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(Starred (?) exercises are (even more) optional; they are not necessarily harder, some
are just less directly relevant to the course.)

Week 1

1. Let Dn := {x ∈ Rn : |x| ≤ 1} be the closed n-disk and

∂Dn := Sn−1 := {x ∈ Rn : |x| = 1}

be the (n− 1)-sphere, both equipped with the subspace topology from Rn.

(i) Find explicit homeomorphisms D1/∂D1 ∼= S1 and D2/∂D2 ∼= S2.

(ii) Show that the following three descriptions of the torus are homeomorphic:

T1 := {(x, y) ∈ R2 : 0 ≤ x, y ≤ 1}/((x, 0) ∼ (x, 1), (0, y) ∼ (1, y))

T2 := S1 × S1

T3 := {(R + r cos θ) cos φ, (R + r cos θ) sin φ, r sin θ)} ⊆ R3 (R > r)

(iii)? Find an explicit homeomorphism Dn/∂Dn ∼= Sn.

2. Let X and Y be topological spaces.

(i) Show that homotopy defines an equivalence relation on the set Top(X, Y) of
continuous maps X → Y.

(ii) Show that homotopy is compatible with composition, so that the homotopy
category is well-defined.

3. We can abstractly define a product of two objects x, y in an arbitrary category C as

another object p together with morphisms (“projections”) p
ξ−→ x, p

η−→ y such that
for any other object q and morphisms f : q → x, g : q → y there exists a unique
morphism φq→ p such that f = ξφ, g = ηφ.

q

p x

y

∃!
f

g ξ

η

(i) Show that if X and Y are topological spaces, then the cartesian product X×Y,
equipped with the product topology, is a product in the category Top in this
sense.

(ii) Show that if p′, ξ ′ : p′ → x, η′ : p′ → y is another product of x and y, then
there exists a unique isomorphism p′ ∼= p. (“Products are unique up to
unique isomorphism.”)

4. Let S be a set, equipped with the discrete topology. Show that the topological
space S is not contractible unless S has exactly one element.



5. Prove the following basic properties of isomorphisms in a category C:

(i) If f : x → y and g : y→ z are isomorphisms, so is g f : x → z.

(ii) Given f : x → y, if there exist g, h : y→ x such that

g f = idx, f h = idy,

then f is an isomorphism.

(iii) If f is an isomorphism, its inverse is unique.

(iv) If F : C → D is a functor and f : x → y is an isomorphism in C, then F( f ) is
an isomorphism in D.

(v) Being isomorphic is an equivalence relation on objects of C.

What does this tell you about homotopy equivalences?

6.? (A topological proof that S1 is not contractible.) View S1 as {z ∈ C : |z| = 1} and
let π : R → S1 be the continuous map x 7→ eix. We say that a continuous map
f : S1 → S1 lifts to R if there exists f̄ : S1 → R such that f = π f̄ .

(i) Show that if g : S1 → S1 lifts to R and f : S1 → S1 is another continuous map
such that f (x)/g(x) 6= −1 for all x ∈ S1 then f also lifts to R.

(ii) Let c1 : S1 → S1 be the constant map with value 1, and suppose f is homo-
topic to c1, via a homotopy H : S1 × [0, 1] → S1. Since S1 × [0, 1] is compact,
we can choose δ > 0 such if |x − y| < δ then |H(x) − H(y)| < 2 for all
x, y ∈ S1 × [0, 1] (viewed as a subset of R3). Use this to show that f lifts to R.

(iii) Use (ii) to prove that S1 is not contractible (i.e. idS1 is not homotopic to a
constant map).



Week 2

1. In the lecture we computed the simplicial homology of the torus by thinking of it
as built from a square by gluing opposite edges, and making this a ∆-complex by
cutting it into two triangles along the diagonal. Here are two more spaces we can
build by identifying opposite sides of a square, but now with a twist in either one
or both directions:

The corresponding spaces are the Klein bottle and the real projective plane RP2,
respectively. Make these too into ∆-complexes by cutting them into triangles along
a diagonal (you also have to pick orientations of the 1-simplices that match those
for the standard 2-simplex). Write down the corresponding ∆-sets and compute
the simplicial homology.

2. The combinatorial n-simplex is the ∆-set ∆n
comb with (∆n

comb)k being the set of subsets
of {0, . . . , n} of size k + 1; it is convenient to label these as [i0 · · · ik] with 0 ≤ i0 ≤
i1 ≤ · · · ≤ ik ≤ n. Then the face map ∂j : (∆n

comb)k → (∆n
comb)k−1 is given by

[i0 · · · ik] 7→ [i0 · · · ij−1ij+1 · · · ik].

The boundary of ∆n
comb is the ∆-set ∂∆n

comb obtained by removing the single n-
simplex [01 · · · n], so that

(∂∆n
comb)k =

(∆n
comb)k, 0 ≤ k ≤ n− 1,

∅, k ≥ n,

with the same face maps in degrees < n.

(i) Convince yourself that |∆n
comb| is homeomorphic to ∆n and |∂∆n

comb| to the
boundary of ∆n.

(ii) Compute the simplicial homology of the ∆-sets ∆3
comb and ∂∆3

comb. [The
space |∂∆3

comb| is a tetrahedron, which is topologically a sphere, so the result
should agree with the computation we did for the sphere in the lecture.]

3. Let ε : {0, . . . , n} ∼−→ {0, . . . , n} be a permutation. Show that for any singular n-
simplex σ : ∆n → X of a topological space X the singular chains σ ◦ ∆(ε) and
(−1)sign(ε)σ agree up to a boundary (and so define the same homology class).
[Hint: Reduce to the case of a transposition by decomposing ε.]

4. Show that a morphism of ∆-sets f : S → T induces a canonical continuous map
| f | : |S| → |T| between geometric realizations. [Hint: Use the universal property of
quotients.] Check that this makes |–| a functor Set∆ → Top.

5. (Homology commutes with increasing unions)

(i)? Suppose K is a compact Hausdorff space and there exists a sequence of
closed inclusions

K1 ↪→ Kn ↪→ · · · ↪→ K =
∞⋃

i=1

Ki



such that a subset U ⊆ K is open if and only if U ∩ Kn is open in Kn for all
n. Show that K = Kn for some finite n. [Hint: This uses a lot of point-set
topology we don’t otherwise need in the course. Since K is compact Haus-
dorff, points are closed, and the subspaces Kn are also compact Hausdorff. If
Ki ( K for all i, we can choose points xn ∈ Kn \ Kn−1. Set S = {x1, x2, . . .}.
Then S ∩ Kn is finite for all n, hence closed in Kn, which implies S is closed in
K. The same argument shows any subset of S is closed, so S has the discrete
topology. But then S is not compact, contradicting it being a closed subset of
the compact space K.]

(ii) Suppose X is a Hausdorff space and we are given an increasing sequence of
subspaces

X1 ↪→ X2 ↪→ · · · ↪→ X =
∞⋃

i=1

Xi

such that

• Xi ↪→ Xi+1 is a closed inclusion for all i,
• a subset U of X is open if and only if U ∩ Xi is open in Xi for all i.

If C is a compact space, show that any continuous map f : C → X factors
through Xn for some n. [ Hint: f (C) is a compact subset of X, hence a com-
pact Hausdorff space.]

(iii) Show that for X as in (ii),

Singn(X) =
∞⋃

i=1

Singn(Xi).

(iv) Given an increasing sequence of abelian groups

A1 ↪→ A2 ↪→ · · · ,

show that there is a unique abelian group structure on the union A :=⋃∞
i=1 Ai such that the inclusion Ai ↪→ A is a homomorphism, and that given

homomorphisms fi : Ai → B such that fi|Ai−1 = fi−1 there is a unique
homomorphism f : A→ B with f |Ai = fi.

(v) Given an increasing sequence of sets

S1 ↪→ S2 ↪→ · · ·

show that there is a canonical isomorphism

Z

∞⋃
i=1

Si
∼=

∞⋃
i=1

ZSi.

(vi) Given an increasing sequence of abelian groups

A1 ↪→ A2 ↪→ · · · ,

and subgroups Bi ↪→ Ai such that Bi ↪→ Bi+1, show that there is a canonical
isomorphism

∞⋃
i=1

Ai/Bi
∼=
(

∞⋃
i=1

Ai

)
/

(
∞⋃

i=1

Bi

)
.

[ Correction: This is only true with a rather strange interpretation of the
“union” symbol, since Ai/Bi → Ai+1/Bi+1 is not necessarily injective. But the
quotient is the colimit of the sequence Ai/Bi. ]



(vii) Conclude that for an increasing sequence of topological spaces as in (ii),
there is a canonical isomorphism

H∗(X) ∼=
∞⋃

i=1

H∗(Xi).

[ Again, this should really be the sequential colimit of the homology groups. ]

6.? (An abstract nonsense proof that quotients and direct sums commute.)

(i) If xi, i ∈ I, are objects of a category C, their coproduct (if it exists) is an
object äi∈I xi together with morphisms ιi : xi → äi∈I xi such that given any
family of morphisms fi : xi → y to some y ∈ C, there is a unique morphism
f : äi∈I xi → y such that fi = f ◦ ιi for all i. Prove that the disjoint union is the
coproduct in Top and the direct sum is the coproduct in Ab.

(ii) Given morphisms x
f−→ y and x

g−→ z in a category C, the pushout of y and z
along x (if it exists) is an object yqx z together with a commutative square

x y

z yqx z

f

g η

ζ

such that for any other morphisms y
φ−→ w, z

ψ−→ w such that φ f = ψg, there
exists a unique morphism π : yqx z→ w such that ηπ = φ, ζπ = ψ.

x y

z yqx z

w

f

g η
φ

ζ

ψ
∃!

Show that if B ↪→ A is an injective homomorphism of abelian groups, then
A/B is the pushout AqB 0 in Ab.

(iii) If C is a category where coproducts and pushouts exist, show that given
morphisms fi : xi → yi and gi : xi → zi for i ∈ I, there is a canonical
isomorphism (

ä
i∈I

yi

)
q(äi∈I xi)

(
ä
i∈I

zi

)
∼= ä

i∈I
yi qxi zi.

(iv) Show that given abelian groups Ai with subgroups Bi ⊆ Ai there is a canoni-
cal isomorphism ⊕

i∈I
Ai/Bi

∼=
(⊕

i∈I
Ai

)
/

(⊕
i∈I

Bi

)
.



Week 3

1. Given a commutative diagram of chain complexes and chain maps

0 A• B• C• 0

0 A′• B′• C′• 0,

where the rows are exact, check that the boundary map on homology gives com-
mutative squares

Hn(C) Hn−1(A)

Hn(C′) Hn−1(A′).

∂

∂

2. Prove the 5-Lemma.

3. If
0→ A• → B• → C• → 0

is a short exact sequence of chain complexes, check that the induced sequence of
homomorphisms of homology groups

· · · → Hn(A)→ Hn(B)→ Hn(C)
∂−→ Hn−1(A)→ · · ·

is a long exact sequence. [Hint: There are six things to check: at each of Hn(A),
Hn(B), and Hn(C) you have to show that kernel is in the image and the image is
in the kernel.]

4. Suppose h∗ is an ordinary homology theory satisfying the Eilenberg–Steenrod
axioms.

(i) Suppose X = äi∈I Xi is a coproduct and Ai ⊆ Xi is a collection of subspaces.
If A := äi∈I Ai, show that the inclusions (Xi, Ai) ↪→ (X, A) induce an
isomorphism ⊕

i∈I
h∗(Xi, Ai) ∼= h∗(X, A).

[Hint: Use the long exact sequence.]

(ii) If (Xi, xi) is a collection of pointed spaces, their wedge is the quotient space

∨
i∈I

Xi :=

(
ä
i∈I

Xi

)
/{xi : i ∈ I}

where we identify all the base points to a single point x. Show that if
(Xi, {xi}) is a good pair for every i then there is a canonical isomorphism⊕

i∈I
h̃∗(Xi) ∼= h̃∗(

∨
i∈I

Xi),

where for a pointed space (X, x) we write h̃∗(X) := h∗(X, x).



Week 4

1. Use the Mayer–Vietoris sequence to compute the homology of the orientable
surface Σg of genus g. [Hint: Find a way to induct on g.]

2. Suppose we have an exact sequence

(· · · )A
f−→ B

g−→ C h−→ D i−→ E(· · · ).

Show that there is a short exact sequence

0→ coker f → C → ker i→ 0,

where the cokernel coker f is the quotient B/ im f . (Thus we can in a sense “decom-
pose” a long exact sequence into a series of short exact sequences.)

3. Let 0 → A i−→ B
q−→ C → 0 be a short exact sequence (SES). A splitting of the SES

is a section s : C → B, so that qs = idC. (The SES is splittable or split if a splitting
exists.)

(i) Show that a splitting s induces an isomorphism A ⊕ C ∼−→ B. [Note that
different splittings can give different isomorphisms.]

(ii) Show that if C is a free abelian group then the SES above is splittable.

(iii) Give an example of a SES that is not splittable.

4. Think of RP2 as the quotient of D2 where we identify x with −x for x ∈ ∂D2.
Compute the homology of RP2 using the Mayer–Vietoris sequence with A = a
neighbourhood of the image of ∂D2 and B = the image of a smaller disc inside
D2. [Assume that the map S1 → S1 that loops around twice is given on H1(S1) by
multiplication by 2.]

5. The cone on a topological space X is the quotient (X × [0, 1])/(X × {0}), and the
suspension ΣX of X is the quotient of (X × [0, 1]) where we collapse X × {0} to a
point and X× {1} to a different point.

(i) Show that CX is contractible for any X, and that ΣX is the union of two
copies of CX with intersection X.

(ii) Use the Mayer–Vietoris sequence to show that Hn(ΣX) ∼= Hn−1(X) for n > 1.

(iii) By looking at what happens at the bottom of the Mayer–Vietoris sequence,
show that H̃n(ΣX) ∼= H̃n−1(X) for all n.

(iv) If X = Sn, convince yourself that ΣSn is homeomorphic to Sn+1. [Think of
the two cones as two “hemispheres” glued along the “equator”.] Use (iii) to
compute H̃∗(Sn) again.



Week 5

1. Compute the cellular homology of Sn using the cell structure with two cells in
each dimension ≤ n. [You need to keep track of the orientations of the generators;
assume that an orientation-reversing map (such as a reflection) has degree −1.
It might be easier to define the cell structure slightly differently than we did in
the lecture: in each dimension attach one cell using the identity and one using an
orientation-reversing map.]

2. Find a cell structure on the torus and compute the cellular homology.

3. By the classification of finitely generated abelian groups, we can write any finitely
generated abelian group A as a direct sum Zr ⊕ T where T is a torsion group (i.e.
all its elements have finite order). The integer r is called the rank rk A of A. If C•
is a chain complex such that Cn is a finitely generated abelian group for all n, and
vanishes except for finitely many n, then the Euler characteristic of C• is

χ(C•) = ∑
i
(−1)i rk Ci.

(i) Show that
χ(C•) = ∑

i
(−1)i rk Hi(C).

[Assume that rank is additive in short exact sequences: if 0 → A → B →
C → 0 is a short exact sequence of finitely generated abelian groups, then
rk B = rk A + rk C.]

(ii) If X is a finite cell complex with Γn its set of of n-cells, the Euler characteristic
of X is the alternating sum

χ(X) = ∑
i
(−1)i|Γn|.

Prove that χ(X) is independent of the cell structure of X, and only depends
on X up to homotopy equivalence.

(iii) Use this to prove Euler’s formula: for a convex polyhedron with V vertices, E
edges, and F faces, we always have

V − E + F = 2.

4. Given pointed spaces (Xi, xi) for i ∈ I let ej : Xj →
∨

i∈I Xi be the inclusion of Xj,
and let pj :

∨
i∈I Xi → Xj be the map that restricts to the identity on Xj and takes

Xi to the base point xj ∈ Xj for all i 6= j.

(i) Show that in homology

(pj′ ej)∗ : H̃∗(Xj)→ H̃∗(Xj′)

is the identity if j′ = j and 0 if j′ 6= j.

(ii) Show that under the isomorphism
⊕

i∈I H̃∗(Xi)
∼−→ H̃∗(

∨
i∈I Xi), the map

pj,∗ : H∗(
∨
i∈I

Xi)→ H∗(Xj)

corresponds to the projection πj :
⊕

i∈I H̃∗(Xi) → H̃∗(Xj), i.e. unique map⊕
i∈I H̃∗(Xi) → H̃∗(Xj) that restricts to the identity on the summand H̃∗(Xj)

and the zero map on all the other summands.



(iii) Show that for any continuous map f : Y → ∨
i∈I Xi, the homomorphism

f∗ : H∗(Y)→ H∗(
∨
i∈I

Xi)

corresponds under the isomorphism
⊕

i∈I H̃∗(Xi)
∼−→ H̃∗(

∨
i∈I Xi) to the map

x 7→∑
i∈I

(pi f )∗x.

5. Consider a commutative diagram

A A′ A′′

B B′ B′′,

in a category C. Show that if the left square is a pushout, then the right square is a
pushout if and only if the outer (composite) square is a pushout.



Week 6

1. Show that chain homotopy is an equivalence relation on chain maps A• → B•.

2. Show that the exterior product µn,m induces bilinear maps in homology

Hn(X)× Hm(Y)→ Hn+m(X×Y).

3. It is possible to give a direct proof that H∗(∆n) = 0 (∗ > 0), without assuming
homotopy invariance; we will do this in an exercise next week. That means we
can inductively choose chains ιn,m with the required properties to determine
an exterior multiplication without giving any specific construction: If we have
defined the chains ιk,l for k + l < n + m then we would know there must exist some
chain ιn,m with boundary

n

∑
i=0

(−1)i(di × id)∗ιn−1,m + (−1)n
m

∑
j=0

(−1)j(id× dj)∗ιn,m−1

provided this chain is a cycle. Prove that it is.



Week 7

1. Use the cone construction to show directly (without using homotopy invariance)
that for any convex subset K ⊆ Rn we have H∗(K) = 0, ∗ > 0.

2. Suppose we have chains Rn ∈ Sn+1(∆n) with R0 the unique simplex ∆1 → ∆0, and
define ρX

n : Sn(X) → Sn+1(X) by ρX
n (σ) := σ∗Rn for σ : ∆n → X and extending

linearly in σ. Show (by induction on n) that if the chains Rn satisfy

∂Rn = −ρn−1(∂ιn) + bs∆n

n ιn − ιn

then the homomorphisms ρX
n are a natural chain homotopy between bsX and id.

3. For integers n, m, show that Z/n⊗Z/m ∼= Z/r where r = gcd(n, m) is the greatest
common divisor of n and m.

4. For sets S, T, show that there is a canonical isomorphism ZS⊗ZT ∼= Z(S× T).

5. Prove the formal properties of ⊗ stated in the lecture (7.1.7 in the notes) using the
universal property.



Week 8

1. Show that a chain homotopy h between chain maps f , g : C• → D• induces a chain
homotopy between f ⊗M, g⊗M : C• ⊗M→ D• ⊗M for any abelian group M.

2. Show that for C• a chain complex and M and abelian group, there is a canonical
map H∗(C)⊗M→ H∗(C⊗M).

3. For an integer n, let us write n : Z→ Z for the homomorphism given by multipli-
cation with n.

(i) For any abelian group M, use the universal property of ⊗ to show that under
the natural isomorphism M ∼= M⊗Z the homomorphism id⊗ n : M⊗Z→
M⊗Z corresponds to the homomorphism M → M given by multiplication
with n.

(ii) Use the natural map from the previous exercise to show that the natural map
m∗ : Hn(X, A; Z) → Hn(X, A; Z) induced by m : Z → Z on coefficients is
again given by multiplication with m.

4. Show that for integers n, m we have Tor(Z/n, Z/m) ∼= Z/r, where r = gcd(n, m).

5. Let f : Sn → Sn be a map of degree d, and define a topological space X by the
pushout square

Sn Dn+1

Sn X.

f

Use cellular homology to compute H∗(X).

6. For a continuous map f : X → Y, the mapping cone M( f ) of M is defined as the
pushout

X Y

CX M( f ),

f

where CX is the cone on X, as in exercise 5 from week 4.

(i) Show that Hi(M( f ), Y) ∼= H̃i−1(X) and the boundary map Hi(M( f ), Y) →
Hi−1(Y) corresponds to f∗ : Hi−1(X)→ Hi−1(Y) (for i > 1). [Hint: M( f )/Y ∼=
CX/X ∼= ΣX plus exercise 5 from week 4; to identify the map use the natural-
ity of the boundary map for (CX, X)→ (M( f ), Y).]

(ii) From (i) the long exact sequence for the pair (M( f ), Y) looks like

· · · → Hi(M( f ))→ Hi−1(X)
f∗−→ Hi−1(Y)→ Hi−1(M( f ))→ · · ·

for i > 1. Use this to prove that f∗ : H∗(X) → H∗(Y) is an isomorphism if
and only if H̃∗(M( f )) = 0.

(iii) Complete the proof that f∗ is an isomorphism in integral homology if it is an
isomorphism in homology with Q- and Fp-coefficients for all primes p.



Week 9

1. (i) Show that for abelian groups A, B, C there is a natural bijection between the
sets of homomorphisms A⊗ B→ C and A→ Hom(B, C).

(ii) Show that this bijection is moreover an isomorphism of abelian groups

Hom(A⊗ B, C) ∼= Hom(A, Hom(B, C)).

(iii) Show that composition of homomorphisms of abelian groups gives a homo-
morphism

Hom(A, B)⊗Hom(B, C)→ Hom(A, C).

2. If m : Z→ Z is the map given by multiplication with m, show that m∗ : Hom(Z, M)→
Hom(Z, M) corresponds under the isomorphism Hom(Z, M) ∼= M to the map
M→ M given by multiplication with m.

3. Use the Mayer-Vietoris sequence for cohomology to compute H̃∗(Sn; M).

4. Show that a chain homotopy between chain maps f , g : C• → D• induces a natural
chain homotopy between f ∗, g∗ : Hom(D, M)→ Hom(C, M) for any abelian group
M.

5. (i) Show that if we have short exact sequences 0 → Ai
ji−→ Bi

qi−→ Ci → 0 for all
i ∈ I, then there is a short exact sequence

0→∏
i∈I

Ai
∏i∈I ji−−−→∏

i∈I
Bi

∏i∈I qi−−−→∏
i∈I

Ci → 0.

(ii) Use (i) to prove the additivity axiom for cohomology: for a disjoint union
X = äi∈I Xi the inclusions Xi ↪→ X induce an isomorphism

H∗(X)
∼−→∏

i
H∗(Xi).

6. (Change of coefficients in cohomology) Let (X, A) be a subspace pair.

(i) Show that a homomorphism of abelian groups φ : M → M′ induces natural
maps φ∗ : H∗(X, A; M)→ H∗(X, A; M′).

(ii) Let 0 → M′ i−→ M
q−→ M′′ → 0 be a short exact sequence of abelian groups.

Show that this induces a long exact sequence in cohomology

· · · → Hn(X, A; M′) i∗−→ Hn(X, A; M)
q∗−→ Hn(X, A; M′′)→ Hn+1(X, A; M′)→ · · · .

7. Let (X, A) be a subspace pair and M an abelian group. Show that the natural
maps H∗(–; M)→ Hom(H∗(–), M) fit in a commutative square

Hn(A; M) Hn+1(X, A; M)

Hom(Hn(A); M) Hom(Hn+1(X, A); M),

δ

∂∗

where ∂ and δ denote the connecting maps in the homology and cohomology long
exact sequences for (X, A), respectively.



Week 10

1. Show that for A ⊆ X the relative cochains Sn(X, A) can be identified with the
subgroup of Sn(X) ∼= ZX consisting of functions f : X → Z such that f (a) = 0 for
a ∈ A.

2. Use the Künneth Theorem to compute the homology of RP2 ×RP2.

3. Let I• denote the chain complex with I1 = Z, I0 = Z{[0], [1]} and In = 0
otherwise, with differential ∂ : I1 → I0 given by ∂(1) = [1] − [0]. Show that a
chain homotopy between chain maps C• → D• is the same thing as a chain map
C• ⊗ I• → D•. (Thus if we think of I• as an “algebraic interval”, chain homotopies
are an algebraic version of homotopies between continuous maps.)

4. Let C• be a chain complex.

(i) Prove that the functor C• ⊗ – preserves chain homotopies and levelwise split-
table short exact sequences of chain complexes. [Hint: For chain homotopies
you can use the previous exercise.]

(ii) If C• is levelwise free, show that C• ⊗ – preserves all short exact sequences of
chain complexes.

5. Check that the properties of the exterior multiplication maps µn,m : Sn(X) ×
Sm(Y) → Sn+m(X × Y) stated in Theorem 6.1.1 in the notes imply that these fit
together into a natural chain map

µ : S•(X)⊗ S•(Y)→ S•(X×Y).

6. (i) Prove that there is a natural homomorphism of abelian groups

Hom(A, M)⊗Hom(B, N)→ Hom(A⊗ B, M⊗ N),

where A, B, M, N are abelian groups, given by tensoring homomorphisms.

(ii) Use this to define a natural chain map

Hom(C, M)• ⊗Hom(D, N)• → Hom(C⊗ D, M⊗ N)•,

where C•, D• are chain complexes and M, N are abelian groups.

7. Show that if two chain complexes differ only by the signs of the boundary maps,
then they are isomorphic.

8. (i) Show that for M an abelian group and C•, D• chain complexes, there is
a natural bijection between chain maps C• → Hom(D, M)• and chain
maps C• ⊗ D• → M[0]. [With our sign convention for the differential in
Hom(D, M)• this bijection involves some signs. Alternatively, we can define
the differential δφ for φ : D−n → M to be given by (δφ)(d) = (−1)n+1φ(∂d)
(without changing the homology, by the previous exercise).]

(ii)? For chain complexes C•, D•, define a chain complex Hom(C, D)• so that
there is a natural bijection between chain maps C• ⊗ D• → E• and chain
maps C• → Hom(D•, E•). [Hint: Do it first for graded abelian groups and
then figure out the differential. This again involves some signs, and if you
want a sign convention that recovers our previous definition of Hom(D, M)

as Hom(D, M[0]) then the bijection between maps also needs some signs.]



Week 11

1. Convince yourself that the diagrammatic definition of a (commutative) ring agrees
with the (equational) one you have seen before.

2. Show that under the isomorphism H0(X; R) ∼= Rπ0X, the cup product in degree 0
corresponds to the pointwise multiplication of functions π0X → R, with unit the
constant function with value 1 ∈ R. Also describe the cup products

H0(X; R)× Hi(X; R)→ Hi(X; R)

for i > 0.

3. (i) Show that the cross product H∗(X)⊗ H∗(Y)→ H∗(X× Y) can be expressed
in terms of the cup product by the formula

ξ × η = p∗Xξ ^ p∗Yη

where pX , pY are the projections from X × Y to X and Y. [Hint: Use the
explicit formula for the cup and cross products.]

(ii) If R, R′ are commutative rings, we can equip the tensor product R⊗ R′ with a
commutative ring structure with the multiplication defined on generators by

(r1 ⊗ r′1) · (r2 ⊗ r′2) = r1r′1 ⊗ r2r′2.

Check that the analogous construction for graded rings also makes sense.
[Note that to get commutativity in the graded cases we need to add a sign.]

(iii) Show that the cross product map H∗(X) ⊗ H∗(Y) → H∗(X × Y) is a ring
homomorphism with respect to the tensor product of the cup product on X
and Y and the cup product on X × Y. [Hint: This amounts to checking the
relation

(ξ ^X ξ ′)× (η ^Y η′) = (ξ × η) ^X×Y (ξ ′ × η′),

for which you can use part (i) and naturality of cup products.]

(iv) Prove that if X and Y are finite type cell complexes and the integral cohomol-
ogy groups of X are all free abelian groups, then the cross product map

H∗(X)⊗ H∗(Y)→ H∗(X×Y)

is an isomorphism of rings. [Hint: Use the Künneth Theorem for cohomol-
ogy.]

(v) Compute the ring structure on H∗(Sn × Sm).

(vi)? Show that H∗(CPn × CPm) is a truncated graded polynomial ring in two
variables,

H∗(CPn ×CPm) ∼= Z[x, y]/(xn+1, ym+1),

where both generators are in degree 2. [Hint: First check that there is an
isomorphism of (ungraded) polynomial rings Z[x]⊗Z[y] ∼= Z[x, y]. ]

4. (i) If Ri, i ∈ I, are rings, then the cartesian product ∏i∈I Ri can be given a
commutative ring structure with pointwise multiplication (i.e. (ri)i∈I · (r′i)i∈I =

(rir′i)i∈I). Check that this has the universal property of the product in the
category of rings (i.e. given ring homomorphisms φi : R′ → Ri for each i,
there exists a unique ring homomorphism R′ → ∏i∈I Ri that projects to φi

in the ith coordinate). Also check the analogous statement holds for graded
rings (where the cartesian product is taken degreewise).



(ii) Show that for topological spaces Xi, i ∈ I, the map

H∗(ä
i∈I

Xi)→∏
i∈I

H∗(Xi),

induced by the inclusions Xi ↪→ äi∈I Xi, is an isomorphism of rings.

(iii) Compute the ring structure on H∗(Sn ∨ Sm). [Hint: The canonical map Sn q
Sm → Sn ∨ Sm induces a ring homomorphism H∗(Sn ∨ Sm) → H∗(Sn q Sm);
check that this is an isomorphism in degrees ∗ > 0.]

5.? Let Σg be the orientable closed surface of genus g. There is a continuous map
from Σg to a wedge of g tori that pinches the “necks” between the g holes to
points,

q : Σg →
∨
g
(S1 × S1)

Using that the induced map in cohomology is a ring homomorphism, compute
the ring structure on H∗(Σg). [Recall that in exercise 1 from week 4 you computed
that

H∗(Σg) ∼=


Z, ∗ = 0, 2

Z2g, ∗ = 1,

0, otherwise,

and use the previous exercises to compute the ring structure for the wedge of tori.]



Week 13

1. Use Poincaré duality to show that Sn ∨ Sm is not homotopy equivalent to a compact
manifold for n, m > 0. [In the case m = 2n you need to use the cup product, which
you computed in exercise 4 from week 11.]

2. Let M be a compact n-manifold whose homology groups are all finitely generated.
(This is in fact true for all compact manifolds.)

(i) Show that if M is orientable, then it is R-orientable for every commutative
ring R. [Use the universal coefficient theorem.]

(ii) Show that if M is orientable, then Hn−1(M) contains no torsion. [Apply
Poincaré duality with Z/p-coefficients and the universal coefficient theorem
for every prime p.]

(iii) Suppose M is non-orientable and assume this implies M is also not Z/p-
orientable for any odd prime p, and that Hn(M) = Hn(M; Z/p) = 0. Show
that the torsion subgroup of Hn−1(M) is Z/2.

3. Use the Künneth theorem to compute the integral (co)homology of the n-torus

Tn := (S1)×n.

Apply Poincaré duality to deduce the binomial coefficient identity(
n
k

)
=

(
n

n− k

)
.

What is the ring structure?

4. For which n does there exist a compact connected oriented 2n-manifold M such
that Hn(M) ∼= Z?

5. Show that if X is path-connected and non-compact, then H0
c (X) = 0. [Hint: Use

the definition of S•c (X) as a subcomplex of S•(X).]

6. Use the formula for the Alexander–Whitney map to prove the identities relating
the cap product to the cup product and Kronecker pairing.


