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Playing Safe With Misweighted Means 
NOEL CRESSIE* 

This article concludes that Student's t statistic is a for- 
giving or safe statistic in the presence of unequal vari- 
ances. More generally, for every weighted mean Yw, 
there is a corresponding weighted sum of deviations 
squared S w,o2, which together with the mean defines a 
safe Student-like test statistic. These results imply that 
the choice of weights in Yw need not be all that precise, 
provided a compensation is made via Sw,o. Such is the 
case in the example considered. 

KEY WORDS: Asymptotic normality; Degrees of free- 
dom; Inhomogeneity of variance; Misweighting; Safe test 
statistics; Student's t. 

1. INTRODUCTION AND MOTIVATION 

When Yl, . .. , Y, are independent and identically 
distributed (iid) random variables (rv's) with location pa- 
rameter pL, inference about p. is usually made by using Y 
= E Yiln as a point estimate, and using 

T= (Y - 11)I(S21n)/2, (1.1) 

where S2 = z (Y, - Y)2/(n - 1), to give interval esti- 
mates for ji. More specifically the assumption is often 
made that (1.1) is approximately distributed as t,-,, a 
Student's t random variable on (n - 1) degrees of free- 
dom (Student 1908; Fisher 1915). The approximation be- 
comes exact when Yl, .. . , Y, are iid Gaussian rv's with 
mean p. and variance u2, which we write as N(ji, u2). It 
is our opinion that the test statistic t has achieved its 
universality in statistical inference because of its ability 
to give reliable inference in a wide variety of situations. 
Armed with a little knowledge of how deviations from 
standard assumptions affect its behavior (Cressie 1980a), 
we can proceed with relative impunity. 

A very typical problem facing a statistician is that of 
making a location inference from a batch of numbers; 
usually a point estimator is available-call it ji. The es- 
timator has a variance var(i), which says much about 
how efficacious i is; suppose we are able to estimate it 
with var(i). This should have first moment equal to (at 
least asymptotically) var(i), so we have to worry now 
about var(var([1)). This in turn can be estimated by ... 
and so on. What we have just been describing is "the 
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infinite staircase" set out so elegantly in Mosteller and 
Tukey (1977, Sec. IA). In 1908 Student's breakthrough 
was to show that if the batch of n numbers was a Gaussian 
sample, unknown location pi, and unknown variance, 
then 

T = (3 - j)/(var( )) 1/2 (1.2) 

(see (1.1)) had a distribution that depended only on n 
- 1. Thus here the staircase stops after three steps where 
the third, called degrees of freedom, is supplied by the 
sample size. When the sample can no longer be thought 
of as Gaussian, we might hope that 3 will be asymptot- 
ically Gaussian mean pL, variance var(i), and that 
var([1) will be asymptotically the constant var(i). This 
would mean that T (from (1.2)) would be asymptotically 
unit Gaussian, the same asymptotic distribution as t,- 1 . 
It is desirable then to choose a statistic for location in- 
ference of the form (3 - ji)/(denominator2)1"2, where 

var(i) = W(denominator2), (1.3) 

at least asymptotically. Any statistic satisfying (1.3) we 
will call safe. The most notable place in statistical theory 
where this notion of "safeness" is exploited is with the 
jackknife (Mosteller and Tukey 1977, Ch. 8), although it 
is not usually presented from this point of view. Section 
2 develops this idea when the Y's still have common 
location parameter (about which we wish to make infer- 
ence) but have differing scale parameters. 

Section 3 discusses asymptotic and finite sample dis- 
tributions of weighted Student-like statistics; in particular 
"equivalent degrees of freedom" formulas for a safe sta- 
tistic are developed. An example is treated in Section 4, 
while Section 5 contains concluding remarks. 

2. SAFE TEST STATISTICS 

Assume Y1, . . ., Yn are independent random variables 
with common mean pi, and variances ur12, ..,n2. The 
variance of the numerator of (1.1) is 

n 

var(Y) = I u71n2, (2.1) 

and the mean of the square of the denominator of (1.1) 
is 

I(S2In) = t - nY2)In(n - 1) = - u21n2 (2.2) 

which is equal to (2.1). Note that rather than full inde- 
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pendence, one really only needs uncorrelatedness of the 
Y's for this to hold. Tukey (1974) discussed the above 
property of Student's statistic, although sample survey 
theorists have been aware of it in their own context for 
some time (Durbin 1953). We will show in Section 3.1 
how any Student-like statistic such that the variance of 
the numerator matches the expected value of the denom- 
inator squared is at the very least asymptotically the same 
in distribution as Student's t, and in this sense is safe. 
Finite n considerations are discussed in Section 3.2. 

We will now be more specific and define independent 
random variables Yl, . . ., Y, to be such that 

(Yi - /o)li ~F (i = 1, .. ., n), (2.3) 

where the cumulative distribution function (cdf) F will 
either be the unit Gaussian cdf (F, or will at least have 
mean 0 and variance 1. Assume that the weights W = 

{w; i =1,...,n} in 

n n 

Yw= >wiY wig (2.4) 
i=l i=l 

are fixed, and have not been estimated from the Y's. The 
most common case met in practice is the equal weight 
situation wi = 1 (i = 1, . . ., n). 

Define 
n 

SW'A2= 
2 

51(Yi- YW)2, (2.5) 
i = 1 

and 

Tw = (Yw - [u)4(Sw,A2)"2, (2.6) 

for any real numbers l, . . . ., a, (although clearly neg- 
ative 8's would be unsatisfactory). Our aim is to choose 
the weights A = {Ii; i = 1, . . , n} in (2.5) as functions 
of the given weights W so that the test statistics Tw,A is 
safe. If we let wi* = WiIk Wk, then 

var(Yw) = 

(S W,2) = 8 
Y - yW)2 

- z 5i[ui2(1 -Wi*)2 + E W,*2 yj2] 
i jii 

- z [w,*2 8+ - 2wi* 8i + 81]Ui2, 

where 8+ = 51 + *. + 5,. Hence by matching coeffi- 
cients of vi2, 

5i = wi*2(1 - 8+)/(1 - 2wi*) (i = 1, . .. , n). (2.7) 

Summing (2.7) over i 1, ... , n, we solve for 8+; call 
the solution to (2.7), {18}. Thus 

R. = wA*2/(1 - 2w*)}{1 + y wI,*2/(1 - 

Substitute (2.8) into (2.5) to give 

2= > b?(y _- ZW)2 

Hence 

Tw-=(Yw - ,u)I(Swo2) (2.9) 

is safe. 

Properties of the 89 's. 

(i) If wi* = lln (i = 1, . . ., n), then 5i0 = lln(n 
- 1) (i = 1, . . . , n). Hence S{1},02 = S2In; and T,1} = 
T. 

(ii) There exists a unique solution {18} such that 0 
- bi < I, provided O -< wi* < 2 (i = I,... n). 

(iii) If 0 w1* < W2* < w* < ,then 0O < 81 
C820 C *8n C n< I 

(iv) If wi* = 0(1/n) (i = 1, . . . , n), then 8-0 = (O1n 2 

(i =1, .. .,n). 

Proofs of these properties are trivial. Thus for virtually 
any set of numerator weights {wi}, a set of compensating 
(denominator) weights {18/} can be found via the ex- 
tremely easy-to-compute formula (2.8). 

3. DISTRIBUTION THEORY AND SIMULATION 

3.1 Asymptotic Distributions 

Up to now the assumption (2.1) has been adequate; 
however, in order to make progress asymptotically, we 
assume that the n observations are divided into p strata 
(p fixed) such that equal variation occurs within each 
stratum. That is, 

Yjk -_F(k= 1,.. .,nj;j= 1,.. .,p), (3.1) 

where n = nj. 

Assume (i) Y's are mutually independent. (ii) As n 
x, nln ->O, whereO < Oj< (j 1, . . ., p) and 

, oj = 1. (iii) The distribution F in (3.1) has a finite 
second moment; without loss of generality F has mean 
0, and variance 1. 

Now the weights W and hence AO are identical within 
strata, so that from (2.4), 

p nj p 

Y1w= Wj 1: y,k / nj wj (3.2) 
j=l k=1 j=1 

Also from (2.5), 
p nj 

-SW2A= 
2 i Ya ( Yjk - Yw)2. (3.3, 

j=1 k=1 

Define 

W*= Wj/ n1w1 (1 = l, . ..,p). (3.4 
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so from (2.8), 

a = {W *2I(1 -2wj*)} 

{1 + W 
w(*2/(l - 2wi*)}-1, 

j = 1, ... , p. (3.5) 

Substitute (3.5) into (3.3) to give 
p nj 

SW,O = E bj ( Yi - YW)2. (3.6) 
j=1 k=1 

Theorem. Under the assumptions (3.1) and (i), (ii), (iii) 
above, the statistic 

Tw= (Yw - O)I(SW,O2)1/2 (3.7) 

is asymptotically (as n -x oo) normally distributed with 
mean 0 and variance 1. 

Proof. The proof is easy if we look at each of the p 
strata individually. We will abuse notation slightly by 
writing kft- 1 Yjk is asymptotically N(njjp, njoj2), to mean 
that ( Sk Yjk - njpL)I(n1jo2)"X2 is asymptotically (as 
n -x oo) normally distributed with mean 0, and variance 
1. The previous statement is true by the central limit 
theorem. Then E Wj Ek Yjk is asymptotically N( E 
wjnjpL, , wjn1jo2), so that n1/2(YW - ,u) is asymptoti- 

cally N(O, j w12O>u12I( 2 Oiwi)2). By the weak law of 
large numbers, Ynk= 1 ( Yjk - YW)2n converges in prob- 
ability to j2, and 

nw-* w1l E Oiwi, n20 jl ( Ow1)2, 

as n -* oo. Hence nSw,o2 converges in probability (as 
n -* oo) to j w12O v 2I( ' 01w2. Finally, by Slutsky's 
theorem Tw is asymptotically N(O, 1). 

The approach to the limit in the above theorem can be 
seen in the histogram of Figure 1. There, 1,000 Tw values 
were generated according to the configuration n, = n2 
= n3 = 20; r 2 = 1, 22 = 9, 3 2 = 81; w1 = w = W3 
= 1. It is clearly close to the unit Gaussian distribution 
and will become more so as n1 (=n2 =n3) x_ oo, even 
though the sample mean Yw = Y{1} is a misweighted 
mean. So at least asymptotically, 

(Yw - 1.96Sw,o, Yw + 1.96Sw,o), 

is a 95 percent confidence interval for ,u. 
We would like to claim (asymptotic) robustness of va- 

lidity for confidence intervals based on Tw; for example 
(Yw - 1.96Sw,o, Yw + 1.96Sw,o) is a 95 percent con- 
fidence interval for jjw for all members (Fl, F2, . . . , Fp) 
of some p-dimensional family of distribution functions. 
The assertion is correct if the convergence in the above 
theorem can be shown to be uniform. Define the family 
9; as follows. The distribution functions (Fl, . .. , Fp) 
E i if for any distribution function F with zero mean, 
unit variance, and oa4 f y4dF(y) satisfying 1 <a c at4 

c 0 < X0, F, can be written as F,(y) = F[(y - ,)c] 
= 1, ...,p; where - X <p u<ox, ando-1's are positive 
and satisfy 0 < oin fj2 S ma 2 < 00 

The proof that convergence of Tw is uniform in 9 is 
best accomplished by only considering j = 1 for the mo- 
ment. Now l (Ylk - tL)lnj - Fnl (-/o1), where Fm(-) 
denotes the (normalized) distribution of a sum of m iid 
rv's each with distribution F. But Fm(x) -? (x) as m 
-x 0, uniformly in x (Ibragimov and Linnik 1971, p. 94), 
so that if we fix x, then Fm(XIoi) -* 'F(x/Il) uniformly 
with respect to ol > 0. Thus 

p 

nl1/2(Y _.) = E {w1(nj1n)1121 wK(nlIn)} 
j=1 

X { ( Yjk 
)l j} 

is a finite linear combination (whose coefficients do not 
depend upon the or's) of random variables, each of which 
converges uniformly in distribution; hence 

1f/2(Yw - w w201u2/ z o,w,)211/2 

converges uniformly in 9; to a unit Gaussian. 
We need to show Z2 9Sw,2 I{ E w120,u121( j 01w62} 

converges uniformly to 1. Again letj = 1; write 

(Ylk - YW)21n1 = (YIk - )2In, 

- 2(Yw - , (Ylk - ti)lnj + (Yw - p)2 

Concentrate on the first term, which we write as A - 

(Al + * + An,)Inl. Then Chebychev's inequality gives 
for arbitrary E > 0, 

Pr{ I A - IZ2 | 2 E} S var(A)/E2 = (14[(X4 - 1]InEiE2. 

Thus, provided cr12 and (X4 belong to a compact interval 
(which they do by assumption) convergence is uniform. 
Therefore n j a k=1 ( Yjk - p1)2, which is a finite 
linear combination of random variables each of which 
converges uniformly in distribution, itself converges uni- 
formly in 9; to the constant j wj2Qu12I( E 0w62 # 0. 
Using similar arguments, it is easy to see that the second 
and third terms, both involving (Yw - ,u), are Op(lIn) 
uniformly, and hence nSo,w2 converges uniformly to the 
same constant. Again by Chebychev's inequality, it is a 
simple matter to see that Z2 converges uniformly to 1. 
But TW = ZIZ2- 1/2, and since Z2 converges almost surely 
to a constant, Z1 and Z2 are asymptotically independent. 
Thus Z1 and Z2 each marginally converging uniformly, 
implies Tw itself converges uniformly in i;. 

3.2 Finite Samples 
Figures 1 and 2 present histograms each of 1,000 T{1} 

(= T) values. Any individual T value was produced by 
generating 3 strata N(0, 1), N(0, 9), and N(0, 81) rv's and 
using (3.7). In the case of Figure 1, n1 = n2= =3 20 
(i.e., n = 60); the opposite end of the spectrum is pre- 
sented in Figure 2, where n = n2= n3= 1 (i.e., n = 

3). Clearly Figure 1 is closer to the unit Gaussian, but is 
there some way we can quantify how close? 

The motivation given in Section 1 suggests that Tw will 
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Figure 1. Histogram of Tw values generated from n1 = n2 = n3 

= 20; cri2 = 1, F2 2 = 9, U32= 81; w1 = w2 = w3 = 1 

be Student-like, and so we can sensibly try to estimate 
its "equivalent degrees of freedom." Since it is a dimen- 
sionless parameter we seek, it makes sense to use an 
estimator that is itself dimensionless: 

df = 2{j(Sw,o 2)}2Ivar(S wo02), (3.8) 

where Yw is an estimate of location, Sw,o2 is an estimate 
of the variance of the estimate, and var(Sw, 2) is the 
variance of the estimated variance (the third step of the 
"infinite staircase" referred to in Section 1). Cochran 
(1951), using the approach of Satterthwaite (1946), pro- 
poses something similar for F-type statistics. 

After some algebra, it can be shown that provided we 
assume that the Y's are Gaussian, 

var(Sw,o2) = 2 E (5i0'T2)2 + E E 0'Otr2Tr2 P2 
i isij 

where 

T 2 = var(Yi - Yw), pij = corr(Yi - Yw, Y - Yw). 

Also %(Sw,02) = , 5T0r2. Thus 1 c df ' { z, XA2}1, 
where Xi = Bi5Ti t 5?'r7 (i = 1, . . ., n). Let X be a 
rv that takes realizations Xi, with probability Xi. Then 
Jensen's inequality, which says that 6(X).6(lIX) 2 1, 

gives E Xi2 2 l1n. Hence 

1 < df < n. (3.9) 

We can in fact do better than (3.9) if we assume 
wi= 0(1/n) (i = 1, . . . , n) so that from the properties 

in Section 2.2 the B's are 0(1/n2). Retain only the terms 
of leading order; therefore to 0(1), we have 

df = { E 21 - 1. (3.10) 

Now X n = 6(X)6(lIX), and the Kantorovich ine- 
quality (see Cressie 1980b) gives z Ai2 c (R + 1)2I4Rn; 
R = max{5.oT 2}/min{5ioT 12} = Q to 0(1), where 

Q = max{wi*2gi2}Imin{wi*2oi2}. (3.11) 

Hence to the order of magnitude retained, 

df E [4Qt(Q + 1)2, l].n. 

The quantity Q given by (3.11) is worthy of some com- 
ment. The number of degrees of freedom is a measure of 
how precisely we can estimate the variance of the esti- 
mated variance of Yw. Therefore we want to make Q as 
close to 1 as possible. From (3.11), this is achieved by 
choosing wi* oc llui. But we know the most efficient point 
estimate of Ri is obtained by wi* oc ll/i2. Thus good es- 
timates of location do not necessarily imply good esti- 
mates of variation of estimated variance, and the two 
should not be confused. 

We return to the simulation presented in Figure 1 to 
see whether this adjustment to degrees of freedom is a 
sensible thing to do; from (3.10) and the values given for 
qj2, nj(j = 1, 2, 3) we estimate df = 25. From the gen- 
erated T values the 90, 95, 97.5, and 99 percentiles were 
estimated to be 1.39, 1.72, 2.08, 2.40, which are to be 
compared to those for t25: 1.32, 1.71, 2.06, 2.48, and those 
for t59:1.30, 1.67, 2.00, 2.39. Clearly up to the 97.5th 
percentile the adjustment is in the right direction and 
excellent for tests at the 5 percent level. However, out 
in the far tail something different is happening. This is 
the second modifying influence to which we referred 
earlier. 

Figure 2 is expressing a little-known fact about Stu- 
dent's statistic, discovered in various forms by Efron 
(1969), Logan et al. (1973), and Sansing (1976), and col- 
lected together in the review paper by Cressie (1980a). 
Basically it says that when one is sampling Y's from a 
very long-tailed distribution, the distribution of T is short 
tailed, with a lot of the probability being concentrated 
around abscissae ? 1. This second influence then tends 
to pull very large percentiles of T in, whereas the loss of 
degrees of freedom due to misweighting tends to push 
moderately large percentiles out. Thus we are happy to 
make an adjustment to the null distribution of Tw for a 
10 percent or 5 percent level test, but not so at the 1 
percent level. 

The conclusions of this section offer encouragement 
that in finite samples of heteroscedastic Gaussian random 
variables, Student's t distribution on equivalent degrees 
of freedom will provide a suitable approximation for the 
weighted Student-like statistics. Our approach has been 
heuristic, however, signaling the need for some caution 
in its applications. Skewness of the underlying distribu- 
tion F, given by (3.1), is likely to be the biggest cause for 
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Figure 2. Histogram of Tw values generated from ni = n2 =n3 =1; same 'rs and w's as in Figure 1 

concern in finite samples; this matter will be investigated 
elsewhere. Also, should there be small correlations pres- 
ent amongst the Y's, even the asymptotic results will not 
hold. 

4. GRAVITY AT WASHINGTON EXAMPLE 

The data given in Table 1 are eight series of measure- 
ments of the acceleration of gravity in a laboratory of the 
National Bureau of Standards at Washington, D.C., 
which were made at various times between May 1934 and 
July 1935. Before 1900 the value obtained for Washington 
was made by a direct connection with Potsdam and other 
stations in Europe; it was set at 980112 x 10-3 cm/sec2. 
Later, it was felt by the U.S. Coast and Geodetic Survey 
that this value was too low, so that a determination of g 
on its own account was necessary. 

The method used for the absolute determination of 
gravity was that of the reversible pendulum. Various con- 
figurations, depending on pendulum tube diameter and 
type of knife edges, were used. The values given in Table 

1 are after appropriate adjustments for flexure and for 
clock rate were made. 

In the notation of Section 3, we are faced with p = 8 
series of observations where ni = 8, n2 = 11, n3 = 9, 
n4 = 8, n6 = 11, n7 = 13, n8 = 13. Two (numerator) 

Table 1. The Heyl and Cook (1936) Measurements 
of g, Expressed as Deviations From 980000 x 1o-3 

cm/sec2, in Units of to- cm/sec2. Quantities Yj, 5>2 
are the Sample Mean and Sample Standard 

Deviation Respectively of the jth Group 
(= 1, ... , 8) 

Deviations ni Yi J 

76,82,83,54,35,46,87,68 8 66.38 (19.250)2 
87,95,98,100,109,109,100,81,75,68,67 1 1 89.91 (15.293)2 
105,83,76,75,51,76,93,75,62 9 77.33 (15.756)2 
95,90,76,76,87,79,77,71 8 81.38 (8.297)2 
76,76,78,79,72,68,75,78 8 75.25 (3.655)2 
78,78,78,86,87,81,73,67,75,82,83 11 78.91 (5.839)2 
82,79,81,79,77,79,79,78,79,82,76,73,64 13 77.54 (4.737)2 
84,86,85,82,77,76,77,80,83,81,78,78,78 13 80.38 (3.355)2 
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Figure 3. A plot of the Heyl and Cook Data presented in Table 1, 
versus time 

weighting schemes were chosen. Naturally, one was that 
of equal weights, while the other took cognizance of the 
differing spreads seen in Figure 3, see Table 2. We have 
used (3.5) to solve for the (denominator) weights {bj?} that 
make (2.6) safe. 

I Table 2 also shows the weighted mean Yw given by 
(3.2), and the appropriately weighted sum of squared de- 
viations SWo02, given by (3.6). Hence (Yw - 2Sw, 
Y + 2S w) is for equal weights: (76.28, 81.50), and for 
unequal weights: (77.02, 79.74). Clearly -the equal weights 
give a much longer interval. The unequal weights of 
1,5,25 were rough guesses to try to reflect the obvious 
(see Fig. 3). Our conclusion is that the weights do not 
need to be precisely chosen, provided we choose a safe 
statistic from which to compute confidence intervals. 

The acceleration due to gravity lies in an approximate 
95 percent confidence region of (980077.02, 980079.74) 
x 10-' cm/sec2. Clearly the previous values ascribed to 
Washington D.C. were in fact too high. 

5. CONCLUDING REMARKS 

The most common application of the results presented 
in this article occurs when the statistician is faced with 
unknown inhomogeneity of variation and so imposes an 
equal weighting scheme on the problem; that is, uses Y 
and S2In. But more generally, we can now feel safe in 
the knowledge that if unequal weights are prespecified, 
a weighting scheme exists that is forgiving to further un- 
accounted-for inhomogeneity of variation; specifically, 
use Yw and SW,02 from (2.9). 

The problem can be further complicated by assuming 
different means as well as different variances. Then 
everything said previously about confidence intervals for 
,u must be reinterpreted in terms of PFw = 2 W4LjI 

Table 2. The Two Choices of Weights for Table 1 
Data Give Two Different Denominator Weights {fbi}, 

Weighted Means Y,w and Matched Denominator 
C!2 swvo 

Equal Weights Unequal Weights 

Wi a? Wj 1? 

1 .15432 x 10-3 1 .66208 x 10-6 
1 .15432 x 10-3 1 .66208 x 10-6 
1 .15432 x 10-3 5 .16566 x 10-4 

1 .15432 x 10-3 5 .16566 x 10-4 

1 .15432 x 10-3 25 .42304 x 10-3 
1 .15432 x 10-3 25 .42304 x 10-3 
1 .15432 x 10-3 25 A42304 x 10-3 

1 .15432 x i0-3 25 .42304 x 10-3 

YW= 78.89 Yw = 78.38 
Sv,o = (1.306)2 o = (.680)2 

Wk. Often under these circumstances , w is a quantity 
of interest in its own right. 

Finally, safe test statistics for fi in the general linear 
model Y = X,8 + e are at present under investigation. 
The problem has connections with Hinkley's observation 
(Hinkley 1977) that jackknifing in the linear model can 
automatically take unequal error variance into account. 

[Received March 1981. Revised July 1982.] 
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