPUN . 1S  - upper lines with 

crosses, 2S  - lines with circles, 3S  - medium lines with crosses. 

5 CONCLUSIONS 

In this paper we compared the best known direct formulas and the so-called double loop 
reordering approach for estimation Sobol’ main effect indices on a set of test functions for 
models with independent and dependent inputs. Both MC and QMC sampling was considered. 
From the convergence results for models with independent inputs it follows that in majority of 
tests cases improved direct formulas show much higher efficiency than the original Sobol’ 
formula especially for cases of small values of Sobol’ indices with Owen and Oracle formulas 
outperforming other formulas. DLR outperforms direct formulas on average and by a wide 
margin when the values of Sobol’ indices are not very small. For models with dependent inputs 
DLR is much easier to implement algorithmically than the direct extended Sobol’ formula and 
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hence it is much faster to run. However, practically the DLR method is limited to computing 
Sobol’ main effect indices for a single index only. Convergence of all methods is much higher 
when QMC sampling is used apart from the case of type C function.  
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Abstract. In this work, an integrated reverse engineering strategy is presented that takes into 

account the complete process, from the developing of CAD model and the experimental modal 

analysis procedures to computational effective model updating techniques. Modal identifica-

tion and structural model updating methods are applied, leading to develop high fidelity finite 

element model of geometrically complex and lightweight bicycle frame, using acceleration 

measurements. First, exploiting a 3D Laser Scanner, the digital shape of the real bike frame 

was developed and the final parametric CAD model was created. Next, the finite element 

model of the frame was created by using quadrilateral shell and hexahedral solid elements. 

Due to complex geometry of the structure, the developed model consists of about one million 

degrees of freedom. The identification of modal characteristics of the frame is based on ac-

celeration time histories, which are obtained through an experimental investigation of its dy-

namic response, in two different states. First, in a support-free state by imposing impulsive 

loading and second in a fixed-free state by imposing random base excitation with the use of 

two electrodynamic shakers. A high modal density modal model is obtained. The modal char-

acteristics are then used to update finite element model. Single and multi-objective structural 

identification methods with appropriate substructuring methods, are used for estimating the 

parameters (material properties and shell thickness properties) of the finite element model, 

based on minimizing the deviations between the experimental and analytical modal charac-

teristics (modal frequencies and mode shapes). Direct comparison of the numerical and ex-

perimental data verified the reliability and accuracy of the methodology applied. 
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1 INTRODUCTION 

Current industrial design requirements lead frequently to the study, improvement, devel-

opment and modification of some mechanical parts or even of an entire structure. For many of 

these parts, there is not available necessary information’s, such as drawings or material prop-

erties. In order to address this issue, it is necessary to apply a reverse engineering process. In 

this process, many issues are taken into account, which are related with the developing of FE 

model, with the experimental modal analysis procedure and with the development of compu-

tational effective model updating techniques. The main objective of the present work is to 

demonstrate the advantages of applying appropriate numerical and experimental methodolo-

gies in order to identify the model parameters and develop a high fidelity finite element model 

of the structure examined.  

The equations of motion of mechanical systems with complex geometry are first set up by 

applying classical finite element techniques. As the order of these models increases, the exist-

ing numerical and experimental methodologies for a systematic determination of their dynam-

ic response become inefficient to apply. Therefore, there is a need for the development, 

improvement and application of new suitable methodologies for investigating dynamics of 

large scale mechanical models in a systematic and efficient way. Traditionally, in the area of 

structural dynamics this is done by first employing methodologies that reduce the dimensions 

of the original system. In this paper examined a time domain reduction method [1-5]. In order 

to improve the FE model of the structure, structural model updating techniques [16], have 

been proposed in order to reconcile the numerical (FE) model, with experimental data. Struc-

tural model parameter estimation based on measured modal data (e.g. [9-15]) are often formu-

lated as weighted least-squares estimation problems in which metrics, measuring the residuals 

between measured and model predicted modal characteristics, are build up into a single 

weighted residuals metric formed as a weighted average of the multiple individual metrics 

using weighting factors. Standard gradient-based optimization techniques are then used to 

find the optimal values of the structural parameters that minimize the single weighted residu-

als metric representing an overall measure of fit between measured and model predicted mod-

al characteristics. Due to model error and measurement noise, the results of the optimization 

are affected by the values assumed for the weighting factors. 

In this work, the applicability and effectiveness of the methods applied, namely the model 

reduction method and the model updating method, is explored by updating finite element 

model of a lightweight and geometrically complex bicycle frame, using experimentally identi-

fied modal data. Issues related to estimating unidentifiable solutions [17-20] arising in FE 

model updating formulations are also addressed. A systematic study is carried out to demon-

strate the effect of model error, finite element model parameterization, number of measured 

modes and number of mode shape components on the optimal models and their variability. It 

is demonstrated that the updated finite element models obtained using measured modal data 

may vary considerably. 

The organization of this paper is as follows. First, overviews the formulation for finite el-

ement model updating based on modal data in the following section. In the third section, the 

experimental device (bicycle frame) is introduced. More specifically, first presented the pro-

cedure followed in order to develop the digital shape of the real bike frame and the final par-

ametric CAD model, exploiting a 3D Laser Scanner. Next presented the detailed FE model of 

the frame and finally a brief review of the experimental set-up and the modal analysis results 

is given. Finally the parametric studies on updating finite element model of the bicycle frame 

and the predictions of frequency response functions, based on the optimal models, are pre-

sented in the fourth section. Conclusions are summarized in the fifth section. 
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2 FINITE ELEMENT MODEL UPDATING METHOD 

Let ˆˆ{ , , 1, , }oN

r rD R r m     be the measured modal data from a structure, consisting of 

modal frequencies ˆ
r  and mode shape components ˆ

r  at oN  measured DOFs, where m  is the 

number of observed modes. Consider a parameterized class of linear structural models used to 

model the dynamic behavior of the structure and let N
R    be the set of free structural model 

parameters to be identified using the measured modal data. The objective in a modal-based 

structural identification methodology is to estimate the values of the parameter set   so that 

the modal data 0{ ( ),  ( ) , 1, , }
N

r r R r m       predicted by the linear class of models at the cor-

responding 
0N  measured DOFs best matches the experimentally obtained modal data in D . 

For this, let 

 2 2

2

ˆ( ) ( )( )
( )    and   ( )

ˆ

ˆ

ˆr r

r r r
r r

r r

 

    
   



 





  (1) 

be the measures of fit or residuals between the measured modal data and the model predicted 

modal data for the r -th modal frequency and mode shape components, respectively, where 
2 T|| ||z z z  is the usual Euclidean norm, and 

2ˆ( ) ( ) / ( )T

r r r r        is a normalization constant 

that guaranties that the measured mode shape ˆ
r  at the measured DOFs is closest to the model 

mode shape ( ) ( )r r     predicted by the particular value of  . 

To proceed with the model updating formulation, the measured modal properties are 

grouped into two groups. The first group contains the modal frequencies while the second 

group includes the mode shape components for all modes. For each group, a norm is intro-

duced to measure the residuals of the difference between the measured values of the modal 

properties involved in the group and the corresponding modal values predicted from the mod-

el class for a particular value of the parameter set . For the first group, the measure of fit 

1( )J  is selected to represent the difference between the measured and the model predicted 

frequencies for all modes. For the second group, the measure of fit 2( )J  is selected to repre-

sent the difference between the measured and the model predicted mode shape components 

for all modes. Specifically, the two measures of fit are given by  

 2 2

1 2

1 1

( )   and   ( )( ) ( )
r r

m m

r r

J J      
 

    (2) 

The parameter estimation problem is traditionally solved by minimizing the single objec-

tive 

 
1 1 2 2;( ) ( ) ( )J w J Jw w  (3) 

formed by the two objectives ( )iJ , using the weighting factors 0iw  , 1,2i , with 

1 2 1w w . The objective function ;( )wJ  represents an overall measure of fit between the 

measured and the model predicted characteristics. The relative importance of the residual er-

rors in the selection of the optimal model is reflected in the choice of the weights. The results 

of the identification depend on the weight values used. The optimal solutions for the parame-

ter set   for given w  are denoted by ˆ( )w  [17-20]. 

641



3 EXPERIMENTAL APPLICATION 

The model updating methodologies are applied to update the FE model of real bicycle 

frame, shown in Figure 1. The frame of the structure is made of Aluminium 6061 with 

Young’s modulus 69E GPa , Poisson’s ratio 0.3  and density 32700kg m . The frame 

consists of members like, down tube, top tube, chain stays, seat stays and seat tube. The 

thicknesses of the cross sections of these parts can be vary along their length.  

 

Figure 1: BICYCLE FRAME. 

3.1 Digitisation and CAD Model of the Frame 

First, exploiting a 3D Laser Scanner, the digital shape of the real bike frame was developed 

by using the DSR (Digital Shape Reconstruction) method. In this process, four basic steps are 

being followed in order to collect, process and design the final CAD model, appropriate for 

the subsequent FE analysis. First, the geometrical data of the bicycle were captured, exploit-

ing the 3D scanner’s functionalities, as well as its software tools in order to produce a primary 

stereo-lithography (STL) file. As a second step, compatible utilities were used to pre-process 

the initial raw model in order to create the final STL file of the digitized geometry (Figure 2), 

before designing the CAD surfaces [6, 7, 8]. 
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Figure 2. FINAL STL MODEL OF THE BICYCLE FRAME. 

Next, in order to produce the initial CAD model, which is presented in figure 3, a segmen-

tation of the triangulated STL model and NURBS (Non-uniform Rational B-Splines) surface 

fitting, were applied. 

 

Figure 3. INITIAL CAD MODEL OF THE FRAME AFTER NURBS SURFACE FITTING. 

Finally, in order to achieve a full correspondence of the real frame to the CAD model, sev-

eral details were re-designed and parts of the structure that were recognized as solid or fixed-

thickness, were changed accordingly, as depicted in Figure 4. On the other hand, surfaces that 

would most likely have variable thickness due to mechanical deformation during industrial 

mass production of the frame were left as surface elements for ease of manipulation in the op-

timization method. 

 

Figure 4. FINAL CAD MODEL.  

3.2 Finite Element Model 

The geometry of the bicycle frame is discretized mainly by shell elements (triangular) and 

solid elements (tetrahedral). Due to complex geometry of the structure, the total number of 

degrees of freedom of the resulting model is about one million degrees of freedom 

(1,000,000). For the development and solution of the finite element model some appropriate 

software was used [21, 22]. The detailed FE Model of the frame presented in Figure 5.   
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Figure 5. FINITE ELEMENT MODEL OF THE FRAME.  

The first eignmode predicted by the nominal finite element model, presented in Figure 6.  

 

 

Figure 6. FIRST EIGENMODE PREDICTED BY THE NOMINAL FINITE ELEMENT MODEL.  

3.3 Experimental Modal Analysis 

After development of the nominal finite element model, an experimental modal analysis of 

the frame was performed to quantify its dynamic characteristics. The frame was hung up with 

the help of a crane and straps, to approximate free-free boundary conditions for the test. 

First, all the necessary elements of the FRF matrix required for determining the response of 

the frame substructure were determined by imposing impulsive loading [10-14]. The meas-

ured frequency range was 0-2048 Hz, which includes the analytical frequency range of inter-

est, 0-600 Hz. An initial investigation indicated that the frame has eleven natural frequencies 

Mode 1: 94.46 Hz 
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in this frequency range. A schematic illustration of the measurement geometry of the test 

structure is presented in Figure 7a. In this figure, presented the locations and directions of ac-

celeration measurements, when apply an impulsive load in all directions and at several loca-

tions. Also in Figure 7b presented the accelerometer locations in the real frame. 

 

 

Figure 7. a) SCHEMATIC ILLUSTRATION OF THE MEASUREMENT GEOMETRY b) 

ACCELEROMETERS LOCATIONS IN REAL FRAME. 

For instance, Figure 8 shows the magnitude of one typical element of the FRF matrix be-

fore (continuous line) and after (dashed line) application of the Welsh’s smoothing method. 

Based on the measured FR functions, the natural frequencies and the damping ratios of the 

frame substructure were estimated by applying the “Rational Fraction Polynomial Method” 

(RFPM). This method has certain attractive merits, especially for systems with high modal 

density, like the system under consideration [10, 11, 15]. The identified mode shapes have 

also been recorded so that they can be used for updating the finite element models.   

As a second approach, imposing random base excitation with the use of two electrodynam-

ic shakers and determining the response of the frame substructure the FRF matrix was restruc-

tured and modal parameters were re-examined. An illustration of the fixed-free arrangement 

of the bike on the shakers is presented in figure 9.  

 

A2 
A1 

A3 

A4 A5 

A6 

A7 

A8 

(b) 

(a) 
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Figure 8. TYPICAL ELEMENT OF THE FRF MATRIX.  

 

 

Figure 9. FIXED-FREE ARRANGEMENT ON ELECTRODYNAMIC SHAKERS.  

As an outcome of the above two procedures, the first column of Table 1 presents the values 

of the lowest 11 natural frequencies ( )rE  of the frame, while the corresponding damping rati-

os are included in the fourth column. In the same table, the second column presents the values 

of the natural frequencies obtained from the analysis of the nominal finite element model 

( )
FEr N  and the third column compares these frequencies with the corresponding frequencies 

obtained by the experimental data.  
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Mode

Identified 

Modal 

Frequency

Nominal FE 

Predicted 

Modal  

Frequency

Difference 

between Identified 

and FE Predicted 

Modal Frequencies

Identified 

Modal 

Damping Ratio

1 84.88 96.46 12.01 0.21
2 108.29 118.72 8.78 0.19
3 270.69 319.15 15.19 0.12
4 311.96 357.30 12.69 0.08
5 315.15 358.72 12.15 0.13
6 368.01 414.69 11.26 0.13
7 425.73 491.11 13.31 0.12
8 450.25 494.05 8.87 0.16
9 465.19 530.79 12.36 0.16

10 484.45 545.44 11.18 0.35

11 504.86 575.88 12.33 0.23

[ ]rE Hz [ ]
FErN Hz 100%FE

FE

rN rE

rN

 




(%)rE

 

Table 1. MODAL FREQUENCIES AND MODAL DAMPING RATIOS OF THE FRAME. 

The errors determined between the nominal FE model and the experimental measurements 

are not insignificant, indicating that the FE model updating process is necessary.  

4 FINITE ELEMENT MODEL UPDATING 

4.1 FE model parameterization 

The parameterization of the finite element model of the experimental vehicle are intro-

duced in order to demonstrate the applicability of the proposed finite element model updating 

method. The parameterized model consisting of thirteen parts which are shown in Figure 10. 

The first four parts (P1, P2, P3 and P4) consist of solid elements, while the remaining nine 

parts (P5-P13) consist of shell elements. At each of these parts are used as design variables 

the thickness of the shell elements, the Young’s modulus and the density. Thus, the final 

number of the design parameters are thirty five (35) variables. 

In Table 2 presented the initial values that have been set  in each parameter, which are 

identical to the nominal FE model, with the upper and lower limits, which were selected to be 

used for the optimization process. In particular, for most values of densities was chosen as 

lower limit, the value 32,500Kg m  and as upper limit, values between 33,500Kg m and 
33,700Kg m . Also, for most values of Young's modulus of the shell elements, was selected as 

lower limit, the value 60GPa  and as upper limit, the value of 70GPa . For the solid elements, 

these limits ranged between the values 68 72GPa . In the second column presented the nomi-

nal values, as well as the upper and lower limits for the thicknesses of the shell elements. Fi-

nally the last column of the table shows the step of design, which is set at 1% of the respective 

previous value for all cases. 

The finite element model is updated using the lowest eleven identified modal frequencies 

and mode shapes shown in Table 1. The identified mode shapes include components at all 8 

sensor locations. Additionally, we define as design response and total weight of the model, in 

order to be taken into consideration during the optimization process. 
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Figure 10. PARTS OF THE PARAMETERIZED FE MODEL OF THE FRAME. 

 

Initial  Thickness 

[mm]

Initial Density 

[kg/m3]

Initial Young's 

Modulus [Gpa]

LB - UB LB - UB LB - UB

2700 69

2500 – 3700 68 – 72

2700 69

2500 – 3500 68 – 72

2700 69

2500 – 3700 68 – 72

2700 69

2500 – 3700 68 – 72

2 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

1.7 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

1.7 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

2.5 2700 69

2.50 – 5.50 2500 – 3500 68 – 72

1.7 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

1.7 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

2.5 2700 69

2.50 – 5.50 2500 – 3500 68 – 72

2 2700 69

1.60 – 2.30 2500 – 3500 68 – 70

2 2700 69

1.60 – 2.50 2500 – 3500 68 – 70

P11 1%

P12 1%

P13 1%

P8 1%

P9 1%

P10 1%

P5 1%

P6 1%

P7 1%

P3 - 1%

P4 - 1%

Part
 Move 

Limit

P1 - 1%

P2 - 1%

 

Table 2. DESIGN VARIABLES AND OPTIMIZATION DESIGN LIMITS. 

P1 

P2 

P3 

P4 

P5 

P6 

P7 
P8 

P9 

P10 P11 

P12 

P13 
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4.2 FE Model Updating Results 

The results from the FE model updating method are shown in Table 3. In this table pre-

sented a comparison between identified ( )rE and optimal FE predicted modal frequen-

cies ( )
FErO . 

.

Mode

Identified 

Modal 

Frequency

Optimal FE 

Predicted 

Modal  

Frequency

Difference 

between Identified 

and FE Predicted 

Modal Frequencies

1 84.88 84.89 0.01
2 108.29 108.29 0.00
3 270.69 270.61 0.03
4 311.96 312.16 0.06
5 315.15 315.47 0.10
6 368.01 368.01 0.00
7 425.73 426.01 0.07
8 450.25 449.51 0.17
9 465.19 465.59 0.09

10 484.45 484.38 0.02
11 504.86 505.23 0.07

[ ]rE Hz [ ]
FErO Hz 100%FE

FE

rO rE

rO

 





 

Table 3. COMPARISON BETWEEN IDENTIFIED AND OPTIMAL FE PREDICTED MODA 

FREQUENCIES 

The FRF predicted by the optimal FE model (black dashed line) are compared in Figures 

11a-b with the FRF computed directly from the measured data (red continuous line) at two 

indicative measurement locations in the frequency range [50Hz, 550Hz]. The FRF of the ini-

tial nominal model (blue dashed dot line) is also shown in these figures to be inadequate to 

represent the measured FRF. Compared to the FRF of the initial nominal model, it is observed 

that the updated optimal model tend to considerably improve the fit between the model pre-

dicted and the experimentally obtained FRF close to the resonance peaks. 
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Figure 11. COMPARISON BETWEEN MEASURED, NOMINAL AND OPTIMAL FRF IN TWO TYPICAL 

ELEMENTS OF THE FRF MATRIX.  

5 SUMMARY 

An integrated reverse engineering strategy was presented that takes into account the com-

plete process, from the developing of CAD model and the experimental modal analysis pro-

cedures to computational effective model updating techniques. Numerical and experimental 

methodologies were applied in order to identify the model parameters and develop a high fi-

delity finite element model of the structure examined. The applicability and effectiveness of 

the methods applied, namely the model reduction method and the model updating method, is 

explored by updating finite element model of a lightweight and geometrically complex bicy-

cle frame, using experimentally identified modal data. Direct comparison of the numerical 

and experimental data verified the reliability and accuracy of the methodology applied. 
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Abstract. Reliability assessment in the context of rare failure events still suffers from its com-
putational cost despite some available methods widely accepted by researchers and engineers.
Monte Carlo simulation methods even in their most efficient version such as subset simulation
often require a large number of samples for an acceptable accuracy on the failure probability
of interest. For low to moderately high dimensional problems and under the assumption of a
rather smooth limit-state function, surrogate models a.k.a. metamodels or response surfaces
represent interesting alternative solutions. This paper presents an adaptive method based on
SVM surrogates used in regression. The SVM formulation hinges on the ε-insensitive loss func-
tion and a Gaussian RBF kernel. The key idea of the proposed method is to iteratively construct
SVM surrogates which become more accurate as they get closer to the limit-state surface. Sub-
set simulation is applied to the constructed SVM surrogates for assessing probabilities with
respect to intermediate threshold values of the LSF and more importantly for generating new
training points. The efficiency of the method is tested on several examples featuring various
challenges: a parallel system, a highly curved limit-state surface at a single most probable fail-
ure point and a smooth high-dimensional limit-state surface with equal curvatures. The paper
puts an emphasis on the key role of an optimal selection of SVM surrogate hyperparameters.
This is achieved in the present work by minimizing an estimate of the leave-one-out error using
the cross-entropy method.
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1 INTRODUCTION

The present paper focuses on the assessment of probabilities of rare events. This problem
known as structural reliability in structural engineering has been largely addressed by several
researchers for decades. Despite some efficient and widely accepted methods, assessing low to
very low failure probabilities is still often too computationally demanding in real applications
in which a single call to the physical model may last minutes, hours or even days. We are
presently interested in time invariant reliability problems as defined in the structural reliability
literature, see e.g. Ditlevsen and Madsen [1], also known as static simulation problems or
models by some other authors, see e.g. Homem-de-Mello and Rubinstein [2] and Cancela et al.
[3] and in which time is not an explicit variable. The probability w.r.t. an undesired or unsafe
state of the system of interest is expressed in terms of a n-dimensional random vector X of
known continuous joint density function fX. Failure is defined in terms of a so-called limit-
state function (LSF) g : X ⊆ Rn → R, x 7→ g(x), where x represents a realization of the
random vector X. We restrict here the analysis to a single function g, but this function may
represent a combination of failure modes in more general settings. This LSF divides the space
of realizations of the random vector X in a failure domain Fx = {x ∈ X : g(x) ≤ 0} and a
safety domain Fx = {x ∈ X : g(x) > 0}. The failure probability pf therefore reads:

pf =

∫
Fx

fX(x) dx = EfX [1Fx (X)] (1)

where dx = dx1 . . . dxn and 1D is the indicator function over D domain: 1D (x) = 1 if x ∈ D,
1D (x) = 0 otherwise.

We will assume here that we can reformulate this problem in the so-called standard space
u ∈Rn, where U is a random vector with independent standard normal components and ϕn(u)
is the n-dimensional standard normal joint probability density function (pdf). This could be
achieved e.g. by means of the Nataf or Rosenblatt transform, not recalled here for the sake of
brevity.

pf =

∫
Fu

ϕn(u) du = Eϕn [1Fu (U)] (2)

where Fu = {u ∈ Rn : G(u) = g(x(u)) ≤ 0} and du = du1 . . . dun.
Failure probabilities are usually assessed by means of two main types of methods: sampling

methods such as the Monte Carlo method which give an estimate of pf based on samples of
the random vector X or approximation methods which consist in constructing a surrogate of
the true limit-state function g (or G in the standard space) based on some a priori selected as-
sumptions. Sampling methods do not make any hypothesis on g but they are on a general basis
characterized by their high computational cost which may hamper their use in practice with
costly-to-evaluate LSF. Even subset simulation [4] which is one of the most efficient technique
still requires thousands of calls to the LSF for estimating pf with an acceptable accuracy. In
approximation methods, we formulate some hypothesis about the LSF. For instance, FORM
and SORM techniques respectively consider the first- and second-order Taylor polynomial of G
at the so-called most probable failure point (MPP) u∗ in the standard space. Several other ap-
proximation models have been investigated in the literature for reliability assessment including
polynomial response surfaces, artificial neural networks, moving least-squares, Kriging (also
known as Gaussian process emulators), support vector machines (SVM), polynomial chaos ex-
pansions among others. All these approximations are usually referred to as surrogate models
or metamodels. The construction of such surrogate models is most often made adaptively. A
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common idea is to start from an initial set of training points which is progressively enriched
by sequentially adding new training points. The criteria for selecting new training points are
based on the information gained from the currently constructed surrogate model. Such adaptive
techniques have been developed e.g. with Kriging [5–7]), SVM [8–12] and polynomial chaos
expansions [13, 14].

This paper proposes an adaptive technique for assessing low failure probabilities based on
SVM surrogates used in regression. The conceptual ideas share some similarities with those
of the method developed in [12] in which SVM were used in classification. The SVM model
used in the present work is based on the ε-insensitive loss function as explored in the context of
reliability assessment in a few other works [9, 15–17]. A sequence of adaptive SVR surrogates
G̃s(u), s = 1, . . . , smax, is constructed in the standard space with training points which get
closer to the failure domain Fu with iteration s. The new training points at each iteration s are
generated from the currently constructed SVR surrogate model G̃s by means of Monte Carlo
Markov chains (MCMC). A new SVR surrogate is trained at each iterations s. Optimal values
for its hyperparameters are accurately determined by minimization of an estimate of the leave-
one-out (LOO) error proposed by Chang and Lin [18] using the cross-entropy (CE) method
[19]. The approximation of the failure probability pf is evaluated from the SVR surrogate G̃smax

trained at the final iteration.
The paper is organized as follows. SVM regression by means of L1-ε-SVR is presented in

Section 2. This section also describes the efficient stochastic search technique based on an es-
timate of the generalization error applied for obtaining accurate SVR surrogates. The adaptive
strategy for reliability assessment is described in Section 3. Three challenging application prob-
lems are treated in Section 4 in order to demonstrate the efficiency of the proposed strategy. A
conclusion is given in Section 5 with some perspectives.

2 SUPPORT VECTOR MACHINE SURROGATES

Support vector machines (SVM) are used as surrogate models of the LSF for reliability as-
sessment in the present work. SVM are parts of statistical learning theory and the reader may
refer to [20, 21] for a presentation of their theoretical basis. SVM possess excellent general-
ization performances and constructing nonlinear surrogate models is convenient thanks to the
use of kernels, a property shared with Gaussian process emulators. From a given set of training
pairs (x1, y1) . . . , (xN , yN) (training set), we want to predict a scalar output y ∈ Y = R at any
new point x ∈ X ⊆ Rn. This univariate regression problem is solved by constructing a model
f such that y = f(x). The notations in this section are those commonly used by the SVM
community. In the present context, x stands for a point of the standard space u, y represents the
unknown output of the LSFG at a point of interest u, (xi, yi) for i = 1, . . . , N are the given data
of the training set such that yi = G(ui) and the SVR model f represents the surrogate model
G̃s which needs to be constructed at current iteration s.

2.1 Regression with SVM

The type of SVM selected in this work is based on the ε-insensitive loss function [22, 23].
The corresponding formulation will referred to as L1-ε-SVR due to the penalty term of degree
one used for slack variables. For constructing the SVM model in regression, we need to solve
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the following optimization problem:

min
w,b,ξ,ξ∗

1

2
‖w‖2 + C

N∑
i=1

(ξi + ξ∗i ) s.t.


yi − 〈w,Φ (xi)〉 − b ≤ ε+ ξi for i = 1, . . . , N
〈w,Φ (xi)〉+ b− yi ≤ ε+ ξ∗i for i = 1, . . . , N

ξi, ξ
∗
i ≥ 0 for i = 1, . . . , N

(3)

where C ∈ R+ is a regularization parameter to avoid overfitting, ε is a parameter which controls
the precision level below which we apply no penalization, ξi and ξ∗i are nonnegative so-called
slack variables for i = 1, . . . , N . w ∈ Rn and b ∈ R are the usual weight vector and bias term
used in SVM formulations.

Φ represents an unkwnown mapping from X to a high (possibly infinite) dimensional space
H (referred to as feature space) in which the model f becomes linear: f(x) = 〈w,Φ (x)〉 + b.
It is important to mention that this mapping does not require to be explicitly defined. Only the
kernel k : X ×X → R, (x, x′) 7→ k (x, x′) = 〈Φ (x) ,Φ (x′)〉H which computes an inner product
in the feature space is required [21]. In other words, H is a reproducing kernel Hilbert space
(RKHS) with reproducing kernel k. In the the present work, the choice is to work with the
Gaussian RBF kernel:

k (x, x′) = exp
(
−γ ‖x− x′‖2

)
(4)

where γ ∈ R∗+ is a parameter that controls the bandwidth of the kernel.
Practically, the optimization problem in Eq. (3) is solved in its dual formulation:

max
α,α∗

− 1

2

N∑
i=1

N∑
j=1

(αi − α∗i )Kij

(
αj − α∗j

)
+

N∑
i=1

yi (αi − α∗i )− ε
N∑
i=1

(αi + α∗i )

s.t.


∑N

i=1 (αi − α∗i ) = 0
0 ≤ αi ≤ C for i = 1, . . . , N
0 ≤ α∗i ≤ C for i = 1, . . . , N

(5)

where αi, α∗i , i = 1, . . . , N , are the introduced Lagrange multipliers and Kij = k (xi, xj).
The optimization problem in Eq. (5) is a convex and quadratic program, which gives a unique

and global minimum when feasible. The constructed SVR model is expressed as follows:

f (x) =

 ∑
i∈S

⋃
S∗

(αi − α∗i ) k (xi, x)

+ b (6)

where S
⋃
S∗ is the set of support vectors with S = {i : 0 < αi < C} and S∗ = {i : 0 < α∗i < C},

and where the bias term b may be conveniently obtained as a byproduct of interior point opti-
mization.

2.2 Selection of the SVR surrogate model parameters

The parameters C and ε specific to L1-ε-SVR and the unique parameter γ of the Gaussian
RBF kernel are gathered in a unique vector denoted by θ known as hyperparameters of the SVR
model. For a given training set, we need to find optimal values for these hyperparameters in
order to construct the most accurate SVM surrogate model we can. The accuracy is defined
here in terms of the generalization ability of the surrogate model, i.e. its ability to predict well
over unknown points of X .
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This generalization ability is inferred in practice by cross-validation (CV) over the training
set of known data. The most usual type of CV is the k-fold CV [24]. In the k-fold CV, the
training set of data pairs (x1, y1) . . . , (xN , yN) is randomly split into k mutually exclusive sub-
sets (called folds) of equal (or approximately equal) sizes. For a given subset, a SVR model is
trained with the data of the (k− 1) remaining subsets and it is tested on the data of the selected
subset, considered as validation data. This procedure is repeated for each of the k subsets and
the average of the k obtained testing errors gives an estimate of the generalization error. In
practice k is often set to 5 or 10.

A limit case is obtained for k = N known as leave-one-out cross validation (LOO-CV). A
SVR model f (−i) is trained with (N − 1) pairs (xj, yj), j ∈ {1, . . . , N} \ {i} and it is tested on
the left-out pair (xi, yi). We consider here the following LOO error measure:

ErrLOO (θ) =
1

N

N∑
i=1

∣∣yi − f (−i) (xi,θ)
∣∣ (7)

where f (−i) (xi,θ) represents the prediction at point xi of the SVR surrogate model trained on
all the data pairs except the ith with given hyperparameters θ.

The cost of training for assessing this error could be high for not so large N . For this reason,
bounds or approximations of the LOO error are have derived to avoid true LOO-CV with SVM
both in classification (see e.g. [25]) and in regression. The present work is based on the span
bound approximations derived for L1- and L2-ε-SVR by Chang and Lin [18]. For L1-ε-SVR,
this approximation reads:

ẼrrLOO (θ) = ε+
1

N

∑
i∈Su

(αi + α∗i )S
2
i +

1

N

∑
i∈Su

(ξ + ξ∗i ) (8)

where Su = {i : 0 < αi + α∗i < C} is the set of unbounded support vectors,

and S2
i =

1(
K̃
−1
Su

)
ii

with K̃Su =

[
KSu 1|Su|×1

1T
|Su|×1 0

]
and KSu = (k (xi, xj))i,j∈Su

.

It is important to note that the computation of this approximation of the LOO error only
requires an inversion of a matrix of maximal order (N + 1) × (N + 1) in addition to the com-
putational cost needed for solving the quadratic program in Eq. (5).

Starting from a given training set (x1, y1) . . . , (xN , yN), we want to solve the following opti-
mization problem in order to find optimal values θ∗ for the SVR model hyperparameters:

θ∗ = arg min
θ

ẼrrLOO (θ) (9)

The first technique commonly used with SVM for solving such a problem is known as grid
selection. A given range is discretized for each hyperparameter most often with equally-spaced
values in logscale. The combination of hyperparameter values which gives the lowest CV error
(or any approximation of the LOO error) is the one which is selected for training the supposedly
best SVM model. Gradient descent algorithms may also be applied as explored by Chapelle
et al. [25] for SVM classification. It is however worth noting that the optimization problem
in Eq. (9) is not straightforward to solve both in classification and regression. This problem
is noisy and multimodal, which makes gradient descent algorithms fail. For these reasons,
stochastic search algorithms have been preferred by other researchers: simulated annealing
in [15, 26], particle swarm optimization method in [27, 28], comprehensive learning particle
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swarm optimization combined with a BFGS algorithm in [29]). The present paper is based on
the stochastic search algorithm known as the cross-entropy method (CEM) whose efficiency has
been observed in several works. The proposed algorithm given in Table 1 is derived from the
one proposed for continuous optimization in [19] based on sampling with normal distributions.

1 // Initialize
2 a = (aC , aε, aγ)

T , b = (bC , bε, bγ)
T // lower and upper bounds for log10 C, log10 ε and log10 γ

3 µ̂0 = (a + b)/2 , σ̂0 = 100(b− a) // initial mean and standard deviation
4 ẼrrLOO, min = +∞ // minimal value found for LOO error approximation
6 Nel = bρKe // number of elite samples
6 t = 0 // iteration counter
7 do
8 t = t+ 1

9 Draw log10 θ
(1), . . . , log10 θ

(K) from the N[a,b](µ̂t−1, σ̂t−1) distribution
.. where µ̂t−1 and σ̂t−1 are mean and standard deviation of the untruncated normal distribution
10 for k = 1 to K
11 ( f (k) , Ẽrr

(k)

LOO ) = train
(
(x1, y1) , . . . , (xN , yN ) , θ(k)

)
12 end for

13 I = sort
(
(Ẽrr

(k)

LOO)
K
k=1 , ’ascend’

)
14 Iel = I1,...,Nel // set of indices of Nel elite samples with lowest LOO error
15 kbest = I1 // index of sample with lowest LOO error

16 if Ẽrr
(kbest)

LOO < ẼrrLOO, min then
17 ẼrrLOO, min = Ẽrr

(kbest)

LOO , θbest = θ(kbest) // store best solution obtained up to now
18 end if

19 µ̃t,j =
1

Nel

∑
k∈Iel

θ
(k)
j // mean update

20 σ̃2
t,j =

1

Nel

∑
k∈Iel

(
θ
(k)
j − µ̃t,j

)2
// variance update

21 µ̂t = αµ̃t + (1− α)θ(kbest) // static smoothing of mean
22 σ̂t = ασ̃t + (1− α)σt−1 // static smoothing of standard deviation
23 while (σ̂t, 1 > σth, C) or (σ̂t, 2 > σth, ε) or (σ̂t, 3 > σth, γ)
24 θ∗ = θbest // optimal values for hyperparameters
Note: bxe stands for the nearest integer to x.

Table 1: Pseudo-code of the CE algorithm for optimal hyperparameters selection.

3 RELIABILITY ASSESSMENT WITH ADAPTIVE SVM SURROGATES

The method proposed in the present paper consists in constructing a sequence of SVR sur-
rogate models G̃s(u), s = 1, . . . , smax, in the standard space. The objective of such an adaptive
strategy is that the accuracy of the SVR surrogate close to the limit-state surface (LSS) increases
with iteration s. The main idea is to generate new training points which become closer to the
failure domain Fu with iteration s by exploiting the information conveyed by the currently
constructed SVR surrogate. It is important to note that generating such points a priori with no
information about the location of the failure domain is unfeasible which justify the development
of adaptive SVR surrogate models.

The choice made here is to work with SVM surrogate model used in regression and based
on the ε-insensitive loss function (L1-ε-SVR). In reliability assessment, we basically want to
know whether points u of the standard space are in the failure domain Fu or not. This binary
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classification problem have been for this reason explored in several works by means of SVM
used in classification, where the two classes represent the safe and failure domains. Knowing
the class of a point requires a call to the LSF and it is the author’s belief that the value of the
LSF brings more information than juts its sign for an accurate approximation of the LSS.

At current iteration s, a SVR surrogate model needs to be trained. The quadratic program in
Eq. (5) is solved by means of an interior point method (see e.g. [30]). Optimal values for the
SVR surrogate hyperparameters are obtained by minimizing the span bound approximation of
the LOO error of Chang and Lin [18] with the CE algorithm detailed in Table 1.

: {ui : G(ui) > yth,1}
: {ui : G(ui) < yth,1}

G̃1(u) = yth,1

(a) Initial training set and SVR surrogate G̃1

: Trailing points

G̃1(u) = yth,1

(b) Selection of trailing points

: uSS points
: New training points

G̃1(u) = yth,1

(c) New training points from uSS samples

: Current training set
: New training points

G̃1(u) = yth,1

(d) New training set

: {ui : G(ui) > yth,2}
: {ui : G(ui) < yth,2}

G̃1(u) = yth,1

(e) New threshold value yth,2

: {ui : G(ui) > yth,2}
: {ui : G(ui) < yth,2}

G̃1(u) = yth,1

G̃2(u) = yth,2

(f) Updated SVR surrogate G̃2

Figure 1: Main steps of the proposed algorithm

The conceptual ideas of the proposed method are depicted in Figure 1. The algorithm pro-
ceeds as follows:
• Starting from an initial training set composed ofN points ui sampled from the n-dimensional

standard normal joint pdf ϕn and their corresponding LSF evaluations yi = G(ui), a first
SVR surrogate G̃1 is trained. We also define the first intermediate threshold level yth,1 as
the median of the (yi)

N
i=1 sample and we obtain the SVR-based surface corresponding to this

level: {u : G̃1(u) = yth,1}. See subplot 1a of Figure 1.
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• The paN points ui of the training set with the largest yi LSF values are withdrawn from the
training set and will therefore not be used for the next SVR training. These points will be
part of a set called the trailing set. See subplot 1b of Figure 1.
• Subset simulation is then used with the following intermediate LSF: u 7→ G̃1(u)− yth,1. The

probability obtained by subset simulation with this intermediate LSF is denoted by ps. From
the samples generated by the modified Metropolis-Hastings during the last subset simulation
step for which G̃1(u) < yth,1, we randomly select paN points which will become new training
points. See subplot 1c of Figure 1. These paN points are now added to the training set whose
size becomes again N . See subplot 1d of Figure 1.
• A new intermediate threshold level yth,2 is defined as the median of the LSF outputs of points

of the training set. See subplot 1e of Figure 1.
• A new SVR surrogate G̃2 is trained from the newly composed training set, which defines an

updated SVR-based surface with respect to the yth,2 level: {u : G̃2(u) = yth,2}. See subplot 1f
of Figure 1.
• Points of the trailing set are now used for testing. If for any point ui of the trailing set we

have G̃2(ui) < yth,2, this point becomes again part of the training set.
• The previous process is repeated until we find yth,s < 0. We then impose yth,s = 0 for

subsequent iterations s.
• New points are added close to the SVR-based surface {u : G̃s(u) = 0} in order to increase

the accuracy of the constructed SVR surrogate with respect to the true LSS.
• The approximation of the failure probability pf is evaluated from the SVR surrogate G̃smax

trained at the final iteration: pf = psmax = P(G̃smax(U) ≤ 0).

4 APPLICATION EXAMPLES

The application examples are taken from Bourinet [12] where reference results are also pro-
vided. The ratio pa over N of new points to add at each iteration has been set to 1/10. For
the first two examples, we consider both N = 30 and N = 50 cases. For the high dimensional
problem of example 3, we takeN = 50. The algorithm is run 20 times in order to assess the bias
of the estimated failure probability with respect to the reference one and also its coefficients of
variation. It is worth mentioning that the failure probability assessed with the proposed algo-
rithm is random due to the randomness introduced in the selection of training points and also
the one coming from the use of subset simulation which results in statistical variations of the
computed failure probability. The evolution of ps with the cumulative number of calls to the
LSFNs is plotted for each application example. Blue disks corresponds to the iteration at which
yth,s gets negative and red squares to the final iteration.

4.1 Example 1: parallel system

The first example is a 5-random variable parallel system reliability problem studied in [31,
32]. All the five random variables have independent standard normal distributions. The LSF is
expressed as follows:

G(u) = max{2.677− u1 − u2 ; 2.500− u2 − u3 ; 2.323− u3 − u4 ; 2.250− u4 − u5 } (10)

A reference solution is given by pf ref = Φ4(−β, 0,R) = 2.13 × 10−4 where β is the vector
of HL reliability indices, R is the correlation matrix between the four LSS and Φ4 is the 4-
dimensional normal cumulative distribution function. The ps v.s. Ns plots are given in Figure 2.
The failure probability estimate averaged over 20 runs of the proposed method is 1.96 × 10−4
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and 1.99× 10−4, with a coefficient of variation of 7.6% and 2.8%, respectively for N = 30 and
N = 50. The respective averaged total numbers of calls to the LSF are 306 and 580. The 7-8%
bias observed on the failure probabilities come from the selected kernel which appears unable
to perfectly fit the geometry of the LSS.
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Figure 2: Results of example 1 - N = 30 (left), N = 50 (right)

4.2 Example 2: two d.o.f. primary/secondary damped oscillator

The second example was initially proposed in the report by De Stefano and Der Kiureghian
[33] and used as a benchmark by Bourinet et al. [11]. We are interested in the reliability assess-
ment of a two-degree-of-freedom primary-secondary system under a white noise base accelera-
tion. The uncertainty is modeled by 8 independent random variables. The reliability problem is
characterized by a single MPP, with a strongly curved LSS and a very low failure probability.
The mean value of the force capacity of the secondary spring Fs is set to 27.5, which results
in a reference failure probability pf ref = 3.78 × 10−7 [11]). The ps v.s. Ns plots are given
in Figure 3. The failure probability estimate averaged over 20 runs of the proposed method is
3.69× 10−7 and 3.76× 10−7, with a coefficient of variation of 6.3% and 1.6%, respectively for
N = 30 and N = 50. The respective averaged total numbers of calls to the LSF are 503 and
606. The bias observed on the failure probability is negligible, which shows that the Gaussian
RBF kernel is able to capture quite well the strong curvatures of the LSS at the MPP.
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Figure 3: Results of example 2 - N = 30 (left), N = 50 (right))
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4.3 Example 3: smooth equally curved high dimensional example

The last example is a 100-random variable reliability problem with a single MPP and mod-
erate (and equal) curvatures at the MPP [34]. The LSF is given by:

g(x) =
(
n+ a σ

√
n
)
−

n∑
i=1

xi (11)

where Xi, i = 1, . . . , n, are i.i.d. lognormal random variables, with unit means and the same
standard deviation σ equal to 0.2. The reference failure probability is pf ref = 1.73× 10−3 with
a = 3 [11]. The ps v.s. Ns plot with N = 50 is given in Figure 4. The failure probability
estimate averaged over 20 runs is 1.69 × 10−3 with a coefficient of variation of 1.1%. The
averaged total numbers of calls to the LSF is 559. The proposed method appears quite efficient
and accurate on this high-dimensional but smooth LSS.
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Figure 4: Results of example 3 - N = 50

5 CONCLUSION-PERSPECTIVES

The proposed method is able to estimate low failure probabilities quite efficiently (a few
hundreds calls to the LSF) with a high precision (coefficient of variation less than 3% for N =
50 in the treated examples). The limits are those of the kernel assumption. For the Gaussian
RBF kernel, the LSF is required to be smooth enough. This performance has a price to pay:
the proposed method requires a substantial effort for training the sequentially constructed SVR
surrogate models even though this task could be easily parallelized. One choice made here is
to learn a surrogate model over a subset of the already known data, which could be viewed as a
local kernel regression triggered towards the failure domain. The main advantages are twofold:
1) the training time is lowered due to the reduced size of the training set and 2) we can use the
left out points (trailing set) for testing. Another choice made in the proposed method is to pick
up random samples as training points. We could of course expect some gains if we were using
some distance-based criteria but this advantage would vanish in high dimensional spaces.

Regarding the perspectives, some ongoing works are undertaken in order to evaluate and
improve the robustness of the proposed method on reliability assessment problems characterized
by multiple MPP of equal or similar importances. More generally future works will investigate
the applicability of the method to high dimensional problems involving random fields or random
processes as model inputs within the limit of a very few hundreds of random variables.
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Abstract. Computer experiments have become a powerful tool for the investigation of problems
encompassing the randomness of observed phenomena. To use this tool, it is necessary to
prepare a plan of the simulations that should be performed, i.e. what is known as Design of
Experiments (DoE) should be carried out. Such a design has to fulfill certain requirements
in order to provide applicable results. As designs are often stochastic, the fulfillment of the
requirements is not assured. Therefore, the originally random design is optimized with respect
to a selected criterion which should guarantee that the demanded properties of the design will
be achieved.

One of the criteria that can be used during optimization is the Audze-Eglājs (AE) criterion.
It is a criterion that accentuates the space-filling property of the final design.

Depending on the chosen method of optimization, the knowledge of the lower bound of the
optimization criterion might be necessary for efficient control over the optimization algorithm.
As the lower bound is not known for the AE criterion, this article describes two types of deter-
ministic designs that are virtually ideal with regard to the uniform filling of space, and therefore
should be close to optimal from the point of view of the AE criterion. Consequently, they are
supposed to provide a lower bound of the criterion, or its estimate where its value cannot be
evaluated due to the limits of these deterministic designs regarding the number of design points.

The AE criterion values of these deterministic designs are compared to the values of various
stochastic random and optimized designs.

Furthermore, the description of a closed-form exact formula that enables faster evaluation
of the AE criterion exploiting the regularity of deterministic design is presented for one of the
two deterministic designs described in the article.
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1 INTRODUCTION

Recently, a growing number of research centers and also design offices in various engineering
fields use computer experiments on daily basis for analysis and design processes concerning
problems that include uncertain or random inputs.

One of the possible methods of dealing with such problems – achieving the optimal design
or analyzing the dependence of a response on inputs – may be the response surface method
first introduced by Box [1] in 1954 and since then improved and adapted in various ways (e.g.
[2, 3]). While the real response of a complex system to a random input may be hard to evaluate,
this method provides an estimation of the response using a response function. This function is
in fact a model which has to be fitted in advance and whose complexity is determined by the
researcher in accordance with their knowledge of the problem to be solved. Nevertheless, the
evaluation of the response using such a model is usually significantly easier than that of the
original problem which decreases the costs of the analysis.

The response function is usually determined by evaluating a certain number of simulations
(Ns) of the real problem. The choice of the inputs for these simulations is generally denoted as
a response surface design and various properties are demanded. Among them the most common
is the orthogonality of such a design and the equal probability of the simulations. The first of
these is usually fulfilled implicitly by optimizing the design for the other. Therefore this article
will concentrate on the requirement for equal probability.

It would be difficult to attain such equality in the original domain, and therefore the input
space is transformed to ensure the independence of the marginal random inputs. Afterwards,
the design space of such a transformed domain is used so the equal probability of simulations
is attained via the uniform filling of this design space, which is, in fact, a unit hypercube of
a dimension identical to that of the original problem ([0, 1]Nv , where Nv is the number of random
inputs of the original problem). Individual simulations are then represented by design points
placed in the hypercube.

Methods of filling the unit hypercube with points are basically divided into deterministic and
stochastic. Deterministic methods place the design points in regular patterns and may ensure
perfect space-filling. One such example is full factorial design (FFD) [4]. The drawback of FFD
is collapsibility: if the response function is insensitive to one or more input variables, a certain
number of design points (proportional to the number of irrelevant input variables) collapse into
identical evaluation.

The solution to this problem is the use of stochastic methods, namely the Monte Carlo
method and its derivative – Latin Hypercube Sampling (LHS, [5]).

While using a stochastic sampling method, the space-filling property is not ensured auto-
matically. Therefore, the initial random design should be optimized with respect to a selected
criterion that prioritizes the uniform filling of the unit hypercube.

Various criteria have been defined to ensure the uniform filling of a given space. They are
often based on the evaluation of discrepancy, e.g. Centered L2-discrepancy [6], Wrap-Around
L2-discrepancy [7]. Maximin or miniMax criteria [8, 9] may also be used. The criterion that
this article deals with is the Audze-Eglājs (AE) criterion [10, 11].

The value of any of these criteria for designs created by stochastic sampling methods is
a random variable with a probability distribution dependent on the combination of (Ns, Nv) of
the design. For each such combination a lower bound of the criterion also exists. The effective
control of an optimization process is often conditional upon the knowledge of this lower bound
(the minimum that can be reached during optimization) and the mean value.
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Due to the regularity and perfect space-filling of certain deterministic designs it is reasonable
to expect these designs to provide a value of the criterion that is minimal or close to minimum
for a given configuration (Ns, Nv). Analysis of these designs can then give us the information
necessary for the process of optimizing stochastic response surface designs.

The deterministic designs selected for analysis are full factorial design (FFD) and a new
deterministic design proposed in this paper: regular triangular design (RTD). Both of them are
described later together with an analysis of the AE criterion for various (Ns, Nv) configurations.

Since these deterministic designs are restricted to only specific numbers of design points
(Ns = NNv , N being a natural number expressing the number of different input values for each
random input variable), the article also anticipates the possibility of interpolation of the lower
bound for an arbitrary Ns of a stochastic design.

2 THE AUDZE-EGLĀJS (AE) CRITERION

The AE criterion is one of various criteria, that can be used to assess the improvement of
a design during optimization. This criterion is derived from the analogy of two systems. The
first is the design of a computer experiment or a system of the design points in a design space
[0, 1]Nv . The other is then a system of points with unit mass in the same design space. Such mass
points interact via nonzero repulsive forces, and therefore the whole system cumulates potential
energy. For better understanding these repulsive forces are often depicted as (nonlinear) springs
between points (as illustrated for Nv = 2, Ns = 4 at Fig. 1). The amount of energy is assumed
[10] to be inversely proportional to the square distance between each pair of points. The total
cumulated potential energy can be calculated as a sum of energies accumulated in all pairs of
points:

EAE =
Ns∑
i=1

Ns∑
j=i+1

1

L2
ij

(1)

where Lij is the distance between points i and j.

0

1

1
Lij L

0

F

F= 2

L3

EAE
ij

F F

Lij

Figure 1: Physical analogy for the calculation of the AE criterion.

The number of pairs of Ns points is simply:

Np =

(
Ns

2

)
=

Ns (Ns − 1)

2
(2)
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Due to the physical analogy used, the design with the lowest potential energy is supposed
[10, 11, 12, 13, 14, 15, 16, 17, 18] to represent the best possible placement of points in space
with respect to uniformity of spread. Therefore, when optimizing Monte Carlo type designs to
improve the projection properties of the final design, the optimization algorithm is controlled in
such a way as to decrease the value of EAE. The above is considered to be valid inversely as
well. Thus, with points uniformly spread throughout a space, the value of the potential energy
EAE should be minimal.

In some methods for the selection of the coordinates of the sampling points (such as LHS),
the AE optimality criterion cannot be used to vary the coordinates of the points along each
variable. The only way to optimize such a type of design is to find the best mutual ordering
of predefined coordinates for each separate variable. Heuristic techniques are often employed
to perform this combinatorial optimization. Depending on the used optimization algorithm,
knowledge of the minimum value of the used criterion might be essential for effective control
over the optimization. This article therefore describes the improvement of the calculation of the
AE criterion for full factorial designs – authors consider such designs to be ideally space-filling,
hence the value of EAE of such designs should be close to the minimum for the given Ns and
Nv of the design.

3 FULL FACTORIAL DESIGN

Full factorial design (FFD), as used in this article, is a design that places the points in the
unit hypercube regularly in a perfect orthogonal raster.

Each design point has Nv coordinates; therefore, instead of using a set of coordinates, the
j-th point can be written as a vector xj = (x1,j, x2,j, . . . , xi,j, . . . , xNv,j).

In order to create an FFD, the number of values Ni representing the i-th input variable (i =
1, 2, . . . , Nv) first must be determined. Then the coordinates of this variable are calculated by
spreading Ni points uniformly along the edge of the unit hypercube (unit length (0, 1)). To
obtain a vector of coordinates xj for all the points in the FFD, it is necessary to create all
permutations of these coordinates. This article will later deal only with designs considering the
same number of points along all dimensions, thus N1 = N2 = . . . = NNv = N . Therefore, the
total number of points in the unit hypercube is:

Ns = NNv (3)

FFD examples with one, two or three input variables (Nv = 1, 2, 3) are shown in Fig. 2 for
N = 5.

4 EVALUATION OF THE AE CRITERION ON A FULL FACTORIAL DESIGN

Evaluation of the AE criterion as defined in section 2 requires the calculation of the distances
between every pair of points occurring in the design. The total number of such pairs is Np, see
Eq. (2), and the direct application of Eq. (1) includes too many arithmetic operations. In the
case of regular designs, the regularity may be exploited to simplify the calculation of the AE
criterion because the distances between individual pairs of points are repeated.

Combinatorial analysis of the existing lengths and their corresponding frequency was per-
formed for an FFD to accelerate the calculation.
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Figure 2: FFD: N = 5, Nv = 1, 2, 3, Ns = NNv = 5, 25, 125.

4.1 Lengths occurring in the design

In this section the rank of a certain coordinate value is used instead of this value. An FFD
with N coordinates for each input variable contains coordinates (i− 0.5) /N , i = 1, 2, . . . , N ,
where i stands for the rank of the coordinate value. For example, if a design has N = 5

• the coordinate value 0.1 has a corresponding rank of 1,

• the coordinate value 0.3 has a corresponding rank of 2,

• . . .

All the distances between the points in a hypercube can be rewritten using the rank differences.
These lengths can be further divided into groups according to the mutual position of the points
that define the distance:

• 1D distances – the pair of points lies on a line parallel to the edge of the hypercube.
Subtracting the vector of ranks of coordinates of these two points provides a vector of
differences with a single non-zero value, while all the other rank differences equal zero
(e.g. 4D space – (0, 0, 0, 1), (0, 2, 0, 0), etc.). The number at the i-th position in the
vector of differences expresses the difference in the rank of coordinates for the i-th input
variable.

• 2D distances – both points lie in a plane parallel to one side of the hypercube. The vector
of differences contains two non-zero numbers (e.g. (0, 0, 1, 1), (0, 2, 0, 1), etc.)

• . . .

The total number of different vectors of integer differences (irrespective of the order of el-
ements in the vector) for a given (N,Nv) design is equal to the number of combinations with
repetition:

nc =
(N + Nv − 1)!

Nv! (N − 1)!
(4)

For example, for N = 3, Nv = 4, the vectors of differences are (0, 0, 0, 0), (0, 0, 0, 1),
(0, 0, 0, 2), (0, 0, 1, 1), . . . , (2, 2, 2, 2) and their total number is nc = 15.
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The vectors of differences will be marked as ci (i = 1, . . . , nc) and the entries in these vectors
are denoted as ci,j (j = 1, . . . , Nv). The length li that corresponds to a vector ci is calculated:

li =
1

N

√√√√√Nv∑
j=1

c2i,j (5)

Although none of the vectors ci are repeated, more of them may represent the same distance
between points. The calculation of the AE criterion does not exploit this fact but it should be
taken into consideration in case a list of the lengths occurring in the design is to be prepared.

The calculation of the frequency of individual lengths is described in the next section.

4.2 Frequency of lengths

The frequency of a certain length is calculated as by multiplying three coefficients (np
i , nd

i

and nn
i ) described in this section.

When calculating the AE criterion on an FFD, the lengths used in the calculation depend only
on the values in the vectors of differences ci,j and not their ranks in the vector ci (for example,
the length belonging to the vector (0, 0, 0, 1) is the same as the one belonging to (0, 1, 0, 0)).
Therefore, it is necessary to calculate the first coefficient as a permutation with repetitions:

np
i =

Nv!∏N−1
k=0

[(
Nv −

∑Nv
j=1 |sgn (ci,j − k)|

)
!
] (6)

The visualization of the function of this coefficient is presented in Fig. 3, left, for a 2D design
(the vector of differences (3, 2) provides the same length as vector (2, 3)).

(3,2)

(2,3)

Figure 3: Visualization of the function of coefficients np
i , nd

i and nn
i in the calculation of the

frequency of lengths.

The next coefficient takes into account the dimension of the length (as described in Sec. 4.1)
for which the frequency is calculated. It is equal to the number of diagonals in the dimension
and its function is displayed in Fig. 3, center.

The dimension can be quantified as:

di =
Nv∑
j=1

sgn (ci,j) (7)

and the coefficient itself is calculated:

nd
i = 2di−1 (8)

669
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The last coefficient expresses the number of “sub-hyperbodies” that can fit into the unit hy-
percube. In Fig. 3, center, such a “hyperbody” is the grey rectangle; on the right it is represented
by rectangles with various hatchings. Their number depends on N and the values ci,j in the vec-
tor of differences ci. The coefficient is:

nn
i =

Nv∏
j=1

(N − ci,j) (9)

4.3 Calculation of the AE value

The calculation of EAE using lengths and their frequencies as defined in equations 5–9 is
conducted as follows:

EAE
FFD =

nc∑
i=2

np
i · nd

i · nn
i ·

1

l2i
= N2

nc∑
i=2

np
i · nd

i · nn
i ·

1∑Nv
j=1 c

2
i,j

(10)

Since a vector of zero length (e.g. for 4D design it is the vector (0, 0, 0, 0)) has been included
in the number of various vectors of differences nc, it is necessary to start the summation from
i = 2 to prevent the evaluation of the distance of a point from itself.

The proposed Eq. 10 greatly simplifies the evaluation of the AE criterion for FFD design.
The number of various arithmetical operations needed to exactly evaluate the AE criterion using
Eq. (10) is much smaller than using Eq. (1). Table 1 presents a comparison of the number of
operations using the two formulations for the case of Nv = 4 and N = 10 (in total Ns = 104

points). Each type of operation is associated with a certain weight – an average relative time
needed to accomplish such an operation. We have used our Python computer code to obtain
these relative times. Each weight can be multiplied by the number of corresponding operations
and the total time is estimated by their sum. The ratio between the total time spent on the
evaluation using Eq. (1) and Eq. (10) roughly estimates the “speed-up”, and Fig. 4 presents these
ratios. It is clear that using the proposed formula for FFD designs speeds-up the calculation
considerably, especially for large numbers of grid points, N , and high dimensions, Nv. The
actual times (or speed-ups) depend on the programming language, particular implementation
and other circumstances. Using our implementation, the actual times correspond to the values
presented in Tab. 1 and Fig. 4, i.e. to the times obtained by calculating the number of various
types of operations.

5 REGULAR TRIANGULAR DESIGN

In this section we propose a new type of deterministic design that we call regular triangular
design (RTD). The main idea of RTD is to reproduce the packing of hyperspheres. For 2-
dimensional design, centers of optimally packed spheres create a mesh composed of equilateral
triangles (one triangle being a basic building block of this mesh). In the case of three variables,
the basic block is a regular tetrahedron, etc.; generally, for any dimension the building blocks
always have Nv + 1 vertices at a constant distance from one another.

Such a block is constructed first and then is copied several times to fill a certain space.
Finally, due to the different size of the basic building block in each of the main directions, the
blocks are adjusted to fill a hypercube in a manner described later.

5.1 Construction of the basic building block

Let us start with an initial point at coordinates x0 = (x0,1, x0,2, x0,3, . . . , x0,Nv) =
(0, 0, 0, . . . , 0). Then, another point is defined at a distance a from the initial point in the direc-
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Table 1: Comparison of the number of necessary
arithmetical operations for N = 10 and Nv = 4.

operation weight number of operations

Eq. (1) Eq. (10)

summation 1 199979999 25704
subtraction 1 199980000 39270

abs value 5.6 0 28560
signum 9 0 31416

multiplication 1 199980000 11428
division 2.7 49995000 1428

power 1 0 714
factorial 9 0 2861

101 102

N

100
101
102
103
104
105
106
107
108
109

1010

sp
ee

d-
up

Nv =5

Nv =4

Nv =3

Nv =2

Figure 4: Speed-up of the evaluation of
the AE criterion on FFD using Eq. (10).

tion of the first variable (a is an arbitrary distance unit). Its coordinates can be generally written
as x1 = (a1, 0, 0, . . . , 0). A simple equation describing that mutual distance equals the chosen
unit a:

Nv∑
v=1

(x0,v − x1,v)
2 = a2 (11)

gives the solution of a1 being±a. Here, as well as in all the other calculations of the coordinates
of the basic building block, there are always two options to choose from. We will systematically
choose the positive one; nevertheless, an equivalent solution would be obtained by using the
negative root for any of the coordinates.

The coordinates of the next vertex of the building block are x2 = (b1, a2, 0, . . . , 0). There
are two unknowns, and therefore two equations have to be defined to determine b1 and a2.
These equations again express that there is a constant distance between the third point and both
previous vertices, which is equal to a:

Nv∑
v=1

(x0,v − x2,v)
2 = a2 ⇒ b21 + a22 = a2 (12)

Nv∑
v=1

(x1,v − x2,v)
2 = a2 ⇒ (a1 − b1)

2 + a22 = a2 (13)

Subtracting Eq. (13) from Eq. (12), we obtain:

b21 −
(
a21 − 2a1b1 + b21

)
= 0 (14)

This results in:

b1 =
a1
2

=
a

2
(15)

and from Eq. (12) the value of a2 can be calculated as:

a2 =
√
a2 − b21 =

√
3a

2
(16)

A general formula for an arbitrary coordinate xi,j can be developed as follows:
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• For j > i:

xi,j = 0 (17)

• For j < i, the coordinate xi,j is calculated from the distance of xi to x0 and xj:

Nv∑
v=1

(x0,v − xi,v)
2 = a2 ⇒

i∑
v=1

x2
i,v = a2 (18)

Nv∑
v=1

(xj,v − xi,v)
2 = a2 ⇒

j∑
v=1

(xj,v − xi,v)
2 +

i∑
v=j+1

x2
i,v = a2 (19)

Subtracting these two equations from each other provides, after some modifications:

xi,j =

(∑j−1
v=1 x

2
j,v − 2xj,vxi,v

)
+ x2

j,j

2xj,j

(20)

Therefore, the first coordinate (j = 1) is constant for all the points i > 1 and is equal to:

b1 = xi,1 =
x1,1

2
=

a1
2

=
a

2
(21)

The second coordinate (j = 2) is constant as well (for i > 2) and equal to:

b2 =
(−b21 + a22)

2a2
(22)

where a2 = x2,2. A general formula for the j-th coordinate is therefore:

bj =

(∑j−1
v=1−b2v

)
+ a2j

2aj
(23)

• Finally, the coordinate xj,j , defined as aj , will be determined. Considering the distance
of point xj from x0, we obtain:

aj =

√√√√a2 −
j−1∑
v=1

b2v (24)

The basic building block has in total Nv + 1 vertices at the coordinates:



x0

x1

x2

x3

x4
...

xNv


=



0 0 0 0 · · · 0
a1 0 0 0 · · · 0
b1 a2 0 0 · · · 0
b1 b2 a3 0 · · · 0
b1 b2 b3 a4 · · · 0
...

...
...

... . . . ...
b1 b2 b3 b4 · · · aNv


(25)

where coefficients ai and bi are evaluated using Eqs. 24 and 23.

672
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5.2 Periodic repetition, scaling and periodicity

Having the basic building block, the filling of the space can be carried out by repeating the
block along the coordinates/variables. The number of repetitions along a coordinate v is marked
rv and can be chosen independently for every variable.

Starting with the basic point with coordinates x0 = (0, 0, 0, . . . , 0), any other i-th vertex of
the basic building block can be selected and added repetitively along its own direction ri − 1
times. Then, a j-th vertex is added rj−1 times to every previously placed point. This is repeated
until all vertices from the basic block are inserted. The described process is sketched in Fig. 5
for Nv = 3 and rv = 4 for v = 1, 2, 3.

basic block
(tetrahedron)

0
1

3

2

Figure 5: Repetition of the basic building block.

The generated points have to be rescaled and modified to fit into the unit hypercube. The size
of the whole block of points created along a coordinate i is airi. To make the size of this block
equal 1, the coordinates have to be scaled by factor (airi)

−1. Due to the fact that the hypercube
is based on the orthogonal directions while the RTD is not, some of the points created lie outside
the unit hypercube. The position of these points is updated by changing every xi,j coordinate in
the design to xi,j − floor (xi,j), where the floor function returns the largest previous integer.

During further analysis only the designs with constant rv were considered for all input vari-
ables, r1 = r2 = . . . = rNv = N . The total number of simulations in such a design is then
Ns = NNv . This might not be the “optimal” solution as the size of the basic block differs in
every direction (the parameters ai that express the size of the basic block along the coordinate
axes are a, 0.8660a, 0.8165a, 0.7906a, etc.); therefore, a better filling might be obtained using
a different number of repetitions along individual axes.

RTD examples for N = 6 and Nv = 2, 3 and 5 are shown in Figures 6, 7 and 8.

6 COMPARISON OF FULL FACTORIAL, REGULAR TRIANGULAR AND RAN-
DOM DESIGNS

In this section, the AE criterion values for various designs are studied and compared. In
particular, the compared types of designs include:

• two deterministic grids (FFD and RTD designs)
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dimension 1

di
m

en
si

on
 2

Figure 6: Design points for Nv = 2 and N = 6.
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Figure 7: Design points for Nv = 3 and N = 6 (Ns = NNv = 63 = 216) – 2D projections of
the points.

• Latin Hypercube designs optimized by the AE criterion (LHS-AE) and LHS designs with
random ordering (LHS-RAND)

• Crude Monte Carlo sampling optimized by the AE criterion (MC-AE) and MC designs
with random ordering (MC-RAND)

These designs are compared using various graphs. The deterministic designs were generated
just once. The other designs are random (they depend on a pseudorandom generator) and thus
they were generated Nrun = 1000 times to obtain information about the variability of the re-
sults. First of all, the AE criterion is computed for all designs and standardized by dividing the
criterion by the number of considered pairs of points:

r(Ns, Nv) =
EAE(
Ns

2

) (26)

The reason for standardizing the AE norm is that the values for different sample sizes Ns become
of comparable magnitude. The value of the AE criterion is, in fact, a sum of inverse squared
lengths. The lengths between all pairs of points can be arranged in a triangular matrix, T:
Ti,j = 1/L2

i,j , i, j = 1, . . . , Ns, i 6= j. The number of such elements is
(
Ns

2

)
. The norm EAE is

just a sum of these elements. Therefore, the value of the norm r can be seen as an average of
the inverse squared length between all pairs of points in the hypercube.

Fig. 9 left compares the studied norm r for Nv = 2 random variables. It is evident that
the FFD design provides the lowest possible value of the norm for the selected sample sizes.
RTD provides approximately the same values of r. The highest values of the norm and also
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Figure 8: Design points for Nv = 5 and N = 6 (Ns = NNv = 65 = 7776) – 2D projections of
the points.

the highest variance of the value are obtained for random Monte Carlo samples (MC-RAND).
Employing the combinatorial optimization of MC samples (MC-AE) improves the situation
considerably and for large samples the norm has a very low variance and is approximately
equal to the values of FFD and RTD. LHS-RAND is clearly better then MC-RAND for small
sample sizes. When the mutual ordering of samples in LHS is optimized via the AE criterion,
the results are approximately as good as for the deterministic designs FFD and RTD.

Fig. 9 right shows the same kind of graphs for Nv = 5 (a five-dimensional unit hypercube).
The reader might be confused by the fact that the deterministic grids FFD and RTD do not
provide the lower bound of the norm. This is caused by the fact that the definition of the
AE criterion leads to non-uniform design. Even though the AE criterion was developed to
achieve a uniform spread of points in the hypercube, the opposite is true. As shown in [19],
the unexpected behavior of the AE criterion is due to the presence of the boundaries of the
hypercube. A remedy has been proposed which involves considering the periodic repetition of
the design domain along all directions; based on this idea a simple modification of the criterion
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has been proposed. The problems with the standard definition of the AE criterion become more
pronounced in higher dimensions. Therefore, the FFD designs do not seem to provide the lowest
possible value of the norm.

100 101 102 103 104 105 106 107 108

Ns
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103

ae

Nv =2

100 101 102 103 104 105 106 107 108
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100

Nv =5

MC-RAND

MC-AE

LHS-RAND

LHS-AE

FFD

RTD

Figure 9: Comparison of the AE criterion value – dependence on the method used for design
creation.

Another feature that can be studied and compared for various kinds of designs is the distri-
bution of the shortest lengths ∆min – the values calculated for each point j = 1, . . . , Ns as its
distance to its nearest neighbor. These Ns values of ∆min can be viewed as the highest values
in the columns (rows) in the T matrix. In the cases of the deterministic designs FFD and RTD,
the value of ∆min is identical for all points as the distance to the nearest neighbor is always
the same. In the case of randomized designs the shortest distances show a certain scatter and
probabilistic distribution. Clearly, the AE-optimized variants LHS-AE and MC-AE have more
uniform ∆min distribution than the unoptimized designs; see Fig. 10.
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Figure 10: Sorted minimal lengths in designs optimized via various methods, Ns = 1024.

The last type of comparison selected for presentation is a histogram of all lengths ∆i,j , i.e. the
distances between all Np pairs of points. Fig. 11 shows a comparison of the histograms. It can
be seen that the histograms do not differ considerably while the methods result in quite different
AE criterion values. The reason for this discrepancy is that the AE criterion is based on inverted
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squared lengths and so is very sensitive to the left tail (small values ∆i,j). It is interesting to
mention that the distribution of the squared length ∆2

i,j tends to a Gaussian distribution as Nv

(and N ) grow large because ∆2
i,j is the sum of a high number of asymptotically independent

random contributions along separated dimensions.
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Figure 11: Histogram of lengths featured in designs optimized via various methods, Ns = 1024.

7 CONCLUSIONS

The paper focuses on the Audze-Eglājs (AE) criterion of experimental design optimality.
The main focus is on two types of deterministic designs that are virtually ideal as regards space-
fillingness. The paper presents the calculation of the AE criterion for these deterministic de-
signs. As the designs are close to optimal, they are supposed to provide a lower bound of the
criterion, or its estimate, where its value cannot be evaluated due to the limits of deterministic
designs regarding the number of design points. This lower bound (minimum) of the criterion is
often required in order to obtain efficient control over an optimization algorithm.

The main results are:

• An algorithm for a new kind of deterministic design was developed to achieve the lowest
possible AE criterion value: regular triangular design.

• A closed-form exact formula for computation of the AE criterion of full factorial design
(orthogonal grid). The proposed formula exploits the fact that many distances between
points inside the unit hypercube are repeated and the numbers of repetitions for each dis-
tance are calculated exactly. The evaluation of the AE criterion is much faster compared
to the general formulation. The AE criterion value for an FFD design is believed to yield
the lower bound on the AE criterion for the sample size Ns = NNv .

• Comparison of AE criteria, minimal lengths and histograms of lengths for various designs
(including the two deterministic designs, LHS and Monte Carlo designs – optimized and
random).

Future work will focus on the interpolation of the derived formula for the (supposedly) lower
bound on the AE criterion and also on the newly developed [19] PAE criterion, which is based
on the AE criterion but considers periodic boundary conditions in order to remove the non-
uniformity of designs optimized by the standard AE criterion.
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Abstract. Several computational methods and techniques have been developed over the past 

decades to efficiently solve large-scale systems with thousands or even millions of equations. 

Certain advanced applications require successive solutions of linear systems, in order to ac-

count for changes in the problem parameters among successive simulations. Such sequences of 

equation systems are encountered in structural mechanics Finite Element (FE) problems with 

random/stochastic properties handled in the context of Monte Carlo (MC) simulation. An im-

portant feature in a MC simulation-based FE procedure is that each of the terms in the struc-

ture’s stiffness matrix varies in the successive linear systems to be solved, however the 

differences between successive stiffness matrices are relatively small. Problems with multiple 

left-hand sides of this type are known as reanalysis problems. 

This paper overviews an established method for solving reanalysis problems, which is a cus-

tomized version of the iterative Preconditioned Conjugate Gradient (PCG) method, and pro-

poses a new solution method, which employs a Fixed Point Iteration (FPI) approach. The FPI-

based method uses a recursive matrix equation to update the solution vector for each linear 

system processed. Its computational performance is enhanced by applying a relaxation proce-

dure. A suitable preconditioning matrix is successfully used with the iterative PCG- and FPI-

based methods. 

A stochastic shell FE problem with 19800 degrees of freedom is studied using the MC simula-

tion method. In order to attain sufficiently accurate probabilistic results for this test problem, 

2800 MC simulations need to be performed, which give rise to a sequence of 2800 linear sys-

tems to solve. It is demonstrated that these systems can be efficiently solved with the PCG- and 

FPI-based reanalysis methods, which are comparatively assessed with respect to their compu-

tational performance. According to the numerical results obtained, when appropriate relaxa-

tion is applied, the simple FPI-based solution approach exhibits comparable computational 

behavior with the established and more involved PCG-based alternative. 
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1 INTRODUCTION 

The computational burden associated with large-scale probabilistic/stochastic Finite Ele-

ment (FE) analyses may be substantially reduced by appropriately handling the most demand-

ing tasks in terms of processing power and storage space needs. The Monte Carlo (MC) 

simulation technique, which is the most effective and widely applicable method for handling 

large-scale probabilistic/stochastic FE problems with complicated structural response, involves 

expensive computations due to the successive analyses required. More specifically, assuming a 

linear static problem, successive linear systems of equations with multiple left- and/or right-

hand sides have to be processed, since the stiffness matrix and/or the load vector change in 

every simulation. A standard direct method based on Cholesky factorization can be employed 

for solving such equations, however, it exhibits poor performance for large-scale problems and 

may lead to practically infeasible computations (in terms of required computing time) when the 

number of MC simulations to be performed is not small. 

Alternatively, customized versions of the iterative Preconditioned Conjugate Gradient (PCG) 

method can be used. PCG can be adapted to the special features of nearby problems encountered 

in FE reanalyses. More specifically, PCG can be customized to take into account the relatively 

small differences between stiffness matrices in successive simulations, avoiding this way the 

treatment of each simulation’s system as a stand-alone problem. PCG-customization is realized 

through appropriate preconditioning approaches employed to accelerate PCG convergence dur-

ing the successive FE solutions. 

Another iterative solution approach introduced in this work employs a Fixed Point Iteration 

(FPI) method to solve the FE problem at each MC simulation. This iterative method is based 

on the rationale of the classical Jacobi, Gauss-Seidel and Successive Over-Relaxation (SOR) 

methods for solving linear systems of equations. Such methods use a recursive matrix equation 

to generate a sequence of solution approximations. The adopted FPI implementation takes the 

special form of nearby FE problems into account, in order to provide efficiently computed so-

lutions. Moreover, appropriate relaxation is employed to enhance the efficiency of the FPI 

method. 

The remainder of this paper is organized as follows. Section 2 overviews the form of equa-

tions that arise in probabilistic/stochastic FE problems treated using the MC simulation tech-

nique. Customized PCG- and FPI-based iterative solution methods for such equations are 

presented in sections 3 and 4, respectively. Numerical investigation results are reported and 

discussed in section 5. Finally, some concluding remarks are given in section 6. 

2 REANALYSIS PROBLEMS IN MC SIMULATION-BASED STOCHASTIC FE 

ANALYSIS 

In MC simulation-based FE analysis of structures with random properties successive linear 

systems with multiple left-hand sides have to be processed, since the stiffness matrix K changes 

in every simulation. Assuming deterministic loads and a linear static FE problem, a system of 

equations of the following form needs to be solved at each simulation i (i=1,2,…,nsim): 

bxK ii . (1) 

In the above equation, Ki is the stiffness matrix associated with the i-th MC simulation, xi is the 

corresponding vector of unknown nodal displacements and b is the vector of nodal loads. If K0 

is the stiffness matrix associated with the initial simulation, Eq. (1) can be written as: 

bxKK  ii )( 0 . (2) 

Matrix ΔKi is the difference between the stiffness matrices K0 and Ki: 
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 0KKK  ii . (3) 

In a probabilistic/stochastic FE application, matrix ΔKi generally has terms with small values 

compared to those of K0. The nsim Eqs. (1) or (2) solved during MC simulations form a set of 

reanalysis-type or nearby problems [1-3]. 

The standard direct method based on Cholesky factorization remains even today the most 

popular solution scheme for FE equations. This solution method is applied by first factorizing 

the stiffness matrix and then solving for the displacements vector through forward/backward 

substitutions. Such a solution scheme is generally stable and effective, however, it is often in-

efficient when confronted with stiffness matrices having large bandwidths. Moreover, a stand-

ard direct solution method treats each of the systems of the form of Eqs. (1) or (2) as a stand-

alone problem and requires a computationally expensive factorization procedure to be per-

formed at each MC simulation. 

In order to overcome the deficiencies of the direct approach, specialized solution methods 

have been and are still being developed for reanalysis problems. They are known as reanalysis 

methods and are typically iterative approaches. Reanalysis methods attempt to numerically take 

advantage of the fact that there are relatively small differences between stiffness matrices in 

successive analyses. Hence, successive analyses are linked with each other and are not ineffi-

ciently treated as stand-alone problems. This way, overall computations are drastically acceler-

ated. 

The specialized handling of probabilistic/stochastic FE equations is an issue investigated in 

a number of publications dealing with MC-based and other probabilistic/stochastic formula-

tions (e.g. [1,2,4-12]). In the present work, an established PCG-based solution method is over-

viewed and a new FPI-based solution method is introduced. The two solution approaches are 

assessed and compared using a numerical example. 

3 THE PCG-K0 SOLUTION METHOD 

A customized PCG version (PCG-K0) for the solution of reanalysis problems of the form of 

Eqs. (1) or (2) is obtained by applying a suitable preconditioner at each iteration to accelerate 

PCG convergence during the successive FE solutions [1,2]. For this purpose, the FE equations 

(1) are replaced by the equivalent system: 

 bKxKK
11 ~~   iiii , (4) 

in which the preconditioning matrix iK
~

 is intended to be an approximation to Ki. Following 

the rationale of incomplete Cholesky preconditionings [13], the preconditioner iK
~

 for each 

MC simulation i is written as: 

 ii
t
iiii EKKLDLK  0

~~~~
, (5) 

where iD
~

 is a diagonal matrix, iL
~

 is a lower triangular matrix with unit elements on the leading 

diagonal and Ei is an error matrix. Hence, the preconditioner iK
~

 is defined through the incom-

plete factorization of the stiffness matrix ii KKK  0 . The error matrix Ei is chosen as Ei 

= ΔKi for any MC simulation i and does not have to be formed. For the particular choice made 

for Ei, Eq. (5) yields 0

~
KK i , which means that the preconditioning matrix for any simulation 

i is the complete factorized initial stiffness matrix K0. Thus, the preconditioning matrix does 

not change from simulation to simulation; therefore, it needs to be formed just once at the be-

ginning for the entire MC simulation process. Assuming that the entries of matrix ΔKi have 
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sufficiently small values compared to those of K0, the PCG procedure is equipped with a strong 

preconditioner K0 for the successive solutions. This reanalysis method is named as PCG-K0. 

The use of a single preconditioner in all MC simulations provides the linking between succes-

sive PCG-K0 solutions and prevents the treatment of stand-alone problems. 

In order to effectively apply the PCG-K0 method, the stiffness matrix K0 of the initial simu-

lation is retained in memory in factorized form throughout the nsim simulations. This way, the 

preconditioning step performed at each PCG iteration is actually handled as a problem with 

multiple right-hand sides and is efficiently solved through forward/backward substitutions. It 

should be mentioned that it is preferable to select K0 as the stiffness matrix formed using the 

nominal/mean values of the random parameters of the probabilistic/stochastic FE problem con-

sidered, in order to ensure that K0 corresponds to the ‘central’ region of the sampling space. 

Hence, the initial stiffness matrix K0 is assembled, factorized and stored in computer memory 

before starting the actual MC simulation computations. 

4 THE FPI-K0 SOLUTION METHOD 

The FPI concept forms the basis of a class of iterative solution methods for linear systems 

[14]. An FPI method for the solution of a linear system K x = b uses a recursive matrix equation 

of the form: 

gGxx  )()1( kk
(6) 

to update the solution vector at an iteration (k+1) based on its values at the previous iteration 

(k). By adopting the matrix splitting: 

NMK  , (7) 

Eq. (6) is written as: 

bMNxMx
1)(1)1(   kk  (8) 

or: 

bNxMx  )()1( kk , (9) 

with: 

KMINMG
11   , (10) 

bMg
1 (11) 

and I being the identity matrix. Equation (6) can be seen as a recursive formula solving the 

system: 

  gxGI  (12) 

or, using Eqs. (10) and (11), of the system: 

bMKxM
11   . (13) 

Equation (13) represents a preconditioned version of the system K x = b with preconditioner 

M. Thus, an FPI method can be regarded as a preconditioned iterative solution technique of the 

original system. Depending on the particular matrix splitting specified according to Eq. (7), a 

corresponding FPI-based solution method of the form (8) or (9) is defined, provided that a 

nonsingular preconditioning matrix M is selected. Matrix splittings corresponding to the clas-

sical Jacobi, Gauss-Seidel, SOR and symmetric SOR (SSOR) iteration methods are given in 
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[14]. FPI-based methods have been used in various publications for solving systems of equa-

tions; characteristic FPI implementations can be found in [15-18]. 

A new FPI-based method is defined in the present paper by another suitable matrix splitting 

according to Eq. (7). More specifically, in order to solve the i-th system of the sequence of nsim 

linear systems (1), the following matrix splitting is specified: 

 )(0 ii KKK  . (14) 

Equation (14) can be rewritten in the form: 

 ii NMK   (15) 

with: 

 0KM  , (16) 

 ii KN  . (17) 

Equation (15) defines a matrix splitting of the form (7). This is a valid splitting, as the precon-

ditioning matrix M = K0 is nonsingular (the initial stiffness matrix K0 is positive definite). Thus, 

a new FPI-based method can be defined with a recursive matrix equation of the form of Eq. (6): 

 gxGx  )()1( k
ii

k
i , (18) 

where: 

 iii KKIKKG
1

0
1

0
  , (19) 

 bKg
1

0
 . (20) 

Using Eqs. (19) and (20), Eq. (18) can be rearranged as follows: 

 )( )(1
0

)()1( k
ii

k
i

k
i xKbKxx  

. (21) 

By setting the residual r at each FPI iteration k of each MC simulation i as: 

 
)()( k

ii
k

i xKbr  , (22) 

Eq. (21) becomes: 

 
)(1

0
)()1( k

i
k

i
k

i rKxx
  . (23) 

Equation (23) gives the final form of the recursive matrix equation of the proposed FPI-based 

method with preconditioner M = K0, which remains the same throughout the nsim simulations. 

This new reanalysis method is named as FPI-K0. As in PCG-K0, the linking between successive 

FPI-K0 solutions is realized with the use of a single preconditioner K0 in all nsim MC simulations, 

which needs to be formed just once. 

The performance of the FPI-K0 method can be enhanced by applying a relaxation procedure. 

Examples for the use of relaxation in FPI methods are provided in [19,20]. In the present paper, 

relaxation is applied by updating the solution as follows: 

 
)()1()1( )1( k

i
k

i
k

i xxx   
, (24) 

where ω is a user-specified relaxation parameter. Thus, the result of Eq. (23) at a particular 

iteration can be first updated using Eq. (24) before proceeding to the next iteration. Clearly, the 

684



choice of ω=1 deactivates relaxation, thus values ω>1 (over-relaxation) or 0<ω<1 (under-re-

laxation) are of real interest. 

In order to check the convergence of the FPI-K0 procedure at each iteration k, the norm of 

the residual is calculated as: 

)()()()( k
i

k
i

k
i

k
i

t

rrr  . (25) 

Note that the residual 
)(k

ir  is evaluated anyway through Eq. (22), in order to update the solution 

vector through Eq. (23), which means that the residual vector is readily available for the calcu-

lation of Eq. (25). Convergence is then assumed when the following condition holds: 







)0(

)(

i

k
i , (26) 

where ε is a user-specified convergence tolerance. The same convergence criterion is utilized 

also in the PCG method [2]. However, in PCG the residual vector at each iteration is not directly 

calculated through an equation of the form of (22), but through a vector update operation, which 

provides an estimation of the residual. 

5 NUMERICAL EXAMPLE 

The numerical test example used to evaluate and compare the PCG-K0 and FPI-K0 solution 

methods is a cylindrical shell (Fig. 1) with stochastic modulus of elasticity and thickness. This 

thin cylinder is supported by rigid diaphragms at its two circular edges. The structure is sub-

jected to two concentrated loads, which are deterministic and act compressively at two mid-

height opposite points of the cylinder. The MC simulation technique is employed to perform 

stochastic FE analyses for the cylindrical shell. The relatively fine mesh of Fig. 1 with 100×35 

nodes and 6800 elements resulting in 19800 active degrees of freedom is used in all test runs 

for performing FE calculations. This test example has been examined also in [2,10], where it is 

described in more detail. 

Assuming that the shell is converted to a two-dimensional domain by ‘unfolding’ the cylin-

der, the spatial randomness of the structure’s modulus of elasticity E and thickness t is repre-

sented at each domain point (x,y) by two non-correlated two-dimensional univariate (2D-1V) 

homogeneous Gaussian stochastic fields with coefficients of variation σE and σt, respectively: 

Figure 1: The FE mesh used for the shell test problem. 
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   ),(1, 0 yxfEyxE E , (27) 

   ),(1, 0 yxftyxt t . (28) 

In the above expressions, E0 and t0 are the mean values of E and t, while the zero-mean random 

fields ),( yxfE  and ),( yxf t  describe the variation of E and t about E0 and t0, respectively. Sto-

chastic field samples for the MC simulations are generated using the spectral representation 

method [21], while discretized random field values at the elements’ centroids are obtained with 

the local average approach [22-24]. Two independent discretized random field samples need to 

be produced at each MC simulation (one for E and another for t). To reduce the computational 

cost of producing random field values for all finite elements at each MC simulation, a coarse 

‘stochastic mesh’ is utilized to economically generate random field values at its elements’ cen-

troids. Then, a fast bivariate interpolation procedure is employed to ‘transfer’ the generated 

random field values to the elements’ centroids of the fine ‘structural mesh’ of Fig. 1, which is 

used to carry out all conventional FE calculations. The two stochastic fields for E and t have a 

common correlation length b=2.4m along all directions, therefore a coarse stochastic mesh with 

only 15×5 nodes and 120 elements is adequate for the purposes of this study. Details and justi-

fication about this two-mesh procedure and the selection of the stochastic mesh are provided in 

[2]. 

The aim for this test example is to calculate the failure probability Pf, which is defined as the 

probability that the absolute value of the cylindrical shell structure’s radial displacement ur at a 

loaded node exceeds a pre-selected critical value ur,cr, i.e. Pf=P(|ur|>ur,cr). Hence, a MC simula-

tion-based stochastic FE approach is applied to obtain Pf-results. A full linear FE analysis needs 

to be carried out at each MC simulation, in order to determine the displacement ur and compare 

it with the threshold ur,cr and eventually estimate the failure probability as Pf=nfail/nsim, where 

nfail is the number of simulations with |ur|>ur,cr. For the values σE=σt=5% and ur,cr=23mm 

adopted in this work, the total number of simulations required to achieve a sufficiently accurate 

Pf-result is nsim=2800, as justified in Fig. 2. Thus, a sequence of 2800 linear systems of the form 

(1) needs to be efficiently solved. 

Table 1 presents the computational performance of the PCG-K0 and FPI-K0 methods for 

solving the stochastic shell problem (timing results were obtained on a standard desktop PC). 

A convergence tolerance ε=10-3 is used in all runs with the PCG- or FPI-based solution schemes. 

The results of the conventional direct solution approach are given for comparison purposes.

Figure 2: Pf as a function of the number of simulations. 
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Solution 

method 

ω Total 

number 

of 

iterations 

Time (s)    Total 

storage 

(MB) Random field 

samples & 

stiffness matrices 

Factori-

zation 

Solution Total 

Direct   950.6 1555.1  42.6 2548.3 57.2 

   92.8 1555.1  42.6 1690.5 57.2 

        
PCG-K0   8139 95.3  0.6  110.2  206.1 34.6 

        
FPI-K0 1.00  8986 95.3  0.6  121.5  217.4 34.5 

 0.95  8862 95.3  0.6  115.2  211.1 34.5 

 0.90  9040 95.3  0.6  122.2  218.1 34.5 

 0.85  9411 95.3  0.6  129.3  225.2 34.5 

 0.80  10872 95.3  0.6  146.7  242.6 34.5 

Table 1: Iteration performance, timing results and storage requirements for various solution methods. In the first 

run with the direct solver reported, random field samples are generated directly on the structural mesh (no coarse 

stochastic mesh is utilized). 

Results of a direct solution run are included, in which the stochastic mesh is the same with the 

structural mesh, i.e. random field samples are generated directly on the structural mesh without 

invoking the bivariate interpolation procedure. Table 1 gives the breakdown of timing results, 

in order to offer insight on the relative computing effort needed by the various tasks comprising 

the MC simulation-based stochastic FE analysis. More specifically, the times shown in Table 1 

refer to the execution of the following tasks: 

(a) generation of random field samples on the stochastic mesh, bivariate interpolation of 

random field values onto the actual FE mesh and formation of stiffness matrices; 

(b) factorization of stiffness matrices (nsim factorizations are overall required for the direct 

solver, but only one factorization is needed for the iterative PCG- and FPI-based 

schemes); 

(c) solution of the resulting systems of FE equations (via forward/backward substitutions 

in the case of the direct method or via iterations in the case of PCG- and FPI-based 

techniques). 

Moreover, Table 1 illustrates, depending on the employed solution technique, the total storage 

demands to retain all required matrix and vector data in computer memory during MC simula-

tions. It is noted that practically the same failure probability result (Pf=3.14∙10-2) is attained in 

all runs reported in this table. 

According to the results of Table 1, the iterative PCG- and FPI-based methods are clearly 

superior to the direct scheme. The iterative methods are faster and less storage demanding with-

out compromising the accuracy of the final result. Such methods require only one stiffness 

matrix factorization for the preconditioner K0 at the initial MC simulation, while a direct solver 

needs a stiffness matrix factorization at each MC simulation. This huge difference in the total 
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number of computationally expensive factorizations required during the nsim simulations ex-

plains the drastically reduced overall processing times of the iterative methods compared to the 

direct one. 

The PCG-K0 and FPI-K0 methods exhibit similar computational performance, when FPI-K0 

is combined with appropriate relaxation (0.90≤ω≤1.00). The two methods make a difference 

only at the task of solving the FE equations, since they need exactly the same computations in 

all earlier tasks regarding the generation of random field samples, the formation of stiffness 

matrices and the factorization of the preconditioner K0. On average, both PCG- and FPI-based 

solution schemes perform only about 3 iterations per MC simulation, which implies that K0 acts 

as a strong preconditioner for this test problem. Compared to the FPI-K0 solver with ω=0.95, 

the PCG-K0 method requires in total about 9% less iterations, but leads to an overall MC sim-

ulation run, which is just 2.4% faster. This happens because the processing time per FPI-K0 

iteration is a little lower than that per PCG-K0 iteration, since PCG-K0 performs more vector 

operations during each iteration, which are not required by the simpler FPI-K0 algorithm. More-

over, the two methods practically have the same storage demands. The storage space needed by 

the PCG-K0 method is slightly larger due to the aforementioned additional vectors processed at 

each iteration. Thus, a comparable computational behavior is observed between the proposed 

FPI-K0 method and the established, yet more involved, PCG-K0 method. 

The effect of relaxation on the computational performance of FPI-K0 is an important aspect 

of this new solution method. For each problem considered, there exists an optimum ω-value 

that minimizes FPI iterations and leads to the most efficient MC simulation run. According to 

the results of Table 1, for the particular shell problem studied herein, the optimum ω-value is 

0.95. Nevertheless, other ω-values in the neighbourhood of the optimum (0.90≤ω≤1.00) pro-

duce similar iteration performance and efficiency. Thus, it appears that there exists a range of 

appropriate ω-values, which is considerably easier to identify than the exact optimum. For ω-

values beyond the appropriate neighbourhood, the performance of FPI-K0 is negatively affected 

and may lead to very inefficient runs with rather high iteration counts. 

It is finally noted that the low overall storage demands induced by the iterative PCG- and 

FPI-based methods are due to the economical way, with which stiffness and preconditioning 

matrices are retained in computer memory. Specifically, the stiffness matrix Ki at each simula-

tion i is stored using a compact storage scheme, according to which only the non-zero stiffness 

terms are retained in memory. The preconditioning matrix K0 is stored using the classical sky-

line storage scheme, which retains also non-zero stiffness terms that are, however, filled-in 

during factorization. Floating point stiffness data are stored using double precision arithmetic 

for Ki. For K0, single precision arithmetic is preferred instead, since the preconditioning matrix 

is intended to be an approximation to Ki anyway and high-precision storage of K0 does not 

improve the convergence behavior of either iterative method. The economical compact storage 

of Ki and the single precision storage of floating point preconditioning data minimize overall 

storage demands during the MC simulation procedure. Such storage approaches have been suc-

cessfully applied also in [2,10]. On the other hand, the direct solution method needs double 

precision storage of the stiffness terms in Ki according to the memory demanding skyline 

scheme, in order to facilitate the factorization of Ki at each simulation i. This creates a substan-

tially larger need for memory space compared to the iterative PCG- and FPI-based solution 

approaches. 

6 CONCLUSIONS 

This paper is concerned with the efficient solution of systems of FE equations in the frame-

work of MC simulation using customized reanalysis methods. Iterative solution methods are 
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employed for this purpose, which can effectively handle sequences of linear systems of equa-

tions with multiple left-hand sides. A new method is proposed herein, which performs fixed 

point iterations using a recursive matrix equation to update the solution vector for each linear 

system processed. Through appropriate preconditioning, this FPI-based method successfully 

exploits the fact that there are relatively small differences between the MC simulations’ stiff-

ness matrices and achieves satisfactory convergence rate and high overall computational effi-

ciency. In fact, its convergence behavior and its computing time and storage demands appear 

to be comparable with those of an established and more involved alternative solution approach 

based on the PCG algorithm. The effectiveness of the proposed FPI-based method is demon-

strated by solving a large-scale stochastic FE problem using MC simulation, which requires the 

solution of a sequence of linear systems with 2800 left-hand sides. 

A major advantage of the FPI method proposed in this work lies in the simplicity of its 

concept and implementation, as it actually consists of a single matrix equation, which is applied 

in a recursive manner. This matrix equation is optionally followed at each iteration by a vector 

update operation, when relaxation is applied. Hence, only basic numerical analysis and pro-

gramming skills are required to replace the standard solver of FE equations with an FPI solution 

approach. Thus, non-specialist users can benefit from the computational efficiency and com-

puter memory savings offered by such a customized reanalysis method. 
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Abstract. This paper proposes the application of a conservative global error measure
estimation to a kriging metamodel of the stagnation pressure and heat flux in the context
of the atmospheric reentry of the EXPERT vehicle. In particular, a model based method
and a generalized cross validation technique are compared to the actual root mean squared
error in order to check whether the estimation is conservative. Furthermore, the quality
of kriging metamodeling is compared to the one of classical polynomial chaos response
surface by comparing their root mean squared errors.
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1 INTRODUCTION

The control and the post-flight analysis of the reentry trajectory of a space vehicle
need an accurate reconstruction of freestream conditions, that is, for example, pressure
and Mach number in front of the shock. These quantities can be reconstructed starting
from the output of sensors flush-mounted in the vehicle thermal protection system, which
are able to measure pressure and heat flux on the spacecraft surface. The problem of
rebuilding conditions upstream the shock starting from stagnation measures is an inverse
problem that is far from being resolved. Classical freestream reconstruction techniques [16]
do not take into account high temperature effects (e.g. thermochemical non-equillibrium
and surface catalysis), since they usually rely on the calorically perfect gas approximation.

In a recent work, Tryoen et al. in [15] proposed a strategy for rebuilding freestream
conditions starting from stagnation pressure and heat flux measures, which they applied to
the entry trajectory of the European Experimental Reentry Test-Bed (EXPERT) vehicle.
They used generalized polynomial chaos (PC) combined with a non-intrusive spectral
projection to propagate the uncertainties through the forward CFD problem. Then, they
used the polynomial chaos expansion as a metamodel to compute the solution of the
Bayesian inverse problem. In particular, they have shown that the PC response surface
for the stagnation heat flux was not sufficiently accurate, featuring also non-physical
negative solutions.

The main objective of this work is to propose and assess a kriging-based method in
order to build a response surface for the pressure and the heat flux at the stagnation
point. Kriging interpolation [3] is based on the idea of approximating the function of
interest as a realization of a stationary Gaussian stochastic process. It has been applied
widely in geostatistics to interpolate spatially dependent data and is becoming popular
also to as a cheap surrogate for expensive predictions in different scientific contexts.

Second objective of this work is to build a kriging metamodel featuring an error mea-
sure, that could be considered as conservative, i.e. the error measure systematically over-
estimate the real error between the kriging prediction and the exact output value. This
property could be of the greatest importance for problems featuring a very large compu-
tational cost for a single output evaluation, since a conservative error measure permits
a robust estimation about the prediction of the kriging surface. In the case under study
in this work, this information could be for example used during the trajectory design,
relying on robust predictions of pressure and heat flux at the stagnation point. In this
work, several error measures are considered, i.e. a generalized cross validation (GCV),
which is a model independent estimate, and the model based estimate for kriging surfaces.
A study in terms of error estimation robustness is presented, by means of a comparison
with respect to the actual error measure.

In Section 2, the physical problem and the associated numerical code are briefly de-
scribed, as well as the different sources of uncertainty on input data. Section 3 illustrates
the surrogate models used in this paper. In Section 4, several techniques for building a
conservative error estimation are introduced. Then, some results are presented in Section
5. Finally, some conclusions and perspectives are drawn in Section 6.

2 PHYSICAL PROBLEM AND SOURCES OF UNCERTAINTIES

The forward problem consists in computing the quantities of interest, namely the pres-
sure pst and the heat flux qst at the stagnation point, starting from given freestream
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conditions, described in table 1, which represent a particular point in the entry trajec-
tory of the EXPERT vehicle, which exhibits chemical non-equilibrium (see Figure 1).
The set of equations used to describe the phenomena is a combined physico-chemical

Altitude, Km T∞, K p∞, Pa M∞
60 245.5 20.3 15.5

Table 1: Freestream conditions for one point of the trajectory of the EXPERT vehicle.

model, developed by Barbante in [1], able to simulate high temperature reacting flows.
Two-dimensional axisymmetric Navier-Stokes equations, supplied with adequate bound-
ary conditions, are combined with the chemical mechanism introduced by Park et al.
[12] applied to a mixture of five species air (N, O, NO, N2 and O2). Furthermore, the
catalyticity of the vehicle surface is taken into account, and it is modeled as a catalytic
wall at radiative equilibrium. Hence the input data for the forward model are freestream
pressure and Mach number (p∞ and M∞), the catalytic recombination coefficient γ and
the reaction rate coefficients kr of the r chemical reactions.

To simulate the forward problem, we use the in-house code COSMIC developed by
Barbante [1]. This solver was designed to approximate hypersonic flow models where
chemical nonequilibrium effects need to be accounted for. It includes a hybrid upwind
splitting scheme, the hybridization of the van Leer scheme [7] and the Osher scheme [11]
and includes a carbuncle fix. An axisymmetric condition is imposed on the y axis, while
the wall of the body is modeled by a partially catalytic wall at radiative equilibrium.
Figure 2 illustrates the temperature field around the nose of the vehicle.

Figure 1: Illustration of the physical problem involved in the atmospheric reentry of the EXPERT capsule

Concerning the uncertainty characterization, the parameters p∞, M∞ and γ are as-
sumed as uniform, and are described in Table 2. Uncertainty is taken into account also
on four reactions rates kr of four chemical dissociation processes (see Table 3).

3 SURROGATE MODELS

In this work, a Generalized Polynomial-Chaos is taken as reference for permitting a
deeper analysis about the Kriging performances. In particular, a non-intrusive generalized
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Figure 2: Numerical solution of the temperature field T[K] around the nose of the capsule at nominal
freestream conditions described in Table 1

Variable Distribution Minimum Maximum
p∞, Pa Uniform 16.3 24.3
M∞ Uniform 13.7 17.3
γ Uniform 0.001 0.002

Table 2: Uncertainties on freestream conditions and catalytic recombination constant.

Gas reaction Distribution of log10 kr σr

NO + O→ N + O + O Normal 0.12
NO + N→ N + O + N Normal 0.12
O2 + N2 → 2O + N2 Normal 0.10
O2 + O→ 2O + O Normal 0.10

Table 3: Uncertainties on gas reaction rates.

polynomial chaos (PC) as implemented in the NISP (Non-Intrusive Spectral Projection)
library has been used. Details about this well-known technique can be found in [6, 4, 2].

3.1 KRIGING SURROGATE

Kriging interpolation([14], [3]), is another suitable technique for building a response
surface. Its main idea is to consider the function of interest f(x) as a realization of a
stationary Gaussian stochastic process F (x).

F (x) = N (µk(x), sk(x)) (1)

In universal kriging, the stochastic process can be written in the form of the sum of a
deterministic regression model and a stochastic departure term

F (x) =
n∑

j=1
βjyj(x) + Z(x) (2)
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where yj(x) are linearly independent known functions, βj are unknown weights, and
Z(x) is a Gaussian process with zero mean and covariance k(u,v). The departure term
is assumed to be correlated as a function of the distance between different points, using
usually a Gaussian correlation function [13]

k(Z(u), Z(v)) = σ2 exp
{
−

N∑
j=1

(
uj − vj

lj

)2}
(3)

The parameters σ and l, called hyperparameters, can be estimated by using the maxi-
mum likelihood method, and enter as known parameter in the construction of the kriging
surface. Then the aim is to build an interpolation in the form

F̂ (x) =
Ns∑
i=1

f(xi)λi(x) (4)

where f obs = (f(x1), . . . , f(xNs))T are the observation of the function at the Ns training
points and λi(x) are unknown weights. The best unbiased linear predictor can be obtained
by minimizing the mean square error between the model and the predictor MSE =
E[F (x)− F̂ (x)]2 under the constraint of unbiasedness E[F (x)] = E[F̂ (x)]. In this way it
is possible to obtain the mean of the stochastic process, that can be used as a metamodel
for the original function

f(x) ∼ µk(x) = yT (x)β + c(x)TC−1(f obs − Y Tβ) (5)
with β = (Y TC−1Y )−1Y TC−1f obs

where y(x) = (y1(x), . . . , yn(x))T is the vector of basis functions, Y is a matrix whose
elements are Yij = yi(xj), c(x) is the vector of correlations between the point x and each
training point and C is the matrix of correlations among training points.

It is possible to compute also the process variance [9], which can be used as a local
error estimate

s2
k(x) = k(x,x) + a(x)T (Y TC−1Y )−1a(x)− c(x)TC−1c(x) (6)

with a(x) = Y TC−1c(x)− y(x)

In our application we limit to use the simpler model called ordinary kriging, in which
y1(x) = 1 and yj(x) = 0 for j 6= 1, hence only β1 needs to be determined.

Also this kind of response surface enables the computation of the values of mean and
variance of the function of interest, even if it is not as straightforward and cheap as with
PC expansion. For example sampling methods can be applied to the response surface,
and statistical moments can be computed via sample expectations.

In this paper, the kriging surrogate model has been constructed using as training points
the same set of solutions computed to build the PC expansion, thus not requiring further
evaluations of the expensive forward problem. However, there exist in literature more
refined techniques to choose training points that allow to obtain a more accurate kriging
surface, but this goes beyond the purpose of this work. Furthermore, kriging interpolation
is an interesting choice because the variance computed in eq. 6 offers a cheap model based
estimation of the error of the response surface (see Section 4).
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Note that the kriging process implemented in the ForK library [8], used in this work,
includes also the nugget effect variance in the covariance model

Cij = k(xi,xj) + σnδij (7)

This in general is is not necessary if the purpose is to interpolate a set of noiseless data,
since the interpolation should pass exactly through the training points, but it is however
done in order to improve the conditioning of the numerical problem.

4 CONSERVATIVE ERROR ESTIMATION

Let us now explore different techniques for building a kriging metamodel with a con-
servative error estimation, thus computing a robust estimation of the prediction. In
particular, a generalized cross validation (GCV), which is a model independent estimate,
and the model based estimate for kriging surfaces are here detailed.

As already mentioned in the previous section, for kriging metamodels the local variance
of the process (eq. 6) can be used as an estimate of the actual pointwise mean squared
error.

e(x) =
√
s2

k(x) (8)
It is possible to integrate this local error to obtain an estimate of the global root mean
squared error (RMSE). In practice the integration is done by a numerical integration
technique [5]

RMSE =

√√√√∑Nt
j=1 e

2
jξj∑Nt

j=1 ξj

(9)

where ej = e(xj) is the error evaluation at the Nt integration points and ξj are the
integration weights. It is possible to use the collocation points of a quadrature method
as test points to compute the local variance of the kriging surface. Hence a quadrature
formula can be exploited to compute the integral in eq. 9. It has to be noticed that this
error measure is a model based estimate, because it is based on some assumptions on
which the metamodeling technique relies. For example the computations of s2

k depends
on the assumption on the covariance k(u,v) to be of Gaussian form.

In literature there can be found many model independent error measures, that are
able to deal with many kinds of surrogate models. One of the most popular among
these methods is k-fold cross validation [10], also called leave-k-out cross-validation. In
particular, as suggested in [5], one recommended choice is to use leave-one-out GCV to
estimate the kriging metamodel error. This method consists in fitting a surrogate model
on Ns−1 points, by leaving out one design point at a time, then the response is predicted
at this point with the metamodel. Then the GCV error can be defined as following, in
analogy with the RMSE error

GCV =

√√√√√√∑Ns
i=1

(
fi − F̂ (−i)

i

)2
ξi∑Ns

i=1 ξi

(10)

where fi is the design point observed response, while F̂ (−i)
i is the prediction at the left-out

point using the surrogate built from all the other points. The GCV can be used to esti-
mate the actual root mean squared error of the approximation (RMSE). Although being
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relatively expensive for kriging, since the optimization of the kriging parameters must be
repeated at each left out point, this error estimate is supposed to perform quite well and
most of all to be conservative, i.e. not to underestimate the actual error. Moreover, being
a model independent error measure, it does not depend on the structure and the param-
eters of the metamodeling technique, since it only needs the output of the prediction,
hence it can be used for black-box metamodeling codes.

In both [5] and [10] it is possible to observe that the quality of the GCV error estimate
is truly problem-dependent and it is strongly influenced by different factors, such as the
choice of the initial experimental design, although this last aspect could be someway cured
when using adaptivity. Generally, conservativeness is assessed by computing the actual
error of the kriging metamodel, by exploiting the knowledge on the real output values on
higher level grids.

e2
a(xi) =

(
f(xi)− F (xi)

)2
(11)

The actual local error can be integrated by using eq. 9 in order to obtain the actual
RMSE. It is important to notice that in practical applications the actual RMSE is usually
not available, if an excessive computational cost is associated to the forward problem.
In this case it is more reasonable to use the whole set of forward evaluations as training
points for improving the accuracy of the metamodel.

5 RESULTS

This section illustrates some results about the kriging surfaces obtained on the pressure
and heat flux at the stagnation point. First, exact evaluations of the fitness functions are
performed by running several CFD computations on a Smolyak-Gauss sparse grid in the
stochastic space. Three different levels are considered: a second order grid constituted
by 120 points, a third order grid of 680 points and a fourth order one of 3060 points (see
Tab. 4). These output evaluations are used to compute the projection integrals in order

Order Number of training points Ns Number of test points Nt

2 120 2187
3 680 2187
4 3060 2187

Table 4: Number of points for Smolyak-Gauss grids of different order

to get the PC expansion coefficients for the pressure and the heat flux. The actual RMSE
error is computed for the PC response surface: the values of the quantities of interest
are predicted at the points of the test grid (a second order fully-tensorized grid of 2187
points) and are compared with the actual function values in order to compute the local
error (Eq. 11), which can be integrated within Eq. 9 to produce the global error estimate.
Results are shown in Tables 5 and 6.

Then, the three different experimental databases are used as training points to build
three different kriging surfaces, both for the stagnation pressure and the heat flux. Also
for each kriging surface the actual RMSE is computed by predicting the values of the
function in the test points and comparing them to the actual function value, already
computed with the CFD tool. The kriging variance (Eq. 8) is estimated as well at each
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Grid order RMSE, No=2 RMSE, No=3 RMSE, No=4
2 51.84 - -
3 162.42 214.94 -
4 384.67 552.23 939.45

Table 5: Actual error measures for the PC interpolation of stagnation pressure pst, Pa

Grid order RMSE, No=2 RMSE, No=3 RMSE, No=4
2 5.688e4 - -
3 2.204e5 3.065e5 -
4 5.493e5 7.493e5 1.324e6

Table 6: Actual error measures for the PC interpolation of stagnation heat flux qst, W/m2

point of the test grid and is used to compute the model based estimation of the RMSE.
Results are reported in Table 7 for the pressure and in Table 8 for the heat flux.

Order Actual RMSE Estimated RMSE GCV
2 259.77 29.31 696.60
3 74.80 18.56 284.17
4 18.10 8.59 133.67

Table 7: Error measures for the kriging interpolation of stagnation pressure pst, Pa

GCV error estimates for the kriging metamodels are also computed for each of the
three sets of design points. These values are compared in Tables 7 and 8 with the actual
and the estimated RMSE. It is important to note that for each set of training points the
GCV error estimate is conservative, i.e. it is always higher than the actual RMSE, while
the model based estimate always underestimates the actual error.

Furthermore, in Table 9 and 10 the maximum and the minimum values of the actual
local error are shown respectively. Note that the maximum error value is much higher
than the mean value computed with the RMSE, but it can be seen that only relatively
few points exceed the threshold of 10% of the maximum error, which means that many
test points present an error that is at least one order of magnitude less than the maximum
error value.

Note also that, from a comparison between values in Tables 5, 6, 7 and 8, in this
particular case, the kriging metamodel performs better than the PC expansion in terms
of actual RMSE, especially for the stagnation heat flux. This was expected, since the
PC metamodel for the heat flux is known to produce points with non-physical negative
values.

Finally, the statistics of the quantities of interest are computed by sampling the kriging
metamodels. Mean and variance of pst and qst are reported in Table 11, while the whole
probability density functions (PDF) is reported in Figure 3.
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Order Actual RMSE Estimated RMSE GCV
2 21409 2925 50638
3 15627 5469 65813
4 15367 6510 69759

Table 8: Error measures for the kriging interpolation of stagnation heat flux qst, W/m2

Order max(ea) % min(ea) % Points above threshold
2 13.77 4.44e-4 859 on 2187
3 4.67 1.38e-4 963 on 2187
4 1.99 1.48e-4 1058 on 2187

Table 9: Relative error bounds for the kriging interpolation of pst and number of test points above the
threshold of 0.1max(ea)

Order max(ea) % min(ea) % Points above threshold
2 47.01 1.38e-3 1149 on 2187
3 22.85 7.44e-5 1507 on 2187
4 58.61 6.03e-4 763 on 2187

Table 10: Relative error bounds for the kriging interpolation of qst and number of points above the
threshold of 0.1max(ea)

6 CONCLUSIONS

This paper deals with the computation of a conservative error measure estimation
for a kriging metamodel of the stagnation pressure and heat flux in a hypersonic high-
temperature reentry flow. The uncertainties in the freestream values and chemical reaction
rates are firstly propagated into the forward CFD problem, then CFD solutions on the
collocation points of sparse grids of different order are computed. These solutions are
used to compute via deterministic numerical integration the coefficients of polynomial
chaos expansions of the quantities of interest. Then the same points are used as training
points for a kriging interpolation technique. For both surrogate techniques the actual
root mean squared error is computed. Results show that in this particular application an
with this sets of training and test points the kriging surface performs better as surrogate
model than the polynomial chaos expansion, which instead presents also points with
non-physical solutions (negative heat flux values). Moreover, two different global error
measure estimations are applied to the kriging interpolation: a root mean squared error
estimation computed with the model based local variance measure and a leave-one-out
generalized cross validation technique. While the first is computationally cheap , the
second shows to be always conservative, which means that it never underestimates the
actual root mean squared error. Its drawback is the quite elevate computational cost,
since for each left-out point (i.e. for each training point) the optimization of kriging
parameters and hyperparameters should be repeated.
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No = 2 No = 3 No = 4

pst [Pa] µ 6.498 · 103 6.492 · 103 6.497 · 103

σ2 7.505 · 105 1.031 · 106 1.169 · 106

qst [W/m2] µ 2.886 · 105 2.770 · 105 2.890 · 105

σ2 1.003 · 109 2.347 · 109 1.304 · 109

Table 11: Mean value and variance of the quantities of interest computed with the kriging surrogates
built on different order grids
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Figure 3: Probability distribution functions of the stagnation pressure and heat flux built with Monte
Carlo sampling propagated through the kriging metamodels trained on the fourth order grid
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Abstract. Many industrial and environmental processes are characterized as complex spatio-
temporal systems. Such systems, which often modeled with nonlinear coupled PDEs, are often 
highly complex and their relationships between model inputs, parameters and output may be 
poorly understood. Moreover the solutions of physics-based models commonly differ from the 
real measurements. Hence, aim of this work is the development of a concept which provides 
support in understanding of the system behavior and the parameter calibration. 

Recently the simulation considering uncertainties in models known as uncertainty quantifica-
tion framework is an active research area. The uncertainty quantification framework can per-
form the sensitivity analysis of the uncertain influenced parameter to the quantities of interest. 
The probabilistic description offers also the Bayesian inference to handle the discrepancy be-
tween the model prediction and the real measurement. The efficient numerical solution is 
achieved by means of the generalized Polynomial Chaos expansion (gPC). With the gPC we 
perform the global sensitivity analysis and the model parameter calibration. We introduce the 
calculation of the local sensitivity analysis, which normally computed by analytical differen-
tial, by using the gPC as surrogate model. 

The considered industrial process in this paper is a complex rheological forming process 
producing glass tubes and accordingly rods which are pre-products for optical fibers. The 
material parameters of the process are temperature dependent that lead to nonlinear PDEs. 
These dependencies are mostly empirical, thus the parameters are considered as the uncer-
tainties of the model. The sensitivity analysis results improve the understanding of the process, 
i.e. the coupling of the parameters to the outputs. By the means of the concept parameters 
were optimal calibrated to fulfill user defined performance criteria. 
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1 INTRODUCTION 
Nowadays the computer simulation based on mathematical model is commonly applied in 

every branch of natural science and engineering disciplines. Simulations are essential tools for 
engineers to analysis, design and control technical processes. Many industrial and environ-
mental processes are characterized as complex spatio-temporal systems. By using physical 
laws, the systems can be described mathematically with Partial Differential Equations (PDEs). 

In practice the modeling of the real process often leads to nonlinear coupled PDEs. Such 
models are often highly complex and their relationships between model inputs, model output 
and parameters may be poorly understood. Moreover, due to incomplete knowledge on under-
lying physics, simplifying assumptions or inevitable intrinsic variability, the solutions of 
physics-based models commonly differ from the real measurements.  

These problems are widely recognized in the scientific community and have also led the 
uncertainty quantification (UQ) framework to constitute an active research area recently. Un-
certainty Quantification covers a wide range of topics. The relevant issues are, for example, 
propagation of uncertainty, sensitivity analysis and inverse problem, which are mainly em-
ployed through this paper.  

Under the uncertainty quantification framework, uncertainties in models are quantified us-
ing different mathematical tools. Expressing the uncertainties with a probabilistic description 
seems to be the one mostly chosen in practice. The stochastic approach of uncertainty model-
ing is achieved by representing uncertainties in the models as random variables, stochastic 
processes or random fields. However, solving coupled nonlinear PDEs with random variables 
requires generally extensive computational effort. 

The generalized Polynomial Chaos has been proposed on the last few years as an efficient 
methodology to computing in uncertainty quantification framework. The gPC is the extension 
of the original Polynomial Chaos expansion (PCE), proposed by Wiener in 1938 [1]. The 
original Wiener’s Polynomial Chaos employs Hermite polynomial to represent the Gaussian 
random processes. The gPC extend the PCE toward some parametric statistical non-Gaussian 
distribution, based on the Askey scheme of orthogonal polynomials [2]. 

Besides many academic examples have proven the potential of gPC, for example, the un-
certainties propagation in PDE [3], calculation of Sobols’ Indices for the sensitivity analysis 
[4] [9]and Bayesian inference in inverse problem [5], the application of gPC are found in a 
variety of areas, such as fluid dynamic, stricture-flow interactions, material deformations, in-
ternal combustion engine  and biological problems. 

In this paper, we propose a concept for sensitivity analysis and parameter calibration of 
coupled nonlinear PDEs based on gPC-approximation. From user defined parameter uncer-
tainties, the system responses are expanded with Polynomial Chaos, which correspond to the 
uncertainty distributions. The gPC-appromation are used to perform the sensitivity analysis, 
and also used as surrogate model to calibrate the model parameter by given measurements. 
The application of this concept to the industrial glass forming model is demonstrated in this 
paper to show that, this approach facilitates the understanding of the relationships between 
model parameters and model responses. Furthermore the model parameters can be calibrated 
optimally to fulfill user defined performance criteria.   

This paper is organized as follows. Section 2 introduced our concept of system analysis us-
ing UQ and the background of gPC. Section 3 describes our glass forming process model. Our 
numerical study scenario that shows the application of our concept and the results are dis-
cussed in Section 4. Finally, Section 5 presents our conclusions.  
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2 A CONCEPT FOR SENSITIVITY ANALYSIS AND PARAMETER 
CALIBRATION OF COUPLED NONLINEAR PDES BASED ON GPC-
APPROXIMATION  

2.1 Concept for system analysis with Uncertainty Quantification (UQ) 
The computer simulation is a numerical implemented form of mathematical model, which 

is constructed from knowledge about the process. The simulation utilizes for gaining a new 
knowledge about the system behavior, which facilitates the understanding of the systems, im-
proving model, development of control strategies and optimizing the process. Besides equa-
tions acting as model structure, the model responses are specified by model parameters. The 
parameters are often determined from empirical assumptions or sometimes from the estima-
tion. Due to the complexity of nonlinear PDEs system, model parameters are commonly diffi-
cult to estimate or calibrate. Hence, aim of this work is the development of a concept which 
provides support in understanding of the system behavior and the parameter calibration of 
nonlinear PDEs system.  

We introduce our concept of system analysis using UQ, as illustrated in figure 1. We focus 
on the knowledge about the process parameter as main target of our study. In term of science, 
knowledge about the process is in the form of physical law and empirical assumptions. The 
knowledge normally comes from the expert experience, observation of the process and meas-
urements, which is often uncertain due to incomplete knowledge or empirical simplifying as-
sumptions. In this work, we consider only the epistemic uncertainty, which represent the 
uncertainty from the incomplete knowledge. This incomplete knowledge is regarded as the 
ignorance, which is considered as uncertainties in our Uncertainty Quantification framework. 
This kind of uncertainty is known as epistemic uncertainty [6]. 

Figure 1: Concept for system analysis using UQ. 

The uncertainties are expressed in form of multivariate random variables in our framework. 
The probability distribution of parameter uncertainties is formulated by using the principle of 
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maximum entropy [7]. Because of the limitation of the generalized polynomial Chaos expan-
sion, we consider in this paper only the independent random variables with the uniform, 
Gaussian, Gamma, and Jacobi distributions.  

The system response of the model is approximated with the generalized Polynomial Chaos. 
The full description of the generalized Polynomial Chaos expansion can be found in [8]. In 
this paper we will introduce particularly the concept of gPC, which is relevant to our work.  

2.2 Generalized Polynomial Chaos 
Consider a deterministic nonlinear system 

; (1)

Where  denotes system response,  denotes input and  denotes the parameters of nonlin-
ear function .  In our framework, the system response of the model  is considered as an arbi-
trary real-valued random variable according to some probability space Ω, , , with sample 
space, -algebra  and probability measure 	 . In addition, it is assumed that is square-
integrable, i.e. ∈ Ω : ∞  

The uncertain inputs and/or parameters are considered as d-dimensional multivariate ran-
dom variable , , … , with known probability distribution	 ∏ . 
The random variable Y is second-order random variable as 

(2)

According to the stochastic spectral method, this function can be expressed in term of an 
infinite series of basis function of the random variable as follows: 

∑ Ψ (3)

By using multi-index notation , , … ,  with i 	∑ i  ,  denotes the spec-
tral expansion basis function and β  denotes their coefficients. In the gPC framework, these 
basis functions are multivariate polynomials, which are the products of the univariate orthog-
onal polynomial : 

  Ψ , , … , ∏ 	 (4)

The univariate gPC polynomials are orthogonal polynomials from Askey-scheme and de-
termined corresponding to the marginal pdf in each dimension of the uncertain parameter as 
shown in Table 1.    

For the determination of the coefficients β, three methods are proposed at present, namely 
Intrusive Galerkin, the regression and the non-intrusive spectral projection (NISP) method. 
Because of the difficulty of modifying our solver code, the non-intrusive spectral projection 
(NISP) approach is used to compute the coefficients β of gPC in our implementation.  The 
NISP exploits the orthogonality of the gPC basis by projection to sampled model output, by 
taking the weighted inner product of the output gPC expansion the orthogonal polynomial 

	
‖ ‖

(5)

In the context of NISP, the integration weights are probability density function of the ran-
dom variables. Computing the inner product requires the evaluation of integrals. The inner 
product between system response and the polynomial can be calculated with the Gauss Quad-
rature formula as: 
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	 ∑ (6)

where  is quadrature nodes and 	is the associated weight, both are varied according 
to Quadrature formula. The Gauss Quadrature formula is closely related to the orthogonal 
polynomial family for the weight function ,as shown in the Table 1. However, in case of 
multidimensional integral, one will confront the curse of dimensionality with Tensor product 
cubature formulas. The sparse grid cubature [9], which is applied in our implementation, con-
stitutes an efficient way to moderate the curse of dimensionality of Tensor product cubature. 

The system responses at all quadrature nodes are computed with the model. Then the coef-
ficients  can be determined from the equation (5) and (6). By deciding the truncated order 
of orthogonal polynomial , the system response can be approximated with the gPC as: 

	 ∑ Ψ ∑ Ψ (7)

Distribution Support 
gPC basis
polynomial

Weight Quadrature 

Uniform  ,  Legendre  1 Gauss-Legendre  
Gaussian ∞,∞  Hermite  / Gauss-Hermite 
Gamma 0,∞  Laguerre  Gauss-Laguerre 
Beta ,  Jacobi  1 1 Gauss-Jacobi 

Table 1: Correspondence between the type of Generalized Polynomial Chaos, 
their underlying random variable distribution and the Quadrature formula. 

2.3 Uncertainty Quantification with gPC 
The gPC approximation as the equation (7) is applied to support analyzing the system in 

our work in 4 tasks. 

1. Approximation of system response distribution

The probability distribution  can be approximated by running the Monte-Carlo sam-
pling from  and then use the gPC approximation as surrogate model to compute the dis-
tribution . Because the gPC needs only the evaluation of polynomial, it normally requires 
less computation effort compare to the Monte-Carlo with complete model. 

2. Parameter estimation via Bayesian inverse approach
Likewise the uncertainty propagation with Monte-Carlo approach, the parameter estima-

tion via Bayesian inverse approach requires in general repeated solutions of the forward mod-
el to approximate a posterior probability distribution over the model parameter. In this paper 
we use the gPC approximation as forward model for the calculation the likelihood in the 
Bayesian framework to reduce the computation effort as shown in the paper [5]. The solution 
of the parameter estimation is the posteriori distribution of parameters, which is realized 
through sampling by a Markov chain Monte Carlo (MCMC) method.  

3. Global sensitivity analysis
The global Sensitivity analysis (SA) is the study of the global variation of a system re-

sponse of a model with regards to input parameters. Many global sensitivity analysis ap-
proaches have been proposed. The Sobol’s method is a variance-based global sensitivity 
analysis technique that has been applied to assess the relative importance of input parameters 
on the output. It results the Sobol’s sensitivity index as a normalized measure to determine the 
inputs importance. B. Sudret showed that the Sobols’ indices have the relationship to the gPC 
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coefficients [4]. According to the paper the Sobol’s decomposition of the truncated gPC may 
be written as follows: 

  , ∑ Ψ∈ (8)

With  is the set of indices i in the truncated expansion,  ≔ i ∈ , i 0 , and the 
variance of output y respect to the inputs xa  are: 

, 	
∑ Ψ∈ (9)

where ≔ i ∈ , i 0, i 0 , with the total variance  

	 ∑ Ψ∈ (10)

then the first order PC-based Sobol’s index of the a-th input is: 

	 / (11)

Note that the summation of all Sobols’ indices both first order and higher-order interaction 
indices are one. 

  ∑ ∑ ⋯ … 1 (12)

Further information about PC-based Sobols’ indices can be found in [4] and[10]. 

4. Local sensitivity analysis
Local sensitivity analysis method involves taking the partial derivative of system response 

with respect to an input variable  at some fixed point  in the input space [11]. This deriv-
ative indicate the sensitivity of input parameters at fixed point on the output 

; (13)

In case that all of input parameters have a uniform distribution, the partial derivative with 
respect to an input variable  can be approximated as follows: 

∑ ∈ (14)

3 SIMULATION OF GLASS FORMING PROCESS UNDER UNCERTAINTIES 

3.1 Computational model of glass forming process 
Our considered industrial process in this paper is a complex rheological forming process 

producing glass tubes and accordingly rods which are pre-products for optical fibers produc-
tion. The forming process involves a wide temperature range and is characterized by large de-
formations. The process setup is visualized in Figure 2(left). The cylinder is fed with slow 
velocity vf in an oven where it is heated up to its forming temperature. Below the oven the 
tube is pulled with a higher velocity vp resulting in thin glass rods (resp. tubes). The main 
physical phenomena of the glass forming process arise from radiation, heat convection, and 
fluid dynamics. The process is regarded as a Newtonian fluid flow with free surfaces. Basical-
ly, the model consists of two main parts describing namely the glass flow and the heat transfer 
in the glass and from the oven to the glass [12],[13]. The conservation laws of mass, momen-
tum and energy formulate the PDE systems of the process. 
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	 0

⋅ 	 ⋅ 	

⋅ ⋅  

(15)

In the equations (15) it denotes : velocity vector, T: temperature of the glass, µ: dynamic 
viscosity, Cp: specific heat capacity, λ: effective heat transfer coefficient (considers radiative 
heat transfer in a simplified way), : density of the glass, g: gravitational acceleration, 

The Navier-Stokes with free surface flow allows the calculation of the geometry defor-
mation. The boundary conditions of the PDEs play a major role in this model as well. The ge-
ometry of the outer boundary will move with the velocity at boundary. The tracking of the 
moving boundary succeed by using Arbitrary Lagrangian-Eulerian (ALE) method [14]. The 
heat comes from the oven into the glass at outer boundary via the radiation. With the Stefan 
Boltzmann laws the heat flux at boundary can be written as: 

(16)

: Emissivity of the glass, : Stefan-Boltzmann constant, : oven temperature pro-
file, which is modelled as a function of z-coordinate. Due to the temperature dependency of 
material parameter such as ,  and   as well as the radiative heat flux term, the 
PDEs are strongly nonlinear. The structure of the model, the coupling terms and nonlinearities 
are illustrated in Figure 1 (right). 

For a 3D simulation of the glass forming process this initial-boundary value problem have 
to be solved numerically. The Finite Element Method is standard technique to solve PDE cur-
rently and also used here.  By assuming axisymmetric the model can be reduced to a 2D mod-
el, which is discussed in this paper. More details about the glass forming Finite Element 
model can be found in our previous work [15], [16]. 

Figure 2: schematic of industrial glass forming process (left) and structure of nonlinearities of the model (right) 
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3.2 Simulation under uncertainties  
Uncertainties in glass forming process model arise from many sources, such as inaccuracy 

operating parameter, environmental uncertainties, empirical determination of material param-
eters or model uncertainty due to simplify assumption. As the related work, Andryas Mawardi 
and Ranga Pitchumani have shown the numerical simulations of an optical fiber drawing pro-
cess under uncertainty [17]. They showed how the uncertainties of the input parameters prop-
agate through the fiber drawing process model. The calculation of the output distributions are 
achieved by simulation with the sampling of input parameters using Latin Hypercube Sam-
pling (LHS) method.  

The optical fiber drawing process is analogous to our glass forming process from physics 
viewpoint. However, the distinctions of the geometry dimension and the process setup make 
our glass forming model difference from the fiber drawing process. Moreover, our UQ 
framework is based on generalized Polynomial Chaos. We firstly construct the gPC-
approximation model by computing model at sparse quadrature nodes. Then the gPC-model is 
utilized for analyzing the system in our UQ Framework as mentioned in the section 2. Our 
Procedure of system analysis based on gPC is summarized in figure 3. The procedure is de-
scribed in details with the study scenario in the next section.  

Figure 3: Procedure of system analysis based on gPC 

4 STUDY SCENARIO AND RESULTS 

4.1 Study scenario 
In our glass forming model, there are about 30 concerned parameters.  For illustrating our 

concept in this paper, we restrict the input parameters to 4 parameters, which are 2 material 
parameters and 2 oven parameters.  As mentioned in the section 3, the temperature dependent 
material parameters are defined by the following empirical formulas: 

 
⋅  

(17)
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From the equation (16), the oven model is defined by the emissivity  and the oven tem-
perature profile   which is parameterized as: 

∙ exp | | for	

∙ exp | | for	
 (18) 

Based on our previous study, the importantly influencing parameters are , ,   
and . We consider them uncertain and set the others parameters as deterministic varia-
ble. However, the parameters  and  are difficult to interpret into physics meaning. 
In order to make it more comprehensible, we consider the temperature of oven at two defined 
points  and  as uncertain parameters. The parameters 

  and , are calculated by giving   and   by curve fitting method.  

In summary, we consider four uncertain parameters 	 	 	 . All parameters
are assumed to have a uniform distribution around the previous deterministic value with cor-
responding percentage range. It is noted that another distribution such as Jacobi, gamma and 
gauss are also possible. In addition, it is assumed that all parameters are independent so that 
the probability distribution of the uncertain parameters is  

  ⋅ ⋅ ⋅ (19)

For the system responses of the model, we consider: 
 The shrinkage,  the difference of diameter between the two sensor positions Δ

 The temperature of glass at sensor position, which is called glass temperature 

 The viscous force defined as:	 2  at sensor position  

4.2 Results  
The gPC approximation is constructed with the procedure regarding the figure 3. Accord-

ing to the probability distribution of the uncertain parameters , the sparse quadrature 
nodes are generated. The system responses at the quadrature nodes are computed with FEM 
model mentioned in the section 3.1. The gPC orthogonal polynomials are composed corre-
sponding to the probability distribution. Using NISP approach, the polynomial coefficients 
are determined according to the section 2.2. The coefficients and orthogonal polynomial con-
struct the gPC approximation model for the three system responses mentioned above to utilize 
our system analysis. Firstly, we approximate the probability distribution of the three system 
responses. The distribution can be approximated by running Monte-Carlo of gPC model with 
samples of . The figure 4 (left) shows the histogram and scatter plot of the three system 
responses. This plot facilitates us to comprehend the system response behavior. One can see 
possible values of model responses as well as their relations according to defined uncertain 
parameters. Please note that we cannot provide the information about the unit variables in the 
plot because of our partner confidential data. 

To increase understanding of the relationships between input parameters and system re-
sponses, we perform sensitivity analysis with gPC model. As mentioned in the section 2.3, the 
Sobols’ indices, which represent the sensitivities of the system responses with respect to input 
parameters, can be computed from the gPC coefficients. The computed Sobols’ indices in our 
study are presented in the figure 4 (right). It illustrates the first order indices namely “main 
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effect index” for the three system responses. It shows that the parameter  is the most im-
portantly influencing all system responses and then follows with the parameter . 

Figure 4: The histogram and scatter plot of the three system response of glass forming model represent  
the probability distribution by given uncertain parameters (left) and First order Sobols’ 

 sensitivity indices of the three system responses according to four uncertain parameters (right). 

With our local sensitivity based on gPC approach, the derivative of model responses with 
respect to the parameter  can be approximated as mentioned in the section 2.3. The figure 5 
shows the system responses and their derivatives subject to the parameter  by setting other 
uncertain parameters as deterministic. This information is very useful for the user to develop 
and improve the model. It is noted that this approximation of derivative work well because of 
the smoothness behavior of the PDE solution. 

Figure 5: the three system responses subject to the parameter  by setting other parameters deterministic (left) 
 the derivative based on gPC of the three system responses with respect to the parameter  (right).  

Finally, we would like to find the parameter space, which provide the specified area in the 
system response space. In the UQ framework, by specified model response, which should rep-
resent some real measurement, the associated parameters can be estimated via Bayesian infer-
ence. The figure 4 (left) present the possible values of system responses. If the measurements 
locate outside the scatter plot, it could mean that the measurement does not belong to the de-
fined input space or the model is deficient and have to be improved.  
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If the measurement locates inside the scatter plot, the gPC model can be applied as a for-
ward model for computing the likelihood, as mentioned in the section 2.3. The figure 6 shows 
the result of one of our parameter estimation studies. The three system responses are specified 
with the noise in this case three different values of shrinkage but the same values of glass 
temperature and viscous force. A prior distribution is assumed as . The posterior distribu-
tion is accomplished via MCMC sampling. The scatter plots of the posterior distribution of 
uncertain parameter for three cases of the specified outputs are shown in figure 6. Because of 
the low sensitivity value of the parameter , the plots with this parameter provide no infor-
mation, therefore are excluded here. 

Figure 7: The sampling posterior distribution of uncertain parameter by given system responses. 

5 CONCLUSION 
A detailed discussion on the concept for analyzing nonlinear coupled system using uncer-

tainty quantification was presented. The concept combines the forward uncertainty propaga-
tion, sensitivity analysis and Bayesian parameter estimation approach as a tool for analyzing 
the system and model parameter calibration. The generalized Polynomial Chaos is applied to 
reduce the computational effort of stochastic problem in UQ framework. The uncertain pa-
rameters in model are expressed as multivariate random variables with known distribution. 
According to the distribution, the corresponding orthogonal polynomials based on Askey 
scheme are constructed as a basis function. The Coefficients of the gPC polynomial are com-
puted with NISP using sparse quadrature. The gPC approximation is used as a surrogate mod-
el in all of the UQ tasks. The application of this concept to the industrial glass forming 
process model was presented. The glass forming model is highly complex so that the relation-
ships between parameters and system response are poorly understood. Moreover, the predic-
tion of model differs from the real measurement. Our concept using UQ based on gPC 
improves the understanding of the process and facilitates the parameter calibration. Our pro-
cedure should expand the knowledge about the system, which facilitates improving model, 
development of control strategies and optimizing the process further. 
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Abstract. Dual Phase steels (DP steels) have shown high potential for automotive and other
applications, due to their remarkable property combination between high strength and good
formability. The mechanical properties of the material are strictly related with the spatial dis-
tribution of the two phases composing the steel, ferrite and martensite, and their stochastic
geometry. Unfortunately the experimental costs to obtain images of sections of steel samples
are very high, thus one important industrial problem is to reduce the number of 2D sections
needed to reconstruct or simulate in a realistic way the 3D geometry of the material. This re-
duction causes an increase of the uncertainty in the parameters estimates of suitable geometric
models for the material.

In this work we present an approach based on the definition of a germ-grain model which ap-
proximates the main geometric characteristics of the martensite. The parameters of the model
are estimated on the basis of the morphological characteristics of the images of about 150 to-
mographic sections of a real sample, and plausibility regions for the estimated parameters are
computed. The increase in uncertainty on the parameters estimates in presence of a reduced
number of sections is then quantified in terms of increase in the volume of the corresponding
plausibility regions. Even though the model still needs some improvements in the fitting with
the real data, the overall procedure for uncertainty quantification that we have obtained can be
generalized to other study cases and can be used by the industry to set up a suitable experimen-
tal plan to fit a model to the data with a desired accuracy.
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1 Introduction

Dual Phase steels (DP steels) have shown high potential for many applications due to their
remarkable property combination between high strength and good formability.

Here we consider a sample of steel formed by martensite and ferrite. The relative position
and geometric structure of the two phases is responsible of the mechanical properties of the
material, thus it is particularly important to provide statistical models which may reproduce the
main geometric characteristics of the two phases. Our results are based on images of about 150
tomographic sections taken from a lab sample of steel.

The formation of the two phases of the material starts after a cooling phase of the melted alloy
of iron and carbon, during which austenite is formed, followed by a rolling phase, transforming
slabs of steel into thin metal foils.

A further cooling phase follows the rolling; during this phase the formation of ferrite starts.
Crystals of ferrite nucleate mainly from the interfaces of the rolled (and thus deformed) austen-
ite, and grow up to impingement with other crystals of ferrite, driven by the evolving field of
carbon concentration. After a fixed time interval the formation of ferrite is stopped by a sudden
quenching, during which the material still not transformed into ferrite becomes martensite. The
final result is a dual phase steel formed by ferrite and martensite, having a stochastic geometric
structure.

In order to define a dynamical model able to reproduce the complete geometric structure of
the material, a stochastic birth and growth process coupled with the evolution of the carbon
field should be used (see [1] for similar models applied to polymer crystallization). A first
model which goes in this direction, though facing the problem at only a macroscopic scale, has
been studied in [7].

In the following we will introduce a possible approach to reproduce the main mean geometric
characteristics of the martensite contained in the real sample via a germ-grain model. The
model requires further improvements in order to obtain a better agreement with the real data,
as will be clear from our results. Anyway this is a proposal of a general procedure that may
be applied to this and to other similar case studies in which the reduction of the experiments
and measurements to study the random geometry of the material, without loosing too much
information, is a crucial industrial issue.

As from a confidentiality agreement with Nippon Steel & Sumitomo Metal, who provided
the real data, the images of the real sample will not be shown.

2 Structure of the austenite phase

First of all we studied the geometric structure of the interfaces of austenite after rolling, since
nucleation of ferrite happens mainly on such interfaces, so that the location of the final ferrite
and martensite crystals depends on the location of such interfaces.

The shape of the crystals of austenite before rolling is quite close to a 3D Voronoi tessella-
tion. The rolling reduces the thickness of the rolled slab to 1/50 of the original thickness, but
preserving the width and the total volume. The result is a long thin foil (see Figure 1).

If we apply a deformation to a 3D Voronoi tessellation, maintaining the proportions used in
the real experimental situation, we obtain the results shown in Figure 2.

Since the real sample is composed of a very small portion of the rolled metal foil, extracted
from the middle of the foil, we sectioned a small cube of the deformed tessellation, with dimen-
sions proportional to the real sample, in order to look at its internal geometric structure. Two
sections in the x1x3 and x2x3 directions, respectively, are reported in Figure 3.
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Figure 1: Deformation applied to the cube containing the 3D Voronoi tessellation formed by austenite crystals

Figure 2: Voronoi tessellation of the 3D space with 3000 crystals in a cube. On the left: before rolling, on the
right: after rolling. The different axes scales in the two images evidentiate the defonrmation along the three axes,
due to rolling

Figure 3: Two sections of the deformed Voronoi tesselation on the right of Figure 2, taken in the center of the
parallelepiped. On the left: section parallel to the x1x3 plane; on the right: section parallel to the x2x3 plane.
Different colours correspond to different crystals

716



A. Micheletti, J. Nakagawa et al.

Figure 4: On the left: pancake structure image of austenite after rolling and before the birth and growth of ferrite;
on the right: simulated random parallel planes, with an inhibition distance, from which the nucleation of ferrite
starts

It is evident that, at the scales relevant for our application, the effect of rolling is the trans-
formation of the interfaces of the 3D Voronoi tessellation into approximately parallel planes,
having random quotes along the x3 axis. The distribution of the quotes looks quite regular.
This is in accordance with the images of sections of austenite after rolling, which shows a typi-
cal pancake structure (see Figure 4) and with applications to other materials already studied in
literature [8].

We have thus modelled the interfaces of austenite as parallel horizontal planes, i.e. parallel
to direction x1x2, with randomly distributed quotes along the x3 axis. The quotes have been dis-
tributed according to a 1-dimensional hard core process [2, Section 5.4], that is a point process
with an inhibition distance between points. Figure 4 on the right shows a simulated realization
of such a process.

In Figure 5 a simulated sample of the two phases which resembles the real one is reported.
The black region, occupied by martensite, can be represented as the free space between dif-
ferent crystals of ferrite at the moment of quenching. Since the crystals of ferrite nucleate on
the parallel planes representing the interfaces of austenite, martensite will have a tendency to
concentrate in between two adjacent parallel planes.

3 Morphological analysis of the martensite

In order to set up a geometrical model which may realistically represent the material, we
first described quantitatively the geometrical structure of the martensite via a morphological
analysis of the real sample. The morphology of a random set may be described by the densities
of the Minkowski functionals (see [2] for the definition). In particular we concentrated on the
volume density VV (fraction of the volume occupied by the random set), the surface density SV

(surface of the random set per unit volume), and the density of Euler-Poincaré characteristics
EV (number of connected components of the random set per unit volume). In general these
functionals are constant in space only if the random set under study is isotropic and stationary,
i.e. its distribution is invariant under rigid motions.

We computed the Minkowski functionals of the martensite of the real sample, by sectioning
the sample into slices of 10 voxels of width in the three main directions, in order to test also the
presence of zones of non stationarity or of anisotropies. The functionals have been computed
according to the estimators described in [3], using the Matlab codes which can be downloaded
from [4]. The results are reported in Figure 6. The functionals look almost constant along the
directions Z and X, while VV and SV show a periodicity along the direction Y (see Figure 5 for
the names of the directions). This fact is confirmed by a visual inspection of the real sample,
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Figure 5: A simulated sample of the two phases: the region occupied by martensite is depicted in black, while
ferrite is in white.

Figure 6: The Minkowski functionals computed on the real sample along the three main directions. The directions
have been named like in Figure 5
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Figure 7: The Minkowski functionals computed along the three main directions on the real sample after a closing
with a sphere of radius 5 voxels. The directions have been named like in Figure 5

which shows a ”striped” structure in direction Y, which is coherent since the direction of rolling
is parallel to the XZ plane and thus the crystals of ferrite are born on planes parallel to the XZ
plane.

We also deduce from the graphics that the martensite is very ”fragmented”, in particular
observing the behaviour of the surface density and the volume density, which are almost over-
lapped in all directions. This is confirmed by a visual inspection of the real sample, since many
small holes or pores are present in the material and the martensite in some places is needle
shaped. This porosity does not influence much the mechanical properties of the material, thus
it can be neglected in the construction of a realistic geometric model. Since the presence of
the pores can not be easily reproduced with a geometrical germ-grain model, we performed a
closure of the 3D real sample [6], with a sphere of 5 voxels of radius. The closure of a random
set has the effect of ”filling the small holes”. The Minkowski functionals of the closed image
are reported in Figure 7. Now the volume and surface density are different, because of the lower
fragmentation of the image.

We will use the closed image and its Minkowski functionals as a reference in the procedure
of parameter identification of the geometrical model reproducing the material, described in the
following sections.

4 A germ-grain model

In order to set up a statistical model able to reproduce the mean geometric structure of the
real sample of steel, we have proposed a germ-grain model with spherical grains, depending on
a small set of unknown parameters. The model will reproduce the structure of the ferrite phase,
neglecting the interfaces between different crystals, so that the martensite will be represented
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by the empty space between different grains of the model.
A germ-grain model is a random closed set Ξ ⊆ Rd defined as

Ξ = ∪i∈NΘi ⊕ xi

where {xi} are points in Rd forming a locally finite point process, called germs; Θi are i.i.d.
uniformly bounded random closed sets (usually containing the origin) called grains, and ⊕
denotes the Minkowski sum between sets, thus Θi ⊕ xi = {y + xi|y ∈ Θi} (for more details
see [5, 2]).

We modelled the point process of germs as a Neyman-Scott clustered point process, taking
into account that ferrite nucleates in the surrounding of parallel planes, and also observing that
martensite in the real sample exhibits a ”striped” structure.

The Neyman-Scott point process [2, Section 5.3] is formed by generating a spatial Poisson
point process of parents having intensity λp(x) and then surrounding the parents by a random
number of daughter points, scattered independently and identically distributed around the par-
ents. The parents are then removed and the Neyman-Scott process is formed just by the daughter
points.

The germs in our model have thus been generated according to the following algorithm:
Algorithm 1
Input:
nplanes = number of parallel planes,
σvert= standard deviation of the daughters’distribution in the vertical direction,
σhor= standard deviation of the daughters’distribution in the horizontal direction,
λ=mean number of germs to be generated

step 1: randomly generate a set of parallel planes, from which ferrite nucleates;

step 2: generate the number Ng ∼ Poisson(λ) of germs to be located in the 3D space

step 3: fix the number of parent germs to Ng

4

step 4: distribute the parent germs uniformly on the parallel planes

step 5: distribute the Ng daughter germs around the parents according to a 3-variate normal dis-
tribution having diagonal covariance matrix given by

Σ = diag(σ2
hor, σ

2
hor, σ

2
vert).

The grains have been modeled as independent spheres of random radius R = L · ρ, where
L is a constant representing the maximum possible radius of the spheres and ρ is a random
variable distributed as a mixture of two Beta distributions, as follows:

• ρ ∼ Beta(3, b1) with b1 > 3 with probability 0.7 (favouring small radii),

• ρ ∼ Beta(3, b2) with b2 < 3 with probability 0.3 (favouring big radii).

This choice has been motivated by an analysis of the granulometry of the material [6], which
provides such proportions of ”big” and ”small” grains.

In order to avoid edge effects, the simulation of the model has been performed in a window
of observation enlarged by L on each side, and then only the central portion of the window
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Parameter optimal value
nplanes 12
σhor 9.6386
σvert 14.1081
L 16
b1 4.7173
b2 1.376
λ 10020

Table 1: Optimal values of the parameters. The corresponding computed Mahalanobis distance is 2.34. The
simulations have been performed in a parallelepiped having the same dimensions of the real sample, where the
side of each voxels is 0.25µm long. The unit of measure of the parameters is a voxel side length

with dimensions equal to the real sample has been considered. All the simulations have been
performed in Matlab.

Thus our germ grain model is based on the following seven parameters:

(nplanes, σhor, σvert, L, b1, b2, λ) ∈ N× R+ × R+ × N× [3,+∞)× (0, 3)× (0,+∞) (1)

5 Parameters estimates

For each set of the parameters p = (nplanes, σhor, σvert, L, b1, b2, λ) we performed 10 sim-
ulations of the germ grain model, and on each simulation we computed the volume, surface,
mean and Euler characteristic densities (i.e. the densities of Minkowski functionals). The pa-
rameters can be estimated by minimizing a suitable distance between the values of the densities
measured on the (closed) real sample and the densities of the simulated germ-grain model.

Let us denote by Sreal ⊆ R3, the densities of the three functionals estimated on the real sam-
ple, by S̄sim(p) ⊆ R3 the means, over 10 simulations, of the densities of the three functionals
computed on the simulated samples, and by Σ̂ the sample covariance matrix of the densities
computed on the simulations.

In order to minimize with respect to the parameters p, we have adopted the Mahalanobis
distance, given by

∆(Sreal, S̄sim(p)) =
√

(Sreal − S̄sim(p))T Σ̂−1(Sreal − S̄sim(p)),

since it weighs the distance from the mean of the simulations with respect to the variance, taking
thus into account the variability related with each set of parameters. Note that the distance (5)
is stochastic, being based on the outcomes of random simulations.

Since both parameters nplanes and L are integers (the maximum radius of the spheres has
been defined in the simulation program in terms of number of voxels), we needed to apply an
optimization algorithm to a function which is not expressed in algebraic form and depending
upon mixed integer and real parameters, so that we have decided to apply a genetic algorithm
for the best fitting

p̂ = arg min
p

∆(Sreal, S̄sim(p)).

The estimated parameters are reported in Table 1.
We have performed numerical simulations of the sample using the estimated optimal pa-

rameters, and computed the densities of the relevant Minkowski functionals on the simulated

721



A. Micheletti, J. Nakagawa et al.

Figure 8: Comparison of the densities of Minkowski functionals between a simulation performed with the optimal
parameters reported in Table 1 and the closed true image

Parameter optimal value
nplanes 5 fixed
σhor 9.06
σvert 17.73
L 16
b1 9.34
b2 1.38
λ 10564

Table 2: Optimal values of the parameters fixing the number and location of nucleation planes

sample. The results are shown in Figure 8. Unfortunately, even though the numerical agree-
ment between real data and simulated data is rather satisfactory in terms of orders of magnitude,
our simulations do not capture detailed features such as the periodicity of volume and surface
densities along the Y axis.

We then tested a second model where we fixed at 5 the number of parallel planes from
which ferrite originates, located ”in the valleys” between two peaks in the graph referring to
Y direction in Figure 7. This choice is due to the fact that in our model martensite occupies
the space left free by ferrite, thus the peaks in volume and surface densities of the martensite
will be located in between two nucleation planes of ferrite. All the other parameters have been
estimated via the optimization procedure described above. The results are reported in Table 2.
The Minkowski functionals computed on a simulated image with the new optimal parameters
are compared with those of the closed true image in Figure 9. As above, in this case too the
observed periodicity along the Y axis has not been captured.

This motivates future directions of research by including additional realistic ingredients in
the proposed statistical geometric model. A possible improvement could be obtained by chang-
ing the shape of the primary grain to an ellipsoid, since the grains of ferrite are often elongated,
and thus are poorly approximated by spheres. In this case, a preliminary study of the distribution
of the sizes of the three main diameters of the ellipsoids should be performed.

For the time being we will concentrate first in performing a sensitivity analysis of the param-
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Figure 9: Comparison of the densities of Minkowski functionals between a simulation performed with the optimal
parameters reported in Table 2 and the closed true image

Parameter exploration interval
nplanes [4, 6]
σhor [7.25, 10.87]
σvert [14.18, 21.28]
L [13, 19]
b1 [7.47, 11.21]
b2 [1.1, 1.66]
λ [8451, 12677]

Table 3: Intervals of variation of each parameter in the sensitivity analysis. The integer parameters nplanes and L
have explored only the integer values contained in the respective intervals, the other parameters have explored 10
equally spaced points inside each interval

eters of our model, which will be taken into account in the formulation of more realistic models,
and then in evaluating the increase of uncertainty due to a reduction of the sample size (i.e. of
the number of sections on the experimental sample).

6 Sensitivity analysis

In order to understand which parameters have a bigger influence on the variability of the
densities of Minkowski functionals, we performed a sensitivity analysis as follows. We made
one parameter at a time vary in an interval centered in the optimal value reported in Table 2,
fixing all the other parameters equal to the optimal values. We explored a variation of about the
20% of the value of each parameter, as reported in Table 3.

For each value of the parameters we performed 15 simulations, on each simulated image we
computed the Minkowski functionals and we averaged the results over the simulations. Plots of
the results are reported in figures 10 - 16.

From the results, we can observe that the parameters which have more influence in the vari-
ability of the Minkowski functionals are L, λ and b2. This should be taken into account in the
definition of a more accurate model.
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Figure 10: Mean Minkowski functionals computed letting the parameter nplanes vary. Each curve corresponds to
a different tested value of nplanes
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Figure 11: Mean Minkowski functionals computed letting the parameter σhor vary. Each curve corresponds to a
different tested value of σhor
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Figure 12: Mean Minkowski functionals computed letting the parameter σvert vary. Each curve corresponds to a
different tested value of σvert
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Figure 13: Mean Minkowski functionals computed letting the parameter L vary. Each curve corresponds to a
different tested value of L
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Figure 14: Mean Minkowski functionals computed letting the parameter b1 vary. Each curve corresponds to a
different tested value of b1
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Figure 15: Mean Minkowski functionals computed letting the parameter b2 vary. Each curve corresponds to a
different tested value of b2
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Figure 16: Mean Minkowski functionals computed letting the parameter λ vary. Each curve corresponds to a
different tested value of λ
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Parameter optimal value
nplanes 15
σhor 1.2801
σvert 4.1759
L 18
b1 5.1655
b2 2.3845
λ 9011

Table 4: Optimal values of the parameters using only 16 sections. The corresponding computed Mahalanobis
distance is 1. The simulations have been performed in a parallelepiped having the same dimensions of the real
sample in directions X and Y, and dimension 16 in direction Z. The unit of measure of the parameters is a voxel
side length

7 Plausibility regions and reduction of the number of sections

Here we propose a technique to quantify the additional uncertainty in the parameter esti-
mates which is introduced when the number of available sections is reduced. When a geometric
model able to reproduce in a better way the geometric characteristics of the real sample will be
available, this technique can be applied by the industry to fit the model to the data with a desired
accuracy.

In order to produce this quantification we computed some plausibility regions for the esti-
mated parameters, by fixing a threshold dmax on the Mahalanobis distance

∆(p) = ∆(Sreal, S̄sim(p))

used in the optimization procedure and by computing the convex hull of the points p satisfying

∆(p) ≤ dmax. (2)

Since p ∈ R7, the convex hull will be a polytope in R7. The increase in variability due to
the reduction of the number of sections can be quantified via the ratio of the volumes of the
7-dimensional plausibility regions computed using all sections or a lower number of sections.

Note that the Minkowski functionals can be estimated in a reliable way only if the sections
are contiguous, i.e. if their distance is comparable with the side of a pixel.

The variance of the estimated functionals increases when the volume of the region in which
they are computed is reduced. This fact causes an increase in the volume of the corresponding
plausibility regions when the number of sections is reduced.

As an example, we considered a subset of the real sample composed by 16 consecutive
sections (which corresponds about to 1/10 of the original number of sections of the real sample),
resulting thus in a slice of the real sample taken orthogonally to direction Z. We fixed dmax =
3, and we used our first germ-grain model, with planes located randomly in the Y direction,
whose optimal parameters using all sections are reported in Table 1. We estimated the optimal
parameters using only 16 sections, and the results are reported in Table 4.

We then fixed dmax = 3 and computed the volume of the 7-dimensional convex hull of the
points satisfying (2), obtaining:

with all sections: V olall = 5.0673e+ 12
with 16 sections: V ol16 = 2.4133e+ 16
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Thus dividing about by 10 the number of considered sections we obtain a relative increase
of variability (i.e. uncertainty) in the parameters estimate of

V ol16
V olall

= 4762.

Such technique can be used to quantify the increase in variability for different choices of the
number and location of the considered sections, thus providing to Nippon Steel & Sumitomo
Metal an instrument to evaluate quantitatively the consequences of their choices.
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Abstract. RF MEMS capacitive tuners based on micro-corrugated diaphragms in tunable 

cavity resonators/filters demand for large tuning displacements and low tuning voltages. The 

tuning characteristics are subjected to fabrication uncertainties of residual stress and corru-

gation dimensions of the diaphragm. We discuss the design consideration of large-

displacement low-voltage diaphragms for reducing the effects of fabrication uncertainties by 

proper geometric design of the corrugations through batch-mode FEM modeling. Uncertainty 

quantification is performed to analyze variations of the tuning range and actuation voltage of 

the capacitive MEMS tuner under fabrication uncertainties.  
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1 INTRODUCTION 

Widely tunable filters with low insertion loss are essential components in realizing recon-

figurable RF-front ends. Evanescent-mode cavity resonators/filters have been successfully 

demonstrated recently with advantages of wide tuning range, high quality factor, small size, 

and high power handling capability [1-2]. Fig. 1(a) shows the side view of an evanescent-

mode cavity resonator schematically. The conductor-walled cylinder cavity is loaded by a 

conductive post that serves as an effective shunt capacitor whose capacitance is determined by 

the gap between the post and the ceiling diaphragm. The resonant frequency is determined by 

the equivalent capacitance and inductance. Therefore, frequency tuning can be achieved by a 

diaphragm tuner which can be used to change the gap between the post and the diaphragm. To 

achieve a large tuning deflection with a reasonably low actuation voltage, MEMS capacitive 

tuners based on micro-corrugated diaphragms have been employed [3-4]. The corrugated 

structure elongates the profile length in the radial direction which effectively reduces the 

stretching stiffness in the radial direction due to residual stress and large displacements, and 

therefore, significantly reduces the actuation voltage at large displacements [5].  

Figure 1: (a) Side view of a tunable cavity resonator, (b) top view and (c) side view of a micro-corrugated dia-

phragm. 

The tuning characteristics are subjected to fabrication uncertainties which cause wafer-to-

wafer or even device-to-device variations of residual stress and corrugation dimensions of the 

diaphragm. We will discuss the design consideration of large-displacement diaphragms for 

minimizing the effects of fabrication uncertainties. 

2 CAPACITIVE TUNER MODELING 

2.1 Diaphragm stiffness 

For diaphragms designed to operate in the large deflection regime, both linear and nonline-

ar effects need to be investigated. In the case of small deflections, bending stiffness dominates 

and the load-deflection behavior can be described by a linear stiffness coefficient k1. As de-

flection increases, the stretching-induced stress of the diaphragm causes the nonlinearity in 

the large deflection regime and therefore, a nonlinear stiffness coefficient k3 is introduced to 

account for this nonlinearity. In general, for a diaphragm with a radius R and under a uniform-
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ly distributed pressure P, the load-deflection behavior can be approximated by the following 

relationship [5]: 

3

1 0 3 0( ) ( )mF k w w k w w    (1) 

where F = πR
2
P is the total loading force on the diaphragm, w is the center displacement of

the diaphragm, and w0 is the residual-stress-induced initial center deflection. The stiffness co-

efficients k1 and k3 are functions of the diaphragm’s geometric and material properties. The 

in-plane residual stress adds resistance to bending, and therefore, changes the linear stiffness 

coefficient k1. 

2.2 FEM modeling for diaphragm stiffness 

Due to the geometric complexity of corrugated diaphragms, only limited analytical models 

have been proposed for the prediction of the stiffness with respect to geometric parameters. 

Therefore, FEM simulations are performed using ANSYS Parametric Design Language 

(APDL) [7].  The script-based simulation allows ANSYS program to be linked with 

MATLAB [8] program for systematically changing the geometric parameters of corrugated 

diaphragms. In this way, the parametric study can be performed efficiently to study the rela-

tionship between the diaphragm stiffness and the corrugation parameters. In order to reduce 

the computation time, the axisymmetry of the diaphragm is utilized by choosing a higher or-

der 2-D, 8-node element PLANE183 with the axisymmetric option activated. In the simula-

tions, only the trapezoidal corrugations are considered as shown in Fig. 1(c). Appropriate 

boundary conditions are assigned: the surface where the diaphragm attached to the substrate at 

the outer rim edge of the diaphragm is fixed in both horizontal direction (x-axis) and vertical 

direction (y-axis). The geometric and material properties assumed in the simulations are listed 

in Table 1. The stiffness coefficients can be extracted by fitting (1) to the simulated load-

deflection curves. 

Parameter Value 

Geometric 

Attributes 

Radius R  900 µm 

Thickness h  1  µm 

Corrugation Wavelength Lc   100 µm 

Corrugation Sidewall Angle θ 45º  

Corrugation width wc  
1

2 / tan
2

c cL H 

Corrugation distance dc  
1

2 / tan
2

c cL H 

Material 

Properties 

Young’s Modulus E 57 GPa 

Poisson’s ratio ν 0.42 

Table 1: Dimensions and material properties used in FEM simulations for micro-corrugated diaphragms. 

2.3 Electrostatic tuning of diaphragms with nonlinearity 

The pull-in instability of electrostatic actuation of the capacitive MEMS tuner dictates that 

the diaphragm cannot be continuously tuned through the entire gap between the diaphragm 

and bias electrode. The tuning range of the MEMS tuner is determined by the maximum dis-

placement (wm) the diaphragm travels before pull-in occurs. When the displacement of the 

diaphragm increases to wm, the restoring force cannot balance the electrostatic force and the 
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pull-in phenomenon occurs. When calculating the pull-in voltage (Vpi) and tuning range of 

MEMS tuners, both the linear and nonlinear stiffness of the diaphragm are considered. With 

the mechanical restoring force modeled by (1) and the electrostatic force modeled by using a 

parallel plate capacitance model, the pull-in voltage (Vpi) and tuning range can be calculated. 

When the nonlinear behavior of the diaphragm is dominant (k3 >> k1), wm /g0 →3/5; and when 

the linear behavior is dominant (k3 << k1), wm /g0 →1/3.  

Figure 2: (a) Linear stiffness coefficient k1 and (b) nonlinear stiffness coefficient k3 versus corrugation depth Hc. 

(The geometric and material properties are listed in Table 1, number of corrugations Nc = 4 ) 

Figure 3: Linear stiffness coefficient k1 and (b) nonlinear stiffness coefficient k3 versus residual stress σr at dif-

ferent corrugation depth Hc. 

3 PARAMETRIC STUDY FOR DESIGN OPTIMIZATION 

3.1 Parametric study 

A parametric study of the micro-corrugated diaphragm is performed to investigate the de-

pendence of diaphragm stiffness on residual stress and corrugation dimensions, which pro-

vides design guidelines for low-voltage, high tuning range capacitive MEMS tuners with 

considerations of the fabrication uncertainties.  

Fig. 2 shows the extracted stiffness coefficients as a function of the corrugation depth Hc, 

and the comparison between the FEM results and the analytical models in [5] and [6]. In a 

736



Juan Zeng and Dimitrios Peroulis 

stress-free diaphragm, the linear stiffness increases with the increase of corrugation depth. 

With the presence of residual stress σr, an optimal value of Hc corresponds to a minimum line-

ar stiffness k1. The nonlinear stiffness shows a less significant dependence on the residual 

stress and decreases with the increase of corrugation depth.  

The dependence of the diaphragm stiffness on residual stress is illustrated in Fig. 3. It is 

evident that a larger corrugation depth can reduce the dependence of the diaphragm stiffness 

(especially the linear stiffness) on the variation of the residual stress. The dependence of k1 on 

σr is effectively alleviated by corrugations with Hc  5 µm (Fig. 3(a)). k3 shows a weak de-

pendence on residual stress and it decreases greatly with the increase of the corrugation depth 

Hc (Fig. 3(b)).  

3.2 Tradeoff between tuning range and actuation voltage 

The tuning range and tuning voltage of the tuner can be determined once the stiffness coef-

ficients k1 and k3 are extracted as stated in Section 2.3. The parametric study shows that the 

corrugation depth Hc and the corrugation range Rc are the two most important geometric pa-

rameters of the corrugations in determining the stiffness of corrugated diaphragms and conse-

quently the pull-in voltage and tuning range. Fig. 4 shows the pull-in voltage and tuning range 

versus Hc and Rc assuming a residual stress of σr = 30 MPa, and an initial DC gap of g0 = 35 

µm.  

Figure 4: (a) tuning range and (b) actuation voltage for a 12-µm tuning displacement versus Rc and Hc (g0 = 35 

µm, σr = 30 MPa). 

It is clear that there is a tradeoff between the pull-in voltage and tuning range. We cannot 

simultaneously achieve the minimum pull-in voltage and the maximum tuning range. The di-

aphragms are usually tuned below the pull-in voltage to avoid contact degradation. Therefore, 

the corrugation design should meet the minimum requirement of tuning range. To achieve a 

tuning displacement of 12 µm with a 4-µm margin to pull-in, the tuning range should be > 

0.45. The actuation voltage at the maximum tuning displacement of 12 µm can be minimized 

by choosing Hc = 5.5 µm and Rc = 400 µm.  

3.3 Consideration of fabrication uncertainties 

The fabrication uncertainties which cause variations of residual stress and corrugation di-

mensions of the diaphragm are unavoidable and cause the variations of the tuning characteris-

tics. Therefore, attentions should be paid to minimize the effects of the fabrication 

uncertainties.  
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As shown in Fig. 2, for σr = 30 ± 10 MPa, the variation of the stiffness coefficients k1 and 

k3 are < 8% for Hc > 5µm. Therefore, a large corrugation range is desirable to minimize the 

variations caused by the uncertainty of residual stress. When the actuation voltage is mini-

mized by choosing Hc = 5.5 µm and Rc = 400 µm, the variations of the tuning voltage with 

respect to the changes of the both Hc and Rc is minimal (Fig. 4) , and the requirement of the 

tuning range > 0.45 is satisfied at the same time. Therefore, this geometric design is chosen 

with the consideration of the design requirements and the fabrication uncertainties. 

4 UNCERTAINTY QUANTIFICATION 

We consider two fabrication uncertainties which are the most significant in causing the 

variation of the tuning range and the actuation voltage: the residual stress σr and the corruga-

tion depth Hc.  

4.1 Sample generation for Monte Carlo simulations 

The Monte Carlo approach is used to find the output probability density function (PDF) as-

suming normal distributions of the input parameters σr and Hc due to fabrication uncertainty. 

We assume that the corrugation depth Hc has a mean value of 5.5 µm with a standard devia-

tion (STD) of 0.25 µm, and the residual stress is 30 MPa with a STD of 5 MPa. The normally 

distributed pseudorandom sampling data are generated by using the randn Matlab function. 

Fig. 5 shows the 800 sample points in the plane of Hc and σr. The PDF of the corrugation 

depth Hc and the residual stress σr are plotted in Fig. 6 with the mean value and STD of the 

normally distributed pseudorandom sampling sets indicated in the plots. 

 

Figure 5: 800 sample points in the plane of Hc and σr assuming normal distributions. 

4.2 Variation of tuning characteristics due to fabrication uncertainties 

The diaphragm with Hc = 5.5 µm and Rc = 400 µm is simulated for each sample points 

shown in Fig. 5. The results of the tuning range and the actuation voltage also follow nearly 

normal distributions with small skewnesses as shown in Fig. 7.  

The tuning range has a mean value of 0.468 with a STD of 0.014, and the actuation voltage 

at 12 µm is 101.4 V with a STD of 4.8 V. Therefore, with a 95% confidence level, the tuning 

range is between 0.440 and 0.496 (a variation of ± 5.9%), and the actuation voltage varies be-

tween 91.8 V and 111.0 V (a variation of ± 9.4%). It is worth noticing that the actuation volt-
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age always increases no matter the corrugation depth Hc increases or decreases from 5.5 µm 

as shown in Fig. 4(b). With σr = 30 MPa and a variation of Hc = ± 0.5 µm, the maxim actua-

tion voltage variation is 2.4 V. Therefore, the variation of the actuation voltage due to the un-

certainty of the residual stress is more dominant over that due to the uncertainty of the 

corrugation depth.  

Figure 6: The PDF of 800 sample points of (a) the corrugation depth Hc, and (b) the residual stress σr assuming 

normal distributions. 

Figure 7: The PDF of (a) the tuning range, and (b) the actuation voltage at a 12-µm tuning displacement due to 

the fabrication uncertainties of Hc and σr shown in Fig. 5.  

5 CONCLUSIONS 

In conclusion, the corrugated structures in the diaphragm design can effectively reduce the 

dependence of the diaphragm stiffness on the residual stress, and proper geometric design of 

the corrugations can reduce the variations of the tuning characteristics of the diaphragm tuner 

due to the fabrication uncertainties. With the aid of automated batch mode FEM simulations, 

a parametric study has been performed to analyze the tradeoff between the pull-in voltage and 

the tuning range of the capacitive MEMS tuner. Therefore, the diaphragm tuner with low 

voltage and high tuning ratio can be achieved with special attentions paid to the fabrication 
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uncertainties. Uncertainty quantification shows that the tuning range varies by ± 5.9% and the 

actuation voltage varies by ± 9.4% with respect to the a ± 33.3% variation of the residual 

stress and a ± 9.0% variation of the corrugation depth due to fabrication uncertainties.  
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Abstract. Ideas related to the numerical analysis of masonry structures are presented in this 

article. Terrestrial photogrammetry methods are used for the exact representation of the ge-

ometry of the structures. Numerical models are then developed for the study of the mechani-

cal behaviour of masonry. Non-linear finite element analysis models with principles taken 

from contact mechanics and damage laws are used for the evaluation of the ultimate load and 

collapse mechanism, in a macroscopic level. Furthermore, computational homogenization is 

used in a multi-scale framework, for the investigation of the heterogeneous nature of masonry 

in a mesoscopic level. Classical plasticity laws and/or delamination phenomena are taken in-

to account for the representation of the failure of the material. The effective behaviour is 

transferred to the macroscopic scale. Applications to real masonry arch bridges and masonry 

walls are finally presented 
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1 INTRODUCTION 

Some aspects relates with the numerical analysis of masonry structures are presented in 

this article. A significant number of masonry structures and special arch bridges in Europe 

still survive and some of them are still being used, therefore a detailed analysis of these 

monuments is of great interest. Masonry arches consist of stone blocks and the mortar joints. 

Blocks have high strength in compression and low strength in tension while mortar has gener-

ally low strength. Other mechanical properties (like Young’s modulus) are also different be-

tween the constitutive materials of these structures. Consequently, a great number of theories 

have been developed in the past, in order to capture this variation in the mechanical properties 

of masonry arches. In this framework continuum as well as discontinuous (discrete) models 

are used and finite element analysis with commercial packages or limit analysis schemes are 

adopted.  

Terrestrial photogrammetry methods are used for the exact representation of the geometry 

of the structures. Numerical models are then developed for the study of the mechanical behav-

iour of masonry. Within this paper we report on an application of this technique on a model 

structure, the Cernadela Bridge in Spain. Non-linear finite element analysis models with prin-

ciples taken from contact mechanics and damage laws are used for the evaluation of the ulti-

mate load and collapse mechanism, in a macroscopic level.  

The resulting combination of techniques allows us evaluate the structural health of an ex-

isting complex masonry structure by taking into account geometric data of high precision, 

mechanical models of adequate complexity and elements of inverse analysis. Further infor-

mation, like material data from the interior of the structure, is taken into account. 

Furthermore, computational homogenization is used in a multi-scale framework, for the 

investigation of the heterogeneous nature of masonry in a mesoscopic level. Concurrent anal-

ysis of the macroscopic and the microscopic structure is performed. According to the classical 

formulation of the method, two nested boundary value problems are concurrently solved. The 

initial heterogeneous macroscopic structure is equivalent with a homogeneous one, in each 

Gauss point of which, an Representative Volume Element (RVE) is corresponding. This RVE 

includes every heterogeneity and non-linearity of the material. Classical plasticity laws and/or 

delamination phenomena are taken into account for the representation of the failure of the ma-

terial. The effective behaviour is transferred to the macroscopic scale. Representative exam-

ples related to masonry structures are presented in this paper. 

2 TERRESTRIAL PHOTOGRAMMETRY 

New photogrammetry techniques allow us measure structures of complex shapes and cre-

ate accurate models for further structural analysis. Photogrammetry is defined as a method 

that allows the geometry of objects to be reconstructed from images, where the object has 

previously impressed. This is possible through the establishment of geometrical relationships 

between objects coordinates (in 3D space) and image coordinates (in 2D space) into a per-

spective system. This is usually performed through the collinearity condition that establishes 

that, at the time of exposure, a point in the object space, the perspective centre and the image 

coordinates of the point all lie in common straight line. This condition is drawn through the 

collinearity condition equations that are widely explained in [1]. As a summary of this, we can 

assume that is possible to obtain the 3D coordinates of the position of any point of object 

space by knowing the image coordinates of it. 
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Practical difficulties arising during the mentioned operation were discussed and practical 

structural analysis and evaluation tasks related to a masonry have already been published in 

[2]. 

On the other hand, ground penetrating radar (GPR) is a geophysical method that has been 

established as one of the most recommended non-destructive methods for routine sub-surface 

inspections. Regarding the evaluation of masonry structures, the GPR technology has demon-

strated its potential to document and measure different inner structural characteristics, such as 

the dimensioning of wall thicknesses, the detection of internal faults like voids and cracks, as 

well as pathologies in construction, and also to locate hidden structures and former geometries 

[3, 4, 5, 6] 

2.1 Geometrical modeling of a masonry bridge. 

A structural evaluation of a masonry bridge in Spain, the Cernadela Bridge was considered 

as case study. Close range photogrammetry was used to obtain a set of three dimensional co-

ordinates of points on the surface of the bridge in order to have the geometric basis of the 

model (fig. 1). Additionally, Ground Penetrating Radar was used to provide complementary 

data about wall thicknesses and backfill.  

The methodology for the 3D modelling of Cernadela Bridge consisted of the following 

steps: Image acquisition, Topographic survey, GPR survey, Data processing 

Fig. 1. (a) 3D wireframe model of the whole structure of Cernadela Bridge (b) Detailed model of second vault of 

the bridge with camera position and intersection rays of some points. 

2.2 Creation of cad model 

The geometry models initially developed from photogrammetry, are mainly consisted of 

point clouds and lines. For this reason, they are imported into appropriate computer aided de-

sign software with specialised surface processing tools, which are used for the creation of 

complex surfaces, solids and sets of parts. This improved version of the geometry model is 

finally imported into classical finite element analysis packages for the structural assessment of 

the bridge.  
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3 NON-LINEAR FINITE ELEMENT ANALYSIS 

3.1 Interface modeling versus continuous damage mechanics 

The finite element model, which has been already used in the past for the study of masonry 

arches [9, 10], is based on the principles of non-smooth mechanics [7, 8, 9]. Validation of the 

proposed methodology comes from the comparison between the computational and the real, 

damaged geometry of the structure. The computational models which have been developed in 

the past can be roughly divided into two large categories: (a) Discrete models and (b) Contin-

uum models. 

In a discrete model formulation the structure is divided into large discrete deformable parts 

connected with interfaces. The behaviour of the contact surface in each interface is described 

by a unilateral law, possibly with friction, while the discrete elements are assumed to behave 

elastically. Detailed discontinuous finite element model incorporating principles taken from 

non-smooth mechanics like unilateral contact and friction, have been presented among others 

in [7, 9, 10, 11].  

From another point of view, the mechanical behaviour of continuum models is described 

by a nonlinear constitutive law, where either the masonry is assumed to consist of a single 

material and its behaviour is described by an inelastic theory (for instance an appropriately 

modified damage model) [12], or the different mechanical behaviour between stone and mor-

tar and the anisotropy induced by them are taken into account on the basis of a homogeniza-

tion theory [13]. 

Experience accumulated from the discontinuous modelling approach, indicated the fact 

that consideration of potential cracks as macroscopic interfaces, although is a quite realistic 

method for the representation of the mechanical behaviour, however requires the handling of 

difficult numerical schemes, in case the method is expanded to large, complex structures with 

more complicated pattern of interfaces. Moreover, the computational cost towards this effort 

would be significant for a large scale structure, for instance a three-dimensional model of a 

multi-ring stone arch bridge. For these reasons, a first attempt for a correlation between the 

discrete macroscopic approach described above and a continuous damage model, was made 

by the authors of this study in [14]. 

3.2 Structural finite element analysis of masonry bridge 

Two similar continuum damage models are used for the determination of the ultimate be-

haviour of the Cernadela stone arch bridge. The size of this structure is quite large and its ge-

ometry is complex, as it is consisted of five stone arches. The model is validated by the usage 

of another continuum model and a two dimensional parametric analysis in a single arch of the 

bridge. A discrete model formulation is also used for the comparison between the results ob-

tained in the single arch. Finally the smeared crack concrete finite element model is used for 

the simulation of the whole arch. 

Several finite element models have been developed, for the simulation of the Cernadela 

Bridge. Four of them are used for the simulation of a single arch of the structure and a fifth 

one for the investigation of the behaviour of the whole bridge. Within the first four models, a 

parametric investigation of the tensile strength of the masonry and of the width of the arch has 

been considered. The two damage models as well as the discrete model described above have 

been used in these analyses. Finally, the proper material parameters have been chosen for im-

plementation on the whole structure. 
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Fig. 2. Geometry of the Cernadela Bridge - The simulated single arch. 

In particular, the first smeared crack concrete finite element model is used for the simula-

tion of the second arch (Arch 2) of the Cernadela Bridge in two dimensions, Fig. 2. The main 

dimensions of the bridge are given below [7]: 

- Length of spans (right to left, downstream view): 3.58m, 6.56m, 10.01m, 11.14m, 10.30m. 

- Rise of arches (right to left, downstream view): 1.79m, 3.77m, 5.22m, 5.80m, 4.75m. 

The finite element analysis model consists of quadrilateral, four-node, plane stress ele-

ments with two translational degrees of freedom per node. A typical value for the length of 

each finite element is 0.03m. A total number of 4725 elements are used. In Fig. 3a a detail of 

the mesh of the arch is shown. 

In parallel, the general-purpose finite element software MSC\Marc is used for the simula-

tion of the second arch of the Cernadela Bridge in two dimensions, Fig. 4. The finite element 

analysis model consists of quadrilateral, four-node, and plane stress elements with two trans-

lational degrees of freedom per node. A total number of 4351 elements and 4661 nodes are 

used. This particular model has been used in a continuum as well as a discrete formulation, as 

it will be shown later in this article.  

Fig. 3. Mesh of the simulated single arch (a) Two dimensional, (b) Three dimensional model. 

Fig. 4. Mesh of the simulated single arch - Two dimensional model of Marc. 

A fourth, three dimensional finite element model has been developed, for the study of the 

same arch of the bridge, in three dimensions. The width of the arch is considered equal to 
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0.5m. Three dimensional hexahedral finite elements with three translational degrees of free-

dom per node have been used. The total number of them is equal to 73520, Fig. 3b. The 

smeared crack concrete model is used for the investigation of the damage in this three dimen-

sional model. In the described models, loading conditions include self-weight and a concen-

trated load at the quarter span of the bridge. 

In [7] the same arch of the structure was simulated with a discontinuous finite element 

analysis model, as well as with Ring 2.0 limit analysis software [15, 16]. In both models, a 

discrete modelling approach was considered, contrary to the present study where continuum 

damage models are mainly used. Consequently, comparison between the results obtained from 

the continuum and discrete approach will be considered for this arch of the bridge. Thus, the 

ultimate (limit) load and the collapse mechanism received from both approaches will be ex-

amined. This procedure is used for the validation of the parameters of the used damage mod-

els. 

Fig. 5. Mesh of the whole Cernadela Bridge. 

Finally, a three dimensional, continuum, finite element model is developed, for the whole 

geometry of the bridge, Fig. 5. For the investigation of the ultimate behaviour of the structure, 

the smeared crack concrete model has been used. Three dimensional, tetrahedron finite ele-

ments with three translational degrees of freedom per node, are used for the mesh of the 

model. A great number of finite elements, thus 686087, have been used. The influence of 

loading in some of the arches or the movement of abutments on the ultimate behaviour of the 

structure, are investigated. It is noted that the whole structure was also simulated in [17], with 

a linear finite element analysis model. 

3.3 Parameter identification 

The mentioned models have been used in the framework of finite element analysis. Within 

the first smeared crack damage model, Young’s modulus has been considered equal to 23GPa, 

Poisson’ s ratio 0.2 and density 2000 kg/m3. The tensile strength of the structure is considered 

equal to 0.5MPa. Large displacement effects are neglected while the arch is considered to be 

fixed to the ground. Newton-Raphson incremental iterative procedure has been used for the 

solution of the non-linear problem. 

Using the Marc’s alternative finite element continuum model the material parameters are 

considered as follows: Young’s modulus, E=23GPa, Poisson’s ration 0.2, density 2000 

kg/m3, critical cracking stress, σcr=0.25MPa, tension-softening modulus, Es=2.5GPa, crush-

ing strain, εcrush=0.003 and the shear retention factor equal to 1.0.  
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For the two dimensional discrete model, the separation procedure along the possible crack 

interfaces, is based on a critical value of the force normal to the interface. First no tension 

strength is considered and separation force is zero. Second a low strength of tension equal to 

0.25MPa is used. 

3.4  Parametric analysis of the single arch of the structure 

Results obtained from the study of the second arch of the Cernadela Bridge will be pre-

sented in this paragraph. For this reason, continuum damage and discrete models have been 

developed in two and three dimensions, respectively. The collapse mode and the failure load 

received from these models, are compared with the corresponding results obtained from a dis-

crete modelling approach presented in [7], in the same arch.  

The failure mode which arises from the damage models is the four hinges collapse mecha-

nism, Figs. 6(a) and (b). The same mechanism is received from the discontinuous finite ele-

ment model presented in [7]. A similar collapse mechanism is obtained from the discrete 

model formulation which is used in this article. Small differences about the location of the 

two hinges (at the left side) which are presented are related with the value of separation force, 

as it is shown in Fig. 7. 

 

 
 

 
Fig. 6. Collapse mechanism obtained from the continuum finite element models (a) Two dimensional (b) 

Three dimensional model. 

 

 

 
 

Fig. 7. Collapse mechanism obtained from the discrete, two dimensional finite element model (a) Separation 

stress = 0.25MPa, (b) Separation stress = 0.00MPa. 
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Fig. 8. Force-displacement diagrams for the second arch of the Cernadela Bridge (width of the arch 0.50m). 

The influence of the arch width is examined for the two dimensional model considering 

width equal to 0.5m and 1.0m. The corresponding force-displacement diagram for width equal 

to .50m is shown in Fig. 8. In Fig. 9 are summarized the force-displacement diagrams, ob-

tained from the damage models used in this article and the discrete models presented in [7]. 

According to these, the failure loads received from the damage models are found between the 

corresponding values of the discrete, three dimensional finite element models and the limit 

analysis model with the Ring software, presented in [7].  

Fig. 9. Summary of the force-displacement diagrams for the second arch of the Cernadela Bridge (width of 

the arch 0.5m). 

3.5  Study of the whole bridge with the damage model. 

The smeared crack damage model is used for the investigation of the behaviour of the 

whole structure. In particular, a non-linear finite element model of the whole bridge has been 

developed to demonstrate failure on the structure in case movement of abutments or a static, 

traffic load is applied to the bridge. In [17] a similar investigation was conducted by a linear 
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finite element model, on the same masonry arch which is used in this study. In [11] the influ-

ence of the movement of abutments on the collapse mechanism of two dimensional stone 

arches was investigated, by developing discrete finite element models. 

18 

Young’s modulus has been considered equal to 23GPa, Poisson’ s ratio 0.2 and density 

2000 kg/m3. The tensile strength of the structure is considered equal to 0.5MPa. Large dis-

placement effects are neglected while the arch is considered to be fixed to the ground. New-

ton-Raphson incremental iterative procedure has been used for the solution of the non-linear 

problem. In order to simplify modelling of the structure, the whole bridge has been considered 

as a unity, thus no distinction between the arch and the fill material has been made. However, 

it is left for a future work the consideration of the arch and the fill as separate structural units.   

Concerning the loading of the structure, three loading steps have been developed. In the 

first step the dead load of the bridge is considered, while in the second step a uniformly dis-

tributed load of 3KN/m3 is applied to the structure. In the third step a concentrate load or a 

movement of abutments is applied to the bridge. 

When a vertical displacement is applied to the fourth abutment of the structure, damage 

arises in the fourth and the fifth arch according to Fig. 10. Similarly, principle stresses of the 

linear model presented in [17] become maximum in the same areas of the fourth and fifth 

arch. In addition, Fig. 11 shows the damage of the fourth arch, in case a traffic static load is 

applied to it. A close image is obtained by the linear model of [17], for the same loading. 

Fig. 10. Damage on the fourth and fifth arch for a vertical displacement of the fourth abutment – Damage 

model. 

Fig. 11. Damage for a traffic load in the fourth arch – Damage model. 

An interesting comment related to the ultimate behaviour of the structure can be made, in 

case the traffic load of the fourth arch is accompanied with a transverse displacement of the 

fourth abutment (in a direction vertical to the longitudinal axis of the bridge). According to 
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the upstream view of Fig. 12 the damage in this case is expanded to the spandrel walls of the 

fourth and fifth arch, contrary to Fig. 11 where damage arises almost exclusively in the mid-

dle of the fourth arch. In addition, damage has been expanded to the fourth abutment, accord-

ing to downstream view of Fig. 13. This demonstrates that the behaviour of the structure is 

significantly influenced in case a transverse loading is applied to it, for instance after an 

earthquake. 

Fig. 12. Damage for a traffic load in the fourth arch and a transverse movement in the fourth abutment – Up-

stream view. 

Fig. 13. Damage for a traffic load in the fourth arch and a transverse movement in the fourth abutment – Down-

stream view. 

4 COMPUTATIONAL HOMOGENIZATION 

4.1 Introduction 

Computational homogenization is used for the investigation of the structural behaviour of 

complex, heterogeneous structures, by considering a representative microscopic sample of the 

material, and then projecting the average material characteristics in the macroscopic, structur-

al scale. Several materials, like masonry and composites can be simulated by using computa-

tional homogenization. 

According to numerical homogenization, a unit cell is explicitly solved and the results are 

then used for the determination of the parameters of a macroscopic constitutive law [18]. 

From another point of view, multi-level computational homogenization incorporates a concur-

rent analysis of both the macro and the microstructure, in a nested multi-scale approach [19-

21]. Within this method, the macroscopic constitutive behaviour is determined during simula-
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tion, after solving the microscopic problem and transferring the information on the macro-

scopic scale. This approach, which is generally called FEM
2
, offers the flexibility of simulat-

ing complex micro-structural patterns, with every kind of non-linearity. 

4.2 Description of homogenization method 

Parametric finite element analysis, using COMSOL Multiphysics, is used for the simula-

tion of a non-linear masonry Representative Volume Element (RVE), under several loading 

paths. In each loading path, linear displacement boundary conditions are incrementally ap-

plied in the boundaries of the RVE. After solution of the microscopic structure, the average 

stress is calculated. As a result, a strain-stress database is created. In addition, for each loading 

path and each loading level, three test incremental loadings are applied to the RVE. Conse-

quently, tangent stiffness information is obtained for each particular loading path and loading 

level and a second strain-stiffness database is obtained. Based on these databases, and 

MATLAB-based interpolation for the creation of a metamodel, a computational homogeniza-

tion model, in a FEM
2
 sense, is created for the macroscopic analysis of masonry structures.

Comparison with direct heterogeneous macroscopic models shows that the adopted procedure 

leads to satisfactory results. 

The key idea of the present work is to replace the microscopic simulation of the RVE, 

which is considered within each time step of the computational homogenization method, with 

two databases containing information related to the stress and the stiffness of the macro mod-

el. This information is transferred back to the macroscopic structure. 

Thus, instead of solving the RVE in each Gauss point and time step, which is a time con-

suming procedure, an interpolation of the proper quantity from the databases is considered. 

This concept has the following steps: 

a) Creation of a masonry RVE. It consists of the bricks and the mortar joints, thus the ma-

terial that connects the bricks (fig. 14). The non-linearity of this model is concentrated on the 

mortar joints by using a perfect plasticity law. The brick parts are linear. 

b) A number of loading paths are developed and applied to the RVE. To do this, plane

stress parametric analysis from the structural mechanics module is used. Each loading path 

consists of a number of increments.  

Linear boundary conditions are applied as loading to the boundaries of the RVE. The “Pre-

scribed displacement” option is chosen in the boundary settings. 

c) After analysis of each RVE is completed, the average stress is calculated.

d) Steps b) and c) are repeated for each loading path and each loading level, but now three

test incremental loadings are applied to the RVE. Then, by incrementally solving the Hooke’s 

law, tangent stiffness information is obtained for the particular loading path and level. 

e) Two databases have been created: one that corresponds strains to stresses and another

that corresponds strains to stiffness information. These are incorporated in a FEM
2
 computa-

tional homogenization scheme developed with MATLAB, for the simulation of macroscopic 

masonry structures.  

f) Comparison of the results with direct heterogeneous macroscopic models created in oth-

er commercial software packages is used to evaluate the whole procedure. 
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Fig. 14. Geometry of the masonry RVE (dimensions in mm) 

4.3 Results of homogenization method to masonry. 

Rectangular plane stress elements have been used for the simulation of the model. The out 

of plane thickness of the structure is taken equal to 70mm. For both the brick and the mortar, 

isotropic elasticity is considered. Material properties are Eb=4865N/mm
2
, nb=0.09 for the

brick and Em=1180N/mm
2
, nm=0.06 for the mortar joints. A perfect plasticity assumption has

been made for the mortar, with a tensile strength of 0.9N/mm
2
. The brick is considered linear.

The main idea of the present work, is to replace the simulation of an RVE in each Gauss 

point and each time step of the macro model, with the usage of the strain-stress and strain-

stiffness database, which were created in the previous steps. By adopting this procedure, the 

method should become faster, as instead of solving a FEM microscopic problem in each 

Gauss point and time step, the databases and some interpolation method are used in order to 

obtain the macro stress and the consistent stiffness of the Newton-Raphson method.  

For any current value of the macroscopic strain, a stress and a stiffness should be found 

from the databases previously created. Thus, an interpolation method must be used, to obtain 

these quantities from the databases. In this work the MATLAB function “TriScatteredInterp” 

is used, however other possible solutions for the creation of the metamodel (interpolation) can 

be used.  

In particular, parametric analysis results in the development of non-linear stress-strain 

laws, as it is depicted in Figure 15. 

The failure mode of some RVEs is shown in Figure 16. 

Fig. 15. Average stress-average strain diagrams obtained from parametric COMSOL analysis 
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Fig. 16. Effective plastic strain of the RVE, as the parameter of loading  is increased 

In Figure 17, a similar output is presented, for a bigger masonry wall, with dimensions 

1.82x1.69m, fixed vertical left boundary and distributed displacements of 5mm at the right 

vertical edge, as loading. For the direct macroscopic simulation, MARC software has been 

used. According to this Figure, the degradation of the strength obtained from the two models, 

has the same distribution in the domain. 

 (a)           (b) 

Fig. 17. Degradation of the strength of a bigger macroscopic masonry wall (a) Marc direct macroscopic simula-

tion (b) proposed FEM
2
 approach 

Figure 7: (a) The masonry wall with two openings (b) Degradation of the strength proposed multi-scale homog-

enization (c) Degradation of the strength – direct macroscopic simulation (MARC) 
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An additional example of a big masonry wall with two openings (windows) has been pre-

sented in [22]. A distributed displacement loading of 5mm is applied to the top of the struc-

ture, while the bottom of it is fixed, Fig. 18a. In Figs. 18b, 18c is shown that the image of the 

degradation of the strength is the same for both the multi-scale homogenization and the direct 

heterogeneous model. In addition, a concentration of plastic strains appears in the corner of 

the windows, Fig. 18c. 

5 CONCLUSIONS 

In the present study terrestrial photogrammetry is used for geometry reconstruction of a 

real masonry arch bridge located in Spain, the metric model is used for subsequent implemen-

tation in structural assessment tasks. Terrestrial photogrammetry significantly contributes to 

the accurate geometric representation of historical structures with milimetric precision. It is 

important to note some limitations on the use of the photogrammetric method. Although the 

high level of detail recorded, this may be not enough for detection of movement or subtle dis-

placements of masonry blocks. The main advantage of such surveying method is based on the 

accuracy reached for the positioning of real masonry elements that will subsequently support 

the accurate geometric characterization during the finite elements based model of the whole 

structure. The exact geometry obtained from this method is then used for the investigation of 

the ultimate behaviour of the structure.  

In particular, several two and three dimensional, non-linear models have been developed. 

To depict the collapse mechanism of the structure, continuum damage models have been used 

and compared with discrete approaches conducted in the present as well as in older studies.  

According to the results, the classical four hinges mechanism arises from the structural 

analysis of the bridge. Moreover, the influence of parameters such us the width of the struc-

ture and the tensile strength of the material in the force-displacement diagrams is shown. Fi-

nally, the simulation of the whole structure demonstrates that a possible out of plane 

movement of abutments will cause significant damage to the bridge. 

In parallel, a method for studying heterogeneous structures by taking into account the non-

linear behaviour of them was proposed. COMSOL Multiphysics was used to simulate with 

parametric analysis the non-linear RVE of a masonry structure. Then, the average strain, 

stress and stiffness were gathered and used in a FEM
2
 approach, for the simulation of bigger

masonry walls. The results showed a good convergence with direct heterogeneous macroscop-

ic models created with commercial FEM packages (MARC), indicating that the proposed 

method can be used for the investigation of heterogeneous, non-linear materials like the ma-

sonry.  
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Abstract. The focus of this investigation is on the formulation and validation of a modeling 
strategy of the uncertainty that may exist on the specification of the power spectral density of 
scalar stationary processes and on the spectral matrices of vector ones. These processes may, 
for example, be forces on a structure originating from natural phenomena which are coarsely 
modeled (i.e., with epistemic uncertainty) or are specified by parameters unknown (i.e., with 
aleatoric uncertainty) in the application considered. The propagation of the uncertainty, e.g., 
to the response of the structure, may be carried out provided that a stochastic model of the 
uncertainty in the power spectral density/matrix is available from which admissible samples 
can be efficiently generated. Such a stochastic model will be developed here through an auto-
regressive-based parameterization of the specified baseline power spectral density/matrix and 
of its random samples. Autoregressive (AR) models are particularly well suited for this para-
metrization since their spectra are known to converge to a broad class of spectra (all non-
pathological spectra) as the AR order increases. Note that the characterization of these mod-
els is not achieved directly in terms of their coefficients but rather in terms of their reflection 
coefficients which lie (or their eigenvalues in the vector process case) in the domain [0,1) as 
a necessary and sufficient condition for stability. Maximum entropy concepts are then em-
ployed to formulate the distribution of the reflection coefficients in both scalar and vector 
process case leading to a small set of hyperparameters of the uncertain model. Depending on 
the information available, these hyperparameters could either be varied in a parametric study 
format to assess the effects of uncertainty or could be identified, e.g., in a maximum likelihood 
format, from observed data. The validation and assessment of these concepts is finally 
achieved on the response of an uncertain 4-degree of freedom system subjected to white noise 
and on the response of an F-15 aircraft to random buffeting loads. 

757

mailto:yiwei.wang.3@asu.edu
mailto:xiaoquan.wang.1@asu.edu
mailto:shuchi@zonatech.com


1 INTRODUCTION 
While generally considered deterministic, the power spectral density of a stationary pro-

cess may in fact exhibit randomness that results from uncertainty on the underlying conditions 
under which the process develops. For example, accepted models of spectra of physical pro-
cesses such as ocean waves, ground motions, wind forces, etc. often depend on parameters 
such as depth of the ocean, composition of the ground at the location on earth considered, etc. 
Uncertainty on the exact values of these parameters thus creates a similar uncertainty on the 
spectra. Another potential source of uncertainty, i.e., epistemic, also lies in the differences be-
tween accepted model and actual spectra. 

If the process being modeled is the input to a system, e.g., the excitation on a structure, the 
uncertainty on its spectral description propagates to the output or response the uncertainty of 
which then needs to be assessed. This task requires the availability of a modeling strategy of 
the uncertainty in the input process spectra which: 

(a)  is physically/mathematically acceptable, i.e., no power spectral matrix sample should 
exhibit negative or zero power, nor should it lead to infinite values which would be indicative 
of a persistent nonstationarity, 

(b) is flexible to match any specified “baseline model” (corresponding to a zero level of 
uncertainty), 

(c)  involves parameters that can be identified from data, 
(d) has a tunable complexity to adapt to situations where little information is available 

(likely often) but also when more experimental data is known, and 
(e) is applicable to both power spectra of scalar processes and spectral matrices of vector 

ones. 
Certainly, a random spectrum could be viewed as a stochastic process indexed by frequen-

cy. However, this process would have to be positive (thus non-Gaussian) and could not be sta-
tionary owing to the decay of physical spectra at high frequencies, thereby preventing 
straightforward modeling options. An alternate strategy is adopted here which relies on a par-
ametrized representation of the power spectral densities/matrices of both baseline and random 
samples. Then, the introduction of uncertainty in the power spectral density/matrix will be 
accomplished through the randomization of the parameters. The key questions arising then are: 

(i) what parametrized form of the spectrum should be adopted 
(ii) what is the distribution of the parameters of this model 
which should both be addressed within the constraints (a)-(e) above. 
With regard to question (i), it is proposed here to parametrize the power spectral densi-

ty/matrix through the autoregressive (AR) modeling technique [1] which is particularly well 
suited since AR spectra are known to converge to any non-pathological physical spectrum as 
the AR order increases (see for example [2] for discussion). While stochastic AR models have 
been investigated in the past, e.g., see [3-7], they do not appear to have been considered for a 
priori modeling as is intended here and have very seldom addressed the vector process case. 

For completeness, the following section briefly reviews the definition, construction, and 
properties of AR models before the issue of distribution of parameters, i.e., issue (ii) above, is 
considered in the ensuing section. A series of applications are then considered to validate the 
methodology. 
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2 AUTOREGRESSIVE MODELING 

2.1 Definition and Yule-Walker Equations 
A discrete stationary random vector process y is referred to as an autoregressive process of 
order m if its samples ny  are related by the recursion 

n
m

k
knkn BA wyy ˆˆˆ 0

1
+−= ∑

=
−   (1) 

where kÂ  and 0B̂  are constant NxN matrices, N being the number of components of y, and 
ŵ  is a discrete white noise vector process with covariance matrix equal to the identify matrix 

NI . The matrices kÂ  and 0B̂  and the autocorrelation matrices 

( ) [ ]T
pnnEpR += yyyy                (2) 

where [ ]⋅E  denotes the expected value operation and T  is the operator of vector/matrix trans-
position, are related by the Yule-Walker equations [1] 
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where it is noted that 
( ) ( )[ ]TpRpR yyyy =− .    (5) 

Recognizing Eq. (1) as a filtering of the white noise process ŵ , it is readily concluded that 
the spectral matrix ( )ωyyS  of the vector process y can be directly evaluated from the matrices

kÂ  and 0B̂  as 
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where ∆t denotes the sampling time and tc ∆π=ω /  the corresponding Nyquist frequency. 
Equations (3), (4), and (6) are the basis for the autoregressive spectral modeling approach. 

Specifically, given the autocorrelation matrices ( )pRyy , p = 0, 1, .., m, the Yule-Walker

equations (3) are first solved to yield the matrices kÂ . This is easily accomplished as these 

equations are linear in those matrices. Next, the matrix TBB 00 ˆˆ  is determined from Eq. (4) and
finally, the AR spectral matrix can be evaluated at any frequency [ ]cc ωω−∈ω ,  from Eq. (6).
The autocorrelation matrices ( )pRyy  which are the start of the above computations can either

be obtained from a particular target spectral matrix ( )ωTS  as

( ) ( )∫
ω

ω−

∆ω ωω=
c

c

deSpR tpi
Tyy                 (7) 

or be estimated from the time history ny , n = 1, ..., M, as 
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When proceeding from a target spectral matrix, Eq. (7), it can be shown, see discussion of [2] 
and references therein, that  
 ( ) ( )ω→ω TSSyy     as      ∞→m       (9) 

unless ( )ωTS  is a pathological spectral matrix satisfying 

     ( )[ ]{ }∫
ω

ω−

−∞=ωω
c

c

dSTlogtr      (10) 

where { }Atr  is the trace of an arbitrary matrix A. The convergence property of Eq. (9) demon-
strates that autoregressive models are appropriate parametrizations of any non-pathological 
power spectral matrix and thus can be used to represent both the specified baseline power 
spectral matrix and its uncertain samples. 

The autoregressive models derived from the Yule-Walker equations (3) and (4) also pos-
sess the important property that the recursive computations of their samples according to Eq. 
(1) is stable [1]. This property can equivalently be stated in terms of the poles lz  of the trans-
fer function of the autoregressive systems, i.e., the complex numbers z satisfying 
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Specifically, stability implies that the poles are all of magnitude less than 1, 1<lz . 

2.2 Recursive Identification of the AR parameters 
A completely equivalent approach to solving the Yule-Walker equations (3) and (4) for a 

particular value m of the order is to recursively determine all autoregressive models of orders 
1 through m relying on the Levinson-Durbin (in the scalar process case) or Wiggins-Robinson 
(in the vector process case) algorithms, see [1,7,8]. Besides their computational advantages, 
these algorithms provide an important perspective on the origin of the stability property stated 
above. 

To observe this connection, consider first the scalar process case and denote by )(ˆ p
kA  the 

autoregressive coefficient k for an autoregressive order p. Then, the Levinson-Durbin algo-
rithm proceeds as follows: 

)(
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p
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                                                               p
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+
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for p = 1, 2, ..., m-1. In these equations, pρ  denote the reflection coefficients which can be 

computed [1] from the autocorrelation sequence ( )pRyy  as 

       
p

p
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where 
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The recursion of Eqs (12) and (16) are initiated with the conditions 

( ) ( )0/1ˆ )1(
10 yyyy RRA −==ρ   and    ( )[ ] ( )[ ]{ } ( )0/10 22

1 yyyyyy RRRV −= .    (17),(18) 

The reflection coefficients are important parameters that are revealed in the above algorithm. 
In fact, one of their key properties is that [1] 

11 <ρ<− p , p = 0, 1, ..., m-1 are necessary and sufficient conditions for the autoregressive 

       system to be stable, i.e., 1<lz         (19) 

The extension of Eqs (12)-(18) to the case of vector autoregressive models has been carried 
out, e.g., [1,7,8] and proceeds from the autocorrelations sequence ( )pRyy  with the following

recursive evaluation of the associated matrices )(ˆ p
kC  and )(ˆ p

kD  yielding the desired auto-

regressive coefficient matrices )(ˆ p
kA .

(i) For a particular order p, compute first the matrix pK
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 (ii) Construct by Cholesky decomposition the lower triangular matrices pP  and pQ  such 
that 
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The recursion is initiated at order p = 0 with )0(
0

)0(
0

ˆˆ DC =  lower triangular matrices such that

[ ] [ ] ( )0ˆˆ )0(
0
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The process is completed by the evaluation of the autoregressive coefficient matrices )(ˆ m
kA  at

order m as 

[ ] )(1)(
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The above equations demonstrate that the required information for the determination of the 
autoregressive model are the matrices ( )0yyR  and pK , p = 0, 1, ..., m-1 which have clear
properties: 

( )0yyR  is symmetric positive definite (27) 
and 

pK , p = 0, 1, ..., m-1, has eigenvalues only between -1 and +1 (not included) (28) 

where the latter condition stems from Eq. (21). Further, as obtained in the scalar process case, 
the stability of the autoregressive model is guaranteed by the conditions (27) and (28) [1,8]. 

3 STOCHASTIC POWER SPECTRAL DENSITY/MATRIX MODELING 

3.1 Overall Plan 
As suggested in the Introduction, a stochastic modeling of the uncertainty in power spectral 

density/matrix will be carried out through an autoregressive parametrization. That is, the 
“baseline model”, i.e., the power spectral density/matrix which would be imposed without 
uncertainty, will first be modeled as an autoregressive process of order high enough to 
achieve an appropriate match of the autoregressive approximation (see discussion in the Ap-

plications section). Then, the parameters of that model, denoted here as kÂ  and 0B̂ , will be 
randomized while keeping the autoregressive order constant to produce samples of the uncer-
tain power spectral density/matrix through Eq. (6). 

The distribution of the random AR matrices kÂ  and 0B̂  should be carefully selected to (i) 
guarantee the stability of the stochastic AR models, which is required for the stationary of the 
underlying processes y, as well as (ii) satisfy the constraints (a)-(e) of the Introduction. Given 
that the stability is directly governed by the reflection coefficients as opposed to the parame-
ters kÂ  and 0B̂ , the randomization will be performed directly on those coefficients and will 
maintain the required properties for stability. That is, in the scalar process case: 

(P.1) model pρ , p = 0, 1, ..., m-1, as random variables defined strictly between -1 and +1 

and 2
0B̂  as a random strictly positive variable 

while in the vector process case 
(P.2) model pK , p = 0, 1, ..., m-1, as random matrices with eigenvalues strictly between 

-1 and +1 and ( )0yyR  as a symmetric positive definite matrix.
While the conditions defined in (P.1) and (P.2) are restrictive, they nevertheless leave a 

very broad ensemble of potential distributions which can be narrowed down by considering 
the constraints (b)-(e) of the Introduction. In that regard, it is proposed here to rely on the 
maximum entropy nonparametric methodology initially proposed in [9], see [10] for a recent 
review of its numerous applications and extensions. The fundamental problem addressed by 
this method is the modeling of random symmetric positive definite matrices, see next section 
for review, which is directly applicable to the variable 2

0B̂  of the scalar problem and the ma-
trix ( )0yyR  of the vector one. It can further be applied, through appropriate transformations,

to the modeling of the reflection coefficients pρ  and matrices pK . 
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Specifically, consider first the modeling of the random matrices pK  and denote their coun-

terparts for the baseline model as pK . Then, express this matrix in its QR decomposition 

ppp RQK = (29) 

where pQ  are unitary matrices, i.e., satisfying N
T
pp IQQ = , and pR  are symmetric positive

definite matrices solution of 

[ ]2pp
T
p RKK = (30) 

In light of Eq. (28), pR  has eigenvalues in [0,1). Interestingly, the representation of random 
positive definite symmetric matrices with bounded eigenvalues has recently been studied ei-
ther directly from the maximum entropy framework [11] or through a transformation [12] 
mapping it to another random positive definite matrix without bounds. The latter approach is 
adopted here because of its simplicity. In selecting the transformation, note that eigenvalues 
of pR  close to or equal to zero may occur but that eigenvalues equal to 1 are not admissible. 

These observations suggest that pR  could be expressed as 

[ ] 1−+= pNpp UIUR      or        [ ] NpNp IRIU −−= −1 . (31), (32) 

where pU  is positive definite without further bound constraint and thus can be modeled with 

the standard nonparametric approach. Following this approach, random matrices pU  are then 

generated from which random matrices pR  and pK  are obtained according to 

[ ] 1−+= pNpp UIUR  (33) 
and 

[ ] 1−+== pNppppp UIUQRQK . (34) 

Note in Eq. (34) that the unitary matrix pQ of the baseline model is used for the stochastic 
one as well, see [10]. 

The above procedure can also be applied in the scalar case to the reflection coefficients pρ , 

p = 0, 1, ..., m-1. For these scalar variables, the matrix pQ  simply reduces to ±1 according to 
the sign of the variable being modeled. 

Consistently with maximum entropy concepts, and in the absence of any further infor-
mation or requirement, it will be assumed here that all random variables/matrices are inde-
pendent of each other. 

3.2 Modeling of Random Positive Definite Matrices – The Maximum Entropy Based 
Nonparametric Method 

The fundamental problem of the nonparametric approach is the simulation of random 
symmetric positive definite real matrices. Denote the random matrix to be simulated as A  and 
assume that its mean is known as A , i.e. [ ] AAE = . Clearly, there is a broad set of statistical
distributions of the elements ijA  of the matrix A  that could be selected. Among those, it 
would be particularly desirable to select the one that places particular emphasis on “larger” 
deviations from the mean value, a desirable feature to assess, in a limited Monte Carlo study, 
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the robustness of a design to uncertainty. As discussed in [9,10], this property is achieved by 
the distribution of the elements ijA  that achieves the maximum of the statistical entropy under 
the stated constraints of symmetry, positive definiteness, known mean model, to which is 
added the nonsingularity of A  to prevent the occurrence of zero eigenvalues if they are not 
physically expected in the problem. This maximum is satisfied (see [9,10]) when the matrices 
A  are generated as 

TT LHHLA = (35) 

where L  is any decomposition, e.g., Cholesky, of A  satisfying TLLA = . Further, H de-
notes a lower triangular random matrix the elements of which are all statistically independent 
of each other. Moreover, the probability density functions of the diagonal ( iiH ) and off-
diagonal elements ( ilH ) are 

( ) [ ]2)( exp hhChp ip
iiHii

µ−= , 0≥h (36) 

and 

( ) [ ]2exp hChp ilHil
µ−= , 0≥h , li ≠ (37) 

where 

( ) 12 −λ+−= iNip     
2

12 −λ+
=µ

N (38),(39) 

( )[ ]

( )( )2/1)(

2 2/1

+Γ

µ
=

+

ip
C

ip

ii π
µ

=ilC (40),(41) 

In these equations, N denotes the size of the matrices A and ( ).Γ  denotes the Gamma function. 
In fact, it is readily seen that (see also Fig. 1) 

(1) the off-diagonal elements ilH , li ≠ , are normally distributed (Gaussian) random varia-

bles with standard deviation µ=σ 2/1 , and 

 (2) the diagonal elements iiH  are obtained as 
µ

= ii
ii

YH  where iiY  is Gamma distributed

with parameter ( )( ) 2/1−ip . 
In the above equations, the parameter λ> 0 is the free parameter (hyperparameter) of the sta-
tistical distribution of the random matrices H and A and can be evaluated to meet any given 
information about their variability. For example, an overall measure of variability can be in-
troduced as  

12
11 22
−λ+

+
=








−=δ

N
NIHHE

N FN
T              (42) 

where F  denotes the Frobenius norm. The imposition of λ (e.g., through δ) coupled with
Eqs (36)-(39), provides a complete scheme for the generation of random symmetric positive 
definite matrices A. 
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Figure 1: Structure of the random H matrices (figures for n=8, i=2, and λ=1 and 10). 

3.3 Modeling Summary 
The modeling process described in details above can be summarized as follows. The power 

spectral density/matrix provided (or determined) as “baseline model” is first approximated by 
an autoregressive spectra of order high enough to ensure an appropriate matching. This ap-
proximation is performed recursively with the Levinson-Durbin (scalar process) or Wiggins-
Robinson (vector process) algorithms of Eqs (12)-(18) or (20)-(26), respectively. In this com-
putation, the baseline reflection coefficients   or  are further processed to obtain the 
corresponding values/matrices  and , see Eqs (29) and (30), and , see Eq. (32). 
These positive definite matrices are then decomposed in their Cholesky form, i.e., the lower 
triangular matrices  are determined which satisfy 

          .                 (43) 

Moreover, a similar decomposition is performed for the baseline covariance matrix , 
i.e.,  
     .                 (44) 

Next is the simulation phase in which the random variables/matrices are generated using 
the maximum entropy-base nonparametric approach. Specifically, considering the vector case, 
random lower triangular matrices  and , p = 0, 1, ... m-1 are first simulated according 

to Eqs (36)-(41) and Fig. 1. Then, random covariance matrices  and random matrices 

 are obtained as 

              and      .     (45),(46) 

From the latter, random reflection coefficients  can be obtained from Eq. (34) and realiza-
tions of the stochastic autoregressive model can be determined through the recursive algo-
rithm of Eq. (20)-(26). 

The procedure is essentially similar in the scalar case with 
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22
0

2
0

ˆˆ RHBB = ( )
p

p
PP U

U
+

ρ=ρ
1

sgn  (47), (48) 

and with the marching of Eqs (12)-(18). 
It should be noted that the use of the nonparametric methodology ensures the satisfaction 

of the requirements (b)-(d) stated in the Introduction. Clearly, the baseline model is included 
in Eqs (43)-(48). Further, as discussed in the previous section, the nonparametric approach 
only involves one hyperparameter, λ or δ, in its standard formulation of Eq. (36)-(41) but can 
refined (see [10,13]) to include as many as N. Finally, the identification of the hyperparame-
ters from data can be achieved using standard methods, e.g., maximum likelihood, see [10] 
and example below. 

4 APPLICATIONS AND VALIDATIONS 

4.1 Scalar Case - Well Separated or Close Poles 
This first example of application aims at highlighting the variability and interaction of the 

random poles of the stochastic autoregressive system when the baseline model exhibits either 
well separated or close poles. Two cases were analyzed both of which are order 4 models with 

0B̂  = 1 and parameters kÂ  consistent with imposed baseline model poles 1z , *
1z , 2z , *

2z

where *  denotes the operation of complex conjugation. 
In the first case, the poles 1z  and 2z  were selected to be well separated with one of them 

close to the unit circle and one away, i.e., 1z = 0.98 6/πie   and 2z = 0.5 3/πie . Then, shown
in Fig. 2 are the locations of the poles of 100 samples of the corresponding stochastic AR 
model with δ = 0.3. It is clearly seen that there is indeed no pole outside of the unit circle and 
thus all models are stable as expected. Further, the uncertainty has led to a rather uniform 
spread of the poles around 2z  with changes in both radius and angle. However, the random 
poles around 1z  are mostly spread in angle with limited variations in the radial direction as 
could be expected since they cannot cross the close by unit circle. 
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Figure 2: Location of poles of the baseline and stochastic AR models 
in the complex plane. Case 1. 
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The second case was designed to assess the interactions between poles close to each other 
and to the unit circle, at neighboring angles as could occur when the baseline spectrum model 
exhibits two close peaks. Specifically, the baseline poles were selected as  1z = 0.98 6/πie   

and 2z = 0.98 6/1.1 πie , i.e., close to the unit circle at 30 and 33 degrees. For small uncertain-
ty levels, e.g., δ = 0.07 in Fig. 3, the poles of the stochastic AR model form two distinct clus-
ters, one around each baseline pole. When the uncertainty level is increased, see Fig. 4 for δ = 
0.12, the two clusters merge into a single one which includes both baseline poles. There is 
then significant variability on the frequencies at which peaks of the power spectral density 
will occur. 
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Figure 3: Location of poles of the baseline and stochastic AR models 
in the complex plane. Case 2. δ = 0.07. 
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Figure 4: Location of poles of the baseline and stochastic AR models 
in the complex plane. Case 2. δ = 0.12. 
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4.2 Scalar Case – A Structural Example 
The response of the 4 degree of freedom system shown in Fig. 5 was considered for a first 

full validation of the autoregressive stochastic modeling approach. All springs were assumed 
to have the same stiffness k = 1N/m and a unit mass m = 1 kg was selected for all blocks. The 
damping was assumed to be classical with a 2% damping ratio on all modes. The system was 
subjected to the effects of a ground acceleration a(t) white noise in the band [ ]ππ−∈ω ,  rad/s
and with power spectral density equal to 1 m2/s5. 

Figure 5: Four degree of freedom system subjected to ground motions. 

Shown in Figs 6(a) and 7(a) are the power spectral densities of the displacements of the 
masses 1 and 2 as predicted directly from the equations of motion (curves “Displacements”) 
which will serve as baseline models. Autoregressive approximations of these power spectral 
densities were first sought to establish the baseline values of the reflection coefficients. In se-
lecting the order for these approximations, it should be recognized that the differences be-
tween the corresponding autoregressive power spectral densities (referred to as the “Baseline 
AR model”) and their baseline counterparts are essentially epistemic uncertainties which can 
be absorbed in the overall uncertainty if they are small enough. 

In light of this observation, the autoregressive order was selected as 15 and 25 for degree 
of freedoms 1 and 2, respectively. The need for the higher order for degree of freedom 2 re-
sults from the presence of a dip of the power spectral density (an antiresonance) at 1.4 rad/s; 
the convergence of the autoregressive model is known to be slower for power spectral densi-
ties with zeros/small values, see [2] and references therein. Small differences occur between 
the two sets of power spectral densities, the most significant ones being a slight difference on 
the frequency of mode 3 and the smoothing of the antiresonance both in Fig. 7(a). As ex-
pected, these differences can be reduced by increasing the autoregressive order. 

These 2 baseline AR models were used to generate uncertain AR models with δ = 0.1 as 
described in the previous sections and 300 samples of each were simulated. The 5th and 95th 
percentiles of these power spectral densities were evaluated at each frequency independently 
and shown in green in Fig. 6(a) and 7(a) are the “bands of uncertainty” corresponding to the 
interval between these two percentiles. Note that the selected value of δ is larger than the epis-
temic uncertainty associated with the small differences between the baseline models (curves 
“Displacement”) and their autoregressive approximations (“Baseline AR”) as can be con-
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firmed by comparing these differences to the width of the band. As a result, the baseline mod-
el curves are nearly completely within the uncertainty bands, with the exception of the neigh-
borhood of the antiresonance. This issue should be of no concern given the very low energy 
levels of the antiresonance (note the log scale in Fig. 6(a) and 7(a)) but it could be resolved, if 
necessary, by simply increasing the autoregressive order until an appropriate capture of the 
antiresonance is achieved. 

To complete the validation, shown in Figs 6(b) and 7(b) are the poles of the baseline and 
stochastic AR models which exhibit the features already observed in Figs (2)-(4), i.e., the 
clustering of the poles of the stochastic AR model around those of its baseline counterpart. 
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Figure 6: Analysis for degree of freedom 1. (a) Power spectral densities of the baseline model 
(“Displacement”), its autoregressive approximation (“Baseline AR”), and the 5th-95th percen-
tile of the band of uncertainty of the stochastic model (in green). (b) Location of poles of the 

baseline and stochastic AR models in the complex plane. δ = 0.1. 
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Figure 7: Analysis for degree of freedom 2. (a) Power spectral densities of the baseline model 
(“Displacement”), its autoregressive approximation (“Baseline AR”), and the 5th-95th percen-
tile of the band of uncertainty of the stochastic model (in green). (b) Location of poles of the 

baseline and stochastic AR models in the complex plane. δ = 0.1. 

4.3 Vector Case – Buffeting of the F-15 
Buffeting is an aerodynamic event which corresponds to the appearance of a massively de-

tached flow, typically occurring at high angles of attack, and leads to randomly time varying 
pressures and loads on the aircraft. Buffeting can lead to severe vibration problems and has 
been of concern for the F-15 aircraft. The prediction of the random buffeting loads can be 
achieved by Computational Fluid Dynamics (CFD) codes, see [14], but typically involves a 
series of assumptions, e.g., simplified aero-structure interaction or rigid aircraft, specified tur-
bulence model, specified upstream turbulence level, the effects of which on this very complex 
flow, see Fig. 8, are not currently well understood. It is thus appropriate to assume that the 
information transmitted to the structural dynamicist, i.e., the spectral matrix of the modal 
forces on the aircraft, is subject to uncertainty. Another source of uncertainty which may also 
be present relates to differences in flight conditions used in the computations and experienced  
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Figure 8: Snapshot of vorticity on the F-15 at angle of attack α= 22.5 deg, half-model shown. 
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Figure 9: Power spectral density of the modal force of mode 10 induced by the buffet loads, 
baseline model and 5th-95th uncertainty band shown in green (α = 22.5 deg). 

in actual flights. Specifically, the computations are typically performed under assumed con-
stant flight conditions (angle of attack, speed, altitude) but the aircraft is likely to experience 
time varying (possibly rapidly) flight conditions. 

Notwithstanding the possible discrepancies between predictions and flight measurements, 
it is desired to carry forward the predictions to the estimation of the structural response and 
potentially fatigue life. The approach proposed here is thus to introduce uncertainty on the 
power spectral matrix of the modal forces on the structure and to propagate it to the desired 
response measures – typically in a Monte Carlo format. 

The structural model retained for the F-15 included 38 of the first 80 modes and time histo-
ries of their modal forces were obtained from the CFD code (FUN3D with DES option) as 
described in [14]. After removal of the transient, these 38 time histories were modeled as in 
Eq. (1) with an order m = 11 using a modified version of the Matalb codes of [15]. Shown in 
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Figs. 9-12 are the auto spectra of two of these modal forces as well as the real and imaginary 
part of their cross spectrum. Since the aircraft was considered to be a linear structure, the 
power spectral matrix of the 38 modal coordinates could then be obtained (see [14] for discus-
sion) and from it the power spectral density of any specified response could be derived. Of 
particular interest here is the power spectral density of the acceleration at the aft end of the tip 
pod of the left vertical tail, shown on Fig. 13. 

Accounting for the stated uncertainties was achieved by independently randomizing the re-
flection coefficient matrices of the 38 modal forces as described above. An overall uncertainty 
level of δ = 0.3 was assumed to exemplify the process. Then, shown in Figs 9-13 are the 5th-
95th percentiles band of uncertainty on the spectra (as shown by the green band) of the select-
ed modal forces and on the acceleration at the aft end of the tip pod of the left vertical tail. 
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Figure 10: Power spectral density of the modal force of mode 65 induced by the buffet loads, 
baseline model and 5th-95th uncertainty band shown in green (α = 22.5 deg). 
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Figure 11: Real part of the cross power spectral density of the modal forces of modes 10 and 
65 induced by the buffet loads, baseline model and 5th-95th uncertainty band shown in green 

(α = 22.5 deg). 
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Figure 12: Imaginary part of the cross power spectral density of the modal forces of modes 10 
and 65 induced by the buffet loads, baseline model and 5th-95th uncertainty band shown in 

green (α = 22.5 deg). 
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Figure 13: Power spectral density of the acceleration at the aft end of the tip pod of the left 
vertical tail induced by the buffet loads, baseline model and 5th-95th uncertainty band shown 

in green (α = 22.5 deg). 

4.4 Scalar Case – Model Identification from Data 
The last application considered here focuses on the assessment of the proposed model to 

represent given samples of an uncertain power spectral density. To this end, the 4 degree of 
freedom system discussed above was randomized, i.e., its mass, stiffness, and damping matri-
ces were simulated (as symmetric positive definite matrices) according to the maximum en-
tropy-based nonparametric method as independent matrices with δ = 0.04 for all three. For 
this stochastic dynamic system, samples of the power spectral densities of degrees of freedom 
1 and 2 were generated and the corresponding uncertainty bands associated with their 5th and 
95th percentiles were determined. 
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Figure 14: Baseline and identified mean values of the random variables pU  for the 15 reflec-

tion coefficients, degree of freedom 1 data. 
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Figure 15: Identified δ values of the random variables pU  for the 15 reflection coefficients, 

degree of freedom 1 data. 
 

The objective of this section was then to assess the applicability of the stochastic AR mod-
el developed in this paper to this data and to compare the autoregressive-based uncertainty 
bands to the ones derived directly from the stochastic dynamic system. To perform this as-
sessment most cleanly, a large number of samples, 300, of the power spectral densities were 
generated as to minimize the uncertainty associated with small sample size identification. Au-
toregressive approximations of each of these 300 power spectral densities were obtained, with 
orders 15 and 25 for degrees of freedom 1 and 2 as previously justified. The corresponding 
samples of the reflection coefficients and of the parameters 0B̂  were then obtained. Next, the 
maximum likelihood approach was used to identify the hyperparameters of the model of Eqs 
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(47) and (48), i.e., the values 0B̂  and pU , p = 0, 1, ..., m-1, and the corresponding δ values of 
each of these random variables. This identification was carried out for each parameter (reflec-
tion coefficient and/or parameter 0B̂ ) independently of each other consistently with their as-
sumed independence in the stochastic autoregressive model. 
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Figure 16: Probability density function of the reflection coefficient #1 estimated from data 
and model of Eq. (48), degree of freedom 1 data. 
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Figure 17: Probability density function of the reflection coefficient #6 estimated from data 
and model of Eq. (48), degree of freedom 1 data. 

Shown in Figs 14 and 15 are the identified values of pU  and the corresponding δ values 

for degree of freedom 1 data. Also shown in Fig. 14 are the values of pU  obtained determin-
istically from the mean autoregressive model obtained earlier. Clearly, the match is very good 
for most of the reflection coefficients. A more detailed assessment can be drawn from com-
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parisons of the probability density functions of the reflections coefficients and shown in Figs 
16-19 is a representative set of such plots. Two distinct situations were observed depending 
on the magnitude of the reflection coefficients. For those with large means, e.g. see Figs 16-
18, the probability density function of the reflection coefficient is well to very well matched 
by the model of Eq. (48). A similar conclusion was drawn in regards to the parameter 0B̂ , see 
Fig. 20. 
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Figure 18: Probability density function of the reflection coefficient #9 estimated from data 
and model of Eq. (48), degree of freedom 1 data. 
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Figure 19: Probability density function of the reflection coefficient #11 estimated from data 
and model of Eq. (48), degree of freedom 1 data. 

The reflection coefficients exhibiting a small mean are typically associated with a very 
large δ value as can be concluded from Figs 14 and 15. This situation results in fact from sign 
changes of the reflection coefficient, as seen in Fig. 19 for reflection coefficient 11, which are 
not accounted for in the model of Eq. (48). Given their magnitudes, these reflection coeffi-
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cients and their variability are not expected to significantly affect the stochastic autoregressive 
predictions. This situation is confirmed in Figs. 21 and 22 which show the uncertainty bands 
predicted from the stochastic autoregressive model with the identified parameters (Fig. 21) 
and with the identified parameters except for the δ values of the small reflection coefficients 
(7,9-15) which were set to the smallest δ identified (0.05 for the first reflection coefficient), 
see Fig. 22. The band is larger in Fig. 21 than in Fig. 22, but only slightly even though there 
was a dramatic change in the δ values on reflection coefficients 7 and 9-15. Given this small 
effect, these reflection coefficients will thus be referred to as “secondary”. 
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Figure 20: Probability density function of the autoregressive parameter 0B̂  estimated from 
data and model of Eq. (47), degree of freedom 1 data. 
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Figure 21: Power spectral densities of the stochastic dynamic systems (baseline curves), mean 
model and 5th and 95th percentiles, and their identified autoregressive stochastic model  

counterparts (AR curves and green band). δ values of secondary reflection coefficients as 
identified, degree of freedom 1 data. 
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Figure 22: Power spectral densities of the stochastic dynamic systems (baseline curves), mean 
model and 5th and 95th percentiles, and their identified autoregressive stochastic model  

counterparts (AR curves and green band). δ values of secondary reflection coefficients set to 
minimum δ identified, degree of freedom 1 data. 
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Figure 23: Power spectral densities of the stochastic dynamic systems (baseline curves), mean 
model and 5th and 95th percentiles, and their identified autoregressive stochastic model  

counterparts (AR curves and green band). δ values of secondary reflection coefficients set to 
minimum δ identified, degree of freedom 2 data. 

In summary, it is found that the stochastic modeling of the “primary” reflection coefficients 
(those with large mean values and strongly affecting the power spectral density predictions) 
and the autoregressive parameters 0B̂  by the models of Eqs (47) and (48) is very good to ex-
cellent. The secondary reflection coefficients are not as well modeled, with their δ values typ-
ically very large, but this only has a small effect on the predicted uncertainty bands. 
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It remains to assess how well the uncertainty bands predicted from the stochastic auto-
regressive model matches the ones derived directly from the stochastic dynamic system, see 
Fig. 22 and Fig. 23 for the degree of freedom 2. It is seen from these figures that the uncer-
tainty bands from the stochastic AR model match appropriately well their dynamic system 
counterparts in the critical zones, i.e., near the peaks. The bands are otherwise wider, and thus 
typically on the safe side, in the smaller energy regions. 

5 SUMMARY  
The focus of this investigation was on the formulation and assessment of a stochastic mod-

eling strategy of uncertainty on the specification of the power spectral density of scalar sta-
tionary processes and on the spectral matrices of vector ones. This stochastic model is based 
on an autoregressive-based parameterization of the specified baseline power spectral densi-
ty/matrix and of its random samples. To insure stability of these autoregressive models, their 
parametrization was performed in terms of their reflection coefficients which lie (or their ei-
genvalues in the vector process case) in the domain [0,1). Maximum entropy concepts were 
then employed to formulate the distribution of the reflection coefficients in both scalar and 
vector process case leading to a small set of hyperparameters of the uncertain model. Three 
examples of validation were presented to clarify the properties of the modeling. The proce-
dure was found straightforward of application on examples ranging in complexity from a 4th 
order scalar model to an 11th order vector case involving 38 components. It was further found 
that the uncertainty affects all aspects of the power spectral density/matrix: magnitude, peak 
location, location of poles and permits the convenient determination of a percentile-based 
band of uncertainty on the power spectral densities. A fourth example was considered that 
demonstrated the successful application of the approach to model existing samples of an un-
certain power spectral density. 
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Abstract. Bifurcations are features of dynamical systems and occur when a small change in a
system parameter results in a sudden qualitative change in the system behaviour. Such events
can occur in linear and non-linear systems. The analysis of this phenomenon is challenging in
the presence of non-linearity even for simple systems since they lack the properties and prin-
ciples common to linear systems, e.g. the superposition principle. In the last few decades,
numerical methodologies have been developed in order to efficiently determine bifurcation di-
agrams. Such techniques include continuation, normal form analysis, harmonic balance, and
more recently branch and bounds methods. However, very little work has been considered for
quantification of uncertain non-linear systems. In this paper, a methodology is provided to
propagate parametric uncertainties and define bounds for the bifurcation diagrams taking into
account the factors that most influence the behaviour of the analysed dynamical system. To this
end, the developed methodology includes sensitivity analysis and uncertainty quantification.
The methodology exploits numerical continuation methods, (high order) singular value decom-
positions, interval analysis and Bayesian approach, which is adopted in the Kriging method to
develop surrogate models . The proposed method is validated considering a complex non-linear
system from the aeronautical field: a landing gear (LG) system. The LG system has been the
subject of several deterministic studies predicting the occurrence of shimmy, which is a self-
excited oscillation dangerous for the integrity of the aircraft. This phenomenon arises from
Hopf bifurcations. The case study explores the effects of uncertainty on this phenomenon.
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1 INTRODUCTION

Bifurcation is a phenomenon that is common in several dynamical systems and can be de-
scribed as a sudden qualitative change in the system behaviour due to small variations in systems
parameters. A common misunderstanding of bifurcations is to relate them only to physical sys-
tems modelled taking into account non-linearity. In fact this phenomenon can exhibit itself also
in linear systems: all physical systems have non-linearity, which can be more or less important.
The kind of effect the bifurcation can imply is influenced by the presence of non-linearities.
This paper is focused on a particular effect that can occur only in non-linear systems: the Limit
Cycle Oscillation (LCO). LCOs are isolated closed trajectories characterized by periodical so-
lutions for the states of the systems and can be stable or unstable if the neighbouring trajectories
approach them or not, respectively. This differentiation is not always true and there can be the
case of half-stable LCOs. LCOs can be generated after a particular bifurcation, called a Hopf
bifurcation, that is one of the bifurcations of fixed points (along with pitchfork bifurcation,
saddle-node, transcritical bifurcations). Hopf bifurcations can occur in systems with at least
two degrees of freedom (DoFs); mathematically, it occurs when the real part of a pair of com-
plex eigenvalues, of the Jacobian matrix of the linearised system, changes sign as a parameter
varies. There are three different kinds of Hopf bifurcation depending on the behaviour of the
system after the bifurcation point: supercritical, subcritical and degenerate.

Stable LCOs are of particular interest in science because they model systems that can exhibit
self-sustained oscillations, oscillations that are not due to external force but are generated by the
system itself. Some of these fascinating phenomena characterize our life each day: the beating
of a heart, the daily rhythms in human body temperature and hormone secretion, chemical
reactions that oscillate spontaneously [1]. With regard to the engineering field, stable LCOs
are often the cause of dangerous events: self-exciting vibrations in bridges and wings, and
oscillation in landing gear, known as shimmy. In particular, shimmy is a phenomenon exhibited
not only by landing gear systems, but by all the systems with wheels that interact with the
ground.

Bifurcation analysis is a subject of interest in many fields, such as mathematics and engi-
neering, and there are many different approaches developed to evaluate and describe bifurca-
tion diagrams. Bifurcation diagrams can be evaluated by adopting a pure Monte Carlo ran-
dom search, numerical and experimental continuation, exploiting non-linear normal forms and
branch and bounds methods. All these methods, apart from non-linear normal forms, find a
numerical solution. The normal forms are a significant mathematical method that theoretically
fulfils the requirement to find an analytical solution to non-linear problems, among which are
the identification of bifurcation diagrams and/or backbone curves [2]. All the stated methods
can be adopted to identify equilibrium branches of the bifurcation diagrams (including steady-
state bifurcation points, such as pitchfork and saddle-node bifurcations, and Hopf bifurcations).
However, not all of them solve periodical solutions (e.g. Limit Cycle Oscillation (LCO)): con-
tinuation, experimental and, ideally, pure Monte Carlo random search and non-linear normal
forms can be exploited. In the case of periodical solutions, Harmonic Balance methods have
also been diffusely adopted for the identification of LCOs in the aereolastic and aerodynamics
fields [3] [4] [5].

Dealing with dangerous phenomena occurring after Hopf bifurcations, such as shimmy, it is
important to define confidence intervals that take into account the presence of uncertainty. Un-
certainty is always present in life and in process modelling can be classified as model (form),
parametric (aleatory and epistemic, i.e. irreducible and reducible uncertainty) and/or predictive
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uncertainty. In this regard, in a design process two general approaches can be adopted, which
are shown in Figure 1: deterministic and non deterministic approaches. They are intrinsically
different concerning the treatment of uncertainty [6]. Deterministic approaches consider the
presence of uncertainty just at the end of the analysis using the so called ‘safety factor’, i.e. the
system responses are obtained considering the modelled system as ‘true’. This assumption can
cause an over/under-designed system if the safety factor is too high or low. Non deterministic
approaches consider the presence of uncertainty from the beginning and so a more robust design
can be achieved. They can employ stochastic and/or interval approaches depending on the un-
certainty typology, i.e. aleatory and epistemic. In real systems both these kinds of uncertainties
are present and so it is desirable to develop approaches that sensibly combine stochastic and
interval methodologies. Deterministic approaches are attractive in their simplicity, but unac-
ceptable in the presence of significant randomness and lack of knowledge. Finally, adopting the
non deterministic approaches, the robustness of the achieved result can be strongly limited by
the required time, which is a parameter that significantly limits the applicability of methodolo-
gies that could work well on paper. It is for this reason that in a preliminary design, the analyses
are done through the use of simulators, especially in the presence of complex dynamics and/or
structures for which experiments can be very time expensive and/or impracticable.

Figure 1: Approaches in a design process.

In the last decade, researchers have been starting to look at the effect of parametric uncer-
tainty in the structural parameters and in composite structures in the flutter occurrence and in
the amplitude and frequency of LCOs, arising beyond the linear flutter speed [5] [7] [8] [9] [10]
[11] [12].

The aim of this paper is to present a new methodology to ensure a reliable ‘structure’ through
consideration of uncertainties in bifurcation diagrams. The methodology is implemented in
Matlab, through the development of a tool that exploits the Dynamical System Toolbox [19],
a Matlab interface with AUTO, the software used to perform numerical continuation analyses
[15].
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The process risk and reliability management considered here is in terms of the definition of
confidence bounds for the possible occurrence of LCOs in the presence of parametric uncer-
tainty. These bounds are for delimitation-branches that are the locus of Hopf bifurcation points
and that determines subdivision of the interested parameter space. These subdivision are in
terms of absence or possible occurrence of LCOs and a full identification is not trivial, even de-
terministically. The idea to totally deterministically describe the delimitation-branches consists
of three main parts:

1. determine a first set of branches of locus of Hopf bifurcation points in the range of interest
of parameters;

2. detect possible other Hopf bifurcations that can be isolated from the ones identified in
point 1 and are significant to identify the sought delimitation;

3. critically discuss the possible presence of subcritical Hopf bifurcation. Subcritical Hopf
bifurcation is a Hopf bifurcation that causes an unstable LCO for values of some param-
eters that is less of the ones characterizing the starting Hopf bifurcation point. After the
unstable LCO, a stable LCO, characterised by high amplitude values, typically occurs.
It is apparent that this detection is significant for a robust identification of the sought
delimitation.

In this paper, results and discussion for all the stated points are provided. The uncertainty
propagation has been performed developing a method that shares the same principles adopted
in the technique already been validated by the author in [13]. The technique consists of a new
SVD1-based methodology and has already been adopted in order to predict gust lengths that
cause critical correlated aircraft loads in presence of parametric uncertainty. The novelty in
this methodology is in suitably identifying matrices that can capture the ‘behaviour’ of interest
affecting the Interesting Quantities (IQs) and then in constructing surrogate models in terms of
coefficients that are extracted applying the SVD. In this paper, new aspects are introduced in
the methodology:

– both the singular value decomposition (SVD) and the high order singular value decom-
position (HOSVD) are used;

– Sobol’ indices (main and total effects) are adopted to perform sensitivity analysis (SA)
and describe the importance of each design parameter, identifying which ones to use for
the uncertainty quantification (UQ).

The developed technique has been validated using an analytical description of a landing gear
system. The case study is the shimmy phenomenon, i.e. the LCO to be ‘bounded’ in the presence
of parametric uncertainty.

In section 2, the bifurcation analysis and the analysed branches are first briefly discussed
justifying the research; then the present problem and the case study are presented. In section
3 the methodology is presented covering each step. Finally, in sections 4 and 5 the results are
given and the conclusions are drawn.

1Singular Value Decomposition
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2 BIFURCATION ANALYSIS AND PRESENT PROBLEM

In this section, a brief introduction to what is a bifurcation in a dynamical system is first
presented; the different methods of analysis are then provided and finally, the occurrence of
LCOs as an effect of Hopf bifurcations is presented, introducing the concept of ‘shimmy’.

2.1 BIFURCATION AND DYNAMICAL SYSTEMS

The term bifurcation was first introduced by Poincaré to describe the ‘splitting’ of equilib-
rium solutions in a family of differential equations. J. Guckenheimer provides the following
definition in [14]. ‘Given a system of differential equations 2

ẋ = fp (x) ; x ∈ IRn; p ∈ IRk (1)

depending on the k-dimensional parameter p, then a value p0 of equation (1) for which the flow
of (1) is not structurally stable is a bifurcation value of p.’ Guckenheimer himself emphasizes
how the definition cannot be completely satisfactory since it requires an extremely detailed
study of the flow structure that does not exist in practice. A peculiarity of such a definition is that
a point of bifurcation need not actually represent a change in the topological equivalence class
of a flow, it can represent just a qualitative change. Thus, the bifurcation analysis of a system can
be conducted in a qualitative manner without trying to depict a systematic bifurcation theory,
which would give rise to difficult technical questions.

A common case in which the change is usually of a topological type is the bifurcation of
equilibria (or fixed points). For instance, considering equation (1), bifurcations of that type
can occur for equilibrium solutions obtained varying the k-dimensional parameter p. These
solutions are given by solving fp = 0 and their existence is assured by the implicit function
theorem if the Jacobian derivative of fp with respect to x, i.e. Dxfp, has no zero eigenvalues.
Solutions are given by smooth functions of p and we will call branches of equilibria of (1)
the graph representation of each of these solutions. An equilibrium (x0,p0) is called a point
of bifurcation if at such a point the Jacobian matrix presents a zero eigenvalue; in fact in this
situation the equilibrium point (x0,p0) may belong to several branches of equilibria.

Points of bifurcation can be classified mathematically and/ or qualitatively and the descrip-
tion can be very complex, especially in the presence of ‘imperfection’, intermediate solutions
and chaos. The simplest are the so called bifurcations of fixed points to which belongs the Hopf
bifurcation, which is the one of interest in the present paper. Thus, for the sake of simplicity, a
brief introduction to bifurcations of fixed points is here covered without describing degenerate
cases.

Mathematically, the classification of bifurcations of fixed points is performed looking at
the fixed points and in some case at the eigenvalues of the Jacobian matrix, that is obtained
linearising the system in the neighbourhood of a fixed point. Moreover, typical dynamics rep-
resentation, called ‘normal forms’, have been identified according to the degrees of freedom of
the system. Qualitatively, the characteristic flows in the phase portrait, caused by the occurrence
of a fixed point bifurcation, is considered for the classification. Whatever the dimension of the
considered system is, the bifurcation of each fixed point keeps the same qualitative description,
with the only exception of the Hopf bifurcation, which can occur just in systems with at least
two degrees of freedom. In what follows the categorization of bifurcations of fixed points is
provided, giving more details for the Hopf bifurcation.

2x is the state vector of the system.
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– Saddle-node bifurcation, also known as fold bifurcation or turning-point bifurcation, oc-
curs when fixed points are created and destroyed as a set of parameter p changes.

– Transcritical bifurcation is characterized by the change of stability of a fixed point as p
varies.

– Pitchfork bifurcation occurs in systems with some inherent symmetry and stable points
tend to appear and disappear in symmetrical pairs. This bifurcation can be of two kinds,
supercritical and subcritical, and are characterized by the presence of a cubic term that is
stabilizing and destabilizing, respectively.

– Hopf bifurcation can happen just in systems with at least two degrees of freedom. This
feature is strictly related to the characterization of such a phenomenon: a change of the
sign of real parts of complex eigenvalues, thus the necessity of at least two degrees of free-
dom is straightforward. In presence of non-linearity, Limit Cycle Oscillations (LCOs) can
occur, since Limit Cycles (LCs), isolated closed trajectories characterized by periodical
solutions for the states of the systems, are present in the Hopf bifurcation. LCs can be
stable or unstable if the neighbouring trajectories approach them or not, respectively. As
the pitchfork bifurcation, Hopf bifurcation can be either supercritical or subcritical. The
difference between these two bifurcations is in the oscillation that arises. A supercritical
Hopf bifurcation occurs when only a stable fixed point is present before the destabiliza-
tion, which occurs increasing a set of parameter p, and a stable LC appears after the
destabilization of the fixed point: although the fixed point becomes unstable the trajec-
tory is attracted to a LC that appears just after the bifurcation; thus the response tends to
be periodical and the amplitude is limit to a fixed value. In the occurrence of subcritical
Hopf bifurcations, a stable fixed point and LC with an unstable cycle between them are
present before the bifurcation. Increasing p, the amplitude of the unstable cycle becomes
zero and engulfs the origin making it unstable: all the trajectories are attracted to the
LC that is characterized by large oscillations. It is worth empathizing that the subcritical
Hopf bifurcations is more dangerous since, unlike the supercritical Hopf bifurcation, it
is ‘irreversible’: decreasing the values of p the fixed point cannot be rendered stable and
large oscillation persists [1].

2.2 METHODS TO EVALUATE BIFURCATION DIAGRAMS

Numerical continuation 3 is the method selected to evaluate bifurcation diagrams thanks to
its capabilities, which fit what is needed to perform SA and UQ in terms of bifurcation diagrams.
The main features of numerical continuation are:

– analytical representation of the analysed model is not required.

– simplicity in detecting bifurcation points, such as limit point and Hopf bifurcations.

– periodical branches can be solved applying sophisticated continuation methods.

– limited running time for bifurcation diagrams in two parameters, suitably setting up the
constants characterizing the method (e.g. step size, tolerance ...).

3AUTO is the software used for the continuation [15].
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Numerical continuation is usually restricted to low-dimensional parameters [16] and requires
an initial solution to identify equilibrium branches. In order to define confidence bounds for
the branch delimiting the area of possible occurrence of LCOs, these drawbacks are not as
significant as the ones met if one of the other methods would be adopted:

– A pure Monte Carlo random search is a blind search of bifurcation diagrams. The model
is run for an extremely large number of input values, which are randomly selected and a
considerable running time is required even for a bifurcation diagram in only one parame-
ter.

– Non-linear normal forms are mathematical tools that help in simplifying the system of
non-linear equations, identifying the so called resonant and non-resonant terms, exploit-
ing suitable transformation and assumptions. However, so far the potential of using non-
linear normal forms has been exerted to fully describe the dynamical behaviour, i.e. iden-
tify bifurcation diagrams, only for small systems (for instance two degree of freedom
systems).

– Branch and bound methods require an analytical description of the dynamical system
and the branches are identified in terms of bounds, which can be made tighter and give
a guarantee of solution just in terms of exclusion. It is necessary (but not sufficient) for
a high compactness of the analytical dynamical system in order to achieve a sensible
precision for the solution, which requires a significant running time. Finally, the methods
have not yet been adopted for periodical branches.

2.3 PRESENT PROBLEM AND CASE STUDY

In order to define confidence bounds of the bifurcation branch delimiting the region of possi-
ble occurrence of LCOs first at least two parameters have to be selected to define the parameter
space in which the sought restrictions are to be determined.

The idea to identify these restrictions, for each analysed set of values of parameters of inter-
est, already presented in the introduction, is here shown in detail:

1. A first set of branches of locus of bifurcation points can be determined after having run an
equilibrium solution changing the values of one of the two selected parameters, keeping
the other constant, and identifying the Hopf bifurcations that occur in the range of interest
of the changed parameter. In fact, once the points are identified, a switch to a continuation
in terms of both the selected parameters can be done determining a set of pairs of values
of the two parameters characterizing Hopf bifurcation points; the solutions obtained as
a locus of this point is exactly the sought first set of branch-delimitations. Once these
delimitations are identified, are known LCOs to occur in these delimited areas. What
needs to be investigated is if some LCOs can occur outside this region: the last two points
fulfil this requirement.

2. Look for possible occurrence of Hopf bifurcation for which the values of the selected
parameters are outside those characterizing the already identified branches (point 1), i.e.
due to Hopf bifurcations from other fixed-point solution branches.

3. Check the possible occurrence of subcritical Hopf bifurcation, for which the related LCO
is present also at values less than those characterising the selected parameters at the iden-
tified branches in 1.
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The last two requirements are important since in the presence of one or both the stated phe-
nomena, the delimitation determined accomplishing the first point, does not totally identify the
region in which LCO can/cannot occur. These two requirements can be fulfilled doing periodi-
cal continuation from the first set of determined branches in terms of the parameter fixed in point
1 for the equilibrium solution. In this way, possible occurrence of LCOs at the stable-equilibria
side can be detected and the final delimitations depicted.

The confidence bounds for such a delimitation take into account parametric uncertainty
present in the analysed system. Due to the presence of a huge number of parameters in models,
SA is needed in order to distinguish the parameters that significantly influence the system from
those that do not, before propagating the uncertainty. The SA has been performed in terms of
the first set of identified branches.

Since the case study in the present paper is the occurrence of shimmy in ground manoeuvres,
the adopted landing gear model is here briefly presented contextualizing the presented idea.

The landing gear model is based on the that presented by Howcroft [18] and it is a dual-wheel
landing gear in which free-plays and wheel gyroscopic effects are not considered. The de-
flection of the landing gear structure is modelled in terms of three degrees of freedom (DoFs)
(Figure 2) and an additional DoF is introduced for the tyre dynamics. The states are in total 7,
since the first three dynamics are of the second order while the last is just of first order. The
degrees of freedom are:

1. torsional, ψ, describing the rotation of the wheel/axle assembly about the local axis z;

2. in-plane, δ, expressing the bending of the oleo piston in the side-stay plane. This DoF is
approximated as a rotation about a point at a distance Lδ from the axle;

3. out-of-plane, β, describing the rotation on the landing gear about the two attachment
points;

4. lateral displacement, λ, characterizing the tyre dynamics, which is modelled adopting the
straight tangent model.

Further information on the adopted model is provided in [18], in appendix A the nominal
values adopted for the parameters of this model are shown.

Having considered the shimmy in the landing gear as the case study, the parameter space, in
which the delimitation is determined, is the one covered by the Hopf bifurcations as the for-
ward velocity V and the vertical force Fz vary. In fact, during landing manoeuvres, these two
parameters vary considerably:

– the vertical force Fz is the one along the main structure of the landing gear and its varia-
tion is strictly related to the loading condition (for instance lift relative to weight during
take-off landing or taxing). In the present paper, an upper force limit of 4 ·105 N has been
considered.

– the forward velocity V during landing manoeuvre must be in agreement with the certifica-
tion; tables provided in an ICAO 4 document [17] indicate the specified range of handling
speeds for each category of aircraft to perform the manoeuvres specified. These speed

4International Civil Aircraft Organization
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Figure 2: Torsional ψ, lateral δ and longitudinal β degree of freedoms characterising the adopted
landing gear model [18]. (XYZ) and (xyz) are the global and local coordinate systems, respec-
tively.

ranges have been assumed for use in calculating airspace and obstacle clearance require-
ments for each procedure. Taking into account the information provided by ICAO, and
the speed at threshold Vatv for an airline jet, based on 1.3 times stall speed in the landing
configuration at maximum certificated landing mass, a range of interest 0 − 100 m/s for
the forward velocity V has been considered in the analysis.

3 METHODOLOGY

Figure 3 presents the flow process chart of the tool in which the methodology to define
confidence bounds for the sought delimitation-branches is implemented. This tool allows the
development of a suitable sampling plane for both SA and UQ, run AUTO, perform bifurcation
analysis, systematically discuss the influence of parameters on the analysed landing gear model
adopting the Sobol’ indices as sensitivity metrics and then perform UQ in terms of parameters
‘significant’ for the system.

In the following subsections, the sensitivity metrics, the method to perform UQ and the
adopted error metrics are presented.

3.1 SENSITIVITY ANALYSIS

SA has its origin in the design of experiments (DOE), which was introduced in order to eval-
uate the input/output (I/O) relation in the presence of variation in factors. Indeed, the definition
provided by Saltelli [20] for SA reflects such a feature: ‘Sensitivity analysis studies the relation-
ships between information flowing in and out of the model’. The pattern adopted by both SA
and DOE consists of selecting first the factors to be varied in the experiments (physical or nu-
merical), secondly in accomplishing the experiments and finally in picking out suitable statistic
tools for the analyses of the data. SA has two main features: it describes how variations in the
output can be caused by variations in factors and it analyses which kind of influence the factors
have on the system; it does not identify which are the causes of particular outputs. The SA has a
significant role in the increment of the level of confidence of a model, a problem raised from the
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For Sensitivity Analysis (SA)
- Sobol` Sequence

For Uncertainty Quantification (UQ)
- Latin Hypercube Sampling (LHS)

Dynamical System
Characterization

- For each sampling point

Run AUTO
- Numerical Continuation

Sampling Plane
Store Data

Sensitivity Analysis (SA) 
- Custom-made Objective function evaluation

- Construction of Surrogate Model
- Sobol` Indices

(subsection 3.1 for methodology  and 4.2 for results) 

Analysis of Main effect and Total effect Indices
(subsection 3.1 for methodology  and 4.2 for results) 

Uncertainty Quantification (UQ)
- SVD/HOSVD feature selection

- Construction of Surrogate Model
(subsection 3.2 for methodology  and 4.3 for results)

Figure 3: Flow process chart of the tool developed to perform SA and UQ in terms of bifurcation
diagrams using AUTO.

presence of uncertainty, which can be model (form), parametric (aleatory and epistemic) and/or
predictive [12]: SA is directly correlated to and is a means to cope with the uncertainty.

As remarked by Saltelli [20] there is not a ‘universal recipe’ that explains how to conduct
a SA and which measures should be adopted. The decision for the method and sensitivity
measures to be adopted depends on the particular problem, model and accepted computational
cost: only experience and engineering judgement can lead to a more efficient pattern or, in
other words, to the strategy that implies lower computational cost, which is a general indicator
of efficiency and can be described as the number of model evaluations needed for the analysis.
In the analysed problem, sensitivity metrics that capture non-linear dynamical behaviour and
high order interaction are desirable and for this reason the Sobol’ indices and the total effect
index STi have been selected. These are part of the global SA methods and are able to correlate
the output variation with the variation in the factors exploiting statistical means and usually
adopting a sampling approach. A sensitivity method is said to be global if all parameters are
simultaneously varied and sensitivity is evaluated over the range of each factor [20]. Sobol’
indices have been constructed studying a special representation of integral scalar function f .
What Sobol has provided in [24] is presented here:

f = f0 +
n∑
s=1

n∑
ii=1<...<is

fi1...is (xi1 , ..., xis) , i = 1...n (2)

where 1 ≤ i1 < ... < is ≤ n and n is the number of factors xi. Formula (2) can be expanded as

f = f0 +
n∑
i=1

fi (xi) +
n∑
i<j

fij (xi, xj) + ...+ f1,2,...,n (x1, x2, ..., xn) , i = 1...n (3)
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For each component of the function f the summands in (2) are 2n.
Assuming that all the analysed function f is squared integrable, then all the fi1...is are squared

integrable as well. The Sobol’ indices are identified after having defined some constants called
variances, which are obtained after having squared equation (2) and integrated the results over
the interesting domain of the factor (x1, x2, ..., xn).∫

f 2 (x) dx− f 2
0 =

n∑
s=1

n∑
ii=1<...<is

∫
f 2
i1...is

(4)

The sought variances for each function f are given by the constants

V =

∫
f 2 (x) dx− f 2

0 (5)

Vi1...is =

∫
f 2
i1...is

dxi1 ...dxis (6)

and it follows that

V =
n∑
s=1

n∑
ii=1<...<is

Vi1...is (7)

The reason for which V and Vi1...is are called variances is due to the fact that they would
actually be so for the functions f and fi1...is if the factors x were randomly uniformly distributed
in the domain of interest.

The Sobol’ indices for each function f and for the factors (x1, x2, ..., xs) are finally given by

Si1...is =
Vi1...is
V

(8)

which are all non-negative leading to the result

n∑
s=1

n∑
ii=1<...<is

Vi1...is = 1 (9)

Sobol’ indices are extremely powerful and can be adopted for three different types of prob-
lems exploiting the fact that the higher is the value of the index Si1...is , the more important are
the factors (x1, x2, ..., xs) and their integration. The three problems are:

1. ranking of variables

2. identifying non-essential variables

3. detecting high order members in (2).

The selection of the parameters more significant to perform UQ in terms of the branches pre-
sented in subsection 2.3, is a problem that belongs to the first two points above-mentioned and
the main effect Si and total effect index STi , introduced by Saltelli [20]-[23], have been deter-
mined. Saltelli has emphasized the importance of STi , which measures the total effects (i.e. first
and higher order iteration) of factor xi, especially in the presence of a huge number of factors.
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The sum of these indices
∑n

i=1 STi must be greater or equal to 1. The equality occurs only in
the case of a perfect additive model and in that case

∑n
i=1 Si = 1.

The function fi1...is and the main Si and total effects STi are obtained as [21]

f0 = E(Y ) (10)
fi = EX∼i

(Y |Xi)− E(Y )

fij = EX∼ij
(Y |Xi, Xj)− fi − fjE(Y )

Si =
VXi

(EX∼i
(Y |Xi))

V (Y )
(11)

STi =
EX∼i

(VXi
(Y |X∼i))

V (Y )
= 1− VX∼i

(EXi
(Y |X∼i))

V (Y )

where Y stands for the function of interest f , EX(·) and VX(·) are the mean and variance of
argument (·) over Xi, while EX∼i

(·) and VX∼i
(·) are the mean and variance of all factors but

Xi.
In order to efficiently perform the SA, a computational approach that allows a simultaneous

computation of Si and STi has been adopted and the indices are evaluated using a surrogate
model (the Blind Kriging) developed for each selected output u, trained and validated with a
suitable number of sampling points, adopting Sobol’ sequences (also known as LP τ sequences)
as the quasi-Monte Carlo algorithms. An analytical evaluation of such indices is feasible just
for simple systems, which is not the case here. The considered numerical computation has been
presented by Saltelli [21] [25] and consists of using two independent N × k matrices A and B,
whose rows and columns are the considered sampling points and design variables respectively,
and a third (N · k) × k matrix C that is constructing from the previous ones. Each C(i) block
(i = 1...k) of the matrix C can be formed:

1. by all columns of A except the i− th column, which is taken by B

2. by all columns of B except the i− th column, which is taken by A

Whatever case is chosen, N × (k + 2) model evaluations are required to determine the sought
indices. In [21] Saltelli showed that with the first algorithm a higher rate of convergence is
achieved if the following formula for VXi

(EX∼i
(Y |Xi)) and EX∼i

(VXi
(Y |X∼i)) are adopted

to calculate Si and STi , respectively.

VXi
(EX∼i

(Y |Xi) =
1

N

N∑
j=1

f(B)j(f(C(i))j − f(A)j) (12)

EX∼i
(VXi

(Y |X∼i)) =
1

2N

N∑
j=1

(f(Aj)− f(C(i))j)
2

The last term to be calculated is the total variance V and, since it is function of f 2
0 , a formula

for f0 is also required. The existence of three possible equations for V and four for f0 have been
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found [26], giving a total of 12 possible combinations such that:

f̂ 2
0 =

(
1

N

N∑
j=1

f (A)

)2

(13)

f̂ 2
0 =

(
1

N

N∑
j=1

f (B)

)2

(14)

f̂ 2
0 =

(
1

2N

N∑
j=1

f (A,B)

)2

(15)

f̂ 2
0 =

1

N

N∑
j=1

f (A) f (B) (16)

V̂ =
1

N − 1

N∑
j=1

f 2 (A)− f̂ 2
0 (17)

V̂ =
1

N − 1

N∑
j=1

f 2 (B)− f̂ 2
0 (18)

V̂ =
1

2(N − 1)

2N∑
j=1

f 2 (A,B)− f̂ 2
0 (19)

In the present analysis, all of these combinations have been considered and compared in
order to find out the one that gives the most coherent result with respect to the stated properties
of the indices and with the lowest computational time for convergence.

Sobol’ indices can be evaluated using surrogate models 5 of the selected outputs u, trained
with a suitable number of sampling points. These surrogate models are related to B + 1 points
on each first set of identified branch (one for all the considered sampling points, subsection 2.3);
these points are obtained by dividing each identified branch in an equal number of intervals B.

In order to consider the importance of the design parameters, and so determine the Sobol’ in-
dices, it is important to select suitable objective functions u, used as ‘objective’ functions for the
Sobol’ indices. For the landing gear system the objective functions u have been defined having
fixed the two parameters that have to be considered as operating ones due to their importance
for a landing gear system: the forward velocity V and the vertical force on the landing gear Fz.
The qualitative change in the branches can be captured if the objective functions describe both
variation in the shape and translation of the interesting branches. Thus, two kinds of indices
have been selected:

1. for each determined segment on the analysed branches, the approximated slope is taken
as an objective function to capture change in the shape of the analysed branch

f1bi1...is (pi1...is) =
∂Fz
∂pi1...is

∣∣∣∣
b

' ∆Fz
∆pi1...is

∣∣∣∣
b

b = 1...B 1 ≤ i1 < ... < is ≤ NP (20)

5Blind Kriging surrogate models have been adopted.
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2. at the first determined Hopf bifurcation point, i.e. at which the continuation has been
switched in two parameters, the velocity V1 is considered as an objective function to
discuss translations of the interesting branch

f2i1...is (pi1...is) = V1 (pi1...is) 1 ≤ i1 < ... < is ≤ NP (21)

where NP is the number of the analysed parameters. Thus, in total B + 1 objective functions
are considered and the first B have to be considered as a whole since since they describe the
change in the shape of the interesting branch; the mean in terms of all the intervals B has been
considered for each branch. If a significant topology variation of the bifurcation diagram occurs
changing a particular parameter, then this should be considered as an operating parameter.

Once the SA is accomplished, then the UQ can be performed in terms of the most influential
uncertain parameters. In the following subsection the adopted new methodology is presented. It
is based upon the same principles characterizing the already tested technique developed by the
author to predict and propagate parametric uncertainties up to correlated time-history quantities
[13].

3.2 UNCERTAINTY QUANTIFICATION

The methodology for propagating parameter uncertainties belongs to the so called sampling-
based analysis: the Singular Value Decomposition (SVD) and/or High Order Singular Value
Decomposition (HOSVD) have been adopted both to speed up the process and to store data. The
SVD/HOSVD is adopted to accomplish the feature extraction and selection, a critical step in
machine learning problems [27]. The other key to speed up the process is to consider surrogate
models rather than running the numerical model. The surrogate models have been trained and
validated using the Latin Hypercube Sampling (LHS) method [28].

The proposed UQ can be divided in three parts as summarized in Figure 4.

1. Application of SVD/HOSVD

2. Surrogate Model Selection

3. Uncertainty Quantification

In what follows each part of the developed technique for UQ is detailed.

Application of SVD/HOSVD The SVD is defined as: for every matrix A ∈ IRm×n there exist
two orthogonal matrices U ∈ IRm×m and V ∈ IRn×n and a diagonal matrix Σ ∈ IRm×n, whose
diagonal collects the non-negative singular values λ1 ≥ λ2 ≥ ... ≥ λminn,m ≥ 0, such that A
can be decomposed as A = UΣVT.

In order to reduce the dimension of a problem, AT, a truncated SVD can be considered.
It is the matrix obtained considering only the columns of U and V (i.e. the singular vectors)
related to the k highest singular values; usually the non-zero singular values are chosen although
this can sometimes be difficult to do in practice, and therefore the most significant terms are
retained. Several methods have been investigated (Guttman-Kaiser criterion, Captured Energy,
Cattells Scree test) to identify the correct rank for truncated SVD and the Captured Energy has
been adopted due to the good results recently obtained [29]. This method consists of selecting
enough singular values such that the sum of their squares is a certain percentage T of the total
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Decide which are the parameters to be varied and the sampling method : Linked to SA

Sampling = Emulation of the Numerical Model

‘Store’ the IQs, output of the analyses

Construction of Matrices/Tensor suitably arranged to apply the SVD/HOSVD

Reduction of the decomposed matrices in agreement with the importance of the Singular Values or optimization methods

‘Store’ the basis and the coefficients obtained through the SVD/HOSVD

Apply the Surrogate Model on the coefficients

Validation

Is the accuracy acceptable?

Yes No

Uncertainty Quantification through the
emulation of the Surrogate Models

Increase the sampling plane

Decrease the entity of the variation in the parameters

Decrease the number of parameters

1° SVD

3°

2° Surrogate 
Models

Uncertainty Quantification (UQ)
- SVD/HOSVD feature selection

- Construction of Surrogate Model
(subsection 3.2 for methodology  and 4.3 for results)

Figure 4: Flow chart for the Uncertainty Quantification.

sum of the squared values. The reason for such a decision is that the resulting matrix ‘capture’
T% of the Frobenius norm of the full matrix, that is correlated with the energy.

In the aeronautics field, the SVD has been used for over 30 years, applied to a range of dif-
ferent purposes including system identification and modal analysis. Recently, Sarkar et al.[30]
have developed, demonstrated and tested a SVD-based method for symbolic design optimiza-
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tion problem reformulation. Such a method has been applied to Hydraulic Cylinder Design and
Aircraft Concept Sizing. Armstrong [31] used such a technique both to accomplish a down-
selection procedure in terms of loads, identifying a suitable set of unit loads, and also to predict
the response of a structure faster.

Recently a new approach for feature extraction has been introduced, the High Order Singular
Value Decomposition (HOSVD), which exploits tensorial operators and not only matrices. This
can be useful in the presence of output, such as the branches of bifurcation diagrams, to be
analysed in terms of a high number of parameters.

Given a tensor A ∈ IRI1×I2...×ID the HOSVD can be mathematically expressed as [32] [33]:

A = S ×1 U1 ×2 U2...×D UD (22)

where S is the core tensor and dimS = I1 × I2...× ID, dim Ui = Ii × Ii.
As for the SVD, the HOSVD gives the possibility in reducing the dimensions of the problem,

capturing the best rank reduction for the analysed tensor. We have used a tool in Matlab to
perform the HOSVD [34] and two rank approximations, the so called truncated multilinear
singular value decomposition (mlsvd) and the one that uses a non linear least square method
(lmlra) (for further information see [34]).

In the methodology the SVD/HOSVD is adopted for feature extraction by fixing a basis and
then using other coefficients to obtain the required information. If the SVD is considered, the
basis is given by the product of the diagonal matrix and the matrix containing the right singular
vectors, namely ΣkV

T
k ∈ IRk×m; the coefficients that vary with respect to the design parameters

are the terms of the matrix of the left singular vectors Uk. If the HOSVD is applied, the basis
is Sk ×2 U2

k... ×D UD
k and the coefficients of the matrix related to the selected points is U1 if

the 1st dimension of the tensor A is the one related to the sampling plane.
The parameters to be varied are those selected through the SA and the numerical model has

to be run at each sampling point (both training and validation). Having saved all of the required
outputs, either a matrix for each IQ or a tensor for all the selected IQs is constructed. For ex-
ample in the validated test case, the forward velocity V and the vertical force Fz, characterizing
each sought Hopf bifurcation (subsection 2.3), have been selected as IQs. The matrix, defined
for each IQ and to which the SVD is applied, has as many rows as the number of uncertain
parameter variations (D) and as many columns as the number B + 1 of points selected for all
the analysed branches (as already presented for SA in subsection 3.1). The tensor, to which
the HOSVD is applied, has the first dimension related to the the number of uncertain parameter
variations (D), the second and third dimensions for the values of the forward velocity V and the
vertical force Fz at the selected B + 1 points of each branch.

The SVD is applied to each IQ matrix and a basis and set of coefficients can be related to each
IQ, while the HOSVD is applied to the whole tensor and just one basis and a set of coefficient
is related to the IQs. The two bases for the computations are:

– ΣkV
T
k , whose dimensions are (K) x (B + 1), where K is the number of singular values

that are retained

– Sk×2U2
k×3U3

k, whose dimensions has been reduced as (K) x (B+1) x (2) withK < D

In both cases the rank approximation is assumed not to change throughout the design space.
Consequently, the variation of the pairs (V ,Fz) at each Hopf bifurcation for a specific i-th sam-
pling point can be simply identified by multiplying the respective row vector of coefficient
(Uk)i or (U1

k)i by the fixed basis ΣkV
T
k or Sk ×2 U2

k ×3 U3
k.
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Surrogate Model Selection After having identified the matrices or tensor, surrogate models
of each of the K columns in the U or U1 matrix can be developed in order to enable the UQ of
the IQs. Approaches often used are Kriging based methods, Neural Network, Regression Tree
and Polynomial Radial Basis Functions; the Blind Kriging method [35] [36] [37] is the one that
gives the best results and has been adopted also for the UQ.

Uncertainty Quantification Using the reduced order surrogate models, the efficient genera-
tion of bounds for the first set of delimitation branches (see subsection 2.3 to the occurrence of
LCOs in a landing gear system have been shown.

The sought bounds can be determined in three different, but coherent, ways using the trained
and validated surrogate models:

1. Extreme values adopted by the pair (V , Fz) at each b− th point on the analysed branches.

2. Lower and upper bounds related to two fixed lower and upper quantiles (for instance 0.1
and 0.9). In order to keep the correlation between the IQs, all four possible combinations
of correlated IQs need to be considered i.e. [ IQ1(q = 0.1) vs IQ2(q = 0.1), IQ1(q =
0.1) vs IQ2(q = 0.9), IQ1(q = 0.9) vs IQ2(q = 0.1), IQ1(q = 0.9) vs IQ2(q =
0.9) ]. For each quartet of points, related to a specific point on the sought branch, a
rectangle in the 2D space that includes all the possible correlated IQs that can occur at
that point, provides the required range of quantile-bounds within the defined rectangle.
The overall quantile bounds are simply found by the outer curve of all the four quantile-
branch combinations.

3. Graphical description of a discrete joint probability distribution in terms of the pair (V ,
Fz) at each selected b − th point on the analysed branch. This representation can be
obtained dividing in an arbitrary number of rectangles the box defined, at each interesting
point b−th of the sought delimitation, by the maximum range acquired by each IQ (V and
Fz). In practice, at each point and in each sub-rectangle of the defined box, the discrete
probability function is given by the ratio between the number of occurrences of the pair
(V , Fz) in the considered sub-rectangle and the total occurrences in the whole box. This
stratagem is needed since the data, obtained through the continuation, are discrete and it
is improbable that they acquire the same values changing sampling points.

3.3 ISOLATED BRANCHES AND SUBCRITICAL HOPF BIFURCATION

In order to investigate whether Hopf bifurcations occur for values of the force and velocity
less than the ones characterizing the first set of identified branches, a periodic orbit continuation
has been considered starting from points that have been determined through AUTO and that
are equal to or occur just after the one selected for the UQ. In this way, if for some point a
Hopf bifurcation is identified for less values of those acquired by the pair (V , Fz) at the point
at which the periodical continuation is started, then it has to be checked if the found Hopf
bifurcation belongs to a new branch or is a previous one on the already found branch. A simple
stratagem to automatically accomplish this point is to look at the percentage difference in terms
of the velocity and force characterizing the Hopf bifurcation and the nearest point on the already
found branch: the ‘new found’ Hopf bifurcation belongs or not to a new branch depending on
whether the percentage error is greater or less than a fixed tolerance (for instance 1%). The
tolerance is necessary to be considered due to the inherent discrete data.

797



I. Tartaruga, J. E. Cooper, M. H. Lowenberg, P. Sartor and Y. Lemmens

Finally, the occurrence of subcrtical Hopf bifurcation can be checked looking at the stabil-
ity of the first points found through periodical continuation. If they are all stable then only
supercritcal Hopf bifurcations occur, otherwise subcritical Hopf bifurcation happens. AUTO
determines whether a LCO is stable or not calculating the Floquet multiplier [15].

3.4 ERROR METRICS

In order to validate the surrogate models adopted in SA and UQ and the determined confi-
dence bounds, the mean absolute percentage error (MAPE) has been adopted as the error metric.
Letting z be the general actual output and ẑ the predicted output to be validated, the MAPE is
defined as

MAPE =
1

N

N∑
i=1

∣∣∣∣ ẑ − zz
∣∣∣∣ (23)

In the case study, N is:

– the number of validation points if the validation of the surrogate model used in SA and
UQ is considered;

– the number of points B + 1, adopted to describe the sought delimitation, if the validation
of the confidence bounds is performed

B and B + 1 values of MAPE are obtained for the validation of the surrogate models adopted
in SA and UQ, respectively. Thus, a further mean in all the discrete partial derivatives B or
number of points B + 1 on each branch can be considered if a global measure of validation is
desired, that is for instance for SA

MAPE =
1

B

B∑
i=1

MAPE (24)

Finally, the confidence bounds have been validated considering the results given by Monte Carlo
Simulation (MCS) as the truth.

4 RESULTS

In this section the results obtained applying the new methodology to the landing gear are
provided. First the approach adopted to describe the branches (both in SA and UQ) is presented
graphically. Then the validation of the surrogate models adopted in the SA and the main and
total effect indices are discussed. Finally, the validation of the surrogate models considered in
the UQ and the confidence bounds determined with three approaches for the sought delimita-
tions are presented. A discussion about the possible occurrence of subcritical Hopf bifurcation
and Hopf bifurcation at values of (V , Fz) less than those characterizing the identified branches
is also provided.

4.1 DESCRIPTION OF INTERESTING BRANCH

The delimitation of the occurrence of LCO in the 2-parameter space (V ,Fz), is described
considering a fixed number of points B+1 for all the considered sampling points (both training
and validation). As already stated in subsection 3.1, these points are obtained dividing each
branch into B equal intervals. In this subsection, illustrations of the description adopted for the
sought branches is shown (Figure 5).
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Figure 5: Example of the desciption adopted for the sought branches to perform both the Sen-
sitivity Analysis and the Uncertainty Quantification. In this example B is fixed equal to 20 and
each line is a 2-parameter continuation of Hopf bifurcations obtained at a particular sampling
point.

4.2 SENSITIVITY ANALYSIS

The parameters and relative range considered to perform the SA, i.e. calculate the main and
total effect indices, are shown in Table 1. Log-uniform and uniform probability distributions
have been adopted if the variation of the analysed parameter is greater or less of one order of
magnitude, respectively. This choice is due to the lack of information about the parametric
uncertainty [20]. For the sake of completeness, Table 1 shows which probability distribution
has been adopted for each parameter.

The parameters that have not been considered in the SA are those related to:

– the longitudinal DoF β, since the side stay angle µ (also known as horizontal attachment
point orientation angle) has been fixed equal to zero (as if it was a nose landing gear) and
in such a configuration the longitudinal dynamic is less influential;

– the parameters characterizing the adopted straight tangent model for the tyre, since the
whole model itself is made on an assumption and so would require an uncertainty analysis
on its own;

– geometrical distances that are well defined during the design process and difficult to
change during the life of an aircraft, for instance the half track width or the caster length.

In order to determine the desired main and total effect indices, the dimension N of the matrices
characterizing Saltelli’s technique (subsection 3.1) has been fixed equal to 15; thus 195 con-
tinuations in V and Fz have been computing using AUTO to identify the first set of branches,
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Parameter Label Maximum Minimum Units PDF

stiffness coefficient of ψ DoF kψ 963000 837000 N m rad−1 log-uniform

stiffness coefficient of δ DoF kδ 6420000 5580000 N m rad−1 log-uniform

inertia of ψ DoF Iψ 107 93 kg m2 uniform

inertia of δ DoF Iδ 428 372 kg m2 uniform

damping coefficient of ψ DoF cψ 1284 1116 N m s rad−1 log-uniform

damping coefficient of δ DoF cδ 535 465 N m s rad−1 log-uniform

radius of the left wheel rL 0.59 0.5487 m uniform

radius of the right wheel 6 rR 0.59 0.5487 m uniform

tyre relaxation length L 0.5671 0.4929 m uniform

length of contact region h 0.2889 0.2511 m uniform

vertical stiffness of tyres kt 1716280 1491720 N m−1 log-uniform

Table 1: Parameters and the range of values adopted in the Sensitivty Analysis

the locus of Hopf bifurcation in the (V , Fz) parameter space (subsection 2.3). Then, fixing B,
the number of the discrete partial derivatives, equal to 20, the obtained data have been post-
processed identifying the pairs (V , Fz) related to the points B + 1 of each branch. Thus, surro-
gate models for the selected objective functions u (slope and velocity, subsection 3.1 eq. (20)
and (21) ) have been constructed adopting Sobol’ sequences as a quasi-Monte Carlo sampling
plane.

The obtained surrogate models have been validated considering 10 validation points and the
MAPE (and mean of MAPE in all the slopes for the first objective functions, section 3.4) are
shown in Tables 2 and 3. It is apparent that the trained surrogate model replicates the actual
objective functions with extremely high accuracy.

Using the surrogate models, Saltelli’s technique has been adopted to evaluate the main and
total effect indices, and all the 12 combinations to determine the total variance V have been
considered (subsection 3.1). For the sake of clarity, these have been numbered as shown in
Table 4 (see section 3.1 for the expressions).

The comparison is done considering different numbers of evaluations of the surrogate models
to test the performance in terms of convergence. The main and total effect indices of all the
defined objective functions empathize that the best combination is either the 4th or 8th one.
This result is shown here in Figures 6 and 7, which provide for the sake of conciseness just the
comparison for the sum of the main and total indices related to the 19th slope. Looking at the
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Index Slope MAPE slope Index Slope MAPE slope

1 2.06 · 10−3 11 5.80 · 10−3

2 8.67 · 10−4 12 6.81 · 10−3

3 2.93 · 10−3 13 7.72 · 10−3

4 1.68 · 10−3 14 1.08 · 10−2

5 3.83 · 10−3 15 1.11 · 10−2

6 3.07 · 10−3 16 1.55 · 10−2

7 4.35 · 10−3 17 5.11 · 10−2

8 4.58 · 10−3 18 3.94 · 10−1

9 4.74 · 10−3 19 3.44 · 10−2

10 3.95 · 10−3 20 1.04 · 10−2

Table 2: MAPE of the objective functions in terms of the slope.

MAPE slope MAPE velocity

2.9 · 10−2 6.95 · 10−2

Table 3: Mean of MAPE of the objective functions in terms of the slope and MAPE of the
objective function in terms of the velocity at the first identified point.

4th or 8th combinations, it can be noticed that the system is almost additive for the considered
parameter-variation: all the defined objective functions 7 present

∑N
i=1 STi and

∑N
i=1 Si are

respectively greater and less than 1 as they have to be (subsection 3.1), but only just.
Finally, considering the 4th combination, the main and total effect indices are evaluated for

both the considered objective functions in order to select the parameters to be adopted for the
UQ, i.e. those more influential; both the objective functions show that Iψ, cψ and L are the most
influential parameters.

This is illustrated in the bar plot of the total effect for all the parameters (Figure 8). Always
for the sake of conciseness, just the mean 8 of the adopted index related to the slope-objective

7Here, just the results for indices related to the 19th slope are shown.
8As stated in subsection 3.1 the mean for all the B evaluated indices in terms of slope can be considered as a

whole information.
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Combination eq. f 2
0 and V Combination eq. f 2

0 and V

1 13 17 7 15 18

2 14 17 8 16 18

3 15 17 9 13 19

4 16 17 10 14 19

5 13 18 11 15 19

6 14 18 12 16 19

Table 4: Combinations adopted to identify the best espression to be used for the total variance
V .
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Figure 6: Comparison of 12 different evaluations of the total variance V considering the sum of
the total effects STi of the 19th slope-objective function.

functions is shown, that is

STi =
1

B

B∑
b=1

(STi)b (25)
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Figure 7: Comparison of 12 different evaluations of the total variance V considering the sum of
the main effects Si of the 19th slope-objective function.
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The obtained results are totally coherent with the shimmy phenomenon: shimmy is primarily
related to the tyre characteristics and, for the analysed branch, to the torsional dynamics. In fact,
looking at the LCOs generated by each of the analysed point on all the determined branches,
the torsional state ψ always presents the greatest amplitude and is almost in phase with the state
λ of the tyre dynamics; this means that the torsional mode is the one that most participates in
the LCOs. It can be also noticed that the period of the LCOs is in practice always around that
characterizing the linearised torsional mode: the period of the LCOs is always about 6−7 ·10−2

sec and the damped natural period of the linearised torsional mode is 6.76 · 10−2 sec.
Keeping in mind the results given by the SA, the validation of the surrogate models and the

determined confidence bounds are provided in the following subsection.

4.3 UNCERTAINTY QUANTIFICATION

The performed UQ in terms of the first set of delimitation-branches (subsection 2.3) of the
occurrence of LCOs has been performed in terms of the three most influential parameters (sub-
section 4.2), Iψ, cψ and L , whose range and probability distribution has been discussed in
subsection 4.2 and shown in Table 1.

For the UQ, 31 points (B + 1) have been considered on all the identified branches, 100
points-LHS plane and 1000 point-LHS have been considered in order to train and validate the
surrogate models, respectively.

The number of singular values to be retained in the SVD have been identified using the Cap-
tured Energy method and fixing to 99.99 the percentage T of the captured energy (subsection
3.2). 4 and 3 are the numbers of singular values retained for the matrix related to the forward
velocity V and vertical force Fz, respectively; a total of 7 surrogate models are required to per-
form the sought UQ using the SVD. The same number of surrogate models are required if the
HOSVD is applied and leads to a core tensor with dimension 7 × 31 × 2. Such a decision has
been drawn due to the bad results obtained adopting TensorLab [34] to find out the best rank
reduction. In TensorLab the rank reduction for the mlsvd and as starting guess for the lmlra
method is selected as the corner of an L-curve that represents the balance between an upper
bound on the relative error and the compression ratio of a low multi-linear rank approximation
of the starting tensorA for different core tensor sizes [34]. In the present problem, the corner of
the L-curve is found for a core tensor with dimension 3× 3× 1 and results in a bad choice for
both the mlsvd and lmlra methods; errors higher than 100% are determined just at the training
points. The reason for these bad results is the adoption of a reduction not constrained just in
terms of the dimension related to the sampling plane, i.e. the first dimension of A. A reduction
in terms of the stated first dimension can be simply accomplished considering the first unfolding
matrix A(1) and using the Captured Energy method. We have decided to compare the results
applying the SVD and the HOSVD with the same number of surrogate models (7).

Very good results are found for the validation of the surrogate models adopted for both the
SVD and HOSVD mlsvd, while not so good for those related to the HOSVD lmlra. As stated
in section 3.4 the validation has been accomplished considering MAPE as error metric; Table
5 provides such a results. Figure 9 provides an example of validation adopting the SVD and
the mlsvd for the HOSVD. Only the mlsvd is shown since it has a lower error in the validation
compared to the lmlra method (Table 5). For the same reason the confidence bounds have been
evaluated only with the mlsvd when the HOSVD has been considered.

All the three methods presented in subsection 3.2 have been considered to deal with the
confidence bounds for which the surrogate models have been evaluated considering a 1000
points-LHS sampling plane. The graphic results are shown here all together in Figure 10; for
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Method MAPE% for V MAPE% for Fz

SVD 5.61 · 10−1 1.05 · 10−1

HOSVD lmlra 8.11 7.94

HOSVD mlsvd 3.67 · 10−1 9.56 · 10−2

Table 5: MAPE obtained using the SVD/HOSVD based surrogate model for V and Fz.
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Figure 9: Validation of the Blind Kriging Surrogate models adopted to perform Uncertainty
Quantification using SVD or HOSVD.

the sake of simplicity the confidence bounds shown in Figure 10 are only for the results ob-
tained considering the SVD based method. The HOSVD gives almost the same results. As
stated in subsection 3.2, considering the third method, a rectangle at each analysed point on the
branch is defined and divided into sub-boxes. In the present case 6 sub-boxes have been con-
sidered and several lines (with different colors) define delimitations of indicate joint probability
distributions at each rectangle. The third approach is more approximate than the others since
it is based on a further discretization of the outputs and a comparison with the first and second
approach is meaningless; however, it gives information about joint probability of the position
of the analysed B + 1 Hopf bifurcation points in the 2D parameter space.

Regarding the validation, a MCS with 1000 points has been considered and the results are
presented both in terms of MAPE in Tables 6a and 6b and graphically in Figures 11a (for
the interval confidence bounds) and 11b (for the quantile confidence bounds). The very good
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Figure 10: Confidence bounds of the delimitaion of area in which the LCO can or cannot occur,
adopted using all the three methods.

accurateness achieved with both the SVD and HOSVD mlsvd based methodology is apparent.
It is worthy to emphasize that the developed method involves a computational time reduction of
almost 95% compared to the MCS.

Method MAPE% for V MAPE% for Fz

SVD 9.17 · 10−1 2.25 · 10−1

HOSVD mlsvd 8.92 · 10−1 2.67 · 10−1

(a) Interval confidence bounds

Method MAPE% for V MAPE% for Fz

SVD 1.36 · 10−1 6.17 · 10−2

HOSVD mlsvd 1.08 · 10−1 6.14 · 10−2

(b) Quantile confidence bounds

Table 6: MAPE obtained using the SVD/HOSVD based surrogate model for UQ.
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(a) Interval confidence bounds
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(b) Quantile confidence bounds

Figure 11: Validation of the interval and quantile confidence bounds determined with the
SVD/HOSVD based developed method. The results obtained through MCS are considered
as the truth.
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4.4 ISOLATED BRANCHES AND SUBCRITICAL HOPF BIFURCATION

After having determined the sought confidence bounds, periodical continuation have been
accomplished to check the possible occurrence of subcritical Hopf bifurcations and Hopf bifur-
cation at values (V , Fz) less than those characterizing the identified branches. The stability of
the determined LCO can be verified just looking at the first points of the determined periodical
branches and these are all stable, so no subcrical Hopf bifurcation can occur [1].

With respect to the second stated phenomena, this occurs only starting from the second
Hopf bifurcation on the already identified branches, that is the second point of those that have
the same values for Fz. Clearly, starting from each of these points, the first Hopf bifurcation
point, which already belongs to the found branch, is identified. Thus, we can conclude that the
determined confidence bounds robustly identify a separation between area in which the LCO
can or cannot occur: at the right and left side of the determined bounds the LCO can and cannot
occur, respectively.

5 CONCLUSIONS

The paper has presented a new methodology to robustly define confidence bounds of a bi-
furcation branch delimiting the region of possible occurrence of LCOs. Specific description
of the branches has been proposed to perform both sensitivity and UQ. Suitable SA has been
accomplished adopting main and total effect indices in order to identify the most influential
parameters. Techniques for uncertainty management have been developed and applied to prop-
agate parametric uncertainty using SVD/HOSVD and surrogate models to speed up the whole
process. The determined confidence bounds for the locus of Hopf bifurcation points completely
describe the sought partition since it has been proved that there is no occurrence of subcritical
Hopf bifurcations and no instances of Hopf bifurcation for which the two selected parameters
for the continuation of the branch-locus of Hopf bifurcation (forward velocity V and vertical
force FZ) acquire values lower than those characterising the identified branches. The valida-
tion emphasizes exceptional accuracy and a reduction of almost 95% of the total computation
time required by Monte Carlo Simulations. These results have been obtained both applying the
SVD and the HOSVD mlsvd (multilinear singular value decomposition) and considering a same
number of surrogate models. The performed analysis has also shown that, for the HOSVD, it is
preferable to consider a rank reduction just in the dimension related to the sampling plane.
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7 APPENDIX

A NOMINAL VALUES OF PARAMETERS IN LANDING GEAR MODEL

Table 7 provides the nominal values adopted in the present paper for parameters characteriz-
ing the adopted dual-wheel landing gear model [18].
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µ 0.0 rad/s

Iψ 100.0 kg m2

cψ 1200.0 N m s rad−1

kψ 9.0× 105 N m rad−1

Iδ 400.0 kg m2

cδ 500.0 N m s rad−1

kδ 6.0× 106 N m rad−1

Iβ0 5000.0 kg m2

cβ 2.0× 104 N m s rad−1

kβ 1.0× 107 N m rad−1

L 0.53 m

ρ 0.0 rad

φ0 −0.1175 rad

Lβ 2.818 m

Lδ 0.6 m

rL = rR = r 0.59 m

hL = hR = h 0.27 m

e 0.0 m

a 0.46 m

kt 1.604× 106 N m−1

λ 1 m

cλ 3000.0 N m2rad−1

kλ 0.01 rad−1

kα 1.3256 m

αm 0.1571 rad

Table 7: Nominal landing gear Parameters
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[16] A. P. Smith, L. G. Crespo, C. A. Muñoz and M. H. Lowenberg, Bifurcation Analysis Using
Rigorous Branch and Bound Methods. IEEE Multi-Conference on Systems and Control,
2014.

[17] ICAO Doc 8168 PANS-OPS Vol 1, http://www.ce560xl.com/files downloaded in 2015.

[18] C. Howcroft, B. Krauskopf, M. H. Lowenberg and S. A. Neild, Influence of Variable Side-
Stay Geometry on the Shimmy Dynamics of an Aircraft Dual-Wheel Main Landing Gear.
SIAM J. APPLIED DYNAMICAL SYSTEMS, Vol. 12, No. 3, pp. 11811209, 2013.

[19] http://seis.bris.ac.uk/ ec1099/, date accessed November, 2015.

[20] A. Saltelli, K. Chan and E. M. Scott, Sensitivity Analysis. Wiley, First edition, 2009.

[21] A. Saltelli, P. Annoni, I. Azzini, F. Campolongo, M. Ratto and S. Tarantola, Variance
based sensitivity analysis of model output. Design and estimator for the total sensitivity
index. Computer Physics Communications, Vol. 181, pp. 259-270, 2010.

[22] T. Homma & A. Saitelli, Importance measures in global sensitivity analysis of nonlinear
models. Reliability Engineering and System Safety, Vol. 52, pp. 1-17, 1996.

[23] T. Homma & A. Saitelli, Global Sensitivity Analysis of Nonlinear Models, Importance
Measures and Sobol’ Sensitivity indices. Report EUR 16052 EN, JOINT RESEARCH
CENTRE EUROPEAN COMMISSION, Environment Institute, 1994.

[24] I. M. Sobol’, Global sensitivity indices for nonlinear mathematical models and their
Monte Carlo estimates. athematics and Computers in Simulation, Vol. 55, pp. 271-280,
2001.

[25] A. Saltelli, M. Ratto, T. Andres, F. Campolongo, J. Cariboni, D. Gatelli, M. Saisana and
S. Tarantola, Global Sensitivity Analysis, The Primer. Wiley, 2008.

[26] J. Nossent and W. Bauwens, Optimising the convergence of a Sobol sensitivity analy-
sis for an environmental model: application of an appropriate estimate for the square
of the expectation value and the total variance. International Environmental Modelling
and Software Society (iEMSs), 2012 International Congress on Environmental Modelling
and Software Managing Resources of a Limited Planet, Sixth Biennial Meeting, Leipzig,
Germany R. Seppelt, A.A. Voinov, S. Lange, D. Bankamp (Eds.).

[27] K. Worden, W. J. Staszewski, J. J. Hensman, Natural Computing for Mechanical Systems
Research: A Tutorial Overview. Mechanical Systems and Signal Processing, Vol. 25, issue
1, pp. 4-11, 2011.

811



I. Tartaruga, J. E. Cooper, M. H. Lowenberg, P. Sartor and Y. Lemmens

[28] J. C. Helton and F. J. Davis, Sampling-Based Methods for Uncertainty and Sensitivity
Analysis. SAND99-2240, Albuquerque, NM , Sandia National Laboratories, July, 2000.

[29] Emiliano Iuliano and Domenico Quagliarella, Evolutionary Optimization of Benchmark
Aerodynamic Cases using Physics-based Surrogate Models. 53rd AIAA Aerospace Sci-
ence Meeting, Kissimmee, Florida USA, January 5-9, 2015.

[30] S. Sarkarv, A. Dong and J. S. Gero, Design Optimization Problem Reformulation using
Singular Value Decomposition. Journal of Mechanical Design, 2009.

[31] S. McGuinness, C. G. Armstrong, A. Murphy, J. Barron and M. Hockenhull, Improving
Aircraft Stress-Loads Evaluation and Optimization Procedures. 2nd Aircraft Structural
Design Conference, London, United Kingdom, 2010.

[32] L. De Lathauwer, B. De Moor and J. Vandewalle, A multilinear singular value decompo-
sition. SIAM J.Matrix Anal. Appl., Vol. 21, n. 4, pp. 1253-1278, 2000.

[33] M. Ishteva, P. A. Absil, S. Van Huffel and L. De Lathauwer, Best low multilinear rank ap-
proximation of higher-order tensors, based on the Riemannian trust-region scheme. SIAM
J.Matrix Anal. Appl., Vol. 32, n. 1, pp. 115-135, 2011.

[34] L. Sorber, M. Van Barel and L. De Lathauwer, Tensorlab v2.0. URL
http://www.tensorlab.net/, January, 2014.

[35] I. Couckuyt, T. Dhaene and P. Demeester, ooDACE toolbox, A Matlab Kriging toolbox:
Getting started. Third edition, June, 2013.

[36] R. Joseph, Y. Hung and A. Sudjianto, Blind Kriging: A New method for Developing Sur-
rogate models. Journal of Mechanical Design, Vol. 130, issue 3, 2008.

[37] I. Couckuyt, A. Forrester, D. Gorissen, F. De Turck and T. Dhaene, Blind Kriging: Imple-
mentation and performance analysis. Advances in Engineering Software, Vol. 49, pp.1-
113, 2012.

[38] I. J. M. Besselink, Shimmy of Aircraft Main landing gears, Technische Universiteit Delft,
PhD Thesis, Department of Mechanical Engineering, 2000.

[39] J. W. L. H. Maas, A comparison of dynamic tyre models for vehicle shimmy stability anal-
ysis, Technische Universiteit Windhoven, PhD Thesis, Department of Mechanical Engi-
neering, 2009.

[40] G. Somieski, Shimmy analysis of a simple aircraft nose landing gear model using different
mathematical methods, Aerospace Science and Technology, Vol. 8, pp. 545-555, 1997.

[41] P. Thota, B. Krauskopf and M. Lowenberg, Nonlinear analysis of the influene of tire in-
flation pressure on nose landing gear shimmy, Journal of Aircraft, Vol. 47, n. 5, pp. 1697-
1706, 2010.

812



UNCECOMP 2015
1st ECCOMAS Thematic Conference on

Uncertainty Quantification in Computational Sciences and Engineering
M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.)

Crete Island, Greece, 25–27 May 2015

VARIATIONAL REFORMULATION OF BAYESIAN INVERSE
PROBLEMS

Panagiotis Tsilifis1, Ilias Bilionis2†, Ioannis Katsounaros3a,3b,3c and Nicholas Zabaras4

1Department of Mathematics, University of Southern California, Los Angeles, CA 90089-2532, USA
e-mail: tsilifis@usc.edu

2 School of Mechanical Engineering, Purdue University, 585 Purdue Mall, West Lafayette, IN
47906-2088, USA

e-mail: ibilion@purdue.edu

3aDepartment of Chemistry, University of Illinois at Urbana-Champaign, S. Mathews Ave., Urbana, IL
61801, USA

3bMaterials Science Division, Argonne National Laboratory, 9700 S. Cass Ave., Lemont, IL 60439,
USA

3cLeiden Institute of Chemistry, Leiden University, Einsteinweg 55, P.O. Box 9502, 2300 RA Leiden,
The Netherlands

e-mail: katsounaros@anl.gov

4Warwick Centre for Predictive Modelling, The University of Warwick, Coventry, CV4 7AL, UK
e-mail: nzabaras@gmail.com

Keywords: Variational inference, bayesian, fast approximation, kullback-leibler

Abstract. The classical approach to inverse problems is based on the optimization of a misfit
function. Despite its computational appeal, such an approach suffers from many shortcomings,
e.g., non-uniqueness of solutions, modeling prior knowledge, etc. The Bayesian formalism
to inverse problems avoids most of the difficulties encountered by the optimization approach,
albeit at an increased computational cost. In this work, we use information theoretic arguments
to cast the Bayesian inference problem in terms of an optimization problem. The resulting
scheme combines the theoretical soundness of fully Bayesian inference with the computational
efficiency of a simple optimization.
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1 INTRODUCTION

As we are approaching the era of exascale computing, we encounter more and more com-
plex physical models. These complex models have many unknown parameters that need to
be inferred from experimental measurements. That is, inverse problems are becoming an in-
tegral part of every scientific discipline that attempts to combine computational models with
data. These include climate modeling [4], numerical weather prediction [18, 25], subsurface
hydrology and geology [15], and many more.

It can be argued that the “right” way to pose an inverse problem is to follow the Bayesian
formalism [28, 17]. It is the “right” way because it deals with three well-known difficulties of in-
verse problems: non-uniqueness issues, modeling prior knowledge, and estimating experimen-
tal noise. The Bayesian solution of an inverse problem is summarized neatly by the posterior
probability density of the quantity of interest. In turn, the posterior can only be explored nu-
merically by Monte Carlo (MC) methods, the most successful of which is Markov Chain Monte
Carlo (MCMC) [24, 14]. Because of the need to repeatedly evaluate the underlying physical
model, MCMC is computationally impractical for all but the simplest cases. Therefore, we need
methods that approximate the posterior in a computationally efficient manner.

One way to come up with a computationally attractive approximation is to replace the phys-
ical model with a cheap-to-evaluate surrogate [20, 22]. In this way, MCMC becomes feasible
again. However, there is no free lunch: firstly, things become complicated when the surrogate is
inaccurate, and, secondly, constructing accurate surrogates is exponentially hard as the number
of parameters increase [3]. Because of these difficulties, in this work, we attempt to develop a
surrogate-free methodology.

Perhaps the simplest idea is to approximate the posterior with a delta function centered about
its maximum. The maximum of the posterior is known as the maximum a posteriori (MAP)
estimate of the parameters. The MAP approach is justified if the posterior is sharply picked
around a unique maximum. It requires the solution of an optimization problem. The objective
function of this optimization has two parts: a misfit and a regularization part that arise from
the likelihood and the prior, respectively. The MAP estimate is commonly used in numerical
weather prediction problems [25] as well as in seismic inversion [8].

The Laplace approximation represents the posterior by a Gaussian density with a mean given
by the MAP and a covariance matrix given by the negative inverse Hessian of the logarithm of
the posterior. The Laplace approximation is justified when the posterior has a unique maximum
and is shaped, more or less, like a Gaussian around it. As before, the identification of the MAP
requires the solution of an optimization problem. The required Hessian information may be
estimated numerically either by automatic differentiation methods [12] or by developing the
adjoint equations of the underlying physical model [26].

Variational inference (VI) [10, 7] is a class of techniques in Bayesian statistics targeted to-
ward the construction of approximate posteriors. One proceeds by posing a variational problem
whose solution over a family of probability densities approximates the posterior. VI techniques
have been proved quite effective for a wide class of inference problems. However, in their
archetypal form, they are not directly applicable to inverse problems. This is due to the, typi-
cally, non-analytic nature of the underlying physical models. Fortunately, the recent develop-
ments in non-parametric VI by [11] can come to rescue. This is the approach we follow in this
work. In non-parametric VI, the family of probability densities that serve as candidate posteriors
is the family of mixtures of Gaussians with a fixed number of components [23]. Since a mixture
of Gaussians with an adequate number of components can represent any probability density,
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this approximating family is sufficiently large. The approximate posterior is constructed by
minimizing the information loss between the true posterior and the approximate one over the
candidate family. This is achieved by solving a series of optimization problems [7].

The outline of the paper is as follows. We start Sec. 2 with a generic discussion of the
Bayesian formulation of inverse problems. In Sec. 2.1 we present the core ideas of VI and
in Sec. 2.2 we show how one can develop approximation schemes. We validate the proposed
methodology numerically by solving two inverse problems: the estimation of the kinetic param-
eters of a catalysis system (Sec. 3.1) and the identification of the source of contamination based
on scarce concentration measurements (Sec. 3.2). Finally, in A we provide all the technical
details that are required for the implementation of the proposed methodology.

2 METHODOLOGY

A forward model associated with a physical phenomenon can be thought of as a function
f : Rdξ → Rdy , that connects some unknown parameters ξ ∈ Rdξ to some observed quantities
y ∈ Rdy . This connection is defined indirectly via a likelihood function:

p(y|ξ,θ) = p(y|f(ξ),θ), (1)

where θ ∈ Rdθ denotes the parameters that control the measurement noise and/or the model
discrepancy. Notice how in Eq. (1) the observations, y, are explicitly connected to the param-
eters, ξ, through the model, f(ξ). A typical example of a likelihood function is the isotropic
Gaussian likelihood:

p(y|ξ, θ) = N
(
y|f(ξ), e2θI

)
, (2)

where θ is a real number, and I is the unit matrix with the same dimensions as y. The exponen-
tial of the parameter,

σ = eθ, (3)

can be thought of as the standard deviation of the measurement noise. The usual parameter-
ization of the isotropic Gaussian likelihood uses σ instead of θ. We do not follow the usual
approach because in our numerical examples, it is preferable to work with real rather than pos-
itive numbers.

Both ξ and θ are characterized by prior probability densities, p(ξ) and p(θ), respectively.
These describe our state of knowledge, prior to observing y. As soon as y is observed, our
updated state of knowledge is captured by the posterior distribution:

p(ξ,θ|y) =
p(y|ξ,θ)p(ξ)p(θ)

p(y)
, (4)

where the normalization constant p(y),

p(y) =

∫
p(y|ξ,θ)p(ξ)p(θ)dξdθ, (5)

is known as the evidence. Eq. (4) is the Bayesian solution to the inverse problem. Notice
that it is a probability density over the joint space of ξ and θ. This is to be contrasted with
the classical approaches to inverse problems whose solutions result in point estimates of the
unknown variables. The mass of this probability density corresponds to our inability to fully
resolve the values of ξ and θ due to insufficient experimental information.
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Notice that by writing ω = (ξ,θ) ∈ Rd,d = dξ + dω, p(ω) = p(ξ)p(θ), and p(y|ω) =
p(y|ξ,θ), we may simplify the notation of Eq. (4) to

p(ω|y) =
p(y|ω)p(ω)

p(y)
. (6)

This is the notation we follow through out this work. The goal of the rest of the paper is to
construct an algorithmic framework for the efficient approximation of the posterior of Eq. (6).

2.1 Variational inference

Consider a family Q of probability densities over ω. Our objective is to choose a q(ω) ∈ Q
that is as “close” as possible to the posterior p(ω|y) of Eq. (6). This “closeness” is measured
by the Kullback-Leibler (KL) divergence [21],

KL [q(ω) ‖ p(ω|y)] = Eq
[
log

q(ω)

p(ω|y)

]
, (7)

where Eq [·] denotes the expectation with respect to q(ω). Intuitively, the KL divergence can
be thought of as the information loss we experience when we approximate the posterior p(ω|y)
with the probability density q(ω). It is easy to show that

KL [q(ω) ‖ p(ω|y)] ≥ 0, (8)

and that the equality holds if and only if q(ω) = p(ω|y). Therefore, if the posterior is in Q,
then minimizing Eq. (7) over q(ω) ∈ Q will give an exact answer. For an arbitrary choice ofQ,
we postulate that minimizing Eq. (7) yields a good approximation to the posterior.

Unfortunately, calculation of Eq. (7) requires knowledge of the posterior. This means that
Eq. (7) cannot be used directly in an optimization scheme. In order to proceed, we need an
objective function that does not depend explicitly on the posterior. To this end, notice that the
evidence may be expressed as:

log p(y) = F [q] + KL [q(ω) ‖ p(ω|y)] , (9)

where

F [q] = Eq
[
log

p(y,ω)

q(ω)

]
= H [q] + Eq [log p(y,ω)] , (10)

with
p(y,ω) = p(y|ω)p(ω) (11)

being the joint probability density of y and ω, and

H[q] = −Eq [log q(ω)] (12)

being the entropy of q(ω). Since the KL divergence is non-negative (Eq. (8)), we have from
Eq. (9) that

F [q] ≤ log p(y). (13)

The functional F [q] is generally known as the evidence lower bound (ELBO).
We see, that maximizing Eq. (10) is equivalent to minimizing Eq. (7). In addition, Eq. (10)

does not depend on the posterior in an explicit manner. This brings us to the variational principle
used through out this work: The “best” approximation to the posterior of Eq. (6) over the family
of probability densities Q is the solution to the following optimization problem:

q∗(ω) = arg max
q
F [q]. (14)
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2.2 Developing approximation schemes

The main difficulty involved in the solution Eq. (14) is the evaluation of expectations over
q(ω). In principle, one can approximate these expectations via a Monte Carlo procedure and,
then, use a variant of the Robbins-Monro algorithm [27]. Such an approach yields a stochastic
optimization scheme in the spirit of [5], and [2]. Whether or not such a scheme is more efficient
than MCMC sampling of the posterior is beyond the scope of this work. Here, we follow the
approach outlined by [11]. In particular, we will derive analytical approximations of F [q] for
the special case in which Q is the family of Gaussian mixtures.

The family of Gaussian mixtures withL components is the familyQL of probability densities
of the form:

q(ω) =
L∑
i=1

wiN (ω|µi,Σi) (15)

wherewi, µi and Σi are the responsibility, mean, and covariance matrix, respectively, of the i-th
component of the mixture. The responsibilities wi are non-negative and they sum to one while
the covariance matrices Σi are positive definite. When we work withQL, the generic variational
problem of Eq. (6) is equivalent to optimization with respect to all the wi,µi and Σi. In what
follows, we replace the ELBO, F [q] of Eq. (10), with a series of analytic approximations that
exploit the properties ofQL, and, finally, we derive a three-step optimization scheme that yields
a local maximum of the approximate ELBO.

We start with an approximation to the entropy H[q] (see Eq. (12)) of a Gaussian mixture
Eq. (15). There are basically two kinds of approximations that may be derived: 1) using
Jensen’s inequality yields a lower bound toH[q] built out of convolutions of Gaussians (see [11]
and [16]), and 2) employing a Taylor expansion of log q(ω) about each µi and evaluating the
expectation over N (ω|µi,Σi) (see [16]). We have experimented with both approximations to
the entropy without observing any significant differences in the numerical results. Therefore,
we opt for the former one since it has a very simple analytical form. An application of Jensen’s
inequality followed by well-known results about the convolution of two Gaussians yields

H[q] ≥ H0[q], (16)

where

H0[q] = −
L∑
i=1

wi ln qi, (17)

with

qi =
L∑
j=1

wjN (µi|µj,Σi + Σj). (18)

The idea is to simply replace H[q] in Eq. (10) with H0[q] of Eq. (17). This results in a lower
bound to the ELBO F [q].

Now, we turn our attention to the second term of Eq. (10). For convenience, let us write it
as:

L[q] = Eq [log p(y,ω)] . (19)

Notice that L[q] may be expanded as:

L[q] =
L∑
i=1

wiEN (ω|µi,Σi) [log p(y,ω)] , (20)
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and that each expectation term can be approximated by taking the Taylor expansion of log p(y,ω)
about ω = µi:

log p(y,ω) ≈ log p(y,ω = µi) +∇ω log p(y,ω = µi) (ω − µi)
+1

2
(ω − µi)T∇2

ω log p(y,ω = µi)(ω − µi),
(21)

where ∇ω and ∇2
ω stand for the Jacobian and the Hessian with respect to ω, respectively.

Combining Eq. (20) with Eq. (21), we get the zero and second order Taylor approximation to
L[q] of Eq. (19),

L0[q] =
L∑
i=1

wi log p(y,ω = µi), (22)

and

L2[q] = L0[q] +
1

2

L∑
i=1

wi Tr
[
Σi∇2

ω log p(y,ω = µi)
]
, (23)

respectively.
Combining Eq. (17) with Eq. (22) or Eq. (23) we get an approximation to Eq. (10). In

particular, we define:
Fa[q] = H0[q] + La[q], (24)

where a = 1, or 2, selects the approximation to Eq. (19). From this point on, our goal is to
derive an algorithm that converges to a local maximum of F2[q].

Notice thatF2[q] requires the Hessian of log p(y,ω) atω = µi. Therefore, optimizing it with
respect toµi would require third derivatives of log p(y,ω). This, in turn, implies the availability
of third derivatives of the forward model f(ξ). Getting third derivatives of the forward model
is impractical in almost all cases. In contrast, optimization of F0[q] with respect to µi requires
only first derivatives of log p(y,ω), i.e., only first derivatives of the forward model f(ξ). In
many inverse problems of interest, derivatives can be obtained at a minimum cost by making
use of adjoint techniques (e.g., [9]). Therefore, optimization of F00[q] with respect to µi is
computationally feasible.

The situation for Σi is quite different. Firstly, notice that H0[q] increases logarithmically
without bounds as a function of |Σi| and that the L0[q] does not depend on Σi at all. We see that
the lowest approximation that carries information about Σi is F2[q]. Looking at Eq. (23) we
observe that this information is conveyed via the Hessian of log p(y,ω). This, in turn, requires
the Hessian of the forward model f(ξ). The latter is a non-trivial task which is, however,
feasible. In addition, notice that if Σi is restricted to be diagonal, then only the diagonal part
of the Hessian of log p(y,ω) is required, thus, significantly reducing the memory requirements.
The computation of F2[q] as well as of its gradients with respect to wi,µi, and Σi is discussed
in A.

Taking the above into account, we propose an optimization scheme that alternates between
optimizing {µi}Li=1, {Σi}Li=1, and {wi}Li=1. The algorithm is summarized in Algorithm 1. How-
ever, in order to avoid the use of third derivatives of the forward model we follow [11] in using
F0[q] as the objective function when optimizing for {µi}. Furthermore, we restrict our attention
to diagonal covariance matrices,

Σi = diag
(
σ2
i1, . . . , σ

2
id

)
, (25)
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since we do not want to deal with the issue of enforcing positive definiteness of the Σi’s during
their optimization. We use the L-BFGS-B algorithm of [6], which can perform bound con-
strained optimization. The bounds we use are problem-specific and are discussed in Sec. 3. In
all numerical examples, we use the same convergence tolerance ε = 10−2.

Algorithm 1: Variational Inference
Input : Data y, number of components L.
Initialize: wi = 1/N,Σi = I , and µi randomly, for i = 1, . . . , L.
repeat

for i = 1 to L do
{µi} ← arg max{µi}F0[q]
{wi} ← arg max{wi}F2[q]
{Σi} ← arg max{Σi=diag(σ2

i1,...,σ
2
id)} F2[q]

end
until change in F2[q] is less than a tolerance ε

3 EXAMPLES

In this section we present two numerical examples: 1) The problem of estimating rate con-
stants in a catalysis system (Sec. 3.1), and 2) the problem of identifying the source of con-
tamination in a two dimensional domain (Sec. 3.2). In both examples, we compare the ap-
proximate posterior to a MCMC [14] estimate. We used the Metropolis-Adjusted-Langevin-
Algorithm (MALA) [1], since it can use the derivatives of the forward models to accelerate
convergence. In all examples, the step size of the MALA proposal was dt = 0.1, the first 1, 000
steps were burned, and we observed the chain every 100 steps for a total of 100, 000 steps. We
implented our methodology is Python. The code is freely available at https://github.
com/ebilionis/variational-reformulation-of-inverse-problems.

3.1 Reaction kinetic model

We consider the problem of estimating kinetic parameters of multi-step chemical reactions
that involve various intermediate or final products. In particular, we study the dynamical system
that describes the catalytic conversion of nitrate (NO−3 ) to nitrogen (N2) and other by-products
by electrochemical means. The mechanism that is followed is complex and not well understood.
In this work, we use the simplified model proposed by [19], which includes the production of
nitrogen (N2), ammonia (NH3), and nitrous oxide (N2O) as final products, as well as that of
nitrite (NO−2 ) and an unknown species X as reaction intermediates (see Fig. 1).

The dynamical system associated with the reaction depicted in Fig. 1 is:

d[NO−3 ]
dt

= −k1[NO−3 ],
d[NO−2 ]

dt
= k1[NO−3 ]− (k2 + k4 + k5)[NO−2 ],

d[X]
dt

= k2[NO−2 ]− k3[X],
d[N2]
dt

= k3[X],
d[NH3]

dt
= k4[NO−2 ],

d[N2O]
dt

= k5[NO−2 ],

(26)
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Figure 1: Reaction kinetic model: Simplified reaction scheme for the reduction of nitr4ate.

where [·] denotes the concentration of a quantity, and ki > 0, i = 1, ...5 are the kinetic rate
constants. Our goal is to estimate the kinetic rate constants based on the experimental measure-
ments obtained by [19]. For completeness, these measurements are reproduced in Table 1. The
initial conditions for Eq. (26) are given by the t = 0 row of the Table 1.

t (min) [NO−3 ] [NO−2 ] [X] [N2] [NH3] [N2O]
0 500.00 0.00 - 0.00 0.00 0.00

30 250.95 107.32 - 18.51 3.33 4.98
60 123.66 132.33 - 74.85 7.34 20.14
90 84.47 98.81 - 166.19 13.14 42.10

120 30.24 38.74 - 249.78 19.54 55.98
150 27.94 10.42 - 292.32 24.07 60.65
180 13.54 6.11 - 309.50 27.26 62.54

Table 1: Reaction kinetic model: The table contains the experimental data used in the calibration process. The
rows correspond to the time of each measurement and the columns to the concentrations measured in mmol · L−1.
The “-” symbols corresponds to lack of observations. See [19] for more details on the experiment. The t = 0
row provides the initial condition to (??). The observed data vector y ∈ R30 is built by concatenating the scaled
version of the rows t = 30 to t = 180 while skipping the row corresponding to X.

In order to avoid numerical instabilities, we work with a dimensionless version of Eq. (26).
In particular, we define the scaled time:

τ =
t

180 min
, (27)

the scaled concentrations:

ui =
[Y]

500 mmol · L−1
, (28)

for i = 1, 2, 3, 4, 5, 6, 7, and Y = NO−3 ,NO−2 ,X,N2,NH3,N2O, respectively, and the scaled
kinetic rate constants:

κi = ki · 180 min, (29)
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for i = 1, . . . , 5. The dimensionless dynamical system associated with Eq. (26) is:

u̇1 = −κ1u1,
u̇2 = κ1u1 − (κ2 + κ4 + κ5)u2,
u̇3 = κ2u2 − κ3u3,
u̇4 = κ3u3,
u̇5 = κ4u2,
u̇6 = κ5u2,

(30)

where u̇ denotes the differentiation of u with respect to the scaled time τ . The initial conditions
for Eq. (30) are given by the scaled version of the t = 0 row of Table 1. We arrange the
scaled version of the experimental data of Table 1 in a vector form, y ∈ Rdy with dy = 30, by
concatenating rows t = 30, . . . , 180 of Table 1 while skipping the third column.

Table 2: Reaction kinetic model: The logarithm of the scaled kinetic rate constants, ξi (see Eq. (31), and the
logarithm of the likelihood noise, θ (see Eq. (2)) as estimated by the variational approach with L = 1 and MCMC
(MALA). The estimates correspond to the mean and the uncertainties to two times the standard deviation of each
method.

Variable VAR (L = 1) MCMC (MALA)
ξ1 1.359± 0.055 1.356± 0.072
ξ2 1.657± 0.086 1.664± 0.142
ξ3 1.347± 0.118 1.349± 0.215
ξ4 −0.162± 0.167 −0.159± 0.230
ξ5 −1.009± 0.368 −1.071± 0.513
θ −3.840± 0.204 −3.757± 0.251

Since the kinetic rate constants, κi, of the scaled dynamical system of Eq. (30) are non-
negative, it is problematic to attempt to approximate the posteriors associated with them with
mixtures of Gaussians. For this reason, we work with the logarithms of the κi’s,

ξi = log κi, (31)

for i = 1, . . . , 5. We collectively denote those variables by ξ = (ξ1, . . . , ξ5). The prior proba-
bility density we assign to ξ is:

p(ξ) =
5∏
i=1

p(ξi), (32)

with
p(ξi) = N (ξi|0, 1), (33)

for i = 1, . . . , 5.
The forward model f : R5 → R30 associated with the experimental observations y is:

f(ξ) =

 u1(t2, ξ), u2(t2, ξ), u4(t2, ξ)u5(t2, ξ), u6(t2, ξ),
. . .

u1(t7, ξ), u2(t7, ξ), u4(t7, ξ)u5(t7, ξ), u6(t7, ξ),

 , (34)

where ui(t, ξ) is the solution of Eq. (30) with the initial conditions specified by the scaled
version of the t = 0 row of Table 1, and scaled kinetic rate constants, κi, given by inverting
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Rate constant Katsounaros (2012) VAR Median VAR 95% Interval
k1 0.0216± 0.0014 0.0216 (0.0205, 0.0229)
k2 0.0292± 0.0036 0.0291 (0.0269, 0.0316)
k3 0.0219± 0.0044 0.0214 (0.0191, 0.0239)
k4 0.0021± 0.0008 0.0020 (0.0014, 0.0030)
k5 0.0048± 0.0008 0.0047 (0.0040, 0.0056)
σ Not available 0.0215 (0.0176, 0.0262)

Table 3: Reaction kinetic model: The first five rows compare the median and 95% credible intervals of the kinetic
rate constants estimated via the variational approach to those found in [19]. The units of the rates are in min−1.
The last line shows the median and 95% credible interval of the scaled measurement noise σ = eθ. This quantity
is unit-less.

Figure 2: Reaction kinetic model: Comparison of the variational posterior (VAR (L = 1)) of the scaled kinetic
rate constants κi as well as of the likelihood noise σ to the MCMC (MALA) histograms of the same quantity. The
prior probability density of each quantity is shown as a dashed green line.

Eq. (31), i.e. κi = eξi . The derivatives of f(ξ) can be solving a series of dynamical systems
forced by the solution of Eq. (30). This is discussed in A.5.
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We use the isotropic Gaussian likelihood defined in Eq. (2). It is further discussed in A.4.
The prior we assign to the parameter θ of the likelihood is:

p(θ) = N (θ| − 1, 1). (35)

Since the noise represented by θ is σ = eθ, this prior choice corresponds to a belief that the
measurement noise is around 30%.

Figure 3: Reaction kinetic model: The ‘•’, ‘O’, ‘�’, ‘�’, and ‘D’ signs indicate the scaled experimental measure-
ments for NO−3 , NO−2 , N2, N2O, and NH3, respectively. The lines and the shaded areas around them correspond
to the median and 95% credible intervals of the scaled concentration, ui, as a function of the scaled time τ . The
left plot, shows the results obtained by approximating the posterior of the parameters via the variational approach.
The right plot, shows the results obtained via MCMC (MALA).

We solve the problem using the variational approach as outlined in Algorithm 1. To approx-
imate the posterior, we only use one Gaussian, L = 1 in Eq. (15). We impose no bounds on
µ1 = µ ∈ Rd. However, we require that the diagonal elements σ2

i of the covariance matrix
Σ1 = Σ = diag (σ1, . . . , σd) are bounded below by 10−6 and above by 102.

Table 2 compares the variational estimates of the scaled kinetic rate constants, ξ (see Eq. (31)),
and the logarithm of the likelihood noise, θ (see Eq. (2)), to the MCMC (MALA) estimates. We
see that the mean of the two estimates are in close agreement, albeit the variational approach
slightly underestimates the uncertainty of its prediction. However, notice that if we order the
parameters in terms of increasing uncertainty, both methods yield the same ordering. There-
fore, even though the numerical estimates of the uncertainty differ, the relative estimates of
the uncertainty are qualitatively the same. It is worth mentioning at this point, that the varia-
tional approach uses only 37 evaluations of the forward model. This is to be contrasted with the
thousands of evaluations required so that the MCMC (MALA) estimates converge.

The variational approach with L = 1 approximates the posterior of ξ and θ with one multi-
variate Gaussian distribution with a diagonal covariance. Therefore, the distribution of each one
of the components is a Gaussian. Using Eqs. (Eq. (31)) and (Eq. (29)), it is easy to show that the
kinetic rate constant ki follows a log-normal distribution with log-scale parameter µi− log(180)
and shape parameter σi. Similarly, we can show that the noise σ = eθ follows a log-normal dis-
tribution with local-scale parameter µd and shape parameter σd. Using the percentiles of these
lognormal distributions, we compute the median and the 95% credible intervals of the kinetic
rate constants ki and the noise σ. The results are shown in the third and fourth columns of
Table 3. They are in good agreement with the results found in [19] using a MCMC strategy
(reproduced in the second column of the same Table 3). An element of our analysis not found
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in [19] is the estimation of the measurement noise. Since σ measures the noise of the scaled
version of the data y, we see (last line of Table 3) that the measurement noise is estimated to be
around 2.15%.

In Fig. 2, we compare the variational posterior (VAR (L = 1)) of the scaled kinetic rate
constants, κi, as well as of the noise of the likelihood, σ, to histograms of the same quantities
obtained via MCMC (MALA). Once again, we confirm the excellent agreement between the
two methods. In the same figure, we also plot the prior probability density we assigned to
each parameter. The prior probability of σ is practically invisible, because it picks at about
σ = 0.30. Given the big disparity between prior and posterior distributions, we see that the
result is relatively insensitive to the priors we assign. If, in addition, we take into account that
the measurement noise is estimated to be quite small, we conclude that Eq. (26) does a very
good job of explaining the experimental observations.

Fig. 3 shows the uncertainty in the scaled concentrations, ui, as a function of scaled time,
τ , obtained by approximating the posterior of the parameters and compares them with the vari-
ational approach (left), to the MCMC (MALA) estimate. Again, we notice that the two plots
are in very good agreement, albeit the variational approach seems to slightly underestimate the
uncertainty.

3.2 Contaminant source identification

We now apply our methodology to a synthetic example of contaminant source identification.
We are assuming that we have experimental measurements of contaminant concentrations at
specific locations, and we are interested in estimating the location of the contamination source.

Figure 4: Contaminant source identification, first case: Comparison of the variational posterior (VAR (L = 1))
of the source location ξ = (ξ1, ξ2) as well as of the likelihood noise σ to the MCMC (MALA) histograms of the
same quantities. The true value of each quantity is marked by a vertical, green, dashed line.
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The concentration of the contaminant obeys the two-dimensional transport model described
by a diffusion equation

∂u

∂t
= ∇2u+ g(t,x, ξ), x ∈ B, (36)

where B = [0, 1]2 is the spatial domain and g(t,x, ξ) is the source term. The source term is
assumed to have a Gaussian:

g(t, s; xs) = g0e
− |x−ξ|2

2ρ2 1[0,Ts](t), (37)

where g0 = 1
πρ

is the strength of the contamination, ρ = 0.05 is its spreadwidth, Ts = 0.3 is the
shutoff time parameter, and ξ is the source center. Therefore, ξ is the only parameter that needs
to be identified experimentally. We impose homogeneous Neumann boundary conditions

∇u · n = 0, x ∈ ∂B (38)

and zero initial condition

u(0,x, ξ) = 0. (39)

Figure 5: Contaminant source identification, second case: Comparison of the variational posterior (VAR (L = 1))
of the source location ξ = (ξ1, ξ2) as well as of the likelihood noise σ to the MCMC (MALA) histograms of the
same quantities. The true value of each quantity is marked by a vertical, green, dashed line.

We consider two different scenarios. In the first one, measurements of u(t,x, ξ) take place
on the four corners of B. On the second one, measurements of u(t,x, ξ) take place on the mid-
dle points of the upper and lower boundaries of B. The former results in a unimodal posterior
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for ξ and can be approximated with just one Gaussian. The latter results in a bimodal posterior
for ξ and requires a mixture of two Gaussians. Eq. (36) is solved via a finite volume scheme im-
plemented using the Python package Fipy[13]. The required gradients of the solution u(t,x, ξ)
are obtained by solving a series of PDE’s similar to Eq. (36) but with different source terms
(see A.6). In both scenarios, we generate synthetic observations, y, by solving Eq. (36) on a
110 × 110 grid, source ξ∗ = (0.09, 0.23), and adding Gaussian noise with standard deviation
σ∗ = 0.05. For the forward evaluations needed during the calibration process we use a 25× 25
grid and we denote the corresponding solution by ũ(t, s; ξ). The prior we use for ξ is uniform,

p(ξ) ∝ 1B(ξ), (40)

the likelihood is given by Eq. (2), and the log-noise parameter θ of the likelihood has the same
prior as the previous example (see Eq. (35)).

First case: Observations at the four corners The synthetic data, y ∈ R16 (4 sensors × 4
measurements) are generated by sampling the 110 × 110 solution, u(t,x) := u(t,x, ξ∗) at the
four corners of B, and by adding Gaussian noise with σ∗ = 0.05:

y =

 u(t1, (0, 0)), u(t1, (1, 0)), u(t1, (0, 1)), u(t1, (1, 1)),
...

u(t4, (0, 0)), u(t4, (1, 0)), u(t4, (0, 1)), u(t4, (1, 1))


+ noise.

(41)

The corresponding forward model generated by the 25× 25 solution, ũ(t,x, ξ), is given by:

f(ξ) =

 ũ(t1, (0, 0), ξ), ũ(t1, (1, 0), ξ), ũ(t1, (0, 1), ξ), ũ(t1, (1, 1), ξ),
...

ũ(t4, (0, 0), ξ), ũ(t4, (1, 0), ξ), ũ(t4, (0, 1); ξ), ũ(t4, (1, 1), ξ)

 . (42)

Fig. 4 compares the posteriors obtained via the variational approach with L = 1 Gaussian in
Eq. (15) to those obtained via MCMC (MALA). The true value of each parameter is indicated
by a vertical, green, dashed line. It is worth noting at this point, that the variational approach
required 48 forward model evaluations as opposed to thousands required by MCMC (MALA).
In real time, the variational approach took about 15 minutes on a single computational node,
while the MCMC (MALA) required 3 days on the same node. Notice that the posterior cannot
identify the true source exactly. This is due to the 5% noise that we have added in the synthetic
data. The result of such noise is always to broaden the posterior. We see that the variational
approach does a good job in identifying an approximate location for the source ξ as well as
estimating the noise level σ. However, we notice once again that it underestimates the true
uncertainty.

Second case: Observations at the middle point of the upper and lower boundaries The
synthetic data, y ∈ R8 (2 sensors × 4 measurements) are generated by sampling the 110× 110
solution, u(t,x) := u(t,x, ξ∗) at the upper and lower boundaries of B, and by adding Gaussian
noise with σ∗ = 0.05:

y =

 u(t1, (0.5, 0)), u(t1, (0.5, 1)),
...

u(t4, (0.5, 0)), u(t4, (0.5, 1))


+ noise.

(43)
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The corresponding forward model generated by the 25× 25 solution, ũ(t,x, ξ), is given by:

f(ξ) =

 ũ(t1, (0.5, 0), ξ), ũ(t1, (0.5, 1), ξ),
...

ũ(t4, (0.5, 0), ξ), ũ(t4, (0.5, 1), ξ)

 . (44)

Fig. 5 compares the posteriors obtained via the variational approach with L = 2 Gaussians in
Eq. (15) to those obtained via MCMC (MALA). The true value of each parameter is indicated
by a vertical, green, dashed line. It is worth noting at this point, that the variational approach
required only 62 forward model evaluations. Using symmetry arguments, it is easy to show that
data generated by solving Eq. (36) with a source located at (ξ1, ξ2) look identical to the data
that can be generated from a source located at (1− ξ1, ξ2). As a result, the posterior distribution
is bimodal. Therefore, we expect common MCMC methodologies to have a hard time dealing
with this problem. The reason is that once the MCMC chain visits one of the modes, it is very
unlikely that it will ever leave it to visit the other mode. In reality, it is impossible to visit
the other mode unless a direct jump is proposed. The reason our MCMC (MALA) scheme
works is because we have handpicked a proposal step that does allow for occasional jumps
from one mode to the other. On the other hand, we see that the variational approach with L = 2
Gaussians in Eq. (15) can easily deal with bimodal (or multimodal) posteriors. However, there
are a few details that need to be mentioned here. Firstly, one needs to use an L greater than
or equal to the true number of modes of the posterior. Since, the latter is unknown, a little bit
of experimentation would be required in a real problem. Secondly, even if the true L is used,
Algorithm 1 might still find fewer modes than the true number. For example, in our numerical
experiments we have noticed that if µ1 and µ2 of Eq. (15) with L = 2 are initially very close
together, they are both attracted by the same mode. We believe that this is an artifact introduced
by the Taylor approximation to the joint probability function L[q] (see Eq. (22) and Eq. (23)),
and, in particular, of its local nature. In our example, a few random initializations of the µi’s
are enough to guarantee the identification of both posterior modes.

4 CONCLUSIONS

We presented a novel approach to inverse problems that provides an optimization perspec-
tive to the Bayesian point of view. In particular, we used information theoretic arguments to
derive an optimization problem that targets the estimation of the posterior within the the class
of mixtures of Gaussians. The scheme proceeds by postulating that the “best” approximate pos-
terior is the one that exhibits the minimum information loss (relative entropy) within the class
of candidate posteriors. We showed how the minimization of the information loss is equivalent
to the maximization of a lower bound to the evidence (normalization constant of the posterior).
Since the derived lower bound was a computationally intractable quantity, we derived a crude
approximation to it that requires the gradients of the forward model with respect to the input
variables that we want to infer.

We demonstrated the efficacy of our method to solve inverse problems with just a few for-
ward model evaluations in two numerical examples: 1) the estimation of the kinetic rate con-
stants in a catalysis system, and 2) the identification of the contamination source in a simple
diffusion problem. The performance of the scheme was compared to that of a state of the art
MCMC technique (MALA) and was found to be satisfactory, albeit slightly underestimating
the uncertainty. The scheme was able to solve both inverse problems with a fraction of the
computational cost. In particular, our approach required around 50 forward model evaluations
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as opposed to the tens of thousands that are required by MCMC.
The variational approach seems to open up completely new ways of solving stochastic in-

verse problems. The scope of the approach is much wider than the particular techniques used
in this paper. Just as a indication, the following are some of the research directions that we plan
to pursue in the near future: 1) Derive alternative -more accurate- approximations to the lower
bound of the evidence; 2) Experiment with dimensionality reduction ideas that would allow
us to carry out the variational optimization in high-dimensional problems; 3) Derive stochastic
algorithms for maximizing the lower bound without invoking any approximations. We believe
that the variational approach has the potential of making stochastic inverse problems solvable
with only a moderate increase in the computational cost as compared to classical approaches.
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A COMPUTATION OF Fa[q] AND ITS GRADIENT

Algorithm 1 requires the evaluation of the gradient of the approximate ELBO of Eq. (24)
with respect to all the parameters of the Gaussian mixture q(ω) of Eq. (15). That is, we must
be able to evaluate

Fa[q] = H0[q] + La[q], (45)
∂

∂β
Fa[q] =

∂

∂β
H0[q] +

∂

∂β
La[q], (46)

for β = wi, µij = (µi)j , Σijk = (Σi)jk for i = 1, . . . , L, and j, k = 1, . . . , d and a = 0, 2.

A.1 Computation ofH0[q] and its gradient

The computations relative toH0[q] are:

H0[q] = −
L∑
i=1

wi log(qi), (47)

∂

∂wi
H0[q] = − log(qi)−

L∑
r=1

wrNri

qr
, (48)

∂

∂µij
H0[q] = −wi

L∑
r=1

wrNriArij

(
1

qi
+

1

qr

)
, (49)

∂

∂Σijk

H0[q] =
1

2
wi

L∑
r=1

wrNriBrijk

(
1

qi
+

1

qr

)
, (50)
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where, in order to simplify the notation, we have used the following intermediate quantities:

Nri = N (µr|µi,Σr + Σi) , (51)

qi =
L∑
r=1

wrNri, (52)

Arij =
d∑
s=1

(Σr + Σi)
−1
js (µrs − µis) , (53)

Brijk = (Σr + Σi)
−1
jk + ArijArik. (54)

A.2 Computation of La[q] and its gradients

The computations relative to the La[q] part are:

L0[q] =
L∑
i=1

wiCi, (55)

∂

∂wi
L0[q] = Ci, (56)

∂

∂µij
L0[q] = Dij, (57)

∂

∂Σijk

L0[q] = 0, (58)

L2[q] = L0[q] +
1

2

L∑
i=1

wi

d∑
j,k=1

ΣijkEijk, (59)

∂

∂wi
L2[q] =

∂

∂wi
L0[q] +

1

2

d∑
j,k=1

ΣijkEijk, (60)

∂

∂Σijk

L2[q] =
∂

∂Σijk

L0[q] +
1

2
wiEijk, (61)

where, in order to simplify the notation, we have used the following intermediate quantities:

J(ω) = log p(y,ω) = log p(y|ω) + log p(ω), (62)
Ci = J(µi), (63)

Dij =
∂

∂ωj
J(µi), (64)

Eijk =
∂2

∂ωjωk
J(µi). (65)

We do not provide the derivatives of L2[q] with respect to µijk because they are not needed
in Algorithm 1. The joint probability function J(ω) of Eq. (62) depends on the details of the
likelihood, the prior, and the underlying forward model. We discuss the computation of Eq. (62),
Eq. (64) , and Eq. (65) in A.3.

A.3 Computing the derivatives of J(ω)

In this section, we show how the gradient of the forward model appears through the differ-
entiation of the joint probability density J(ω) of Eq. (62). Recall (see beginning of Sec. 2) that
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ω = (ξ,θ), where ξ are the parameters of the forward model f(ξ) ∈ Rm, and θ the parameters
of the likelihood function of Eq. (1). Therefore, let us write:

J(ω) = J(ξ,θ) = L(y, f(ξ),θ) + Pξ(ξ) + Pθ(θ), (66)
L(y, f(ξ),θ) = log p(y|f(ξ),θ), (67)

Pξ(ξ) = log p(ξ), (68)
Pθ(θ) = log p(θ). (69)

Using the chain rule, we have:

∂J

∂ξj
=

dy∑
s=1

∂L

∂fs

∂fs
∂ξj

+
∂Pξ
∂ξj

, (70)

∂J

∂θj
=

∂L

∂θj
+
∂Pθ
∂θj

, (71)

∂2J

∂ξj∂ξj
=

dy∑
s,r=1

∂2L

∂fr∂fs

∂fr
∂ξk

∂fs
∂ξj

+

dy∑
s=1

∂L

∂fs

∂2fs
∂ξj∂ξk

+
∂2Pξ
∂ξj∂ξk

, (72)

∂2J

∂θi∂θj
=

∂2L

∂θi∂θj
+

∂2Pξ
∂θi∂θj

, (73)

∂2J

∂ξj∂θk
=

dy∑
s=1

∂2L

∂θk∂fs

∂fs
∂ξj

. (74)

Therefore, the Jacobian and the Hessian of the forward model are required. However, as is
obvious by close inspection of Eqs. (Eq. (59)), (Eq. (60)), and (Eq. (61)), if the covariance
matrices of the mixture q(ω) of Eq. (15) are diagonal, then only the diagonal elements of the
Hessian of the forward model are essential. This is the approach we follow in our numerical
examples.

A.4 Isotropic Gaussian likelihood

In both our numerical examples, we use the isotropic Gaussian likelihood defined in Eq. (2).
Its logarithm is:

L(y, f(ξ), θ) = logN
(
y|f(ξ), e2θI

)
. (75)

The required gradients are:

∂L

∂fr
= e−2θ (yr − fr(ξ)) ,

∂L

∂θ
= e−θ

(
‖ y − f(ξ) ‖22 e−2θ − dξ

)
,

∂2L

∂θ2
= e−θ

(
dξ − 3 ‖ y − f(ξ) ‖22 e−2θ

)
,

∂2L

∂fr∂fs
= −e−2θ,

∂2L

∂θ∂fr
= −2e−3θ (yr − fr(ξ)) .
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A.5 Derivatives of a dynamical system

Assume that u(t, ξ) ∈ Rdu is the solution of the following initial value problem:

u̇ = g(u, t, ξ),
u(0) = u0(ξ),

(76)

where ξ ∈ Rdξ are parameters. Using the chain rule, one can show that the derivatives of u(t, ξ)
with respect to ξ, vij = ∂ui

∂ξj
, satisfy the following initial value problem:

v̇ij =
∑du

r=1
∂gi
∂ur
vrj + ∂gi

∂ξj
,

vij(0) = ∂u0
∂ξj
.

(77)

The second derivatives wijk = ∂2ui
∂ξj∂ξk

, satisfy the following initial value problem:

ẇijk =
∑du

r=1
∂gi
∂ur
wrjk +

∑du
r,s=1

∂2g
∂ur∂us

vrjvsk + ∂2gi
∂ξj∂ξk

,

wijk(0) = ∂2u0
∂ξj∂ξk

.
(78)

The numerical strategy for solving these systems is quite simple. First, we solve Eq. (76)
using an explicit runge-kutta method of order (4)5. Then, we use the solution as forcing in
Eq. (77) to find the gradient. Finally, both the solution and the gradient are used as forcing in
Eq. (78).

A.6 Derivatives of the diffusion equation

Let u(t, s, ξ) ∈ Rdu be the solution of the partial differential equation Eq. (36). The deriva-
tives vi = ∂u

∂ξi
satisfy the partial differential equation

∂vi
∂t

= ∇2vi +
∂g(t,x, ξ)

∂ξi
. (79)

Similarly the second derivatives wij = ∂2u
∂ξi∂ξj

satisfy

∂wij
∂t

= ∇2wij +
∂2g(t,x, ξ)

∂ξi∂ξj
. (80)

Equations (36), (79), and (80) are solved numerically using the same space- and time-discretization
and the finite volume solver provided by FiPy [13]. The only thing that changes is the source
term.
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Abstract. The performance and reliability of engineering structures under extreme disastrous 
dynamic excitations (e.g. earthquakes) is of great concern due to the strong nonlinear 
mechanical behaviors as well as the uncertainty involved in both structural properties and 
external excitations. Great efforts have been devoted into this field in the past over half a 
century, yielding a variety of approaches, e.g, the Monte Carlo simulation and the 
improvements, the perturbation method and the orthogonal polynomials expansion method, 
ect. However, it remains to be a great challenge to obtain the probabilistic information of the 
stochastic seismic responses of nonlinear engineering structures. The development of 
probability density evolution method (PDEM) based on the principle of preservation of 
probability provides a new approach to this problem. In the present paper, a new generalized 
F-discrepancy (GF-discrepancy) is adopted in the strategy of selection of representative 
points so that the efficiency and accuracy of PDEM could be improved and guaranteed. Then 
the stochastic seismic response of a nonlinear frame-shear structure with random parameters 
is analyzed, and the reliabilities under different threshold levels are estimated. Problems to 
be further studied are outlined.
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1. INTRODUCTION
Due to the randomness of the time and magnitude of earthquakes, it is possible for 

all the practical engineering structures to enter the phase of exhibiting nonlinear 
behaviors [1, 2]. Therefore, it is of great importance to take into account the coupling 
of nonlinearity and randomness in assessing the performance and reliability of a 
practical structure rationally. In the past few decades, though the stochastic dynamics 
of structures, including the random vibration and the stochastic structural analysis, 
was extensively investigated, yielding a variety of approaches such as the Monte 
Carlo simulation (MCS) [3], the random perturbation method [4, 5], and the 
orthogonal polynomials expansion [6, 7], ect., great challenges are still encountered in 
the stochastic dynamical analysis of nonlinear structures of practical engineering 
interest [8]. Moreover, these methods are mainly aimed at obtaining the first second 
order statistics of structural responses rather than higher order statistics or probability 
density functions, which are of crucial importance in the reliability evaluation of 
nonlinear structures [9, 10]. From the perspective of physical stochastic systems, a 
family of probability density evolution method (PDEM), which is capable of 
capturing the instantaneous probability density functions of stochastic responses of 
nonlinear structures, has been developed by Li and Chen in the past decade [11]. 
Based on the random event description of principle of preservation of probability, a 
generalized density evolution equation (GDEE), of which the dimension is free from 
the dimension of the original dynamical system, is derived and solved by 
incorporating the embedded physical equations [12].  

Two possible paths, i.e., the ensemble evolution path and the point evolution path, 
could be employed in the numerical solution of PDEM [12]. In the point evolution 
based approach, a smart selection of representative points is of paramount importance. 
Great endeavors have been devoted into the optimal selection of representative point 
set [13, 14]. In the present paper, the generalized F-discrepancy (GF-discrepancy) is 
employed in the determination of representative points. A numerical example of a 
nonlinear frame-shear structure is presented. The stochastic seismic responses and the 
corresponding probabilistic information, including probability density functions, are 
obtained and analyzed. Then the evaluation of reliabilities under different threshold 
levels are carried out so that the accuracy and efficiency of PDEM could be verified. 
Problems to be further studied are discussed.   

2. FUNDAMENTALS OF PROBABILITY DENSITY EVOLUTION
METHOD (PDEM)

Without loss of generality, the equation of motion of a multi-degree-of-freedom 
(MDOF) structure reads 

       , ,t  M Θ X C Θ X f Θ X ΓG Θ  (1) 

where M  and C  are the n by n mass and damping matrices, respectively; f  is the 
n by 1 linear or nonlinear restoring force vector; X , X  and X  are the n by 1 
displacement, velocity and acceleration vectors, respectively; Γ  is the n by r loading 
influence matrix and G  is the r by 1 random loading vector; Θ  denotes the 
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s-dimensional basic random vector with known joint PDF ( )p qQ  containing all the 

basic random variables involved both in structural parameters and earthquake 
excitations. 

For a well-posed dynamical system, the solution of Eq. (1) exists as the function of 
Θ , and must be unique. However, in order to assess the performance and the 
reliability of a practical structure under disastrous external excitations, some other 
physical quantities such as the internal forces (e.g., moments, axial forces and 
shearing forces) at crucial sections, the stress or the strain at key points and so on, are 
of engineering interest. According to the geometric consistency rules and the 
constitutive laws, these quantities can be obtained once the displacement and the 
velocity are known. Therefore, the other physical quantities of the system, which are 
denoted by     1 2Z ( ), Z ( ), , Zmt t t tZ  , must be the function of Θ . Undoubtedly, 

the derivative of ( )tZ , i.e. the generalized velocity, is also a function of Θ . 
Therefore, it is reasonable to assume that 

 , t ZZ H Θ    (2) 

 ( ) ,t t ZZ h Θ (3) 

where  ,1 ,2 ,H ,H , , H mZ Z Z ZH  ,  ,1 ,2 ,, , , mh h hZ Z Z Zh   and m is the number of 

quantities of interest. 
  According to the random event description of the principle of preservation of 
probability [15], we have 

( , , ) 0
t

d
p t d d

dt  
 ZΘ z θ z θ   (3) 

where ( , , )p tZΘ z θ  is the joint PDF of ( ( ), )tZ Θ ,   is any arbitrary sub-domain 
belongs to Θ , the distribution domain of the random vector, i.e., the support of the 

joint PDF ( )p qQ , t  is the subdomain at time t corresponding to an any arbitrary 

subdomain 
0

W  at the initial time belongs to the distribution domain of ( )tZ .  

After some mathematical manipulations, we can finally have a multi-dimensional 
integrodifferential equation 

   
1

, , , ,
( , ) 0

m

i
i i

p t p t
Z t d

t z 

  
    
 ZΘ ZΘz θ z θ

θ θ (3) 

Mathematically equivalently, we have the following partial differential equation 
[12, 15], which governs the evolution of the joint PDF ( , , )p tZΘ z θ  

   
1

, , , ,
( , ) 0

m

i
i i

p t p t
Z t

t z

 
 

 ZΘ ZΘz θ z θ
θ   (4) 

  Apparently, in the case of 1m  , Eq. (4) reduces to a one-dimensional partial 
differential equation, i.e. 

( , , ) ( , , )
( , ) 0Z Zp z t p z t

Z t
t z

 
 

 
Θ Θθ θ

θ (5) 

Eqs. (4) and (5) are the so-called generalized density evolution equations (GDEEs)
[12, 15] and the corresponding initial condition of Eq.(5) could be  
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0
Z 0( , , ) ( z ) ( )

t t
p z t z p


 Θ Θθ θ   (6) 

where 0z  is the deterministic initial value and     is Dirac’s delta function. 

  By solving Eq.(5), the instantaneous PDF of ( )Z t  could be obtained by  

 Z Z( , ) ( , , )p z t p z t d


 
Θ

Θ θ θ   (7) 

in which  Z ,p z t  denotes the PDF of ( )Z t .  

It is also noted that Eq.(3) holds for any arbitrary subdomain  . If we partition 

the domain Θ  into exclusive subdomains 1 2, , , ,
q
q nW =  , i.e., 

1

n

qq=
W = W Q , and 

,
r q

r qW W = Æ " ¹ , then Eq.(3) becomes 

 ,

1

( , ) ( , )
0

m
q q i

i i

p t J t

t z

 
 

 
z z

  (7) 

where  , ( , ) ( , ) , ,
q

q i iJ t Z t p t d


  ZΘz θ z θ θ  is the sub-flux of probability in the i-th 

direction, and  ( , ) , ,
q

qp t p t d


  ZΘz z θ θ . Clearly, Eq.(7) is also a conservative type 

equation, which is in turn the embodiment of the principle of preservation of 

probability. In this form, Eq.(7) becomes 
1

( , ) ( , )
n

q
q

p t p t


 Z z z . It is noted that Eq.(7) is 

a form of ensemble evolution type equation. 
  It should be emphasized that, even for a multi-dimensional problem, a 
one-dimensional differential equation could be derived and solved in PDEM. 
Therefore, the PDEM provides a feasible way to implement stochastic dynamical 
analysis of generic MDOF systems, which remains to be a great challenge for the 
classical equations (e.g. the Liouville equation, the FPK equation and the 
Dostupove-Pugachev equation) [16]. 

3. THE GENERALIZED F-DISCREPANCY (GF-DISCREPANCY) 

The direct solution based on the ensemble evolution type equation (7) is still to be 
developed. However, some advances have been made based on this thought. For 
instance, the FPK equation could be reduced to a lower-dimensional partial 
differential equation [17]. 

On the other hand, Eq. (7) could be reduced to a set of point evolution based 
equations 

 
( , , ) ( , , )

( , ) 0Z q Z q
q

p z t p z t
Z t

t z

 
 

 
θ θ

θ  , 1,2, ,q n    (7) 

where the representative points 1, 2, ,{ ( , , , ) | 1,2, , }n q q q s q q q n     θ    are 

selected and the corresponding assigned probabilities are calculated as the following 
equation [12, 18] so that the probabilistic information of the subdomain q  could be 

represented by qθ , i.e. 

  
q

qP p d


  Θ θ θ   (8) 

( , t)qZ θ  in Eq.(7) could be obtained by solving Eqs. (1) and (2). 
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By adopting appropriate finite difference scheme (e.g. Lax-Wendroff scheme or 
TVD scheme), Eqs. (7)错误 !未找到引用源。  could be solved and then the 
instantaneous PDF of ( )Z t  could be evaluated as 

1
( , ) ( , , )

n

Z Z qq
p z t p z t


  Θ θ (9) 

It is obvious that a smart selection of representative points is of paramount 
importance to achieve the tradeoffs between the accuracy and efficiency of the 
numerical solution of PDEM. In the present paper, the generalized F-discrepancy is 
adopted in the strategy of selecting representative points. The GF-discrepancy is 
defined as [14]  

 ,
1

( ) max sup ( ) ( )GF n n i i
i m

D F F


 
   

  (10) 

in which ( )iF   is the cumulative distribution function (CDF) of the i-th dimension 

and , ( )n iF   is the corresponding empirical CDF evaluated as 

 , ,1
{ }

n

n i q i qq
F P I  


     (11) 

where ,i q denotes the coordinate of qθ  along the i-th dimension, qP  is the 

assigned probability defined in Eq. (8) and {}I   is the indicator function. 
  It has been verified that the representative point set with smaller GF-discrepancy 
could guarantee a more accurate and efficient solution of PDEM [14, 19]. Therefore, 
minimizing the GF-discrepancy of representative points could be employed as the 
criterion of selecting representative points.  

4. NUMERICAL EXAMPLE

Consider a 30-story frame-shear structure subjected to scaled El-Centro (N-S) 
earthquake acceleration. The mean values of masses from bottom to top are 3.3, 3.3, 
3.0, 3.0, 3.0, 3.0, 3.0, 2.8, 2.8, 2.8, 2.8, 2.8, 2.6, 2.6, 2.6, 2.6, 2.6, 2.4, 2.4, 2.4, 2.4, 2.4, 
2.2, 2.2, 2.2, 2.2, 2.2, 2.0, 2.0, and 2.0 (×105 kg), respectively. The initial lateral 
inter-story stiffness from bottom to top are 4.0, 4.0, 3.8, 3.8, 3.8, 3.8, 3.8, 3.6, 3.6, 3.6, 
3.6, 3.6, 3.4, 3.4, 3.4, 3.4, 3.4, 3.2, 3.2, 3.2, 3.2, 3.2, 3.0, 3.0, 3.0, 3.0, 3.0, 2.8, and 2.8 
(×105 kN/m) in turn. The masses are lognormally distributed and the inter-story 
stiffness follows the Weibull distributions. Therefore, there are 60 random variables 
involved in the system. The coefficients of variation of all the random variables are 
0.2. The Rayleigh damping is adopted such that a b C M K , where C, M and K are 
the damping, mass and stiffness matrices, respectively, and a = 0.160 s-1, b = 0.012s. 
To capture the nonlinearity of the inter-story restoring force, the extended Bouc-Wen 
model is adopted [20]. All the thirteen parameters involved are α = 0.04, A = 1.0, n = 
1.0, q = 0.3, p = 10, λ = 0.5, ϕ = 0.05, ζ = 0.1, dϕ = 5.0, dv = 1.0, dη = 1.0, β = 30, and γ 
= 250, respectively. Attention is focused on the inter-story drift of first floor. A 
typical hysteretic curve of the first floor is shown in Figure 1. Clearly, strong 
nonlinearity is involved. 

By the point rearrangement strategy based on reducing GF-discrepancy, 512 
representative points are selected and PDEM is implemented to obtain the mean and 
standard deviation of nonlinear seismic responses. Monte Carlo simulation (MCS) 
with 100 000 pseudo random points are carried out to verify the accuracy of PDEM. 
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Figure 2 shows that the mean value and standard deviation of the first inter-story drift 
obtained by PDEM are almost identical to those obtained by MCS. 

  
Figure 1: Typical hysteretic curve           Figure 2: The mean and standard deviation  

  In order to verify the feasibility of minimizing GF-discrepancy as the criterion of 
selecting representative points, 10 times of MCS with 512 pseudo random points 
without GF-discrepancy-based optimization are carried out. The relative errors 
defined as the following equations are employed to exam the accuracy of PDEM with 
512 representative points 

 
2

1 0 2

0 2

e 

 



 , 
2

1 0 2

0 2

e

 



   (12) 

where 0  and 0  denote the mean and standard deviation obtained by MCS 

(100000 points), respectively; 1  and 0  denote those results obtained by PDEM 

(512 representative points) or those obtained by MCS (10 times of 512 points); 2|| ||  

and || ||  denote 2- and infinite-norm, respectively. Table 1 shows the mean value, 

standard deviation, coefficient of variation and minimum value of the relative errors 
of PDEM and MCS (10 times of 512 points). 

 2
  

2
  


 


 GFD  

PDEM (512 representative points) 0.0074 0.0252 0.0065 0.0416 0.0102

MCS 
(512 points) 

mean error 0.0487 0.1653 0.0339 0.2007 0.1356
Std.D error 0.0138 0.0552 0.0085 0.0768 0.0195

C.O.V 0.2828 0.3160 0.2521 0.3827 0.1439
Minimum error 0.0255 0.0838 0.0183 0.0865 0.1155

Table 1: Comparison between PDEM and MCS (512) 

  It is shown in Table 1 that the representative point sets with GF-discrepancy-based 
optimization guarantee much more accurate results than those without 
GF-discrepancy-based optimization. Moreover, PDEM is capable of capturing any 
instantaneous PDF of nonlinear seismic response. Figure 3 shows 3 PDFs at 3 typical 
time instants and a remarkable evolution characteristic of PDF could be observed (e.g., 
there are three peaks at 8.77 second from single peak at 7.85 second, and then it turns 
out to be two peaks at 12.78 second). Figure 4 shows the corresponding CDFs at the 3 
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typical time instants. It is obvious that the results of PDEM is in great accordance 
with those of MCS (100 000 points). 

Figure 3: PDFs at three typical time instants Figure 4: CDFs at three typical time instants 

  Figure 5(a) shows the evolution of PDF of the inter-story drift of first floor in a 
typical time interval. It could be observed that the evolution of PDF of nonlinear 
seismic responses is complicated and ever-changing. Thus the full access to the 
complete probabilistic information of nonlinear seismic responses, rather than the 
seconder order statistics obtained by the MCS, random perturbation method or the 
orthogonal polynomials expansion, is of critical importance in the assessment of 
safety and reliability of a practical engineering structure subjected to earthquake 
acceleration. In addition to capturing the evolution of PDF, PDEM is capable of 
evaluating the reliability of a structure under different threshold levels for nonlinear 
seismic responses. Based on the idea of equivalent extreme-value event and the 
extreme value distribution (EVD) [21, 22], CDF of the extreme value of inter-story 
drift of first floor, as shown in Figure 5(b), is obtained by the PDEM. It is shown in 
Figure 5(b) that the CDF of extreme value obtained by PDEM accords with that 
obtained by MCS (100000 points) very well. According to the CDF of extreme value 
shown in Figure 5(b), the failure probability of first floor with respect to inter-story 
drift could be estimated and the comparison of results between PDEM (512 points) 
and MCS (100000 points) is presented in Table 2.  

(a)                                          (b)  
Figure 5: Analysis of probabilistic evolution and extreme value of nonlinear seismic response 

(a. Evolution of PDF of inter-story drift of first floor in a typical time interval; b. CDF of extreme value 
of inter-story drift of first floor) 
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Threshold level -0.08 -0.10 -0.12 -0.14 -0.16 
3( 10 )fP   MCS 36.04 12.23 4.54 1.71 0.59 

PDEM 36.91 15.71 4.82 1.74 0.11 

Table 2: Failure probability of first floor with respect to the inter-story drift  
under different threshold levels 

  The results presented in Table 2 demonstrate that PDEM guarantees enough 
accuracy when the failure probability is in the order of magnitude of 31.0 10 . More 
should be done if the probability of failure is much smaller to improve the accuracy. 

5. CONCLUSION 

In order to implement the assessment of the performance and reliability of a 
nonlinear structure under earthquake acceleration rationally, in which the coupling of 
nonlinearity and randomness is always involved, it is of great importance to obtain the 
complete probabilistic information of the stochastic seismic response of the nonlinear 
structure. The results of a numerical example of a nonlinear frame-shear structure 
demonstrate that PDEM is capable of capturing the instantaneous PDF of nonlinear 
seismic responses as well as the ever-changing evolution of PDF. By minimizing the 
GF-discrepancy in the selection of representative points, PDEM is able to achieve the 
tradeoffs between the accuracy and efficiency of the probability density evolution 
analysis as well as the evaluation of reliability of a structure under earthquake 
acceleration. Thus it is verified that GF-discrepancy could be employed in the strategy 
of selection of representative points. However, a better GF-discrepancy-based strategy 
of point selection is still to be explored when the probability of failure is extremely 
small. 
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Abstract. Heterogeneous data are often used to calibrate the parameters of Molecular Dy-
namics (MD) simulations. The inference of the MD model parameters from such data may lead
however to significant inconsistencies. We propose a hierarchical Bayesian framework to sys-
tematically integrate heterogeneous data in MD simulations and demonstrate our approach in
simulations of liquid water. The MD parameters are calibrated with a set of experimental data
for diffusivity, radial distribution function and density of water. Furthermore, we tackle the high
computational demands associated with hierarchical Bayesian models by combining a surro-
gate model based on the Empirical Interpolation Method with a parallelized sampling-based
estimation scheme. We discuss extensions of this approach to the calibration of MD simulations
of other systems using heterogeneous experimental data.
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1 INTRODUCTION

Atomistic simulations provide an effective way of studying material properties. Recent ad-
vances in high performance computing made large-scale molecular dynamics (MD) simulations
a routinely used design tool for materials sciences [15]. The predictions of MD simulations rely
on the calibration of their model parameters (e.g., force-fields parameters) using experimental
data. Different types of experiments such as Neutron Magnetic Resonance or cryo-Scanning
Tunneling Microscope are conducted to estimate the molecular and bulk level properties. These
data are subsequently used to calibrate model parameters of the MD molecular model pertaining
to the interatomic interactions and their simulations. The MD model parameters are sensitive
to this type of heterogeneous data set, thus, the parameter values inferred from each experiment
may have a high uncertainty. Similar to other data fusion problems, assimilation of such diverse
parameter values is not a straightforward task. Past attempts include use of a multi-objective
optimization approach to find the optimal parameter sets and their Pareto-fronts for the model
or simulation. However, the choice of the weights of each experimental data, which represents
the contribution of each data set to the optimization, remains a challenge.

In this paper, we propose a hierarchical Bayesian approach for the calibration of MD poten-
tials using heterogeneous data. The contribution of each data set to the calibration is implicitly
handled through the evidence value (marginal likelihood) in the Bayesian framework. We test
the methodology for the calibration of MD parameters for water models, using data for three
different properties: (1) diffusivity (a kinematic property), (2) density (a macroscopic physical
property) and (3) radial distribution function (RDF) (a microscopic structural property). These
data are used to calibrate the Lennard-Jones potential parameters and the Coulombic partial
charges of the MD simulations. The analysis of a hierarchical Bayesian model often requires
millions of function evaluations, a prohibitive computational cost for MD simulations. In this
study, we demonstrate an efficient approximation scheme that combines the use of a surrogate
model based on the Empirical Interpolation Method (EIM) [3] with a parallelized sample-based
estimation scheme [6], the Transitional Markov Chain Monte Carlo (TMCMC) method [5].

2 HIERARCHICAL BAYESIAN FRAMEWORK FOR HETEROGENEOUS DATA

We consider a heterogeneous data set D that contains data sets {Di|i = 1, ..., ND} obtained
from measurements of different material properties. First, we assume that there is a single set of
parameters ~θ shared among models of the data sets. We denote Mi to be the probabilistic model
for Di, where i = 1, ..., ND. A typical probabilistic model Mi based on a given deterministic
function fi is:

y = fi(x, ~θ) + ε(i)y (1)

where x and y are the input and output of the function, respectively, and ε(i)y are error terms of
fi. A typical choice of the probability density function (PDF) for ε(i)y is a Gaussian distribution
N(ε(i)y |0, σ(i)

y ) with zero mean and σ(i)
y standard deviation. This leads to a Gaussian PDF for the

probabilistic model Mi, also known as the likelihood function in the Bayesian framework.
A normal (single level) Bayesian framework allows us to infer the model parameters based

on the posterior PDF of ~θ, p(~θ|Di,Mi). Bayes’ theorem states that:

p(~θ|Di,Mi) =
p(Di|~θ,Mi)p(~θ|Mi)

p(Di|Mi)
(2)
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where p(Di|~θ,Mi) is the likelihood function, p(~θ|Mi) is the prior PDF and p(Di|Mi) is the
evidence (marginal likelihood) that will be used for model selection [4] if multiple models are
available. Note that the evidence is a normalizing constant for the posterior PDF calculated by:

p(Di|Mi) =
∫
p(Di|~θ,Mi)p(~θ|Mi) d~θ (3)

One possible way to integrate heterogeneous data in the normal Bayesian framework (de-
note as MNB) is to assume each data set Di is independent. Then, the likelihood function
p(D|~θ,MNB) =

∏ND
i=1 p(Di|~θ,Mi), and one can use Bayes’ theorem, similar to Equation 2, to

find the posterior PDF p(~θ|D,MNB), i.e.:

p(~θ|D,MNB) =
p(D|~θ,MNB)p(~θ|MNB)

p(DNB|MNB)
(4)

An alternative would be to use a weighted sum of the likelihood functions, but there is no clear
definition of what the optimal weight values are.

In the hierarchical Bayesian framework (denote as MHB), we propose a single Gaussian
prior PDF of ~θ that is shared by all models Mi for i = 1, ..., ND. Then, we introduce the
hyperparameters ~ψ to parameterize the Gaussian prior. The posterior PDF is calculated by:

p(~θ|D,MHB) =
∫
p(~θ|~ψ,MHB)p(~ψ|D,MHB) d~ψ (5)

where p(~θ|~ψ,MHB) is the chosen Gaussian prior of ~θ and p(~ψ|D,MHB) is the posterior PDF
of ~ψ, which can be again calculated using Bayes’ theorem:

p(~ψ|D,MHB) =
p(D|~ψ,MHB)p(~ψ|MHB)

p(D|MHB)
(6)

Assuming data sets Di are independent to each other for all i = 1, ..., ND, the likelihood of
~ψ, p(D|~ψ,MHB), is calculated by:

p(D|~ψ,MHB) =
ND∏
i=1

p(Di|~ψ,Mi) (7)

Note that for any given values of ~ψ, p(Di|~ψ,Mi) is the same as the evidence term in Equation
3 when the prior of ~θ is a Gaussian PDF.

In our example, the prior of ~ψ, p(~ψ|MHB), is chosen to be uniformly distributed within
boundaries obtained from empirical study. The evidence ofMHB, p(D|MHB), will be used to
perform model selection. In the Bayesian framework, one can evaluate the posterior probabil-
ities of different models to pick the optimal model or to perform predictions weighted by the
probability values [4].

In this proposed hierarchical approach MHB for integrating heterogeneous data, the hy-
perparameters are the bridges that connect the different likelihood models of the data. The
inference of model parameters is based on the evidence of each model p(Di|~ψ,Mi), which auto-
matically balances the data fitting and model complexity (Occam’s Razor) through information
theory [4]. This provides a more rigorous way to combine the different likelihood functions, as
compared to the normal Bayesian approachMNB.
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3 SURROGATES FOR A HIERARCHICAL BAYESIAN FRAMEWORK

A major challenge when using the hierarchical Bayesian framework is the high computa-
tional demand due to the multiple evidence evaluations required during the inference progress.
Advanced Monte Carlo methods are needed to handle complex models. Our proposed method
uses the evidences of all models to construct the likelihood function of the hyperparameters.
As a result, the inference process involves a nested Monte Carlo simulation: (i) sampling in the
hyperparameter space, and (ii) sampling in the model parameter space for each hyperparameter
sample. Our method easily becomes intractable due to the quadratic growth of the number of
samples needed on top of the originally difficult Bayesian inference. To solve this computa-
tional issue, we develop an efficient approximation method by combining a uniquely designed
surrogate model and an advanced Monte Carlo method. The surrogate model is based on EIM
and the Monte Carlo simulation is based on a parallelized TMCMC algorithm [6].

3.1 TMCMC on a two-level surrogate

The parallelized TMCMC algorithm is used to draw samples from the posterior PDF of ~ψ,
p(~ψ|D,MHB). These samples are used to approximate p(~ψ|D,MHB) in order to perform
uncertainty quantification of the model parameters and predictions. In practice, one evaluation
of the evidence term p(Di|~ψ,Mi) in Equation 7 is very computational intensive. For example,
TMCMC estimation of the evidence for a typical MD simulation problem takes around 100000
CPU hours [1]. Therefore, we propose a unique two-level surrogate model based on EIM to
achieve orders of magnitude reduction in the total computational demand.

Here, we illustrate our method based on the heterogeneous data example with Gaussian
likelihood models. Note that in this example, there are the model uncertainty parameters
σ(i)
y , for i = 1, ..., ND, that need to be inferred as well. We denote these parameters as
~σy = {σ(i)

y |i = 1, ..., ND} and treat them as the hyperparameters that influence the likelihood
functions of ~θ. Hence, we want to estimate the following posterior PDF of the hyperparameters
using parallelized TMCMC:

p(~ψ, ~σy|D,MHB) =
p(D|~ψ, ~σy,MHB)p(~ψ, ~σy|MHB)

p(D|MHB)
(8)

where p(D|~ψ, ~σy,MHB) =
ND∏
i=1

p(Di|~ψ, σ(i)
y ,Mi,MHB)

The evidence terms p(Di|~ψ, σ(i)
y ,Mi,MHB) are calculated by:

p(Di|~ψ, σ(i)
y ,Mi,MHB) =

∫
p(Di|~θ, σ(i)

y ,Mi)p(~θ|~ψ,MHB) d~θ (9)

where p(Di|~θ, σ(i)
y ,Mi) is the likelihood function for data setDi and p(~θ|~ψ,MHB) is the chosen

Gaussian prior for ~θ.
If the deterministic functions fi are linear function of ~θ, the integral of the Gaussian likeli-

hood models with Gaussian priors will have an analytical solution. However, this is generally
not the case in practice. An alternative is to have a surrogate model for the likelihood function
based on Gaussian radial basis functions. Unfortunately, this is also impractical because the
likelihood is a function of σ(i)

y , which is part of the hyperparameter space to be sampled using
TMCMC. Our idea is to use EIM as the first level surrogate to separate the parameters ~θ and
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σ(i)
y using L basis functions q(i)l :

p(Di|~θ, σ(i)
y ,Mi) ≈

L∑
l=1

α
(i)
l (σ(i)

y )q
(i)
l (~θ) (10)

Then, as a second level surrogate, we approximate each basis function q(i)l with a linear combi-
nation of Gaussian radial basis functions:

q
(i)
l (~θ) ≈

N
(i)
l∑

j=1

w
(i)
l,jN(~θ|µ(i)

l,j ,Σ
(i)
l,j ) (11)

where w(i)
l,j is the weight for the Gaussian basis N(~θ|µ(i)

l,j ,Σ
(i)
l,j ) with mean µ(i)

l,j and covariance
matrix Σ

(i)
l,j .

As a result, we obtain an analytical approximation to the desired integral in Equation 9 using
the property of Gaussian integrals:

p(Di|~ψ, σ(i)
y ,Mi,MHB) (12)

≈
L∑
l=1

α
(i)
l (σ(i)

y )

N
(i)
l∑

j=1

w
(i)
l,j

∫
N(~θ|µ(i)

l,j ,Σ
(i)
l,j )N(~θ|µθ(~ψ),Σθ(~ψ)) d~θ

=
L∑
l=1

α
(i)
l (σ(i)

y )

N
(i)
l∑

j=1

w
(i)
l,jN

(
µ
(i)
l,j |µθ(~ψ),Σ

(i)
l,j + Σθ(~ψ)

)

Based on EIM, w(i)
l,j , µ(i)

l,j and Σ
(i)
l,j are predetermined and stored, while α(i)

l are calculated “on-
line”, i.e., during TMCMC sampling in our case. µθ and Σθ are the mean and covariance matrix
of the prior of ~θ, which are determined based on the hyperparameters ~ψ.

3.2 EIM-based algorithm

We want to find L values of ~θ to be the bases of the approximation in Equation 10. Then, we
can solve the system of linear equations for α(i)

l , where l = 1, ..., L, to obtain the approximation
during “online” operations:

p(Di|~θ, σ(i)
y ,Mi) = P (i)

n (σ(i)
y ) =

L∑
l=1

α
(i)
l (σ(i)

y )q
(i)
l (~θn), 1 ≤ n ≤ L (13)

or in a matrix form : [q
(i)
nl ]{α

(i)
l } = {P (i)

n }

An intuitive choice for q(i)nl is the original likelihood function p(Di|~θn, σ(i)
y,l ,Mi), for n =

1, ..., L and l = 1, ..., L. Hence, we want to find L values of the ~θ and σ(i)
y pairs to form

the bases of the approximation. The original EIM paper [3] suggests using normalized error
function bases:

e
(i)
L (~θ;σ

(i)
y,L) = p(Di|~θn, σ(i)

y,L)−
L∑
l=1

α
(i)
l (σ

(i)
y,L)q

(i)
l (~θ) (14)

q
(i)
L (~θ) =

e
(i)
L (~θ;σ

(i)
y,L)

e
(i)
L (~θL;σ

(i)
y,L)

, where q
(i)
1 (~θ) =

p(Di|~θ, σ(i)
y,1)

p(Di|~θ1, σ(i)
y,1)
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This set of bases allows the computation of the solution of Equation 13 to be more efficient
during the online stage. However, the error functions are usually not smooth based on our
experience. Because we need a second level surrogate to approximate the bases, the original
likelihood function is preferred.

Let us take q(i)nl = p(Di|~θn, σ(i)
y,l) as an example, a greedy algorithm for finding Lmax values

of ~θ and σ(i)
y is:

Algorithm 1 : Greedy algorithm

Initialize: random σ
(i)
y,1 and ~θ(i)1 = argmax~θ

{
p(Di|~θ, σ(i)

y,1)
}

for L = 1 to Lmax − 1 do
σ
(i)
y,L+1 = argmax

σ
(i)
y

{
max~θ

{
e
(i)
L (~θ;σ(i)

y )
}}

~θ
(i)
L+1 = argmax~θ

{
p(Di|~θ, σ(i)

y,L+1)
}

q
(i)
L+1(

~θ) = p(Di|~θ, σ(i)
y,L+1)

end for

Note that Lmax can be determined based on a pre-determined threshold on the error function
e
(i)
L (~θ;σy,L), i.e., the FOR-loop in Algorithm 1 can be substituted with a WHILE-loop condi-

tional on the error function exceeding the threshold.

4 MD SIMULATIONS FOR WATER

4.1 Data and models

There is extensive literature on choosing the quantities to calibrate when parameterising the
empirical potential of water models [8, 10]. Recent Bayesian formulations include [13, 2]. We
use a 5-site water model, TIP5P [12] and we resolve long range electrostatics using the Particle-
Mesh-Ewald method. The calibration data consists of three distinct subsets: (D1) self diffusion
coefficients of water at 4 thermodynamic states (P = 1 bar, T = 288, 300, 330, 350 K) [7], (D2)
density of water at the same 4 thermodynamic states as in D1, with the values taken from [9]
and (D3) the values of the first 3 local maxima and 1 minima of the radial distribution function
of oxygen-oxygen in bulk water, at a single thermodynamic state (P, T ) = (1 bar, 300 K) [14].

Each evaluation of a sample requires a full MD-simulation run, with the hybrid MD-code
GROMACS [11]. We performed our simulations on the compute nodes of the Piz Daint Cray
XC30 cluster at the Swiss National Supercomputing Center CSCS in Lugano. Each node is
equipped with an 8-core Intel Xeon E5-2670 processor and one NVIDIA Tesla K20X GPU.
We use version 5.0.2 of GROMACS, compiled with GPU support. The system contains 1603
TIP5P water atoms (Figure 1). Normal periodic boundary conditions are used throughout. The
computational workflow includes equilibration using steepest descent of the system for at least
20,000 steps, subsequent equilibration for a further 2ns using a time step of ∆t = 0.5fs based
on the Berendsen barostat and thermostat in the NPT ensemble, and finally a 500ns production
run in the NPT ensemble for each run using a timestep of ∆t = 1.0fs and Parrinello-Rahman
pressure coupling. A single evaluation on the parameter space took approximately 1 hour on
one node, for a total computational cost of the calibration campaign of 3.500 Piz Daint node
hours.

We then extract the predicted Oxygen-Oxygen radial distribution function (g(r)) averaged
over the last 250ps of the production part of the trajectory sampled every 50fs. We detect the
first 3 local maxima of the g(r) function and the first local minima. Similarly, we extract the
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ensemble average of the self diffusion coefficient using the Einstein formulation, as well as the
density.

We choose to vary the Lennard Jones parameter pertaining to the Oxygen-Oxygen inter-
action εLJ , as well as the partial charge of the TIP5P water model q. We keep σLJ fixed at
its nominal value. The nominal values in the literature for TIP5P-E [12] are (ε̂LJ , σ̂LJ , q̂) =
(0.669 kJ/mol, 0.334 nm, 0.241 q).

Figure 1: TIP5 water system representation used in the simulations. Oxygen is depicted red, hydrogen white, and
the two fictitious charge points pink.

We assume that data points in a data set are independent to each other. The likelihood mod-
els for each data point in data set Di are defined as the Gaussian PDF with mean fi, which
is the MD simulation result corresponding to the data point, and standard deviation σ(i)

y , for
i = 1, ..., 3. Note that for the likelihood function of D3, the standard deviation σ(3)

y is normal-
ized by the nominal value of each local optima. The nominal values are determined based on
the experimental data. All priors are chosen to be uniformly distributed, except the specific
Gaussian prior model of ~θ inMHB. This Gaussian prior is parameterized by the hyperparame-
ters ~ψ = {µε, σε, µq, σq, ρ}, where µε and σε are the mean and standard deviation of εLJ , µq and
σq are the mean and standard deviation of q and ρ is the coefficient of correlation between εLJ
and q.

4.2 Algorithm setup and efficiency check

Based on our empirical study, we selected the region of interest for all parameters: ~θ =
{εLJ , q}, ~σy = {σ(1)

y , σ(2)
y , σ(3)

y } and ~ψ = {µε, σε, µq, σq, ρ}. The boundaries are summarized in
Table 1.

In this example, we perform Bayesian inference five times with all priors chosen to be uni-
formly distributed with the boundaries listed in Table 1:

1st to 3rd times: posterior PDF of εLJ , q and σ(i)
y are calculated based on individual data set

Di, for i = 1, ..., 3.
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Parameter Min. Max.
εLJ 0.4 1.2
q 0.20 0.32
σ(1)
y 0.0075 0.75
σ(2)
y 2.5 250.0
σ(3)
y 0.004 0.40
µε 0.6 1.0
σε 0.0008 0.24
µq 0.22 0.30
σq 0.00025 0.0625
ρ -0.99 0.99

Table 1: Upper and lower bounds of all parameters.

4th time: posterior PDF of εLJ , q and ~σy are calculated based onMNB.

5th time: posterior PDF of εLJ , q, ~σy and ~ψ are calculated based onMHB.

The parallelized TMCMC algorithm is used for bothMNB andMHB. TMCMC generates
posterior PDF samples from the prior PDF based on multiple stages of MCMC sampling that
follow an annealing schedule for the likelihood function [5]. The number of samples per stage,
which is also the final number of posterior samples, used in this example is 20000 for MNB

and 50000 forMHB. The total number of stages depends on a parameter τCV that controls the
speed of converging to the actual likelihood function from one stage to the next. We use the
suggested value of τCV = 100% from Ching and Chen [5]. Another important parameter βCOV
controls the step size of the random walk in each MCMC chain. We use βCOV = 0.4, which
is slightly higher than the suggested value in Ching and Chen [5], because we would like the
random walk samples to explore a larger area in the hyperparameter space. As a result, a total
of 8 and 7 stages are used forMNB andMHB, respectively.

For the EIM greedy algorithm, we initialize σ(i)
y,1 = argmax

σ
(i)
y,1

{
max~θp(Di|~θ, σ(i)

y,1)
}

for
i = 1, ..., 3 to improve the performance of the algorithm. Because each MD simulation requires
a long computation time, it is impractical to train the EIM surrogate model by performing the
optimization on ~θ directly. Instead, we use a 500 by 500 grid of interpolation points evaluated
based on 780 MD simulations for four different temperature as a training set to perform the
optimization. A total of 30 basis functions (Lmax = 30) are used to reach at most 10−5 error
(Figure 5).

Finally, for the Gaussian radial basis function surrogate model, basis functions are centered
at each point in the training set with standard deviation values equal to the square root (because
of 2-D grid) of the grid’s average step size. The weights of each basis function are calculated
by solving the linear system of equations for all grid points. Weights that are smaller than
0.00001× (max(weights)) are removed from the surrogate model.

During the training stage of the two level surrogate model in our approach, a total of 3120
MD simulations were performed. After the EIM training process, which took around 1 hour on
one CPU, the efficient approximation took less than 1 hour on a 12-core CPU, which is around
one MD simulation in our example. A hierarchical Bayesian analysis based on a nested TM-
CMC approach and without any surrogate models will require a total number of MD simulations
in the order of 1010. Our approach makes the originally intractable problem feasible.
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5 RESULTS AND DISCUSSIONS

5.1 Performance of surrogate models

The two-level surrogate model approach requires careful evaluation on the surrogate mod-
eling error. Figures 2 to 4 show the selected 30 values of εLJ , q and ~σy that serve as the basis
functions for the EIM surrogate models. The locations of the chosen values correspond well to
the high likelihood value region of each data set (Figure 8). The normalized maximum error is
controlled to be at most 0.001% for all three data sets (Figure 5). On the other hand, the normal-
ized root mean square error is controlled to be around 1% for the Gaussian radial basis function
surrogate models (Figure 6). The region of high error mainly comes from the extremely low
values of σ(1)

y and σ(3)
y . Overall, the error is small enough to give us confidence on our analysis

results.

Figure 2: Selected 30 values of εLJ , q and σ(1)
y for EIM surrogate model of diffusion likelihood. Color scale shows

the sequence of selection.

5.2 Posterior PDF of parameters and models

Figure 7 shows thatMHB andMNB both have a similar optimal model parameter values.
However, the uncertainties associated with the parameters are significantly different. To under-
stand the differences, we investigate the posterior PDF of ~θ for each individual data set (Figure
8). Note that the posterior probability values are directly proportional to the likelihood function
values of the data sets because the priors are uniformly distributed. We conclude from the like-
lihood values that the diffusion data will dominate the likelihood function inMNB. Although
the RDF data also has relatively high likelihood values, the region of high values are too far
away from the peak value region of the diffusion data so that its influence becomes minimal.
Indeed, we observe the dominance of the diffusion data in PDF shape and peak values of the
model parameters inMNB. On the other hand,MHB integrates the heterogeneous data based
on the evidence values of each data set. Although the peak values of the model parameters are
still controlled by the diffusion data, there is a larger uncertainty associated with the parameters.

In order to understand the difference in PDF shape betweenMHB andMNB, we investigate
the posterior PDF of hyperparameters ~ψ in MHB. From Figure 9, one can observe that the
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Figure 3: Selected 30 values of εLJ , q and σ(2)
y for EIM surrogate model of density likelihood. Color scale shows

the sequence of selection.

smaller mean values of εLJ tend to have a higher uncertainty. This contributes to the asymmetric
posterior PDF of ~θ along the εLJ axis. Also, note that posterior PDF of ρ is approximately
uniform. This implies that the given heterogeneous data is actually not sufficient to confirm any
correlation between εLJ and q. This is not intuitive based on the posterior PDF shown in Figure
8. Further investigation may be needed to confirm this conclusion.

One important strength of the hierarchical Bayesian framework is the ability to accurately
quantify the model uncertainty σ(i)

y for each data set Di. Figure 10 shows the posterior PDF of
model uncertainties of the three data sets obtained from different Bayesian analysis approaches.
One can observe that results fromMHB coincide well with the actual model uncertainty values
(results of the Bayesian analysis on each of the individual data sets). However, results from
MNH tend to overestimate the model uncertainties. This is because the hierarchical Bayesian
framework separates the uncertainty coming from the heterogeneous data from the actual model
uncertainties. On the other hand, the normal Bayesian framework integrates all uncertainties to
the model uncertainties.

A major benefit of our approach is that the final evidence of MHB is estimated as a by-
product of the parallelized TMCMC algorithm. We can use this evidence value to perform
model selection with other approaches, e.g.,MNB in our example. One can evaluate the poste-
rior probability of a “model”M using Bayes’ theorem:

p(M|D) =
p(D|M)p(M)

p(D)
(15)

To avoid bias on any model, one may assume a uniform prior for p(M). As a result, p(M|D) ∝
p(D|M), which is the final evidence of M. Table 2 shows that MHB is a more probable
approach thanMNB for the given heterogeneous data D in this example.

This method is capable of the calibration of MD simulations for other materials using het-
erogeneous experimental data. In general, application of this method to other materials does not
require any changes. However, if the number of model parameters increases, the hyperparame-
ter space will be in a higher dimension as well. Extra care is needed when developing Gaussian
radial basis function surrogate model in a high dimension space.
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Figure 4: Selected 30 values of εLJ , q and σ(3)
y for EIM surrogate model of RDF likelihood. Color scale shows the

sequence of selection.

Model ln(Evidence) P (Model|D)
MHB -20.44 0.98
MNB -24.51 0.02

Table 2: Bayesian model selection between hierarchical and normal Bayesian framework.

6 CONCLUSIONS

We propose a new approach for calibrating parameters in MD simulations using heteroge-
neous data through a hierarchical Bayesian framework. This approach automatically integrates
the contribution of each heterogeneous data set without any extra parameter tuning. The inte-
gration is based on the evidence values obtained in a typical Bayesian analysis, which provides
a new perspective of how to combine heterogeneous data. A major challenge of the hierar-
chical Bayesian framework is the very high computational demand during the model inference
process. An efficient approximation based on a two-level surrogate model and a parallelized
TMCMC algorithm is developed to handle the otherwise intractable problem. The two-level
surrogate is composed of an EIM-based and a Gaussian radial basis function surrogate model.

We calibrate the potentials for MD simulations of water using experimental data of three
types of significantly different material properties: diffusivity, density and the radial distribu-
tion function. Our results demonstrate that the new approach captures the model uncertainties
accurately. A single set of optimal model parameter values are found with high uncertainty due
to the inconsistent calibration results from each data set. The results motivate further investi-
gation of the correlation between εLJ and q. Ongoing investigations aim to extend the present
hierarchical Bayesian framework to MD simulations of other materials as well as to other mod-
els of physical processes for which heterogeneous data are available.
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Figure 5: Normalized maximum error of EIM surrogate model with L basis functions. Black solid line denotes
diffusion (D1), gray solid line denotes density (D2) and black dash line denotes RDF (D3).

Figure 6: Normalized root mean square error of Gaussian radial basis function surrogate model as a function of
model uncertainty parameters ~σy (left to right): diffusion, density and RDF.
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Abstract. Industrial condition monitoring and fault detection rely first of all on measured
signals which are – like all information coming from the real world – burdened by pervasive
uncertainty. A small international consortium is developing a hierarchical condition monitoring
framework, which takes this uncertainty into account at any level of the observed control system
hierarchy: from individual components up to the entire system. The framework adopts the so-
called subjective logic - a kind of probabilistic logic enhanced by the notion of uncertainty. The
main question is how to evaluate condition of every piece of input information using this theory.
There were developed several methods of quantification of uncertainty for this purpose, based
on relation between allowed signal range and noise of the signal, occurrence of outliers and
investigation of spectral density, respectively. A specific method based on model switching was
developed for piecewise stable signals which change their working points more or less abruptly.
The system entered the phase of its validation in a pilot metal processing plant.
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1 INTRODUCTION

This paper aims to illustrate several methods for quantification of uncertainty which are us-
able for real-time applications. Starting point for these results was the need to build an industrial
hierarchical condition monitoring system which would provide continuous report of health of
both the system components and of the system as the whole. Obviously, there may exist ele-
ments of a complex industrial system which do not work perfectly but still allow satisfactory
operation of the whole system. Therefore the use of the binary logic and its operators for the
purpose of information processing was considered as inadequate from the beginning. Proba-
bilistic logic, on the other hand, enables to evaluate health of a unit in the whole scale from zero
to one which reflects the reality much closely. However, even such approximation is lacking
the possibility to express how uncertain the processed information is. The problem can be il-
lustrated on a simple statistical evaluation of an event: if the event resulted in the state 0 for 40
cases and in the state 1 for 60 cases, than we may expect the next state to be 1 with probability
0.6. However, the question is how certain we are about the evaluation of particular cases and
thus about the resulting probability. Subjective logic – a generalization of the probabilistic logic
– takes uncertainty systematically into account. Once every piece of the ‘input’ uncertainty is
quantified, subjective logic operators allow to treat it consistently. Several methods for such
quantification are introduced.

The paper is organized as follows: The next section sketches the system being built, intro-
duces the calculus of subjective logic and defines the problem of the interface. Subsequent
section summarizes previously developed means for uncertainty quantification, and is followed
by a section devoted to the pure noise-based uncertainty. Summary of the work concludes the
paper.

2 PROBABILISTIC CONDITION MONITORING

2.1 Hierarchical system

Following deliberation is based on the considered hierarchical condition monitoring system
[1] an example of which is depicted in Fig. 1. The system uses measured signals and other
data at disposal as its inputs which enter the system from the bottom. Block structure which
reflects inner relations within the inspected system enables to evaluate health/condition of both
any particular functional block or the entire system purveyed by the uppermost block.

Figure 1: Example of the structure of a hierarchical condition monitoring system.
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2.2 Probabilistic calculus

The calculus used for compounding of information within the condition monitoring system
should cope with the uncertainty inherent in every piece of information being at disposal. Sub-
jective logic – a kind of the probabilistic logic – turned out to be the suitable choice [2]. The
theory [3] is based on definition of a probabilistic opinion about a proposition h in the form of
a quadruplet

ωh = (b, d, u, a) , (1)

where the components b, d, u, a are belief (amount of h-supporting information), disbelief (the
opposite), uncertainty (amount of information insufficiency) and base rate (prior information)
respectively. It must hold

b+ d+ u = 1 , b, d, u, a ∈ [0, 1] (2)

and the expected value can be expressed as

Eh = b+ au . (3)

In case of non-zero uncertainty u, there exists direct relation between an opinion ωh and the
corresponding beta probability density function. For u = 0, the function degenerates to the
Dirac pdf concentrated at a point between 0 and 1 given by the belief b. There exists a full set
of operators [4] as counterparts to the binary logic and probabilistic logic operators including
multiplication, addition, deduction, abduction, etc.

The base rate a represents the prior amount of belief and can be constructed from historical
data or based on experience of the user.

out

in,1 in,2 in,m

…..…..

out=f(in,1,in,2,...,in,m)

out

d

out=f(d)

Figure 2: Two types of nodes of the hierarchical condition monitoring system.

A common block of the monitoring system which combines information from the adjacent
lower blocks to provide compounded information for the next upper block is depicted on the
left side of Fig. 2. The right block in the same figure which transforms incoming data into
information of the suitable form constitutes the lowermost level of the pyramid in Fig. 1.

2.3 Problem: interface towards the real world

Although the subjective logic constitutes the consistent and comprehensive theory, an ob-
vious problem arises on its boundary with the real world: how to evaluate particular opinion
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ωh and namely its component u representing uncertainty for information entering the system
in Fig. 1 from below. Thus creation of an interface between the real world and the condition
monitoring system in question means implementation of the right block in Fig. 2 which reads a
particular data input d and provides opinion about its health ωh. The following sections concern
ω’s most questionable component – the uncertainty.

3 QUANTIFICATION OF UNCERTAINTY

Several methods for quantification of uncertainty for the purpose of the monitoring system
in question were already developed. They are briefly quoted in the following. A novel method
representing signal inspection based on model switching is described in an extra section.

3.1 Signal vs. its allowed range

Quantification of uncertainty based on inspection of a noisy signal within its allowed range
is depicted in [5] and [6]. While [5] considers the signal corrupted by a uniformly distributed
noise, [6] takes possible multimodal signal distribution into account and approximates it by
Gaussian mixtures. Roughly speaking, uncertainty of signal health evaluation increases when
signal mean within the moving window come near to its given upper or lower boundaries.
The uncertainty culminates when the mean equals to the either boundaries – one is the most
uncertain whether the real signal value lies inside or outside the allowed region.

3.2 Signal quality – outliers

Another cause of an increased uncertainty lies in irregular occurrence of signal outliers as
investigated in [7]. The signal is certainly unhealthy at the moment of the detected outlier.
However, right after recovery of the signal, possibility of the next outlier causes high level of
uncertainty which diminishes if further progress of the signal stays undisturbed.

3.3 Frequency domain analysis

The above mentioned approach can be used in the frequency domain as well. Output of the
FFT (Fast Fourier Transform) is inspected for undesired peaks. These are treated similarly as
outliers in the time domain: their occurrence indicates decreased health of the signal. Informa-
tion uncertainty remains non-zero after their dissipation and is gradually decreased using linear
or exponential forgetting. Details of the method can be found in [7].

3.4 Signal noise

Uncertainty quantification based on the signal noise itself belongs to rather different view-
point to the condition monitoring. While all of the above mentioned methods count with the
possibility of zero uncertainty in well-determined situations, non zero noise-based uncertainty
is inherent for some types of signals, eg. for analog ones. Therefore the next separate section is
devoted to this approach.
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4 NOISE-BASED UNCERTAINTY

Let us consider an additive model of the measurement of a general signal

y(t) = x(t) + e(t) , (4)

where y(t) is the measured value of the signal at time instant t, x(t) is signal’s true but unknown
value and e(t) represents the measurement noise. Particularly in case of an analog signal, the
noise can hardly be neglected. Thus, signal changes less than a certain threshold can be hardly
distinguished from effects of the noise which can be considered as an uncertainty of its kind.
Now the root of the trouble is its quantification.

4.1 A slowly varying signal

A starting point for evaluation of uncertainty can be the signal-to-noise ratio expressed by
the relation

SNR =
σ2
x

σ2
e

, (5)

where σ2
x and σ2

e stand for signal and noise variances respectively. The problem is that these
variances cannot be distinguished without a pointed experiment the accomplishment of which
is often unfeasible.

A simple alternative consists in computation of variance of the measured signal σ2
y and using

of the 3-σ rule for comparison with the given or estimated signal range

u = min

(
1,

3σy
ry

)
, (6)

where ry = rmax − rmin is range of the signal. Tracking of slow variations of the signal can be
enabled by the use the moving window.

A step towards the ideal solution can be to elaborate the model into the form

y(t) = ϑ+ e(t) , (7)

where ϑ is an unknown parameter and e(t) ∼ N (0, σ2
e) is the zero-mean Gaussian noise. Again,

application of forgetting allows the estimate ϑ̂ to track smooth changes of the signal and the
momentary uncertainty can be quantified as

u(t) = min

(
1,

3σ̂e(t)

ry

)
. (8)

4.2 An abruptly changing signal

Problem with the abruptly changing signal consists in temporarily increased variance at the
moment of change whether it concerns σ2

y for the moving window computation or σ̂2
e for the

parameter estimation. The trouble can be solved by introduction of model switching, at least
for a piecewise stable signal.

Model switching [8] assumes that the observed system generates outputs driven by more
than a single parametric model, i.e.

y(t) ∼Mj(Θj(t), x(t)), j > 1, (9)
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where Θ is a possibly multivariate model parameter and x(t), if present, is a system input
driving the observation y(t). The modelsMj need not have the same structure. For instance,
M1 may be a state-space model active when the system of interest performs operations, while
M2 is a pure noise model suitable for standby mode.

In our case, we assume another model switching realm: the modelsMj have identical struc-
ture (concretely, they are linear regressive models) but they differ in values of a priori unknown
parameters Θj(t). Moreover, in the adopted framework the models count is unknown, as the
system dynamics changes over time and is unlikely to repeat. The models are generated when-
ever a switch occurs and forgotten with another switch.

In the considered setting, the task of detection of model switch reduces to a hypotheses
testing procedure. Each new observation y(t) is confronted with the model active up to time
instant t− 1 and a fit is assessed. If there is enough evidence that y(t) ∼Mj(Θj(t− 1), x(t)),
the hypothesis of model switch is rejected, model Mj is preserved and the statistical knowledge
of its parameters Θj(t−1) is updated to Θj(t). Otherwise a new model with a reasonably preset
variance estimates is generated and inferred.

The evidence supporting or rejecting the hypothesis that y(t) ∼ Mj(Θj(t − 1), x(t)) can
be obtained in different ways. If Mjs are statistical or probabilistic models, it is possible
to decide whether y(t) lies in their respective high-confidence regions of the induced predictive
distributions or, if the distributions are too complicated, one can opt for plugging the parameters
directly into the original models [9].

An example of model switching is depicted in Fig. 3. Here the measured variable is the oil
pressure within the hydraulic roll-positioning system of a cold rolling mill. The yellow marked
±3σ credibility interval can be used for uncertainty quantification similarly to (8).
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Figure 3: Evolution of true measurements (red), their estimated value (blue) and the ±3σ credibility interval band.
Apparently, the estimation is very stable and quickly recognises model switches. The estimation of AR(1) model
employed very small forgetting.

5 PROJECT DEVELOPMENT

Algorithms for quantification of uncertainty and for the condition monitoring as the whole
have been developed within the Matlab environment, using a large set of recorded process data

864



Pavel Ettler and Kamil Dedecius

for testing and validation. The OOP (Object Oriented Programming) features of current Matlab
versions help to make the development transparent and effective. Validated algorithms have
been re-programmed in C++ and tailored for execution within the multithreading application
under the Windows Embedded operating system. Currently, the project is in the stage of vali-
dation by the experimental pilot application in the metal processing plant.

6 CONCLUSIONS

The contribution dealt with the issue of hierarchical monitoring of control system condition
using the subjective logic theory. Signals from each part of the control system are independently
checked and their health is evaluated together with the information about the related uncertainty.
The possible ways towards identification of this uncertainty are indicated in the paper. The
subjective logic then fuses all the obtained information into the final report about the condition
of the whole monitored system.

The system is currently being tested in the industrial environment.
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Abstract: The basic concept of random field theory is applied to 
three reinforced concrete frames. The three frames have the same 
concrete grade, distributed reinforcement and curing condition. By 
using the rebound experimental testing, the concrete compressive 
strength of each test zone involved in the beam and column of 
frames is obtained for the development of two-dimensional random 
field. The homogeneous assumption is verified by estimating the 
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autocorrelation function of the concrete compressive strength. The 
two-dimensional power spectral density function is then modeled 
for the concrete compressive strength by introducing the 
assumption of the quadrant symmetric correlation structure and 
separable correlation structure. The stochastic harmonic function 
method is finally introduced to decompose the target power 
spectral density of the concrete compressive strength to generate a 
set of stochastic samples for the stochastic dynamic analysis of 
reinforced concrete structures. 
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1 INTRODUCTION 

The importance of the stochastic approach for the large-scale 
engineering structure is receiving lately considerable attention with 
the development of computational methods and analytical 
procedures. Influence of the inherent uncertainties on the inelastic 
behavior of reinforced concrete structures is continuously gaining 
its significance. The traditional deterministic approach, which is 
widely used in the engineering practice, cannot address a rational 
treatment of these uncertainty quantifications. Based on the mean 
or extreme values of these system uncertainties, results obtained 
from the deterministic analysis could not represent all possible 
scenarios. Therefore, the deterministic approach cannot assure the 
design of reinforced concrete structures is an optimum result. 
However, the stochastic methods with the help of the powerful 
computing resources and enhanced solution algorithms provide a 
possibility in providing a confidence interval at the given 
confidence level for the nonlinear responses of reinforced concrete 
structures. 

Stochastic finite element method (SFEM) is the main technique 
in the computational stochastic method to consider the inherent 
uncertainties, which is an extension of the classical deterministic 
finite element method (Kleiber et al., 1992). The SFEM uses the 
finite element theory to treat the structural properties as a set of 
random variables. According to a wide range of literature review, 
there are normally three most important alternative formulations 
among SFEM: the perturbation approach (Liu et al., 1986); the 
spectral stochastic finite element method and the Monte Carol 
simulation (Papadrakakis et al., 1996). However, these approaches 
aim at the second-order statistical quantities of the structural 
response, which is inadequate to understand the probabilistic 
information of the structural responses comprehensively. Recently, 
the probability density evolution method (PDEM) developed by Li 
and Chen (Li et al., 2004; 2006) with the ability to obtain the 
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instantaneous probability density function (PDF) of the structural 
response and its evolution, is available for the general stochastic 
dynamical systems. It has been recognized that the proposed 
method has considerably advantageous for the existent SFEM (Li 
et al., 2008; 2009). 

However, there is another fundamental issue that needs to be 
addressed in details, which is denoted by the modeling of 
uncertainty quantifications. Characteristic examples of those 
uncertainty quantifications are Young modulus and concrete 
compressive strength. These uncertainties are usually spatially 
distributed and correlated over the region of the structure. Their 
probability distributions and the correlation structure actually 
should be determined by the experimental measurement. However, 
due to the lack of the relevant experimental data, assumptions are 
usually taken in the inelastic analysis of SFEM. The assumption 
selected by the researchers makes the type of the random field 
falling into two categories: the homogeneous random field and the 
non-homogeneous random field. The homogeneous random field 
occurs naturally due to its simplicity and feasibility. The spectral 
representation method (Shinozuka et al., 1991) and the 
Karhunen-Loeve expansion method (Huang et al., 2001) are two 
main alternative methods to decompose the homogeneous random 
field in practical application. For the non-homogeneous random 
field, the SFEM becomes more difficult in the decomposition, 
although it more conforms to the practical engineering. As a result, 
the correlation structure is usually subjective to be determined and 
the physical background of the random field is normally not taken 
into consideration. Therefore, it is necessary to conduct more 
experimental measurements on the determination of 
two-dimensional random field for the reinforced concrete 
structures. 

As such, a rebound experiment testing is firstly presented for 
three reinforced concrete frames. The three frames have the same 
concrete grade, distributed reinforcement and curing condition. 

869



Chao-Lie Ning, Jie Li 

Interested material parameter is purely related to the concrete 
compressive strength. Other concrete parameters can be then 
estimated from the magnitude of the concrete compressive strength. 
Furthermore, the autocorrelation function (ACF) of the concrete 
compressive strength is developed to examine the spatial variability 
of this significant parameter. Then the stochastic harmonic 
functions (SHFs) method is introduced for generating a set of 
stochastic samples with the obtained ACF. The SHFs method 
avoids the disadvantages of the existing mathematical expansions, 
such as the Karhunen-Loeve decomposition method and the 
spectral representation method, it has been verified that only 
several components of the SHFs are needed to describe the 
probabilistic information of the quantity of interest adequately. So 
the computational efficiency is greatly improved because other 
methods generally involve a large number of random variables to 
deal with in practical application. 

2 REBOUND EXPERIMENT 

The correlation structure of the concrete parameter is the 
foundation of the SFEM for the stochastic dynamical analysis of 
reinforced concrete structures. Beyond to be direct measured; it is 
often determined by the assumption. Presently, there is no standard 
experimental equipment and few conclusions have been made from 
experimental testing to provide a correlation structure for the 
concrete compressive strength parameter. So the ACF of the 
concrete compressive strength is often determined by researchers 
optionally. Therefore, a rebound experimental testing is introduced 
to measure the correlation structure of the concrete compressive 
strength directly. The rebound experimental testing is selected 
because it provides a large number of closely-spaced and accurate 
data but has little damage on the experimental specimens. Besides, 
the rebound testing is relatively cheap, quick and ideal for the 
comparative and uniformity assessment of the concrete parameters. 
It should be noted that the rebound experimental testing is based on 
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the principle that the rebound height of an elastic mass depends on 
the hardness of the surface upon which it impinges, so the 
measured data give a direct measure about the relative hardness 
within the limited zone, which will be empirically related to the 
concrete compressive strength. 

Rebound Test Equipment and Procedure 

The Schmidt Rebound Hammer has been used worldwide for 
many years to measure the concrete compressive strength in 
engineering practice. In testing, the spring-controlled hammer mass 
slides on the plunger within a tubular housing. The plunger then 
retracts against the spring when pressed against the concrete 
surface till the hammer impacts, where the spring-controlled mass 
rebounds and holds in position on a scale by depressing the locking 
button. Part of Energy is absorbed during the process due to the 
internal friction within the concrete body. Finally the scale reading 
will be recorded as the rebound number. 

Based on the “Technical Specification for Inspection of 
Concrete Compressive Strength by Rebound Method” (JGJ/T 
23-2001), the beam-column member of each frame is divided into 
several test zone. The surface of each zone should be smooth, clean 
and dry. Each zone takes over an area not exceeding 0.04 m square. 
The centre-to-centre spacing between the adjacent zones should be 
300 mm. At each test zone, it is necessary to take approximately 16 
readings. Then the average rebound number at each test zone is 
computed by removing three maxima readings and three minima 
readings. For reducing the operator bias, a grid mesh is necessary 
for locating these impact points at each test zone as shown in 
Figure 1. It can be seen from the figure that each beam has five 
average rebound numbers while each column has ten average 
rebound numbers. According to the appendix A. in JGJ/T 23-2001, 
these rebound numbers should be converted to the concrete 
compressive strength by using the empirical relationship. 
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Figure 1 Rebound locations on three reinforced concrete frame structures 

Concrete Compressive Strength Located at RC Frame 

There are six beams and three columns for each reinforced 
concrete frame. It is naturally assumed that each beam-column 
member is a sample of one-dimensional random field. Therefore, 
the beam has six samples and the column has three samples. The 
mean value (MV), standard deviation (SD) and coefficient of 
variation (COV) of the concrete compressive strength located at 
different position on these members is obtained by using the 
rebound experimental testing as shown in Table 1 – Table 2. It is 
observed that the MV of the concrete compressive strength located 
on beams is much lower than the MV of the strength located on 
columns. But the COV is on the contrary. The reason may be 
attributed to fact that there are different compaction degrees in 
construction process between the reinforced concrete beams and 

872



Chao-Lie Ning, Jie Li 

columns. For calibrating the accuracy of the obtained result from 
the rebound experimental testing, an un-axial compressive testing 
is further conducted with a batch of concrete prisms. Results from 
the concrete prisms testing reveal that the mean strength of the 
concrete compressive strength is 37.17 MPa and the corresponding 
COV is 9.24%. Apparently, the concrete compressive strength 
using the rebound experimental testing is much lower than the 
concrete compressive strength from the un-axial compressive 
testing, but the COV is vice versa. It can be explained by the fact 
that results of the bound experimental testing are controlled by 
more factors, especially the relationship between the hardness and 
concrete compressive strength is empirical, so that more 
uncertainties would be included and presented in the rebound 
experimental testing. Actually, the practical engineering 
investigations have also verified that the concrete rebound strength 
is on the low side about 30%. 

Position (m) MV (MPa) SD (MPa) COV (%) 

1.25 18.71 1.71 9.12

0.95 19.44 1.95 10.02

0.60 19.70 2.24 11.39

0.30 20.00 2.44 12.18

0.00 18.76 1.90 10.12

Table 1 Concrete compressive strength located at different position on beams 

Position (m) MV (MPa) SD (MPa) COV (%) 

2.70 22.84 1.67 7.30

2.40 23.20 1.65 7.09

2.10 22.82 1.12 5.90

1.80 22.06 1.64 7.41

1.50 22.47 2.02 8.98
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1.20 22.82 1.60 7.03

0.90 23.31 1.50 6.43

0.60 25.09 2.03 8.42

0.30 22.19 1.31 5.91

0.00 21.09 3.01 15.3

Table 2 Concrete compressive strength located at different position on columns 

3 MODELING OF RANDOM FIELD 

The spatial variability of the concrete compressive strength 
should be quantified by the ACF. Some assumptions are made in 
the development of the ACF for the simplicity and feasibility. The 
basic one is the homogeneous random field assumption, which 
means all the probabilities depend on the relative distance but not 
the absolute location of each point. The homogeneous random field 
assumption is generally written as 

( ) .m u Const (1) 

( , ) ( ) ( )R u u R u u R      (2) 

where m(u) is the mean value of the random field at location u ; 
( , )R u u   is the ACF of the random field; u u    is the distance 

between the location u and u . In engineering practice, the 
distance τ is usually limited within a certain region because of 
the upper and lower bounds on the distance intervals where the 
structural property applies. Therefore, Eqn. (1) and (2) can be 
rewritten as 

1

1
( ) ( ) [ ( )] 1,2, ,

N

i k i i
k

m u B u E B u i m
N 

    (3) 

1

1
( , ) ( ) ( ) [ ( ) ( )] 1,2, ,

N

i i k i k i i i
k

R u u B u B u E B u B u i m
N

  


        (4) 

where N is the total number of samples; m is the total number of 
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data points; ( )k iB u  is the concrete compressive strength at 
location ui; E[] is the expected value. Following these, the 
procedure for obtaining the ACF of the concrete compressive 
strength is described as shown in Figure 2. 

Figure 2 Procedure of obtaining the ACF of the concrete compressive strength 

Taken an example by defining the distance of τ at 0.3 m, the 
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relationship of ( )i im u u  and ( , )i i iR u u u   is shown in Figure 3 
- Figure 4 for reinforced concrete beams and columns 
respectively.  
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Figure 3 Verification of homogeneous assumption for beams 
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Figure 4 Verification of homogeneous assumption for columns 

It is observed that the fluctuation along with the location is 
relatively slight; indicating the homogeneous assumption is 
satisfied for the concrete compressive strength. As a result, the 
ACF of the concrete compressive strength can be estimated after 
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calibrating the experimental data with zero-mean-value as 

0 0
1

1
( ) ( ) ( )

N

k k
k

R B u B u
N

 


  (5) 

where 0u  is the original location of beams and columns. Due to 
the covariance function takes the same expression as the ACF 
because of the zero-mean-value calibration, the autocorrelation 
coefficient (ACE) of the concrete compressive strength is then 
defined by 

2

( ) ( )
( )

(0)

R R

R

  


  (6) 

where σ is the variance of the samples. Figure 5 and Figure 6 
shows the ACE for beams and columns respectively.  
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After using the least square method to fit the experimental data, 
the ACE of beams and columns can be expressed as: 

( ) exp cos(2.547 ) 0
1.217

       
 

    For columns     (7) 
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( ) exp 0
1.34

      
 

For beams       (8) 

If introducing the assumption of the quadrant symmetric 
correlation structure and incorporating the separable correlation 
structure, a two-dimensional random field can be proposed for the 
concrete compressive strength of reinforced concrete frames as 

   1 2
1 2 2, 11.765exp cos 2.547

1.34 1.217
R

 
  

  
    

   
          (9) 

where τ1 and τ2 are the distance at the horizontal and vertical 
direction respectively; 11.765 is the square of the variance that 
determined from the prism testing. Figure 7 illustrates the 
two-dimensional ACF of the concrete compressive strength for 
reinforced concrete frames. 

0
0.5

1
1.5

2
2.5 3 0

1
2

3
4-5

0

5

10

15

Veritica
l Direction (m)

Horizontal Direction (m)

A
u

to
co

rr
el

at
io

n
 F

u
n

c.

Figure 7 ACF of concrete compressive strength for reinforced concrete frames 

The power spectral density (PSD) function as shown in Figure 
8 is further obtained by introducing the two-dimensional 
Wiener-Khinchine transform pair, giving the expression as 
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4 STOCHASTIC HARMONIC FUNCTIONS 

Several methods such as the Karhunen-Loeve decomposition 
and spectral representation method are available in literatures to 
generate the stochastic samples of the two-dimensional random 
field for concrete compressive strength. However, those 
mathematical expressions have certain disadvantages in practical 
application. One of the most important aspects is the truncation 
issue from an infinite series. Usually, in order to avoid the 
deviation and make the PSD of the generated random field 
approximating at the target PSD in accuracy, hundreds of 
components are needed in decomposition, which lead to a large 
number of basic random variables involved. It is therefore 
cumbersome to handle so many random variables in numerical 
simulation. As a result, the SHFs method developed by Chen et al. 
is presented in this paper to generate the two-dimensional 
stochastic samples for the concrete compressive strength with the 
prescribed target PSD function (Chen et al., 2011; 2013). The 
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method decomposes the two-dimensional random field by using a 
set of pre-defined basic random variables. Several components of 
the SHFs are adequate for generating the two-dimensional 
stochastic samples. It therefore improves the computational 
efficiency greatly. The SHFs method considers the 
two-dimensional random field as a linear superposition of a series 
of stochastic harmonic functions as 

1 2

1 2 1 2 1 2

1 2

1 2 1 2 1 2

1
1 2 1 1 2 2

1 1

2
1 1 2 2

( , ) 2 cos( )

cos( )

N N

n n n n n n
n n

n n n n n n

f x x A K x K x

A K x K x

 

  

   


      (11) 

where the PDF of random frequencies 11nK  and 22nK  can be 

written as 
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    (12) 

The amplitudes 1 2n nA  and 1 2n nA  are the function of random 

frequencies respectively. 

1 2 1 2 1 21 2 1 22 ( , )n n n n n nA S K K K K   （13） 

1 2 1 2 1 21 2 1 22 ( , )n n n n n nA S K K K K    （14） 

where 1 21 2( , )n nS K K  and 1 21 2( , )n nS K K  are the target PSD of the 
two-dimensional random field. For a case study, the generated 
samples of the concrete compressive strength are illustrated in 
Figure 9 by selecting the stochastic harmonic components with 
N1=N2=6。 
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Figure 9 The No. 100 sample of the concrete compressive strength 

The cross-section of the PSD together with the target PSD when 
K1=0 and K2=0 are calculated as shown in Figure 10. It is 
observed that the PSD of the SHFs method accords well with the 
target PSD. 
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Figure 10 Cross-section of the SHFs PSD and the target PSD 

5 CONCLUSION 

The concrete compressive strength of three reinforced concrete 
frames which have the same concrete grade, distributed 
reinforcement and curing condition is investigated by using the 
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rebound experimental testing. A two-dimensional autocorrelation 
function of the concrete compressive strength is developed after 
introducing the basic concept of the random field theory. The 
stochastic harmonic function method is then presented to 
decompose the autocorrelation function of the concrete 
compressive strength for generating a set of stochastic samples for 
the stochastic dynamical analysis of reinforced concrete frames. 
The work can be further integrated with the probability density 
evolution method (PDEM) to investigate the stochastic nonlinear 
mechanical behaviors of reinforced concrete structures. 
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Abstract. In stochastic dynamic response analysis, getting the probability density function 

and its evolution process is one of the most important problem. A variety of theoretical and 

numerical methods have made progress on linear stochastic system. However, the analysis of 

non-linear stochastic dynamic systems is still a challenging problem despite great efforts have 

been many in this area. As a newly developed method, the probability density evolution meth-

od (PDEM) is capable of capturing the instantaneous probability density function (PDF) of 

stochastic dynamic responses of systems. In this paper, based on the formal solution of the 

generalized density evolution equation (GDEE), a new method named “phase space recon-

struction method” (PSRM) is introduced. In addition, it is found that the instantaneous PDF 

of dynamic responses of highly non-linear systems can be obtained precisely and effectively. 

At last, some examples, including a Riccati oscillator, a SDOF oscillator, and a Duffing oscil-

lator, are studied. The results shows the effectiveness and preciseness of PSRM in getting the 

PDF of dynamic response. 
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1 INTRODUCTION 

With the rapid development of computational and theoretical means, it is widely recog-

nized that stochastic methodologies are indispensable. The factors in engineering practice, 

such as the material properties, the external loads and the boundary conditions are inherently 

uncontrolled. As a consequence, stochastic dynamics gained increasing interest and has been 

extensively studied in the past decades.  

In engineering area, the most widely used three available methods in stochastic dynamic 

response analysis are the Monte Carlo simulation method [1] , the random perturbation tech-

nique [2] and the orthogonal polynomials expansion method [3]. However, the existing meth-

ods may have difficulties to obtain stochastic dynamic responses of structures involving high 

nonlinearities with tradeoff of efficiency and accuracy. In addition, all the approaches men-

tioned above focus on obtaining moment information such as the mean and the standard devi-

ation rather than the probability density function (PDF) which could completely capture the 

time-varying property of the structures. In recent years, a newly developed method named 

probability density evolution method (PDEM) proposed by Li and Chen [4, 5] is capable of 

capturing the instantaneous probability density function (PDF) of dynamic responses of struc-

tures. Some numerical algorithms such as the finite difference method and representative 

point sets strategy are introduced to obtain the numerical solution of generalized density evo-

lution equation (GDEE). 

In this paper, a more accurate, efficient method named the “phase space reconstruction 

method” (PSRM) is presented for the solution of GDEE. Three typical SDOF oscillators with 

high nonlinearity are studied and the probabilistic solutions of PSRM demonstrate the accura-

cy, efficiency and convenience of this method. 

2 THE GENERALIZED DENSITY EVOLUTION EQUATION 

Without loss of generality, a stochastic dynamical system can be expressed as 

 ( ) ( , , )X X Θt t   (1) 

with the initial condition 

 0 0( )X x tt t   (2) 

where T

1 2( , , , )X NX X X  is the state vector consisting of N  components ( )iX t , 
T

1 2( , , , )N    the dynamic operator, T

1 2( , , )s    the s-dimensional vector 

with the joint probability density function (PDF) ( )p  , T

0 0,1 0,2 0,( , , )x sx x x  the initial 

value vector with the PDF 
0
( )p

X
x . 

It is well known that, under certain regularity conditions, the solution of Eq. (1) and Eq. (2) 

exists and is unique. This solution is expressible in the form 

 ( ) ( , ) or ( ) ( , ), 1,2, ,X H Θ Θ  j jt t X t H t j N   (3) 

Then, according to the principle of preservation of probability, there exists the generalized 

density evolution equation [5] 

 
1

( , ) ( , )
( , ) 0X Xx x



 
  

 


N

j

j j

p t p t
X t

t x

  
   (4) 

with the initial condition 
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0( , , ) ( ) ( )X x x x p t p     (5) 

As a partial differential equation, the analytical solution of Eq. (4) is hard to achieve, but its 

numerical solution is usually available [5]. 

3 PHASE SPACE RECONSTRUCTION METHOD 

It is noticeable that the generalized density evolution equation (Eq.(4) and (5)) is a first or-

der quasi-linear partial differential equation. The method of characteristics thus can be used to 

obtain the analytical solution. Actually, the formal solution of Eq. (4) and Eq. (5) is 

 ( , , ) ( ( , )) ( )X x x H p t t p      (6) 

Let 

 ( , , ) ( , )G x x H t t    (7) 

then Eq. (6) becomes 

 ( , , ) [ ( , , )] ( )X x G xp t t p      (8) 

For 0a  , there is 

 
1

( ) ( )x xa
a

    (9) 

More generally, the delta function of ( )xg  is given by [6] 

 
( )

[ ( )]
( )

x x
x

x





 i

i i

g
g


   (10) 

where ix  are the roots of ( )g x . Substituting Eq. (10) in the formal solution of the PDEE (8) 

leads to 

 
sol
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( ( , ))
[ ( , , )]
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t
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  (11) 

where ( , )i tx  are the root lines of ( , , ) 0t G x , solN  is the number of the root lines of 

( , , ) 0t G x . 

The Dirac delta function has the fundamental property that 

 ( ) ( )d ( )x x x



  f a f a   (12) 

Combing Eqs. (8), (11), and (12) and taking the integral of   will obtain 

 
sol sol

1 1

( , ) ( , )

( , ) ( , , )d [ ( , , )] ( )d

( ( , )) ( ( , ))
( )d [ ]

( , , ) ( , , )

X X

x x

x x G x

x x

G x G x

 



 




 

 

 


  

 

 

 

  i

i i

N N

i i

i i

t t
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t p t
p H
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  (13) 

where ( )H   is Heaviside’s function, 
i  is the regions of integration. 
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4 PHASE SPACE RECONSTRUCTION METHOD 

Three typical oscillators with high nonlinearity are studied in this section to verify the ap-

plicability of the proposed method.  

4.1 A Riccati oscillator  

The equation of this oscillator reads 

 2 0   X X X   (14) 

with the initial condition (0) 1X  . The random variable   follows the standard normal dis-

tribution with PDF 

 
21

( ) exp( )
22

  p





  (15) 

The analytical solution of Eq. (14) is 

 
exp( )

( , )
1 [exp( ) 1]


 

t
X t

t



  (16) 

Let 

 
exp( )

( , , ) ( , )
1 [exp( ) 1]

   
 

t
G x t x X t x

t
   (17) 

When 1t , there is 

 
exp(1)

( , ) ( )
1 [exp(1) 1]

   
 

G x x X x 


  (18) 

The curve of ( , ) 0G x   when 1t  are shown in Figures 1. 

 

Figure 1: Page layout. 

According to Eq. (17) and Figure 1, we have 
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Then Eq. (13) can be rewritten in the form 

 

1 1
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  (20) 

The comparison between the result of proposed method and analytical solution is shown in 

Figure 2. It shows the results by the proposed method accord almost exactly with the analyti-

cal solution.  

 

Figure 2: Comparison between the theoretical solution and PSRM result for the Riccati system. 

4.2 A SDOF oscillator  
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The equation of this oscillator reads 

 2 0 X X   (21) 

with the initial condition (0) 0.1, (0) 0X X  . 

The random variable   is uniformly distributed over the interval [5 4,7 4]  . The ana-

lytical solution of the problem is [6] 

 ( , ) 0.1cos( )X t t    (22) 

The theoretical results of the system and the solution of the proposed method are shown in 

Figure 3. Clearly, the two curves accords almost exactly. 

 

Figure 3: Comparison between the theoretical solution and PSRM for the SDOF system. 

4.3 A Duffing oscillator  

The equation of this oscillator reads 

 2 3( ) 0   X X X   (23) 

with the initial condition (0) 0, (0) 1X X  . 

The random variable   is uniformly distributed over the interval [0,5] . 510  times of Mon-

te Carlo simulation are carried on to verify the proposed method. The comparison between the 

Monte Carlo simulation result and the PSRM solution is shown in Figure 4. Again, it is seen 

that the proposed method is of high accuracy. 

 

Figure 4: Comparison between the Monte Carlo simulation and PSRM for the Duffing system. 

889



Z. Jiang and J. Li  

5 CONCLUSIONS  

 A new method named phase space reconstruction method (PSRM) is proposed to solve 

the generalized density evolution equation (GDEE). With this approach, the instantane-

ous PDF of the dynamic response of non-linear systems is obtainable with high accuracy 

and efficiency. 

 Three typical non-linear SDOF systems with random parameters, including a Riccati os-

cillator, a linear SDOF system and a Duffing oscillator, are studied as examples. The re-

sults are compared with the analytical solution or the Monte Carlo simulation results, 

verifying the accuracy of the proposed method. 

 More complex multi-dimensional stochastic systems with multiple basic random varia-

bles are to be studied in the future investigations. 
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Abstract. Probability density evolution method (PDEM) provides a feasible approach for 

stochastic response analysis of general structures. The key issue of PDEM is to solve a gen-

eralized density evolution equation (GDEE). Previously, GDEE was solved in the framework 

of point evolution method which is in essence a zero order assemble evolution method. In this 

paper, a first order assemble evolution method is proposed aiming at increasing the accuracy 

and robustness of PDEM. The main idea of the proposed method is to extend the velocity term 

of the derived density evolution equation from integration of GDEE in a subdomain of the 

random space with a first order term with respect to the response variable. Compared to the 

original one, the proposed method directly introduces inherent diffusivity into PDEM which is 

essential in order to better reflect the evolution result of the corresponding subdomain. The 

same as in the point evolution case, TVD finite difference scheme is adopted to solve the new 

derived density evolution equation. A single-degree-of-freedom (SDOF) oscillator with ran-

dom frequency is studied in the paper, and the result indicates that the proposed method per-

forms better than the original one. 
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1 INTRODUCTION 

Deterministic finite element method has been studied in depth, and is widely applied in 

practical engineering problems to date. On the other hand, there are a lot of inevitable ran-

domness in many aspects of structure analysis, such as material properties, geometric sizes, 

boundary conditions and applied loads. Variability of these parameters may lead to considera-

ble fluctuation in structural response, and may even result in structural failure. In order to 

trace the propagation of randomness and measure its influence on structural response, it is 

necessary to resort to stochastic finite element method (SFEM). 

Study on SFEM was initiated in 1970’s. Over the past four decades, great developments 

have been achieved in this field. Available approaches by far can be broadly divided into 

Monte Carlo method (MCM), Perturbation stochastic finite element method (PSFEM), and 

orthogonal polynomial expansion method (OPEM). Pioneering work to introduce MCM into 

stochastic structural analysis was conducted by Shinozuka and Jan [1]. Despite its versatility, 

MCM is seldom applied to complex structures due to its prohibitive computational consump-

tion. In order to increase the efficiency of MCM, Shinozuka and Deodatis [2] and Yamazaki, 

Member and Shinozuka [3] introduced the Neumann expansion technique so that the time-

consuming matrix inversion operation in each random sampling is avoided. Hisada and Nak-

agiri [4] proposed PSFEM by using stochastic perturbation technique to deal with fluctuation 

of random parameters. Frangopol, Lee and Willam [5] carried out nonlinear static analysis of 

concrete frame structures and concrete plates by combining PSFEM with concrete constitutive 

law. First order PSFEM is rather effective on condition that the random parameters are of 

very small variability. Second order PSFEM has looser limit on the variability of the random 

parameters, but is of very low efficiency and thus not suitable for practical engineering appli-

cations. Moreover, the secular terms problem (Liu, Besterfield and Belytschko [6]) will result 

in large error when applied to dynamic problems. Sun [7] proposed a new class of numerical 

algorithm to expand the structural response by Hermit orthogonal polynomial when trying to 

solve random differential equations with random coefficients. Enlightened by Sun’s work, 

Jensen and Iwan [8, 9] applied OPEM into structural seismic response analysis. Ghanem and 

Spanos [10] suggested to use chaos polynomial as orthogonal basis. By applying the sequen-

tial orthogonal decomposition principle in the random space, Li [11, 12] independently de-

rived an extended system method. OPEM is not troubled by the limit on the variability of 

random parameters and the secular terms problem. However, when the number of random pa-

rameters is large, order of the extended system will be extremely higher than that of the origi-

nal one, thus making the computational consumption almost unbearable.  

Recently, Li and Chen [13, 14] developed a new class of PDEM, where they derived a 

GDEE based on the principle of preservation of probability. The point evolution method was 

usually adopted to obtain the evolution of probability density function (PDF) of the specific 

dynamic response. In this paper, a first order assemble evolution method is proposed in order 

to increase the accuracy and robustness of PDEM and an SDOF oscillator with random fre-

quency is studied. 

2 GENERALIZED DENSITY EVOLUTION EQUATION 

Without loss of generality, consider a general stochastic dynamic system as follows 

    0 0, , ,G t t X X X x   (1) 
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where  
T

1, , nX XX  is a n-dimensional vector of system responses;  
T

1, , s   is a s-

dimensional vector of random parameters, the joint probability density function (JPDF) of 

which is  p  . For any well-posed dynamic system, there exists a unique solution to Eq. (1) 

  ,H tX    (2) 

the component form of which is  

  , 1, ,l lX H t l n    (3) 

Based on this, a GDEE can be derived according to the random event description of the prin-

ciple of preservation of probability 

 
 

 
 

1

, , , ,
, 0

n

l

l l

p t p t
H t

t x

 
  

 


X Xx x  
   (4) 

where  , ,p tX x   is the JPDF of  ,X  . If 1n  , then Eq. (4) simplifies to a one-

dimensional GDEE 

 
 

 
 , , , ,

, 0
X Xp x t p x t

H t
t x

 
  

 

  
   (5) 

with the initial condition 

       0 0, , ,Xp x t x H t p        (6) 

where the subscript l is omitted for brevity. Meanwhile, for convenience of discussion, the 

paper is only limited to one-dimensional GDEE. 

3 ASSEMBLE EVOLUTION METHOD 

3.1 Theoretical derivation  

In theory, there is a formal solution to Eq. (5) with the initial condition Eq. (6) 

       , , ,Xp x t x H t p        (7) 

where     is the Dirac   function. Integrate both sides of Eq. (7) with respect to   in the 

random space   

         , = , , ,X Xp x t p x t d x H t p d    
 

       (8) 

However, since  ,H t  generally does not have an explicit expression, it is impractical to ob-

tain  ,Xp x t  by way of Eq. (8). Hence, it is necessary to resort to an approximate method. 

Suppose that the random space   is divided uniformly into selN  disjoint and complementary 

subdomains  1, ,q selq N , and each subdomain corresponds to a representative point q  

located in its center. Integrate both sides of Eq. (5) with respect to   in each subdomain 

 
 

 
 , , , ,

, 0 1, ,
q q

X X

sel

p x t p x t
d H t d q N

t x

 
   

  
 

 

 
     (9) 

For the first term on the left side of the equation above, exchanging the order of derivation 

and integration yields 
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     (10) 

For the second term, making use of the mean value theorem of integrals yields 
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  (11) 

It should be pointed out that in most cases  ,q x t  does not have an explicit expression. Sub-

stitute Eq. (10) and Eq. (11) into Eq. (9) 

 
   

  
   , ,

, , 0 1, ,

q q

X X

q sel

p x t p x t
H x t t q N

t t

 
  

 
   (12) 

where   , ,qH x t t  is an unknown function of x and t. Since each subdomain is very small 

compared to the whole random space, it is reasonable to assume that    ,
q

Xp x t  is a unimodal 

and symmetrically distributed function, which has been confirmed by plenty of computation. 

Therefore, in order to get an approximate expression of   , ,qH x t t , suppose that the solu-

tion to Eq. (12) is a Gaussian function with mean value  qm t  and standard deviation  q t  

    
 

  
 

2
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q

q

x m t
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X

q

p x t e
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   (13) 

Substitute Eq. (13) into Eq. (12), then the following expression can be obtained after a simple 

derivation 

       
 

 

 

 
, ,

q q

q q q

q q

x m t t
H x t t m t t

t x m t






 
   

  

   (14) 

As a reasonable approximation, truncating the right side of the equation above to the second 

term and substituting it into Eq. (12) yields 

 
   

 
 

 
  

   , ,
0 1, ,

q q

qX X

q q sel

q

tp x t p x t
m t x m t q N

t t t





  
      
   

  (15) 

with the corresponding initial condition 

       0 0, 1, ,
q

X q q selp x t P x m t q N      (16) 

Eq. (15) can be termed a derived density evolution equation. Its coefficient on the left side 

is composed of two terms: the first term, being a function of t, dominates the law of drift of 

the stochastic system response and is called point velocity while the second term, being a 

function of both x and t, dominates the law of fluctuation and is called assemble velocity.  

3.2 Numerical algorithm  

Eq. (15) is a first order linear hyperbolic equation, and can be solved by finite difference 

method. The solving procedure is as follows 
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1. Select a certain amount of representative points  1, ,q selq N  that are uniformly dis-

tributed in the random space   and calculate the corresponding assigned probabilities 

qP  (Li and Chen [15]); 

2. Compute  qm t  and  q t  that correspond to each subdomain  1, ,q selq N ; 

3. Generate mesh and approximate Eq. (16) as 

         0 0
0

0.5 , 0.5
, 1, ,

0 otherwise

q
q j q q

X j sel

P
x m t x m t x

p x t q Nx


      




  (17) 

 where  0, 1,jx j x j    , x  is the mesh size on the x-axis; 

4. Solve Eq. (15) by finite difference method to obtain    ,
q

X j kp x t , where 

 0,1,kt k t k   , t  is the time step; 

5. Add all    ,
q

X j kp x t  together to get the final result 

      
1

, ,
selN

q

X j k X j k

q

p x t p x t


   (18) 

Among all the steps above, step 2 plays an important role in deciding the accuracy of the final 

result. A feasible method to compute  qm t  and  q t  is to calculate the response time histo-

ries corresponding to the representative points and densify the whole random space by way of 

interpolation or regression. Once the random space is densified, it is quite straight to compute 

 qm t  and  q t  by definition. In this paper, since the numerical example given is only a one-

dimensional problem, it is sufficient to densify the random space by linear interpolation. 

4 NUMERICAL EXAMPLE  

In order to verify the feasibility of the proposed method as well as to compare it with the 

original point evolution method, an SDOF oscillator with random frequency is studied here. 

 

Equation of motion of free vibration of an undamped SDOF oscillator is 

   2 0X t X    (19) 

with deterministic initial condition 

    
0 0

0.1m, 0
t t

X t X t
 
    (20) 

In analysis, the natural frequency   is assumed to be a normally distributed random varia-

ble with mean value 3  and coefficient of variation 0.1. The analytical solution for the time 

dependent PDF of displacement can refer to Li and Chen [13]. Both the point evolution meth-

od and first order assemble evolution method are applied and the results are depicted in Figure 

1 to Figure 3. Depicted in Figure 1 and Figure 2 are typical time histories of mean value and 

standard deviation, respectively. It is interesting to see that the standard deviation exhibits ob-

vious fluctuation with time, which cannot be captured by the point evolution method. Depict-

ed in Figure 3 are PDFs at 0.65sect   by analytical method, the point evolution method and 

the first order assemble evolution method. It is obvious that the result by the proposed method 
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fits very well with the analytical solution while the result by the point evolution method oscil-

lates heavily. 
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Figure 1: Typical time history of mean value 
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Figure 2: Typical time history of standard deviation 
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Figure 3: Comparison of three PDFs at 0.65sect   

5 CONCLUSIONS  

A first order assemble evolution method for solving GDEE is proposed in this paper. 

Compared to the point evolution method, the new method introduces an assemble velocity 
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term which dominates the law of fluctuation of the stochastic system response into the derived 

density evolution equation. An SDOF oscillator with random frequency is studied, and the 

result indicates that the proposed method performs better than the original one. 
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Abstract. We study hyperbolic problems with uncertain stochastically varying geometries. Our
aim is to investigate how the stochastically varying uncertainty in the geometry affects the
solution of the partial differential equation in terms of the mean and variance of the solution.

The problem considered is the two dimensional advection equation on a general domain,
which is transformed using curvilinear coordinates to a unit square. The numerical solu-
tion is computed using a high order finite difference formulation on summation-by-parts form
with weakly imposed boundary conditions. The statistics of the solution are computed non-
intrusively using quadrature rules given by the probability density function of the random vari-
able.

We prove that the continuous problem is strongly well-posed and that the semi-discrete prob-
lem is strongly stable. Numerical calculations using the method of manufactured solution verify
the accuracy of the scheme and the statistical properties of the solution are discussed.
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1 INTRODUCTION

When solving partial differential equations, uncertainty of where the boundaries of the do-
main are located may arise for many reasons. Examples include bad materials, imprecise man-
ufacturing machines and non-perfect mesh generators. In this paper we study the effects of
imposing the boundary condition at stochastically varying positions in space.

We start by transforming the stochastically varying domain into a fixed domain. The continu-
ous formulation is analyzed using the energy method, and strong well-posedness is proved. The
continuous problem is discretized using high order finite differences on summation-by-parts
form with weakly imposed boundary conditions, and strong stability is proved. The statistics
of the solution such as the mean, variance, confidence intervals are computed non-intrusively
using quadrature rules for the given stochastic distributions [1, 2].

The paper will proceed as follows. In section 2 we define the continuous problem in two
dimensions, transform it using curvilinear coordinates to the unit square and derive energy es-
timates that lead to well-posedness. Next, in section 3, we formulate a finite difference scheme
for the continuous problem and prove stability. Moreover, in section 4 we compute various
statistics of the problem for different stochastic settings. Finally, in section 5 we draw conclu-
sions.

2 THE CONTINUOUS PROBLEM

Consider the advection equation in two space dimensions

ut + aux + buy = F (x, y, t), (x, y) ∈ Ω(θ), t ≥ 0
Lu(x, y, t, θ) = g(x, y, t), (x, y) ∈ Γ(θ), t ≥ 0
u(x, y, 0, θ) = f(x, y), (x, y) ∈ Ω(θ), t = 0,

(1)

where a and b are scalars, u = (x, y, t, θ) represents the solution to the problem where, θ is
a random variable. F (x, y, t), g(x, y, t) and f(x, y) are data to the problem. The goal of this
study is to investigate the effects of placing the data at (x, y) ∈ Γ(θ).

2.1 Transformation

We transform the domain Ω to the unit square by introducing,

x = x(ξ, η), ξ = ξ(x, y, θ)
y = y(ξ, η), η = η(x, y, θ),

(2)

where 0 ≤ ξ ≤ 1 and 0 ≤ η ≤ 1. By applying the chain rule to (1), multiplying by the Jacobian
matrix J , using the metric relations and the Geometric Conservation Law (GCL), see [3], gives

Jut + [(Jξxa+ Jξyb)u]ξ + [(Jηxa+ Jηyb)u]η = 0. (3)

The Jacobian matrix of the transformation given above is,

[J ] =

[
xξ yξ
xη yη,

]
(4)

where the determinant of [J ] = J = xξyη − xηyξ > 0.
The final formulation of the transformed problem including initial and boundary conditions

is
Jut + (ãu)ξ + (b̃u)η = 0, (ξ, η) ∈ Ω t ≥ 0

Lu(ξ, η, t, θ) = g(ξ, η, t), (ξ, η) ∈ ∂Ω, t ≥ 0
u(ξ, η, 0, θ) = f(ξ, η), (ξ, η) ∈ Ω, t = 0,

(5)
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Figure 1: The transformed domain including normal vectors nE, nW , nN and nS .

where
ã = yηa− xηb, b̃ = −xξa+ yξb, (6)

and Ω = [0, 1]× [0, 1]. The transformed domain is presented in figure 1. We note that the wave
speeds ã/J and b̃/J depend on the stochastic variable θ.

2.2 The energy method

We multiply the transformed problem (5), with u and integrate over the domain Ω. By using
(3), (6), and the Green-Gauss theorem, we obtain

d

dt
‖u(t, ξ, η)‖2

J = −
∮
∂Ω

u2[(ã, b̃) · n] ds, (7)

where n is the outward pointing normal vector. The definition ‖u‖2
J =

∫
Ω

u2J dξdη has been

used in (7). The right hand side (RHS) in (7) can be evaluated as

d

dt
‖u(t, ξ, η)‖2

J = −
∫ 1

0

ãu2
∣∣
ξ=1
− ãu2

∣∣
ξ=0

dη −
∫ 1

0

b̃u2
∣∣
η=1
− b̃u2

∣∣
η=0

dξ. (8)

We note that the first boundary term in (8) can be rewritten as∫ 1

0
ãu2
∣∣
ξ=1

dη =
∫ 1

0
u2
∣∣
ξ=1

(a, b) · (yη,−xη) dη
=

∫ 1

0
u2
∣∣
ξ=1

(a, b) · (yη ,−xη)√
y2η+x2η

√
y2
η + x2

η dη

=
∮
δΩ
u2
∣∣
ξ=1

(a, b) · nE dsη,
(9)

where ds = dsη =
√
y2
η + x2

η dη since ξ is constant. Further, the outward pointing normal
vector at this boundary is denoted nE = (yη ,−xη)√

y2η+x2η
where E denotes the east boundary, see Figure

1. By using similar arguments for the remaining boundaries, we obtain

d
dt
‖u(t, ξ, η)‖2

J = −
∮
u2
∣∣
ξ=1

(a, b) · nE + u2
∣∣
ξ=0

(a, b) · nW dsη
−

∮
u2
∣∣
η=1

(a, b) · nN + u2
∣∣
η=0

(a, b) · nS dsξ.
(10)
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To bound the energy, we impose boundary conditions when (a, b) · nE,W,N,S < 0, see Figure
1. Due to the fact that a and b can vary, we can, using the indicator function 1, impose boundary
data in the following general way,

d
dt
‖u(t, ξ, η)‖2

J = −
∮

(a, b) · nE1+((a, b) · nE)(u2
∣∣
ξ=1

− g(0, η, t)2) ds

−
∮

(a, b) · nE1+((a, b) · nE)(u2
∣∣
ξ=0

− g(1, η, t)2) ds

−
∮

(a, b) · nN1+((a, b) · nN)(u2
∣∣
η=1

− g(ξ, 1, t)2) ds

−
∮

(a, b) · nN1+((a, b) · nN)(u2
∣∣
η=0

− g(ξ, 0, t)2) ds,

(11)

where

1+(M) =

{
1 if M > 0

0 else
1−(M) =

{
1 if M < 0

0 else ,
(12)

In (11), to ease the notation, nW and nS are replaced by −nE and −nN respectively.
We can now prove

Proposition 1. The problem (5) with non-homogeneous boundary conditions is strongly stable.

Proof. Time integration of (11) in time results in

‖u(T, ξ, η)‖2
J = −

∫ T
0

∮
(a, b) · nE1+((a, b) · nE)(u2

∣∣
ξ=1

− g(0, η, t)2) dsdt

−
∫ T

0

∮
(a, b) · nW1+((a, b) · nW )(u2

∣∣
ξ=0

− g(1, η, t)2) dsdt

−
∫ T

0

∮
(a, b) · nN1+((a, b) · nN)(u2

∣∣
η=1

− g(ξ, 1, t)2) dsdt

−
∫ T

0

∮
(a, b) · nS1+((a, b) · nS)(u2

∣∣
η=0

− g(ξ, 0, t)2) dsdt

+ ‖f‖2
J .

(13)

In (13), the boundary terms without data give a non-positive contribution, hence the solution is
bounded by data and strongly stable.

3 THE NUMERICAL SCHEME

In this section we consider the numerical approximation of (5) formulated using the summation-
by-parts operators with simultaneous approximation terms (SBP-SAT) technique. First, we
rewrite our transformed continuous problem (5) using the splitting technique described in [4],
to obtain,

Jut + 1
2
[(ãu)ξ + ãuξ + ãξu] + 1

2
[(b̃u)η + b̃uη + b̃ηu] = 0. (14)

The corresponding semi-discrete version of (14) including penalty terms for the boundary con-
ditions is

J̃Ut + 1
2
[(P−1

ξ Qξ ⊗ Iη)ÃU + Ã(P−1
ξ Qξ ⊗ Iη)U + ÃξU ]

+ 1
2
[(Iξ ⊗ P−1

η Qη)B̃U + B̃(Iξ ⊗ P−1
η Qη)U + B̃ηU ]

= σ1(P−1
ξ E0N ⊗ Iη)(U − (E0N ⊗ Iη)g)

+ σ2(P−1
ξ ENN ⊗ Iη)(U − (ENN ⊗ Iη)g)

+ σ3(Iξ ⊗ P−1
η E0M)(U − (Iξ ⊗ E0M)g)

+ σ4(Iξ ⊗ P−1
η EMM)(U − (Iξ ⊗ EMM)g)

U(0) = f.

(15)

In (15), P−1Q is the finite difference operator, P is a positive definite matrix, Q is an almost
skew-symmetric matrix satisfying Q+QT = B = diag[−1, 0, . . . , 0, 1]. E0N and E0M are zero
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matrices with the exception of the first element which is equal to one, the corresponding sizes
of the matrices are N + 1×N + 1 and M + 1×M + 1. The notations Iξ, Iη corresponds to the
identity matrices of sizes N + 1×N + 1, M + 1×M + 1. Ã, B̃ and J̃ are diagonal matrices
approximating ã, b̃ and J point wise. σ1, σ2, σ3 and σ4 are chosen such that the numerical
scheme (15) is stable. U is a vector containing the numerical solution where, Ui,j approximates
u(ξi, ηj) ordered as,

U =


U0

U1
...
UN

 , Ui =


Ui,0
Ui,1

...
Ui,M

 , (16)

where i = 0, 1, . . . , N corresponds to the grid points in ξ and i = 0, 1, . . . ,M to the grid points
in η. For more details on the SBP-SAT techniques, see [5].

For stability, the following lemma is required.

Lemma 1. The Numerical Geometric Conservation Law (NGCL):

Ãξ + B̃η = 0, (17)

holds.

Proof. The matrices Ãξ and B̃η approximating ãξ and b̃η are defined in the following way

Ãξ = (ỹη)ξa− (x̃η)ξb, B̃η = −(ỹξ)ηa+ (x̃ξ)ηb, (18)

where the matrices (ỹη)ξ, (x̃η)ξ, (ỹξ)η and (x̃ξ)η approximates (yη)ξ, (xη)ξ, (yξ)η and (xξ)η point
wise respectively. The matrices are defined as

(ỹη)ξ = diag[Dξ(Dηy)], (x̃η)ξ = diag[Dξ(Dηx)],
(ỹξ)η = diag[Dη(Dξy)], (x̃ξ)η = diag[Dη(Dξx)].

(19)

In (19), Dξ and Dη denotes finite difference operators of the form Dξ = (P−1
ξ Qξ ⊗ Iη) and

Dη = (Iξ ⊗ P−1
η Qη) respectively. x and y are discrete Cartesian coordinates in the domain Ω.

Next, by using the definitions (18) and (19) in (17) we obtain,

Ãξ + B̃η = a[Dξ(Dηy)−Dη(Dξy)] + b[−Dξ(Dηx) +Dη(Dξx)]. (20)

The RHS of (20) is zero if the differential operators commute, that is DξDη = DηDξ. This
property follows directly from the properties of the Kronecker product, since

DξDη = (P−1
ξ Qξ ⊗ Iη)(Iξ ⊗ P−1

η Qη) = (P−1
ξ Qξ ⊗ P−1

η Qη)

= (Iξ ⊗ P−1
η Qη)(P

−1
ξ Qξ ⊗ Iη) = DηDξ.

(21)

The use of (21) in (20) proves the lemma.
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3.1 Stability

To prove stability we multiply (15) from the left with UT (Pξ ⊗ Pη), add the transpose and
define the discrete norm ‖U‖2

J(Pξ⊗Pη) = UT J̃(Pξ ⊗ Pη)U to obtain

d
dt
‖U‖2

J(Pξ⊗Pη) + 1
2
[UT (Qξ +QT

ξ ⊗ Pη)ÃU + ÃUT (Qξ +QT
ξ ⊗ Pη)U ]

+ 1
2
[UT (Pξ ⊗Qη +QT

η )B̃U + B̃UT (Pξ ⊗Qη +QT
η )U ]

+ ÃξU
T (Pξ ⊗ Pη)U + B̃ηU

T (Pξ ⊗ Pη)U
= σ1U

T (E0N ⊗ Pη)(U − (E0N ⊗ Iη)g)
+ σ2U

T (ENN ⊗ Pη)(U − (ENN ⊗ Iη)g)
+ σ3U

T (Pξ ⊗ E0M)(U − (Iξ ⊗ E0M)g)
+ σ4U

T (Pξ ⊗ EMM)(U − (Iξ ⊗ EMM)g).

(22)

By observing that Qξ + QT
ξ = ENN − E0N , Qη + QT

η = EMM − E0M and using the notation
g̃1 = (E0N⊗Iη)g, g̃2 = (ENN⊗Iη)g, g̃3 = (Iξ⊗E0M)g, g̃4 = (Iξ⊗EMM)g and Iξη = (Iξ⊗Iη)
we can rewrite (22) as

d
dt
‖U‖2

J(Pξ⊗Pη) = (Ã+ 2σ1Iξη)U
T (E0N ⊗ Pη)U

− (Ã− 2σ2Iξη)U
T (ENN ⊗ Pη)U

+ (B̃ + 2σ3Iξη)U
T (Pξ ⊗ E0M)U

− (B̃ − 2σ4Iξη)U
T (Pξ ⊗ EMM)U

− 2σ1U
T (E0N ⊗ Pη)g̃1 − 2σ2U

T (ENN ⊗ Pη)g̃2

− 2σ3U
T (Pη ⊗ E0M)g̃3 − 2σ4U

T (Pη ⊗ EMM)g̃4

− UT (ãξ + b̃η)(Pξ ⊗ Pη)U.

(23)

By adding and subtracting the terms

σ2
1(Ã+ 2σ1Iξη)

−1g̃T1 (E0N ⊗ Pη)g̃1, σ2
2(Ã− 2σ2Iξη)

−1g̃T2 (ENN ⊗ Pη)g̃2,

σ2
3(B̃ + 2σ3Iξη)

−1g̃T3 (Pξ ⊗ E0M)g̃3, σ2
4(B̃ − 2σ4Iξη)

−1g̃T4 (Pξ ⊗ EMM)g̃4,

in (23) gives

d
dt
‖U‖2

J(Pξ⊗Pη) = σ2
1(Ã+ 2σ1Iξη)

−1g̃T1 (E0N ⊗ Pη)g̃1

− σ2
2(Ã− 2σ2Iξη)

−1g̃T2 (ENN ⊗ Pη)g̃2

+ σ2
3(B̃ + 2σ3Iξη)

−1g̃T3 (Pξ ⊗ E0M)g̃3

− σ2
4(B̃ − 2σ4Iξη)

−1g̃T4 (Pξ ⊗ EMM)g̃4

+ (Ã+ 2σ1Iξη)(U − σ1(Ã+ 2σ1Iξη)
−1g̃1)T

(E0N ⊗ Pη)(U − σ1(Ã+ 2σ1Iξη)
−1g̃1)

− (Ã− 2σ2Iξη)(U − σ2(Ã− 2σ2Iξη)
−1g̃2)T

(ENN ⊗ Pη)(U − σ2(Ã− 2σ2Iξη)
−1g̃2)

+ (B̃ + 2σ3Iξη)(U − σ3(B̃ + 2σ3Iξη)
−1g̃3)T

(Pξ ⊗ E0M)(U − σ3(B̃ + 2σ3Iξη)
−1g̃3)

− (B̃ − 2σ4Iξη)(U − σ4(B̃ − 2σ4Iξη)
−1g̃4)T

(Pξ ⊗ EMM)(U − σ4(B̃ − 2σ4Iξη)
−1g̃4).

(24)

To mimic the continuous estimate (11), the following choices of penalty parameters are
made,

σ1 = − ã+|ã|
2
, σ2 = ã−|ã|

2
, σ3 = − b̃+|b̃|

2
, σ4 = b̃−|b̃|

2
. (25)
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Note again that we obtain stochastically varying penalty parameters.
By using the penalty parameters (25) in (24) we obtain

d
dt
‖U‖2

J(Pξ⊗Pη) = Ã1+(Ã)(g̃T1 (E0N ⊗ Pη)g̃1 − UT (ENN ⊗ Pη)U)

− Ã1−(Ã)(g̃T2 (ENN ⊗ Pη)g̃2 − UT (E0N ⊗ Pη)U)

+ B̃1+(B̃)(g̃T3 (Pξ ⊗ E0M)g̃3 − UT (Pξ ⊗ EMM)U)

− B̃1−(B̃)(g̃T4 (Pξ ⊗ EMM)g̃4 − UT (Pξ ⊗ E0M)U)

− Ã1+(Ã)(U − g̃1)T (E0N ⊗ Pη)(U − g̃1)

+ Ã1−(Ã)(U − g̃2)T (ENN ⊗ Pη)(U − g̃2)

− B̃1+(B̃)(U − g̃3)T (Pξ ⊗ E0M)(U − g̃3)

+ B̃1−(B̃)(U − g̃4)T (Pξ ⊗ EMM)(U − g̃4),

(26)

where 1 denotes the indicator function defined above. By (26) we obtain a discrete estimate.
We can now prove

Proposition 2. The numerical approximation (15) using the penalty coefficients

σ1 = − ã+|ã|
2
, σ2 = ã−|ã|

2
, σ3 = − b̃+|b̃|

2
, σ4 = b̃−|b̃|

2
, (27)

is strongly stable.

Proof. By integrating (26) in time using the penalty parameters in (27) leads to

‖U‖2
J(Pξ⊗Pη) =

∫ T
0
Ã1+(Ã)(g̃T1 (E0N ⊗ Pη)g̃1 − UT (ENN ⊗ Pη)U)dt

−
∫ T

0
Ã1−(Ã)(g̃T2 (ENN ⊗ Pη)g̃2 − UT (E0N ⊗ Pη)U)dt

+
∫ T

0
B̃1+(B̃)(g̃T3 (Pξ ⊗ E0M)g̃3 − UT (Pξ ⊗ EMM)U)dt

−
∫ T

0
B̃1−(B̃)(g̃T4 (Pξ ⊗ EMM)g̃4 − UT (Pξ ⊗ E0M)U)dt

−
∫ T

0
Ã1+(Ã)(U − g̃1)T (E0N ⊗ Pη)(U − g̃1)dt

+
∫ T

0
Ã1−(Ã)(U − g̃2)T (ENN ⊗ Pη)(U − g̃2)dt

−
∫ T

0
B̃1+(B̃)(U − g̃3)T (Pξ ⊗ E0M)(U − g̃3)dt

+
∫ T

0
B̃1−(B̃)(U − g̃4)T (Pξ ⊗ EMM)(U − g̃4)dt

+ ‖f‖2
J(Pξ⊗Pη) .

(28)

As in the continuous energy estimate, the negative boundary terms not involving data in (28)
results in a strongly stable numerical approximation.

Remark 1. Note the resemblence between the discrete energy estimate (26) and its continuous
counterpart (11).

4 NUMERICAL AND STATISTICAL RESULTS

In this section we will compute various statistics for the given model problem (1) using the
parameters a = b = −1. We use the method of manufactured solution [6] to compute the
accuracy of the scheme.

4.1 Rate of convergence

The rate of convergence is verified by computing the order of accuracy p defined as,

p = log2

 ‖eh‖P∥∥∥eh
2

∥∥∥
P

 , ‖eh‖ = ‖ua − uh‖ . (29)

904



Markus Wahlsten and Jan Nordström

SBP operator Nx = Ny = 15 Nx = Ny = 20 Nx = Ny = 25
2nd order 1.318 1.669 1.818
3rd order 2.831 3.025 3.074

Table 1: The order of accuracy for the 2nd and 3rd order SBP-SAT schemes for different number
of grid points in space.
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Figure 2: A schematic of the computational domain in a polar coordinate system including
definitions of r0, r1, φ0 and φ1.

In (29), eh and uh are the error and numerical solution using the grid spacing h. The corre-
sponding manufactured analytical solution is denoted ua. The order of accuracy computed for
different number of grid points and SBP-operators is shown in Table 1.

In the calculations below, the 3rd order SBP-operators are used on a grid with 40 grid points
in both space directions and 1000 grid points in time.

4.1.1 Normally distributed stochastic data

As in the previous section we assume a normally distributed stochastic variable θ ∼ N(0, 1).
The stochastic dependence is enforced on the boundaries as

r0(θ) = 1− 0.05θ sin(4φ− π),
r1(θ) = 2− 0.05θ sin(4φ− π),
φ0(θ) = π

4
+ 0.05θ sin(2π(r − 1)),

φ1(θ) = 3π
4

+ 0.05θ sin(2π(r − 1))

(30)

The quantities r0, r1, φ0 and φ1 with the computational domain are depicted in figure (2). The
boundary and initial data are chosen as,

g(x, y, t) = sin(2π(x− t)) + sin(2π(y − t)),
f(x, y) = sin(2πx) + sin(2πy).

(31)
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Figure 3: The mean and 95% confidence interval of the integral of the solution.

t

0 0.2 0.4 0.6 0.8 1

||V
ar

[u
]||

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Figure 4: The L1-norm of the variance of the solution.

In Figure 3, the mean and 95% confidence interval of the integral of the solution as a function
of time is illustrated. The integral of the solution is given by∫∫

Ω

u(x, y, t, θ) dxdy. (32)

The L1-norm of the variance of the solution is depicted in Figure 4. As can be seen, both the
confidence interval and the variance grows with time.

5 CONCLUSIONS

We have studied how the solution to a partial differential equation is affected by impos-
ing boundary data on a stochastically varying geometry. The problem was transformed to the
unit square resulting in a partial differential equation with stochastically varying wave speeds.
Strong well-posedness and strong stability was proven. It was shown that the stochastically
varying domain lead to a numerical scheme with stochastically varying penalty parameters.
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Next, the model problem was studied numerically with a small normally distributed stochas-
tically varying geometry. It was shown that the correct convergence rates were obtained. The
mean, variance and confidence intervals were computed. It was shown that the variance in the
solution as well as the confidence level grows in time.

The numerical results regarding the variance and confidence intervals show that a stochasti-
cally varying geometry description affect the solution in a non-negligible way. To conclude what
effects the choice of random distribution has on the solution, further investigation is needed.
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Abstract. A computational framework for the reduction and computation of Bayesian Net-
works enhanced with structural reliability methods is presented. During the last decades, the
inner flexibility of the Bayesian Network method, its intuitive graphical structure and the strong
mathematical background have attracted increasing interest in a large variety of applications
involving joint probability of complex events and dependencies. Furthermore, the fast growing
availability of computational power on the one side and the implementation of robust infer-
ence algorithms on the other, have additionally promoted the success of this method. Inference
in Bayesian Networks is limited to only discrete variables (with the only exception of Gaussian
distributions) in case of exact algorithms, whereas approximate approach allows to handle con-
tinuous distributions but can either result computationally inefficient or have unknown rates of
convergence.

This work provides a valid alternative to the traditional approach without renouncing to the
reliability and robustness of exact inference computation. The methodology adopted is based
on the combination of Bayesian Networks with structural reliability methods and allows to
integrate random and interval variables within the Bayesian Network framework in the so called
Enhanced Bayesian Networks. In the following, the computational algorithms developed are
described and a simple structural application is proposed in order to fully show the capability
of the tool developed.
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1 INTRODUCTION

The fast technological growth that has characterized the last century has progressively pro-
vided more efficient and advanced instruments for everyday life as well as for industrial and
scientific applications. This progress goes along with an ever increasing grade of complexity
which concerns the engineering field on any level, from industrial processes and technological
installations to devices of common and daily use. To adequately predict the behaviour of these
systems, optimize their performance, estimate their reliability and evaluate the risks they are
subject to, are challenging tasks. Hence, it is of primary importance to provide tools suitable
for the accurate representation not only of systems but also of data available.

The first of these aspects focuses mainly on the representation, as precise as possible, of
the network of dependencies and interactions among the parts which determine the correct
functioning of the overall system. The success of Bayesian Networks (BNs) is linked to their
capability to satisfy this requirement. Thanks to the robustness of Bayesian probability, they
provide an efficient factorization of joint probability distributions exploiting information about
the conditional dependencies existing among the variables involved. In addition, their intuitive
graphical framework has consolidated their attractiveness in quite different fields of science and
engineering, from artificial intelligence to medical and economic areas [21].

On the other side, representing as faithfully as possible the information available is a crucial
aspect of modelling. In fact, including in the modelling the lack of knowledge (i.e. epistemic un-
certainty) generally leads to a drastic improvement in the accuracy and reliability of the results
even if at the cost of a higher computational effort. This approach results in larger robustness,
not only avoiding bias and assumptions which can easily lead to misleading results but also
allowing to reduce the cost associated with more meticulous measurements. Examples can be
found in the structural reliability area which, as the related scientific literature shows, provides
a fertile breeding ground for this kind of approach such as imprecise probabilities theory [1].

The core of this study is to provide an efficient computational tool which combines two solid
and well consolidated methods (e.g. Bayesian Networks and Structural Reliability methods
considering epistemic uncertainty), fully exploiting the advantages of both.

In the following, the theoretical background and the methodology adopted are firstly in-
troduced. The main features of the computational framework developed are then described.
Finally, a simple application is presented in order to provide a basis for discussion towards the
advantages and limitations of the implementation.

2 THEORETICAL BACKGROUND

This section is dedicated to the overall theoretical background of the methodology adopted.
A brief introduction to BNs and structural reliability methods is provided. Finally, the method-
ology adopted is described.

2.1 Bayesian Networks

BNs, also known as belief networks, are statistical models based on the use of directed
acyclic graphs for the representation of probability distributions. They provide the factorization
of the joint probability distribution associated with an event of interest exploiting information
about the conditional dependencies existing among the variables. This approach relies on a
double nature graphically represented by the structure of the network itself, to which quantita-
tive values are associated throughout the introduction of conditional probability distributions.
The structure of a BN consists of a variable number of nodes, each of which represents a ran-
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dom variable of the problem modelled. The variables should be interpreted in Bayesian terms
or rather can have different origins: for instance, they may be observable quantities, unknown
parameters or even mere hypotheses.

X1

X3 X2

Figure 1: Example of an elementary BN

The nodes of a BN are connected to each other by edges (commonly represented as arrows)
expressing informal or causal dependencies existing among the variables. Only nodes among
which exists some sort of dependency are linked, whilst those that are not joined refer to vari-
ables that are conditionally independent of each other. The edges are characterized by precise
directions coherent with the causal relationship of the variables connected. With regards to the
BN introduced in Fig. 1, the node X1 is called the parent of X2 and X3, which are also referred
to as its children. Nodes that have no parents are defined as the roots of the network. Gener-
ally, on the basis of the Bayes’ theorem, the joint probability modelled by any BN with nodes
X1, X2, ..., Xn can be expressed as:

P (x1...xn) =
∏
i

P (xi | pi) (1)

where pi refers to the outcomes assumed by the parents of the node Xi, whose state is repre-
sented by xi. Then, the joint probability associated with the BN of Fig. 1 is:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x1) (2)

In a BN each node is conditionally independent of its non-descendants given its parent variables,
satisfying the local Markov property [17]. The strength of the dependencies associated with
each cluster of parent-child nodes is represented by the conditional probabilities mentioned.
These can be of different nature according to the structure of the variables concerned. BNs
also allow the updating of the marginal probabilities of the variables involved on the basis of
new information that might become available. This way, introducing evidence in the model, it
is also possible to analyse ”what if” scenarios, as well as the propagation of the information
in the direction of interest. Different software packages have been developed which allow the
adoptions of several algorithms, both exact and approximate, for the computation of inference
in BNs. Please see Ref. [11] for a review of the software packages available. A complete
overview of Bayesian networks is provided by Pearl and Russell [15].

2.2 Bayesian Networks Enhanced with Structural Reliability Methods

As mentioned in Section 2.1, two options are available for BNs inference computation,
namely approximate and exact algorithms. The choice of one or the other approach entails
advantages and drawbacks: the approximate approach allows to perform the inference on con-
tinuous nodes using simulation techniques (e.g. Markov chain Monte Carlo methods) but can
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result either computationally inefficient or have unknown rates of convergence. On the other
hand, exact inference algorithms (e.g. junction tree algorithm) are robust and well-established
in scientific literature but, due to computational costs, restrict the use of probability distributions
to the discrete field with the only exception of Gaussian distributions [13]. In most cases, this
implies the necessity to discretize continuous random variables, impoverishing the quality of the
information [19]. The integration of the BN approach with system reliability methods allows
to avoid this practise, benefiting of capabilities of exact inference algorithms and overcoming
their drawbacks. The resulting strategy is commonly known as Enhanced Bayesian Networks
(EBNs) [18].

The role of system reliability methods is to reduce the initial EBN (including discrete as well
as continuous variables) to a traditional BN on which it is possible to compute exact inference.
More in detail, each node child of at least one continuous node has to be defined as a domain
(or a set of domains) in the outcome space of its parents. This way, the use of system reliabil-
ity methods, not only allows to compute conditional probability values (as in traditional BNs)
starting from continuous variables but also erases the dependency of the computed node from
its non-discrete parents. Hence, the links among continuous and discrete nodes can be com-
pletely removed, finally allowing the elimination of all not-discrete nodes. The joint probability

D1

D2

C1 D1

D2

Figure 2: Example of an elementary EBN on the left hand side and its reduced network on the right, where C1
refers to a continuous whereas D1 and D2 to a discrete node

associated to the reduced network in Fig.2 can be represented according to the integral of Eq. 1
and then computed as:

P (D1, D2) =

∫
C1

p(D1)p(D2|D1, C1)f(C1)dC1 (3)

where p(D1),p(D2|D1, C1) are the probability values associated to the discrete nodes D1,D2

whilst f(C1) is the probability density function associated to the continuous node C1. Consid-
ering the Markov condition, hence the independence of the node D1 from the continuous node
C1, the solution of the integral in Eq.3 is reduced to:

P (D1|D2) =

∫
C1

p(D2|D1, C1)f(C1)dC1 (4)

Bearing in mind the initial hypothesis, any state d2 of the node D2 can be expressed as domain
in the outcome space of the nodes C1 and D2. The integral can be then expressed as:

P (D1|D2) =

∫
Ωd2

D2,d1

f(C1)dC1 (5)
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where Ωd2
D2,d1 defines the domain of the event D2 = d2 in the space of C1 given the event

D1 = d1. The integral in Eq.5 appears in the form common to structural reliability problems
and can be easily solved using structural reliability methods, as shown in the following section.
Since the reduction procedure implies the elimination of all continuous nodes, it is clear that, in
order to keep in the reduced network variables initially defined as continuous, it is necessary to
discretize them. In particular, this results necessary when such variables receive evidence or the
computation of their marginal probabilities is required. In light of this, discretization still plays
a major role in the modelling and computation of EBN.

2.2.1 Structural Reliability Methods

In the field of structural reliability, the domain bounding failure events is generally described
by the so-called limited state functions G(x), which represent the failure modes of the system
under study. In light of this, considering an event F defined as a domain in the outcome space
of m stochastic variables x = (x1, x2, ..., xm), the m-dimensional space can be divided in a
safe region, represented by the domain Ωs = {x : G(x) > 0}, whilst the failure domain can be
expressed as Ωf = {x : G(x) ≤ 0}. Hence, the probability of occurrence of the event F can be
quantified solving the integral of the form:

P (f) =

∫
x∈Ωf (x)

f(x)dx (6)

where f(x) is the joint probability density function associated to the m stochastic variables x.
Various methods for the solution of the integral in Eq. 6 are available such numerical integra-
tion techniques, Monte Carlo simulations [5] and asymptotic Laplace expansions [16]. Other
common solutions (e.g. First-Order and Second-Order Reliability Methods) rely instead on the
transformation of the reliability problem previously described into an optimization one [6]. In
this case, the random variables in the vector x are mapped into independent standard normal
variables and the minimum distance β between the limit state and the origin of the transformed
space identified (i.e. the so called reliability index). The probability of failure is then com-
puted on the basis of the assumption introduced. For example, in case of First Order Relia-
bility Method (FORM) a linear approximation of the limit-state function is adopted leading to
Pf = Φ(−β).

A more generalized approach which aims to take into account epistemic uncertainty has to
allow for uncertainty in both the structural parameters and those of the probabilistic models. As
for the probabilistic structural reliability, different methods are available, although the related
literature is by far more limited than the previous case. One of the most common approach
consists of treating epistemic uncertainty using set of descriptor values, such as in the case of
intervals [10], convex models [2], random sets [20] and fuzzy sets [22].

In this study only the epistemic uncertainty affecting the structural parameters of the model
has been taken into account. On the contrary, no imprecision is considered for the hyperparam-
eters of the random variables which hence are considered as precise probability distributions.
The implementation has been restricted to the adoption of two methods.

The first, developed by Luo et. al [8], is based on a nested minimization problem. Thanks
to the combination of uncertain parameters in the form of interval variables (v) represented
by convex models [7] and precise random variables (u), the limit state can be expressed as
a function of both the sets (G(u, v) = 0) and results in a cluster of limit-state surfaces in
the standard normal space. The method allows to seek the worst-case combination of interval
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variables value, identifying the limit state surface on which the most probable failure point lies.
The inverse of the normal cumulative distribution function of the distance between the identified
point and the origin of the standard normal space is assumed to be the upper bound of the failure
probability. This approach can be considered a more general case of the probabilistic method
FORM: in fact, when the epistemic uncertainty drops the intervals representing the uncertain
variables collapse into single values leading back to the traditional FORM procedure.

The second method adopted has been developed by De Angelis et al. [3] and provides the es-
timation of set-valued failure probabilities. The approach consists of coupling advanced Monte
Carlo methods (i.e. Adaptive Line Sampling) with optimization methods in order to estimate
the lower and upper bounds of the failure probability. Moreover, the method allows for both
imprecise probability distribution functions (i.e. credal sets) and sets of bounded variables.

3 NUMERICAL IMPLEMENTATION

The aim of this research is to enrich and implement computationally the existent methodol-
ogy described in section 2.2. To achieve this goal, structural reliability methods able to include
non probabilistic variables such intervals have been integrated into the BN approach. This way
not only continuous but also interval variables can be considered and included in the user’s
models, adding further novelty to the computational tool developed. The EBN methodology
previously depicted has been extended and implemented in the general purpose software Open-
Cossan in an object oriented fashion, ensuring programming flexibility and avoiding code du-
plication. OpenCossan is a collections of methods and tools under continuous development,
coded exploiting the object-oriented Matlab programming environment. It allows to define spe-
cialized solution sequences including any reliability method. Furthermore, thanks to the strong
flexibility, new reliability methods or optimization algorithm can be easily added. The com-
putational framework is organized in classes, i.e. data structures consisting of data fields and
methods together with their interactions and interfaces [14]. Objects (i.e. instances of classes)
can be then easily aggregated, forming more complex objects and being processed according
to the related methods in order to obtain the output of interest. The numerical implementation
developed in this study consists mainly of two classes: the first of these, Node, provides the ba-
sic input of the graphical model; the combination of more object Node allows the construction
of EnhancedBayesianNetwork objects, defined by their namesake class. These two classes to-
gether provide the graphical and numerical implementation of the Enhanced Bayesian Network
model. Moreover, their interaction with the reliability methods available in the OpenCossan
framework allows the reduction of the initial network to a BN, according to the methodology
previously discussed. Finally, the computation of inference in the network is carried out thanks
to the interaction of the tool with the Bayes’ Toolbox for Matlab [12]. Figure 3 depict the main
structure of the computational tool implemented.

This section aims to give an overall description of the computational tool presented. In the
following, the two main classes directly related to the implementation of graphical models are
described.

3.1 Node Class

The basic objects defined by the user in the network design phase belong to the class Node.
The main properties associated to an object Node are shown in Table 1.

The nature of the Conditional Probability Distribution (CPD) depends on the node type: in
case of discrete nodes it results in a traditional Conditional Probability Table (CPT), in case
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Input

Graphical

Model

Inference

Output

Reduction

Node

+Sname

+Stype

+CPD

+Cparents

EnhancedBayesianNetwork

+Cnodes

+Mdag

+Mcorrelation

+computeContinuousNodes()

+discretizeNode()

+reduce2BN()

Marginal Probability Values

Bayes’Toolbox for Matlab

Bayesian Network
(reduced EBN)

+computeInference()

+introduceEvidence()

Reliability Toolbox

+Monte Carlo Methods

(Probabilistic)

+First Order Reliability Method

(Probabilistic)

+Advanced Line Sampling

(Hybrid)

+FORM with convex set mixed model

(Hybrid)

Figure 3: Simplified representation of the computational toolbox

Property Type Required Description
Sname String Yes Name of the node
Cparents Cell array of strings Yes Name of parent nodes
Cchildren Cell array of strings No Name of children nodes
CPD Cell array Yes Conditional Probability Distribution
Nsize Integer No Size of the node
Stype String Yes Type of node, i.e. discrete, probabilistic or

bounded
V bounds Array of doubles No Vector of bound values (in case of discrete or

discretized nodes)
Evidence Integer No Value of the evidence eventually introduced in

the node

Table 1: Main properties of a Node object
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of bounded nodes it contains interval or a vector of interval variables; likewise, the CPD of
probabilistic nodes can contains one or more random variables. In this latter case, OpenCossan
offers a further grade of flexibility providing the options of defining random variables from a
set of well-known distributions (specifying the moments), from data available or user defined
functions.

In case of nodes children of at least one continuous node (i.e. bounded or probabilistic), the
CPD is initially characterized by one or more scripts, representing the user defined models to be
evaluated for the construction of the definitive CPD. These are expressed in the form of strings
in which the variables involved are named according to the parent nodes.

3.2 Enhanced Bayesian Network Class

The object Enhanced Bayesian Network, which contains the model and the related informa-
tion, is built introducing as input the node objects previously defined. Furthermore, a correla-
tion matrix can be introduced: this way it is possible to consider the correlation among random
variables or among interval variables (in the form of convex sets), whilst for other forms of
correlation (e.g. between random and interval variables) it is necessary to represent it in the
model itself (e.g. introducing a common parent). Apart form the correlation matrix and the
node objects, other properties which characterize the EBN object can either be defined by the
user or extrapolated from the input node objects. Overall, the main property of an EBN object
are defined in Table 2.

Property Type Required Description
Cnodes Cell array Yes Cell array of Node objects
Cnames Cell array of strings No Cell array of nodes names
Ctypes Cell array of strings No Cell array of nodes type
V size Cell array Yes Array of nodes size
Mdag Matrix of integers No Directed acyclic graph adjacency matrix

Cevidence Cell array No Cell array of evidence values
Cobserved Cell array of strings No Cell array of observed nodes names
Nnodes Integer No Number of nodes in the network

Mcorrelation Matrix of doubles No Correlation matrix

Table 2: Main properties of a Node object

The methods of the class Enhanced Bayesian Network which directly modify the object can
be divided in three categories according to as many tasks: methods dedicated to the modelling of
the network, involved in the reduction procedure or in the inference computation. Not included
in this classification is the method dedicated to the visualization of the graphical model, based
on the use of the biograph toolbox for Matlab [9].

3.2.1 Modelling

The methods of this category have the capability of directly modify the topography of the
network. Hence, this includes the removal of old nodes from the network, the inclusion of
new nodes (e.g. those newly defined from the reduction procedure), the identification of barren
nodes (namely those which do not receive any inference and have no children and so do not
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give any contribution towards the computation of the model) and the dicretization of continu-
ous nodes. The latter, as specified in section 2.2, plays an essential role when a not-discrete
variable needs to be included in the resulting BN. More generally, it is an important tool of
modelling strategy (e.g. to preserve causal links in the reduced network). In order to minimize

A1

A2

A3 A4

A1

A2discrete

A2continuous

A3 A4

Figure 4: Graphical representation of the discretization procedure described

the impact of discretization on the quality of the information the procedure suggested by Straub
and Kiureghiam [18] has been implemented computationally and extended to interval variables.
Briefly, it consists in the substitution of the initial node with a discrete one (which inherit the
parents of the initial node) associated to one or more continuous children (which inherit the
children). The values of the discrete node CPT are equal to the cumulative probability values
of the initial random variable sub-domains of discretization (in case of interval variables all the
states are considered equally possible). Each of this state is then associated to a random vari-
able of the continuous child which is built from the starting distribution on the sub-domain of
discretization. This way neither the parents of the initial continuous nodes neither the children,
are affected by the discretization procedure. Figure 4 summarizes graphically the procedure
described.

3.2.2 Reduction

In case of discrete nodes children of at least one continuous node, the related CPT is com-
puted through structural reliability methods. The nature and method of the reliability analysis
to be carried out depends on the type of variables involved. If all the parents of the node to
compute are modelled as random variables, probabilistic models are built for each combination
of them. Hence, the mentioned models are subject to structural reliability analysis in order to
compute the associated probability. This latter can be evaluated using FORM (default option) or
traditional Monte Carlo approach (with a number of samples equal to 105 if not specified other-
wise). Likewise, in case of both intervals and random variables involved, the entries of the new
CPT can be computed using either the Advanced Line Sampling method [3] or the generalized
FORM [8] mentioned in section 2.2.1. In both the analysis the selection of one method is driven
by the user choice of focusing on near-real time output rather than more accurate results or vice
versa. In case of probabilistic nodes children of non-discrete variables, Monte Carlo methods
with 106 samples are used to collect data for the construction of the related random variables.
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Finally, in case of bounded nodes children of probabilistic and bounded parent nodes, a ran-
dom search is carried out in the parents domain in order to find the bounds of the new interval
variables.

The methods adopted for the computation of nodes children of at least one non-continuous
variable, according to their type, are specified in Table 3. This procedure not only assigns to

Node Type Parent Nodes Method New CPD
Discrete Random, Discrete MC or FORM CPT
Discrete Random,

Bounded,Discrete
FORM with convex set models or
Advanced Line Sampling

CPT

Bounded∗ Random,
Bounded,Discrete

Random Search Interval(s)

Random∗ Random, Discrete Monte Carlo Random Variable(s)
*to be removed after children nodes computation

Table 3: Methods for the computation of EBN nodes according to their type

the node under study the CDT computed through the reliability analysis but also ensures the
elimination of the causal links between the node and its initial continuous parents. Indeed, the
new discrete node inherits the discrete ancestors of its continuous parent nodes that, loosing this
way all continuous children, can be finally removed from the network since barren. In the end,
the elimination of all continuous nodes leads to the reduction of the initial Enhanced Bayesian
Network to a traditional BN.

3.2.3 Inference

The inference computation on the network benefits from the capabilities of the Bayes’Toolbox
for Matlab. Linking the OpenCossan implementation to the toolbox, the methods of this cate-
gory allow to introduce evidence in the network and compute marginal probability values for
the nodes of interest selecting the exact inference algorithms among those available (the default
option being the Junction Tree algorithm).

4 APPLICATION

A simple application is introduced in this section. Firstly the case study is described together
with the specifications of the input involved. The related EBN is then described and the results
presented and analysed.

4.1 Case Study and Model Implementation

The case study proposed consists of a simple structure subject to horizontal and vertical
loads. According to models available in literature [4, 18], three failure modes are considered
and described by as many limit-state functions:

g1(x) = r1 + r2 + r4 + r5 − 5h (7)
g2(x) = r2 + 2r3 + r4 − 5v (8)

g3(x) = r1 + 2r3 + 2r4 + r5 − 5h − 5v (9)
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where R1, R2, R3, R4 and R5 represent the plastic moment capacities of the structure, whilst H
and V are the horizontal and vertical loads respectively. The failure of the structure occurs when
at least one of the failure modes is verified. In order to proof the Bayesian updating capabilities
of EBN additional information in the form of measurements (M4,M5) of the plastic moments
R4, R5 is assumed to be available. The measurements are considered affected by an error ε so
that:

M4 = R4 + ε (10)
M5 = R5 + ε (11)

Two cases have been analysed: in the first, all the variables are represented by random dis-
tributions (see Table 1). Conversely, in the second case the loads and the measurement error
are represented by intervals, whose range is equal to 2 standard deviations of the distributions
previously assigned to the same variables (see Table 2). In both examples the plastic moments
capacities are considered equicorrelated with a linear correlation factor equal to 0.3.

Variable Unit of Measurement Distribution Type Mean STD Correlation
Ri, i = 1...5 kN ·m Lognormal 150 30 0.3

H kN Gumbel 50 20 Independent
V kN Gamma 60 12 Independent

epsilon Normal 0 15 Independent

Table 4: Probabilistic models specification

The model related to the first case which takes into account only random variables, is shown
in Fig.5a. The discrete nodes (rectangular shaped in the graph) FailureMode1, FailureMode2,
FailureMode3 refer to the occurrence of structural failure according to Eq. 7,8 and 9 respec-
tively. The node E is the only other discrete node in the initial network and represents the
occurrence of the overall structural failure. The continuous nodes M4 and M5 refer to the
measurements available and result from the true value of the related plastic capacities and the
measurement error epsilon as shown in Eq.10. In order to take into account the evidence in-
troduced on the nodes M4 and M5 these latter are automatically discretized together with their
parents R4 and R5. On the contrary, the parent node epsilon is automatically eliminated from
the model after the computation of the children nodes M4 and M5, since it plays no role in the
inference computation neither in the structural connection of the evidence nodes to the overall
network (see Fig.5b). Finally, as shown in Fig.5c, the continuous nodes originated from the
discretization of M4 and M5 are eliminated since do not affect in any way the computation of
the model (i.e. barren nodes).

Variable Unit of Measurement Mean Lower Bound Upper Bound Correlation
H kN 50 10 90 Independent
V kN 60 20 100 Independent

epsilon 0 -30 30 Independent

Table 5: Specifications of the interval variables of the model considering epistemic uncertainty

Similarly to the previous case, the EBN considering epistemic uncertain variables (Fig.6a)
contains four discrete nodes initially. Nevertheless, the nodes H and V as well as the nodes
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R1R2R3 R4 R5V H

E

epsilon

M4 M5FailureMode1FailureMode2 FailureMode3

(a)

R1 R2 R3 VH

E

FailureMode1 FailureMode2FailureMode3

R5discrete

R5continuous

R4discrete

R4continuous

M5discrete

M5continuous

M4discrete

M4continuous

(b)

R1 R2 R3VH

E

FailureMode1 FailureMode2FailureMode3

R5discrete

R5continuous

R4discrete

R4continuous
M5discrete M4discrete

(c)
Figure 5: Evolution of the EBN model for the probabilistic analysis: (a) the initial model, (b) the model following
the discretization of the variables of interest,(c) the model after the elimination of barren nodes

epsilon and its children are considered to be bounded variables (oval-shaped in Fig.6). Apart
from this difference in the input, the procedure follows the same steps of the previous case, as
shown by Fig. 6.
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R1R2R3 R4 R5V H

E

epsilon

M4 M5FailureMode1FailureMode2 FailureMode3

(a)

R1 R2 R3 VH

E

FailureMode1 FailureMode2FailureMode3

R5discrete

R5continuous

R4discrete

R4continuous

M5discrete

M5bounded

M4discrete

M4bounded

(b)

R1 R2 R3VH

E

FailureMode1 FailureMode2FailureMode3

R5discrete

R5continuous

R4discrete

R4continuousM5discrete M4discrete

(c)
Figure 6: Evolution of the EBN model considering epistemic uncertainty: (a) the initial model, (b) the model
following the discretization of the variables of interest,(c) the model after the elimination of barren nodes

4.2 Results

Both the initial models, with and without interval variables, result in the reduced BN of
Fig.7. The numerical results have been computed using different structural reliability methods,
considering 11 states for the discretization of nodes R4, R5, M4, M5. Table 6 shows the results
of the analysis considering only probabilistic models for different values of evidence. The
analysis has been carried out adopting Monte Carlo methods with 106 samples and FORM. As
the figures show, the probability of structural failure grows for lower values of plastic moments
measurements, reaching a maximum of 0.211. Thanks to the flexibility of BNs is also possible
to analyse What-if scenarios. Table 7 shows the probability associated to each failure mode in
case of occurrence of overall structural failure: the most probable mechanism of failure is the
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E

FailureMode1FailureMode2 FailureMode3

R4discrete R5discrete

M4discrete M5discrete

Figure 7: BN resulting from the reducing procedure applied on the two case studies analysed

Event SRM No 70 > M4 > 50 150 > M4 > 170 150 > M4 > 170
Evidence 90 < M5 < 110 90 < M5 < 110 190 > M5 > 210

E MC 0.099 0.211 0.116 0.0520
E FORM 0.100 0.202 0.116 0.0520

Table 6: Results of the analysis considering only probabilistic model according to different values of evidence

third of the failure modes considered (described by Eq.9) for every combination of evidence
values.

If structural failure No 70 > M4 > 50 150 > M4 > 170 150 > M4 > 170
occurred Measurement 90 < M5 < 110 90 < M5 < 110 190 > M5 > 210

FailureMode1 0.093 0.107 0.095 0.085
FailureMode2 0.008 0.015 0.004 0.009
FailureMode3 0.909 0.902 0.912 0.910

Table 7: Probability associated to each failure mode in case of failure of the structure

In Table 8 the results related to the analysis with uncertain bounded variables are presented
for both the reliability methods adopted in the resolution of the model. As foreseeable, the

Event SRM No 70 > M4 > 50 150 > M4 > 170 150 > M4 > 170
Evidence 90 < M5 < 110 90 < M5 < 110 190 > M5 > 210

E Ref. [8] 0.491 0.582 0.499 0.472
E Ref. [3] 0.520 0.527 0.521 0.484

Table 8: Results of the analysis considering epistemic uncertainty according to different values of evidence

introduction of intervals instead of precise probability distributions leads to significant higher
values of the failure probability. Furthermore, the trend is much less sensible to fluctuations
along with the increasing evidence values: this possibly indicates that the epistemic uncertainty
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introduced affects strongly the output values, making the influence of the evidence introduced
almost negligible. In spite of this, it is still possible to observe a similar behaviour in the
probability of failure which decreases with the growth of the measurements values introduced.

5 CONCLUSIONS

A computational tool for the reduction of Bayesian Networks enhanced with structural re-
liability methods is proposed. The algorithms allow to include in the initial network discrete,
continuous as well as interval variables, providing a more accurate representation of the infor-
mation available. Robust structural reliability methods are integrated in the framework in order
to reduce the initial network to a traditional BN. This allows to adopt exact inference methods
in the computation of the networks without limiting the analysis to only discrete variables. Two
models of a same case study are proposed and analysed: the first relies only on probabilistic
models (hence on the adoption of traditional structural reliability methods), the second one takes
into account variables affected by epistemic uncertainty represented by intervals. The results of
the two models are computed, compared and discussed.

In the case of models including epistemic uncertainty, only the upper bound of the probability
computed through structural reliability methods is considered in the current implementation. On
the one side, this is supposed to result in a conservative approach in case of failure events, on
the other it leads to a loss of important information about the amount of uncertainty affecting
the output and could lead to misleading estimations. Current efforts are dealing with extension
of the methodology to allow the estimation of the probability bounds hence to represent the
propagation of epistemic uncertainty from the input to the output of the network.
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Helmut J Pradlwarter, and Gerhart I Schuëller. General purpose software for efficient
uncertainty management of large finite element models. Finite Elements in Analysis and
Design, 51:31–48, 2012.

[15] Judea Pearl and Stuart Russell. Bayesian networks, November 2000. https://
escholarship.org/uc/item/53n4f34m.
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Abstract. A method for tolerance analysis using the probabilistic approach in described in this
manuscript. It is applied with success to an industrial problem. The distributions of the random
variables are identified using measurements performed on parts collected from the production
lines. Finite element analyses are used to model the mechanical behavior and meta-models are
subsequently calibrated to reduce the numerical efforts. A reliability analysis is performed in
order to compute the defect probability and estimate the quality of the products.
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1 INTRODUCTION

Engineers are aware that uncertainties in the dimension of manufactured products cannot be
avoided, i.e. mechanical components manufactured using the same tools and the same raw ma-
terials have slightly different shapes; and their dimensions are also different from the designers
request. Tolerance analysis offers a rational framework to study such uncertainties, and allows
guaranteeing that the quality associated with the production remains acceptable. This quality is
quantified by estimating the defect probability, which is often expressed in parts per million. In
this contribution, the probabilistic approach is used, and the dimensions of the components are
modeled using random variables.

In previous works on tolerance analysis, it is generally assumed that the components are
infinitively rigid, and there is no strain (see e.g. [11, 4]). In this contribution, the strain can not
be neglected and has to be fully accounted for. Hence, finite elements simulations are used to
model the mechanical behavior.

The objective of this study is the application of the procedure described previously to an
industrial problem; the method is developed in collaboration with Valeo Wiper Systems.

This manuscript is structured as follows: the problem is described in Section 2, the pro-
posed methology is discussed in the third section. The paper closes with some conclusions and
outlooks.

2 STATEMENT OF THE PROBLEM

Industrial manufacturing processes are affected by uncertainties, and products manufactured
in the same production line exhibit slight differences in their dimensions, in their material prop-
erties, etc. The probabilistic approach offers a rational framework to deal with such problems,
and each uncertain parameter is modeled with a random variable.

This contribution is focused on the investigation of the consequences of such uncertainties
on the performance of a mechanical system. A wiping system, as shown in Figure 2a is studied.
Such devices are used in the automotive industry to remove the rain water and debris from the
windshield.

(a) (b)

Figure 1: (a) Aspect of the blade of a common wiper, reproduced from Valeo’s website [1].
(b) Simplified mechanical representation.

The different components are [7] :

• the heel blocking vertebrae (metallic parts of the brushes which come to fit into the blade

925



P. Beaurepaire, R. Fepeussi-Tumchou, N. Gayton, G. Petitet and J.-Y. Dantan

for fixation) and realizes the connection between the blade and the structure of the wiper
applying stress;

• the hinge that contributes to turning the blade (when the wiper reaches the end of the
windshield and must turn back);

• And the fir whose lip ensures wiping and windshield cleaning.

In this study, only the uncertainties associated with the rubber blade are considered. A sim-
plified mechanical model is subsequently created using a finite element software. A schematic
representation of this model is depicted in Figure 2b.

The performance of the wiping system is determined using the contact angle (i.e. the angle
between the lips of the blade and the windshield), the locking angle (measured at the contact
point petween the fir and the heel) and the maximum strain in the blade.

3 METHODS OF ANALYSIS

3.1 Identification of the joint probability density function

Components of the wiping systems have been periodically collected from the production
lines and their dimensions have been measured. In total, 44 different quantities are determined
for each blade (length and width at various locations, fillet radii, etc).

These results are then used to identify the distributions of the random variables associated
with the geometry of the components. It is assumed that the uncertainties can be fully charac-
terized using the linear correlation matrix and the marginal distributions. The correlation matrix
is directly computed from the measurements.

It is assumed that the random variables follow either a uniform, exponential, normal or log-
normal distribution. In each case, it is necessary to identify the parameters of the distribution
leading to the best match with the data obtained from the factory. These parameters are obtained
by maximizing the likelihood function, which is expressed as:

L(x
(1)
i , x

(2)
i , ..., x

(N)
i ,θ) =

N∏
j=1

fi(x
(j)
i ,θ) (1)

where x(j)i denotes the measurements of a specific wiper blade dimension, which are used to
identify the distribution of the corresponding random variable, θ is a vector regrouping all the
parameters of the distribution (e.g. the mean, the standard deviation, the bounds) and fi denotes
the probability density function of the random variable xi. The value of the terms of θ is selected
such that L maximized.

The most suitable distribution is then selected using the Akaike Information Criterion (AIC) [2]:

AIC = −2 lnL(θ̂) + 2q (2)

where θ̂ denotes the optimal value of the distribution parameters (which minimize Equation (1)),
and q is number of parameters associated with the distribution. For an exponential distribution,
q is equal to one (and in this case θ̂ is a scalar), otherwise q is equal to two (and θ̂ is a vector
with two rows and one column).

This operation is repeated for all the dimensions considered and, in total, 44 distributions are
identified using the procedure described above.
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The Young moduli are also modeled as a random variable, their distributions have been de-
termined in-house at Valeo. Two additional variables are introduced to account for the material
uncertainties, and the uncertain model includes 46 random variables in total.

3.2 Mechanical model

The line load Fn applied at the top edge of the heel blocking vertebrae varies along the wiper
length and is expressed in N.mm−1. This variation is caused by the geometry of the wiping
system and the curvature of the windshield. Figure 2a represents the distribution of the load
in terms of the position among the wiper blade. Two distinct types of forces are presented.
The first curve (in blue) corresponds to the efforts in the upward direction and the second (in
red) to the downward direction. Indeed, the inclination of the wiper on the windshield causes
aerodynamic effects on movement. The upward movement when wiping has positive effects
of air, and hence the applied load is lower. However, the downward movement is adversely
affected by air, which causes a higher load.

The friction coefficient between the blade and the windshield varies among the wiper length
as well, it is influenced by the operating conditions (lubrication, velocity of the blade, etc). The
friction coefficient µ follows a linear curve along the length of the wiper as shown in Figure 2b.
Indeed, the difference of values is explained by the fact that the speed is not the same along
the wiper. During wiping, the outer portion covers a greater distance and therefore has a higher
speed than the inner part.

(a) (b)

Figure 2: (a) Evolution of the force with respect to the position along the wiper blade. (b) Evo-
lution of the coefficient of friction between the blade and the windshield, expressed with respect
to the position.

A simplified two dimensional mechanical model is used in this study. It is assumed that the
total length of the blade is considerably greater than its height and width, and that 3D effects
can be neglected. The behavior of a cross-section of the wiper blade is modeled using a two
dimensional finite element model; the load and the coefficient of friction are selected using the
curves shown in Figure 2.
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3.3 Meta-modeling

Meta-models may be calibrated and used to reduce the numerical efforts associated with
a reliability analysis [3]. Design of experiments is used and the corresponding finite element
simulations are performed. The design variables used in this analysis are the dimensions of the
wiper blade (i.e. the random variables associated with the geometry of the blade, the strategy
used to identify their distribution is described in Section 3.1), the Young moduli, the coefficient
of friction and the applied load. In total, 3003 calibration points are available.

Response surfaces [10] are used in this contribution in order to approximate the outcome of
the finite element model. Three quantities are used to characterize the performance of a wiping
system (the contact angle, the locking angle and the maximum strain). It is hence necessary
to calibrate three independent meta-models. Fully quadratic polynomials are used, and 1225
coefficient need to be identified to calibrate such meta-models.

The quality of the fit may be assessed using leave one out cross validation (see e.g. [6]). A
sample is removed from the calibration set and the response surface is calibrated using all the
other samples. The omitted sample is then used to evaluated the error introduced by the meta-
model. The coefficient of determination for prediction R2

p provides an indicator of the quality
of the fit obtained by a meta-model (see e.g. [9]). It is expressed as:

R2
p = 1 −

∑n
i=1

(
yi − ŷ

(∼i)
i

)2
∑n

i=1 (yi − ȳ)2
(3)

where yi denotes the values obtained using the finite element simulations, ȳ denotes their mean
value, ŷ(∼i)i is the prediction of yi obtained with a meta-model calibrated using all the sam-
ples but the one associated with yi and n is the total number of samples used to compute the
coefficient of determination. The closer to one R2

p is, the better the meta-model prediction,
considering the samples used to compute the coefficient of determination only.

Table 1 shows the coefficients of determination obtained in this study. The quadratic response
surfaces lead to a fair fit for the three functional requirements considered in this study.

Quantity of interest R2
p

Contact angle 0.99
Locking angle 0.97

maximum strain 0.97

Table 1: Coefficients of determination obtained using leave-one out.

3.4 Definition of the performance functions

The wiper blade is assumed to be functional at a given position with d as a coordinate if
the maximum strain is below a predefined value; the contact angle and the locking angle are
within a predefined range. Hence, five normalized performance functions are introduced, they
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are defined as:

g1(x, d) =
εumax − εmax(x, d)

εthmax

g2(x, d) =
αl(x, d) − αl

l

αl
l

g3(x, d) =
αu
l − αl(x, d)

αu
l

g4(x, d) =
αc(x, d) − αl

c

αl
c

g5(x, d) =
αu
c − αc(x, d)

αu
c

(4)

where x denotes the vector of the random variables; εmax, αc and αl denote the functional
requirements, i.e. the maximum strain, the contact angle and the locking angle, respectively;
εumax is the maximum admissible strain; αu

c and αu
l are the maximum admissible contact and

locking angle, respectively; αl
c and αl

l are the minimum admissible contact and locking angle,
respectively.

The functions described in Equation (4) can be used to describe the behavior of the wiper
blade locally, in the vicinity of the point with the coordinate d, whereas the functionality of the
wiper needs to be determined at the level of the system. For a set of random variables x (ge-
ometric and material), the profile is functional if it leaves no visible defects on the windshield
during wiping. A defect is visible in case the functional requirements are not respected contin-
uously on a small given length (i.e. if one of the performance functions stated in Equation (4)
is less than zeros on the given length). Therefore, a non-compliance of functional requirements
is tolerated on these short lengths of the wiper (integration lengths).

Thus, the coordinate among the wiper blade is discretized using a step of 1 mm, and the
performance functions expressed in Equation (4) are evaluated for each point. The reliability
problem is subsequently formulated using system reliability.

3.5 Monte-Carlo simulation

The Monte-Carlo simulation is performed in the so-called standard normal space, where all
the random variables have a standard normal distribution, with a zero mean and a unit standard
deviation. An isoprobabilistic transformation is applied, et is expressed as:

zi = Φ−1 (Fi (xi)) for i = 1, ..., 46 (5)

where Φ−1 denotes the inverse of the standard normal cumulative density function, Fi is the
cumulative distribution function associated with the variable xi and zi denotes the random vari-
ables in the standard normal space. In case the variables xi and xj are correlated before the
transformation described in Equation (5), the variables zi and zj are correlated as well, and ρ′ij
denotes the correlation coefficient. The approximation of ρ′ij available in [8] are used here.

The correlation matrix associated with the random variables after such transformation is
defined as:

Σ′ =
[
ρ′ij
]
16i646,16j646

(6)
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The Karhunen-Loève transform is used to generate samples of correlated variables with a
Gaussian distribution:

z =
46∑
i=1

θi
√
λiφi (7)

where z = [z1, ..., z46], θi, i = 1...46 denotes samples generated from independent variables
with a standard normal distribution, λi and φi denote the eigenvalues and the eigenvectors
associated with the matrix Σ′, respectively.

3.6 Results

The procedure described in the previous section allows to determine the failure probability
associated with the wiper blade model. The numerical value are not discussed herein. These
results are compatible with the quality requirement at Valeo.

4 CONCLUSIONS

In this contribution, the probabilistic approach is used to deal with an industrial problem of
tolerance analysis. The joint probability density function is identified using factory data. A finite
element model is used to model the mechanical behavior of the wiper blade, and meta-models
are calibrated in order to reduce the numerical efforts. The defect probability is subsequently
determined using a reliability analysis, and allows to quantify the product quality.

Future work is geared towards the application of advanced reliability procedures. Kriging-
based methods (see e.g. [5]) look promising in this regards, as they allow to determine low
failure probabilities with reduced computational time. Reliability-based optimization may as
well be used in order to maximize the quality associated with the wiper system, i.e. identifying
the geometry of this structure leading to the lowest probability of defect.
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Abstract. Presented paper concerns the difficulty of objective characterization of spatial 

variability due to advancing degradation as a result of environmental exposure. The main is-

sue is to enhance realism in the prediction of remaining service life of existing concrete infra-

structure and thus effectively cover the relatively large sample space of possible future 

deteriorating states. This is done by introducing a special sampling strategy where artificial 

realizations of damage scenarios are generated. Here, not only material and geometry of a 

particular structural member is randomized in a nonlinear 3D finite element context, but ad-

vanced evolutionary spatial degradation models are applied to account for the variability of 

future damage states. These are computed using a non-traditional evolutionary scheme based 

on cellular automata (CA), which is used here to solve the transport equations in time and 

space and generate the irregular and heterogeneous structure of concrete. Within the pre-

sented example of an ageing bridge, the CA simulation also accounts to complex boundary 

conditions, e.g. the non-stationary seasonal de-icing salt application, irregular turbulent feed 

or washout effects. The selected case study of an existing deteriorated bridge serves as an ap-

plication example with historical evidence and well documented damage profiles. It is further 

discussed with respect to Monte Carlo based structural reliability assessment, how to infer 

likelihoods associated to the set of implicit statements on damage, as this concept still offers 

open questions for research, yet is critical to successful and objective uncertainty quantifica-

tion. 
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1 INTRODUCTION 

An increased demand over the last two decades in developing procedures for statistical es-

timates of remaining service life of aged reinforced and pre-stressed concrete structures and 

infrastructure, of which many are still in use due to socio-economic constraints,  has prompted 

research into methods for codification of reliability based performance indicators for existing 

structures [1]–[3]. Furthermore, life cycle assessment approaches in civil engineering attempt 

to extrapolate such criteria in time while applying rather strong assumptions regarding the sta-

tistics of load intensity at the end of the reference period. Not surprisingly, this results in ra-

ther large multidisciplinary task comprising many uncertainties, both epistemic and aleatory 

[4]. In order to solve it, one must clearly reduce the underlying complexity to a certain extent. 

The levels of such simplifications and their respective implications are among the topics of 

this paper, together with review on current and future state of research on the relevant con-

cepts, central to which is a deteriorated structure subjected to nonstationary mechanical and 

environmental loading [5], [6], and incomplete or imprecise reference to the original (undam-

aged) structural system due to missing or vague documentation drawings, as discussed e.g. in 

[7], [8].  

In an attempt to capture the future development of safety and reliability of any structure, a 

decision has to be made over the variety of available performance indicators. The general ap-

proach for safety evaluation of existing structures is based on codes and different specific 

regulations. It has been found that reliability assessment, when applied to bridges and beyond 

the boundaries of codes, can bring significant money savings and provide a new insight into 

the administration of structures and decision making process [9]. By reducing the margin of 

error in design, on the other hand, caution must clearly be exercised when applying complex 

or abstract models of reality in inference and prediction, and the effects of basic random vari-

ables must always be considered together with model uncertainty [10], [11]. 

In the context of herein discussed topic of aging structures the artificially generated reali-

zations of deteriorated structures [12] are solved by methods of stochastic nonlinear fracture 

mechanics [13] in an attempt to provide reliability indexes for various concepts of probability-

based performance indicators [3], [14].  

The computational cost of such as task is extensive. However, among the tradeoffs are the 

features like derived global safety factors for nonlinear analyses, various contributing failure 

modes, capturing long term effects and durability aspects. Knowledge on the two latter is es-

sential for life cycle interventions, while the two former are needed for safety related consid-

erations. It should be noted here that in order to capture the effects of random scalar input 

variables, the estimation of coefficient of variation of the structural response can be based on 

two analyses only, each representing a certain percentile p (e.g. 5 p and 50 p) of the random 

variable distribution function [15]. Then by assuming a particular two parameter probability 

distribution function the mean and variance can be computed and consequently used for limit 

state formulations.  

While this approach was proved to be effective by e.g. [16], [17]  for randomizing the sca-

lar input variables, the effect of spatial variability on structural response can only be described 

for complex boundary conditions by Monte Carlo (MC) based simulations [18]. Among the 

available schemes for reducing such high-dimensional computational task there are reduced-

order models of finite element approximation of the problem [19], [20] and methods for re-

ducing the number of required MC samples by introducing special sampling techniques, such 

as Importance Sampling (IS) [21]–[23], Latin Hypercube Sampling (LHS) [24], [25] and oth-

er approximation techniques [26], [27]. While many variations of such techniques exist for 

both static and dynamical systems, until now there has been a limited effort or success accord-
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ing to authors knowledge to formulate a special sampling that would enable to effectively 

sample from finite sets of realizations involving stochastic spatial variability.  

One of such formulations published in [6], [28] offers a promising concept for applicability 

in the presented context. In this work critical realizations of stochastic processes are success-

fully identified by using pattern recognition and image processing techniques to compute a 

correlation pattern which is used for ranking of the individual samples according to expected 

response quantity. Although the original work aimed at classifying artificial samples of oscil-

latory stochastic processes sampled in time domain, such as ground motion events, it is be-

lieved to be applicable in the context of this paper due to the fact that the processing itself was 

based on comparison of frequency domain transforms, such as rasterized evolutionary spectra 

[29] objects. In a similar way, the samples of spatially variable structural models both in 2D 

and 3D could be classified according to their importance.  

 In the following, authors will introduce a novel method for generating artificial samples of 

damaged structural components or entire structural systems in order to cover the sample space 

of possible deterioration progress in time from current damaged structure according to known 

damage profiles from inspection. The spatial variability patterns are generated and conse-

quently solved by a non-traditional numerical approach based on Cellular Automata (CA) 

[30]–[34] and reflect the realistic environmental action in time and space together with the 

inherent variability of the initial state.  

2 DAMAGE BASED PERFORMANCE INDICATORS 

Despite been widely recognized and accepted, the considerations of spatial variability of 

mechanical or chemical properties are still rather limited [35]. Among the possible implica-

tions are underestimated variance of global resistance, or even worse, reduced resistance, 

which could also be attributed to size effect, a phenomena closely related to scaled spatial var-

iability and studied intensively by [36]–[38]. The quantified effect of spatial variability on the 

statistical scatter of concrete structural response under typical operating conditions can be 

transferred via reliability based performance indicators [12], [14], [39]. 

Degradation processes are closely linked with robustness issues, maintenance strategies 

and hence with the remaining lifetime tR of structures [40], [41]. As such, these should re-

ceive attention from the respective authorities and interest from the scientific and engineering 

community. There exist several interpretations for system redundancy and robustness. The 

redundancy (from Latin redundare ”to overflow, to abound”) of a system accordingly defines 

the multiple presence of functionally identical or similar technical resources (load reserves) 

and the ability of the system to continue to carry load after the capacity of individual members 

is exceeded or even after the removal of individual members from the system. According to 

[42], redundancy is defined as the capability of a system to redistribute and increase loading 

processes after the failure of one main member. As a provision of capacity, a redundant struc-

ture has additional structural capacity and reserve strength, allowing it to carry a higher load 

than anticipated when considering the capacity of individual members. The measures of re-

dundancy are [14]: 

Ru = LFu /LF1 (1) 

Rf = LFf /LF1 (2) 

Rd = LFd /LF1 (3) 

where: LF1 is the load that causes the failure of the first member, LFu is the load that caus-

es collapse of the system, LFf  is the load that causes the functionality limit state of the initial-

ly intact structure to be exceeded and LFd is the load factor that causes the collapse of a 

damaged structure which has lost one main member. An alternative definition associated with 
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the redundancy of a system was also given in terms of the reliability index using a “redundan-

cy factor” R by: 

(4) 

where int. is the reliability index of the intact structural system and damaged is the reliability 

index of the damaged structural system. Note that his type of analysis can only be implement-

ed in cases where appropriate data regarding the potential hazards (actions, degradation) and 

their statistical description in time and space are available and where the system reliability 

indices associated with these events can reliably be determined. The latter statement implies 

that such concepts are currently not applicable to common engineering practice since methods 

for reliable determination of reliability indexes are not available when effects of random input 

variables and spatial variability are to be considered.  

The overview of available and relevant features of general-purpose software for structural 

reliability analysis are described in [43] and well suited experimental tools for reliability as-

sessment of existing damaged engineering systems are described e.g. in [44]–[46].   

The second term commonly used in connection with system reliability is that of robustness. 

The term of robustness (Latin robustus, adjective of robur “oak, very hard wood“) denotes 

the ability of a system to withstand changes without having to adapt its originally stable struc-

ture. Examples are the robustness of a system against overloading or its robustness against a 

decrease in load carrying capacity of individual system elements. Robustness can be consid-

ered according to [47] as the capability for performing without failure under unexpected con-

ditions and as a quantitative evidence can be defined on the basis of the following robustness 

index: 

(5) 

where, Pf,damaged is the probability of failure of a damaged structure and Pf intact is the probabil-

ity of failure of the intact structure. Obviously, the RI would equal 0 for a robust structure and 

may approach infinity for a non-robust structure. In addition, implementable measures of re-

dundancy and robustness were advanced by the offshore industry in the ISO 19902 standards. 

One of those measures is the Reserve Strength Ratio (RSR), which is defined as: 

(6) 

where Qultimate is the load capacity of the structure and Qdesign is the unfactored design load.  

Another measure is the Damaged Strength Ratio (DSR) defined as: 

(7) 

where, Qdamaged is the load capacity of a structure which is damaged due to corrosion or fa-

tigue failure. More details with respect to performance formulations for ageing infrastructure 

are provided e.g. in [12].  
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3 SPATIAL VARIABILITY AND STRUCTURAL RESPONSE 

Among the typical spatially correlated random quantities of interest relevant to structural 

analyses of civil structures and infrastructure are geometric perturbations (node coordinates, 

shell thickness), material properties (composite components at micro and macro scale), dam-

age (steel depassivation, cracks), loading (temperature, diffusive attack of chloride ions). 

These all contribute by some extent to the overall variability of structural response, together 

with the FE model uncertainty and scalar (vector) random input variables. In case of stochas-

tic static analysis, the effects of stochastic temporal processes representing the load compo-

nents (traffic, wind, ground acceleration) is reduced to a vector representing a particular time 

instance. In case of stochastic structural dynamic analysis, on the other hand, the effect of spa-

tial variability is typically neglected and the stochastic loading process is modeled in time. 

Current computational resources, including scientific clusters [48], still represent a barrier in 

front of stochastic simulations [49] for both spatial and temporal variability. There are few 

theoretical exceptions, however, where (I) effective sampling for coupled temporal and spatial 

variability can be applied (unfavorable conditions can be deduced from deterministic study of 

the problem, such as strength of material or impact force), (II) the interest is to answer what-

if-scenarios or simply show importance of such considerations in practice and (III) stochastic 

simulation is used to numerically proof a hypothesis (based on e.g. limit theorem).  

For example, [50] have demonstrated how spatial variability in 2D structural static stochas-

tic FEM can simulate the combined statistical-energetic size effect at a particular size range, 

besides the conventional estimation of statistical moments of structural response.  

t = 0 

t = 20 

t = 40 

t = 62 

Figure 1: Particular realization of CA simulation reproducing the temporal evolution of irregular corrosion-

prone zones (left) on an existing deteriorated bridge. The problem of available evidence is schematically depict-

ed by original documentation drawings (intact system inference), core samples and current damage (t=62 years). 

By accepting certain assumptions [51], [34], [12], it is possible to characterize the time 

component of spatial variability due to advancing degradation of aging reinforced and pre-

stressed concrete structures, such as bridges, for structural static analysis by adopting the pro-

posed generator of artificial damaged scenarios. Here, the evolutionary algorithm ensures that 

the resulting patterns of variability corresponds to actual progress of degradation by imposing 
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realistic boundary conditions (e.g. nonstationary stochastic oscillatory temperature loading or 

deicing salt application) together with local interactions based on actual physics or chemistry. 

The illustrative application example (fig.) concerns an existing bridge, which has been built in 

Czech Republic in 1953, is currently severely damaged and under replacement/rehabilitation 

assessment. 

Furthermore, microstructure generator based on the same technique can be used to account 

for the inherent spatial variability of concrete at micro scale by constructing the initial irregu-

lar grid that captures the two component microstructure (aggregates and cement paste) of con-

crete by applying certain elementary rules in a number of time step, ensuring a realistic 

pattern of components distribution.  

The resulting set of such artificial realizations can be further analyzed by using the proba-

bilistic tools described in the remaining part of this paper and reduced by the proposed identi-

fication framework.  

4 DEGRADATION MODELING IN TIME AND SPACE 

The early deterioration of concrete structures due to the effects of external aggressive envi-

ronment is well known, as well as the amount of variability concrete specimens and structural 

systems exhibit due to aggregate orientation, size, shape and ratio. The magnitude of the in-

fluence of these microstructural differences on the composite's properties will result in a scat-

ter of response characteristics, such as load displacement curves or crack propagation. In 

order to reduce the prohibitive computational cost of coupled stochastic simulation of local 

aggregate effects, long-term dynamic environmental exposure and structural response, the so 

called damage scenarios are generated as input for the repeated structural static analysis such 

that the time component is inherently included by adopting the evolutionary paradigm of Cel-

lular Automata (CA). The suggested numerical approach is derived in a bottom up fashion 

following the cellular paradigm. Main characteristics of such discrete system are parallelism 

and uniformity leading to transparent and robust computational scheme. Conventional ap-

proaches to diffusive processes modeling, such as finite element method (FEM) or finite dif-

ference method, may resemble the cellular automata (CA) model in some aspects, however, 

the top down nature of these methods, unlike the CA, leads to the common discrete-to-

continuum-to-discrete paradox [52].  

The lightweight formulation of the diffusion process by means of neighborhood processing 

enables to include various non-diffusion related phenomena, such as electrochemical (corro-

sion) or structural (cracking) effects. The suggested CA approach enables for comprehensive 

temporal and spatial simulation of harmful substances propagation, while respecting various 

conditions and mechanisms, such as turbulent feed effects due to passing traffic (bridges), sur-

face washout effects (rain), seasonal application (de-icing salt application), and the influence 

of initial microstructural differences of individual realizations, among other. Such irregular 

lattice (concrete microstructure topology) can be generated within the CA paradigm by the 

proposed cluster generator or extracted from photo documentation by means of proposed 

transfer algorithm [34]. Alternatively, if there is insufficient evidence, the simulation topology 

can be considered as initially uniform and the evolutionary components  of the redistribu-

tion scheme for a particular cell X in the successive time step t+1, eq. (8), can be randomized 

for each or selected time steps within the explicit time stepping scheme  

X (t+1) =  1 X t +  2 N t +  3 E t +  4 S t +  5 W t (8) 
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while satisfying the standard normality rule (eq. 9) within a particular neighborhood scheme 

(e.g. Von Neumann (fig. 2) or Moore), as CA rules are defined locally and the spatial region 

must be specified for a cell to gather information from its vicinity when updating its state. 

  i
t = 1 (9) 

In eq. 8 the discrete variables {Xt , Nt , Et , St , Wt} represent the state values of neighbor-

ing cells (North, East, South and West analogy) according to Von Neumann’s neighborhood 

scheme in two dimensions and unity radius. Note that in isotropic case the values of  1=0.5 

and  {2,..,5} = 0.125. In the suggested approach to topological effects, the user defines the 

ratio between the bond (aggregates) and fill (cement paste) cells. The overall diffusion coeffi-

cient D may be expressed by such formalism: 

D = 1 x2 t -1  (4) 

where x is the cell size and t the time step duration length. 

Figure 2 Von Neumann’s neighborhood of a single cell and unity radius (left), image to CA lattice mapping 

(middle) and outcome of CA based microstructure generator (right). 

The briefly introduced procedure above is described in detailed in [51] and in the broader 

context of this paper serves as an abstract reduction to simulate the chain of actions leading to 

reduced serviceability, life cycle and load bearing capacity of concrete structures, starting e.g. 

at local depassivation (loss of protective function of concrete) of exposed steel members, such 

as reinforcing bars or prestressing tendons, and leading to severely damaged structures, safety 

of which is the central concern of this probabilistic framework.  

Moreover, current standards require minimum concrete cover thickness, which calculation 

is, among others, based on the given level of environmental exposure. The amount of concrete 

used as a protective layer significantly affects the cost, reliability and service life of the struc-

ture and for realistic estimate, such task requires the utilization of stochastic techniques [53] 

in order to quantify the effect of spatial variability and initial heterogeneity.  
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5 INTEGRATED FRAMEWORK FOR STRUCTURAL RELIABILITY ANALYSIS 

The field of structural reliability has expanded during the last four decades from narrow 

academic discipline. Originally, researchers focused on modeling and analysis of small ideal-

ized structural components. Currently, it has become a basis for evaluation of limit states and 

performance of complex structural systems, such as buildings or bridges. It is also acknowl-

edged for providing quantitative feedback between structural engineering and its social con-

sequences [54]. The evolving paradigm of performance based design has also contributed to 

increasing demand for structural reliability software. 

The existing software platforms enable randomization of structural loads, material proper-

ties and geometries for design, decision making and assessment of deteriorated existing com-

plex systems.  In general, the capability to model correlated random processes (e.g. spatially 

or temporally fluctuating properties of both action and resistance models) is still very limited 

[43], unlike the commonly randomized scalar random input variables. The random field con-

cept in probabilistic modeling is effectively utilized in the multipurpose COSSAN (COmputa-

tional Stochastic Structural ANalysis) package [44] and in the SoS (Statistics on Structures) 

add-on tool to optiSLang (the optimizing Structural Language) [46]. In order to incorporate 

non-stationary stochastic process or time dependent event boundary, the Sesam probability 

module - Proban (General Purpose Probabilistic Analysis Program) can be used [55].  

The reason why most software platforms for probabilistic-based assessment of engineering 

structures avoid randomization of non-scalar (and vector) properties is due to the requirement 

on the low number of samples. In case of structural static problems and scalar random input 

variables, the sample reduction schemes for low probability MC simulations are well estab-

lished and offer reasonable cost of accuracy [56]. In case of nonlinear structural dynamics, the 

computational cost is still prohibitive even for random scalar input variables. If the objective 

now is to include the effects of correlated random process in time or space, the required num-

ber of samples for the brute-force MC simulation and engineering failure probabilities would 

be clearly prohibitive. Such processes are utilized frequently on a possibilistic basis by sam-

pling from the design space and quantifying the effects of individual realizations without at-

tempting to assign probability of such events. Such approach is valuable for demonstrating the 

importance of spatial variability and size effect [37], [38], [57], [58]. 

Note that many correlated random processes relevant to structural analysis of deteriorated 

components or entire structural systems should in fact represent an outcome of combined 

phenomena, such as e.g. environmental action (damage scenarios). In such case, the associat-

ed likelihoods of combined effects are initially unknown or cannot be determined by any 

known model and estimates of posterior distributions can be based only on a rather strong as-

sumption of uniform prior.  

In the context of spatial degradation phenomena in a small sample MC-based reliability as-

sessment of ageing concrete structures the following statements appear to be useful for devel-

opment of integrated framework for structural reliability analysis. 

 Overall system behavior has to be captured by a comprehensive FEM analysis with

emphasis on geometrical details (e.g. precise reinforcement definition), durability as-

pects (cracking) and realistic behavior. Suitable tool is e.g. the ATENA software pack-

age which proved effective in many studies and practical applications in the past two

decades, as detailed e.g. in [12], [59].
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 Monotonous time dependent behavior such as creep, shrinkage or reinforcement depas-

sivation have to be included. An extensive collection of analytical formulations for

point-wise concrete degradation phenomena is given e.g. in [60].

 Safety margins have to be expressed globally, as described e.g. by [16].

 Finite set of spatially variable samples for the original MC task can be generated ac-

cording to available evidence (damage profiles) and driving mechanisms. The size of

such set should reflect the expected first passage probability. For a feasible small sam-

ple MC simulation a special sampling strategy proposed by [28] can be utilized in order

to sample representative realizations from the original set according to computational

resources available and required confidence [6].

 A selection of damage based performance indicators can be used for alternative results

interpretation and possibly more effective risk communication.

An ideal software platform for solving such task will have to reflect the rapid development 

across the associated disciplines and therefore will unlikely have the form of a closed com-

mercial solution offered by a single company. A collection of extendable modules and com-

munication interfaces initially designed for parallel computing and offering access to well 

established commercial FEM codes as well as open source projects from the academia seems 

more appropriate and probable for the near future.  

6 ASYMPTOTIC PROPERTIES 

Let us consider within the context of this paper e.g. a two dimensional (2D) finite space 

upon which a randomly distributed property (mechanical or chemical) will be generated ac-

cording to an arbitrary concept (cross correlated random fields) or generator (e.g. the pro-

posed CA scheme).  

Within a continuum theory there are infinite different realizations possible. For a stochastic 

MC simulation whose objective is to reproduce the tail regions of structural response distribu-

tions (low-probability events) this is not practical for several obvious reasons.  

1. Prior statements regarding the asymptotic behavior is impossible for such spatially var-

iable system with the exception of few very simple examples, where deterministic

analysis of the problem is possible [61]–[63].

2. The continuity within finite space leads in theory to infinite samples.

3. No effective sampling strategy exists for covering such design space.

4. Large variance can be expected for conclusions based on repeated small sample MC

simulations, with or without special sampling design.

In practice, however, the finite space in 2D can be discretized into finite areas (regions, el-

ements, cells, etc.), regular or irregular, for each of which the random property is assigned in a 

way that no overall important feature is lost due to such transform. For concrete, this corre-

sponds, according to expected outcome of the experiment, to e.g. mesoscale, microscale or 

macroscale, as for example is detailed in [64]. In such case, the finite space is divided into a 

finite number of regions and the previous problem of stochastic MC simulation can be sum-

marized as below. 

1. A finite number of spatially variable combinations (configurations) exists.
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2. The problem of asymptotic behavior is transformed into finding the most extreme real-

izations (for first passage probabilities) or finding the moments of probability distribu-

tions based on samples from effective patterns*).

3. The total number of realizations results from pure combinatory. For example, consider

the different arrangements of 1024 x 768 pixel screen if the color of a single pixel is

determined by mixing 3 RGB values, ranging from intensity of 0 to 255, where the.

Clearly, the total number of different “images” one may observe at such screen would

be 2563∙1024∙768. Similarly, in case of the pattern representing a two component system

from fig. 2 left, the total number of patterns would be 2350∙350 given a square grid of

cells of length 350. Note how binary characteristic of the state values can reduces the

overall dimensionality of the problem.

4. The effective number of realizations could be lower due to the fact that not all realiza-

tions possible are relevant. In order to demonstrate this fact let us consider the problem

of discretized cross section of the same concrete specimen (fig. 2left), whose mechani-

cal properties are to be investigated in a numerical probabilistic manner. The arrange-

ment of the bond (cement paste) and fill (fractions of stone) can be attributed to certain

expectations, where the knowledge of the actual mixing and casting of concrete is re-

flected.

a. For example one may apply a set of filters that would discard all patterns not resem-

bling concrete inner structure. Such filters could utilize e.g. contrast gradients to de-

tect lines and higher hierarchy objects (morphological analysis). Note that this

approach would be the least efficient, since generating the total number of realiza-

tions represent prohibitive computational burden, even for current computing tech-

nology.

b. Another option would be to utilize one of established methods for generating the

cross correlated random fields with a particular characteristic length. The effective

number of realizations be estimated only and corresponds to the sum of non-

repeating patters. Note that the user has limited control over the particular features

of the generated pattern.

c. One may as well generate the cross section by using the proposed evolutionary algo-

rithm where arbitrary rules (simplified and possibly coupled laws of physics or me-

chanics) applied locally ensure that the evolving patterns corresponds to

spontaneous, chaotic, self-similar concrete microstructure, and that no regular, orga-

nized, systematic or other non-representative pattern is returned. The number of ef-

fective realizations can only be estimated and corresponds to the number of non-

repeating patters.

*) The exact solution to the discretized system exist and can be effectively approximated by 

special MC simulation proposed by [6] where one pre-samples from the effective sample set 

(training samples), then compute the correlation pattern, apply this correlation pattern to the 

original effective sample set and identify the patterns that suggests particular levels of im-

portance. For the first passage probabilities, only the highest importance levels are relevant 

for analysis. To obtain the distribution moments, one can sample in a way that all levels of 

relevance are equally represented in the reduced sample set.  
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It is also important to note that the importance in discarding the “unrealistic” realizations, 

or in other words sampling from the effective sample set only, lies in the fact that unrealisti-

cally high/low results are clearly omitted. As for example it would make a little sense to in-

clude a concrete specimen with a straight continuous transverse concentration of weak 

material properties to estimate statistical resistance in tensile for specimens casted according 

to current regulatory codes or, similarly, conclude large resistance from a small sample of 

notched 3-point bending test with large aggregate at the face of the notch. 

Incorporating such extreme realizations (outliers) is important for objective probabilistic 

assessment, but at the same time, there is rarely enough empirical evidence for rational treat-

ment of such events, when both associated form and likelihood are almost exclusively availa-

ble in retrospect only, after major effect and initial surprise [65]. The same applies to the 

subject of non-stationary temporal loads, not treated by this paper in particular, but contrib-

uting to the broader challenge of predicting and managing the effects of clime change.  

Nevertheless, only with sufficiently small target probabilities, such large-impact events can 

propagate into the effective sample sets by accordingly adjusting the filters or local rules as 

described in 4a and 4c. For detailed analysis and benchmarking of particular generators 

against real samples of microstructure, morpohological features of both sets could be effec-

tively utilized in commercial packages such as [66], [67]. In such way, e.g. by ranking partic-

ular aggregate fractions according to size and shape, quantities in weak analogy to correlation 

length from random field concept could be characterized.  

7 CONCLUSIONS 

 While the reliability assessment based on stochastic simulations is going beyond the

boundaries of codes and as such can result in less conservative condition grade, it is im-

perative to incorporate all components of uncertainty and variability into the overall as-

sessment. In general, the effect of commonly included statistical description of concrete

and steel parameters on the structural response variability can be relatively small com-

pared to the effect of model uncertainty and spatial heterogeneity. This paper provides a

framework for effective testing of such hypotheses in general.

 The implicit degradation states for repeated MC simulations can be effectively generated

by the proposed cellular automata approach, where temporal and spatial variability of the

harmful substance ingress is modeled realistically. Furthermore, microstructure generator

based on the same technique can be used to account for inherent variability by construct-

ing the initial irregular grid that captures the two component microstructure of concrete.

As an equivalent to random fields, the evolutionary CA generator produces spatial pat-

terns of bond-fill distribution that can exhibit more realistic spatial distribution by intro-

ducing elementary local rules resembling simplified laws of physics.

 This feature, together with stochastic modification of evolutionary coefficient, leads to

increased (and more realistic) spatial variability of degradation, which in turn affects the

structural resistance significantly, and consequently increases (in most cases) the overall

variability of structural response. Asymptotic properties of such systems have to be in-

vestigated in more depth in order to utilize such concepts in practice, together with an ef-

fective sampling strategy.

 Furthermore, some derived structural performance indicators, such as probability based

robustness, may exhibit non-monotonous course for some realizations, when particular

combinations of magnitude and distribution of damage (or spatial variability in general)
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lead to beneficial redistribution of load and increased structural resistance. In case of ex-

isting deteriorated structures, such effect can be attributed to loss of some pre-stressing 

tendons. 

 The objective of enhancing realism in the prediction of remaining service life of existing

concrete structures and infrastructure leads to an increase in computational cost of high-

dimensional MC simulations, if effects of spatial or temporal variability is to be consid-

ered. However, reduction schemes proposed or refereed in this paper suggests that such

task is feasible not only for simple analytical examples, but also for comprehensive FEM

models of complex structural systems.
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Abstract. Since in the middle of last century when most bridges were erected in Central Eu-
rope, they have reliably been in service but subjected to both continuously increasing traffic 
amounts and weights. Over the decades, the number of heavy-weight trucks on roads has in-
creased and prognoses even confirm the trend to hold up for the future. Today, many of these 
bridges mostly made from pre-stressed concrete to grant slenderness and appealing aesthet-
ics, have suffered from damage and need to be assessed to judge remaining bearing capaci-
ties. Here, especially fatigue is often of concern. Generally all structural materials are 
involved, concrete, reinforcement and high-strength steel of tendons are prone to fatigue; pre-
stressed bridges highly rely on the compression forces induced. Notably, also pre-stressing of 
concrete has been enhanced from its early beginnings. However some of the older bridges 
possess deficiencies originally unknown when erected.  

The reference structure available for research, a multi-span hollow-web girder of around 
300 m length, has been built field-wise requiring intermediate joints to couple the tendons. 
These joints are in danger of cracking since reinforcements provided according to former 
code versions at the times of erection do not meet nowadays demands. If the joints crack, con-
crete releases tensile forces left to be borne by the tendons only. Consequently, stress ampli-
tudes caused by traffic rise significantly along with the fatigue damage induced per load cycle. 
Damage progress is usually tracked employing S-N-curves and Miner's rule. It is known that 
uncertainty in the stress amplitude is magnified by the S-N-curve with respect to the number 
of cycles to failure [1]. To determine stress amplitudes in a tendon one can measure strains 
in-situ by structural monitoring or predict its size by numerical simulation [2]. Both alterna-
tives highly depend on the quality of input data [3, 4]. Hence, the focus has been set to deter-
mine the most relevant contributors to precisely predict remaining structural lifetime.  

Among the scattering input variables assessed by sensitivity analyses are geometrical, mate-
rial and load parameters, whereas the latter ones turned out to be decisive. Advice to match 
the findings with structural monitoring measures scheduled for existent bridges is given. 
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1 INTRODUCTION 

Today, many bridges in Central Europe are 40 years old or even older. Since times of erec-
tion the loads and load frequencies have increased significantly while degradation progresses. 
Additionally new insights have been gained and today such a structure would not be built ex-
actly the same. Especially regarding fatigue of pre-stressed concrete bridges, older designs of 
coupling joints exhibit certain structural weakness. 

Within the scope of a research project at the Institute of Concrete Structures of the Ruhr-
University Bochum funded by the German research association (DFG) a more than 50 years 
old bridge was equipped with monitoring elements and examined in detail. By a lot of differ-
ent measures, like testing of material samples, calibrations, load analyses etc. the knowledge 
about the structure was increased significantly and the residual structural lifetime regarding 
fatigue could be estimated as accurate as possible. Finally, the results of the best-case calcula-
tion have been compared to directly measured strain-amplitudes. These amplitudes were 
gained by strain-monitoring on the pre-stressing strands which were opened for this reason. 
The measurements lasted for about six weeks under traffic. By means of sensitivity analyses 
the driving parameters of fatigue prognoses have been identified and ranked.  

2 REFERENCE STRUCTURE 

The reference structure “Pariser Straße” (Fig. 1) in Düsseldorf, Germany, was a single 
girder post-tensioned concrete bridge of around 300 m total length and built field-wise in 
1959/60. The 12 spans with varying lengths between 19.9 and 32.2 m connected the city cen-
tre of Düsseldorf with the German highway system (Autobahn). At the northern end, the 
bridge branched into a smaller part and a longer one, which was decommissioned shortly after 
the construction phase. The fix point (FP) was situated at the centre of the bridge in axis VII, 
where the building process also started. Due to the field-wise construction, the pre-stressing 
tendons were connected at coupling joints about one-fifth of the belonging span-length where 
the bending moment from steady loads was supposed to be almost zero. 

The prestressing tendon profile was piece-wise parabolic according to the bending moment 
expected with additional tendons close to the columns. In this part the cross-section was 
haunched and ended in a cross girder right above the columns. 

Because of discovered cracks in the coupling joints the bridge was strengthened by steel 
columns, which were placed near the coupling joints in 1977 and 1992. This had relevant im-
pact on the structural behaviour and led to significantly smaller stresses in the joints and 
hence almost eliminated the fatigue problem in hindsight. Of course, this effect was unknown 
at the beginning of the project. 

Figure 1: Reference structure “Pariser Straße” in Düsseldorf. 
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In order to determine the accuracy of lifetime predictions the cracked coupling joint was 
focussed on, equipped and a lot of measurement data was evaluated. Additionally, a similar 
reference section without couplings in the same span one-fifth from the next column, which 
was considered to be non-cracked, was monitored. All measurement strain data which has 
been collected in this section was smaller than that in the coupling joint.  

3 APPROACH TO FATIGUE SIMULATION 

The fatigue lifetime was determined in consecutive steps. At first, the internal forces were 
determined with a Finite Element (FE) program, stresses and fatigue in an external spread-
sheet calculation. To gain a computational model, the structure was idealised for simulation in 
InfoCAD 14 (InfoGraph) software, using beam elements for the compact box-girder. The el-
ements possess 6 degrees of freedom per node (3 translations and 3 rotations). The pre-
stressed tendons are implemented as individual truss elements. Along the entire bridge, five 
similar main-groups of tendons could be identified and combined. In the proximity of the col-
umns additional slightly curved tendons were included separately. Since only a single span of 
the bridge and especially its coupling joint was considered for monitoring the computational 
model was reduced as well. The first seven spans (axes I to VIII in Fig. 1) were excluded and 
idealised by equivalent springs (cf. [2]). Hence, the span of interest and two more to each side 
were modelled and used for simulation. Besides, the spring-stiffness was calculated on a sim-
plified model of the entire bridge (without haunches and pre-stressing). Comparative calcula-
tions proved that influence to be small with respect to the considered part. Even a rigid 
support provided adequate results. Certainly, time-dependent effects like creep and shrinkage 
were considered in the FE-model.  

Relevant load positions for the different truck types to be applied were determined by in-
fluence lines. Two different types of fatigue traffic loads were assessed; the fatigue load mod-
els (FLM) 3 and 4 according to EN 1991-2 (cf. Section 4.3).  

The computation of stresses was performed separately preserving the internal equilibrium 
conditions for the cross-sections of interest. So, relevant parameters could be assessed and 
evaluated in detail. For the estimation of fatigue lifetime, S-N-curves and Miner‘s rule were 
used for damage evaluation and accumulation. In cases of the time-dependent effects and 
hence always variable stress-ranges the linear accumulated damage could not serve directly 
for the calculation of the fatigue lifetime by inversion, but by numerical simulation until fa-
tigue failure at D = 1.0. 

4 MONITORING MEASURES AND SIMULATIONS FOR FATIGUE 
ASSESSMENT 

A bunch of different monitoring measures were performed on the reference structure. For a 
time period of about four weeks strain measurements ran under traffic. Afterwards, the moni-
toring continued for about four weeks without traffic, in order to eliminate external influences. 
In this situation and also during deconstruction of the bridge, specimens were taken to deter-
mine material data in experiments at the institute’s facilities. The main elements of the moni-
toring are shown in Fig. 2 and will be shortly summarised in the remainder. 

4.1 Calibration of the structural model 

By means of different material measurements and load tests, the calculation model was cal-
ibrated. First, an initial FE-model was developed, based on documentation data and construc-
tion plans. Material data from concrete and steel (pre-stressing steel and reinforcement) were 
determined from samples, which were taken from the structure. Cores have been drilled from 
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both concrete types, a B300 (fck = 20 N/mm², nominal value) which was used for the deck 
slab and a B450 (fck = 28 N/mm², nominal value) for webs and the bottom slab. Both, the 
compressive strength and the Young’s modulus were determined in tests and transformed to 
initial values (after 28 days) employing a standardized method provided in EN 1992-1-1. By a 
time- and cement type-dependent exponential coefficient time-variable values could be calcu-
lated. As can be seen from Fig. 2 (top left) the measured average value of the compressive 
strength was much bigger than expected from nominal data. Based on the experimental tests 
the scatter could be reduced (nominal standard deviation σ = 5 N/mm², standard deviation 
from measurements σ = 3,4 N/mm²).  

With respect to the mean value of the Young’s modulus the tendency was vice versa. For 
the concrete B300 the mean values were also higher than expected, but its scatter increased 
due to a small statistical sample size (n = 7) and embedded rebars in particular samples, alt-
hough their influence could be eliminated by specific methods. 

Additionally, specimens of the pre-stressing steel were tested in the laboratory for its static 
parameters (ultimate tensile strength, Young’s modulus). An individual S-N-curve was de-
termined for the tendons (Ø26 mm, St80/105), (top centre in Fig. 2), cf. [5]. 

For the estimation of time-dependent and instantaneous losses one tendon was cut nearby a 
strain gauge. So, the remaining pre-stress could be determined directly by the reduction of 
strain measured (Fig. 2, top right). Since only one tendon was cut, this could not give a gen-
eral value but a specific one. Here, the loss of pre-stress (61 %) was significantly higher than 
calculated (about 24 %) (cf. [6]).  

The influence of other uncertain parameters like the stiffness of the columns and the foun-
dations as well as the pressing force of the additional steel columns (Fig. 1) could be deter-
mined by a load test. Therefore, a truck with known axle loads was placed on specific load 
positions. By geodetic deflection measurements and strain monitoring the structural response 
could be determined. In an iterative optimisation process the difference between measured 
and calculated deflections was minimised and finally a calibrated FE-model generated (bot-
tom left of the calibration part in Fig. 2).  

4.2 Temperature monitoring and simulation 

In accordance to previous research projects, the temperature has a relevant impact on the 
fatigue behaviour [7]. So, a temperature monitoring with an accompanying numerical simula-
tion of the temperature fields was performed as well.  

For temperature monitoring six sensors were placed in the concrete, spatially distributed 
over the cross section: two in each web and one in deck- and bottom-slab. The air-temperature 
inside and outside the concrete girder was measures with two additional sensors. Since tem-
perature can be considered constant over the length of an almost straight structure, only one 
cross-section was equipped for monitoring and simulation. Each hour (f = 1/3600 Hz) the 
temperature was determined for more than eight weeks. The measured values were used for 
the calibration and verification of the simulation routine. 

The numerical temperature simulation was performed employing a specially developed 
routine, which calculates non-linear and non-stationary temperature fields based on daily local 
climatological data, which is available for free from the German National Meteorological 
Service (Deutscher Wetterdienst, DWD). The calculation is based on general, numerical tem-
perature simulation approaches for bridges already proposed in the literature [8, 9, 10]. The 
temperature distribution inside a solid body can be calculated by the heat transfer ∆Qi,in from 
Eq. (1) given in numerical form, where ∆t is the time step (its selection depends on the ele-
ment’s size and the material data, cf. [8]), ���,� denotes the heat flow density and bi,k the con-
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tact length between the rectangular element i and a number of m surrounding elements in-
dexed with k. 

  (1) 

The heat flow density inside a solid body can be determined with a linear approach of the 
thermal conduction (Eq. (2)), which depends on the two lengths li and lk of both adjacent ele-
ments, their thermal conductivities λi and λk and temperatures ϑi and ϑk to the current time in-
stant.  

  (2) 

More challenging is the integration of climatological effects which are considered by spe-
cific boundary conditions. First, the heat transfer at the cross-section’s surface is handled in a 
similar way as before, but one adjacent element is replaced by the heat transfer at the bounda-
ry r. 

  (3) 

The heat flow density at the boundary ���,� can be determined analogue to the internal one 
acc. to Eq. (2), but the temperature of element k must be substituted by an equivalent air-
temperature ϑair,eq. Additionally, the heat-transfer coefficient α must be considered. Here, dif-
ferent relevant external effects like solar radiation, air temperature, wind, reflections etc. can 
be gathered and integrated to the simulation by an equivalent air-temperature. For details on 
the determination of the equivalent air-temperature see e.g. [9, 10]. 

  (4) 

The most relevant parameter for the fatigue simulation is the linear vertical temperature 
gradient ΔTv, which can be calculated directly from the temperature field. It enters the FE 
computations as part of the fundamental steady loads. 

  (5) 

The parameters in Eq. (5) are the height of the cross-section h, its moment of inertia Iy, its 
area A and the temperature ϑ at each point based on a coordinate system with the origin in the 
centre of gravity. For numerical application the formula can be expressed by Eq. (6). Here, the 
surface integration of temperature and the vertical position are replaced by the sum of all tem-
peratures and the vertical position of the corresponding elements i,j and their areas Ai,j. 

  (6) 

Based on local climatological data of the bridge (Düsseldorf, Germany) the temperature 
fields were simulated for the monitoring period and compared to the measurement results at 
the specific points. A good agreement of measured and simulated results was found. After-
wards and based on this routine as well as comprehensive climatological data sets since 1970, 

Δ�	,	
 = Δ� � ��	,�  �	,�  
�

�=1

��	,� = 2 �	  ���	  �� + ��  �	  ��� − �	� 

Δ�	,��� = Δ� �����	,�  �	,�  �
�

�=1
+ ��	,  �	, ! 

��	, = 2 " �	  �	, 2 �	 + �	  "  #��� ,$	 − �	% 
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951



David Sanio and Mark Alexander Ahrens 

a time series of the vertical gradients was generated for more than 40 years. Then it was re-
duced to a histogram of gradients (Fig. 2, right). In comparison to other evaluations as given 
in [7, 11] the shape looks slightly different. This is probably due to the unique geometry, posi-
tion (height and orientation) and location of every bridge. Hence, an individual and more real-
istic assessment of the temperatures can obviously be reached by such a simulation. 

In order to evaluate the general effort of detailed temperature gradients, a general tempera-
ture histogram for box-girders according to the German guideline for recalculation [11] was 
assessed in comparison to the “ordinary” approach according to EN 1991-2 employing con-
stant gradient. Already this enhancement led to an increase of the fatigue lifetime of about 
90 %. By contrast assessing the bridge-specific local gradients collected, the fatigue lifetime 
turned out slightly smaller. Due to seldom extreme but decisive gradients the results at the 
reference structure were impaired. However, that must not be a general conclusion for other 
locations.  

4.3 Assessment of load models 

A back-transformation of the monitoring results to the number of axles, the load per axle 
and the distance between them is not possible based on the monitoring results in this case. In 
the meantime other research projects achieved significant progress in this field, see [12, 13]. 
For an assessment of current fatigue load models the two general alternatives of EN 1991-2, 
FLM 3 and 4 (Fig. 2, right) were evaluated. Since FLM 3 consists of four single loads, 
120 kN each, it is a simplification and underestimates the fatigue lifetime significantly. Hence, 
the more detailed model FLM 4, which consists of five trucks with different numbers of axles 
and individual axle loads, was evaluated. It claims to represent the general European traffic 
more realistic, if such an idealization is possible at all. With it, the fatigue lifetime could be 
increased about 400 % at the reference structure (cf. [4]). Herein, the change of the relative 
frequency of each truck, which also changes with time, is included in agreement with the as-
sumptions of [11]. The effort of even more detailed load models (more than five fully-loaded 
standard truck types) can be estimated, if the fatigue lifetime based on monitoring data (which 
represents the real traffic) is considered as in section 4.5. 

4.4 Evaluation of traffic counts for a load history 

The load frequency was initially assumed to be constant in time, according to EN 1991-2. 
As a more detailed and more realistic approach the total amount of trucks per year was deter-
mined evaluating the results of traffic counts since 1970. A trend function was calculated and 
combined with the relative frequencies of the five single trucks (cf. section 4.3) to estimate 
the fatigue lifetime. In sharp contrast to the global trend, the number of trucks per year at the 
reference structure decreased and increased the lifetime four times. Further details are given 
in section 6. 

4.5 Direct strain-monitoring 

Additionally, strains of the pre-stressed steel were measured for several weeks by strain-
gauges which were applied directly to the tendons. Therefore, concrete was removed in small 
areas around the tendons, ducts laid bare and opened. Strain gauges were applied to two ten-
dons in the coupling joint and in the similar – but not cracked – reference section. Three strain 
gauges were applied to each section for redundancy and to measure both tendons in the lower 
layer. Strains were measured for four weeks under traffic and further four weeks without traf-
fic to determine other influences like temperature and externally induced vibrations.  
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The results were evaluated using a Rainflow counting algorithm [14] and then reduced to a 
stress histogram (Fig. 2, left). Since the influence of the additional steel columns was higher 
than expected, the stress ranges from traffic are quite small. As expected, the number of load 
cycles n decreases for higher stress ranges exponentially.  

Based on a short-time video monitoring, specific bins were assigned to characteristic load 
events induced by cars, trucks and others (Fig. 2, bottom left). Since the Rainflow counting 
algorithm counts closed stress-strain-hystereses which are in general not generated from sin-
gle vehicle crossings but from many different events in the time-series, this is rather an ab-
stract assignment. 

Figure 2: Monitoring measures and simulations and their share to the increase of the fatigue lifetime. 
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Even if stresses are close to zero, an evaluation with the lower branch of the S-N-curve 
shows a trend of monitoring benefits. In addition to the “best-case” calculation, which is rep-
resented by the measures in the previous steps (sections 4.1 to 4.4), the monitoring result for 
the fatigue lifetime differed from simulation by about 40 %. That amounts an additional in-
crease of the fatigue lifetime of about 430 % in comparison to the initial model (Fig. 2, left). 

5 SENSITIVITY ANALYSIS FOR SPECIFIC PARAMETERS 

For detailed evaluations of the fatigue calculation regarding influences of specific material 
parameters the calculation process is repeated employing scattering parameters. Only proba-
bly relevant material parameters are considered. 

In order to reduce the number of simulations, relevant load conditions were determined in 
advance. Since FLM 4 represents the real traffic much better than FLM 3, all five trucks are 
considered. For simplification time-dependent effects are neglected and the conditions fixed 
to the times of monitoring (t = 53 years). This leads to a slight but safe and here negligible 
underestimation of the lifetime, since the absolute values are of minor interest. The focus is 
set on the sensitivities. 

Since the additional steel columns reduced stresses nearly to zero, the situation without 
these columns is numerically simulated. Additionally, only those time-intervals, when the lin-
ear vertical temperature gradient falls below ∆T ≤ -5 K, have turned out to be most relevant 
for the coupling joint of interest. Temperature gradients smaller than -8 K are generally ne-
glected since they have occurred only two times in the temperature history (cf. section 4.2). 
Altogether 20 different stress ranges were determined resulting from 40 distinct load situa-
tions (max. and min. stresses (2) caused by each truck (5) combined with all temperature gra-
dients (4)). The calculation can be summarized as follows: 

• Since only small stresses are expected, the internal forces were determined on a linear
elastic model and then the basic load was superposed for every load situation separately

• Stresses σi are determined for the cross-section using the internal equilibrium conditions

• For each stress range Δσi the number of load cycles until failure Ni is determined based
on S-N-curves

• The applied number of load cycles ni and Miner’s rule give the damage D acc.to Eq. (7)

(7) 

• For simplification the theoretical structural lifetime is finally calculated with Eq. (8)

 (8) 

For the sensitivity analyses relevant parameters are assumed to scatter one at a time and 
belonging fatigue lifetime is calculated separately. Each analysis comprises 100 realizations 
of every single parameter employing the statistical properties summarized in Table 1. 

In each diagram (Figs. 3-6) the fatigue lifetime simulation is presented based on stochastic 
input parameters on vertical axes. These input parameters were generated based on the inverse 
probabilistic distribution. The corresponding frequency distribution is qualitatively also 
shown on the vertical scale. The result of each simulation is a fatigue lifetime which is plotted 
on the horizontal scale. Hence, each point in the diagram is one simulation result as a combi-
nation of a realisation of the input variable and the corresponding output. To quantify the im-
pact on the fatigue lifetime, histograms were generated, which summarise the results and 

2 = � 
	3	

&4,�$� = 2−1
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reveal the scatter of the output. For example, the smallest value for the concrete strength gen-
erates the shortest fatigue lifetime. Due to the higher impact of the parameters in the latter di-
agrams, their horizontal scale is logarithmic.  

parameter mean value 
standard 
deviation 

distribution 
type 

additional 
information 

pre-strain εpm
(0)(t=∞) 1.065 ‰ 0,3 ‰ normal 

vertical position of the 
considered tendons z’p5 

1.31 m 0.008 m normal 

geometry:  

width of the deck slab bds

= moment of inertia Iy 

4.95 m 

0.98 m4 

0.30 m 

0.0168 m4 

normal 

“steering parame-
ter” for geome-

try-values (Ac, Iy 
etc.) 

concrete parameters:  
compressive strength fcm 

correlated to 
Young’s modulus 

because of the 
stress-strain rela-

tion acc. to 
EN 1992-1-1 

concrete in deck slab 
(B300) 

38 N/mm² 4,9 N/mm² normal 

concrete in web and bot-
tom slab (B450) 

45 N/mm² 4,9 N/mm² normal 

fatigue parameters: 

gradient of 1st branch k1 3 0,2 log.-norm. 
gradient of 2nd branch k2 7 0,5 log.-norm. 
knee-point ∆σ(N*=106) 120 N/mm² 16 N/mm² log.-norm. 

Table 1: Parameters for the sensitivity analysis. 

From the results shown in Figs. 3 - 6 a basic difference can be read: Geometrical and con-
crete parameters have an even smaller impact on the fatigue lifetime than the fatigue parame-
ters that define the S-N-curve and the residual pre-strain εpm

(0)(t=∞). Since, the value of the 
compressive strength fcm of the two different concrete types (which also affects the correlated 
Young's modulus in the simulation), the vertical position of the lower tendons z'p5 and the ge-
ometry lead to a quite smaller scatter in fatigue lifetime (coefficient of variation (CV) ≤ 0,1), 
than the fatigue parameters and the pre-strain (CV ≥ 0,4).  

Here, stress-level and stress-range determine the influences of each parameter. This be-
comes apparent if two simple cases are compared: All stress-ranges are below the knee-point 
∆σ(N*=106) of the S-N-curve – as in most real cases and in the presented simulation – hence 
the gradient k2 is decisive and k1 has no impact (thus not depicted). If only stresses above the 
knee-point occur, k2 has no relevance. If the section is surely not cracked and linear-elastic 
behaviour holds true completely the influence of the pre-strain is small and almost zero 
(Fig. 2). But, the pre-strain is decisive in transition to cracked conditions (decompression state) 
if non-linear stresses appear and then reduces the fatigue lifetime significantly (cf. Fig. 6 and 
[3]). Some of the chosen 40 relevant load situations exceed the decompression state. Here, the 
uncertainty of the pre-strain is decisive for the fatigue lifetime and reduce it to about 7 % of 
the average value. 
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Figure 3: Sensitivity analyses of the fatigue lifetime for scattering geometry parameters. 

Figure 4: Sensitivity analyses of the fatigue lifetime for scattering material parameters of the concrete. 

Figure 5: Sensitivity analyses of the fatigue lifetime for scattering parameters of the S-N-curve. 

Figure 6: Sensitivity analyses of the fatigue lifetime for scattering pre-strain. 
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6 COMPREHENSIVE LOAD-HISTORY FOR THE BRIGDE 

In order to determine the impact of the loads as accurate as possible a comprehensive load-
history was determined for the reference structure. The procedure is shown in Fig. 7 and will 
be explained below. 

First, the load histogram from traffic monitoring served with video-based analyses to as-
sign relevant stresses to truck crossing events (highlighted in part 1 of Fig. 7) as explained 
before in section 4.5. That way, the total number of trucks could be derived also.  

Second, due to a new bridge being built aside traffic limitations were imposed on the refer-
ence structure. Consequently, the total number of trucks was significantly smaller than in the 
year before (2011). For almost entire 2011 automatic traffic counting data was available; but 
unfortunately not for 2012. Missing daily data (malfunction of detectors) was interpolated ac-
cording to current trends and the particular day of the week (fewer trucks at the weekend). 
Next, the stress-range histogram was scaled by the total number of truck load-cycles in Au-
gust 2012 to the value measured in August 2011 (blue in part 2, Fig. 7). Again, daily values 
could not have been used for upscaling, because the Rainflow algorithm does not account for 
time-sequential data. In a next step the monthly distribution was scaled equivalently to the 
remaining months (green) and finally to one year (grey in part 2, Fig. 7). 

Third, due to time dependent effects, the impact of traffic loads increased within the time 
[4]. Based on time-dependent structural analyses (creep, shrinkage and hardening of concrete) 
considering the five standard trucks of FLM 4 another unique but time-variable scaling factor 
was derived. At first, individual stress ranges were calculated for each year since erection as 
well as for the upcoming 50 years extrapolating the time-effects (part 3a, Fig. 7). However, 
basically the increase of stresses occurs in the first ten years after erection. Next, based on the 
five predictions of progress with time, a common scaling factor was generated (part 3b, 
Fig. 7). Since its standard deviation nearly vanishes it is seen adequate for all five courses and 
stress-ranges in the histogram (part 1). So, the time-dependent evolution of the load-values is 
also obtained by upscaling.  

Fourthly, the time-variable number of the load cycles was considered employing traffic 
count data from three spots nearby the bridge, which were provided since 1970: At all places 
sets of daily manual counting data were collected over the years. These have been extrapolat-
ed to yearly values by Düsseldorf’s traffic department. Since vehicles could not depart in be-
tween the spots, these local trends deliver quite accurate estimates of real traffic amounts. 
Next exponential smoothing of missing values and extrapolation to the future was performed 
(part 4, Fig. 7). A local decreasing trend appears which is in great contrast to nowadays global 
traffic trends. It is traced back to local effects of urban road and traffic management e.g. relo-
cation of heavy industries nearby.  

Finally, time-dependent stress ranges and traffic amounts were combined, to determine a 
highly accurate and complete load-history for the reference structure (part 5, Fig. 7). While 
load effects increase, due to creep and shrinkage, their quantity decreases locally. This results 
in interaction in the damage calculation, where both, loads and frequencies have a relevant 
impact. 

For assessment, the fatigue lifetime is calculated for six situations (A-F) listed in Table 2. 
It clearly demonstrates the need and potential benefit of an individual load history. Please note: 
Since the measured stress ranges were small due to additional supports, all calculated life-
times are only theoretical values and unrealistic to be expected for real structures. However, 
the results show the high impact of the very different parts of fatigue lifetime prediction and 
its sensitivity qualitatively. If certain steps are simplified or even neglected, the fatigue life-
time can increase or decrease manifolds. 
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situation 
considered steps (acc. to Fig. 7) theor. fatigue 

lifetime [a] 1 2 3 4 5 
A � � � const. � 5.9 106 

B � 
scaled to 
1 month 

� const. � 1.1 106 

C � � � const. � 7.7 105 
D � � � const. � 6,6 105 
E � � � � � 6,5 105 
F � � � � � 1,1 106 

Table 2: Theoretical fatigue lifetime acc. to Fig. 7, if specific steps are considered. 

Figure 7: Steps for a comprehensive load-history at the reference structure. 
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7 CONCLUSIONS 

In view of a world-wide growing stock of existent bridges to be timely judged by engi-
neers with respect to individual damage states, remaining bearing capacities or residual life-
times, prediction methods gain increasing importance. Therefore, politics and responsible 
authorities demand precise information to base economically efficient and safe decisions.  

As with all kinds of forecasts of future behaviour and prospective events engineers must 
deal with numerous sources of inherent uncertainties in information, data, geometry, construc-
tion materials as well as computational models that idealize reality. Using these to predict the 
future it is utmost important to know the driving parameters, their properties and impact on 
the final result. In this framework the contribution treats the complex and highly relevant case 
of fatigue lifetime predictions of existing pre-stressed concrete bridges. At a known fatigue 
hot-spot of a real reference structure located in Germany comprehensive measurements by 
means of long-term monitoring, numerical simulation and accompanying experiments in the 
institute lab have been performed to deliver information on the structure and its health state. 
Employing stochastic analyses of the prediction method based on S-N-curves anchored in cur-
rent codes, the single parameters contribution on the residual lifetime could be separated and 
quantified. It is shown how uncertainty already existing in the input propagates through the 
model, is changed herein and affects the final result. Instructions are derived which parame-
ters should be measured at best, what assumptions can be taken and how they influence the 
prognosis.  
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Abstract. SUSA 4 (Software for Uncertainty and Sensitivity Analyses) is a powerful tool for 

uncertainty and sensitivity analyses of computational results and an important part of the 

GRS code system for safety analyses of nuclear power plants (NPPs). It provides support to 

quantify input uncertainties in terms of probability distributions, correlations and other ap-

propriate dependence structures. For Monte Carlo simulation, the simple random and the 

Latin Hypercube sampling procedure are available. To prepare and launch computer code 

runs, a selection of code interfaces are implemented. Rather comfortable are the interfaces to 

selected codes in the field of nuclear safety analyses. But the application of SUSA 4 is not re-

stricted to those codes. Many options exist for quantifying the uncertainty of a computational 

result. Well-known and increasingly applied in the frame of deterministic nuclear safety anal-

yses are the tolerance limits of Wilks. Options for performing a sensitivity analysis are im-

plemented as well. Various sensitivity indices may help to identify those input uncertainties 

which mostly contribute to the uncertainty of a computational result. SUSA 4 combines well 

established methods from probability calculus and statistics with a comfortable graphical us-

er interface (GUI). The GUI guides the user through the main analysis steps and essentially 

contributes to comprehensibility and error prevention. The paper gives an overview on the 

main features and capacity of SUSA 4.  
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1 INTRODUCTION 

In deterministic safety analyses for NPPs, it has become common practice to apply best es-

timate computer codes for calculating postulated accidents in a realistic and not in a conserva-

tive way. If a best-estimate code is used in combination with realistic input data, it is 

generally required that important epistemic (lack of knowledge) uncertainties which may af-

fect the computational result shall be considered and that their influence on the result shall be 

quantified [1].  

There are several sources of epistemic uncertainty which may influence a computational 

result. Important sources are the model formulations implemented in a computer code. They 

are mostly based on a scattering of measurements or may be rather simplified so that the level 

of predictive accuracy of a model –even a validated model – may not be precisely known. 

Further uncertainty sources are numerical solution algorithms which commonly include ap-

proximations and simplifications somehow affecting the result, or the initial and boundary 

conditions of the application case which are often not exactly known. 

Also in probabilistic safety analyses for NPPs, uncertainties shall be considered and their 

influence on the result (e.g. core damage frequency, large early release frequency) shall be 

quantified. Relevant uncertainty sources in this context are the occurrence frequencies of ini-

tiating events, the reliability parameters (failure probabilities and rates) of systems and com-

ponents, human error probabilities or the branching probabilities of a PSA level 2 event tree. 

Intuitively the most appropriate method to account for the uncertainty sources of a compu-

tational result and to get a quantification of their influence is the Monte Carlo (MC) Method. 

It considers a range of values instead just one value for each input parameter of the computer 

code subjected to uncertainty. Each value selected for an uncertain input parameter is com-

bined with a value selected for each other uncertain parameter and supplied as input to corre-

sponding computer code runs. Based on the sample of values finally provided for a 

computational result, a quantification of the uncertainty of the result is obtained by applying 

statistical methods. Further information is given, for instance, in [2, 3, 4, 5]. 

To identify the main uncertainty sources of a computational result, an additional (global) 

sensitivity analysis is useful [6, 7]. It can show where to improve the state of knowledge in 

order to reduce the (epistemic) uncertainty of the computational result most effectively. 

To facilitate the performance of uncertainty and sensitivity analyses based on the MC 

method, the tool SUSA was developed. First version of SUSA was available in the early 

1990s [8]. Since then, SUSA has been constantly improved mainly according to the needs in 

the field of reactor safety analyses [9, 10, 11]. The currently available version is SUSA 4 [12].  

SUSA 4 combines well established methods from probability calculus and statistics with a 

comfortable graphical user interface (GUI). The concept of SUSA 4 enables the user to fully 

concentrate on the analysis input including the identification of those input parameters of the 

applied computer code which represent the main uncertainty sources of the computational re-

sult and the formulation of the corresponding uncertainties. After this is done, SUSA provides 

support to quantify the uncertainties probabilistically and to perform the next steps of an un-

certainty and sensitivity analysis.  

This paper gives an overview on SUSA 4. Section 2 includes a description of the GUI and 

other software features of SUSA 4. Subject of Section 3 are the options available to quantify 

and document input uncertainties. The methods implemented to generate a sample of parame-

ter values are outlined in Section 4. An overview on how SUSA 4 provides support to per-

form computer code runs is given in Section 5. Subject of Section 6 are the options 

implemented to quantify the uncertainty of a computational result. Section 7 deals with the 

options available for sensitivity analysis. The graphical techniques implemented in SUSA 4 to 
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support the uncertainty and sensitivity analysis are addressed in Section 8. The conclusions 

can be found in Section 9. 

2 GUI AND OTHER SOFTWARE FEATURES 

SUSA 4 has a comfortable graphical user interface (GUI) written in Visual Basic .NET 

(vb.net, Microsoft®). The GUI is menu-driven and guides the user through the analysis. The 

menu bar is displayed on top of the main window of SUSA 4 and consists of nine menus (Fig. 

1). The first menu to select is the Project menu where a new project has to be defined or an 

existing project has to be selected. Selection of the other menus depends on the analysis status 

already achieved in the course of a project. Selection of a menu usually starts on the left and 

goes step-by-step further to the right. 

Figure 1: Main SUSA 4 window with focus on menu ‘Input Uncertainties’ 

The menu ‘Input Uncertainties’ is to be selected in order to enter the uncertain input pa-

rameters of a project and to quantify the corresponding uncertainties probabilistically. In the 

menu ‘Sample Generation’, different sets of parameter values can be sampled. The menu 

‘Computer Code Runs‘ is designated to start a computer code run for each set of parameter 

values and to prepare the corresponding computational results in the format required in the 

subsequent analysis steps of SUSA 4. Menu ‘Uncertainty Analysis’ includes options for quan-

tifying the uncertainty of a computational result. Sensitivity indices which help to identify the 

main uncertainty sources of a computational result are offered in the menu ‘Sensitivity Analy-

sis’. The menus ‘Scatter Plot’ and ‘Cobweb’ provide additional graphical output supporting 

the uncertainty and sensitivity analysis. The Help menu currently includes the user’s guide 

document of SUSA 4, a context related online help function will be implemented in the next 

version. 

Each menu of SUSA 4 consists of several items or submenus for specific tasks to be per-

formed within the analysis step represented by the menu. For instance, the menu ‘Input Un-

certainties’ includes the five items Documentation, Distribution, Dependency, Proportions 

and External Data (Fig. 1). Selection of the Documentation item is necessary in order to speci-

fy and document the uncertain parameters of a project (Fig. 2). The Distribution item should 
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be chosen to quantify the uncertainties of the documented parameters in terms of probability 

distributions (Fig. 3). Selection of the Dependency item is important, if dependencies between 

uncertain parameters are to be quantified. Quantifications can be made in terms of association 

measures, conditional distributions, inequalities and other functions appropriate for dependen-

cy modelling. The item ‘Proportions’ offers the possibility to categorize selected uncertain 

parameters as proportions of the same whole which have to sum up to 1. Selection of the last 

item ‘External Data’ allows for assigning values provided by external sources to uncertain 

parameters. 

 

Figure 2: Dialog ‘Documentation’ 

The calculations of SUSA 4 are performed by Fortran program modules. For graphics gen-

eration, SUSA 4 applies the Java plotting tool AptPlot which is a free plotting tool designed 

for creating production quality plots of numerical data. AptPlot contains GUI support for the 

manipulation and analysis of data sets (cf. Fig. 4).  

SUSA 4 is available for 32 bit and 64 bit computer systems. 

3 QUANTIFICATION OF INPUT UNCERTAINTIES 

SUSA 4 expects the uncertainty of an input parameter of a computer code to be primarily 

quantified as a probability distribution (section 3.1). If the value of a parameter is – to some 

extent or completely – dependent on the value of another parameter, an appropriate associa-

tion measure, function, conditional distribution or inequality can be specified (section 3.2). 

Further options available for specifying input uncertainties are the characterization of uncer-

tain parameters as proportions of the same whole which have to sum up to 1, or the assign-

ment of values from external sources to uncertain parameters.  

There is no limitation of the number of input uncertainties which can be considered within 

SUSA 4.  

3.1 Probability Distributions  

The probability distributions listed below are currently implemented in SUSA 4. 

 

Parametric probability distributions: 

 Uniform Distribution 
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 Log. Uniform Distribution 

 Triangular Distribution 

 Log. Triangular Distribution 

 Beta Distribution 

 Normal Distribution 

 Log. Normal Distribution 

 Weibull Distribution 

 Gamma Distribution 

 Exponential Distribution 

 2
 Distribution

 F Distribution 

 Extreme Value Distribution Type I (Gumbel) 

 Extreme Value Distribution Type II (Frechet) 

Non-parametric probability distributions: 

 Discrete Distribution 

 Histogram 

 Log. Histogram 

 Polygonal Line 

Figure 3: Dialog ‘Distribution’ 
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If the distribution to be quantified is parametric, SUSA offers a selection of distributions 

which might be appropriate dependent on what is known on the range and other characteris-

tics of the distribution such as quantiles, expectation and std. deviation, or median and k95-

factor. If the parameters of a probability distribution are not known, SUSA calculates them 

from what is known (Fig. 3). This is done either analytically or by applying a random search 

algorithm. Distributions which normally have an infinite minimum and/or maximum can be 

truncated at the values indicated as minimum and maximum (Fig. 4). The distribution as-

signed to an uncertain parameter can be plotted separately or compared with other distribu-

tions in a single diagram. 

Figure 4: Truncated Normal distribution shown in the AptPlot GUI window 

Figure 5: Table of specified uncertain parameters and probability distributions 
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All uncertain parameters and corresponding probability distributions entered within 

SUSA 4 are displayed in a clear table (Fig. 5) which can be printed or easily copied into a pa-

per or report. 

3.2 Dependencies 

Information on (epistemic) dependencies between uncertain parameters can be provided in 

terms of association measures, full dependencies, conditional distributions, functions or ine-

qualities (Fig. 6). Association measures can refer either to the population or to the sample of 

potential values. In the latter case, the sample to be generated by SUSA 4 (section 4.1) will 

strictly reproduce the degree of specified association.  

Following population measures of association are implemented in SUSA 4: 

 Pearson’s ordinary correlation coefficient 

 Blomqvist’s medial correlation coefficient 

 Kendall's rank (tau) correlation coefficient 

 Spearman's rank correlation coefficient 

As sample (empirical) measure of association, Spearman’s sample rank correlation coeffi-

cient is implemented. 

Besides the population and sample related association measures, following other options 

are available to quantify dependencies between uncertain parameters:  

 Full (positive or negative) dependence, if the potential value of a parameter is assumed 

to satisfy an unknown monotone relationship to the potential value of another parameter. 

 Conditional distribution, if the distribution to be quantified for an uncertain parameter 

depends on the potential value assumed for another parameter. 

 Function, if the potential value of a parameter is a function of the values of other pa-

rameters. 

 Inequality, if the dependence relationship between two parameters X and Y is due to the 

inequality X > a∙Y with a being a multiplication factor. 

If dependencies are not provided, SUSA 4 assumes independencies between the uncertain 

parameters. 

Figure 6: Dialog ‘Dependence’ 

Dependence relationships such as association measures, full dependencies or inequalities 

can be represented in a scatter plot (Fig. 7). Similar to the specified probability distributions 
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(Fig. 5), the specified dependencies are provided in a clear table which can be printed or easi-

ly copied into a paper or report.  

 

Figure 7: Scatter plot 

4 SAMPLE GENERATION 

To sample the values of uncertain parameters, two procedures are currently implemented 

in SUSA 4, the simple random sampling (SRS) and the Latin Hypercube sampling (LHS) 

procedure [6, 13, 14].  

The SRS procedure provides values randomly sampled from a multivariate probability dis-

tribution defined by the distributions and dependencies specified as input. The implemented 

sampling algorithm initially considers standard normal distributions instead of the specified 

distributions. All types of correlations entered as input are handled by applying the ordinary 

Pearson correlation. Transformation of the actual specifications into corresponding ordinary 

correlations of standard normals is done either analytically or by applying the bisection meth-

od. The values obtained for the standard normals are finally transformed into the values of the 

specified distributions.  

The LHS procedure provides values covering the range of each uncertain parameter evenly 

in probability. To this purpose, the range of each parameter is divided into equiprobable inter-

vals and, then, one value is selected from each interval. This value is either the median or a 

randomly selected value of the interval. The values selected for each parameter are finally 

permuted in order to comply with specified correlations between parameters. More infor-

mation on the sampling algorithm can be found in [15, 16] 

For the sample finally generated, SUSA 4 can provide the sample-related correlation coef-

ficients between the uncertain parameters. This information is useful to detect unintentional 

(spurious) correlations due to numerical effects which may affect the results of the uncertainty 

and sensitivity analysis.  
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The random values to be generated by SUSA 4 can be controlled by the initial seed value 

of the (pseudo) random number generator. This value is required as input to the sample gener-

ation program. 

There are no limitations of the number of uncertain parameters which can be considered 

and the number of values which can be generated for each parameter. Limitations are set only 

by available computer memory. 

5 COMPUTER CODE RUNS 

SUSA 4 can automatically start a computer code run for each set of parameter values sam-

pled inside or outside of SUSA 4. If the computer code is run on the basis of an input file, 

SUSA 4 is able to automatically generate the input files related to the different sets of parame-

ter values and to start the corresponding runs. The computational result to be analysed can be 

selected via a key-file or the address of the result in the corresponding output file. SUSA 4 

automatically transfers the values of all selected results from all runs to a file adequately for-

matted in order to be accessible by the subsequent analysis steps. 

A special feature of SUSA 4 is that it can automatically prepare a Fortran code template 

including appropriate instructions for considering the input uncertainties specified in SUSA 4. 

This template can be extended by Fortran instructions for any desired model. For compiling 

the completed Fortran code, SUSA 4 loads the free GNU Fortran Compiler (Gfortran) which 

is automatically installed with SUSA 4. 

In principal, any computer code can be coupled with SUSA 4. Comfortable interfaces are 

implemented so far for codes frequently used in GRS for safety analyses of NPPs.  

6 UNCERTAINTY ANALYSIS 

SUSA 4 provides various options to quantify the uncertainty of a computational result. 

Figure 8: Set of curves expressing the uncertainty of a time-dependent result 

The uncertainty analysis can be performed for scalar and time/index-dependent computa-

tional results. A scalar result is just a single value per computer code run, whereas a 
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time/index-dependent result is a series of values over time, space, etc. Figure 8 exemplarily 

shows the curves of a time-dependent result from 1000 computer code runs. 

For quantifying the uncertainty of a computational result, SUSA 4 can calculate estimators 

of key statistics such as mean, standard deviation and coefficient of variation. If the uncertain-

ty is to be quantified in terms of quantiles, SUSA 4 can calculate empirical quantiles and the 

tolerance limits of Wilks [17] (Fig. 9, Fig. 10). These (∙100 %; ∙100 %) tolerance limits are 

increasingly applied in the frame of a deterministic nuclear safety analysis using  = 0.95 and 

 = 0.95 [11]. The two- or one-sided limits of a bounded or half-bounded (∙100 %; ∙100 %) 

tolerance interval are estimates of the left and/or right endpoint of an interval covering a pro-

portion of at least ∙100 % of the potential values of the computational result at a confidence 

level of at least ∙100 %. The information on the confidence level is quite useful, if an esti-

mate (e.g., of the interval covering a ∙100 %-proportion) can be derived from only a small 

sample of values as it is the case with long running computer codes which do not allow for 

performing many runs. The calculation of tolerance limits is independent of the number of 

uncertain parameters. It just requires a minimum number of runs to be performed. For in-

stance, at least 59 runs must be performed to get a one-sided (95 %; 95 %) tolerance limit [18].  

If the uncertainty of a computational result is to be quantified in terms of a probability dis-

tribution, SUSA 4 helps to find an appropriate distribution. It can perform Lilliefors- and 

Kolmogorov-Smirnoff tests which inform on the goodness-of-fit of a selected parametric dis-

tribution to the (empirical) distribution of a code result [19].  

SUSA 4 can even build a regression model which is linear in the uncertain parameters and 

which may serve as a so-called response surface. Such a response surface may be of interest, 

if many runs of a computer code are to be performed and just a single run is found to be very 

time consuming. SUSA 4 can perform Monte Carlo Simulation based on the simplified model 

and compare the (empirical) distribution of the results with the distribution of the results of 

the original model. If the simplified model provides acceptable results, it can be used instead 

of the original model in order to provide a large data basis for quantifying the uncertainty of 

the computational result. 

 

Figure 9: Empirical distribution function and two-sided (95 %; 95 %) tolerance limits of a scalar result 
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Figure 10: Two-sided (95 %; 95 %) tolerance limits of a time-dependent result 

7 SENSITIVITY ANALYSIS 

An extra sensitivity analysis or, more precisely, an uncertainty importance analysis can be 

supplemented to an uncertainty analysis to identify those uncertain input parameters which 

mostly contribute to the uncertainty of the computational result. It can show where to improve 

the state to knowledge in order to reduce the uncertainty of the computational result most ef-

fectively.  

The sensitivity analysis with SUSA 4 can be performed with the same sample data as al-

ready generated for the uncertainty analysis. Like the uncertainty analysis, it can be performed 

for scalar as well as time/index-dependent computational results. 

Following 4 groups of correlation related sensitivity measures are implemented in SUSA 4: 

 Pearson's ordinary correlation 

 Blomquist's medial correlation 

 Kendall's rank correlation 

 Spearman's rank correlation 

Within each group, SUSA 4 can calculate the (sample) ordinary and partial correlation co-

efficients as well as the standardized regression coefficient. The (sample) coefficient of de-

termination (R
2
) is additionally provided to inform on the usefulness of the calculated

coefficients as sensitivity indices. R
2
 is the fraction of the variability of the computational re-

sult explained by the combined influence of the uncertain input parameters [6, 20]. In this 

context, combined influence means a multiple linear regression function of the parameters. 

Besides correlation related sensitivity measures, SUSA 4 can provide estimates of the clas-

sical correlation ratio from original and rank transformed data [21]. The square of the correla-

tion ratio is equivalent to the variance based first order sensitivity index [22, 23, 24]. For 

scalar results, SUSA 4 can additionally provide association measures from 2x2 contingency 

tables (Goodman and Kruskal’s -coefficient [25]) or regression coefficients derived from a 

stepwise (rank) regression.  

All results of the sensitivity analysis can be graphically represented. Examples are given in 

Figure 11 and Figure 12. 
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Figure 11: Pearson's ordinary correlation coefficient as sensitivity measure 

Figure 12: Spearman’s rank correlation coefficient as sensitivity measure over time 

8 SCATTER & COBWEB PLOTS 

Besides the diagrams shown in the previous sections, SUSA 4 can produce scatter and 

cobweb plots to visualize dependencies and sensitivities. A scatter plot is a XY-plot of a se-

lected pair of parameters and/or code results. Figure 7 shows an exemplary scatter plot of two 

uncertain parameters. In the same way, scatter plots between two computational results or be-

tween an uncertain parameter and a computational result can be represented (Fig. 13). 
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Figure 13: Scatter plot 

Figure 14: Cobweb plot 

A cobweb plot allows for examining the local sensitivity of a computational result. For in-

stance, it can show how high (or low) potential values of a computational result are linked to 

the values of the uncertain input parameters. A cobweb plot may also help to detect sensitivi-

ties with respect to interactions between uncertain input parameters. 

An exemplary cobweb plot is shown in Figure 14. Each dotted vertical line in this figure 

represents an uncertain input parameter except the left-most one which represents the compu-

tational result. Each polygonal curve links each of the 10 largest values of a computational 

result (ranks 91-100) to the corresponding set of parameter values represented by their ranks. 
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9 CONCLUSIONS 

The tool SUSA 4 essentially facilitates the performance of probabilistic uncertainty and 

sensitivity analyses based on MC method. The comfortable menu-driven GUI of SUSA 4 

guides through the main analysis steps and contributes to comprehensibility and error preven-

tion and, thus, to the quality assurance of an uncertainty and sensitivity analysis. 

A wide range of probability distributions and association measures are available for quanti-

fying input uncertainties probabilistically. Besides association measures, SUSA 4 even im-

plements techniques to account for conditional distributions, inequalities and other functions 

for modelling dependencies between input uncertainties. The simple random and the Latin 

Hypercube sampling procedure are applicable for selecting sets of parameter values fulfilling 

the probability distributions and dependencies specified as input. SUSA 4 can automatically 

transfer these sets of values to the input decks of a computer code and start the corresponding 

runs.  

For quantifying the uncertainty of a computational result, SUSA 4 can calculate estimators 

of key statistics such as mean, standard deviation, median or other quantiles. Wilks’ tolerance 

limits which are increasingly applied in the frame of deterministic nuclear safety analyses are 

implemented as well. If the uncertainty of the result is to be quantified in terms of a probabil-

ity distribution, SUSA 4 helps to find an appropriate distribution by applying statistical good-

ness-of-fit tests. SUSA 4 can even build a regression model which may serve as a so-called 

response surface. 

The sensitivity analysis with SUSA 4 can be performed with the same sample data as gen-

erated for the uncertainty analysis. Different groups of correlation related sensitivity indices 

are implemented. Within each group, SUSA 4 can calculate the ordinary and partial correla-

tion coefficient as well as the standardized regression coefficient. SUSA 4 can also provide an 

estimate of the classical correlation ratio which is equivalent to the square root of the variance 

based first order sensitivity index (Sobol sensitivity index). Some other coefficients which are 

useful as sensitivity indices are implemented as well (e.g. Goodman-Kruskal association coef-

ficient). 

All results of the uncertainty and sensitivity analysis can be graphically represented. Addi-

tional scatter and cobweb plots help to understand existing relationships and sensitivities.  

The calculations of SUSA 4 are performed by Fortran program modules. Graphics genera-

tion is done by the free Java plotting tool AptPlot. Besides graphics, SUSA 4 provides tables 

of the input specifications and data files of analysis results which can be easily inserted into 

reports and papers.  

SUSA 4 does not have any limitations of the numbers of uncertain input parameters and 

computational results and is available for 32 bit and 64 bit systems. As an important part of 

the GRS code system for safety analyses of NPPs, it is constantly improved and validated. Of 

course, SUSA 4 can also be applied in other fields outside of nuclear safety analyses. 
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Abstract 

The frequency of occurrence of an accident scenario is one of the key aspects to take into 
consideration in the field of risk assessment. Aspects such as the human factor, which is a ma-
jor cause of undesired events in process industries, are usually not considered explicitly in the 
frequency estimation, mainly due to the uncertainty generated due to the lack of knowledge 
and the complexity associated to it.  

In this work, failure frequencies are modified by including the uncertainty generated by the 
human factor through the Monte Carlo simulation. This technique is one of the most com-
monly approaches used for uncertainty assessment and it is based on probability distribution 
functions that represent all the variables included in the model. 

The Monte Carlo simulation technique has been proved be very useful in the risk assess-
ment field. The model takes into account the uncertainty and variability generated by several 
variables of the human factor such as the Organizational factor (Contracting, Training, Com-
munication and Reporting), the Job Characteristics Factor (Workload Management, Environ-
mental Conditions, Safety Equipment) and the Personal Characteristics Factor (Skills and 
Knowledge, Personal Behavior).   

As a first attempt to test the model, it has been applied to a real case study of a chemical 
plant, obtaining new frequency values for a selected scenario. Since the uncertainty generated 
by the human factor has now been taken in to account through Monte Carlo simulation, these 
new values are more realistic and accurate. As a result, an improvement of the final risk as-
sessment is achieved. 
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1 INTRODUCTION 
The management of safety in the chemical industry is a very complex task because of the 

variety of the aspects that have to be considered when analyzing safety aspects such as pro-
cess, hazards or human errors and their interactions. 

To establish how safe a chemical plant is, a parameter called risk has to be used.  This con-
cept can be quantified by calculating and then combining (often multiplying) the frequency 
and the magnitude of all the accidents that could occur in a specific plant, process or equip-
ment [1]. 

The frequency of an accident scenario is a key aspect in the risk assessment and it is com-
monly assessed by a generic failure frequency approach. The frequencies currently used in the 
chemical industry are based on historical data of incidents and the accuracy of their calcula-
tions is based on the quality of the data used. The differences between the sources of generic 
failure frequencies, such as the Reference Manual Bevi Risk Assessments (BEVI) [2], rely on 
the factors considered for their calculation and on the way the failures have been classified.   

Although the sources takes into account different variables, aspects such as the mechanical 
failures or the human factor are not explicitly detailed, this creates uncertainty in the frequen-
cy calculation. It is a common practice when handling uncertainties to just ignore them or to 
use simple sensitivity analysis [3]. A decision making process based on risk is more effective 
when an accurate characterization of uncertainty has been conducted [4]. 

The human factor is an important source of uncertainty and it is commonly excluded be-
cause of the complexity of its quantification. However, the current management of human fac-
tors has been increasingly recognized as playing a vital role in the control of risk. 

Health and Safety Executive [5], which is one of the sources of generic frequencies, recog-
nizes that it is widely accepted that the majority of accidents in the chemical industry are gen-
erally attributable to human as well as technical factors. In this sense, human actions may 
initiate or contribute to the accidents’ occurrence. 

Taking this into account, it seems necessary to introduce the human factor in the frequency 
calculation. To achieve this aim, the Monte Carlo simulation was used. This technique is one 
of the most commonly approaches used for uncertainty assessment and it is based on proba-
bility distribution functions that represent the input variables. Therefore, the human factor is 
introduced by the development of a frequency modifier based on the Monte Carlo Simulation. 
In this way, it will be possible to reduce the inevitable uncertainty involved in the calculation 
of the frequencies, and to obtain more accurate and realistic values for both the frequency and 
the risk.  

2 HUMAN FACTOR 
As the HSE guidance states [6], a simple way to view the human factor is to think about 

three aspects: the job, the individuals and the organization, and how they affects people’s 
health and safety-related behaviour. Based on this classification, a selection of the variables 
was made in order to create the model for this study. This selection considers that the overall 
human factor is composed of three different factors representative of these basic categories: 
Organizational Factor, Job Characteristic Factor and Personal Characteristic Factor. Each of 
these factors is further characterized by the influence of the basic variables shown in Figure 1 
and explained next.  

2.1 Organizational factor (α) 
This factor refers to the conditions provided by the company to generate a safe environ-

ment. This includes the communication between the different levels of the hierarchy, the inci-
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dents reporting culture, the conditions the company sets to recruit external personnel and the 
instructions that the organization gives to their employees in order to perform the job in the 
safest way possible. It takes into account three variables: Contracting, Training and Commu-
nication & Reporting.  

2.2 Job Characteristic factor (β) 
The Job Characteristics Factor refers to the conditions that the company provide to the em-

ployees to perform their job and includes the quantity of work assigned to each employees, 
the conditions that surround the workplace such as noise and air quality, the personal protec-
tion equipment that the employees need for the development of their daily tasks (earplugs, 
helmets, goggles) and the safety equipment of the plant (safety showers, labels). This factor 
takes in to account three variables: Workload management, Environmental conditions and 
Safety equipment. 

2.3 Personal Characteristics factor (γ) 
The Personal Characteristics Factor relates to the cognitive characteristics of the employ-

ees, their personal attitudes, skills, habits, attention, motivation and personalities, which can 
be strengths or weaknesses depending on the task. One of those elements or their combination 
can markedly influence the human error occurrence. This factor depends on two variables: 
The Skills & Knowledge and the Personal Behavior. 

Figure 1: Variables for the representative equation. 

In order to introduce these human factors into the frequency calculation, a frequency modi-
fier based on the Monte Carlo simulation is needed. Next, the methodology used in order to 
accomplish this is explained. 

3 METHODOLOGY 

A human factor model has been developed based on the variables previously explained. 
From these variables a representative equation has been designed, then, uncertainty ranges are 
assigned to the variables. A process of iterations of these variables through Monte Carlo 
simulation will be conducted to obtain a mean value, which will represent the frequency mod-
ifier value [7]. All these steps of the methodology are explained next.  

3.1 Establishment of the representative equation of the model 
The modifier will vary in a range from 1 to 1.5. This choice has been done taking into ac-

count that the HSE states that in the petrochemical industry the accidents attributed to human 
error account up to 50% [6]. This means that in the best case (when there are no factors asso-
ciated to human activities that can cause an accident), the generic failure frequency will not be 
changed by the modifier, so its value will be equal to 1. In the worst case, when all the adopt-
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ed parameters representing the human factor assume the maximum value (largest influence on 
the accident frequency), the frequency modifier will get the maximum value equal to 1.5, so 
that the failure frequency can increase up to 50% of its initial value. 

In a previous study [8] using the proposed model of human factors (Figure 1) and the Ana-
lytical Hierarchy Process (AHP) the weight of the different variables was determined. For the 
“Training” variable of the organizational factor a weight of “0.60” was found, “0.20” for the 
“Contracting” variable and “0.20” for the “Communication & Reporting” variable (see Figure 
1). For the rest of the variables the weight was the same. This was based on a questionnaire 
applied to 40 international experts. 

In order to obtain a representative equation of the model (equation 1), which will be used 
for the Monte Carlo simulation, a set of aspects were considered: the variables of the system 
(Figure 1), their weights, the restriction of the value of the modifier (1.0 – 1.5), the possible 
values of each variable (0-10) and the distribution of the variables in the model. After taking 
all this into account, the following equation was obtained, which provides from the inputs of 
the sub equations for α, β and γ: 

F(x) = -0.0167·x + 1.5    (1) 

In order to be able to work with this equation and make the iterations needed with Monte 
Carlo simulation, an uncertainty range has to be assigned to each input (“a” to “h”). This has 
been done through a survey conducted by the assessed company, which is going to be ex-
plained next. 

3.2 Obtainment of the uncertainty ranges 
An accurate analysis of the performance of the assessed company is required in order to 

apply the model. With this information, it will be possible to assign uncertainty ranges to the 
different elements related with the human factor. In order to do so, it was decided to define 
eight questions for each variable, which the company’s representative has to answer by choos-
ing among three different options. Figure 2 gives an example of two of the eight questions of 
the poll for the contracting variable of the organizational factor. 

Figure 2: Variables for the representative equation. 

The three options belonging to each question represent a numeric value (a=8, b=5, c=2). 
The sum of the results for each variable (from the eight questions) is compared with a fixed 
score range. These have been established in accordance with the HSE classification reported 
for managing contractors [9]. Consequently, a range is going to be determined for each varia-
ble (see Table 1): “Low”, “Medium” or “High”.   

1. Does the company always know who is on the site?

(a) Yes (b) Most of the time (c) Occasionally 

2. Has there ever been a major incident or accident involving contractors?

(a) No  (b) I do not know  (c) Yes 
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Range Value Uncertainty
range 

Low 16-32 0-3 
Medium 33-47 4-6 

High 48-64 7-10 

Table 1: Establishment of the uncertainty ranges. 

An uncertainty range is assigned according to the range in which the result is found, which 
is introduced in the Monte Carlo simulation model. As a result, a value of the frequency mod-
ifier is obtained and this will lead to modify the final frequencies of the different scenarios. 

3.3 Uncertainty characterization through Monte Carlo simulation 
The uncertainty can be described by probability density functions (PDF) in which the dis-

tribution reflects the uncertainty of the model parameters. The Monte Carlo simulation speci-
fies a probability distribution for each sensitivity parameter.  

This technique can be applied to one or more uncertain input variables at a time. The out-
put distributions will reflect the combined effects of this input uncertainty over the specified 
ranges. The Monte Carlo simulation is not a new technique related to the risk assessment field, 
some authors have used this technique in order to address the uncertainty in this kind of stud-
ies [10, 11, 12]. 

An important part of the Monte Carlo simulation is the election of the probability density 
function (PDF); this election depends on the assessed variable. In the risk assessment field the 
most common PDF’s are: normal probability function (e.g. quantity released, temperature of 
the substance), lognormal probability function (e.g. release duration) and the uniform proba-
bility function for those variables that are more difficult to characterize.   

Another aspect of the Monte Carlo simulation isthat is based on the generation of multiple 
trials or iterations in order to determine the expected value of a random variable. The simula-
tion is able to use many interactions depending the complexity of the system. 

According Figure 1 for each variable different values will be proposed (e.g. a= contracting 
with values such as 2.51, 1.58 etc...) as it can be seen in table 2. Then iterations will be carried 
out to obtain the different outputs (e.g. α= organizational factor according to the initial values 
such as 2.51, 1.58 etc..). 

Iteration 
number 

a 
(Low) 

0-3 

b 
(Medium) 

4-6 

c 
(High) 
7-10 

α 

1 2.51 4.54 7.05 1.51 
2 1.58 5.12 9.45 2.54 
3 0.99 4.02 8.21 1.99 
: : : : : 

Table 2: Example of the construction of the iteration values. 

Once the values of all the proposed iterations are acquired, the percentage values of fre-
quency modifier are plotted (Figure 3). 
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The mean value obtained after all the iterations is going to represent the frequency modifi-
er value. All this process can be done using several statistical softwares. For the case study 
explained next, the software used is “Minitab”.  

4 CASE STUDY AND RESULTS 
The case study presented is based on a company that stores and distributes liquefied petro-

leum gas (LPG). The plant is spread over an area of 20,000 m2. The facility counts with 198 
direct employees in the plant, 152 of whom are on fixed shifts and the remaining on rotating 
shifts. The company has also sub-contracted staff in the installation for specific operations. 

The company has a storage area that includes a tank of 213 m3 of butane and another of 
115 m3 of propane, both pressurized. Since the materials that are present in the plant are con-
sidered hazardous and extremely flammable according to international regulations, the com-
pany must follow the guidelines and suggestions from both national and international 
regulatory bodies to ensure that it provides the required safety conditions for all its employees. 

An evaluation of the company was made by the company’s representative, accordingly to 
the method proposed in section 3.2, in order to obtain the uncertainty ranges (see table 3) to 
be applied in to the Monte Carlo simulation. 

Variable Total 
score 

Uncertainty 
range PDF 

(a) Contracting 19 0 - 3 Uniform 
(b) Training 25 0 – 3 Uniform 
(c) Communication & Reporting 34 4 - 6 Uniform 
(d) Workload 34 4 - 6 Uniform 
(e) Environmental conditions 43 4 - 6 Uniform 
(f) Safety Equipment 22 0 - 3 Uniform 
(g) Personal behavior 31 0 - 3 Uniform 
(h) Skills and Knowledge 29 0 - 3 Uniform 

Table 3: Uncertainty ranges for the variables. 

Once the PDF’s and the uncertainty ranges are established, the rest of the required values 
can be obtained. In Table 4, the values of all the variables of the model for the first five itera-
tions are shown. The number of iterations done in this case study was one thousand. Monte 
Carlo simulation was performed by using Crystal Ball v 7.2 software (Oracle). 

Iteration 
number 

a  b  c d e f g h α  β  γ 

1 0.66 2.10 4.37 5.40 5.34 1.42 0.45 1.06 2.27 4.05 0.75 
2 2.97 2.63 4.24 4.04 5.75 2.57 0.37 1.42 3.02 4.12 0.89 
3 0.25 0.72 5.57 5.04 5.15 2.24 2.25 1.98 1.60 4.14 2.12 
4 2.25 0.50 4.86 4.61 4.47 2.77 1.57 0.25 1.72 3.95 0.91 
5 2.94 2.79 4.88 5.98 4.14 2.93 2.82 2.60 3.24 4.35 2.71 
: : : : : : : : : : : : 

1000 2.83 1.63 4.57 4.04 5.58 2.04 0.34 1.27 2.46 3.89 0.80 
Table 4: Example of the construction of the iteration values. 
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As mentioned before, the software used in this study allows to obtain the value of the 
mean of all the iterations accordingly to the PDF selected. This value represents the value of 
the frequency modifier as it can be seen in Figure 3, this is 1.375. 

Figure 3:  Obtention of the value of the frequency modifier. 

Once obtained the value of the modifier, the initial frequencies can be changed. For this 
case study, initial generic frequencies associated with the loss of containment events (LOCs) 
for pressurized storage tank aboveground were taken into account, obtained from BEVI [2]. 
These initial frequencies are the ones commonly used in traditional quantitative risk analysis. 
They are generally corrected depending on different factors (e.g. domino effect, working 
hours, etc.), according to the methodology described in CPR18E [13]. 

The selected event is the release of entire contents in 10 minutes in a continuous and con-
stant stream. The initial frequency of this event is 5x10-7 years-1 and the corrected frequency, 
in which the domino effect has been taken into account [13] is 1x10-6 years-1. This event can 
result in different kinds of final accidents as can be seen in Figure 4. 

Initial event  Immediate ignition Delayed ignition VCE Consequences 

Jet fire + Pool fire P1 

Continuous 
release  

P4 VCE 
+ Pool fire  

P2 

1- P1 1- P4 Flash fire 
+ Pool fire  

1- P2 No consequences 

Figure 4: Event tree from a continuous release of a LPG storage tank. 
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Using the probability data of the event tree associated to the selected event, the final prob-
ability of occurrence for each accident it is obtained. In Table 5, the results of the selected 
scenario are presented: the final frequencies obtained by the traditional method, the value of 
the modifier obtained by the Monte Carlo simulation and the final frequencies modified by 
the frequency modifier. 

LOC Accident  
Butane 

 
Propane 

Frequency 
Modifier 

 
 

Butane 

 
 

Propane

G.2 

Jet fire 7.00 x10-7 5.00 x10-7 

1.375 

9.63 x10-7 6.88 x10-7 
Pool fire 7.54 x10-7 6.50 x10-7 1.04 x10-6 8.94 x10-6 

Explosion 3.60 x10-7 1.00 x10-7 4.95 x10-7 1.38 x10-7 
Flash fire 5.40 x10-7 1.50 x10-7 7.43 x10-7 2.06 x10-7 

Table 5: LOCs, initial and corrected frequencies. 

As it can be seen the final frequencies modified by the Monte Carlo frequency modifier, 
are slightly higher than the previous ones.  The reason of this increase is the inclusion of the 
human factor into the calculation. In most of the cases, the variation is not greater than one 
order of magnitude, this is normal since the objective was to improve the frequency, not to 
modify it drastically. However, modifying a little bit the frequency value, the whole risk as-
sessment can improve in a significant way.  

5 CONCLUSIONS 
A frequency modifier based in Monte Carlo Simulation was created in order to introduce 

the human factor in to the frequency calculation. These variables were represented as proba-
bility density functions and they were treated with the Monte Carlo simulation technique.  
The methodology was tested on a case study consisting of a LPG storage facility and the re-
sults of frequency obtained were higher than those derived from the generic databases. 
These results are expected to represent more realistic values of the accident frequencies, since 
they include the specific influence of the human factor. The relatively higher result of the fre-
quencies obtained implies a more conservative approach leading to the increase of safety 
measures and therefore a reduction of potential accidents.  
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Václav Sadı́lek1 and Miroslav Vořechovský1
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Abstract. The paper deals with the classical fiber bundle model with equal load sharing, some-
times referred to as the the Daniels bundle model or the democratic bundle. This model is
significant for the strength of quasi-brittle structures and the reliability of many parallel sys-
tems.

In the present paper, the authors exploit their own implementation of the recursive formula
for the evaluation of the distribution function for fiber bundle strength. The implementation
was carried out in the Python high-level programming language using the NumPy (scientific
computing with arrays) and mpmath (library for real and complex floating-point arithmetic
with arbitrary precision) packages. This implementation enables the calculation of cumulative
distribution function values for large numbers (thousands) of fibers in a bundle, including values
deep in the left tail of the distribution (probabilities 10−600). This computer program has been
used to accurately calculate the distribution functions for bundles with Weibull fibers with the
unit scale parameter, the varying number of filaments and the varying shape parameter. A
database of these distribution functions has been used to calculate the mean values and standard
deviations of the peak force to propose an improved Gaussian approximation of bundle strength.
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1 INTRODUCTION

This paper deals with the classical fiber bundle model with equal load sharing, sometimes
referred to as Daniels bundle model [1] or the democratic bundle [4]. This model is significant
for the strength of fibrous materials and composites, and the generally random strength of quasi-
brittle structures. The model is also relevant for the analysis of the reliability of various parallel
systems (computer components, infrastructure etc.). Daniels [1] formulated a multidimensional
integral and also recursive formula for the evaluation of the strength distribution function in
which strength is defined as the peak force per fiber. In the same paper, he showed that the
distribution of the strength of the bundle, Gn(x), tends to Gaussian distribution under quite
broad conditions and he gave closed formulas for the mean value and standard deviation of the
Gaussian distribution. Sornette [4] later confirmed this result using a Kolmogorov theorem. The
convergence of a random strength to Gaussian distribution is very slow in terms of the number
of fibers and therefore Smith [3] proposed a corrected term for the mean value that improves the
original Daniels formula for small bundles. Even though the knowledge of the asymptotic form
of Gn for the number of fibers n → ∞ is important, the normality does not hold in the tails of
the distribution and it also does not hold when there is a small number of parallel components
in the system (fibers). The real cumulative distribution function (CDF), Gn, strongly deviates
from the normal distribution for values of x far from the mean strength. Only a little is known
about the behavior of the tails. The left tail (x → 0) is of great importance for reliability
considerations, however.

In the present paper, the authors describe an analysis of the recursive formula by Daniels and
an improved [3] Gaussian approximation of the strength. The advantage of the recursive for-
mula is that it provides exact values of the CDF Gn for arbitrary values of x and for any number
of fibers n. The authors describe a computer implementation carried out in the Python high-
level programming language [5] using the NumPy [7] (scientific computing with arrays) and
the mpmath [6] (library for real and complex floating-point arithmetic with arbitrary precision)
packages. This implementation enables the calculation of CDF values for large numbers (thou-
sands) of fibers in a bundle including values deep in the left tail of the distribution (probabilities
10−600). This computer program is used to accurately calculate the distribution functions Gn

for bundles with Weibull fibers with the scale parameter s = 1, the varying number of fibers n
and the varying shape parameter m. The obtained results are stored in a newly created database
and compared to the available formulas [1, 2, 3]. We have found that for small bundles (n be-
tween 2 and 100) the formulas are not accurate. Therefore, the authors propose an improved
closed-form for the standard deviation.

The main motivation for this work is to formulate an improved analytical formula for the
distribution function Gn that will be valid deep within the left tail, where the real distribution
strongly deviates from the Gaussian approximation. The present paper focuses on the second
moment of the bundle strength.

2 BUNDLE STRENGTH

The cumulative distribution function,Gn, of bundle strength formulated by Daniels [1] reads:

Gn (x) =
n∑
k=1

(−1)k+1

(
n

k

)
[F (x)]kGn−k

(
n x

n− k

)
(1)

where x is a value of random strength per fiber, X , for which the probability P (X ≤ x) =
Gn(x) is evaluated, G1 (x) ≡ F (x), G0 (x) ≡ 1,

(
n
k

)
is the standard Binomial coefficient and
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n is the number of fibers. The most frequently selected distribution function for a single fiber,
F (x), is Weibull distribution. With no loss of generality, let us assume the bundles contain
independent Weibullian fibers (elements in parallel) so that the CDF of the strength of any
single fiber is

F (x) = 1− e−(x/s)m (2)

where s is the scale parameter and m is the shape parameter.

2.1 ALGORITHM AND IMPLEMENTATION

The recursive definition in Eq. (1) can be translated directly into Python using a recursive
function. However, this straightforward implementation passes through all levels of the recur-
sive formula and requires a large number of function calls (2n − 1). The most efficient formu-
lation of the algorithm, which is also a computer implementation that was developed, follows;
it does not contain any recursive functions. Let us divide Eq. (1) into three parts

Gn (x) =

n∑
k=1

(−1)k+1

(
n

k

)
︸ ︷︷ ︸

Bi,k

[F (x)]︸ ︷︷ ︸
Fi

k Gn−k

(
x

n

n− k

)
︸ ︷︷ ︸

Si

. (3)

At the highest level of recursion, formula (3) represents a summation over k = 1, . . . , n. Each
of these addends calls for a recursion – an evaluation of the recursion functionGn(x) with a new
parameter n renamed here as nk = n − k. By analyzing all arguments of random strength, x,
one can see that there are only n different values for which the distribution function of strength
is evaluated, namely xi = xn

i
, i = 1, . . . , n. The values of x are stored in an array named x arr.

For each element of vector x, one must compute the distribution function of the strength
of one fiber, F (x). Let us now define a vector, F , that contains the values of the basic CDF
evaluated at points xi:

F : Fi = F (xi) = F
(
x
n

i

)
, i = 1, . . . , n. (4)

This vector is precalculated and cached in computer memory as an array named cdf arr at the
beginning of computation. In later stages of computation, the elements of this vector are raised
to integer powers k = 1, . . . , n.

The next ingredient is a lower triangular matrix B, with n rows and n columns, pre-filled
with binomial coefficients multiplied by the alternating sign. Each element of the triangular
matrix initially reads

B : Bi,k = (−1)k+1

(
n

k

)
, i = 1, . . . , n and k = 1, . . . , i. (5)

This matrix is stored in an array named gn arr.
Once these two ingredients are calculated, the algorithm continues with the following two

loops (the algorithm uses in-place operations and updates the values of the B matrix):

1. Loop over n columns of the B matrix – Starting with the first column k = 1, each
column k = 1, . . . , n is multiplied by the kth power of elements Fi: Bi,k = Bi,kF

k
i for

k = 1, . . . , n and i = k, .., n.
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Figure 1: Diagram of the cached array for the number of fibers n = 4. The sum of the last line returns G4(x).
(red: row indexes i, blue: column indexes k, sums of rows Si as diagonal members)

2. Loop over n − 1 rows of the B matrix – Starting with the row i = 2, run a cycle over
rows i = 2 . . . , n that (i) sums the elements in the preceding row: Si−1 =

∑i−1
k=1 Bi−1,k

and (ii) use this value to update (multiply) all elements of sub-diagonal number i within
an inner cycle over columns j = 1, . . . , n− i+ 1: Bi+j−1,j = Si−1Bi+j−1,j .

After these two cycles are finished, the sum of n elements in the last row is the desired value
of Gn(x):

Gn(x) = Sn =
n∑
k=1

Bn,k (6)

Fig. 1 shows a diagram of the triangular array for the number of fibers n = 4; factors featured
in Eq. 3 are highlighted.

We note that the sums Si of any row correspond to the strength distribution function of fiber
bundle with i fibers evaluated at load xn

i
:

Si = Gi(x
n

i
) =

i∑
k=1

Bi,k i = 1, . . . , n. (7)

The described algorithm was used to create a database for various numbers of filaments n
and shape parameters m. Figure 2 shows the strengths of a bundle for shape parameter m = 6
and various numbers of fibers n. To plot the CDF of Gn we used a Weibull plot (x-axis is
ln(x), y-axis is ln(− ln(1−Gn(x)))) for better insight regarding the left tail of the distribution.
Weibull distribution is displayed in this plot as a straight line (see the CDF of n = 1 in Fig. 2).
The database serves as data support to formulate an improved approximation of Gn. In the
following section it was used to formulate an improved approximation of the standard deviation
of bundle strength.

To implement the described algorithm we have to import several required packages and set
the number precision:

1import numpy as np
2import mpmath as mp
3
4# set number of decimal places for multiprecision numbers
5mp.mp.dps = 1000
6
7# pre−conversion of frequently used values
8MPF ZERO = mp.mpf(’0’)
9MPF ONE = mp.mpf(’1’)
10MPF TWO = mp.mpf(’2’)
11MPF THREE = mp.mpf(’3’)

989



V. Sadı́lek and M. Vořechovský
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Figure 2: Left: probability density function gn calculated as a derivative of Gn (Weibull shape parameter m = 6).
Right: Weibull plot of cumulative distribution function Gn (solid line), and the Gaussian approximation by Smith
[3] (dashed line).

MPF ZERO, MPF ONE,. . . are pre-converted values because repeated type conversions from
floats, strings and integers are expensive. The precision used to evaluate Gn(x) up to n = 1500
was set to 1000 decimal places (3325 bits). This value was found to be sufficient while con-
sidering demands on the execution time and requested accuracy. No tests of optimal precision
have been performed yet.

The Binomial coefficients
(
n
k

)
are calculated including the sign (−1)k+1 and stored in the

lower triangle of a 2D array named binom tab.
12def get binom tab (n ):
13binom tab = np.zeros ((n, n ), dtype=object)
14for i in range(1, n + 1):
15for j in range(1, i + 1):
16binom tab[i − 1, j − 1] = (mp.binomial(i , j ) * (−1) ** ( j + 1))
17return binom tab

This array can be precalculated for greater n and stored in a file on a hard-disk. It is useful in
the case that repeated calculations are necessary.

The following source code implements the described algorithm using the numpy and mpmath
packages.

18def gn mp(x, scale , shape, n, binom tab):
19’’’ Return value of CDF of a bundle strength considering Weibullian fibers .
20
21## Parameters ##
22x, scale , shape, n : mp.mpf
23Bundle strength , scale and shape of Weibull distrib ., number of filament
24binom tab: array of mp.mpf
25numpy array of Binomial coefficients
26
27## Returns ##
28out : mp.mpf
29CDF value for the strength x
30
31## Examples ##
32>>> mp.mp.pretty = True
33>>> mp.mp.dps = 30

990



V. Sadı́lek and M. Vořechovský

34>>> x = mp.exp(mp.mpf(’−1’))
35>>> shape = mp.mpf(’6.’); scale = mp.mpf (’1.’), n fil = mp.mpf(’10’)
36>>> binom tab = get binom tab(n fil )
37>>> gn mp(x, scale, shape, n fil , binom tab)
380.000000329859130502740500994574682994
39’’’
40ni = int (n) # retype n from mp.mpf to int
41cdf arr = np.zeros (ni , dtype=object)
42x arr = np.zeros (ni , dtype=object)
43# precalculate x and F(x) vectors
44for i in range(0, ni ):
45x i = mp. fraction (n, n − i) * x
46x arr [ni − i − 1] = x i
47# pre−calculate Weibull distr . − Eq. (2)
48cdf arr [ni − i − 1] = MPF ONE − mp.exp(−(x i / scale) ** shape)
49# prepare B matrix
50gn arr = binom tab[: ni , : ni ]. copy()
51for i in range(ni ): # loop 1
52gn arr [ i : ni , i ] *= cdf arr [ i : ni ] ** ( i + 1)
53
54for k in xrange(1, ni ): # loop 2
55idx1 = np.arange (0, ni − k)
56idx2 = np.arange(k, ni )
57idx3 = np.arange (0, k)
58gn arr [idx2 , idx1] *= np.sum(gn arr[k − 1, idx3 ])
59gn m = np.sum(gn arr[−1, :])
60
61return gn m

We note that the above-described algorithm enables fast computation of the exact CDF of
bundle strength for arbitrary probabilities. The importance of result is not only for bundle mod-
els of statistical strength of structures but also for reliability considerations of many engineering
systems. Moreover, many systems and also strength of heterogeneous structures and compos-
ites can be modeled by the chain-of-bundles model. The strength if such systems is dictated
by the weakest bundle in the chain and therefore, a correct representation of the left tail of the
bundle CDF is extremely important.

3 IMPROVED APPROXIMATION OF THE STANDARD DEVIATION

The response of a single fiber with known breaking strength ξ can be written as

eH(ξ − e)

where e is the strain of the fiber and he symbol H(x) represents the Heaviside function yielding
zero for x < 0 and one for x ≥ 0. We now consider that the number of parallel fibers in a bundle
is very large and therefore we can calculate the average response of a given bundle as a function
of the strain e as an average value of the above linear-brittle response. The breaking strain ξ
is considered to be a random variable described by its probability density function (PDF) fξ(e)
(and CDF denoted as Fξ(e)). By definition of the mean value we can write that the average
response of a fiber represents the mean response of a bundle with n→∞ [8]:

µ(e) =

∫ ∞
0

eH(ξ − e) dFξ(ξ) = e

∫ ∞
ξ−e

fξ(ξ) dξ = e[1− Fξ(e)] (8)
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The asymptotic strength is the peak value of this asymptotic response. The strength is a random
variable. Its asymptotic mean value is obtained at a stationary point e? maximizing the function
in Eq. (8), i.e. E[X] = e?[1− Fξ(?)]. The asymptotic standard deviation of the strength can be
calculated from the variance: D[X] = n · (e?)2 · Fξ(e?) · [1 − Fξ(e?)]. The asymptotic mean
strength does not depend on n, while the standard deviation decreases in inverse proportion to√
n. Daniels derived this result in [1] and Smith later [3] refined the expression for the mean

value in such a manner that the mean value depends on n. Figure 3 presents the derived mean
values and standard deviations of bundle strength and compares them to our highly accurate
solution obtained by using the calculated solutions for the bundle strength cumulative density
Gn.
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Figure 3: Plot of the mean value (left) and standard deviation (right) of Gn as a function of the number of fibers n
for various shape parameters m containing approximations proposed by Smith [3] and Daniels [1].

We will now focus on the standard deviation of random strength X . Daniels result [1] for
the standard deviation of strength with Weibull fibers reads (consider the stationary point e? =
s ·m−1/m):

σD(n) =
√
D[X] =

m−
1
m s

√
e−

1
m (1− e− 1

m )
√
n

(9)

This formula is a power law, the graph of which, in logarithmic coordinates, is a straight line
of slope −½. Our numerical results, however, suggest that for a low number of fibers, n, the
standard deviation is lower then σD(n). This is especially true for high values of the shape
parameters, m, for which the standard deviation for n → 0 tends to a horizontal asymptote.
Therefore, we suggest a modified formula for the standard deviation that has horizontal asymp-
tote for n → 0 and tends to Daniels σD(n) when n → ∞. A possible form complying with
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these two requirements is proposed as:

σfit = k

(
1 +

n

n0

)− 1
2

(10)

This formula has two fitting parameters: k and n0. The first parameter, k, is the left hori-
zontal asymptote. The second parameter, n0 has a meaning of the crossover size n, i.e. it is
the horizontal coordinate of the intersection of the left horizontal asymptote and the large-size
asymptote of slope −½. We, however, require that the two large-size asymptotes match:

lim
n→∞

σfit(n) = lim
n→∞

σD(n). (11)

Therefore, the pair of parameters k and n0 is interconnected. The requirement is that the in-
tersection of the horizontal asymptote with the large-size asymptote occurs at points k and n0:

k = σD(n0) (12)

We now use this solution in the proposed formula for σfit to obtain an improved approximation
for the standard deviation:

σfit =
m−

1
m s

√
e−

1
m (1− e− 1

m )
√
n0

(
1 +

n

n0

)− 1
2

(13)
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Figure 4: Dependence of the fitting parameter n0 on shape parameter m.

In this formula, there is one fitting parameter n0. This parameter depends on the shape
parameter m and was obtained by fitting the numerical results using the recursive formula. The
m parameter was varied from 3 to 50 and the range for fiber bundle sizes n was considered as
being from 1 to 1000. Using the least square method it was found that the dependence of n0 on
m is approximately linear (see Fig. 4):

n0 = 0.461m− 1.464. (14)

Fig. 3 compares the exact solution for the standard deviation obtained from Gn with the
approximation proposed in Eq. (13). It is clear that the proposed approximation has excel-
lent performance and, to a large extent, fixes the errors achieved by using the original Daniels
solution, which is valid only for n→∞.
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4 CONCLUSIONS

The paper describes an algorithm and the implementation of a recursive formula for the
evaluation of the cumulative distribution function of random bundle strength, Gn(x). This
implementation enables the calculation ofGn(x) for thousands of fibers and small probabilities.
An arbitrary probabilistic distribution of the random strength of fibers can be assumed.

The presented algorithm is being used to create a database of cumulative densities of bundle
strengths for various Weibull strength distribution parameters for a single fiber m and various
bundle sizes n. The database will serve as data support for newly formulated analytical approx-
imate formulas for the CDF of Daniels bundle strength.

In this paper, the database was used to formulate the improved approximation of the standard
deviation of bundle strength for small numbers of fibers.
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